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a = a1 + ia2�@¯,�
a = a1 − ia2
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K := R
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K := C
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�0�4��¤W¡G�8� 〈·, ·〉 : U × U → K
�C���4Ë/�`���4�	��£G¯Y������Ì	¤>��Í&�/������¯,ªC�C���*�o�����O¯O�r�C�O¯5Î>¥G�0�²�0�����O£&¤/¡G¥��rª

 =���&�3Î´ÏZ�0�@¯;Î&Ð|�8���������.Ñ
Î´ÏPÑ ∀x,y∈U 〈x, y〉 = 〈y, x〉 Ò �C���!�o������¯,�r�8Ó,ªÎ&Ô/Ñ ∀x,y1,y2∈U 〈x, y1 + y2〉 = 〈x, y1〉 + 〈x, y2〉

ª
Î/Õ&Ñ ∀x,y∈U∀α∈K 〈x, αy〉 = α 〈x, y〉 ªÎ&Ð/Ñ ∀x∈U 〈x, x〉 ≥ 0

ª
= 0 ⇔ x = 0 Ò �z£0¯*������ÌZ¤>��Í/�&����ÓX«
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x ∈ U

¤>���kÛv���X� 〈x, x〉 ���9���4���4¯9�rª¯�£8¤>�0ËZÎ&ÐS���4�C�w¯Y�4�&��Ì#£0�(�¢�w°C£0�,¤>���9¡��8�	¤>�0��¯,�����4���!«
���Ü�!),),+4+4),1vsW"G+4+�?*%41/6v68%4)9?TMP),1/"�<v68%4)n?!A�-&��1	%(�Ü���P�* 0"�$&%Ý'!),+C1&�G'!%()9�Y'!),1lF�),MP),+41Sd¢_&��6&"P?

68�P�Y'T%(�
R2 B&D92�E R3 BC)O'!�!"PA�-P'!)O'!)n[> 0"G+@"G�!$&�!�868<& ]'9E]���Ü ��P�k$/+(),¾>)91vs/"�+(+�)9�*MP%(B8'�?*%4A�-S)9%(1/)

j�)9�*1>_&1&d²'*%4M�)o��),��"G+4+(MP),�o),%41&)9�*<&1/Mv),��?Y'9V´2T),1&1K�Z"G1
S1

<&1/6
S3

68%4)Z��BC),1Q1&��'*%4),�*'*)Ss&�P�*�
M�%4B8'XE

:=%41	ÞS"�BW)9�� �)9%(1&)X?Y2T),M]?`6&"�?`)9%(1&D9%(MP)wÞv[8 #"�+4"��*$/�*�868<& ]'`%(1
C2 %@?r';),'r2T"/ßs�_&�

x = (ξ1, ξ2), y = (η1, η2)
?*)O'!D,) 〈x, y〉 = ξ1η1 + ξ2η2

E
[>�S2�%4��6 〈x, x〉 ≥ 0
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〈x, y〉 := xH · y
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û �8Â9ü3ÄNÅ4ý Ò �(Ó3Ça¯��@¯,� 〈x, 0〉 = 〈0, y〉 = 0
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Ò �4�(Ó 〈x, αy + βz〉 = α 〈x, y〉 + β 〈x, z〉 «
Ò �(�4�(Ó 〈αy + βz, x〉 = α 〈y, x〉 + β 〈z, x〉 «�k« �.« 〈·, ·〉 �4¯9�.ùr¥8£#�9µX¡0�]�²���9���4�(�C�,�0�9úa�4� ����¯9������Ê;�*�W¡��S�����*«
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x, y, z ∈ U
%4?Y' 〈x, 0〉 = 〈x, 0 · y〉 = 0 〈x, y〉 = 0

<&1W6I6&"G�o%(' 〈0, z〉 =
〈z, 0〉 = 0 = 0

E
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� %4%4%��lõ3%('�[´�=<&1/6 � %4%��^%4?Y' 〈αy + βz, x〉 = 〈x, αy + βz〉 = α 〈x, y〉 + β 〈x, z〉 = α 〈x, y〉+
β 〈x, z〉 = α 〈y, x〉 + β 〈z, x〉 E �
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(U, 〈·, ·〉) ���(�7÷w�8¡G� �k���®Î>¥G�G�@�G�����O£&¤/¡G¥��*«��\�0�/�3�C���4Ë/�`¤��¢�\Ê|�&�0�4�@¨
¤/¡G�&� | · | : U → R : x → |x| :=

√

〈x, x〉 ¤P�²�`ù"!n£0�*�lú5Ì0£#� x
«

û �8Â9ü3ÄNÅ�#¶°T±G�\¤��¢�$!n£0�*�Ü�&���������
!gÏPÑ ∀x∈U |x| ≥ 0

ª
= 0 ⇔ x = 0

ª
!wÔ/Ñ ∀x∈U∀α∈K |αx| = |α||x| ª� =£8�8��� |α| ¤>���&%;�#�����#�Z¤8���=�O�,���(�¢���v£&¤>���®¥>£0���´�²��¦/���v³´�0�&�
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!nÕ&Ñ ∀x,y∈U |x + y| ≤ |x| + |y| Ò �w�O���¢�X�r¥8¯r�]�²�����r��¡G�&��ÓX«
Ök�
�|�]���('

b��Pß`d¢��+4MG'�<&1&�o%('Y'*)9+(BW"G�5"�</?;[*)/E
b��&ß |αx| =

√

〈αx, αx〉 =
√

α · α 〈x, x〉 =
√

|α|2 · 〈x, x〉 = |α| · |x| E
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û �8Â9ü3ÄNÅ-,¶���º���(����� ¡G�&����©G����� ÷5�&¡G� �P�4���g¤��¢�/.+01�3254�6y¨87�254�9:03��;0¯,�r�C�O¨=<.�8�]�²�����r��¡G�&�CÑ
∀x,y∈U | 〈x, y〉 | ≤ |x| · |y| ª. =£8�8��� = ��¡G��Ú�±G�;�4�(���O�0�5�/�0�W©G�8�P�(�8�

x
ª
y
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Ök�
�|�]����ßT�r?Y' 〈x, y〉 = 0
VP?Y�\%@?r'=1&%@A�-]'!?�D9<ZBW)92®)9%4?*),1.E�[>),%C"G+@?Y� 〈x, y〉 6= 0

<&1W6k6/"G�o%Ý'T"G</A�-
x 6= 0

V
y 6= 0

E8HI%4�5?Y),'*D9),1
α := 〈x,y〉

|〈x,y〉| |y|, β := |〈x,y〉|
|y|

E/en"G1/1l%@?Y' � õ7"�</?Y),d�"G+4+()91>BW)92®)9%4??> �

0 ≤ |αx − βy|2

= 〈αx − βy, αx − βy〉
= αα|x|2 − αβ 〈x, y〉 − βα 〈y, x〉 + ββ|y|2

= |y|2 · |x|2 − 〈x, y〉
| 〈x, y〉 | |y| ·

| 〈x, y〉 |
|y| · 〈x, y〉

− | 〈x, y〉 |
|y| · 〈x, y〉

| 〈x, y〉 | · |y| · 〈x, y〉 +
| 〈x, y〉 |2

|y|2 · |y|2

= |y|2 · |x|2 − | 〈x, y〉 |2.
en"G��"G</?gd¢��+4MG'XV=68%()�BC),-/"�<&$8'!)O'*)3�51&M�+4),%@A�-><&1&MQ<&1/6A@n+()9%4A�-&-/),%('o 0"�1&1 1><&�o)9%(1]'*�!)O'!),1^V
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αx − βy = 0
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|x + y|2 = 〈x + y, x + y〉
= |x|2 + 〈x, y〉 + 〈y, x〉 + |y|2
∗
≤ |x|2 + |x||y| + |x||y| + |x|2

= (|x| + |y|)2.
� ∗ 1/"PA�-�.+0���2 416y� 712 419 0���;>E �
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Àl�PÁz���¢Â9��ÃW�ºÄNÅ � Ò �(Ó7���o���4�C���c¡G�&����©G�����k÷5�&¡G�
(U, 〈·, ·〉) �����4Ë>��� x, y ∈ U

£#�X����£X�8£0�W�0�
(x⊥y)

ªy ����&� 〈x, y〉 = 0
«��5�²���X�8���^¯*�(�^¤

x = 0
¡G�´¤��8£8¤8���

y = 0
�P¡0�8���@��¯*¯����y«

Ò �4�(ÓQ³� ����8°W�0�o�4�(�¢��� (xi|i ∈ I) , (yi|i ∈ I)
�C���4Ë>���Z���(��ù"%®�¢£#�X����£#�C£0�*�S�0�@¯��&¯9����� Ò %	�:!wÎ]Ó9ú�ª

 ����&�	Ú�±��w�0�4�²�
i, j ∈ I : 〈xi, yj〉 = δij Ò �\�O£#���X�r¥>���!¯��&�	�8£#�(ÓX«

Ò �(�4�(Ó7Ç=�(���o°W�G�k�4�4�²� (xi|i ∈ I)
�C���(ËW�aù
�T�9���C£#��£#�!�Z�G�4¯��/¯,����� Ò �:!wÎ]Ó9ú�ªT ����&� ¯Y�¢�|�o���n¯Y���r�

¯������G¯9�n���(� %T�¢£#�X���C£0�C£#�!�S�0�@¯��/¯9����� �0�4��¤>�0�rª`¤W« �.«yÚ�±G�o�G�(�¢�
i ∈ I 〈xi, xj〉 = δij .
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¤��²�O¯��w°C�0�o�(�4�¢�����4�C��%`��¯Y�@¯,ª/¯�£|¯������#�r�C���N ��(�gÌ#£#�où
�T�X���C£0�C£#�!�S�0�²¨ %��G¯*�@¯ Ò �:!�%®Ó,ú�«

û �8Â9ü3ÄNÅ� Ò �(Ó %®�4��¤>���
(xi|i ∈ I), (yi|i ∈ I)

���4�A%T�¢£#�X���C£0�C£#�!�S�0�@¯��/¯9�����	ªz¯�£N¯*�(�^¤SµO�
���´¤��4���r�NÌ#�¢���¢�g¤>���

xi
�0�� ;«C¤8���

yi
�4�(���O�0��¡��W�&�0�C©0�8�]�Ý��«

Ò �4�(Ó7���Z���(�C�����T�X���C£0�C£#�!�S�0�@¯��/¯9�����
(xi|i ∈ I)

¯Y�4�´¤=µO�T���´¤��4���r�lÌ#�²���²�a�4�(���O�0�`¡G�C�&�0�W©G�8�P�(�C«
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(x1, . . . , xn), (y1, . . . , yn)
),%41�?Y�P+4A�-&)9�´),1/6&+(%@A�-&),�^xy),%4+P6&)9?^RT%4���*'*-&�P1&���!�Z"G+@?Yt8?Y'*),�Z?9V

?*�>6/"Gh�"G+@?Y� 〈xi, xj〉 = δij (i, j = 1, . . . , n).
HI%(�gBW),'*��"�A�-]'*)91N)9%(1&)ZJ.%(1&)X"G�! ��P�gB&%41/"0'!%(�P1

0 =
∑n

i=1 αixi
E=RT%(+@68)91Ø2�%4�o6/"�?Z[> 0"G+@"G�!$&�!�>6&<& ]'|�o%Ý'

yj
D,<Ø)9%(1/),��d¢)X?r'!),1

j
V=?*�7d¢�P+(M�'

0 = 〈0, yj〉 = 〈∑n
i=1 αixi, yj〉 =

∑n
i=1 αi 〈xi, yj〉 =

∑n
i=1 αiδij = αj

E�ew"
j
BW)9+(%4)O�

B&%4Mv2`"G�XVW?*%(1W67?Y�P�o%Ý'\"G+4+()ki5�>)
�ZD9%()91P'!),1
αj = 0

VC6^E -^E
(x1, . . . , xn)

<&1/"GB/-/LG1&MP%(MWE/�wf�+4+(%4M
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y
E
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û �8Â9ü3ÄNÅ�����Z�#Â���ÃW�CÃW������� �X���]�0�]� ���������gÅ! #"#$&%('�)!*#+7Ça¯�¯����

(u1, u2, . . . )
���4�C�T���´¤]¨

�4���r�C��£&¤>����¡G�C���´¤��4���r�C�n°�£#�(�8�|Ì0£#� §C��¥���£0�����	�4�N���4�C����¡G�&����©G������÷w�8¡G�
(U, 〈·, ·〉) ªC¯�£&¤]�GËµO�l���´¤��4���r�»Ì#�²���²�S�(�4�C�,�0�v¡��W�&�0�C©0�8�]�Ý�N¯*�4�´¤W« �n�G�&�º��¦8�4¯9���¢���X�\���(�C�	£#�X���C£0�C£#�!�o�²���9���o°C£0�Ý�&�

(x1, x2, . . . )
ªW¯�£&¤]�GË

Ò �(Ó ∀n
?*$/"G1

(u1, . . . , un) =
?Y$W"G1

(x1, . . . , xn)
ª

Ò �4�(Ó ∀ij 〈xi, xy〉 = δij
ª^¤C« �.«´¤��²�

(x1, x2, . . . )
���4�,�:!nÎN�G�(��¤>���y«
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y1 := u1, x1 := 1

|y1|y1
E

[>),'*D,)
yn+1 := un+1 −∑n

i=1 〈xi, un+1〉xi
V
xn+1 := 1

|yn+1|yn+1, (n = 1, 2, . . . )
E

HI%4�;-/"GBC),1lD,<�D9),%4M�),1.ß
�PE ∀n yn 6= 0

�&E ∀n 〈xn, xn〉 = 1

�/E ∀m,n,m<n 〈xn, xm〉 = 0
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)WE ∀n
?*$/"G1

(u1, . . . , un) =
?Y$/"�1

(x1, . . . , xn)
E

u;+4+4)\6&%()X?Y)�RT),-W"G<&$8'!<&1&MP),1lM�),+('*)91vd¢_/�
n = 1

E
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n
<&1/6oD9),%4M�),1.V�6&"Gh�?*%4);6&"G1&1S"�</A�-

d¢_&�
n + 1
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�PE�HN)9M�),1�)/EWd¢_&�

n
%@?Y' ∑n

i=1 〈xi, un+1〉xi ∈
?*$/"G1

(x1, . . . , xn) =
?Y$/"�1

(u1, . . . , un)
E

ew"
(u1, . . . , un+1)

+(%41&)9"���<&1/"�B&-/LG1/M�%4M/V8%@?r';?*���o%Ý'
yn+1 6= 0

E
�&E 〈xn+1, xn+1〉 =

〈

1
|yn+1|yn+1,

1
|yn+1|yn+1

〉

= 1
|yn+1|2 · |yn+1|2 = 1

E
�/E5[>),%

m ≤ n
E&ew"�1&1�%4?Y'

|yn+1| 〈xm, xn+1〉 = 〈xm, yn+1〉 = 〈xm, un+1〉 −
n
∑

i=1

〈xi, un+1〉 〈xm, xi〉

= 〈xm, un+1〉 −
n
∑

i=1

〈xi, un+1〉 δmi

= 〈xm, un+1〉 − 〈xm, un+1〉 = 0.

