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A := (αij)n,m :=











α11 α12 . . . α1m

α21 α22 . . . α2mVVV VVV VVV
αn1 αn2 . . . αnm
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αij ∈ K (i = 1, ..., n, j = 1, ..., m).

gi'6��'6.kjQ'6T(�<�l%�+$'*#5%�B,'6G*'*#SD�+$.$'6.m/�#1�F�0#5%
Kn×m.

nZo�prqsNt6svu,qxwq�y{z}|4tP~Z�����Y���<�����4�v���1�����
A = (aij)n,m � B = (βij)n,m � �b�8�?�<� ��� ���

γ ∈ K
�����?��� ���������5�	� � �*���

A + B := (αij + βij)n,m,

γ · A := (γ · αij)n,m
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0 ¬ � �1�N� αij = 0  �<�1§i�U� � �v���<����¤¯®d����¤H���£�3�S§*�
Kn×m ���1�
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A ∈ Kn×m, x ∈ Km � §��l�1§6�
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α11 . . . α1m¥¥¥ ¥¥¥
αn1 . . . αnm
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∑m
j=1 α1jξj¥¥¥
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j=1 αnjξj
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x
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x 7→ y := AxK"#1)5% h

A(γx + γ′x′) = γ(Ax) + γ′(Ax′)
/�'*.$.

A ∈ Kn×m, x, x′ ∈ Km, γ, γ′ ∈ K,
2bV +WV5O

2$�"Å�'*#1.$'�T-��K@VbÆ�)1#1.$'6�"��'HRiB$B$#1)12$;$.$K Ç
fA : Km → Kn, x 7→ Ax
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∈ Kn 24'*�

7�'6#5+$'¡.@�"D�+��0#5%
a.1, ..., a.m,

T��J'*�(+@9<)5%i�8�<.I�";@Ti2$'*�_g_'�Ä,.$#&%(#5��.�T��<LN�"��%:LNM$�Q24#1'l� �<.$��.$#5�
T(D�+$'*.Zfd#1.$+$'*#5%(T�A"'6�E%��"�('*.

ej ∈ Km :

a.j = Aej (i = 1, ..., m)

2bV +WV
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x =







ξ1VVV
ξm






=

m
∑

j=1

ξjej :

Ax = A(

m
∑

j=1

ξjej) =

m
∑

j=1

ξjAej =

m
∑

j=1

ξja.j .

\M$�l�I�<%��(#5G6'*.
A, B

O}/��"BU'*#>24#5'H=4!@�<)5%�'6.$G6�"+$)dA"��.
A =

`U'*#1)1'*.$GP�<+$)dA��".
B

#ST�%PO}�"^�.$.$'6.
/�#1��'*#1.:93���424;$�E%:'6���?)S9<�('*.WV
nZo�prqsNt6svu,qx�¸�<; ½ � A = (aij)n,m ∈ Kn×m, B = (βjk)m,` ∈ Km×` §����

AB ∈ Kn×`���(�?�S�<�6�>� � �6���
AB = (

m
∑

j=1

αijβjk)n,`
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A ∈ Kn×m, B ∈ Kr×` �S§*�[�?�<§>=d���$� � �£� AB
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(A · B) = A · (k
�v%('e=4!@�<)5%�'eA��".
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∈ Km×1,
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AB 6= BA
V

fd#1.¦Ë>'6#1T�!$#1'*)b#ST�%:'*%�/��
(

1 −1
−1 1

) (

1 2
1 2

)

=

(

0 0
0 0

)

(

1 2
1 2

) (

1 −1
−1 1

)

=

(

−1 1
−1 1

)
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×
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A ∈ Kn×m, B ∈ Km×` ���4�v���1����� � fA : Km → Kn � fB : K` → Km�"�N�Q� � Â4���#J��(�&Â$���H�1�1�U���<�������¡Ã$Ã �1��� � �4Â4���}¥@Á	� �@�¦�1§6�
AB ∈ Kn×` � fAB : K` → Kn � �b���§�ÂE�5�c��¼

fAB = fA ◦ fB�,¥ �}¥4�?�<§d���$���(�&«"¢£���$� � �£�dÃ4��§*���$�����cÃ$�r�E�<§LKi�5�£���������1�,� �b�4����� � §7@��<�$�����F�?���>� � �?���J���4�v���5« °�,�<�£�²�������FÂ4���GJ������W�?���Z�lÃ$Ã �1�v� � �4Â$���}¥
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�Co��¡oEs�� h =?'6#5'6. b.1, ..., b.1
24#5'	=?!@�")&%('*.JA��".
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∑`
k=1 ξkek ∈ K` B,'6)5#1'*B@#5K¡K"'*/[9<+@)&%PV

gQ�<.$.Z+@�<BU'*.�/�#1�
(fA ◦ fB)(x) = fA(fB(x)) = fA(Bx) = fA(

∑

ξkb.k) =
∑

ξkAb.k

=
∑

ξk(AB)ek = (AB)x = fAB(x) = k −
%�'a=?!@�")&%('eA"��.

AB.

