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*,+.-0/2143658793:+<;=/:58-�>?5A@CBEDF-E-EGFH:IJ5 @F58727:587:KC58L.58-E7MBJN�+.5POQ+.5SRTG4H2I�5P1FH2;�KF5ADFIJ5�BE-=+<;EU�/:587
>?58@MBEDF-E587WV614H2;�X�DCLZY[7:DCIJ587WV6\]1^BE-=+._85A7P5�BEUF`ZV614L<;aD	\P587:KC587]1FH2;TbcL.58IJ5A7CBE587]IJ+ZBd;EU�/:eF72587
bc+.KF5A72;=U�/f1^ghB=5A7WVW14Hf;dO:587:5A7iN�+.-$O:14727jOQ+.5J>?58@MB=DC-=-�14H2IJ;aB=-EH:@MB=H2-d1FL.;k5A+Z7:5A7i3658KC-=+Zl�+.U�/2587
m 3658-E3214H�1432LZ5n;a5A7�@CDF7:7MBE587W`4*,+.-oNpDFL.L.587J7[H:7�58+.7:5T-�1FOQ+.@^14L21F72OQ5A-=5A7�q[BE147fOQr:H:7:@MBo5A+Z727:58/ �
IJ587Ws�tuIv>?DF-�OQ58-EKF-EH:72Ow;aB=58/MB�O:+Z5	q[B=-EH:@MB=H:-�H:72OxN�+.-�;EU�/21^yz587xH272; m 3Q{|5A@MB=5FV�OQ+.5}OQ+.5A;=5
qMBE-=H:@MBEH:-�B=-�14KC587W`2~6H272GFU�/2;aB�_85A+ZKC587 N�+Z-nV:O:1F�J;=+<U�/j��g�1F;aB���{|5nOQ5$\P5872KF5k_8H 58+.7:5AI�>?58@MBEDF- �
-�14H:I�I�1CU�/:587�L.GF�4Bns

���Q�A�S�P�����=�W�8�^����A��n�A�^�:��n���M�4�i���������
V
���.�

K ��  ��¡z¢u£¥¤E¤�¦:§4¨�© W ���.�6�}ªi���:«Q� §F��¬
ϕ : V → W

���.�6��p� ®���¡z¢���£¥�¯�°]�.¤±¬[��²:�2�h��¤����0�Z�
W ³?´ ��¤�¦:¢���£¥�6��� + : W ×W →W

§4��¬
· : K ×W →W

©f��£Cµ?���d���.���o¶h��¨0���z¢
0 ∈W

¬2§4¤A·|¸

w + w′ := ϕ(ϕ−1(w) + ϕ−1(w′))

α · w := ϕ(αϕ−1(w)) w,w′ ∈W, α ∈ K

0 := ϕ(0).

¹ ¦^�:���.�A¢
W
¨J�º¢�¬F��������� ¹ ¦Q¢��������Z�

K ��  ��¡z¢u£¥¤E¤�¦:§4¨»§F��¬ ϕ ���Z��¼|��£¥¨}£¥¤ ´ ¸:�<�a¨	§F�½Fµ?�<��·|¸6���
  ��¡z¢u£¥¤E¤�¾:§4¨}����¯
¿ �CÀ��MÁº� sp>?DF7xOQ5A7w>?58@MB=DC-=-�14H:I �uÂ�Ã +.DFIJ587Sg�Ä:-

W
_858+.KF5A7iN�+.-�5 Ã 5AI�r2L.1F-=+<;=U�/jOQ+.5 Â ;E;aD �

_8+<1^BE+ZÅ[+ZBEG4BA`
Æ�Ä:-

x, y, z ∈ W
+<;|B

(x+ y) + z = ϕ(ϕ−1(x+ y) + ϕ−1(z))

= ϕ(ϕ−1(ϕ(ϕ−1(x) + ϕ−1(y))) + ϕ−1(z))

= ϕ(ϕ−1(x) + ϕ−1(y) + ϕ−1(z))

H:72O O:1C;=;=58L.365d3658@CDFIJI$B�I�147�g�Ä:-
x+ (y + z).*j5872OQ58BTI�147 14HQg?OQ+.5$OQ5�Ç272+Z5A-=5A72OQ587PÈdL.58+<U�/MH27:KF5A7

ϕ−1
1F7WV2;=D�5A-=/fG4LZB�I�1F7

ϕ−1(w + w′) = ϕ−1(w) + ϕ−1(w′),

ϕ−1(α · w) = αϕ−1(w)

ϕ−1(0) = 0.

q[DCI�+ZB�+<;|B
ϕ−1 ∈ É DFI (W,V )

H:7fO�VfO:1
ϕ
3:+ {|58@MB=+.Å +.;aBAV2+.;aB±14L<;=D

ϕ−1
H:7fOPO:14IJ+ZB±14H2U�/

ϕ;=58L.32;|B�5A+Z7 t|;=DFIJDF-Er:/:+<;aI�H2;A`
�

ÊÌËTÍ?Î:ÏaÐ�Ñ�Î[ÐÑ
Ò±+Z5n;a5Ó\]5�B=/2D[O:5$7[HQB=_A587PN�+.-T7[H:7WV2H2IÔH:7f;�7:58H25$>?58@MB=DC-=-�G4H2I�5�IJ+ZB�365A;aB=+.I�IÓB=5A7Pbc+ZKC587 �
;EU�/21^ghBE587�_8HP;=U�/f1^yz587WVQ_AH:72GFU�/f;|BTOQ5A7ÖÕ�×2Ø4ÙºÚ�Û8Ü2ÙuÛ�ÜfÝ=Þ^×Qß�`
t|;aB

V
58+.7j>?5A@MB=DF-E-�14H:I V

U
58+.7wà�7MB=58-E-�14H:IáIJ+ZB�â�1F;=+.;

(b1, . . . , bn),
;=D @FeF727:587jN�+Z-

OQ+.5A;=5Pâp1C;a+<;J+ã`o1:`c1FHQgdÅ[+.58L.58-ELZ5A+�*i5A+.;=5879_8H95A+Z7:5A-0â�1F;=+.;
(b1, . . . , bn, bn+1, . . . , bm)

ÅCDF7
V
5A-=KMG47:_A587PH:7fO�{|5AO:5A;=IJ1FL�;=+.72O

U =
;arf147

(b1, . . . , bn)
H:72O

W :=
;=r2147

(bn+1, . . . , bm)@FDCIJr:LZ5AIJ587MBEGF-=5 àT7MB=5A-=-�G4H2I�5�ÅFDC7
V
V)g�Ä:-}OQ+.5]14L<;=Di+.72;=3f5n;aDC72OQ58-E5

U ∩ W = (0)
H:72O

U+W = V. ä 1^B=Ä2-=L.+.U�/�;a+.72O$1FLZL.5o;=DT587MBE;aB=5A/:587fOQ587ÓR�G4H:IJ5 W +<;=DFIJDF-Er:/W`A*,+Z-�N�DCLZL.587�7[H:7
H:72;�58+.7:587�;aDCL.U�/:5A7�RT14H:I

W
;EU�/21^yz587WVnOQ58-KF5A7214H$OQ+.5cN�+<U�/MB=+.KF587�bo+ZKC5872;EU�/21^ghBE587�ÅCDF7�14L.LZ5A7

OQ+.5A;=587$RTGFH:IJ587�365A;=+åBE_�BnVn1F3f5A-W7:+<U�/CB)OQ587�~zHQg�G4L.LZ+.KF@C58+ZB=5A7d5A+Z7258-â�1C;a+<;aN�14/2L^H:7MB=58-EL.+Z5AK4BA`nÒ�+.5A;
N�+.-EO	H:72;TO:587P;aDCK2` � H:DFB=+.587MB=5A7:-E1FH:I

V/U
L.+.5�g�58-E7W`
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��� ���8�A�¥����AÁ � � �P��� �o�������
V
���Z�   ��¡6¢u£¥¤E¤�¦:§4¨�©c¬M¦4½F§ U ���.�! ��z¢u��¤E¤�¦:§4¨P¯�"�§�®��¥¬[��¨

v ∈ V # �Z¶º¬[���jµ?�.¤k¬F���dªi���:«Q�

v := v + U := {v + u | u ∈ U} ⊂ V
§4��¬j��¤=¡[¶h¾^¤����

V/U := {v | v ∈ V }.
¹ �����Ó�.�A¢�¬F���%$:¤�¾¥«:��¤E¨}���Q«:��¬Q���$��£n«z¯'&d§M£[¢º�h���z¢����

( £^� V �f¦Q·|¸ U.
*,+.-�Np58-�OQ587}7MH27}OQ+.5A;=5±\P5A7:KF5T_AH}5A+Z7:5AI >?58@MB=DC-=-�14H:I I�1FU�/:5A7�H:72O	O:143658+zOQ+.5±5A+Z7:KM147:KM;
KF5n;=U�/2+ZL<OQ58-=B=5ot|OQ585pOQ5A;)qMB=-EH:@MB=H2-aBE-E1F72;|g�5A-E;�7[HQB=_A587WVnN�5A7:7:KCLZ5A+.U�/�N�+.-/2+Z5A-58B|Np1C;WKF5n;=U�/2+.U�@MB=5A-
ÅFDC-=KC58/:5A7JIÓÄ2;E;a5A7W`[~zH:72GFU�/f;|Bo365�BE-E1CU�/MB=587�N�+.-o_AN�5A+6;=DFL<U�/:5*)kL<1F;E;a5A7

v1, v2.
q[+.5±;=+Z72O};|BE5�BE;

587MB|Np5AOQ5A-�OQ+.;�{|H:7:@MB�DQOQ5A-�+.O:587MB=+<;=U�/�`2Èd58721FH:58-�KC+ZLZB
+ �-,.,Ì�S� �0/21434¤

v1, v2 ∈ V
«C�.¶º¢

v1 ∩ v2 6= ∅ ⇔ v1 − v2 ∈ U ⇔ v1 = v2.¼u�2� # ����£^��¬[��¤����<�8¢p¬M¦4�:� v = 0
«Q���f¦Q§�µc���:�

v ∈ U.
¿ �CÀ��MÁº� spt|;aB

v1 ∩ v2 6= ∅,
;=D�5 Ã +.;aB=+.58-=BT58+.7

x ∈ v1 ∩ v2

H:7fOPO:14IJ+ZB�KF+.3QB�5n;
u1, u2 ∈ U,;=D[O214�

x = v1 + u1 = v2 + u2,
14L<;=DJ1FH2U�/

v1 − v2 = u2 − u1 ∈ U.t|;aB
v1 − v2 = u0 ∈ U,

;=D�+.;aB
v1 = v2 + u0

H:7fOi;=DFIJ+ZB
v1 = {v1 + u | u ∈ U} =

{v2 + u0 + u | u ∈ U}
H:72O�VcO:1

u0 ∈ U
H272OÖI�+ZB

u
14H2U�/

u0 + u
{|5AN�5A+ZL<;JKC1F7:_

UOQH:-�U�/:L<G4HQghBnVQ+.;aB�OQ+.5�_8H:L.5�BE_�BT5A-=/21FLåBE587:5�\P5A7:KF5kKC58-�1FOQ5
v2.t|;aBJ;EU�/:L.+Z5A�FL.+.U�/

v1 = v2,
;=DS+<;|BJB=-E+.ÅM+<14L.58-ENp58+<;a5�+./:-�Ò�H2-EU�/2;EU�/:7:+ZBaBJ7:+<U�/MB�L.585A-AV)O:1}{a1

3658+<OQ5$\P5872KF587�7:+<U�/MBTLZ5A58-T;=+Z72OW`
�

5C5AOQ5n;
v
+.;aBT58+.7:57658+.LZIJ5872KF5kÅFDC7

V
V214L<;aD�58+.7 bcLZ5AIJ587MB�OQ58-T;=DFKf`98|X)DFB=5872_8IJ587:KC5;:±ÅCDF7

V
V

OQ+.5±5A3f5A7	1FH2;�14L.LZ5A7<658+.LZIJ5872KF587}ÅFDF7
V
365A;aB=5A/CBn`Q>?DF7�OQ+Z5n;a5A-�L.5�BE_�BE587 Â H2;E;=1FKF5�ÅC58-EKF5n;=;=587