)WE�HN)9M�),1/)WE^d¢_&�
n
%@?r'

xn+1 ∈ ?Y$W"G1
(x1, . . . , xn, un+1) =

?Y$W"G1
(u1, . . . , un, un+1)

V
"G+@?Y��?Y$W"G1

(x1, . . . , xn+1) ⊂ ?*$/"�1
(u1, . . . , un+1)

E.en"368%()
(x1, . . . xn+1)
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(U, 〈·, ·〉) ���4�3���´¤��4���r�C¨�¤��4�v���/¯*�¢£#�W�G�²���n¡��&����©0�O���;÷5�&¡G�3« �\�0�&�	�8���������
Ò �(Ó U

�8��¯*�������®���(�C� �T�X����£#�C£0�*�S�0������¯Y�@¯9«
Ò �4�(Ó��]�#¤>��¯��:!nÎ

(x1, . . . , xm)
�(�A< �²©0Ë/��¯*���r�l��¡v���(�C��� �:!+%¶���Y�8©0�&�0���.«

Ò �(�4�(ÓQ³�¡\µO�#¤>��� <.�������*���8¡��
V ⊂ U

�]���8�w�O¯g���4�Ø£#�X���C£#�8£#�C�0�¢��¯n�\£0���´�²���S�����
V ⊥ ª=¤C« �.«���4�C��� <.�������*���8¡G�

V ⊥ ⊂ U
ª�¤>���T¥8£#�����¢���v������©0�T��¡

V
�@¯9�rª´¡G�´¤oÚ�±G�\¤>���	�P¡�¯!©&���9�(���r�

�P�4��� ∀x∈V ∀y∈V ⊥ 〈x, y〉 = 0
«

Ök�
�|�]����ß
� %��	H»LG-&+4)�%4�*MP),1/68)9%(1/)nR`"�?*%@?`j���1

U
<&1/6l���*'*-&�PM��P1/"G+4%4?*%4),�!)51/"PA�-v:;E�712 4��+�����yE

� %4%��v:a�*M]LG1&D9)
(x1, . . . , xm)

%(�!M�)91/682�%4)wD9<�),%41&),�;R`"�?*%@?`<&1/6l���*'*-&�PM��P1/"G+4%4?*%4),�!)�E
� %4%4%��	H»LG-/+()

(x1, . . . , xm)
"G+@? �nbwRÈj��P1

V
E.:a�*M]LG1&D9)k1W"�A�- � %4%���D,< �nbwR

(x1, . . . , xm,
xm+1, . . . , xn)

j���1
U
<&1W67?Y),'*D9)

V ⊥ :=
?*$/"�1

(xm+1, . . . , xn)
ECen"G1&17?*%41/631/"PA�-�iw��1&�

?Y'*�!<& ]'*%4��1¶6&%()X?Y)QBW)9%46&),1��;1]'*)9�*��LG<&�o)Q ��P�k$/+()9�k)91]'!LG�XE`s&),�!1&)9�l-W"0'
x ∈ V

6&%() s&�P�*�
x =

∑m
i=1 αixi

<&1/6
y ∈ V ⊥ 6&%()�s/���!�

y =
∑n

j=m+1 βjxj
Ew[>���o%('7%4?Y' 〈x, y〉 =

〈

∑m
i=1 αixi,

∑n
j=m+1 βjxj

〉

=
∑m

i=1

∑n
j=m+1 αiβj 〈xi, xj〉 = 0

V�6/" 〈xi, xj〉 = 0
d¢_&�

i ≤ m, j ≥ m + 1
E

�õ3%(' �w�Y'!-&��1&�P�*�Z"�+(B/"P?Y)91�+@LGhG'�?*%4A�-kBW)X?Y�P1/68)9�!?�BC)��]<&),� �*)XA�-&1&)91^EGu;+@?�RT),%@?Y$&%4),+4)`D,)9%(MP),1
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(U, 〈·, ·〉) ���4�|���^¤��(���r�W¨r¤��4�S���/¯*�²£0�W�0�¢���z¡G�&����©G�����.÷5�&¡G�lª (u1, . . . , un)
�:!+%

Ì#£0�
U
«��n�G�&�l�8���������.Ñ

Ò �(Ó3�r¯,� x =
∑n

i=1 ξiui, y =
∑n

j=1 ηjuj
ªW¯�£��@¯9� 〈x, y〉 =

∑n
i=1 ξiηj

«
Ò �4�(Ó7�r¯,� x =

∑n
i=1 ξiui

ª/¯�£g�4¯9� |x| =
(
∑n

i=1 ξiξi

)1/2
=
(
∑n

i=1 |ξi|2
)1/2 «

Ò �(�4�(Ó}°®±��.µO�X¤>�O¯ x
�4¯9�

x =
∑n

i=1 〈ui, x〉 ui
¡��´¤ |x| =

(
∑n

i=1 | 〈ui, x〉 |2
)1/2 «
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〈x, y〉 =

〈

n
∑

i=1

ξiui,

n
∑

j=1

ηjuj

〉

=

n
∑

i,j=1

ξiηj 〈ui, uj〉

=

n
∑

i,j=1

ξiηjδij =

n
∑

i=1

ξiηi.

� %4%��l[8%()9-&) � %��®d¢_&�
x = y

E
� %4%4%��lRT)O'!�!"PA�-P'!),1l2�%(�

y := x −∑n
i=1 〈ui, x〉ui

E/en"G1&1�%@?r'�d¢_&�z¿r)X68)9?
j
ß

〈uj , y〉 = 〈uj , x〉 −
n
∑

i=1

〈ui, x〉 〈uj , ui〉 = 〈uj , x〉 −
n
∑

i=1

〈ui, x〉 δij

= 〈uj , x〉 − 〈uj , x〉 = 0.
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uj
B&%(+@68)91}),%41&)oR`"�?*%4?5j���1

U
E´ew"��k%('\-/"0'T¿r)968)X?

z ∈ U
68%()os&�P�*�

z =
∑n

j=1 αjuj
E

en"G�o%Ý'Td¢��+4MG'�6&"�1&1 〈z, y〉 =
〈

∑n
j=1 αjuj , y

〉

=
∑n

j=1 αj 〈uj , y〉 = 0
E>en"g6&%()X?ad¢_/�y¿r)X68),1

��), ]'!���
z ∈ U

MP%(+('9V/M�%4+Ý'568%4)9?5"G</A�-	d¢_&�
z = y

V82®�P�k%('56&"�1&1 〈y, y〉 = 0
V&6´E -.E

y = 0
d¢�P+(M�'9E
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V
���(�

m
¨r¤��4�v���/¯*�²£0�W�0�¢��� <.��������¨

���8¡G�É���(�C�O¯l¡G�&����©0�O��� ÷5�8¡��S�O¯
(U, 〈·, ·〉), y ∈ U

« �n�G�&�»�!¦8�4¯9���¢���X�w�8���C�8¡Q���(�
y0 ∈ V

ª
¯�£8¤>�0Ë

y − y0 ∈ V ⊥ «&°T±G� y0
�P�4���

|y − y0| < |y − x| Ú�±G�yµO�#¤>��¯ x ∈ V, x 6= y0.

�}�G�}�C���&���5¤]�G�C���
y0
ù��a��£,¦8�4�v¡G����¡

y
ú;�4�

V
«W�r¯9�

(x1, . . . , xm)
���4�C� �:!+% Ì#£0�

V
ª^¯�£

�@¯,�`¤]��¯	�=�O£,¦>�4�v¡��
y0 =

∑m
j=1 〈xj , y〉xj

«
Ök�
�|�]����ßTH»LG-/+()T),%41&) �nbwR

(x1, . . . , xm)
j���1

V
<&1/6|?Y),'*D,)T6&"G�o%('

y0 :=
∑m

j=1 〈xj , y〉 ∈
V
E��r?r'

y ∈ V
VP?Y�\%@?r'=��UC)91]BW"G�

y = y0
<&1/6o"�+(+4)�2®)9%Ý'!),�!),1ou;</?!?!"GM�)91|MP),+('*)91g'!�*%4j>%4"�+()9�*2T),%@?Y)PE

[>)9%T"�+4?*�
y /∈ V

E�HI%(�k���*'*-&�P1&���!�o%()9�*)91 6&"�?k[>t8?r'!),�
(x1, . . . , xm, y)

<&1/6Ø),�!-/"G+('*)91 ),%41
�nbw[

(x1, . . . , xm, xm+1)
V&�o%('568),��6&"G1/1

y =
m+1
∑

j=1

〈xj , y〉xj = y0 + 〈xm+1, y〉xm+1,

?*�>6/"Gh
y − y0 ∈ ?Y$W"G1 (xm+1) ⊂ (

?*$/"�1
(x1, . . . , xm))⊥ = V ⊥ E/�r?r' y′

0

%4�*MP),1/6&),%41	:=+4),�o)91P'
j��P1

V
�o%Ý'

y − y′
0 ∈ V ⊥ Vy?*�3%4?Y' y′

0 − y0 ∈ V
Vy6/"�BW)9%468)	%(1

V 

d¢),�!1&)9�g%@?r'

y′
0 − y0 =

(y − y0) − (y − y′
0) ∈ V ⊥ V/6/"oBW)9%468)�%41 V ⊥ EW[>���o%(';%4?Y' y′

0 − y0 ∈ V ∩ V ⊥ = 0
E/en"G�o%Ý'

%@?r'
y′
0 = y0

EW[&A�-&+(%4),hP+(%@A�-�M�%4+Ý'�d¢_/�
y0
68%4)��=�!�#¾8%(�|<&�k��:a%(MP),1/?!A�-/"0d²'



68),1/1�d¢_&��¿r)96&)9?

x ∈ V%@?r'
|y − x|2 = |(y − y0) − (x − y0)|2

= 〈(y − y0) − (x − y0), (y − y0) − (x − y0)〉
= |y − y0|2 + |x − y0|2 − (〈(y − y0), (x − y0)〉 + 〈(x − y0), (y − y0)〉).

RT),%=68)91N+4)O'!DO'!),1QBW)9%468)91�[> 0"G+@"G�!$&�*�868</ P'!),17%@?Y'T¿r)o)9%(1 s/"� ]'*���n%41
V
V^68),��"�1/68),�!)k%(1

V ⊥ V?*�>6/"Gho68%()g[8 #"�+4"��*$/�*�868<& ]'!)
= 0

?*%41/6´E/en"G�o%(';%4?Y'
|y − x|2 = |y − y0|2 + |x − y0|2 ≥ |y − y0|2,
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x = y0
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��©G�����N÷5�&¡G�v��¯
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y ∈ V
¯����

Py := y0
¤>�G¯ �=�O£,¦>�4�v¡�� ��¡

y
�(�

V
«1�n�G�&�Q�4¯9�n¤��²�

Êg�/�0�(��¤/¡G�&�
P : U → U

���4� �n£0�S£0�v£#�����&�@¯Y�	¡�¯9«&Ça¯5�@¯9�a%4�
P = V

ªC P),�
P = V ⊥ ª P �@¯9�

��¤>�����z£>�������rª�¤W« �.«
P 2 = P

ª8Ú����!�C���®�@¯,��Ú�±G�;�0�4�¢�
y, z ∈ U : 〈Py, z〉 = 〈y, Pz〉 «��}�G�v�C���&���

P
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V
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�|�]����ß`õ3%('�68)9�y)9BW)91�M�)92®�P1&1&)91&),1�en"G��?r'!),+4+(<&1/M�d¢_&�
y0
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Py = y0 =
∑m

j=1 〈xj , y〉xj<&1/6}6&"G�o%('5'*�!%4j]%@"G+4),�!2T),%@?Y)�-&�P�o���o���!$&-^E/ew%4)|u;<W?*?!"GMP),13_&BC),�\i\),�!1^V/RT%4+463</1/63�r68)9�k$C�G�
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y = Py + y⊥, z = Pz + z⊥ �k%('

y⊥, z⊥ ∈ V ⊥ V&2T���o%('�6/"G1&1
〈Py, z〉 =

〈

Py, Pz + z⊥〉 = 〈Py, Pz〉 ,

〈y, Pz〉 =
〈

Py + y⊥, P z
〉

= 〈Py, Pz〉 .
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(u1, u2, . . . )
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Vm :=
?Y$/"�1

(u1, . . . um),
(m = 1, 2, . . . )

ECìC<
y ∈ U
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6&"P?	�=�!�#¾>%4�g</�ø"G1
y
%41

Vm
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y − ym ∈ V ⊥ V&�868),�;L �P</%(j0"G+4),1]'
〈ui, y − ym〉 = 0 (i = 1, . . .m).
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6&"G�XV&?*�|d¢�P+(M�'

�a�>×�×Ø�3Ä}Å�Æ �
ym =

∑m
j=1 αjuj

�4¯9� �=�O£,¦>�4�v¡��ø�0�
y
�4�

Vm
�8���W�8¡&ª^ ����&�}¤P�²�w��£]���S¨

�,�¢���������Q¤]�G¯;Î �&¯9�����
m
∑

j=1

〈ui, uj〉αj = 〈ui, y〉 (i = 1, .., m)

���!Ú�±G�4�²���.«
Ök�
�|�]����ßT:a?�MP%(+('

0 = 〈ui, y − ym〉 M�)91/"G<�6&"�1&1^V&2T),1&1
〈ui, y〉 = 〈ui, ym〉 =

〈

ui,
∑m

j=1 αjuj

〉

=
∑m

j=1 〈ui, uj〉αj
E

�

ew%()gõ}"0'*�!%(¾�68%4)9?*)9?n[>t8?r'!),�Z?;-W"0'w%41 �z�P?*%Ý'!%(�P1
(i, j)

6/"�?w[8 #"�+4"��*$/�*�868<& ]' 〈ui, uj〉
?Y'*)O�

-&)91^E
Àl�PÁz���¢Â9��ÃW�ºÄNÅ�Æ # �5�¢� �}�&���!�Ý¦

(〈ui, uj〉)
�C���(ËW�®ù�¬`���0�Z¯O�r��� �N�8���!�(¦Cú�ª=¤>�������/�\�0�����!�o�@¨

�W�G�C���
G(u1, . . . , um) :=

68),'
(〈ui, uj〉)

�C���4Ë/�.ù�¬`���0�Z¯,�r�C�+�\�0�����!�o�(�C�0�����#ú�«
HI%4�;?r'!),+4+()91l)9%(1/%(MP)n:a%(MP),1/?!A�-/"0d²'!),1�68),�+@n��"G�Z?!A�-&),1�ew)O'*)9�*�o%41/"G1]'!)nD9</?!"G�o�o),1^E



�����

û �8Â9ü3ÄNÅ�Æ�, Ò �ÝÓ7°T±G�yµO�#¤>� �a���!�v¡&���8���¢£#� π
�4¯9�

G(uπ(1), . . . , uπ(m)) = G(u1, . . . , um)
«

Ò �4�(Ó G(u1, . . . , uj−1, uj +λuk, uj+1, . . . , um) = G(u1, . . . , uj , . . . , um)
Ú�±G�

λ ∈ C, k 6=
j
«

Ò �(�4�(Ó G(u1, . . . , uj−1, λuj , uj+1, . . . , um) = |λ|2G(u1, . . . , uj , . . . , um)
«

Ò ��ÌXÓ3�r¯,� um+1 = vm + dm
�o���

vm ∈ Vm, dm ⊥ Vm
ª�¯�£l�4¯9�

G(u1, . . . , um, um+1) =
|dm|2 · G(u1, . . . , um)

Ò ÌXÓ G(u1, . . . , um) ≥ 0, = 0 ⇔ (u1, . . . , um)
�4�4�C�O�G�5�&�0�W©G�8�P�(�C«

Ò Ì#�(Ó G(u1, . . . , um) ≤ |u1|2|u2|2 · · · |um|2 « �\�&�8���.�P�4�����¼�8���C�8¡� ����&�}���4�
ui = 0

£&¤>���
�0�4�²�

ui
�^���G�9 =���@¯��w£#�X���C£#�8£0�W�0��¯Y�4�´¤W«

Ök�
�|�]����ß
� %�����)X68) �z),�!�g<&'!"0'!%(�P1�j��P1

m
:=+4),�o),1]'!),1� 0"G1/1��o"�1g"G<W?^?Y�PM�)91/"G1&1]'!),1�x.��"G1W?Y$C�P?*%Ý'!%(�P1&),1.V

68%4)oM�),1W"G<}D92®)9%z:=+()9�o),1]'*)oj�)9�Y'�"G</?!A�-&)91^VC"�<8d¢B/"�<&),1^E´��)9�Y'�"G</?!A�-]'n�Z"�1})O'r2`"
ur
<&1/6

us
V

?*��),�!-/LG+('=�Z"G1S68%4);1&)9<&)�@n��"G�Z?*A�-/);õ7"0'!�*%(¾´VG2®)91&1o�Z"G1Z%41S68),�T"G+('*),1Z68%4)nìC)9%(+4),1
r
V
s
<&1W6

68%4)|[>$/"�+Ý'!),1
r, s

j�)9�Y'�"G</?!A�-]'9V82`"�?;?*%@A�-l�!)9"�+(%@?*%()9�*)91	+@LGh�'9V&%41/68)9� �Z"G13jP��1�+4%(1& 8?5<&1/6�j��P1
�!)9A�-]'!?��o%('`6&),�®?*),+4BC),1 �z),�!�g<&'!"0'!%(�P1/?*�o"G'*�!%Ý¾k�g<&+('*%4$&+4%(D9%()9�Y'XE]en"�68)9�*)91Se5),'*)9�*�o%41/"G1]'*) ±1%@?r'XV&B&+4),%4B8'56&"G1/1l68%4) @n��"G�Z?*A�-/)\ew)O'!),�!�o%(1/"�1]'*)�?Y)9+(BW?r'�<&1&MP)9L�1/68),�*'9E
� %4%��	õ}"G1S)9�*-/L�+Ý'T68%()w�o�>6&%Ý·/D9%()9�Y'!)wõ7"G'*�!%Ý¾´VP%(1/6&),� �Z"G1SD9<&1/L�A�-W?r'aD9<lìC)9%(+4)

j
6&"�?