�I�".FBU'6��D�+�%('"O$2$�"Å
Ab.k

24#5'
k
�c%�'l=4!@�<)5%�'	A"��.

AB
#1T-%6V

�g_#5'PT-'6��=4�<%�Gi)1#1'�LN'*��%3;$.,T>�";@D�+WO�2@�<Ål24#1'_�I;$)&%(#5!@)5#1� � %�#1�".FA"��.J�I� %(��#1G*'6.J�"T(T-�4D�#S� %(#5A¡#1T-% h
z}|4t6~¦�¸���{�,���

A ∈ Kn×m � B ∈ Km×` � C ∈ K`×r ¥WÁ	� �$�Ì§��5�W�¶�����+=d���$� � �£�²� AB �
(AB)C � BC � A(BC)

�?� ?$�$�N���P� � �b�F��§�ÂE�5�c�
(AB)C ¾ A(BC)

¥
�Co��¡oEs�� h `U;$�>��'*�('*#1.4L��"D�+?;$.@K	2$'*��=$D�+$��'6#5B?/�'*#ST-'�T�'*#@2$#5'

k
�v%('_=?!@�")&%(':'*#1.$'*�3��� %��(#5·

G
�0#&%

G.k
BU'*G6'*#SD�+$.$'*%6V@gQ�<.$.Z+@�"B,'6.Z/�#1� h

((AB)C).k = (AB)(C.k)
M4
= A(BC.k) = A(BC).k = (A(BC)).k

�XY#1�/��")1)1'*.a.?;$.¡;$.E%�'*��T�;@D�+$'*.}OP/�#1'*/�'*#5%r�0�".¡24#1'[�I� %(��#5·?�²�¦;@)&%(#5!$)1#1���<%�#1�"._Æ-;$�0�"'6+$�('*.?Ç
� �<.$.}O@2bV +WV$/�#1��;$.E%�'*��T�;@D�+$'*.FLN�")1K"'6.@24'PT
�	� u�
��o������i�(Â4�<Ã?���Ì���4�v���1�����

A ∈ Kn×m � B ∈ Kn×k ¥��[�cÃ$�Q��§J�E� � � ���1�U�8���$���(�&«
X ∈ Km×k §��8�E���

AX = B � �b�¦�����$����� � ���N�-?$�b�?� ��¤J� ��§-�N���
��T-%lT-!U'*G6#5'6)5)

k = 1
O�2bV +}VW+@� %

B
K�'*.@�";¶'6#5.@'H=?!@�<)5%�'

b
OWT-�IT�;@D�+$'6.�/�#1�l�<)ST��F'6#5.$'6.À=?!@�")&�

%�'6.?A"'*�E%(�"�
x
O�T-�¶2$�<Å

Ax = b
O2WV +WVr/�#1�¡/��")1)1'*.À2$��Tl)1#1.$'6�"��'FjQ)1'*#SD�+?;$.$KET�T��4T�%('*� �<;@T

njQ)1'*#SD�+E;@.$K"'6.F#1.
m � .?B,'6� �<.$.E%�'6. ξ1, ..., ξm

)1^�T�'*. h
α11ξ1 + ... + α1mξm = β1VVV VVV VVV
αn1ξ1 + ... + αnmξm = βn

� � 24#1'6T�G6;ZT-%�;@2$#5'6��'6.WO$BU'�%����"D�+E%('*.Z/�#5��G6;$.@9"D�+,T�%3Æ-#5.?A"'6�-%(#5'6��B,�<�('�Çi�I� %(��#1G*'6.WV
nZo�prqsNt6svu,qx�¸���m®3�5�U� � � �?�����$���S§����U�Q���4���(�5«

A ∈ Kn×n �U���!�@�>�5�£ ����6�v�����PÃ�� � � �����$����§
���1�U�Q���$���(�&«

B ∈ Kn×n Â��²Ã4� � §��J�E���
AB = BA = InÁ	�$Ã4���W�S§*�

In
�"�N�Q§��PÂU¥E®d�1�$�U���v�c§-¤J�$���(�&«W¼

In = (δij)n,n
¤0�c�[�?��¤#"S¿	�����£�P���?���(§%$$¤FÃ4���'&

δij =

{

1 i = j

0 i 6= j.

(I�1�i§����@�����cÃ4�����E� �@�
B = A−1 � �b�8�U���@�U���

A−1 �"�N�_� � A
�5�£ ����(§��i���4�v���5«W¥

®d�1�U���1�£ ����P���N����Ã"�<���>���$���(�&«C�U���!�@��� � ���)"1���(Â � ��� �*& � ���1�U���@�����£���1�£ ����6�v�����PÃ"�<���>� � ���+"S§��5� °Â � �S�<�,&²¥g_#5'Cfd#1.$+$'*#5%(T��8� %(��#5·�/�#1���E%_BU'*#d2$'*�e�I� %(��#5·4�l;$)5%�#1!$)1#5� �<%�#1�".��")1TQ.$'6;4%����<)1'6T_fd)1'*�0'*.E%6OW2WV +WV
T��<LN'*�(.H24#1'_�I;$)&%(#5!@)5#1� � %�#1�".@'*.JLN�����8�")U24'*Ä@.$#1'*��%�T�#5.,2bO?K"#1)&%�LNM$��B,'6)5#1'*B$#1K"'Q�I� %(��#1G*'6. h InA =
A
O
BIm = B