N�+.-�7MH27�1FLZL.5A;AVQNp1C;�O:1F;�+.72OQ+.Å[+.OQH258L.LZ5 Â Hf;=;=58/:5A7�O:+Z5n;a5A-�bcLZ5AIJ587MB=5$1F7:KF5A/CBnV[H:72O�3f5A/214LZB=5A7
7[H:-nVWO:14�]OQ+.5

v
bcL.58IJ5A7CBE5�58+.7:58-ÓKF58N�+<;E;a5A7j\P5A7:KF5�;=+Z7fO�V�OQ+.5�N�+Z-ÓDF36587x;=U�/2DF7jI�+ZB

V/U3658_85A+.U�/27:5�BT/214BaBE587W`
*,+.-�3f58B=-�1FU�/MB=5A7	7[H:7POQ+.5 Â 3:3:+.L<OQH:7:K

π : V → V/U : v 7→ v.

+ �-,.,Ì�S� �>= ¹ �h�����?1W§4�2¡6¢º�h£^�
π
�<�8¢'@Z�f¦Q·|¸BAk£^�2�A¢�¤n§4¡z¢���£¥�DC��A§4¤h®���¡z¢�� ( §4��¬E@.�f¦[·|¸GF)��¨J¨0¦

&k¯IHJC�«C�.¶º¢
π(v1) = π(v2) ⇔ v1 − v2 ∈ U.

ä H27]/21436587PN�+.-�5A+Z725�G4/27:LZ+<U�/:5Óq[+ZB=Hf1^B=+.DF7SN�+Z5$3658+?qQ14B=_ � ` � `f*,+Z-±/21436587]5A+Z72587P>?58@MBEDF- �-�14H:I
V,
5A+Z725p\P5A7:KF5

W := V/U
H:72O$5A+Z725pÆ2H:7:@MB=+.DF7

π : V → V/U,
OQ+Z5�14L.L.58-�OQ+Z72KC;W72+.U�/MB

IJ58/:-Ó3:+ {|5A@MB=+.Åi+<;|BnVO:14g�Ä:-�1F3f5A-ÓOQ+.5�bc+.KF587f;=U�/214ghBÓÅFDC7LKW58IJI�1 � ` MP3f5n;a+ZB=_8BA`Ò±+.5A;$-E58+<U�/MB
N�+.5AOQ5A-$14H2;AV�H:I

U/V
_8Hw58+.7:58I >?58@MB=DC-=-�14H2I H:72O

π
_AHi5A+Z7258I É DFIJDFIJDC-=r:/2+.;=IÓH2;d_AHI�1FU�/:5A7W`:Òd14IJ+åBTL.5�BE_�BE58-E5A;�5A+Z7MB=-E+ZBaBAV2IÓÄ2;E;a5A7�O:+Z5 m r658-�1^BE+ZDC7:587

⊕, α�
+.7
V/U

;aDJ58-E@[L.GF-aB
;=58+.7WV2O:1F�Óg�Ä:-±14L.LZ5

v, v1, v2 ∈ V,
H272O 14L.LZ5

α ∈ K
KF+.LåB

π(v1 + v2) = π(v1) ⊕ π(v2)

π(αv) = α� π(v) (∗)

π(0) = 0,
NpDF3658+WOQ+.5�LZ58B=_8B=5ÓÈdL.58+<U�/MH27:KJ721^BEÄ:-=L.+<U�/�OQH2-EU�/ OQ+.5$Ò�58Ç27:+ZB=+.DF7 ÅFDC7

π
;=U�/2DF7}KC58KC5836587�+.;aBA`

*j587:70N�+.-p7MH27}ÅF5A-E;=H2U�/:5A7WVF/2+Z5A-E1FH2;oOQ+.5 m rf5A-E14B=+.DF7:5A7�+Z7
V/U

_AH}OQ58Ç27:+.58-E587WVQ;=D$N�5A- �
OQ5A7,_8N�14-}1FLZL.5PbcL.58IJ587MB=5SÅFDF7

V/U
58-=g�14�FBAVoO:1

π
{a1Ì;aH:-º{|58@MBE+ZÅÖ+.;aBA` Â 3658-

π
+<;aB}7:+<U�/CB

+.7^{|58@MB=+.ÅzV2O�` /W`QÅF5A-E;EU�/:+.5AOQ5A7:5
v1, v2

@CeF7:7:5A7�O21F;�;a5ALZ365�âp+ZL<O
π(v1) = π(v2)

/21F3f5A7WV:;aDQO:1F�
_8H272GFU�/2;aB�7:+<U�/CB�@[L<14-�+<;|BnV:DF3 ;a+<U�/ OQH:-�U�/

(∗)
Ä:3658-E/214H:r:B m r658-�1^BE+ZDC7:587 OQ58Ç27:+.58-E587�L.1C;=;=587W`

Ò±+Z5n;�KF5A/CB�KC58721FH�O:1F7:7WVQNp587:7 KC+ZLZB



�����

� `�t|;|B
π(v1) = π(v′1)

H:72O
π(v2) = π(v′2),

;=D�+<;aB
π(v1 + v2) = π(v′1 + v′2)

H:72O
� `�t|;|B

π(v) = π(v′),
;=DJ+.;aB

π(αv) = π(αv′).
KW5AIJIJ1 � ` M�;a+<U�/:58-=B�H:72;�7[H:7�V:O:14��OQ+.5A;�KC58/MBAs
Ò±587:79721CU�/�K�58IJI�1 � ` Mjg�DFL.K4B014Hf;

π(vi) = π(v′i),
O:14�

vi − v′i ∈ U (i = 1, 2).Òd147:7 +<;aB�143658-�14H2U�/
v1 − v′1 + v2 − v′2 = (v1 + v2) − (v′1 + v′2) ∈ U

H272O ;=DFIJ+åB
π(v1 + v2) = π(v′1 + v′2).

Æ:58-E7:5A-�g�DFL.K4B�14Hf;
π(v) = π(v′),

O:1F�
v − v′ ∈ U,

O:1FI�+ZB±1FH2U�/
αv−αv′ ∈ U,

1FL.;=D�1FH2U�/
π(αv) = π(αv′).

Ò±H:-�U�/
(∗)
;=+.72OÓ1FL.;=DTB�1^BE;EGFU�/2LZ+<U�/ m rf5A-E14B=+.DF7:5A7

+.7
V/U

OQ5�Ç272+Z5A-aBn`[Òd14��;a+.5
V/U

_8H}58+.7:58I >?5A@CBEDF-E-E1FH:I I�1CU�/:587WVMr:-EÄQghB�IJ1F70OQH:-�U�/058+.7:5
L<147:KCN�5A+ZL.+ZKC5�RT5AU�/:7[H:7:KfV?OQ+Z5PN�+.-�Ä:3658-EKF5A/:587W`oq:U�/:LZ+.58�CLZ+<U�/ ;=+<U�/:58-=B

(∗)
14HfU�/WVcO:14�

π
58+.7

É DCIJDFIJDF-Er:/:+<;aI�H2;p+.;aBA`)kÄ:7QghBE+ZK	3f5A_85A+.U�/:72587]N�+.-dO:+Z5�5836587S5A+Z72KF5�g�Ä2/:-aBE587 m r658-�1^BE+ZDC7:587P+.7
V/U

5A+Z7Qg�1CU�/PIJ+åB
+, ·, 0.

*,+Z-�g�1C;=;=587�_8H2;E14IJIJ587�s
� ���)��Á��AÁ � �9����� ���Q�n�P�P���Ö�=�0� � �AÁº�[�z�A�[���^�:� , �P�o�$�����

V
���.�   ��¡z¢�£^¤=¤�¦Q§4¨�© U ���.� ��z¢u��¤E¤�¦:§4¨P¯ ¹ ��¤J� # ����¡[£^�2�A¢�¤n§4�h��¤A¢u�   ��¡z¢�£^¤=¤�¦Q§F¨ V/U

¸6���
	2¢ &d§M£[¢º�h���6¢u���:¤�¦Q§F¨ @Z«Q��¶�� ������
V
�f¦[·|¸

U
C8©o¬[��¤Ó�A§4¤h®���¡z¢�� ( ���d£^¨}£¥¨}£¥¤ ´ ¸:�<�a¨	§F� π : V → V/U

¸6���	f¢�¡^¦4�6£¥�2�.�8·|¸6��¤
� ´ �.¨}£¥¤ ´ ¸:�<�a¨	§F�n¯[�o��«Q��¶º¢u���

@Z�>C @C58-
π = U.

@Z�.�>C ¼|�A¢
W
�.¤a«:����¬[���Z�   ��¡z¢�£^¤=¤�¦Q§F¨ §4��¬ ϕ : V → W���Z���k£¥¨}£¥¨}£¥¤ ´ ¸:�<�=¨}§F�¨J�º¢ U ⊂

@C58-
ϕ,
��£T«C� # ¢���«:���f¦:§����.�6�����d£^¨0£^¨}£¥¤ ´ ¸:�<�a¨	§F� ψ : V/U → W,¨J�ã¢

ϕ = ψ ◦ π.

@.�Z�.�>C ¹ ��������¤��k£¥¨}£¥¨}£^¤ ´ ¸2�.�=¨}§F�c�.�A¢�«Q���f¦Q§J¬[¦^�:���.�A®���¡ �¢º� ( ©�µc���2� @C58- ϕ =
@F5A-

π.