λ
��d�"PA�-&)

j��P13ì�),%4+()
k
"�6&6&%()9�Y'�<&1/6�6&"�1/"�A�-	D,<7[>$/"�+Ý'!)

j
1&�8A�-l6/"�?

λ
��d�"PA�-&)�j��P1l[>$/"�+Ý'!)

k
E

� %4%4%��lu;<W?wìC),%4+4)
j
 0"G1&1l�Z"G1368),13sW"G ]'*�P�

λ
V&"�</?;[>$/"�+Ý'!)

j
68),1�s/"� ]'*���

λ
-&),��"G</?*D,%4),-/),1^E

� %4j �	:a?�%@?r';1/"PA�- � %(%���VW6&"
vm ∈ Vm

ß

G(u1, . . . , um, um+1) = G(u1, . . . um, vm + dm) = G(u1, . . . , um, dm)

=
68)O'












〈u1, u1〉 · · · 〈u1, um〉EEE E E E EEE
〈um, u1〉 · · · 〈um, um〉

EEE
〈ui, dm〉EEE

· · · 〈dm, uj〉 · · · 〈dm, dm〉













= |dm|2G(u1, . . . , um),

6&" 〈dm, uj〉 = 〈uj , dm〉 = 0, i, j ≤ m
E

� j �	<&1/6 � j]%��TD,)9%(M�'��o"�1�D,</?!"G�o�o),1�?Y%4�g</+Ý'�"G1�68<&��A�-	��1/6&<& ]'*%4��1^E
m = 1

ß
G(u1) =

68)O'
(〈u1, u1〉) = |u1|2

V�2®�P�!"�</?g68%4)3RT),-/"�<&$8'*</1&M�)91�d¢_&�
m = 1d¢��+4M�)91^E

m ⇒ m + 1
ß^bw"�A�- � %4j �5%@?Y'

G(u1, . . . , um, um+1) = G(u1, . . . , um, dm) = |dm|2 ·
G(u1, . . . , um)

E�ew"��k%('|%@?Y'5¿r)96&),18d�"�+(+@?
G(u1, . . . , um+1)

�!),),+4+�V ≥ 0
Ezs&),�!1&)9�g-/"�BW)91 2�%(�

G(u1, . . . , um+1) = 0
M�)91/"G<»6&"�1&1^VT2®)91&1I),1]'r2T)968)9�

dm = 0
V®6´E -^E

um+1 ∈ Vm =?*$/"G1
(u1, . . . , um)

�868),�®2®)91&1
G(u1, . . . , um) = 0

V]6´E -.E
(u1, . . . , um)

+4%41&)9"��®"GB/-/LG1&MP%(MWV
"G+@?*�N%41/?*M�)9?!"G�g'|MP),1/"�<^Vz2®)91&1

(u1, . . . , um+1)
+4%(1/)9"G�Z"�B&-/LG1/M�%4M/E�e5%4)9?kBC),2T),%@?r' � j��gd¢_&�

m+1
E#:a?z%@?r'

um+1 = vm +dm
V02T��BC),% 〈vm, dm〉 = 0

VG?Y�86&"�h |um+1|2 = |vm|2+ |dm|2 ≥
|dm|2 E&u;+@?*�Z%4?Y'

G(u1, . . . , um+1) = |dm|2 · G(u1, . . . , um)
≤ |um+1|2 · G(u1, . . . , um)
≤ |um+1|2 · |u1|2 · · · |um|2

1/"PA�-3��1/68<& ]'*%4��1W?*"�1&1/"G-/�k)PECen" |dm| = |um+1|
M�)91/"G<32T),1&1

um = 0
%4?Y'9V�6´E -^E

um+1 =
dm ∈ V ⊥

m

V>d¢�P+(M�'5"G</A�-�68),�wì�</?*"G'*DPE
�
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Ök�]×Ø�P�#Ù^���y�QÄNÅ�Æ � �w�¢�kÊ�¡�¯!¯!�0�8�SÌ#£0�QÎ&�&��� <®«4Ï�� Ò ÌXÓ��4¯9�5���4�C�7§C�����0�4�Ý�&���v���4�C���X¡G�8�N¤>���<.�&�P�¢�����r�C¡��8�3Ì#£#��.+0���2 416y¨�712 419 0���;8Ñ

0 ≤ G(u1, u2) =
68)O' ( 〈u1, u1〉 〈u1, u2〉

〈u2, u1〉 〈u2, u2〉

)

= |u1|2 · |u2|2 − 〈u2, u1〉 〈u1, u2〉 = |u1|2|u2|2 − | 〈u1, u2〉 |2.
HQ),1/68)91�2�%(�;68%4)9?*)�u;</?!?!"GM�)91l"�1�>

û �8Â9ü3ÄNÅ�Æ �¶Ça¯|¯����
(u1, . . . , um)

���(�C� %��G¯*�4¯vÌ#£#�
V ⊂ U, y ∈ U, y0 ∈ V

¤>�O¯ �a��£�¨
¦8�(�	¡G� ¡G�´¤ 4µ

�>���#�����r�&�C�g¤>�G¯w�G�Ý�&�0�0���0�@¯,�r�C�;��£#�����¢���v���C� Ò �o���g§C£#�!�#�����r�C����� Ó;�P¡G� �a£�¨¯*�����²£0�
(m + 1, µ)

�(�¼¤>���l¬`���G�o¯,�r�C��� �}�8���*�(¦Q�P¡
(u1, . . . , um, y)

«3�n�G�&���@¯,� 4m+1 =
G(u1, . . . , um) > 0

¡G�´¤�¤]�G�k���

|y − y0| =

(

G(u1, . . . , um, y)

G(u1, . . . , um)

)
1
2

¡G�´¤

ŷ :=
−1

∆m+1
·

m
∑

µ=i

∆µuµ = y0

¤>�O¯	�=��£,¦8�4�v¡G�3«
Ök�
�|�]����ß`ew%()kew"��!?Y'*)9+(+4<&1&Mod¢_&� |y − y0|

d¢��+4MG';<&1/�k%('Y'!),+4B/"G�n"G</?n[8"0'!D���E4� � � %4j��OE/:a?5%4?Y'
ŷ%41

V
V>d¢),�!1&),�`d¢_/�

1 ≤ i ≤ m
V

〈ui, y − ŷ〉 = 〈ui, y〉 +
1

∆m+1
·

m
∑

µ=i

∆µ 〈ui, uµ〉

=
1

∆m+1
(

m
∑

µ=i

∆µ 〈ui, uµ〉 + ∆m+1 〈ui, y〉) = 0,

6&"\-&%4),�T68%4)5"G+4M�)9B&�!"�%4?!A�-&)91|iw���o$&+4),�o),1]'*)�D9<&�a+4)O'!DO'!),1	ìC)9%(+4);68),�:@n�!"��Z?*A�-&)91kõ}"0'*�!%(¾|�o%Ý'
68)91S:=+4),�o),1]'*)91v)9%(1&)9�T"�1/68)9�*)91lìC),%4+4)5 ��P�gB&%41&%4),�*'a2T),��68),1^E>s&�P+(MP+(%@A�-Z%@?r'

y− ŷ ∈ V ⊥
m

V]"�+4?*�
ŷ
6&"P?	�=�*�#¾8%4�g<&��E

�HI%4�	-/"G'Y'!),1»D9<¸[>$/"�+Ý'!),1>j�)9 ]'*���!),1
x ∈ Cn 68),1»-/),�!�k%('*)X?*A�-¶"�6#¿r<&1/M�%4),�*'*),1¼��), ]'*�P�

xH := (xT )
),%41&M�),d¢_&-&�*'9VC68),�5"�+4?*�o),%41}ìC),%4+()91>j�), ]'!����%@?r';�o%('w68),13MP),MP),1>_&BC),�

x
 ��P�o$&+(),¾>�

 ��P10¿r<&MP%()9�Y'!),1	iw���o$C��1&)91]'*),1.E&ew"��k%(';2`"G�
〈x, y〉 := xH · y

6&"P?Tmr[>'!"G1W6&"G��6>�r[> 0"G+@"G�!$&�*�868</ P'�p\"G<8d
Cn E/HI%4�;jP),��"G+4+(MP),�o),%41&),�!1	6&%()X?`d¢_&�;BC),+4%()9B&%4M�)� ��P�k�$&+4)O¾8)�õ7"0'!�*%4D,)91^ß

Àl�PÁz���¢Â9��ÃW�ºÄNÅ�Æ ����� �	�X���y�C���]�#Â9��
È�8Â,�0� � +NÎW���
A ∈ Cn×m «?�n�G�&�\�C���4Ë/�

AH := (AT )

= (A
T
) ∈ Cm×n ¤��¢�\�C���*�o������¯,�r�}�>¤�µX¡G�8�P�¢���X��� �}�8���*�(¦^« �}�G�N���!�W©0���a¯*�²�#ªW�4�´¤>��� �S�0�

A�����0�W¯��z£#�&�¢���X�`¡G�´¤v�0�4�¢�;Ça�²���S�������w¥>£0�9µX¡0�]�²���9��¥>£0���´�²��¦v�&�4�k�	�*«
en"GD,<l),%41&%4M�)�F�)XA�-&),1&�!),MP),+41^ß

�a�>×�×Ø�3Ä}Å²ö � Ò �(Ó7°®±��\¤��²�wÇa�(�&��������¯*�Z�&���!�Ý¦ I
�@¯,�

IH = I
«

Ò �4�(Ó (A · B)H = BHAH

Ò �(�4�(Ó (A−1)H = (AH )−1 Ò ¯�£#Ú����*� A−1 �!¦8�4¯9���¢���X�¢Ó#«



�����

Ò ��ÌXÓ768)O' (AH) = (
68)O'

A)

Ò ÌXÓ AHA
�@¯,�}¤��²�»¬`���G�Z¯O�r�C� �N�8���!�(¦¸�P¡ ¤>��� ÎG�^�0�������

(a1, . . . , am)
Ì0£#�

A
ª�¯�£#�o���

68)O'
(AHA) = G(a1, . . . , am)

«
Ök�
�|�]����ß
� %��	%4?Y'�'*�!%4j]%@"G+�E
� %4%��

(A · B)H = (AB)T = BT AT = BHAH

� %4%4%��lew%()X?`d¢��+4MG';68%4�*)9 ]';�k%(' � %��T<&1/6 � %(%��
� %4j �	:a?`%4?Y';68)O'

AT =
68)O'

A
<&1W6v),'r2T"k"G</?`68)9�c:=1]'r2�%@A� ]+4<&1&M]?*?!"0'!DwjP��1�� 0����
0�2 od¢��+4MG'

68),'
A =

68),'
A
E

� j �lew%()ZìC),%4+()913j��P1
AH ?Y%41/6768%4)�-&)9�*�o%('*)X?*A�-7"P6#¿r<&1&MP%()9�Y'!),1}68)9�n[>$W"G+('*),13jP��1

A
VC?*���o%('

?Y'*),-]';%41 �z�]?Y%('*%4��1
(i, j)

j��P1
AHA

6&"�?`:=+4),�o)91P'
aH

i · aj = 〈ai, aj〉2T����"G</? � j �`68%4�!), ]'`d¢��+4MG'9E
�en"�?`+4%(),d¢),�*';<&1/?`)O'r2`"o68%4)��;1&MP+()9%4A�-><&1&Mkj��P1�� 0 �10��+0�� ��ß

û �8Â9ü3ÄNÅ@ö^ÆI°®±��n���4�C� �}�&���!�Ý¦
A ∈ Cn×n �o���®Î��^�0������� (a1, . . . , an)

�P�4�����k����¤>���+!n£0�*�
�8¡P¯n¤>��� Î����G�´¤]�0�9¤]¨�Î>¥G�0�²�0�����O£8¤W¡G¥��

| 68)O' A| ≤ |a1| · |a2| · · · |an|, =£8�8���
=
�&���W�&¡v¤>�0�&�}���4�����!���*�rª. =���/�3���(�

ai = 0
£&¤>���5�G�(�¢�T�^���G�9 =���@¯��w£0�9���C£X�&£#�W�G�C¯*�(�^¤W«

Ök�
�|�]����ßT:a?�%@?Y'
| 68)O' A|2 =

68),'
A · 6&)O' A =

68)O'
(AHA)

= G(a1, . . . , an) ≤ |a1|2 · · · |an|21/"PA�-�[8"G'*D���E4� �/V&"G</?�6&),� "�</A�-�68%()�u5</?!?*"�M�)n_&BW)9�
=
d¢�P+(M�'9E

�:=%41&)�2T),%('*),�!)�u;1>2T),1/68</1&Mo ����o�g'�"�</?�68)9�;u;</?*M�+4),%@A�-/?*�*)XA�-&1><&1&M/ß
�\�0Ã/� ���>× ÄNÅ@öCö ���
	�	��0Ã��^��×��8ÂX��C� ��� �9�����Q�>���y�*� �����y�>�8�0�>��� ���>� ���´���y� �?�����9Â9�>× � +
¬5�!�&�0�8���3¯����z¤]��¯;Î �/¯,�����

Ax = b
�o���

A ∈ Cn×m «�Û7�(���C���&�v���7�0�yÑ
Ò �(Ó b /∈ %(� A

ª.¤W« �y«�¤]�G¯;Î �&¯9�����c�@¯,���&���r�����²G¯9�P�0�#«
Ò �4�(Ó m < n

¡G�´¤ �*M
A = m

ªn¤W« �y«;¤��¢�3ÎG�.�0�������
ai
Ì0£#�

A
¯*�4�´¤Ø�4�(�C�,�0�7¡��W�&�0�C©0�8�]�Ý�Wª

���!�#�#¡G�8�����&�8�����&���r���`¤>���
Cn «

¬5��¯9¡8�r���z�4¯9�®���4�
x0 ∈ Cm ªW¯�£Z¤]�GË |Ax0 − b| �o�(�&�4�S�0��«

��� �X�y����'�[>)O'!D,)
U := Cn V V :=

?Y$W"G1
(a1, . . . , am) =

%4�
A
V
b0 :=

�=�!�#¾>%4�g</��"�1
b%41

V
E>ew"�1&1S%@?r'

b0 ∈ %(� A
V>?Y�P�k%('

Ax = b0
+4fP?*B/"G�®<&1/6Z2T),MP),1S68)9�®F;"�1&M�BC)96&%(1&MP<&1&M�MP%(B&'

)9?5M�)91/"G<3)9%(1&)kJ^f]?Y<&1/M
x0
EWen"G1&17%@?Y' |Ax0 − b| = |b0 − b| ≤ |v − b| d¢_&�w"�+(+4) v ∈ %4� A

V
6´E -^E |Ax0 − b| �k%41&%4�Z"G+�Eew%()X?Y)X? �=�!�#¾>%4�g</�»BW)9�*)XA�-&1&),'^�o"�1�1/"�A�-\J^)9�o�o"��gE(�?);"G</?.68),�.R`"P?Y%@?