V£��.@T�B,'PT-��.@24'6��'¡#1T-%	2@�<�0#&%e�<;,D�+
InIn = In

O£2WV +WV
In

#1T-%	#5.?A"'6�-%(#5'6��B,�<�i;@.@2
I−1
n = In.f3T[K�#5B4%:�")1T��aLNM$�rÊ�'P24'6T

n
#5.?A�'*��%�#1'*�(B@�<�('i�I�<%��(#5G6'*.WV4R:.,24'*�('*��T-'6#&%�T�#1T-%[LNM$�:24#1'&Di;$)1)5�8� �

%��(#5·
0
T-%�'*%(T

0A = 0
O
B0 = 0

T��H2$�<ÅF24#5'PT-'¡�I� %(��#5·Z.@#1D�+E%i#1.?A"'*��%�#1'*�(B@�"��#1T-%6Vb=?#1'a#1T-%Q�"B,'6�
�"'6#5.@'6T�/>'6K�T[24#1'Q'6#5.@G*#1K"'	.$#SD�+�%(#5.?A�'*��%�#1'*�(B@�<�('.-E;@��24�(�<%�#ST�D�+@'Q�I�<%��(#&·bV

`U;$.,9"D�+@T-%[T-%�'6)5)1'*.�/�#1��'*#1.$#1K"'eR:;@T(T(�<K"'6.FM@B,'6�:#5.?A�'*��%�#1'*�(B@�<�('_�I�<%��(#5G6'*.ZG*;@T(�<�0�0'*.}V
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z}|4t6~¦�¸���
A, B

§����N���
n × n

���$���(�5� ���}¥4Á	� �@�FÂE�5�c��¼

¬ �  º�§*�
A

�1�U  ���P���N����Ã"� � � §��a�S§*�[�"�N�_�1�U  ����§��i���$���(�&«����5�W�?� � �v�&Â�Ã4��§6���1¤0¤H�(¥

¬ �1�  º�§*�
A

�1�U  ���P���N����Ã"� � � §��a�S§*�
A−1 �1�U  ���P���N����Ã"� � � �W� (A−1)−1 = A

¥

¬ �5�1�  º�§*�
A

�1�U  ���P���N����Ã"� � � �W� AB = I � §��l�S§*�
B = A−1 ¥

¬ �c   �?�5�W�
A � �b� B

Ã4���v�?�e�5�£ ����6�v�����PÃ�� � � §��H� � ��� AB � �W� (AB)−1 = B−1A−1 ¥ ¬ � ¤ °Â4���4���$�P�²���_���5�U����@v���5Â4��� 
�Co��¡oEs�� h `U;	�N# A =?'6# AB = BA = I

;@.@2
AC = CA = I

V@gQ�<.$.�#ST�%

B = BI = B(AC) = (BA)C = IC = C.

`U;
��#5# A f3T_#ST�%
A−1A = AA−1 = 1

VU=?���C#5%_'6�-LNM@)5)5%
A

2$#5'C\$�"��24'6��;$.@K"'*.��<.¦'6#5.@'l��.?A"'6�(T�'
G*;

A−1 V,g_�"�C#5%:#ST�%
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(γij ∈ K, γjj 6= 0).
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0 1 × 0 × × 0 0 × ×
0 0 0 1 × × 0 0 × ×
0 0 0 0 0 0 1 0 × ×
0 0 0 0 0 0 0 1 × ×
0 0 0 0 0 0 0 0 0 0
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Â := A(r) � B̂ := B(r) Ã?�6���b�?� ��¥

�[�cÃ4�>��§i���1�¦§�� �����U��§ � §��¡§�� �����

kr+1 :=
�0#5.

{j|j > kr ∧ ∃i>rα
(r)
ij 6= 0},

µ :=
�0#5.

{i|i > r ∧ a
(r)
ikr+1

6= 0}.

(J���v�����aÃ4�����@¥
¬ �1� Y± ���P�c� � §����U�¡�1�

A(r) � �W���5�
B(r) ½W���1���

r + 1
¤C�c�	½}���1���

µ
¥�Ái�N�0�£� � ���À���4�v���1�����

§��������
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Â(r) �E�"§�®d�N��¤H���£�d�1�¶�?���Q�<¢W� �c�²�
kr+1

� � �
6= 0

�1§6� � �,¥ ��¥ α̂
(r)
r+1,kr+1

6= 0 � �W�Z� �1���	®d����¤H���£�²�¡�?�E ����
= 0

§-�1�b� � �,¥ ��¥ α̂
(r)
r+1,j = 0@��<�

1 ≤ j < kr+1
¥

(J���v�����aÃ4�����$¥
¬ �5�1�  (�� �$�N�a�"���_®3�5�1¤0�5�,�$���N���@§�¤J�4�v���5«

L
§�� � �E���0�1�
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