@Z� ( C ¹ ��¤���¦:§4¨ V/U
�<�8¢d¬2§4¤A·|¸x¬F�����ã§F�:� ( ��¤�����¶Z¶������c� �«:���2�8·|¸f¦��u¢ @Z�.� C # �.�d¦Q§��)¼|��£¥¨}£¥¤ ´ ¸:�������.��¬[�^§:¢��Z« # � ��A¢��.¨J¨}¢��f¬f¯ ¸�¯F�.�A¢
Q
���Z�   ��¡6¢u£¥¤E¤�¦:§4¨�© π′ : V → Q���Z���d£¥¨}£^¨0£^¤ ´ ¸:�.�=¨}§C�J¨��ã¢ U =

@C58-
π′,
��£:¬M¦�	

«M�Z¶ã¢���1 3F¤�®��n¬[���   ��¡z¢�£^¤=¤�¦Q§F¨ W
§F��¬Ó®��n¬[�����d£ �¨}£^¨0£^¤ ´ ¸:�.�=¨}§C� ϕ : V →W

¨J�º¢
U ⊂

@F5A-
ϕ
«C� # ¢���±«Q���6¦Q§����Z�

ψ ∈ É DCI (Q,W )
¨��ã¢

ϕ = ψ ◦ π′,��£��a�.��¬
Q
§4��¬

V/U
�<��£^¨}£¥¤ ´ ¸�¯

U ⊂ V W

V/U

ψ

ϕ

π

¿ �CÀ��MÁº� sT~6Hx��+h��s2bo;�+<;|B
π(0) = 0

H:72O
π(v) = π(0)

KC58721FH}Np587:7
v − 0 ∈ U,

O�` /W`:Np58727
v ∈ U.

Òd14IJ+ZBT+.;aBT@F5A-
π = U.~6Hw��+.+<��s:bo;T;=58+

ϕ : V →W
IJ+åB

U ⊂
@C58-

ϕ
KF58KC5836587W`:Òd14727�KC+ZLZB�g�Ä:-

v1, v2 ∈ V :t|;aB
π(v1) = π(v2),

;=D +.;aB
v1 − v2 ∈ U ⊂

@F5A-
ϕ
H272OwO:14IJ+ZB

ϕ(v1 − v2) = 0,
O�` /W`

ϕ(v1) = ϕ(v2).
Òd1k_8H2OQ5AI

π
;=H:-º{|58@MB=+.ÅÓ+<;|BnV4/21F3f5A7�N�+Z-o1FL.;=D�OQH:-�U�/

ψ(π(v)) := ϕ(v)
58+.7:5

NpDF/:L<OQ5�Çf7:+Z5A-aBE5 Â 3:3:+.L<OQH:7:K
ψ : V/U →W

5A-=@[L<G4-=BA` ä H27�+<;aB

ψ(π(v1) + π(v2)) = ψ(π(v1 + v2)) = ϕ(v1 + v2)

= ϕ(v1) + ϕ(v2) = ψ(π(v1)) + ψ(π(v2)),

ψ(απ(v)) = ψ(π(αv)) = ϕ(αv) = αϕ(v) = αψ(π(v)),

NpDFIJ+åB�1FL.;=D
ψ ∈ É DFI (V/U,W )

+.;aBA`6Ò±1JN�+.-?{a1
ψ ◦ π = ϕ

g�DF-�OQ5A-=7WV2+.;aB±OQ+.5A;=5A;
ψ
Np58KC587

OQ5A-Jq[H2-�{|5A@CBE+ZÅ[+ZBEG4B�ÅCDF7
π
1FH2U�/ÌOQ5A-�5A+Z7:_A+ZKC5 É DFIJDFIJDF-Er:/:+<;=IÓH2;ÓI�+ZB�OQ587 KF58N�Ä272;=U�/MBE587bc+.KF5A72;=U�/f1^ghB=5A7W`

~6H ��+.+Z+h��sCbo;?+<;|B
ψ◦π = ϕ

VF;aDCIJ+åB
x ∈

@F5A-
ϕ
KC58721FHWV^N�5A7:7

x ∈
@F58-

(ψ◦π),
O�` /W`FKC58721FHWV

Np587:7
ψ(π(x)) = 0.t|;aB
ψ
+.7^{|58@MB=+.ÅzV�;=D�+<;|B

ψ(π(x)) = 0
KF5A7214HWVoN�5A7:7

π(x) = 0,
1FL.;=DxKF5A7214H�VcN�5A7:7

x ∈
@F5A-

π.
Â L<;=D�+<;aBT+Z7 OQ+.5A;=58IÔÆf14L.LZ5k@C58-

ϕ =
@F5A-

π.
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t|;aB)@C58-
ϕ =

@C58-
π,
;=Dk+.;aB

ψ(π(x)) = 0
KC58721FHWV^Np587:7

π(x) = 0,
H:72OJO:1

π
{a1k;aH2-�{|5A@CBE+ZÅ

+<;|BnV214L<;aD
ψ(v) = 0

KF587f14HWVQNp587:7
v = 0,

N�1F;�OQ+.5�tu7^{|58@MBE+ZÅ[+ZBEG^BTÅCDF7
ψ
_A58+.K4Bn`

~6Hw��+.Å:��s:*,+.-T/21F3f5A7�OQ+.5�-E5AU�/MBE;�;aB=5A/:5872O:5�qQ+åBEH21^BE+ZDC7Ws
~6H:7fGFU�/2;aBd36587[HQBE_85P��+.+h��IJ+ZB

W := Q,ϕ := π′.
Ò�+.5A;kL.+Z58g�58-=B

ψ :
V/U → Q

IJ+åB
π′ = ψ ◦ π.Òd147:7�36587[HQBE_85S��+Z+h�ÓI�+ZB

W := V/U, ϕ := π.
Ò±+.5A;�LZ+.5�g�5A-aB

ψ′ :
Q → V/U

IJ+ZB
π = ψ′ ◦ π′.

Ò±1F7:7P/21F3f5A7PN�+Z-
ψ′ ◦ ψ : V/U →

V/U
IJ+åB

ψ′ ◦ ψ ◦ π = ψ′ ◦ π′ = π =
+<O
V/U ◦π

H:72O�1F7214L.DFK
ψ ◦ ψ′ : Q→ Q

IJ+ZB
ψ ◦ ψ′ ◦ π′ = ψ ◦ π = π′ =

+<O
Q ◦π′.

ä H27�ÅF5A-=Np5872O:5�IJ1F7 ��+.+<��I�+ZB W := V/U, ϕ := π.
Òd147:7xKC+Z3:B

5A;$KF587f14Hw58+.7:587 É DFIJDFIJDF-Er:/:+<;=IÓH2; χ : V/U → V/U
IJ+ZB

χ ◦
π = π.

b�;�;=+Z7fO
ψ′ ◦ ψ

H:72OÌ+.O
V/U

;aDCL.U�/25F`q[DCIJ+åB�IÓÄ2;E;a5A7Ì;=+Z5
+<OQ587MB=+<;EU�/�;=58+.7WVQO�` /W`:5A;p+<;|B

ψ′ ◦ ψ =
+.O
V/U .

Â 721FLZDCKÓ5A-=/2GFLåB�I�147

U
∩
V

V/U Q

π π′

ψ

ψ′

ψ ◦ ψ′ =
+<O
Q .
Â L.;=Dx;a+.72O

ψ ∈ É DFI (V/U,Q)
H:72O

ψ′ ∈ É DFI (Q, V/U)
_AH:58+.72147fOQ58-

+.7MÅC58-�;a5dt|;=DFIJDF-Er:/:+<;aIJ5A7W`

�

¿ � ,Ì�C�¥�W�����x� ����°0�������6¢º¶Z�º·|¸	¦4�P¬F��������¨ &d§M£Q¢������z¢����:¤�¦:§4¨ �.�A¢��:�º·|¸z¢o¬C�h���T¤n¢|©�µ?�h��µ?�Z¤
�.¸:��¡[£^�2�A¢�¤n§4�h��¤A¢�¸f¦ # ����©p¬f¯ ¸¯cµ?���J�����Z�z���c¶���¨}���z¢��}¦Q§F�E����¸6����©��£¥��¬[��¤=�Ì¦4¶Z¶����.�Ö¬F������¸f¦ �¤�¦^¡z¢���¤=�<�a����¤n§4�Q«,¬f§4¤8·|¸ ¬F�h�x§4�:� ( ��¤E����¶.¶h� �c�å«:���2�8·|¸f¦��u¢=¯	�[��� ¶��E«f¢}¬[��� ��¦Q§F¨��z§4¤ # �<��¦:§��¼|��£¥¨}£¥¤ ´ ¸:��� �º���A¢|©6¬f¯ ¸¯=®��p½Cµ?��� ��¾Q§F¨0��¨��ã¢?¬F��������¤o�c�å«:���2�8·|¸f¦��u¢��a�.��¬$�<��£^¨}£¥¤ ´ ¸	§F��¬�
�¬M¦F���£¥¶.¶º¢u�����[���k����¶ # �8¢ # �¥µc���<������
T®��n¬Q��¤T½C§ V/U �<��£^¨}£¥¤ ´ ¸6� ��¦Q§F¨Ô¸f¦:¢�¬F�������±�c�Z«Q���f��·|¸f¦��u¢=¯¹ ¦4����¸6¦^¤�¦^¡z¢���¤=�<�a����¤���� # �<�d¦:§��)¼|��£^¨}£¥¤ ´ ¸:��� # �¥¬[�¥§:¢u�¥¢�«Q��¤�¦Q¬[�n©W¬[¦ 	Pµ?�.¤ ( £^�S¦^¶.¶h���]� ´ ��½A� ���¶.¶����w�c�Z«Q���f��·|¸f¦��u¢����Ì¬[��¤��c¶���¨}���z¢��J¦ # ����¸6���i¡�¥�:�6����©¦ # ��¤Ó¦:§Q·|¸Ì§F¨�«:��¡Q��¸:¤n¢|©cµc���:�����«Q��¤�¦Q¬[� ´ ¦ 	f¢|©:§4�2� � 3F¤ # ���8¢º�Z¨J¨	¢�� "�µc�n·|¡Q�o���.�6��� # ����£¥�W¬[��¤��«Q�8���å«M�6�¥¢u��� ��¦Q§F¨»¦Q§F�p¬C�h������¤¼|��£¥¨}£¥¤ ´ ¸:����¡[¶h¦4�E����¦Q§F�Aµ)¾4¸:¶����}¡�¥�:�z����¯

� 〉

� Ï��:Ð��pÎQÐ���Ë����»ÐÑ
t|;aB

(b1, . . . bm)
5A+Z725dâ�1F;=+<;�ÅCDF7

V
H:7fO

U :=
;arf147

(b1, . . . bn)
V
U ′ :=

;=r2147
(bn+1, . . . bm),;=D�/f1^B

U ′
OQ+Z5�H27:+ZÅC58-�;a5ALZL.5kbc+.KF587f;=U�/214ghB�OQ5A; � H2D4B=+.587MBE587Ws:* GF/:L.587]q[+.5$O:14_AH