(u1, . . . , um) :=
(a1, . . . , am)

j���1Z%4�
A
V>"G+@?

b0 =
∑m

j=1 αjaj = Ax0
�o%('

x0 = (αj)
E8ew"�BW)9%W%@?Y'TD9<v+4fP?*),1

m
∑

j=1

〈ai, aj〉αj = 〈ai, b〉 (i = 1, . . . , m),

6´E -^E
AHAx0 = AHbHI%4��-/"GBC),13"G+@?*�
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AHAx = AHb.
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A ∈ Cn×n «
Ò �(Ó A

�C���4Ë/�^ùY�C£#�!�S�0��ú�ª´ =���&�
AHA = AAH

Ò �4�(Ó A
�C���4Ë/�`ùr�����!�k�����O¯O�r�^ú�£&¤>���wùY¯������G¯9���8¤!µX¡G�8�]�²���9�Yú�ªa =���/�

AH = A
«.��� ���9���4�²����°W�G�(�

�>�#¤>�#¡&���#�`¤��¢��¯
AT = A

« �}�G�	�C���&���`¤]�0�/��Ê»ù*¯��8�o�v�#���*�@¯,�r�´ú�«
Ò �(�4�(Ó A

�C���4Ë/�aù,¡G�&����©G�,ú�ªa =���&�
AH = A−1 «^�������9���4�²����°W�0�4�5�8�X¤>�0¡&���0��¤��¢��¯

AT = A−1¡G�´¤Z�S�0�l�C���&���`¤]�G�&�
A
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Ò �(�4�(Ó7�r¯,� A
¡G�&����©G�,ªC¯�£��4¯9� | 6&)O' A| = 1
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F ∈ Kn×m +(%4)Od¢)9�Y'�_&BC),�

f : x 7→ Fx
),%41&),1Kq;�P�k�P�o���!$&-&%@?Y�|</?

f ∈q;�P�
(Km, Kn)
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F
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F H ∈ Km×n _&BC),�
fH : y 7→ F Hy
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fH ∈ q5��� (Kn, Km)
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, y =







η1EEE
ηm






, F = (αij)n,m
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〈y, Fx〉n =

n
∑

i=1

ηi(

m
∑

j=1

αijξi)

=

m
∑

j=1

(

n
∑

i=1

αijηi)ξj

=
〈

F Hy, x
〉

m
.
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fH V]?Y��-/"�BW)912�%4�9ß/s�_&�n"G+4+()
x ∈ Cn, y ∈ Cm %@?Y' 〈y, f(x)〉n =

〈

fH(y), x
〉

m
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U, V
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K
¨�§C��¥���£#�!��©8¡G�v�g±/�8���

K = R
£&¤>���

K = C�o����Î>¥G�0�²�0�����O£&¤/¡G¥������ 〈·, ·〉U
�G�� ;« 〈·, ·〉V ª�Ú����!�C��� f ∈ q;�P�

(U, V )
« �\�0�&�Ø�P���8����¯g�8�O¨

�W�&¡Q���4�C��� �n£0�S£0�v£#�����&�@¯Y�	¡�¯
fH ∈ q5���

(V, U)
ª�¯�£&¤]�0ËNÚ�±G�Z�0�4�²�

u ∈ U, v ∈ V
�P�4���*Ñ

〈v, f(u)〉V =
〈

fH(v), u
〉

U

«
fH �C���4Ë/�\¤8������¡

f Ò �C���!�o������¯,�r�8Óg�>¤!µX¡��8�P�¢���X��� �n£0�v£#�v£#��¨���&�@¯*�v¡�¯X«>Ça¯`�&���������Q¤��¢�w÷w�X�r�����&�O�!�&���4�.Ñ
%46 H

U =
%@6

U ,

(αf + βg)H = αfH + βgH

(fg)H = gHfH .
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(u1, . . . , um)

B&D92�E
(v1, . . . , vn)

�nbwR %(1
U
B&D92�E

V
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f(uj) =
∑n

i=1 αijvi (j = 1, . . . , m)
E=ew"�1&1º%4?Y'S"G+@?Y�

F := (αij)n,m
õ7"0'!�*%(¾&6&"G��?r'!),+(�

+4<&1&M7jP��1
f
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fH ∈q;�P�
(V, U)

68<&��A�-
fH(vi) :=

∑m
j=1 αijuj (i = 1, . . . , n)

E�:=�n2�%(��6}"�+4?*�SBC),D,_/M�+4%4A�-}6&),�
j�)9�*2T),1W68)O'!),1	R`"P?Y)91l68</�!A�-�68%4)�"�6#¿r<&1/M�%4),�*'*)�õ7"0'!�*%(¾

F H 6&"��*MP)9?Y'*)9+(+('9E
b;</1l�!)9A�-/1&)O'��Z"G1l1/"�A�-.ß

〈vν , f(uµ)〉V =

〈

vν ,
n
∑

i=1

αiµvν

〉

V

=

n
∑

i=1

αiµ 〈vν , vµ)〉V = ανµ

〈

fH(vν), uµ

〉

U
=

〈

m
∑

j=1

ανjuj , uµ

〉

U

=

m
∑

j=1

ανj 〈uj , uµ)〉U = ανµ.
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f ′ ∈ q;���

(V, U)
),BC),18d�"�+(+@? 〈v, f(u)〉V =

〈f ′(v), u〉U
d¢_&�5"G+4+4)

u
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v
V/?*�Z"G</A�-

0 =
〈

fH(v), u
〉

U
− 〈f ′(v), u〉U =

〈

fH(v) − f ′(v), u
〉

U
.

q;%4),�n 0"G1&1N�Z"G1N?*$C),D,%4),+4+
u := fH(v) − f ′(v)

2TL�-&+()91^V´?Y�86&"�hv6&"�1&1
fH(v) = f ′(v)d¢��+4MG'XE

en"G�o%Ý'k%4?Y'|:=¾>%@?Y'*),1/Dv<&1/6Ø:=%41/68),<&'*%4M� �)9%Ý'o68)9?|-&)9�*�o%('*)9?!A�-�"�60¿r<&1&M�%4),�*'*)91Øq;�P�o���o���*�
$&-&%@?*�g</?`MP),D,)9%(M�'9E&ew%()�F;)9A�-&)91&�*)9M�)9+(1l?Y)9%()91�"�+4? � B&<&1&MZMP)9?Y'*)9+(+('9E

�

û �8Â9ü3ÄNÅ@ö � Î>�(�^¤
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f ∈ q;���

(U, V ), fH ∈q;�P�
(V, U)
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U
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V
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F H Ì#£0�
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BV , BU
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F
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U
���4�I¡G�&����©G������÷5�8¡G�lª

f ∈ q;�P�
(U, U)

ª
fH ∈q;�P�

(U, U)
¯����(�7�>¤�µX¡G�8�P�¢���X�����X«*�\�0�&���C���(ËW�

f
ùY�C£#�!�S�0��ú�ª´ =���&�

fHf = ffH .
�r¯9�;¯�£#�>�0�

fHf = ffH =
%@6

U
ªa¤W« �y«

fH = f−1 ªy¯�£S�����4Ë/� f
ù,¡G�&����©G�,ú Ò �4���O�,���(�¢���K°W�G�(�

ù�£#�X���C£#�8£#�C�0��ú(Ó9ª,�4¯9�
fH = f

ª0¯�£T�����4Ë/�
f
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U
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� f
�C£0�*�S�0� ⇐⇒ F HF = FF H ª

� f
¡G�&����©G� ⇐⇒ F HF = FF H = I ⇐⇒ F H = F−1 ª

� f
¯������G¯,���>¤!µX¡��8�P�¢���X� ⇐⇒ F H = F

«
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A�-&)91	2�%4�;1&�8A�-l),%41l$W"�"G�`���P�!"��*BC),%('*)91^E
�a�>×�×Ø�3Ä}Å²ö �¸°T±G�

g ∈ q;�P� (U, U)
�&���������.Ñ

Ò �(Ó (
%4�

g)⊥ =
 �),�

gH «
Ò �4�(Ó7�r¯,� g

�C£0�*�S�G��ª&¯�£��@¯9�� �),�
g =

 �)9�
gH «

Ò �(�4�(Ó7�r¯,� g
�C£0�*�S�G��ª&¯�£��@¯9�

(
%(�

g)⊥ =
 �),�

g
ªC�0�@¯�£

U =
 P),�

g ⊥© %4�
g
«

Ök�
�|�]����ß
� %��

y ∈ (
%(�

g)⊥ ⇐⇒ ∀x∈U 0 = 〈y, g(x)〉 =
〈

gH(y), x
〉

⇐⇒ gH(y) = 0 ⇐⇒
y ∈  �)9� gH E
� %4%��v:®?�%4?Y' 〈g(x), g(x)〉 ?Y'*),'!?��!),)9+(+�V&?Y�P�o%Ý'`d¢_&�;1/���!�o"�+()X?TM

〈g(x), g(x)〉 =
〈

gHg(x), x
〉

=
〈

x, gHg(x)
〉

=
〈

x, ggH(x)
〉

=
〈

gH(x), gH (x)
〉

?*�>6/"Gh
g(x) = 0 ⇐⇒ gH(x) = 0
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P ∈ q;�P� (U, U)
¯Y�4�´¤S©��8¡G��Ì��G�²�����*Ñ

Ò �(Ó P
�@¯,�®£0�9���C£X�&£#�W�G�²��� �=�O£OµO��¥���£#� Ò �8¡GÚ V =

%4�
P
Ó9ª

Ò �4�(Ó P 2 = P
¡��´¤

P H = P
ª^¤C« �.«

P
�@¯,����¤>�����z£>��������¡G�´¤S¯������G¯,���>¤!µX¡��8�P�¢���X�*«
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P 2 = P
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P H = P

E.bw"�A�- J^)9�o�o"��gE � �	%@?Y'� �),�
P =

(
%4�

P )⊥
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U =
%4�

P ⊥©  P),�
P
E

ìC)9�*+4),MP)
x ∈ U

"�+4?
x = x1 + x2

�o%Ý'
x1 ∈ %(� P, x2 ∈  P),� P E/en"G1&1�%@?r'

Px = P (x1 + x2) = Px1 + 0 = Px1.en"
x1 ∈ %(� P

)O¾8%4?Y'*%4),�*'5)9%(1
y ∈ U

VW?*�86&"Gh
x1 = Py

V/?*���o%Ý'w%4?Y'
Px1 = P (Py) = Py =

x1
E´s&�P+(MP+(%@A�-}%@?r'

x − Px = (x1 + x2) − x1 = x2 ∈  P),�
P = (

%4�
P )⊥
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λ 〈x, x〉 = 〈x, λx〉 = 〈x, f(x)〉 =
〈

fH(x), x
〉
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〈f(xi), f(xj)〉 =
〈

fHf(xi), xj

〉

= 〈xi, xj〉 = δij
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∑
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〈f(xi), f(xj)〉 = 〈λixi, λjxj〉
= λiλj 〈xi, xj〉

=

{

0, i 6= j,

|λi|2, i = j,

= 〈xi, xj〉 ,
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Ò �4�(Ó7�r¯,� (x1, . . . , xn)
�:!+%wªW¯�£k�8¡8�r�

(Fx1, . . . , Fxn)
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Cn −→ Cn, x 7−→ Fx
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λ = eiϕ =
A,�P?

ϕ+ i
?Y%41

ϕ
�o%('

ϕ 6= kπ
V
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ϕ 6= 0
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x := u − iv
�o%Ý'

u, v ∈ Rn ),%41�:=%4M�),1>jP), ]'*�P�9E8en"G1&1�%@?r'5"�+4?*�
Fx = Fu− iFv = eiϕ(u − iv) = eiϕx.
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x := u + iv
"�</A�-

Fx = Fx = eiϕ(u − iv) = e−iϕ(u + iv) = e−iϕx
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ϕ 6= 0%@?r'XV®?*%(1/6
eiϕ <&1W6

e−iϕ j�)9�!?!A�-&%4)968)91&)3:=%4M�),1>2T),�*'*)PVa"G+@?Y� 68%4)}:a%(MP),1>j�)9 P'!���!),1
x
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0 = 〈x, x〉 = 〈u − iv, u + iv〉 = 〈u, u〉 − 〈v, v〉 + i(〈u, v〉 + 〈v, u〉).
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〈u, u〉 = 〈v, v〉 <&1W6 〈u, v〉 = 〈v, u〉 = 0.
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 �fP1&1&)91^E&F�)9A�-/1&)O';�Z"G1l1&�8A�-
eiϕ(u − iv)

1/"�A�-�F�)X"G+(�=<&1/6l���Z"GM�%41/L��Y'!),%4+�"�</?9V/?Y�|d¢��+4MG'Xß
�.ëgó î ä î ï��`ðÝô î ã�� î å�á

eiϕ 6= ±1
ð ñ áwâGë ò!í

e−iϕ �TðÝô î ã�� î å�á	��ë8ãCä�
,ë ñ êGè ò!í/î ï��â�âGå
ô�ð��Oá î�ñ��Wî çGá�êGå î ã

u, v ∈ Rn ïkð²á |u| = |v| = 1, 〈u, v〉 = 0
� ñ êXä�â��

Fu =
AO�P?

ϕ u +
?*%(1

ϕ v

Fv = − ?Y%41 ϕ u +
AO�]?

ϕ v

ä�� í �
F (u|v) = (u|v)
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ϕ − ?Y%41 ϕ?*%41
ϕ
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ϕ

)
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f ′ ⊂ V
EXen"G�o%('z%@?Y'

f ′
|V ∈ q5��� (V, V )"G<WA�-l?*),+4B/?Y'!"�60¿r<&1&M�%4),�*'9E8en"GD9<�?*),%

(x′
1, . . . , x

′
m)

R`"�?*%4?`"G<W?`:=%(MP),1>j�)9 ]'*���!),1vD,<�:=%4M�),1>2T),�*�
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λ′
1 ≤ · · · ≤ λ′

m.
s&),�!1&)9�a%@?r'

P
"�+4? �=�!�G¿r), ]'!���=%@68),�o$C�G'!),1]'9V>?Y�P�o%Ý'

Px = x
d¢_/�

x ∈ V
E

en"G1&1�M�%4+('�"�<8d
V
"G</A�-
〈x, f ′(x)〉 = 〈x, PfPx〉 = 〈Px, fPx〉 = 〈x, f(x)〉 .

