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K, ¸<¹ ¬�¥X´Eµ<¯v·E¬,º
¸ ¬°¥�»B³&¦U¬n±�¬�¦k¤L¼�¬°½G¬�¦a±²¬°¦

0, 1 ∈ K
µ$¦_¾ ¸�¹ ¬°¥s¿�«�¬°ª�´:±�¥�Àn¦U¬°¦

+, · : K × K → K,
¯�À:¾.´$ÁG¾<¥�¬

Â Àn¼4·E¬°¦x¾z¬°¦yÃJ¬�¯�¬"± ¸ ¬P§RÄXº�§RÄ$ÅD·:¬�¼h±²¬�¦Æ
§RÄ�Æ

+
¥9¯,±s´<¯ ¯°À:» ¥�´E±�¥hÇ.Èa¾MÉ ³É

∀α,β,γ∈K (α + β) + γ = α + (β + γ).§�Ê&Æ
0

¥9¯3±�¦U¬nµ:±�ª�´$¼�¬�¯7¤L¼�¬°½G¬�¦a±JE¬ ¸<Ë ·�¼2¥�»B³ +
Èx¾MÉ ³É

∀α∈K α + 0 = 0 + α = α.§{Ì:Æ7¤L¥4¦_¾z¬nµ:±�¥(·:¬�ÍV©"¯A<´"ª*Îz¬°¥�±�Ç"Àn¦tÃ	¼�¬�¥�»B³aµ$¦E·:¬�¦
(+)

ÆVÏz¬A¾E¬HÃ	¼�¬�¥�»B³Uµ<¦E·
α + ξ = β

½�¥h±
α, β ∈ K

z¬�¯v¥h± ¸ ±V·E¬°¦M´EµR¬�¥2¦U¬PÍ�©$¯,µ$¦:·
ξ ∈ K. Ð ¥2ª�z¬ ¸ ¬�¥�»B³:¦U¬°¦H¯v¥�¬J½�¥h±

ξ = β − α.§�Ñ&Æ
+

¥9¯,±�ÎEÀn½?½Gµ:±²´E±�¥�Ç.Èa¾MÉ ³jÉ
∀α,β∈K α + β = β + α.§�ÒzÆ

·
¥2¯3±s´$¯*¯�À:»*¥9´:±�¥hÇ�Èa¾MÉ ³jÉ

∀α,β,γ∈K (α · β) · γ = α · (β · γ).§�ÓzÆ
1

¥9¯3±�¦U¬nµ:±�ª�´$¼�¬�¯7¤L¼�¬°½G¬�¦a±JE¬ ¸<Ë ·�¼2¥�»B³ ·
Èj¾MÉ ³É

∀α∈K α · 1 = 1 · α = α.§kÔnÆ7¤L¥4¦_¾z¬nµ:±�¥(·:¬7Í�©$¯3<´$ª ÎE¬�¥h±jÇ"Àn¦�Ã	¼�¬°¥�»B³aµ$¦E·:¬�¦
(·)

Æ<Ïz¬A¾E¬JÃ	¼�¬�¥�»B³aµ$¦E·
α ·ξ = β

½?¥h±
α, β ∈

K, α 6= 0
z¬�¯v¥h± ¸ ±V·E¬°¦M´Eµ�¬�¥2¦U¬DÍ�©$¯,µ$¦:·

ξ ∈ K. Ð ¥2ª{z¬ ¸ ¬°¥�»B³:¦a¬�¦�¯v¥�¬J½�¥h±
ξ = β

α
.§{Õ:Æ

·
¥2¯3±�ÎzÀ"½�½Sµ:±h´:±�¥hÇ.Èx¾MÉ ³É

∀α,β∈K α · β = β · α.§�ÖzÆ	× Ë ªmE¬�¥�¾z¬f¿�«V¬�ª°´E±�¥�Àn¦a¬�¦ ¸ µ<¯�´"½?½G¬�¦�·:¬�¼h±²¬°¦�¾<¥�¬fz¬°¥�¾z¬°¦tØD¥2¯3±�ª*¥h:µ:±�¥hÇA·E¬°¯°¬n± ¸ ¬nÈJ¾MÉ ³
∀α,β,γ∈K

¥9¯3±

(α + β) · γ = α · γ + β · γ

α · (β + γ) = α · β + α · γ

§RÄ$Å.Æ7ØJ¥�¬�z¬°¥�¾E¬�¦�¦U¬nµ&±�ª°´"¼�¬�¦k¤L¼�¬°½G¬�¦a±²¬P¯ ¥4¦_¾�Ç"¬�ª�¯�»B³&¥�¬n¾z¬�¦jÆ
1 6= 0.
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K
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V
È¾z¬�º

ª�¬�¦â¤s¼�¬°½�¬°¦a±²¬ ¹ ¥4ªkã*àU¬�Îa±²À"ª°¬°¦_ä�¦U¬°¦:¦U¬�¦�½?¥�±{¬°¥4¦U¬°½å´Eµ�¯B·:¬ ¸ ¬°¥�»B³&¦U¬n±�¬�¦w¤L¼�¬�½G¬°¦U±
0 ∈ V,¬�¥2¦U¬°½æ§�©nª�«�¬°ª