π : V → U ′14L<;ÓO:+Z5	Xc-=DF{|58@MB=+.DF7�s
v :=

∑m
1
αibi 7→

∑m
n+1

αibi
H:72O�OQ58Ç27:+.58-E587 qQ+Z5	_8H�KC58KF5A3f5A7:58I

ϕ : V → W
IJ+åB

U ⊂ kerϕ
OQ587 É DCIJDFIJDF-Er:/:+<;aI�H2; ψ : U ′ → W

Ä:3658-
ψ(bi) :=

ϕ(bi), i = n+1, . . . ,m.
Òd147:7�IÓH:�dI�147�7:DQU�/Ó721CU�/:-=5nU�/:7:5A7WVnO214�kO:14IJ+ZB?O:+Z5pH:7:+.ÅF5A-E;=58L.LZ5

bc+.KF5A72;=U�/f1^ghB�KF5AKF5836587�+<;|Bn`fq[DFIJ+ZBT+.;aBTO:14727
U ′
+.;=DFIJDC-=r:/	_8H

V/U.Â 7fOQ-=5A-E;=58+ZBE;�;=+.72O
U
H272O

U ′
@FDCIJr:LZ5AIJ587MBEGF-=5�RTGFH:IJ5d+.7

V,
O�` /W`:5A;T+.;aB

V = U ⊕ U ′14L<;�O:+Z-E58@MB=5Jq[H:IJIJ5F`zÒ�+.5A;=587iâ�5AKF-E+åywOQ58-kOQ+.-=5A@MB=587jq[H:IJIJ5ÓNpDFL.LZ5A7PN�+Z-d7[H:7SOQ5A-E1F-aBTÅC58- �
14L.L.KF58IJ5A+Z7:5A-=7�VFO:14��OQ+Z5±3f58B=5A+ZL.+ZKFB=5A7}RTG4H2I�5�7:+.U�/MBpI�5A/:-�1Ór:-E+ZDC-=+2à�7MB=58-E-�G4H:IJ5TOQ5n;�;=58L.3f5A7
RT1FH:IJ5A;

V
;a5A+Z7]I�Ä2;E;a5A7WV2N�+.-±1FL.;=D�+Z7f;a365A;=DF72O:58-E5$3f5A+OQ5A7iq[H:IJI�147fOQ587]_AHP+.;=DFIJDC-=r:/2587

Ä:3658-EKF5A/:587�@FeC7:7:587�`Mbo+Z7P;=DFL<U�/:58-�58-ENp58+ZB=58-=B=5A-pâp5AKF-E+åySOQ5A-�OQ+Z-E58@MBE587Pq[H:IJIJ5�LZ+.5�g�5A-aBTO:1F7:7
5�B|N�1�58+.7:5�Æ:DC-=IJ58LWO:58- Â -aB

V = U ⊕ V/U.
Òd143658+[N�DCLZL.587�N�+Z-pÜ2Ú����[ÙÅFDC7ÓOQ587�bcL.58IJ587MBE587�O:58-)3f58B=5A+ZL.+ZKFB=5A7�RTGFH:IJ5p1FH2;aKC58/:5A7WV¥;aDC72OQ58-E7
N�+.5AOQ5A-�ÅFDC7 58+.7:58-±H:7:+.ÅF58-�;=58L.LZ5A7�bo+ZKC5872;EU�/21^ghBn`fà�I ;=+Z5Ó/:58-E_8H:L.58+ZB=5A7WV2KC-=5A+åg�5A7PN�+Z-�@MH2-=_Ó1FHQg
OQ5A7 1FLåBE587 âp58KF-E+ZySOQ58-TOQ+.-E58@MB=5A7PqQH:IJI�5�H272O O:1F;?8 Â 7Qg�1C;=;=587D:±ÅFDC7	bcL.58IJ5A7CBE587 _8H2-=Ä2U�@z`
bo;	;a5A+�N�+.5AOQ5A-

(b1, . . . bm)
58+.7:5iâ�1F;=+<;�ÅFDC7

V
H:72O

U :=
;=r2147

(b1, . . . bn)
V
U ′ :=;=r2147

(bn+1, . . . bm).
Òd147:7�+<;|B

V = U ⊕U ′
H:72O

U ⊂ V, U ′ ⊂ V,
NpDQOQH:-�U�/J-=5nU�/CBoB=-E+ZÅ[+<14L.5

+.7^{|58@MB=+.ÅF5 É DFIJDFIJDC-=r:/2+.;=IJ587 η : U → V,
H:7fO

η′ : U ′ → V
KF5AKF5A3f5A7�;=+Z7fO�VfOQ+.5$5A3f5A7 1F7

OQ5A7�boLZ5AI�5A7MB=587�{|5AN�5A+ZL<;�KC1F-�7:+.U�/MB�;�G472OQ5A-=7�`



�����

t|;aB�7[H:7
X
+Z-EKF5A72OQ5A+Z7 >?5A@MB=DF-E-�14H:I"H:72O ;a+.72O

ϕ : U → X
H:7fO

ϕ′ : U ′ → X+.-=KC5872OQNp58L<U�/:5 É DFIJDFIJDC-=r:/2+.;=IJ587WV);aDiKF+.3QBJ5A;�+ZIJIJ58-JKC58721FH�58+.7:587 É DCI�DCIJDF-Er:/:+<;aI�H2;
ψ : V → X,

;aDQO:1F�
ψ ◦ η = ϕ, ψ ◦ η′ = ϕ′.

Òd14�}OQ+.5A;±;aD}+.;aBAV6@^147:7]I�1F7 g�DFL.KF587fOQ58-EI�14�F5A7P;a5A/:587Ws6Ò±1FIJ+åB
ψ ◦ η = ϕ

14H:g
U
+.;aBAV6IÓH:�

;=58+.7
ψ(u) = ϕ(u)

H:72O	14HQg
U ′
14721FLZDCK

ψ(u′) = ϕ′(u′).
Ò±1FIJ+åB

ψ
5A+Z7 É DCI�DCIJDF-Er:/:+<;aI�H2;+<;|BnV:IÓH:�J7:DFB|N�5A72OQ+.K

ψ(u+ u′) = ψ(u) + ψ(u′) = ϕ(u) + ϕ(u′)

KF5ALåBE587W` ä 1FU�/B)±DF72;aB=-EH:@MB=+.DF7Ó/21^B6{|5AOQ5n; v ∈ V
58+.7:5p58+.72OQ58H:B=+.KF5�Ò±1F-E;aB=5ALZL.H:7:Kd14L<;

v = u+u′IJ+åB
u ∈ U, u′ ∈ U ′.

q[DCI�+ZB�+.;aB$14L<;aD
ψ
14HQgoKM147:_

V
58+.72OQ58H:B=+.K	g�5n;|BEKF5ALZ5AK4BkH:72O���BE-=+.Å[+.1FL

721CU�/:_8H:-E5AU�/27:587���5A+Z7 É DFIJDFIJDF-Er:/:+<;=IÓH2;A`Ò±+Z5n;�7MH:B=_85A7 N�+Z-�7[H:7 _8H�g�DCLZKC5872OQ5A-

� ���)��Á��AÁ � � �P��� � � Á��^�M���A�i����, ,��:�
�o�������h���

V
���.�   ��¡z¢u£¥¤E¤�¦:§4¨�© (Vi | i ∈ I)

���Z�z�E16¦^¨J�Z¶.��� ( £^�   ��¡z¢u£¥¤E¤�¾:§4¨}��� §4�W¬
(ηi | i ∈ I)

���Z�z� 1f¦4¨J�Z¶.�h� ( £^���d£¥¨}£^¨0£^¤ ´ ¸:�.�=¨}��� ηi : Vi → V,
i ∈ I.

¹ ¦4�:��¸6���	f¢
V
¬C�Z¤���¡z¢�� �z§4¨J¨}��¬[��¤

Vi : V =
⊕

i∈I Vi,µc���:�	«C�.¶º¢ ��1434¤�®��n¬Q���   ��¡z¢�£^¤=¤�¦Q§F¨ W
§4��¬�®��¥¬[� 1f¦4¨��.¶.�h� ( £^� �k£ �¨}£¥¨}£¥¤ ´ ¸:�<�=¨0��� (ϕi | i ∈ I)

¨J�ã¢
ϕi : Vi → W

«M� # ¢k���Ó«Q���f¦Q§���.�6��� �k£¥¨}£¥¨}£¥¤ ´ ¸:�<�=¨}§F� ϕ : V → W,
��£:¬M¦ 	 � 34¤Ó¦^¶.¶��

i ∈ I
«M�Z¶ã¢

ϕ ◦ ηi = ϕi. (∗∗)

Vi

W

V
ϕ

ϕi

ηi

Â 7�OQ58I�qQrf5A_8+<14LZg�14L.L6/f1436587}N�+.-pKF5A;=58/2587WV[O:14��5A;�;=DÓ5�B|N�1F;oKF5A3f5A7}@^147:7�`M*,+.-�N�5A-EO:587
KFL.58+<U�/	g�Ä:-�OQ5A7�1FLZL.KF5AI�5A+Z72587 Æ214L.LW5A+Z7:5�OQ+.-E58@MB=5Óq[H2I�IJ5�@CDF72;aB=-EH:+.58-E587W`
~6H:7fGFU�/2;aBp_A58+.KF5A7	N�+.-�OQ+.5kbc+Z7fOQ58HQBE+ZKC@F5A+åB

���Q�A�S�P��� ¹ ���Ó¬F�.¤���¡6¢u� �z§4¨J¨}�d�.�A¢ # �<��¦Q§���¼|��£¥¨}£¥¤ ´ ¸:���±���Z�W¬[�¥§:¢º�å« # ���A¢��.¨J¨}¢=¯
¿ �CÀ��MÁº� spbo;k;=58+

V
OQ+.-=5A@CBE5�q[H2I�IJ5�OQ58-

(Vi | i ∈ I)
IJ+ZBkOQ5A7]_8H2KF58/2eF-E+ZKC587 É DCI�DCIJDF- �r:/:+<;=I�5A7

ηi : Vi → V,
g�5A-=7258-

V ′
O:+Z-E58@MB=5�q[H:IJIJ5�OQ5A-

(Vi | i ∈ I)
IJ+ZBdOQ5A7 É DCI�DCIJDF- �r:/:+<;=I�5A7

η′i : Vi → V ′.
*,+.-d/f1436587S_AHi_A58+.KF5A7WV�O:14�

V
H:7fO

V ′
+.;=DFIJDF-Er:/S;=+.72O�`WÒ±+Z5n;a5A-

âp58Np58+<;�ÅF58-EL<G4HQghB)5 Ã 14@MB?721CU�/�OQ5AI»;=58L.3f5A7JqQU�/2LZH:�M;=U�/258I�1:VnN�+Z5�OQ5A-?587MBE;=r:-E5AU�/:5A72OQ5�âp58Np58+<;
3658+.I � H:DFB=+.587MB=5A7:-E1FH:I s
� `�bo;cL.+Z58g�58-=B

(∗∗)
g�Ä:-

V
H:72O�OQ+.5

ηi
IJ+åB

W := V ′, ϕi := η′i
5A+Z7:5A7 É DCI�DCIJDF-Er:/:+<;aI�H2;

ϕ : V → V ′,
;aDQO:1F�Óg�Ä:-±14L.LZ5

i
KC+ZLZB

ϕ ◦ ηi = η′i.