ìC<&��u5B/?!A�-/L0'!D,<&1&M368)9��:=%4M�),1>2T),�*'*)k2TL�-&+4)
j : λ ≤ j ≤ m

</1/6QB&%(+@68)Z68%4)S�;1]'*)9�*��LG</�k)
j��P1

V
ß

V +
j :=

?*$/"�1
(x′

1, . . . , x
′
j), V −

j :=
?*$/"G1

(x′
j+1, . . . , x

′
m)<&1/6�68%4)�q;�P�o���o���!$&-&%@?Y�o)91

g := λ′
j

%@6 −f, g′ := λ′
j

%@6 −f ′.

s�_&�
1 ≤ i ≤ m

%@?r'
g′(x′

i) = λ′
jx

′
i − f ′(x′

i) = (λ′
j − λ′

i)x
′
i.en"Z68%()

λ′
i

68)9�+@n�*fPh�)n1/"�A�-lM�)9����681&)O';?*%(1W6´V&%@?r';"G+@?*�
� g′

$C�P?*%Ý'!%(jl?Y)9�o%468),·/1&%('5"G<8d
V +

j

V&</1/6
� g′

1&)9MP"G'*%4jv?Y)9�o%468),·/1&%('5"G<8d
V −

j

E
ew%()X?Y)�F;L�<&�o)\+(%4),MP),1l%(1

V
VW?Y�86&"�hk6&"��*%41

〈x, g′(x)〉 = λj 〈x, x〉 − 〈x, f ′(x)〉 = λj 〈x, x〉 − 〈x, f(x)〉 = 〈x, g(x)〉 .
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V +
j
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V +
j
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m− j =68%4�

V −
j
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g
M�)9�!"P68)�68%4)

λ′
j − λi(i = 1, n)

?Y%41/6´V>d¢�P+(MP),136&"��!"�</?`68%(�!), ]';68%4)�BW)9-/"G</$8'*),'*),13u5B/?*A�-WL0'*D9<&1&MP),1^E
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û �8Â9ü3ÄNÅ ��# �*ö^Å û � 	��8�0�8ÂX��ÃC�3� �X�8Â9ü +
F
¯����n���(�C�l¯������G¯9���8¤!µX¡G�8�]�²���9���

n × n
¨ �}�8���*�(¦�ª

H¤��¢��¤]�0���8¡�¯5¤/¡G�9�r�3Î����O�����r�C���NÌ#£0��³^���(�¢�
k
¡G�´¤vÎG�.�0�����

k
������¯,�����C���´¤>�

(n− 1)× (n− 1)
¨

<.�������!�Z�&���!�Ý¦^«��\�0�/�N�]�(���;Ú�±G�S¤��²�oÇ=�Ý�&���� =���X���
λ1 ≤ λ2 ≤ · · · ≤ λn

Ì#£0�
F
¡G�´¤

λ′
1 ≤

λ′
2 ≤ · · · ≤ λ′

n−1

Ì#£0�
H

λ1 ≤ λ′
1 ≤ λ2 ≤ λ′

2 ≤ · · · ≤ λn−1 ≤ λ′
n−1 ≤ λn.
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V :=
%4�

P
?Y)9%(13RT%(+@68��"G<&��E/[>),'*D9)

f ∈ q;��� (Cn, Cn) : x 7−→ Fx,

f ′ ∈ q;�P� (Cn, Cn) : x 7−→ PFPx.
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F := (αij) ∈ Cn×n ¯����^¯������G¯,���>¤!µX¡��8�P�¢���X�*«��\�0�&�l�&���������
Ò �(Ó3�r¯,� F
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Fk =
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%;��� Ò �4�ÝÓ\ =���9¤>���o�&�����>¤>�5¤��¢��¯��&�o�S�0���!�4¯,�r�Z�4�²���8���^¤>��� <y�������!�S�8���*�4�#���7�>�0�����>�r�����0�rªC¤��²�\¤��¢�
�4�(�&¥8�\£8�8���O�;Ç;�r¥>�gÌ#£0�

F
�8¡�¯*Ú�±G�4�²���.«

Ök�
�|�]����ß`en"g)9%(1&)\?*),+4B/?r'�"�6#¿r</1&M�%4),�*'*)5õ}"0'*�!%(¾ZL�-&1&+4%4A�-	D,<S)9%(1/),�`e5%@"GMP��1/"�+(�Z"0'!�*%(¾o%4?Y'T</1/6
LG-/1&+(%@A�-&)�õ7"G'*�!%(D9),1�68%4)�?Y)9+(BC),13:=%4M�)91>2®)9�Y'!)n-W"GBC),1^V&%@?Y'568%()�ew)O'!),�!�o%(1/"�1]'*)�),%41&)9�5?Y�P+4A�-/),1
õ7"G'*�!%Ý¾	6/"�?	�=�!�868<& ]';%(-/�*)9�T:a%(MP),1>2®)9�Y'!)�E
ìC< � %���ß

F
ñOî ð0é/ê ñ ð²á�ð � ä î � ãWð²á�
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"G+@?*��1/"�A�-S6&),�c[8"0'!Dw�gE )���"G<WA�-S"G+4+();:a%(MP),1>2®)9�Y'!);j��P1
(n− 1)× (n− 1)
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Fk =
68)O'

(αij)k,k
ñ ð²ãCä\é&ê ñ ð²á�ð ����� å 1 ≤ k ≤ n :HI%4��D,),%4M�)91^VG6&"�hn6&"�1&1Z"G+4+()

Fk
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F = Fn
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F
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Fk
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λ
(k)
1 ≤ · · · ≤ λ

(k)
k .

k = 1
ßz:a?o%@?r'

F1 = (α11)
�o%('

α11 =
68),'

F1 = λ1
1

HN)9M�),1 68)O'
F1 > 0

%@?r'Z"G+@?*�
λ1

1 > 0
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F1
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k =⇒ k +1
ß][>)9%

0 < λ
(k)
1

VP6´E -^E
Fk
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Fk
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68<&��A�-Q[>'*�!),%@A�-&),1Q68),�
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λ

(k+1)
1 ≤ λ

(k)
1 ≤ λ
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2 ≤ . . .
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λ

(k+1)
1
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Fk+1
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ew%()�ew)O'!),�!�k%41/"�1P'!),18��RT)968%41&MP<&1&MkBW)X?*"�MG';"GBC),�

0 <
68)O'

Fk+1 = λ
(k+1)
1 λ

(k+1)
2 · · ·λ(k+1)

k+1 ,

?*�>6/"Gh\2®)9M�)91
λ

(k+1)
i > 0 (i ≥ 2)
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λ

(k+1)
1 > 0
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Cn E
û �8Â9ü3ÄNÅ � � 〈·, ·〉 ¯����&¤]��¯.Î����G�´¤]�G�,¤]¨�Î>¥G�0�²�0�����O£&¤/¡G¥��&�8¡GÚ Cn ªP¤W« �y« 〈x, y〉 =

∑

i ξiηi.
�n�G�&�

�8���������.Ñ
Ò �(Ó3�r¯,� F = (ϕij) ∈ Cn×n ¯������G¯,���>¤!µX¡��8�P�¢���X�`¡G�´¤g��£G¯Y������ÌS¤8��Í&�&���rªC¯�£g�@¯,�

(x, y) := 〈x, Fy〉
���4��Î>¥G�G�@�G�����O£&¤/¡G¥��*«

Ò �4�(Ó7�r¯,� (·, ·) ���4�NÎ>¥G�0�²�0�����O£&¤/¡G¥��®�8¡�Ú Cn ª�¯�£��0�4��¤>�\�o���5¤>���7¥G�0�C£0�&�@¯O�r�C����Ç=�(�/�C������¯9Ì#��¥8¨��£#�O���
ei
¤��¢�	Ûv���X���

ϕij := (ei, ej) (i, j = 1, . . . , n)
«��\�0�&�3�@¯9�

F = ϕ(ij) ∈ Cn×n���4�C�w¯������G¯9���8¤!µX¡G�8�]�²���9���T��£G¯Y������ÌS¤>��Í&�&����� �}�&���!�Ý¦N¡G�´¤

(x, y) = 〈x, Fy〉 .
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F := (ϕij)
%4?Y'

F H := (ϕH
ij )

�o%('
ϕH

ij = ϕji = (ej , ei) = (ei, ej) = ϕij
E

u;+@?*�k%@?Y'
F = F H 6´E -^E/?*),+4B/?r'�"�6#¿r</1&M�%4),�*'9E

en"G�o%Ý';2�%4��6Sd¢_&�
x =

∑

i ξiei, y =
∑

j ηjej

〈x, Fy〉 =

〈

∑

i

ξiei,
∑

j

ηjFej

〉

=

〈

∑

i

ξiei,
∑

j,k

ηjϕkjek

〉

=
∑

i,j,k

ξiηjϕkj 〈ei, ek〉

=
∑

i,j

ξiηjϕij

=
∑

i,j

ξiηj(ei, ej)

= (
∑

i

ξiei,
∑

j

ηjej) = (x, y).
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Rn +@"G<8'!)O'
n
∑

i=1

αiiξ
2
i + 2 ·

n
∑

i,j=1
i<j

αijξiξj + 2 ·
n
∑

i=1

βiξi + γ = 0,
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αij , βi, γ ∈ R
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x′ = GHx
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x = Gx′ Een"G�o%Ý';2�%4��6 � ��E � �
�®D9<

0 = 〈Gx′, AGx′〉 + 2 〈Gx′, b〉 + γ

=
〈

x′, GHAGx′〉+ 2
〈

x′, GHb
〉

+ γ

= 〈x′, Lx′〉 + 2
〈

x′, GHb
〉

+ γ,

6´E -^E&�o%('
c := GHb :

0 = 〈x′, Lx′〉 + 2 〈x′, c〉 + γ.
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xy),�!� �k%('�68),17m�MP),�o%@?*A�-]'*)91Pp �=�!�>6&<& ]'*),1
ξiξj(i 6= j)

j�)9�!?!A�->2�<&1/68)913%4?Y'9E^u5+4?n1/LPA�-/?Y'*)9?
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x′ = x′′ − x0
D9<

BC)9?*),%('*%4M�),1.E/e5%4)9?`+4%4)Od¢),�*'

0 = 〈x′′ − x0, L(x′′ − x0)〉 + 2 〈x′′ − x0, c〉 + γ

= 〈x′′, Lx′′〉 − (〈x0, Lx′′〉 + 〈x′′, Lx0〉 − 2 〈x′′, c〉) + (〈x0, Lx0〉 + γ).
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L
?*t>�k�o),'*�!%4?!A�-	%@?Y'9V&%@?r' 〈x0, Lx′′〉 = 〈x′′, Lx0〉

<&1/6l2�%4��),�!-/"G+('*)91	�o%('

γ′ := 〈x0, Lx0〉 + γ

0 = 〈x′′, Lx′′〉 − 2 〈x′′, Lx0 − c〉 + γ′.
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Lx0− c = 0
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(k+, k−, k0) = (s, t, n − (s + t))
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λ1 E E E
λs

0 0

0

λs+1 E E E
λs+t

0

0 0 0
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2T��BC),%
λi > 0 (i = 1, ..., s)

V
λi < 0 (i = s + 1, ..., s + t)

</1/6N?!A�-&+4%()9h�+4%4A�-
n − (s + t):=%4M�)91]2T),�*'*)

= 0.en"G1&1  Pf�1&1&)91 2�%(�|D,2`"G��1/%4A�-]'g<&1>BC)968%41&M�'
Lx0 = c = 0
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〈x, Lx〉 + 2 〈x, c〉 + γ = 0
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en"GBC),%^%@?r'
L
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L =
68%@"GM

(λ1, . . . , λs, λs+1, . . . , λs+t, 0, . . . , 0)

<&1/6
λ1, . . . , λs

?Y%41/6K68%4)Z$W�]?Y%('*%4j�)91^V
λs+1, . . . , λs+t
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c = (0, . . . , 0, γs+t+1, . . . , γn)T .ew%() @n+()9%4A�-><&1&M � �gE �
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x = (ξ1, . . . , ξn)T : x̂ := (ξ1, . . . , ξn, 1)T </1/6
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0 γs+t+1 . . . γn γ

























(n+1)×(n+1)
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〈x̂, F x̂〉 = 0
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c = 0
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³^���C���9¡��	ª&�4� °C�0�4�²�
c 6= 0
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n = 2, 3
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n = 2
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 0"G1&1]'!),13i\),MP),+@?*A�-&1/%Ý'*'*)�E
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n = 2
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s = 2
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c = 0, λ1, λ2 > 0
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λ1ξ

2
1 + λ2ξ

2
2 + γ = 0

�868)9��1/"�A�-�õ3<&+('*%4$&+4%( 0"G'*%4��13�o%Ý'
α := − 1

γ

(
λ1

−γ
)ξ2

1 + (
λ2

−γ
)ξ2

2 = 1.

s�_&�
γ > 0

-W"0'�68%()X?n �),%41&)oJ^f]?Y<&1/M/VWd¢_&�
γ < 0

%@?r'�)9?\68%4) @n+()9%4A�-><&1&Ml),%41&)9� �`è²è ð é ñ,î �o%('
68)91Øq5"�+(B/"PA�-/?*),1

a1 :=
√

| γ
λ1
| V a2 :=

√

| γ
λ2
| Ezsy_/� λ1 = λ2
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�|å î ð ñ E

s = 1
V
t = 1

ß
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c = 0, λ1 > 0, λ2 < 0.
@n+4),%@A�-><&1&M � �gE �
�(�®+4"�<8'*),'9ß

|λ1|ξ2
1 − |λ2|ξ2

2 + γ = 0
</1/6�68%()X?`+(%4)Od¢)9�Y'�d¢_/�

γ 6= 0
"G1W"G+4��Mk��BC),1l),%41&) ���!é î å � î è E

s = 1
V
t = 0

ß
c = (0γ2

)
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γ2 6= 0.
e5%4)�i\<&�!j�)n-/"0'; P),%413ì�),1]'*�!<&��E

@n+4),%@A�-]</1&M � �gE �
�(��+@"G<&'*)O'Xß
λ1ξ

2
1 + 2γ2ξ2 + γ = 0
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��âGå*â�� î è E
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s = 0

V
t = 2
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n = 3

ß
s = 3

ß
λ1, λ2, λ3 > 0
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c = 0

Eyew%() @n+4),%@A�-]</1&M � �gE �
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λ1ξ
2
1 + λ2ξ

2
2 + λ3ξ

2
3 + γ = 0.s�_&�

γ > 0
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γ ≤ 0
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F =
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+

+
+

) � J.),),�!)�õ3),1/M�) �
µ1ξ

2
1 + µ2ξ

2
2 + µ3ξ

2
3 + 1 = 0

F =

(+
+

+
−

) � :=+4+4%($/?*��%@6��

µ1ξ
2
1 + µ2ξ

2
2 + µ3ξ

2
3 − 1 = 0

� � �

F =

(+
−

−
+

)

,

(+
+

−
−

) � :=%41/?!A�-/"G+4%4M�)9?`q5t]$C),�!BC��+4��%@6��

µ1ξ
2
1 + µ2ξ

2
2 − µ3ξ

2
3 − 1 = 0
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�

F =
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+

−
+

)

,
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−

−
−

) � ìC2T),%@?!A�-/"G+4%(MP)9?Tq;t>$C),�!BW�P+(�P%46��

µ1ξ
2
1 − µ2ξ

2
2 − µ3ξ

2
3 − 1 = 0

� � �

F =

(+
+

0 −
− 0

) � :=+4+4%($8'!%4?!A�-&)X? ��"G��"GBC��+4��%@6��

µ1ξ
2
1 + µ2ξ

2
2 = 2ξ3
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F =

(+
−

0 −
− 0

) � q5t]$C),�!BC��+4%4?!A�-&)9?	��"��!"�BW�P+(�P%46��

µ1ξ
2
1 − µ2ξ

2
2 = 2ξ3

� �
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F =

(

+
+

−
0

)