� `�bo;oL.+.5�g�58-=B
(∗∗)

g�Ä:-
V ′
H:72O0O:+Z5

η′i
IJ+ZB

W := V, ϕi := ηi
58+.7:5A7 É DCI�DCIJDF-Er:/:+<;aI�H2;

ϕ′ : V ′ → V,
;=DQO:14��g�Ä:-T1FLZL.5

i
KF+.LZB

ϕ′ ◦ η′i = ηi.

Òd147:7 /21F3f5A7	N�+.-�14L<;=D�{|5AN�5A+ZL<;pg�Ä:-�1FLZL.5
i ∈ I

ϕ′ ◦ ϕ : V → V
IJ+åB

ϕ′ ◦ ϕ ◦ ηi = ϕ′ ◦ η′i = ηi
ϕ ◦ ϕ′ : V ′ → V ′

IJ+ZB
ϕ ◦ ϕ′ ◦ η′i = ϕ ◦ ηi = η′i.

� ` ä H:7iÅF58-ENp5872OQ5A7]N�+.- (∗∗)
g�Ä:-

V
H:72OSO:+Z5

ηi
IJ+ZB

W := V, ϕi := ηi.
Ò�+.5A;dL.+Z58g�58-=B

KF587f14H05A+Z7
χ : V → V,

;aDQO:1F�$g�Ä:-T1FLZL.5
i
O214IJ+åB

χ ◦ ηi = ηi.
*,+.5kKF58_A58+.K4B�+.;aB

ϕ′ ◦ϕ58+.7�;=DFL<U�/:58- É DFIJDFIJDC-=r:/2+.;=IÓH2;pH:7fO	DFy65A7[3214-�14HfU�/�OQ+.5�t|OQ5A7CBE+åB�G^BT+<O V . Ò±1�5A;T7MH2-58+.7:5�;=DFL<U�/:587JKF+.3QBnVFIÓH2�$14L<;aD
ϕ′ ◦ϕ =

+<O
V
;a5A+Z7�`F>�eCLZL.+.KÓ14721FLZDCKdg�DFL.K4B

ϕ◦ϕ′ =
+.O
V ′ ,N�DCI�+ZB�O:1F7:7

ϕ
H:7fO

ϕ′
14L<;�_8H:5A+Z7f1472OQ5A-T+.7MÅC58-�;a5kt|;=DFIJDF-Er:/:+<;=I�5A7	_AN�+.;EU�/:5A7

V
H272O

V ′
58-E@^147:7MBT;=+Z72OW`

�
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�
����������	��
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���Q�A�S�P��� "�§$®��n¬[��¤G1f¦^¨J�.¶Z���
(Vi | i ∈ I) ( £¥�   ��¡z¢�£^¤=¤�¾Q§4¨}���w���Q�<�8¢º�h��¤A¢d¬[��¤����Ì¬C�Z¤���¡z¢���z§4¨J¨}�

V =
⊕

i∈I Vi
¯

¿ �CÀ��MÁº� sp*,+.-�KC58/:5A7Ì14Hf;ÓÅCDF7�5A+Z7:5A-�Æf14IJ+.LZ+.5
(Vi | i ∈ I)

ÅFDF7Ì>?58@MB=DC-=-�G4H:IJ5A7W`Òd14_AH
3:+.L.O:587 N�+Z-

V := {(vi | i ∈ I),
NpDF3658+

vi ∈ Vi,
1F3f5A-

vi 6= 0
7[H:-�5A72OQL.+.U�/ D4ghBn`

}

Ò±+Z5n;�;=+Z7fO�14L<;aD]1FLZL.5 �j3f5A+�5A72OQL.+.U�/:5AI
I
O:1F7:7�14HfU�/Ì;a5ALZ3f;|BÓ5A72OQL.+.U�/2587 �jÆ2DFL.KF5A7WVOQ5A-=5A7

i
� BE5A;JbcL.58IJ5A7CB�14H2;0O:58I

i
� B=5A79R�14H:I KF5872DFIJIJ587Ö+.;aBAVp143658-nV?H:72O,O:1C;J+.;aB03f5A+�H:725872O �

L.+.U�/:5AI
I
N�+<U�/MB=+.K2V7MH2-�5A72OQL.+.U�/ ÅM+.58L.5	O:+Z5n;a5A-

vi
7:+<U�/CBJO:1F; ä H2LZL.58L.58IJ587MBJOQ5A;±{|58Np58+.L.+ZKC587RT1FH:IJ5A;d;a+.72O�`ztu7

V
58-E@[L.GF-=5A7�N�+.-d7MH27 m r658-�1^B=+.DF72587PH:72OS58+.7 ä H:LZL.58L.58IJ5A7CBnVz+Z72O:58I N�+Z-@FDCIJrfDC7:587MB=5A7[N�5A+.;=5�14HQgTOQ+.50587MB�;ar:-E5AU�/25872OQ5A7 m rf5A-E14B=+.DF7:5A7j32_8N�`O21F; ä H:L.LZ5ALZ5AI�5A7MB�OQ5A;587MB�;ar:-E5AU�/25872OQ5A7�R�14H:IJ5A;

Vi
_AH:-=ÄfU�@MKC-=5A+åg�5A7Ws

+ : V × V → V
OQH2-EU�/

(vi | i ∈ I) + (v′i | i ∈ I) := (vi + v′i | i ∈ I),
α· : K × V → V

O:H:-EU�/
α · (vi | i ∈ I) := (αvi | i ∈ I),

0 ∈ V
O:H:-EU�/

0 := (0i | i ∈ I).\P+ZB�OQ+.5A;=587 m rf5A-E14B=+.DF7:5A7	+<;|B
V
5A+Z7 >?58@MBEDF-E-E1FH:I `

Ò±+Z5 É DFIJDFIJDF-Er:/:+<;=I�5A7 ηi : Vi → V
OQ5�Çf7:+Z5A-=5A7	N�+.-TOQH:-�U�/

x ∈ Vi : ηi(x) := (δij(x) | j ∈ I),
N�DC3f5A+

δij(x) :=

{

0 ∈ Vj
Np587:7

j 6= i,

x ∈ Vi
Np587:7

j = i.

5C5AOQ5n;
v = (vi | i ∈ I) ∈ V

/f1^BTO:14IJ+ZBT58+.7:5�58+.72OQ5AHQB=+.KF5�Òd14-�;|BE58L.LZH27:K�14L<;

v =
∑

i∈I

ηi(vi), (∗ ∗ ∗)

NpDF3658+ãVzg�14L.L.;$O:+Z50\P5A7:KF5
I
72+.U�/MB$587fOQLZ+<U�/w+.;aBAVOQ+Z5n;$14L<; Â 32@MÄ2-=_AH:7:K�g�Ä:-ÓOQ+.5}q[H:IJI�1^BE+ZDC7

Ä:3658-�O:+Z5k587fOQLZ+<U�/ Å[+Z5ALZ5A7
i ∈ I,

g�Ä:-�OQ+.5
vi 6= 0

+<;aBAV:_AH�L.5A;=587�+<;|Bn`
*,+.-c_85A+ZKC587�7MH27JO:+Z5TH27:+ZÅC58-�;a5ALZL.5�bc+.KF587f;=U�/214ghBA`4b�;c;a5A+Z5A7J58+.7�>?5A@MB=DF-E-�14H:I

W
H:72OJ5A+Z725

Æ21FIJ+ZL.+Z5
(ϕi | i ∈ I)

ÅFDC7 É DFIJDCI�DC-=r2/:+.;=IJ587 ϕi : Vi →W
KF5AKF5A3f5A7W`4t|;aB

ϕ : V →W
5A+Z7

É DCIJDFIJDF-Er:/:+<;aI�H2;�IJ+åB ϕ ◦ ηi = ϕi, (i ∈ I),
;=D�+.;aB�Np58KF5A7

(∗ ∗ ∗)
7:D4B|Np5872O:+ZKJg�Ä:-o{|5AOQ5n;

v = (vi | i ∈ I) ∈ V :

ϕ(v) = ϕ(
∑

i∈I

ηi(vi)) =
∑

i∈I

(ϕ ◦ ηi)(vi) =
∑

i∈I

ϕi(vi),

NpDF3658+�5A;�;=+<U�/SOQ5$g�1CU�BED}+.I�IJ5A-±H:I 5A72OQL.+.U�/:5Jq[H:IJIJ587i/21472O:58LZBAVz;aDQO:1F�}O:1FO:H:-EU�/
ϕ
5A+Z7 �

OQ5AHQB=+.KJg�5A;aB=KC58L.58K4B�+<;|Bn`
m yz5872;=+.U�/MBELZ+<U�/}L.+Z58g�58-=B�OQ+.5$Æ:5A;aBE;=5�BE_8H:72K

ϕ(
∑

i∈I

ηi(vi)) :=
∑

i∈I

ϕi(vi)

14HfU�/	5A+Z7:5A7 É DFIJDCI�DC-=r2/:+.;=IÓHf;8V[NpDFIJ+åBTOQ+.5�H:7:+.ÅF5A-E;=58L.L.5±bc+.KF5A72;EU�/21^ghBTKC58_85A+ZKFBp+<;aBA` �

t|;aB
V =

⊕

i∈I Vi
IJ+åB	tu7^{|58@MB=+.DF72587

ηi : Vi → V,
;=D�;a+.72OÖ721^BEÄ:-ELZ+<U�/,OQ+Z5iâ�+.L<OQ-EGFH:IJ5

V ′

i := ηi(Vi) ⊂ V
àT7MB=5A-=-�G4H:IJ5kÅFDC7

V.
q[+.5k3:+.L.OQ5A7

V
14L<;�OQ+Z-E58@MBE5�qQH:IJI�5Ó+ZIÔqQ+Z7:725$OQ58-

;EU�/:DF7	g�-=Ä2/:58-�KC58KF5A3f5A7:587 Ò±5�Ç27:+ZB=+.DF7�s
���Q�A�S�P�����	�[�n¬[���

v ∈ V =
⊕

i∈I Vi
¸6¦Q¢����.�6�����Z��¬Q�¥§:¢º�å«:� ¹ ¦^¤��A¢���¶.¶ã§4�Q«}¦^¶<�

v =
∑

i∈I

ηi(vi),

µc£ # ���W�A¢��¥¢ã� vi ∈ Vi
§4��¬�¸ �:·|¸2�A¢����f������¬F¶.�º·|¸P£ �u¢

vi 6= 0
�<�8¢E¯



�����

¿ �CÀ��MÁº� s�Æ�Ä:-�OQ+.5Ó5836587i@FDC72;|BE-=H2+Z5A-aBE5ÓOQ+.-=5A@CBE5�q[H2I�IJ5�+.;aBkO:+Z5n;�KC58-�1FOQ5ÓO:+Z5�bc+ZKC5872;EU�/214ghB
(∗ ∗ ∗).

Òd1�;a+<U�/S5A7CB�;ar2-=5nU�/:5872O:5ÓOQ+.-=5A@CBE5JqQH:IJI�5A7S+<;aDCIJDF-Er:/S;=+Z72OWV6Ä23f5A-aBE-EGFK4Bd;=+<U�/SOQ+.5A;
14H:g)OQ5A7�1FLZL.KF5AIJ58+.7:587 Æ21FLZLã`

�

*j58+ZB=58-E/:+.7 @¥1F7:7�IJ1F7�O:+Z-E58@MB=5$q[H2I�IJ5A7 1FH2U�/ 14L<;�>?58-�14L.LZKC58IJ58+.7:58-EH:7:K�OQ5A;�âp1C;a+<;=3f5AKF-E+åy�;
147f;a5A/:587W`

���Q�A�S�P���6� ¼|�A¢
V
���.�

K ��  ��¡z¢�£¥¤E¤�¦Q§4¨ ¨J�º¢c�¦F�a�<� (bi | i ∈ I),
��£Ó�<�8¢

V =
⊕

i∈I K.

¿ �CÀ��MÁº� s
K
+.;aB�58+.7	5A+Z72O:+ZIJ587f;a+.DF721FLZ5A-

K
� >?58@MB=DC-=-�14H:I `C*,+Z-�3:+.L<OQ587 OQ+.5 É DFIJDFIJDC-=r:/2+.; �IJ587

ηi : K → V : ηi(α) = α · bi, (i ∈ I, α ∈ K).
Æ�Ä:-�;a+.5Ó+<;aBdDFy65A7M3f14-

ηi(1) = bi.
qQ+Z72Oi7[H:7S5A+Z7jRT14H2I

W
H:72O É DFIJDCI�DC-=r2/:+.;=IJ587 ϕi :

K →W (i ∈ I)
KC58KC5836587WV:;=DQO:14�

ϕ ◦ ηi = ϕi,
;=DJ+.;aBT7:D4B|Np587fOQ+ZK

ϕi(1) = (ϕ ◦ ηi)(1) = ϕ(bi).

Â L<;=Di+<;|BJ7:DFB|N�5A72OQ+.K
ϕ
OQ5A-�O:H:-EU�/ÖOQ+.5	*j58-=B=5

ϕi(1)
14HQg±O:58-�â�1F;=+.;

(bi)
58+.72OQ5AHQB=+.Ki365 �

;aB=+.I�IÓB=5 É DFIJDFIJDF-Er:/:+<;=IÓH2;A`QÒ�5A-�58-=g�Ä:LZLZB�143658-�H2I�KC58@C58/:-=BT14H2U�/

(ϕ ◦ ηi)(α) = ϕ(αbi) = αϕ(bi) = αϕi(1) = ϕi(α),

;=D[O214�
ϕ ◦ ηi = ϕi.

Òd14IJ+ZB±+<;|B
V
14L<;�OQ+.-E58@MB=5�qQH:IJI�5�ÅFDC7

#I
Å[+Z5ALZ5A7]b Ã 58IJr:L<14-E587PÅCDF7

K
721FU�/2KF58N�+.5A;=587�`

�

¿ � ,Ì�C�¥�W�����x� �º�D� 1434¤
I = {1, 2, . . . , n}

��¦¥«6¢±¬C�h������¤ �:¦Q¢º½��:��·|¸z¢ã�Ó¦^��¬Q��¤����8©W¦4¶.��¬M¦ 	
���.�

n � ¬C�Z¨}���f�a��£¥�f¦4¶h��¤   ��¡z¢�£^¤=¤�¦Q§4¨ �<��£¥¨}£¥¤ ´ ¸}½C§4¨ Kn �<�8¢E¯
\P+ZB�14721FLZDCKF5A7��T3658-EL.58KFH27:KF5A7	N�+.5�3f5A+�OQ+.5A;=58IÔq:1^B=_�5A-=/f14LZB=587�N�+.-T14H2;�5A+Z7258-Tâ�1F;=+.;�1FLZL.KF5 �
IJ58+.7:58-E5$q[H:IJIJ5872O214-�;|BE58L.LZH:72KF587�s

���Q�A�S�P���D/ �o�������
V
���.�   ��¡z¢�£^¤=¤�¦Q§F¨ ¨J�º¢��¦F�a�<� (bj | j ∈ J).

°]�Z¤o½¥��¤E¶��E«Q���}¬C�h��ªj���Q«:�
J
�.�9���.�6��1f¦4¨��.¶.�h�

(Ji | i ∈ I) ( £^� ´ ¦C¦^¤nµ?���.���	¬F�<�.®n§F�:¡z¢����!$z���.¶Z¨}���:«Q���
Ji ⊂ J

§F��¬
# �.¶�¬Q���j¬F���< ��z¢���¤=¤�¾Q§4¨}� Vi :=

;arf147
(bj | j ∈ Ji) (i ∈ I).

¹ ¦4�:� �.�A¢
V =

⊕

i∈I Vi.

Ò±58-�q:1^B=_ � ` �C� 5�B|N�1F;Ó1F72OQ5A-E;�+.7MB=5A-=r:-E5�BE+Z5A-aB$L.+.5�g�58-=B�H272;ÓOQ5A7Ö~6H:KM147:KP_AH�OQ58I Ä:3658-�14Hf;
N�+<U�/CBE+ZKC587 âp58KF-E+ZySOQ5A;?8|g�-=5A+Z5A7	>?5A@MB=DF-E-�14H:IJ5A;�:±Ä:3658-�5A+Z7258-�\P5A7:KF5

B.t|;aBd72GFIJLZ+<U�/
B
58+.7:5�3f5ALZ+.583:+.KF5 � ;E14KC587]N�+.-k7:+<U�/CBELZ5A58-E5 �]\P5872KF5FV�;=D}@CeF7:7:5A7]N�+.-d_AH

58+.7:5AI�ÅFDC-=KC58KC5836587:5A7�)�eC-=r658-
K
OQ+.5$OQ+.-=5A@CBE5$q[H:IJIJ5

V =
⊕

b∈B

K

ÅFDC7
#B

Å[+.58L.587 b Ã 58IJr:L<14-E587 ÅCDF7
K
32+ZL<OQ587�`2Ò�+.5$H:72+ZÅC58-�;a5ALZL.5kbc+ZKC5872;EU�/214ghB�OQ58-TOQ+.-E58@MB=5A7

q[H:IJIJ50365AOQ5AHQB=58BAV)O:14�PN�+.-$+.7^{|58@MBE+ZÅC5 É DCI�DCIJDF-Er:/:+<;aIJ587 ηb : K → V (b ∈ B)
/21 �

36587WVo;=DQO:14�wKC+ZLZBAsoq[+.72O
W
58+.7ÖNp58+ZB=5A-=5A-�>?58@MB=DC-=-�14H2I�V?O:1F_8H

ϕb : K → W, (b ∈ B)
É DCIJDFIJDF-Er:/:+<;aIJ5A7WVT;aD9KC+Z3QB]5n;PKF5A7214H'58+.7:5A7 É DFIJDFIJDC-=r:/2+.;=IÓH2; ϕ : V → W

IJ+åB
ϕ ◦ ηb = ϕb, (b ∈ B).
ä H27�+<;aB�7f1^B=Ä2-=L.+.U�/�IJ+åB vb := ηb(1)

g�Ä2-?{|5AOQ5n;
α ∈ K

ηb(α) = αηb(1) = αvb

H:72O 1F7214L.DFK�IJ+åB
wb := ϕb(1)

O:147:7

ϕb(α) = αϕb(1) = αwb.
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Ò±+Z5
ηb, ϕb

;=+.72O ;=DFIJ+åB�14L.LZ5A+Z7 ;EU�/:DC7 OQH:-�U�/ OQ+Z5
vb, wb

O:5�Ç27:+.58-=BAV�OQ+.5SN�+.5AOQ5A-=H2I Ä:3658-
Æ:H27:@MB=+.DF7:5A7

η : B → V, b 7→ vb = ηb(1),

λ : B →W, b 7→ wb = ϕb(1)

365A;EU�/:-=+.5836587�Np58-�OQ587�@FeC7:7:587�`:Ò�+.5A;�g�Ä2/:-aBTH272;�_8H�g�DFL.KF5A72OQ5A-

� ���)��Á��AÁ � �9����� ���Q�n�P�P���-=,���W�^�[Á��M�����M��� � �¥�^�:��,��	���C�
B
�

�2���
B
���.�6�Óªi���:«Q�n©

V
���.�

K ��  ��¡z¢u£¥¤E¤�¦:§4¨P¯ ¹ ¦^�:�i¸6���
	2¢ V ���.��h¤�������¤   ��¡6¢u£¥¤E¤�¦:§4¨ 3 # ��¤ B, µc���2��¨J�ã¢p���.�6��¤�1W§4�2¡6¢º�h£^� η : B → V«C�.¶ã¢���"�§d®��¥¬[��¨   ��¡z¢�£^¤=¤�¦Q§4¨ W
§F��¬k®��¥¬[��¤71W§F�:¡z¢���£¥�

λ : B → W«C� # ¢����?«Q���6¦Q§k���Z�z�����d£^¨0£^¨}£¥¤ ´ ¸:�<�a¨	§F� ϕ : V →W
¨J�º¢

ϕ◦η = λ.

B

W

V
ϕ

λ

η

�o�p«:��¶ã¢����
@Z�>C "�§p®��¥¬[��¤Tªi���Q«Q�

B
«C� # ¢c�������Z�6��� �h¤�������� K ��  ��¡z¢�£^¤=¤�¦Q§F¨ 3 # ��¤ B, ¬[��¤ B ¦4¶.���¦4�=�.����z¢�¸f¾4¶º¢E¯

@Z�.�>C �M��½Fµc��� �h¤������
K ��  ��¡z¢�£^¤=¤�¾Q§F¨0�G3 # ��¤ B �=�Z��¬��<��£^¨}£¥¤ ´ ¸�¯

¿ �CÀ��MÁº� sp*,+.-±@CDF72;aB=-EH:+.58-E587P58+.7:5�OQ+Z-E58@MBE5�q[H:IJIJ5
V =

⊕

b∈BK
IJ+ZBdtu74{|58@MB=+.DF7:5A7

ηb :
K → V, (b ∈ B),

H:7fO9NpGF/:LZ5A7
η : b 7→ ηb(1), (b ∈ B).