,

(

+
−

−
0

) � :=+4+4%($8'!%4?!A�-&)9�5e5�P$&$C),+4 �),MP),+��
µ1ξ

2
1 + µ2ξ

2
2 = µ3ξ

2
3

� � �

F =

(+
+

0
−

) � :=+4+4%($8'!%4?!A�-&)9�nìCt>+(%41/68)9� �
µ1ξ

2
1 + µ2ξ

2
2 = 1
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F =
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−

0
−

)

,
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−

0
+

) � q5t]$C),�!BC��+4%4?!A�-&),�5ìCt>+4%(1W68),� �
µ1ξ

2
1 − µ2ξ

2
2 = 1

� � �

F =

(+
0 −

0
− 0

) � ��"G��"GBC��+4%@?*A�-&)9��ì�t]+4%41/68),� �
µ1ξ

2
1 = 2ξ2
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Cn %@?r'��o%('�6&),� []'�"G1/6&"��!68�
[> 0"G+@"G�!$&�!�868<& ]' 〈·, ·〉 )9%(1l),</ ]+4%@68%4?!A�-&)9�;F;"G<&��V82T��BC),%

(x, y) 7→ 〈x, y〉 =

n
∑

i=1

xiyi

�o%Ý'
x = (x1, . . . , xn)T V y = (y1, . . . , yn)T E Rn %4?Y';�o%Ý'568)9��[]'�"G1/6/"G��6>��[8 #"�+4"��*$/�*�868<& ]'Xß

(x, y) 7→ 〈x, y〉 =

n
∑

i=1

xiyi,

2T�
x = (x1, . . . , xn)T V y = (y1, . . . , yn)T V&)9BW)918d�"G+4+@?;),%41�),<& >+4%46&%4?!A�-&),�wF;"G<&��E/F;)9A�-&1&)91[>%4)l?*),+4B/?Y'k68%4)�u�¾8%(�P�o)v1/"PA�-�>�ew%4)l"�</?|6&%()X?Y)9� [> 0"G+@"G�!$&�*�868</ P'|),1]'!?Y'*)9-&),1/6&)lb5���!� %@?Y'

M�)9�!"P68)
|x| = 〈x, x〉1/2

= (

n
∑

i=1

xixi)
1/2 = (

n
∑

i=1

|xi|2)1/2.

ew%()g[8A�->2`"G�!D9?!A�-&)w�51&M�+4),%@A�-><&1&Mo+@"G<8'!)O'9ß
| 〈x, y〉 | ≤ |x||y| V/6´E -^E |∑n

i=1 xiyi| ≤ (
∑n

i=1 |xi|2)1/2(
∑n

i=1 |yi|2)1/2.
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C[a, b]

%4?Y'768),��F;"G</�lV�68)9�3"G<8dg)9%(1/),�
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[a, b]
?r'!)O'!%(MP),17 P���o$&+4)O¾82®)9�Y'!%(MP),13s&</1& ]'*%4��1&)91^E

p ∈ C[a, b]
1&),-/�k)k1><&�

�!),),+4+4)n$C�P?*%('*%4j�)\HN)9�Y'!)�"G1^E&en"G1/1l%@?Y'�d¢_&�
f, g ∈ C[a, b]

〈f, g〉 :=

∫ a

b

p(t)f(t)g(t)dt

),%417[> 0"G+@"G�!$&�!�>6&<& ]'`"�<8d
C[a, b]

E
Ök�
�|�]����ß
�PE 〈f, f〉 =

∫ b

a
p(t)|f(t)|2dt > 0

</1/6
= 0 ⇐⇒ ∀tf(t) = 0

VW6´E -.E
f = 0

E
�&E

〈f, αg + βh〉 =

∫ b

a

p(t)f(t)(αg(t) + βh(t))dt

= α

∫ b

a

p(t)f(t)g(t)dt + β

∫ b

a

p(t)f(t)h(t)dt

= α 〈f, g〉 + β 〈f, h〉 .

�/E

(g, f) =

∫ b

a

p(t)g(t)f(t)dt

= (

∫ b

a

p(t)g(t)f(t)dt)

= (

∫ b

a

p(t)g(t)f(t)dt)

= (

∫ b

a

p(t)f(t)g(t)dt)

= 〈f, g〉,
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p(t)

�!),)9+(+�V&6´E -^E
p(t) = p(t)

E
�
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C[a, b]
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|f | :=

(

∫ b

a

p(t)f(t)f(t)dt

)1/2

=

(

∫ b

a

p(t)|f(t)|2dt

)1/2

<&1/6�68%4)g[8A�->2`"G�!D9?!A�-&)w�51&M�+4),%@A�-><&1&M

|
∫ b

a

p(t)f(t)g(t)dt)| ≤ (

∫ b

a

p(t)|f(t)|2dt)1/2(

∫ b

a

p(t)|g(t)|2dt)1/2.
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p(t) = 1

),%41&)	D,<&+@L�?!?Y%4M�)km8@n),2�%@A�-P'�?rd¢</1& ]'*%4��1Pp,Eyew%()X?Y)X?|[> 0"�+4"��*$&�!�G�
68<& ]'S"G<&d

C[a, b]
B&D,2�E�"�<8dn68)9� M��!f�hP),�!),1�F;"�<&�

L2[a, b]
Vz6&),�S"G<&d

[a, b]
�P<W"�68��"0'!%4?!A�-

%41P'!),MP�*%4),�!B/"G�!),1�s/<&1& ]'*%4��1/),1^V�2�%4�!6Ø��-&1&)91Øj�)9�*�|<8'*+4%@A�-Ø%4� J."G<&d¢)l��-/�*)X?k[]'!</68%4<&�Z?o1&�8A�-
fGd²'!),��BC),MP),M�1/),1^E

en"�?T%(1�R`���\"G1&MP),MP),BC),1&)\[> 0"G+@"G�!$&�*�868</ P'T%4?Y'� �)9%(1&)X?Y2T),M]?a6&"P?T),%41&D,%4M�)\"G<8d
Cn E&F�)9A�-&�1&)913[8%()�?*),+4B/?Y'`1W"�A�-^ß8�r?Y'

P =







p1 E E E
pn







),%41&)�ew%4"�M���1W"G+4�o"G'*�!%Ý¾Z�o%('`�!),)9+(+4),1	$W�]?Y%('*%4j�)91lew%@"GM��P1/"G+4),+4),�o)91P'!),1^V>?*�|%@?r'��o%('�6&),� []'�"G18�
6&"��!6&?* 0"G+@"G�!$&�!�>6&<& ]' 〈·, ·〉 "G<WA�- 〈x, y〉P := 〈x, Py〉 )9%(1�[> 0"G+@"G�!$&�!�868<& ]'9E´HK"�?�%@?Y'9V^2T),1&1[>%4)n¹ %(��s/"�+(+4)

n = 2
¹ ?Y),'*D,)91

P = ( 2 1
1 2 ) �

HN)9%Ý'!),��B&%@? � 〉 E
〉 �

ÖkÄlý�'�:a?\?Y)9%()91
A, B ∈ Rn×n E A -W"GBC)k68%4)S[>$/"�+Ý'!),1

a1, . . . , an
VCd¢)9�*1&)9�

B
68%4)SìC),%4+()91

bT
1

V®E9E,E,V
bT
n

E�en"G1&1Ø%4?Y'k6&"P?�:=+4),�o)91P'
cij

j��P1
C := BA

j��P1�68),�ks&�P�*�
cij = (bi, aj)�

i, j = 1, . . . , n
��E^�r?Y'�1><&1

A
%(1>jP),�*'*%4),�!B/"G�XV

B := A−1 V.?*��%4?Y' BA = I
V.6´E -^E

cij = δij� i\�!��1/)9A� �)9� �OE�ew"��k%('vB&%4+@68),1»"�BW)9�Zd¢_&�v%41>j�)9�Y'!%()9�*B/"��*)X?
A
68%()Q[>$/"G+('*)91Ij��P1

A
<&1W6I68%()

ìC)9%(+4),1Qj��P1
A−1 ),%41QRT%4���*'*-&�P1&���!�Z"G+@?Yt8?Y'*)9�lEWHQ"P?nd¢��+4MG'\d¢_&��68%4)vìC),%4+4),1Qj���1 A

<&1/6K68%4)
[>$/"�+Ý'!),1�j��P1

A−1 �
b;</1l)9%(1l$/"P"G�;RT),%@?Y$/%()9+()\D,</� RT),MP�*%(U}68),� �w�*'*-/��M��P1/"G+4%('!L0'Xß

ÖkÄ �3' b;)9-&�o),1I2�%4�	68)91
Cn �o%Ý'�68),� []'!"�1/6&"��!6>�r[> 0"G+@"G�!$&�!�868<& ]'9Eaen"G1/1IB&%(+@68)91¼68%4)

 0"G1&�P1&%@?*A�-&)91	:a%(1&-/),%('!?*j�), ]'!���!),1
(e1, . . . , en)

),%41&) �w�*'*-&�P1&���!�Z"G+4B/"�?*%4?9E�:®?�%4?Y'�¿Y"

ei = (0, . . . , 0, 1, 0, . . . , 0)T = (δi1, δi2, . . . , δii, . . . , δin)T

�
δik

�Èi\�*�P1&)9A� P),�*��[>t>�|BW�P+��OE]en"G�o%(';%4?Y'

〈ei, ej〉 =

n
∑

k=1

δikδjk = δij .

� F;)9A�-&1&)917[>%()nd¢_&�
n = 3

6&%()X?`1&�G'*d�"G+4+4?�),¾8$&+(%4D,%('?> �
[>%4)�B&%4+468)91v"G+@?*�n)9%(1(�w�*'*-/��M��P1/"G+@?*t>?Y'*)9��VX</1/6Z6&"�?*%()�_/BW)9�!68%4)9?a),%41&);R`"�?*%4?=B&%(+@68)91^VP"�+4?*�

),%41&) �nbwRwE8:a%(1�)O'r2`"�?`</1&M�)92®�P-&1]'*),�!)9? �w�*'*-&�PM���1W"G+@?Yt8?Y'*),� )9�*-/"�+Ý'!),1l2�%(�;"�</?�R`���&ß
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ÖkÄ #�' b5"PA�-QR`���l%@?Y'
C[0, 2π]

�k%(' 〈f, g〉 =
∫ 2π

0
f(t)g(t)dt

),%41 ),<& >+4%468%@?!A�-&),��F;"�<&��E
HI%4��<&1]'*),��?*</A�-&),1|68%()�s/<&1& ]'*%4��1&)91

fk(t) := 1√
2π

eikt
�
i
� %(�Z"�M�%41/LG�!)a:=%41&-&)9%Ý' �yd¢_&�

k ∈ Z
E

en"G1&1�%@?r';2T),MP),1
eikt = e−ikt ß

〈fj , fk〉 =
1

2π

∫ 2π

0

e−ijteiktdt =
1

2π

∫ 2π

0

ei(k−j)tdt =
1

2π

{

2π j = k

0 j 6= k
=

{

1 j = k

0 j 6= k

ew%()X?Y)�s/<&1& ]'*%4��1&)91�B&%(+@68)91�"�+4?*�k),%41 �w�*'*-/��1&�P�*�Z"G+@?*t>?Y'*)9� %(1
C[0, 2π]

E
en"�? �w�Y'!-&��MP��1/"�+(%@?*%()9�*<&1/MP?*j�),�*d�"G-/�*)91njP��1 712 4��+���´'�·W1/68),1S[>%4)`%(� d¢��+4M�)91/68),1kRT),%@?Y$&%4),+

"G<&d¢M�)Od¢_/-&�Y'Xß
ÖkÄ ,�'�HI%(��1/),-&�o),1368)91

R4 �k%('568)9��[]'�"G1/6&"��!68��[> 0"�+4"��*$&�!�868<& ]'9ß]HI%4�5?Y),'*D9),1

u1 =









1
1
1
1









, u2 =









3
3
1
1









, u3 =









5
3
3
1









, u4 =









8
4
2
2









en"G1&1�%@?r'
y1 := u1

V |y1| =
√

4 = 2
V
x1 =

(

0,5
0,5
0,5
0,5

)

= 1
|y1|y1

E

y2 := u2 −
1
∑

i=1

〈xi, u2〉xi = u2 − 〈x1, u2〉x1 =









3
3
1
1









− 4









0, 5
0, 5
0, 5
0, 5









=









1
1

−1
−1









q;%4),��%@?Y' |y2| = 2
<&1W6l?*���o%('

x2 :=
1

y2
y2 =









0, 5
0, 5

−0, 5
−0, 5









en"G�o%Ý';%@?Y'

y3 := u3−〈x1, u3〉x1−〈x2, u3〉x2 =









5
3
3
1









−6









0, 5
0, 5
0, 5
0, 5









−2









0, 5
0, 5

−0, 5
−0, 5









=









+1
−1
+1
−1









ew<&�!A�-�b;�P�*�o%4),�!),1	d¢��+4MG'�2�%4)968)9�

x3 :=









0, 5
−0, 5

0, 5
−0, 5









ew),1Ø+4)O'!DO'!),1Ø��)9 ]'*���
x4

?*��+4+Ý'!),1 [8%()�?Y)9+(BW?r'oBW)X?r'!%(�o�o),1.E�HI%4�o-/"GBC),1 "G+@?Y�3¹ B/D,2�E=[>%4)
2T),��68),1v¹ ),�!-/"G+('*)91

x1 =









0, 5
0, 5
0, 5
0, 5









, x2 =









0, 5
0, 5

−0, 5
−0, 5









, x3 =









0, 5
−0, 5

0, 5
−0, 5









, x4 =









0, 5
−0, 5
−0, 5

0, 5









.
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�=�!_8d¢),17[>%4)�1><&13?Y)9+(BW?r'�1&�8A�-�68%()��!)9?Y'*+4%@A�-&),1�u;</?!?!"GM�)91vjP��13[8"0'!D���E �&E
ew%()X?Y)X? �w�*'*-/��M��P1/"G+4%@?Y%4),�!<&1&M]?YjP),�*d�"G-&�!),1|%4?Y'�1/"0'!_&�*+4%@A�-v1&%@A�-]'�"�<8dy68)91

Rn �868),� Cn BC)O�?!A�-&�!L�1& ]'9E^��� j��P�*%4M�)91NRT),%@?*$&%()9+a-/"�BW)91�?Y%4)Z),%41 �nbw[Q%41
C[0, 2π]

M�)X?Y)9-&),1^Eye5)91& �)91Ø[>%()
�Z"G+´_&BC),�;d¢��+4M�),1W68)�u;<8d¢M]"GBC)�1/"�A�-�>

HI%4�=BW),'*��"�A�-]'*)91
C[0, 1]

�o%('®68)9� [> 0"G+@"G�!$&�!�868<& ]' 〈f, g〉 =
∫ 1

0
f(t)g(t)dt

E]ew"��*%41Z?Y%41/6
68<&��A�-

fk(t) := tk (k = 0, 1, . . . )
+4%(1&)X"G�;</1/"GB&-WLG1&MP%(MP)n:a+()9�k)91]'*)�MP),M�)9BW)91^V/68%4)�2�%4�5"G+@?Y�

1/"PA�-�[8"G'*D���E �o���*'*-/��1&�P�*�o%4),�!),1S Pf�1&1&)91^E
HK"�?`%@?r'56&"Gd¢_&��D,<l'!<&1 �s�_&�;68%4)�RT)9?Y'*%4�k�|<&1&MZ68)X?	�=�*�#¾8%4�g<&�Z?`MP%(B8';)X?`),%41&%4M�)\2�%4A�-]'!%(MP)\u51>2®)91/68<&1&MP),1^ß