Òd14727Ö+<;aB0721FU�/9DF32+ZKC58I
{|5AO:587Qg�1FLZL<;�58+.7Ìg�-E58+.58-�>?58@MB=DC-=-�14H2IvÄ23f5A-

B
KC5�g�H:72O:587ÖH:72O�Ä23f5A-}qQ1^BE_ � ` ��
 g�DFL.K4BAV?O:1F�

OQ+.50Æ21FI�+.L.+Z5
(ηb(1)|b ∈ B)

58+.7:5�â�1F;=+.;kÅCDF7
V
+.;aBA` ä H:7w58-�;a58B=_A5�I�1F7i+.7xOQ58-$\P5A7:KF5 V{|5AO:5A;±bcLZ5AIJ587MB

ηb(1)
O:H:-EU�/

b
��N�14-EH:I IJ1F7SO:1C;TIJ+åBk58+.7Srf1F14-�/214-EIJLZDM;a5A7�f147:@[+.58-E587 �

OQ5A79\S14�F7f14/:IJ587Ö+.I�IJ5A-0I�1FU�/:5A7Ö@^1F7:7WVcÄ:3658-EL.58KF5A79qQ+Z5PI�14L±;a5ALZ32;aB ��H:72O9r21C;=;=5POQ+.5
>?58@MBEDF-E-E1FH:I �|m r658-�1^BE+ZDC7:587x5A7CB�;ar2-=5nU�/:5872O 147 �ºqMBE-=H2@CBEH:-=B=-�1472;ag�58-n` ��Òd147:7Ö@^147:7ÖI�147

B;=58L.32;|B�1FL.; 658+.L.I�5A7:KF5�ÅCDF7
V
1472;=58/2587 H:72O�/214B�O:14IJ+ZB

B
;a5ALZ32;aB�14L<;�â�1F;=+.;A`:Ò±+Z5$bo+Z72O:58H �

B=+.KF@C58+ZB�3:+.;�14HQg�t|;aDCI�DC-=r2/:+Z5kKC58/MB�+ZIJIJ58-�721CU�/�O:58IÔ;=58L.36587]qQU�/:5AIJ12`
�

Ò±+Z5]OQ+.-E58@MB=5Pq[H:IJIJ5PÅFDC7'Û8Ü���� Ú����9Å[+.58L.5879RTG4H2I�5A7 365A;=+ZB=_�B072D[U�/Ö58+.7:5 Np58+ZB=58-E5�bc+ZKC587 �
;EU�/21^ghBns

���Q�A�S�P��� �,�o�������
V =

⊕n
i=1

Vi
¨J�º¢?¼u�n®���¡z¢���£¥�6���

ηi : Vi → V.
¹ ¦4�:�}«M� # ¢c���p� ´ �.¨0£^¤ �

´ ¸:�<�=¨0��� πj : V → Vj , (j = 1, . . . , n)
¨J�º¢ �º£^¶å«:����¬Q�����c�å«:���2�8·|¸f¦��u¢������

πj ◦ ηi = δij :=

{ +<O
Vi

j = i,

0 j 6= i

§4��¬ � 3F¤�®��n¬[���   ��¡z¢u£¥¤E¤�¦:§4¨ W
§4��¬�®��

n
�k£¥¨}£¥¨}£¥¤ ´ ¸:�<�=¨0���

ψi : W → Vi
«C� # ¢�����«:���f¦:§����Z�6��� �k£¥¨}£¥¨}£^¤ ´ ¸2�.�=¨}§F� ψ : W → V¨J�º¢

ψi = πi ◦ ψ, (i = 1, . . . , n).

Vi

W

V
ψ

ψi

πi

¿ � ,Ì�C�¥�W�����x� �º� � ¹ �h�	¶��¥¢º½F¢d«Q���f¦^�:�z¢u�0�o�å«:���2�8·|¸f¦ �u¢�·|¸f¦4¤�¦4¡6¢u��¤E�.�=����¤n¢
V
¦^¶<�0���.�Ö��£n«z¯

���c¤�£:¬2§F¡6¢��ã¯
¿ �CÀ��MÁº� s�Ò±+Z5�H:72+ZÅC58-�;a5ALZL.5kbc+ZKC5872;EU�/214ghB�O:58-TOQ+.-=5A@MB=587]q[H2I�IJ5kg�Ä:-

W := Vj
H:72O

ϕi := δji =

{ +.O
Vi

j = i,

0 j 6= i



�����

365A;aB=+.I�IÓB�5A+Z7fOQ58HQBE+ZK É DCI�DCIJDF-Er:/:+<;aIJ587 πj : V → Vj
IJ+ZB

πj ◦ ηi = δji.
t|;|B�7[H:7

ψ : W → V
I�+ZB

ψi = πi ◦ ψ
KC58KC5836587WV�;aD]/f1436587�N�+.-T{a1S721FU�/ÌqQ14B=_ � ` ��
 g�Ä2-�{|5nOQ5A;

w ∈W
IJ+åBTboLZ5AI�5A7MB=587

wi ∈ Vi
OQ+.5�58+.72OQ58H:B=+.KF5$Òd14-�;|BE58L.LZH:72K

ψ(w) =

n
∑

i=1

ηi(wi).

Òd1^g�Ä:-T+<;aB�O2147:7

ψj(w) = (πj ◦ ψ)(w) =

n
∑

i=1

(πj ◦ ηi)(wi)

=

n
∑

i=1

δij(wi) = wj .

Æ:DCLZKCLZ+<U�/�+.;aBT7:D4B|Np587fOQ+ZK

ψ(w) =

n
∑

i=1

(ηi ◦ ψi)(w),

H:72O OQ+.5A;�365A;EU�/:-E58+.3QB?{a1J14H2U�/ ;aB=5�B�;�58+.7:5A7 É DFIJDFIJDC-=r:/2+.;=IÓH2;AVMg�Ä:-TOQ5A7	BE-=+.Å[+.1FLZ5A-=Np58+<;=5

πj ◦ ψ =

n
∑

i=1

πj ◦ ηi ◦ ψi = ψj

+<;|Bn`
�

� 〉
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â �����

� � � ������� ���������p� ���	��
������
��������������������
����� �!�"���
〉 �
¿ � �
	 âp58@^1F7:7MB=L.+.U�/ÖKF+.3QB05A;�O:587 )�eC-=r658-

F2,
OQ5A-014H2;JKC58721FH _AN�5A+�bcL.58IJ587MB=5A7

0
H272O

1
365A;aB=58/MBnVpOQ+.5]O:1F7:7 14H2U�/,OQ+.5]3658+<OQ587,7258HQBE-E1FLZ5A7,bcLZ5AIJ587MB=5]3658_AÄ:KFL.+<U�/9O:58- Â O2OQ+åBE+ZDC7

H:72O OQ58- \PH:LZB=+.r:L.+Z@^14B=+.DF7 ;=+.72O�`TqMB=5ALZL.587 q[+.5i;=58L.32;|BPOQ+.5SÅCDFL.L.;aBEGF72OQ+.KF587 Â O2OQ+åBE+ZDC72; � H272O
\PH:LZB=+.r:L.+Z@^14B=+.DF72;aBE1F3f5ALZL.587�14HQg|`4\P+ZB?OQ+Z5n;a5AI )�eC-=r658-

K := F2

365A;aB=5A/CBcO:1F7:7�O:58-
K2
KF587f14H

14Hf;±OQ5A7SÅ[+.58-dbcLZ5AIJ587MB=5A7
(0, 0), (0, 1), (1, 0), (1, 1).

t|;|Bk7[H:7
W
+.-=KC5872O:58+.7:5�\P5A7:KF5�IJ+åB

Å[+Z5A-$bcL.58IJ587MBE587WV�5�B|N�1
W := {1, 2, 3, 4},

;=DPKF+.3QBÓ5n;$Å[+Z5ALZ50âp+ {|58@MB=+.DF7:5A7
ϕ : K2 → WH:72O�{|5nOQ5$I�1FU�/MBTÄ:3658-±OQ587SqQ14B=_ � ` � O:14-�14Hf;�58+.7:587 >?58@MBEDF-E-E1FH:I�Ä:3658-dOQ58I )�eC-=r658-

F2.Æ�Ä:/:-E587]q[+.5�O:1F;�I�14L�KF587f14H:5A-�1FH2;A`
¿ ����	 ~zH:- )�DC72;aB=-EH:@MB=+.DF7ÔO:5A; � H:DFB=+.587MB=5A7:-�14H:IJ5A;Ö+<;|B
Å[+Z5ALZL.58+<U�/MB±g�DCLZKC5872O:5A;kâp58+<;ar:+.58L)/:+.LZg�-=5A+.U�/Wsz*,+.-�7:58/2I�5A7j1FL.;
RT1FH:I

V
OQ+.5�KC58DCI�58B=-E+.;EU�/:5Tbo3f5A7:5FVQ14L<;pàT7MB=5A-=-�14H:I

U
5A+ �

7:5SÈd5A-E1COQ5]OQH:-�U�/ÖO:587 ä H2LZL.r:H:7:@MBn`�~6Hj{|5AO:58I�XcH:7:@MB vOQ5A-�bc3f5A7:5�+<;|B$O:1F7:7jO:+Z5�\P5A7:KF5
v = v + U

58+.7Qg�1CU�/jOQ+.5

U=0v

U ′

v 0

_8H
U
r214-�14L.LZ5ALZ5ÓÈd5A-E1COQ5ÓOQH2-EU�/

v.
Ò±58-±@FDF7f;|BE-=H:+.58-=B=5 � H2D4B=+.587MBE587:-�14H:I

V/U
3f5n;|BE58/MBd;=D �

IJ+åB�14Hf;±1FLZL.587]_AH
U
rf14-�14L.LZ5ALZ5A7iÈd58-�1FOQ5A7W`W~6N�5A+)Èd5A-E1COQ587PNp58-�OQ5A7S1FO:O:+Z5A-aBnVf+.72OQ5AI IJ1F7

+.70{|5AO:58-�Èd58-�1FOQ5A7P58+.7:587i3f5ALZ+.583:+.KF5A7]XcH:72@CB�N�G4/:LZBAVzOQ+.5A;=5Ó3658+<OQ587iXcH:7:@MBE5�N�+.5ÓÄ:32LZ+<U�/S+.7
OQ5A-�bc36587:5

V
1FO:O:+Z5A-aB�H272OPOQ+.5�Èd58-�1FO:5$OQH:-�U�/ O:+Z5�qQH:IJI�5�LZ5AK4Bn`f\]1CU�/:587]q[+.5Ó;=+.U�/P@[L<14-nV

O:1F�Ó5A;oBE14BE;EGFU�/:L.+<U�/�ÅFeFL.L.+ZK$KCLZ5A+.U�/2KFÄ:LZB=+.K$+<;|BnVMNp58L<U�/:5±XcH:7:@MB=5k14H:gOQ587}KF58KC5836587:5A7	Èd58-�1FO:587
q[+.5kNpGF/:LZ5A7W`[tu72;=3f5n;aDC72OQ58-E5�@CeF7:72587�qQ+Z5k7214B=Ä:-ELZ+<U�/}_AH:72GCU�/2;|B�58+.7:5A7}ÅFDC7