ÖkÄ � '����
R2 ?Y)9%()91k��)9 ]'*���!),1 x0, x1

MP),MP),BC),1^V
x1 6= 0

EPen"G1&1ZBC)9?!A�-&�!),%4BW)91o6&%() �a<&1& ]'*)
j��P1

G = {x0 + tx1 t ∈ R} )9%(1/) @n)9�!"P68)Z68<&��A�-Q6&),1 �=<&1& ]'
x0
E.����1Q),%41&),��2®)9%Ý'!),�!),1

�=<&1/ P'
y ∈ R2 2®�P+(+4),1 2�%(�S6&),1º >+()9%(1/?Y'*)91º),<& >+4%468%@?!A�-&),1Iu;BW?r'�"G1/6 D,< G

2�%4?!?*),1^Va6^E -^E
M�)X?Y<WA�-P'�%@?r'

δ :=
%(18d {|y − x| x ∈ G} =

%418d {|(y − x0) − tx1| t ∈ R}
ìC<lBW)X?r'!%(�o�o),1�%@?r';"�+4?*�k6/"�? �=�!�#¾>%4�g</�

t0x1 ∈ V :=
?*$/"�1

(x1)
D9<

y − x0.
ew"�D,<l���*'*-&���

M��P1/"G+4%@?Y%4),�!),1Z2�%4�
(x1, y − x0)

1/"�A�-v:;E1712 4��+������E>ew%4)9?T+(%4)Od¢)9�Y'�6&"P? �w�*'*-/��1&�P�*�Z"G+@?*t>?Y'*)9�

x′
1 :=

1

|x1|
· x1,

x2 := y − x0 − 〈x′
1, y − x0〉x′

1,

x′
2 :=

1

|x2|
· x2.

en"G�o%Ý';%@?Y'56&"G1&1
y − x0 = 〈x′

1, y − x0〉 · x′
1 + x2 = 〈x′

i, y − x0〉x′
1 + |x2| · x′

2.

b5"PA�-l6&),�øRT),2T),%@?`j��P1�[&"0'*D\<&1W6lew)O·W1&%Ý'!%(�P17��E4� �|%@?r';6&"��k%('
〈x′

1, y − x0〉 x′
1

6&"P? �=�!�#¾>%4�g</� <&1/6 |x2| = δ
E]õ7"G1ZBC)9"PA�-]'*)�VP6&"Gh

x′
2

MP"���1&%@A�-P'®)O¾8$&+4%(D9%Ý'=MP),B&��"G</A�-]'�2�%4�!6´E
[]'!),+4+()91}[>%()|"G1/"�+(�PM�)�s&�P�*�o),+41ld¢_&�w6&),17u;BW?r'�"G1/63)9%(1/)9? �=</1& ]'*)9?wj��P1�),%41&),�;:aBW)91&)g%41

R3 "G<&drEHQ),%('*),�!)\2�%4A�-]'!%(MP)\RT)9%4?*$&%4),+4)w·W1/68)O';�Z"�1l%41�68),�5u5$&$&�!�#¾8%(�Z"0'!%(�P1/?Y'*-&)9���!%()Pß
��1I),%41&)9�É-&�P�o��M�)91&),1º)9+()9 P'!�*%@?!A�-&),1Is&)9+46 E = (ε1, ε2, ε3)

T MP%(+('Sd¢_&�l68%()ND,2�%@?*A�-/),1
D,2T),%®<&� ),%41&),1 ��)9 P'!���

s = (σ1, σ2, σ3)
T "G</?*),%41/"G1W68),�!+(%4),MP),1/6&),1 �=<&1& ]'*)91�M�)9�o)9?!?Y)91&)

[>$/"�1&1><&1&M
U
ß

〈E , s〉 = U
6´E -.E

ε1σ1 + ε2σ2 + ε3σ3 = U.õ3)X?*?*),1�2�%4�;1><&1ld¢_&�w68�!),%.<&1/"GB/-/LG1&MP%(MP)�F�%4A�-]'!<&1&M�)91
s1, s2, s3

68%4)`¿r),2T),%4+(%4M�)913[8$/"G18�
1><&1&MP),1

U1, U2, U3
V/?*�|+@LGh�'�?*%@A�-�6/"�?�s&)9+46^V/6´E -^E

ε1, ε2, ε3
"G</?�6&),� @n+4),%@A�-><&1&M]?*?*t8?r'!),�

ε1σi1 + ε2σi2 + ε3σi3 = Ui (i = 1, 2, 3)

BC),�!)9A�-&1&)91^E>ew"|BW)9%(�cõ7)9?!?Y)91vs&)9-&+()9��"G<8d²'!�*),'*),1.V]2�%4��6Z�Z"G1v2T),%('*)9�*)wõ3)9?!?Y</1&M�)91v"G</?Yd¢_&-8�
�!),1^E&ew%()X?�M�%4B8';2T),%('*)9�*)�@n+()9%4A�-><&1/M�),1�68%4)9?*),�;u5�Y'XV/6´E -^E/6&"P?�s&),+@6lM�)91]_/MG'�),%41&),� [>t8?r'!),�

ε1σi1 + ε2σi2 + ε3σi3 = Ui (i = 1, 2, . . . , m).

HI%4�k-W"GBC),1 "�+4?*�
m > 3

@n+()9%4A�-><&1&MP),1 d¢_/�o6&�*)9%T�51]BC), 0"�1&1]'*)�E�x`-&)9���!)O'!%4?!A�-Ø?*��+4+Ý'!)	68%4)9?
[>t8?Y'*),�ø),%41/68),<&'*%4MZ+(f]?YB/"��T?*),%41^V&68</�!A�-�68%4)n)9%(1/M�)O'!�*),'*)91&),1�õ3),h�d¢),-&+4),��2�%4��6v%41l6&),� �=��"0¾8%@?
68%4)9?*)9?S[>t8?Y'*)9�  �)9%(1&)3J.fP?*<&1&MQBW)X?Y%('*D9),1^Eaõ}"G1 -&%(+(d²'	?*%4A�- %41/68),� �o"�1 ?!"GM�'9ß=RT)9?Y'*%4�o�o)



R`�����

ε1, ε2, ε3
?*�/V.6/"Gh/V.2®)91&1�?*A�-/��1

ε1σi1 + ε2σi2 + ε3σi3 − Ui = 0
1&%4A�-]'g�ofPM�+4%4A�-K%@?r'XVy?*�

68%4)9?*)�u;</?!68�!_/A� �)�68�8A�-l�kfPM�+4%4A�-W?r'� >+()9%(1l2T),��68),1^E
ew%()X?g)9�*MP%(B8'o68%4)�[>%('*<W"0'*%4��1 j��P1 �=�*�PB&+4),� ��E �(�7�o%Ý'

A := (σij), b := (Ui), x :=
(ε1, ε2, ε3)

T .
RT)O'*��"�A�-]'!),1l2�%(�;6&"�D,<	d¢��+4M�)91/68)9?�RT)9%4?*$&%4),+�ß

A :=









1 1 1
1 −1 1
1 1 −1
1 −1 −1









, b :=









3, 1
0, 9
0, 9

−0, 9









.

õ7"�1	_&BC),�!D,)9<&MG'5?*%@A�-	�o%('�@\"G<&h���:=+4%4�k%41/"G'*%4��1�?Y��d¢���*'9V&6&"�h
ax = b

1&%@A�-]'�+(f]?YB/"��`%4?Y'9E
[]'�"0'Y'�68)9?!?*),1lBW),'*��"�A�-]'*)91	2�%4�

AHAx = AHb.

:a?�%@?Y'

AHA =





1 1 1 1
1 −1 1 −1
1 1 −1 −1



·









1 1 1
1 −1 1
1 1 −1
1 −1 −1









=





4 0 0
0 4 0
0 0 4



 , AHb =





4
4
4



 .

[>�P�k%(';%@?r'
x0 = (1, 1, 1)T 68%4)�J^fP?*<&1&Mkj��P1

AHAx = AHb
E

�;1W?Y)9�*)�õ3)9hGd¢),-/+()9��),�!M�),BC),1l?Y%@A�-3"G</?

|Ax0 − b| = |









3
1
1

−1









−









3, 1
0, 9
0, 9

−0, 9









| = |









−0, 1
0, 1
0, 1

−0, 1









| = 0, 2.

HN)9%Ý'!),��B&%@? � 〉 E
〉 �

RT),%@?Y$/%()9+()od¢_&�|1&���!�Z"G+4)Sq;�P�k�P�o���!$&-&%@?Y�o),1Q),�!-/"�+Ý'!),1Ø[>%4)v"G<W?�õ7"0'!�*%4D,)91
F
Vy68%4)S�o%Ý'

%4-&�*)9�;"�6#¿r</1&M�%4),�*'*)91
F H j�)9�Y'�"G</?!A�->B/"G�`?Y%41/6´ß

FF H = F HF
EW:=%413%(1]'*)9�*)X?*?!"G1]'!)9?`RT),%@?Y$&%4),+

%@?r'
ÖkÄ ��'���1

C[0, 2π]
BC)O'*��"�A�-]'!),1 2�%4�|68)91Øx.)9%(+4��"G<&�

U
"G+4+()9�|s&</1& ]'*%4��1&)91

f
Vy68%4)vBC),+4%4)O�

B&%4M	��d²'�68%ÝU�),�!),1/D,%4),�!B/"G��?*%(1/6N<&1/6}d¢_&��68)9�*)91Q?!LG�g'*+4%4A�-&)ou;B/+()9%Ý'!<&1&M�)91N)9%(1W?*A�-&+4%4),h�+4%@A�-}68),�
s&</1& ]'*%4��17?*),+4B/?r'wM�%4+Ý'

f (n)(0) = f (n)(2π) (n = 0, 1, . . . )
E/:='r2T"S6&%()gs/<&1& ]'*%4��1/),17?*%(1

kx
V

AO�]?
kx

M�)9-&f��!),1	D,<
U
E8HI%4�;j�)9�!?*),-/),1

U
�o%Ý'n68),� [8 #"�+4"��*$/�*�868<& ]'

〈f, g〉 =

∫ 2π

0

f(t)g(t)dt

<&1/6l<&1]'!),��?Y</A�-/),1�68),1�:=1/6&���o���!$&-&%@?Y�|</?

D̂ : f(t) 7→ df

dt
(t).

ew%()X?�%4?Y'�),%41�1&���!�Z"G+4),�`:=1/68�P�o���!$&-&%@?Y�|</?,E&ew<&��A�-	$W"G�*'*%4),+4+()\��1]'*)9M���"0'*%4��1vd¢��+4MG';1/L��o+(%@A�-
〈

D̂(f), g
〉

=

∫ 2π

0

f ′(t)g(t)dt = f(2π)g(2π)−f(0)g(0)−
∫ 2π

0

f(t)g′(t)dt = −
〈

f, D̂(g)
〉

,
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6&"�68)9��"G</?*%(1]'!),M��!%4),�*'*)|RT)X?r'�"G1/6>'!),%4+�1/"�A�-Q������"G<W?*?*)O'!D,<&1&Ml_&BC),��68)91QF5"G<&�
U
2T),M�d�LG+4+Ý'XE

en"G�o%Ý';%@?Y'
D̂H = −D̂

<&1W6l?*���o%('

D̂D̂H = D̂(−D̂) = −D̂D̂ = D̂HD̂.

b;</1	%@?r'��o%('
D̂
"G</A�-g¿r)968)X?	�z��+4t]1/���Ü%41

D̂
�k%('� ��P�k$/+(),¾>)91	iw�>)
�ZD,%4),1]'*)91S1&�P�*�Z"G+�E8e5%4)9?

+4%(),d¢),�*';<&1/?`-&%4),�;BC),%@?*$&%()9+4?*2T),%@?Y)

L := −D̂2 + αD̂ + β
%46

U

%@?r';1&�P�*�Z"�+
(α, β ∈ C)

</1/6
L
BC),2�%4�* ]'`d¢_&�

f ∈ U
ß

L(f) = −f ′′ + αf ′ + βf.

en"�?5u51>2®)91/68),13)9%(1/)9?;</1&%Ý'�LG�!),13�868)9�;���*'*-&�PM��P1/"G+4),1l:=1/68�P�o���!$&-&%@?Y�|</?5L�1/68),�*'n[> 0"G�
+@"G�!$&�*�868</ P'!);1&%@A�-]'9E8ew"|HI%41& �)9+C</1/6vJyLG1&MP),1S-&%4),�!_&BC),�`68)O·W1&%()9�Y'�?*%(1/6^V]?*%(1W6v68%4)9?*)nu5B&B&%4+Ý�
68<&1/M�),1Q"G+@?Y�Qè��Gã]ô î ãWá�å î ëS<&1W6 ��ð²ã8ç î è á�å î ë8E^[>%4)Z?Y%41/6N"G+@?Y�l��),��"G+4+(MP),�o),%41&)9�*<&1/M�),1N68),��"G<W?
ew�*)9-]</1&M�)91�<&1/6k[>$&%4),M�)9+(</1&M�)91g"G<8d¢MP),B/"�<8'*)91gu;B/B&%(+@68<&1/M�),1.V#6&%()®2�%(�z?*A�-/��1�%4� �����! 0"G$&%('*)9+
?Y'*</68%4),�*';-/"G'Y'*)91^E

ÖkÄ Æ � ' :=%41vRT),%@?Y$/%()9+/d¢_&�T),%41&)n?Y�P+4A�-&);u5B&B&%4+46&<&1&Mk%(�
C4 2�%4��6Z)O'r2`"�68<&��A�-v68%4)wõ7"G'*�!%Ý¾

F =
1

2









0 0 1 + i 1 − i
0 0 1 − i 1 + i

1 + i 1 − i 0 0
1 − i 1 + i 0 0









M�)9M�)9BW)91^E �=�!_8d¢)91l[>%4);d¢_&�
f : x 7→ Fx

68%4)5)9%(1/D,),+41&)91vRT)968%41&M�</1&M�)91Sj��P1v[8"0'!D5��E � �g1/"�A�-^E
ew%()�:=%4M�)91>2®)9�Y'!)njP��1

F
?*%(1W6

+1,−1, +i,−i
<&1W6l6&%()\��), ]'!���!),1

x1 =
1

2









1
1
1
1









, x2 =
1

2









1
1

−1
−1









, x3 =
1

2









1
−1

1
−1









, x4 =
1

2









−1
1
1

−1









?*%(1/6�68%4)\D,<&MP),-&fP�*%4M�)91v:=%4M�)91>j�), ]'!���!),1^E8xy�!"�1/?rd¢�P�*�o%4),�!),1�[>%()
F
"G<8d�ew%4"�M���1W"G+(d¢���!�lE

ÖkÄ}ÆCÆ5' [>)9%
U
2�%()X68),�;68)9��%(1�R`� �kBC)9?!A�-&�*%4),BC),1/)\F5"G<&�ø6&),��BC),+4%()9B&%(Mo��d²'568%ÝU�),�!),1/D,%4),�*�

B/"��*)91�s/<&1& ]'*%4��1/),13�o%Ý'5m�$C),�!%4�>6&%4?!A�-&),13F;"�1/68BC)968%41&MP<&1&M�)91Ppg�k%('n6&),��%(17R`� �o1/�G'*%4),�*'*)91
[> 0"G+@"G�!$&�!�868<& ]'9E>HI%4�;BW),'*��"�A�-]'*)91vd¢_/��),%41&)�BW)9+(%4),B/%(MP)|ì�"G-&+

α
68%()�u5B&B&%4+468</1&M

T : U → U, f(t) 7→ eiαtf(t).