U
ÅF5A-E;EU�/:+.5AOQ5A7:587

àT7MBE58-E-E1FH:I
U ′
NpGF/:LZ5A7WV�OQ58-�O:1F7:70{|5nOQ5�H:72;=58-E58-�Èd58-�1FOQ5A7]KF5A7214Hi58+.7:I�14LB=-E+åy6B�H:72Oj14L<;

R�5Ar:-EGC;a5A7MBE147MBE587	g�Ä:-�OQ+.5�Èd58-�1FO:587POQ58-E587]qQU�/27:+åB=B�IJ+åB
U ′
7:5A/:IJ587W` �T3658-ELZ5AKF587]q[+.5$;=+.U�/WV

O:1F�JO:58-'8EÈd58-�1FOQ5A7 � R�14H:I�:
V/U

H272O
U ′
;aB=58BE;�+<;aDCI�DC-=r2/�;=+Z7fO�`

¿ �E/�	 tuIÔRT14H:I OQ58-�-E585ALZL.587�X)DFL.Y[7:DFIJ5

R[T ] := {p =

n
∑

i=0

aiT
i | ai ∈ R, n ∈ N; }

365�B=-�1FU�/MBE587�N�+Z-�_AH�5A+Z7258-�g�5A;aB=5A7S~z14/:L
m ∈ N

OQ587PàT7MBE58-E-E1FH:I

U := {p =
n

∑

i=0

aiT
i | a0 = a1 = . . . = am = 0.}

H:72O,O214IJ+åB OQ587,@^1F7:DF7:+<;EU�/:5879bcr:+.IJDF-Er:/:+<;aI�H2;
π : R[T ] → R[T ]/U

`oÒd147:7,+<;aB	14L<;aD
π(p) = π(q)

KF5A7214H�V2Np587:7
p− q ∈ U,

O�` /W`6N�5A7:7
p
H:7fO

q
1FHQgcOQ58I 8 Â 7Qg�1F7:KC;E;aB=Ä2U�@	3:+.;

_8H2I Èd-�1FO
m
:TÄ:3658-E58+.72;|BE+ZIJIJ587�`Qq:U�/:LZ+.58�C587}q[+.5±O214-�14H2;AVFO:1F�

R[T ]/U
+<;aDCIJDF-Er:/�+.;aB�_AH:I

RT1FH:I OQ5A-�X)DCLZY[7:DCI�5�ÅCDFI Èd-�1FO
≤ m.

*w1F;)365AOQ5AHQB=58BoOQ+.5pH27:+ZÅC58-�;a5ALZL.5pbc+ZKC5872;EU�/214ghB�/:+.58-�
*j58+ZB=58-�32+.;

� 〉

〉 �

Ò±+Z5 �T3658-ELZ5AKFH:7:KC587 _AH:- OQ+Z-E58@MBE587 q[H2I�IJ5w;a5A/:587 N�+ZL<OQ58- 14Hf;8Vp14L<;	;=+Z5j;a+.72O�`pt|;aB�+.7
58+.7:5AI >?58@MB=DC-=-�14H:I

V
58+.7:5kÆ214IJ+.LZ+.5

(Vi|i ∈ I)
KF5AKF5A3f5A7WVM;=DQO:14��;a+<U�/�{|5nOQ5A;pbcL.58IJ587MB�ÅFDC7

V
1FHQg�KC58721FH�58+.7:5±*j58+<;=5±14L<;�q[H:IJIJ5±ÅCDF7�bcL.58IJ587MBE587	1FH2;pOQ587

Vi
O:14-�;aB=58L.L.587�L<G4�4BnVM;=DÓ+<;aB

V =
⊕

i Vi.
Â L<;

ηi
/21436587�N�+.-oO:1F7:70OQ+.5Ttu7:@[L.H2;a+.DF72587

Vi ⊂ V
H:7fOJ+Z72;=KF5n;=1FI$Bc/21F3f5A7JN�+Z-

OQ5A7Jg�-=Ä:/258-o3658/f1472OQ5ALåBE5870âp58KC-=+Zy	OQ5A-�OQ+.-E58@MB=5A7�qQH:IJI�5±N�+Z5nOQ58-E58-E/21FLåBE587W`4\P+ZBpO:58I 7:58H:5A7
âp58KC-=+ZyÖ@CeF7:72587�N�+.-�OQ587�Xo-=DC_85A;E;�H:IJ@F58/2-=5A7�H:72OÌH:72;�_8H KF58KC5836587:5A7

Vi
5A+Z72587 R�14H:I
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;EU�/21^yz587WV6OQ58-±O:147:7 ��3:+.;±14HQg?t|;=DFIJDF-Er:/:+.5 ��OQ+.5$bc+.KF5A72;EU�/21^ghBE587]OQ5n;�14LZB=5A7]âp58KF-E+Zyz;�/f1^BA`
qMBEH2OQ+.58-E587]q[+.5kO21F;�5�B|N�1J147 OQ587�g�DCLZKC5872OQ5A7 qQ+åBEH21^BE+ZDC7:587W`
¿ � = 	 b�;�;=58+

V
OQ+.-E58@MB=5Óq[H2I�IJ5ÓO:58-

(Vi|i ∈ I)
H272O

(ηi|i ∈ I)
OQ+.5$_8H:KC58/:eC-=+.KF5kÆ21FIJ+ZL.+Z5

ÅFDC7]tu7:@[L.H2;a+.DF72587W`�Òd147:7j;a+.72OSO:+Z5JRTG4H2I�5
Ui := ηi(Vi)

àT7MBE58-E-EGFH:IJ5ÓÅFDC7
V
H:72O�{|5nOQ5A;

bcL.58IJ587MBTÅCDF7
V
+.;aB�58+.72OQ58H:B=+.K014L<;Tq[H:IJIJ5�ÅFDF7�bcL.58IJ587MBE587POQ58-

Ui
O:14-�;aB=58L.L.3214-n`

¿ � ��	 Æ�Ä:/2-=5A7 q[+.5$OQ+.5A;�+.IÔÒ±5�B�14+.L�14H2;�1F7}g�DCLZKC5872O:58IÔâp5A+.;=r:+.58Lãs
t|;aB

n = n1+n2+ . . .+nk,
;=Dd+<;aB?g�Ä:-z{|5AOQ5A7 )�eC-=r658-

K
O:147:7

Kn = Kn1 ⊕ . . .⊕Knk .>?58-�;=H2U�/:587Pq[+.5$OQ+.5A;�7:DFBag�14L.L<;�58-�;|B�I�14L�g�Ä2-
k = 2.

¿ � ��	 âp58+�Ò±+åyz58-E587MB=+<14L.KFL.58+<U�/[H:7:KC587,BE-=+ZBaBP5�B|N�1Ìg�DFL.KF587fOQ5A;	Xc-EDF3:L.58I 1FHQg|s�Èd5A;=H2U�/MB�+<;aB
58+.7iÆ2H:7:@MB=+.DF7

u,
OQ+.5�+ZI tu7:7258-E7S58+.7:5n;±tu7MBE58-EÅ¥1FLZL.5A;

[a, b]
5A+Z7258-kKF5AN�+.;=587SÒ±+Zy65A-=5A7CBE+.1FLZKCLZ5A+ �

U�/[H:7:KPKC587[Ä:K4B$H272O�14IvRT147fO�VO�` /W`)14HQg
{a, b}

_AH2;E14IJIJ587xIJ+åB�KF5AN�+.;E;a5A7 Â 3:L.58+ZB=H:72KF587
ÅFDC-=KC58KC5836587:5]*j58-=B=5x1F7:7:+.I�IÓBA`TÒd143658+$;=+Z7fO 1FL.;=DÌ_AH 365�BE-E1CU�/CBE587Ws�Æ2H:7:@MB=+.DF7:5A7

u,
OQ+.5

14H:g
(a, b)

5�B|N�1
k
� IJ1FLp;aB=58B=+.KiOQ+Zyz58-E587:_A+Z5A-=321F-Ó;=+Z72OÌH:72O�O:+Z5�5�B|N�1

m
ÅM+.58L.587 RT1472O:N�5A- �

B=5CV�_C` âd`
u(a), u(b), u′(a), u′(b), . . . .

Ò�+.5A;$@FeF727:587wN�+.-Ó14L.LZ5n;k_8H Û8ÚhÜ6Û8ß L.+.7:5A1F-=5A7jRT1FH:I
Ck[a, b] ⊕ R

m _8Hf;=1FI�IJ5A7Qg�1F;E;a5A7W`
~6H:I g�-=5A+Z5A7�>?5A@CBEDF-E-E1FH:I ;=58+[7:DQU�/�5A+Z725�âp5AI�5A-=@[H:72K±KC58I�1FU�/MBA`^Òd1�{|5AOQ5A-?>?58@MB=DC-=-�14H:I

58+.7:5�âp1C;a+<;�365A;=+åBE_�BnV+<;|B±{|5AOQ5A-�>?5A@MB=DF-E-�14H:I 58+.7xg�-=5A+Z5A-$>?58@MBEDF-E-E1FH:I `Òd14IJ+åB�3:-E+Z7:KFBÓH:72;
OQ+.5A;=58-Tâp58KC-=+Zy]7[H:-�âp58@^1F7:7MB=5A;�+.7 7:58H258-TÆ:DC-=I `2Ò±+.5A;TGF72OQ58-=BT;a+<U�/�{|5AOQDQU�/WV2N�5A7:7	N�+.-TÅCDF7
>?58@MBEDF-E-EGFH:IJ587}58B|Np1�_8H Â L.KF5A3:-=5A7	DQOQ5A-�_8H \PDQOQH:L.7	Ä:3658-EKF5A/:587�VQN�DJOQ+.5±g�-E58+.587 m 3Q{|58@MBE5
7[H:-�72D[U�/P5A+Z7S5AU�/MB=5A-�6�5A+ZL)14L.L.58- Â LZKC583658-E587WV6\PDQOQH:L.7WV65�BEUF`f;=+Z7fO�`6à�I�;aD0N�+<U�/MB=+.KF5A-�+<;|B�5n;8V
O:1F�	q[+.5ÓOQ+.5
	�/21F-E1F@CBE58-E+.;=+.58-EH:7:K�g�-=5A+Z5A- m 3Q{|5A@CBE5$Ä:3658-dOQH:-�U�/ É DFIJDCI�DC-=r2/:+.;=IJ587�g�DF-EIÓH �L.+Z5A-aBE50H:7:+.ÅF5A-E;=58L.LZ5Jbc+.KF5A72;EU�/21^ghBE587�14Ivâp58+<;ar:+.58LpOQ58-Ó>?58@MB=DC-=-�G4H:IJ5�;=DF-EK4g�G4LZB=+.KP;|BEH2OQ+.58-E587WV
H:I ;a+.5�O:147:7 3658+W@CDFIJr:L.+Z_A+Z5A-aBE58-E587 m 3Q{|58@MB=5A7	/f1472OQ/f1436587 _8H�@FeC7:7:587�`