¹ _&BC),�!D,),</M�),1}[8%()o?Y%@A�-^V�6&"Ghv'!"G'!?!L�A�-&+4%4A�-�d¢_/�
f ∈ U

"�</A�-
T (f) ∈ U

%@?Y'?>/¹ ew%4)9?*)9?
T%@?r';<&1/%Ý'�LG�



68),1&1�2�%4��-/"GBC),1ld¢_&�

f, g ∈ U
ß

〈T (f), T (g)〉 =

∫ 2π

0

(eiαtf(t)) · (eiαtg(t))dt =

∫ 2π

0

e−iαtf(t)eiαtg(t)dt

=

∫ 2π

0

f(t)g(t)dt = 〈f, g〉

2T���o%Ý';68%4)�RT)968%41&MP<&1&MS[8"0'!D���E � � � j �TM�),D9),%4MG'`%4?Y'9E
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ÖkÄ}Æ&ö�' ��)9�Y'�"G</?!A�-&),1�2�%4�;%41768),�5õ}"0'*�!%(¾
F
"G</?�R`�g���Z68%4)�),��?Y'*),1�BC),%@68),1}[8$/"G+('*)91^VW?*�

),�!-/"�+Ý'!),1l2�%(�;68%4)�õ7"G'*�!%Ý¾

G :=
1

2
·









0 0 1 + i 1 − i
0 0 1 − i 1 + i

1 − i 1 + i 0 0
1 + i 1 − i 0 0









,

d¢_&�o68%4)
GH = G

%@?r'XV�6´E -^E
G
%@?r'o-&),�!�o%Ý'!)9?!A�- �868),�o?Y)9+(BW?r'�"�6#¿r<&1/M�%4),�*'9Eyew%4)	:=%4M�)91>2®)9�Y'!)

?*%(1/6
λ1 = λ2 = 1, λ3 = λ4 = −1

�o%(';:=%4M�),1>jP), ]'*�P�*)91

x1 =
1

2









1
1
1
1









, x2 =
1

2









i
−i
1

−1









, x3 =
1

2









1
1

−1
−1









, x4 =
1

2









1
−1

i
−i









,

68%4)�),%41 �w�*'*-/��1&�P�*�Z"G+@?*t>?Y'*)9�ÜB&%4+468)91^E
ÖkÄ}Æ8ý�' ��1

C[0, 1]
�o%('n68)9� [> 0"G+@"G�!$&�*�868</ P' 〈f, g〉 =

∫ 1

0
f(t)g(t)dt

%@?r'\68),�;m�õ7<&+Ý'!%($/+(%(�
 0"0'!%(�P1/?Y�P$W)9�!"G'*�P��p

ϕ : f(t) 7→ tf(t)?*),+4B/?r'�"�6#¿r</1&M�%4),�*'9V&68)91&1

〈ϕ(f), g〉 =

∫ 1

0

tf(t)g(t)dt =

∫ 1

0

f(t)tg(t)dt = 〈f, ϕ(g)〉 .

ew%()X?Y)9�Tq5���o���o���!$&-&%@?*�g</?�-W"0'�ç î ð²ã î ãl:a%(MP),1>2®)9�Y'a�z?*��)O'r2`"�?a ��P�k�g'a1><&�T%(� ∞ ��68%4�o),18�?*%(�P1/"G+4),1lj��P�9E
ÖkÄ}Æ*��' ��)9�*%(·/D,%4),�!),1¸[>%()PV�6&"Gh �k%('368),� ew%ÝU�),�!),1]'!%4"�+(�P$W)9�!"G'*���

D̂
"G<W?	R`� � D,2`"G�

D̂?*),+4B/?r'�1><&�;1/���!�o"�+�<&1/6l1&%@A�-P'5?*),+4B/?Y'!"P6#¿r<&1&MP%()9�Y'�%@?r'XV82TL�-&�*)91/6l68),� �w$C),��"0'!���

D := iD̂ : f 7→ i
df

dt?*),+4B/?r'�"�6#¿r</1&M�%4),�*';%4?Y'9E´ìC),%4M�)917[>%()PVW6&"�h\¿r)968)X?
k ∈ Z

),%413:=%(MP),1>2T),�*';%4?Y'5�o%Ý'n:=%4M�),1>jP), ]'*�P�
fk : fk(t) = eikt E
ÖkÄ}Æ #�' [8A�-/+(%4),hP+(%@A�-Z?Y)9%/1&�8A�-Z),%41SRT),%@?Y$/%()9+8d¢_&�®6&%();�!),)9+(+4);b;�P�*�Z"�+Ýd¢�P�*� 68<&��A�-&M�)9�*)XA�-&1&)O'Xß

[>)9%´�k%(';�!),),+4+4),1
α
V
β

F :=
1

2









α 1 − β −α 1 + β
1 + β α 1 − β −α
−α 1 + β α 1 − β

1 − β −α 1 + β α









RT)O'!�!"PA�-P'!),1K2�%4�k68%4)9?|"G+@?|u5B&B&%4+46&<&1&M}%41
C4 V�?*�7),�!-/"�+Ý'!),1 2�%4�|"G+@?�:a%(MP),1>2®)9�Y'!) λ1 = 1

V
λ2 = −1

V
λ3 = α − iβ

V
λ4 = α + iβ

�k%('568)91lD9<&M�)9-&f��!%4M�),1	:=%4M�),1>jP), ]'*�P�*)91

u1 =









1
1
1
1









, u2 =









1
−1

1
−1









, u3 =









1 − i
1 + i

−1 + i
−1 − i









, u4 =









1 + i
1 − i

−1− i
−1 + i









b5"PA�-}68)9� RT)92®)9%4?wj��P17e5),·/1&%('*%4��1}</1/6N[8"G'*Dk��E � �Z-/"�BW)91}2�%4�51><&1^V�<&� D9<N68)9�|å î�î è²è î ã
b;�P�*�Z"�+Ýd¢�P�*�ÜD9<l P���o�o),1^V&6&%()���)9 P'!���!),1

x1 := u1, x2 := u2, x3 :=
1

2
(u3 + u4), x4 :=

1

2i
(u3 − u4)
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D,<�B&%4+@68),1^VW6´E -.E

x1 =









1
1
1
1









, x2 =









1
−1

1
−1









, x3 =









1
1

−1
−1









, x4 =









−1
1
1

−1









,

68%4)}%41¼68)9�	x�"0'	)9%(1 �w�*'*-/��M��P1/"G+@?*t>?Y'*)9� B&%4+@68),1º¹ 68%4)Nb;�P�*�o%4),�!<&1&M�%@?Y'v2®)9M�MP),+@"�?!?Y)91^E
�=�!_8d¢),17[>%4)�1/"PA�-^V&6&"GhoMP%(+('9ß

Fx1 = x1, Fx2 = x2, Fx3 = αx3 + βx4, Fx4 = −βx3 + αx4,

6´E -^E
F
-/"0'�BC),D9_&M�+4%4A�-�68%4)9?*),�;R`"�?*%@?�68%()�en"G��?Y'*),+4+4<&1&M

F̃ :=









1
−1

α −β
β α









.

��� sW"G+4+()
α2+β2 = 1

 Pf�1&1/),1Z[>%()�68%4)9?zMP),�P�k),'*�!%4?!A�-g_/BW)9�=e5�!),-><&1&MP),1|<&1/6Z[>$&%4),MP),+4<&1&M�)91
%41P'!),�!$&�!)O'*%4),�!),1.E&x.<&13[>%4)�6&"�??>

HN)9%Ý'!),��B&%@? ) 〉 E
〉 )

ÖkÄ}Æ�,�' [>)9%
f : Cn → Cn M�),MP),BC),1g6&<&�!A�- x 7→ Fx

V#2T��BC),%
F
),%41&)`e5%@"GMP��1/"�+(�Z"G'*�!%Ý¾\68),�

s&�P�*�
F =

68%4"�M
(λ1, . . . , λm, µ1, . . . , µn, ν1, . . . , νk)m+n+k,m+n+k

Eyen"GBC),%`?Y)9%()91�68%4)9?*)
ew%4"�M���1W"G+4),+4),�o),1]'*)n�!),),+4+´<&1/6

λi > 0 (i = 1, . . . , m), µi = 0 (i = 1, . . . , n), νi < 0 (i = 1, . . . , k).

b;</1IBW)X?r'!%(�o�o),1¼[>%4)7)9%(1&�Z"�+568%4)}�;1]'*)9�*��LG</�k)PV="G<8d�68)91&),1
f
$C�P?*%Ý'!%(j 68)O·/1/%Ý'XVa$C�P?*%Ý'!%(j

?*),�o%46&)O·/1&%('9V/</?Y2�E/%4?Y'9E
u;+@?`1/LPA�-/?r'!)9?T1&)9-&�o),13[>%()\)9%(1&)91l?*),+4B/?Y'!"P6#¿r<&1&MP%()9�Y'!),1l:=1/68�P�k�P�*$/-&%4?*�g<W?,V868)9��BW)9D,_&M��

+4%4A�-N),%41&),�\���*'*-/��M��P1/"G+4),17R`"P?Y%@?\"G</?w:=%4M�),1>jP), ]'*�P�*)91}68%4)k)9BW)91}MP),1/"�1&1]'*)oõ7"0'!�*%(¾&6&"G��?r'!),+(�
+4<&1&Mo-/"0';</1/6lBW)9-/"G1/6&),+41�6/"0d¢_&�;68%4)�?*),+4BW)�s/�!"�M�)9?Y'*)9+(+4<&1&MWE
ÖkÄ}Æ � ' �r?Y'

A
),%41&)5BC),+4%4),B&%4M�)

n×n
õ7"0'!�*%(¾´VP?*�g%@?r'

AAH ?*),+4B/?Y'!"P6#¿r<&1&MP%()9�Y' � RT),2T),%@? � ��EìC)9%(MP),13[>%()
� AAH %4?Y'�$W�]?Y%('*%4j	?*),�o%@68)O·/1/%Ý'XV
� AAH %4?Y'�$W�]?Y%('*%4j	68),·/1&%('9V&MP),1/"�<	2T),1/1

A
%41>j�),�*'*%4),�!B/"��T%@?Y'9E

:=%41� ]+4),%41&)X?;RT),%@?Y$&%4),+�ß&s�_&�
A =

(

1 −2
−1 2

)

%@?r'
AAH =

(

5 −5
−5 5

)

<&1/6
〈

AAHx, x
〉

= 5(ξ1 − ξ2)
2 ≥ 0.
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ÖkÄ}Æ ��'�õ3%('�[8"0'!D|��E ) �o-/"0'*'*),1N2�%(�w),%41&),1 ìC</?!"G�o�o),1&-W"G1&MSD92�%4?!A�-&)91768),�\e5),·/1&%('*-&)9%Ý'
<&1/6 6&),1�q5"�<&$8'!<&1]'*),��68),'*),�!�o%(1W"0'*)91 -&),�!M�)X?r'!),+4+Ý'XE.�;1]'!),��?Y</A�-/),1�[>%4)v68%4)9?*),1 ìC</?!"G�o�o),1&�
-/"�1&M\d¢_&�=1&)9MP"G'*%4jg68)O·W1&%Ý'!);B&D92�EP?*),�o%46&)O·/1&%('*);õ}"0'*�!%4D,),1.E�õ3<&h��Z"G1.VG<&� "G</?=6&),1Zq5"�<&$8'Y�
<&1]'*)9�!6&)O'*)9�*�o%41/"G1]'!),1v"�<8dy68%4) �z�P?*%('*%4jP��ew)O·/1&%('*-/),%('�?!A�-&+4%()9h�)91ZD,<v Pf�1&1/),1^V>6&"�?®�����!D,)9%4A�-/),1
"G+4+4),�;q5"�<&$8'!<&1]'*),��68),'*),�!�o%(1W"G1]'*)91	 P),1&1&)91 � HI%4)�?r'!),-]'56&"P?`BW)9%y[>),�o%@68)O·W1&%Ý' �
ÖkÄ}Æ ��' 〈x, y〉1

?*),%z6&"�?n[]'!"�1/6&"��!6>�r[> 0"G+@"G�!$&�!�868<& ]';%(1
Rn �>6&),� Cn, A

)9%(1/)�$W�]?Y%('*%4j368)O�
·/1&%('*)�-&)9�*�o%('*)X?*A�-&)lõ7"0'!�*%(¾´E�ew"�1&1Ø%@?r' 〈x, y〉2 := 〈Ax, y〉1

2�%4)968)9�o),%41 [> 0"G+@"G�!$&�!�868<& ]'
"G<&d

Rn �868)9� Cn
� RT)92®)9%4? � �;<&1W6N?*���o%('�"�</A�- | · |2 : |x|2 :=

√

〈Ax, x〉 ),%41&)Zb;�P�*� "�<8d
Rn �868),� Cn E���)9�*MP+()9%4A�-&)91v[>%4)568%4)�m�:=%(1/-&),%('!?* ><&M�)9+(1PpwBC),D9_&M�+4%4A�-ZBC),%@68)9�®b;�P�*�o)91Z<&1/6S68)91
�w�*'*-&�PM���1W"G+4%Ý'�L0'!?*BC),M��!%(UlBC),D9_&M�+4%4A�-lBC),%@68),�w[8 #"�+4"��*$/�*�868<& ]'!)�E

RT)O'!�!"PA�-P'!),1�[>%()�?*$C),D,%4),+4+´%4�
R2 68%4)�õ7"0'!�*%4D,)91

A1 :=

(

2 0
0 3

)

, A2 :=
1

2

(

5 −1
−1 5

)

HK"�?®M�)9?!A�-&%4),-]'®2T),1/1l[>%4)w)9%(1/)5$C�P?*%Ý'!%(j]��?Y)9�k%@68),·/1&%('*)�V8"�BW)9�®1&%@A�-]'`6&)O·/1&%('*)\õ7"G'*�!%Ý¾
A
1&),-8�

�o),1 �
ÖkÄ�ö � ' [>)9%

F1 :=

(

2 −6
−6 −7

) V
F2 := GHF1G

�o%('
G =

(

2 1
−1 2

) E/en"G1/1	%@?r'

F2 =

(

25 0
0 −50

)

[>�P�k%('v-/"G'
F2

68%4)7:=%4M�)91]2T),�*'*)
25
V −50

"�+4?*� ),%41&)91»$W�]?Y%('*%4j�)91^V=)9%(1&)91»1&)9MP"0'!%(jP),1º<&1/6
 �)9%(1/),1

= 0
E&bw"�A�-�68),� [>t>+(jP)9?Y'*)9�!?!A�-&),1�[8"0'!D\�g<&h

F1
68%4)9?*),+4BW)g[8%(MP1/"0'!<&�`-/"GBC),1^E

ew%()�:=%4M�)91>2®)9�Y'!)wjP��1
F1
?*%(1W6l6&%()�b5<&+(+@?Y'*),+4+4),1�j��P1

68),'
(F1 − λI) =

6&)O' ( 2− λ −6
−6 −7− λ

)

= (2 − λ)(−7 − λ) − 36

= λ2 + 5λ − 50 = (λ − 5)(λ + 10).

en"G�o%Ý'�-W"0'
F1

68%()o:=%4M�)91>2®)9�Y'!)
5
<&1W6 −10

V´68%()ZD92T"��\j�),��?!A�-&%()X68),1Nj��P1Q68)91&),1KjP��1
F2?*%(1/6^V/"GBC),�;68%4)�?Y)9+(BC)������!D,)9%4A�-/),1>j�)9�Y'!),%4+(<&1/MgBC)9?*%Ý'!D,),1.E
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