K
Èx¾z¬°¯*¯°¬�¦k¤L¼�¬°½G¬�¦a±²¬{ã�çzÎ$´"¼�´"ª�¬näL³a¬�¥2Áz¬�¦_È_µ$¦x¾ ¸<¹ ¬�¥s¿�«V¬�ª°´E±�¥�À"¦U¬�¦

+ : V × V → V
µ<¦x¾

· : K × V → V,

¯°ÀE¾z´"ÁS¾<¥�¬ Â À"¼(·:¬�¦x¾E¬�¦uÃJ¬°¯°¬n± ¸ ¬Gà7Ä?"¥9¯?à�Õ�·:¬�¼h±²¬�¦Æ
à7Ä�Æ

+
¥9¯,±s´<¯ ¯°À:» ¥�´E±�¥hÇ.Èa¾MÉ ³É

∀x,y,z∈V (x + y) + z = x + (y + z).



����� � �������
	�����������

àVÊ&Æ
0

¥9¯3±�¦U¬nµ:±�ª�´$¼�¬�¯7¤L¼�¬°½G¬�¦a±JE¬ ¸ ·.¼hÉ +,
¾MÉ ³jÉ

∀x∈V x + 0 = 0 + x = x.à�Ì:Æ	¤L¥4¦_¾z¬nµ:±�¥(·:¬7Í�©$¯3<´$ª ÎE¬�¥h±VÇnÀn¦�Ã	¼�¬�¥�»B³Uµ<¦E·E¬°¦xÈ:¾MÉ ³jÉ
∀x,y∈V

E¬°¯ ¥�± ¸ ±���¬n¾z¬XÃ	¼�¬�¥�»B³aµ$¦E·?¾z¬�ª
� ªA±

x + u = y
·E¬°¦M´EµH¬�¥2¦U¬YÍ�©"¯3µ$¦E·

u. Ð ¥2ª�z¬ ¸ ¬°¥�»B³:¦a¬�¦u¯v¥�¬�½?¥h±
u := y − x

µ$¦x¾
¦U¬�¦:¦a¬�¦y¾<¥�¬°¯P¾<¥�¬PØJ¥��_¬�ª�¬�¦ ¸ ¾z¬°ª?àU¬�Îa±²À"ª°¬°¦

y
µ$¦x¾

x.àVÑ&Æ
+

¥9¯,±�ÎEÀn½?½Gµ:±²´E±�¥�Ç.Èa¾MÉ ³jÉ
∀x,y∈V x + y = y + x.àsÒzÆ

·
¥2¯3±s´$¯*¯�À:»*¥9´:±�¥hÇ�Èa¾MÉ ³jÉ

∀λ,µ∈K ∀x∈V (λ · µ) · x = λ · (µ · x).àsÓzÆ
1

¥9¯3±�¦U¬nµ:±�ª�´$¼�¬�¯7¤L¼�¬°½G¬�¦a±JE¬ ¸ ·.¼hÉ ·, ¾MÉ ³jÉ
∀x∈V 1 · x = x.

¤s¯	·:¬�¼h±²¬°¦r¾<¥�¬PØD¥2¯3±�ª*¥h:µ:±�¥hÇA·E¬°¯°¬n± ¸ ¬nÈx¾MÉ ³É
∀λ,µ∈K ∀x,y∈V

·E¬°¼�±�¬�¦
àJÔnÆ

λ · (x + y) = λ · x + λ · y,
à�Õ:Æ

(λ + µ) · x = λ · x + µ · x.
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K = R

�zC:),�
K = C
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K
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·
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α · x
+9!<8*8v)3/S01%2�1�?),%98B'�07),5 ] [.'*!$'v'

0 − x
8 }�-:�*),%2KU),/k01%4�

−x.
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V
KU),\,)3%2}�-&/:)H%4�*5<)3/&CE)3%4/:)3/���),�.' ��� ��!$>:�

�:KU),��%2�*5<),/MCE),%2/:),�æ�J��� #U),�
K.

A ÜE�CB��m�'D ¤s¯	·:¬�¼h±²¬�¦
E ¥'F

∀x∈V 0 · x = 0,
E ¥2¥'F

∀α∈K α · 0 = 0,
E ¥4¥2¥'F

∀x∈V (−1) · x = −x,
E ¥hÇGF

∀x,y∈V x − (−y) = x + y.

����HY�.�JI<b
e�%�i

x = 1x = (1+0)x = 1x+0x = x+0x. N !$�?%4'�%28v'
z := 0x K ��8 >:/:5XCE)3��OP+2),%9}�-z>:/:5

x + z = x,
CE%2)X�.La),/zK&!<��!$>&}�-kCE%4) K ��8 >:/:5 z = 0

KM)A8v%4' \,' ] N !?)38	/z>:�1)3%4/&) K ��8 >:/:55<%2KE'3@E�Y>:Q
z = 0

8 ),%2/_@E07!�8	01%4�1\3),%25<)3/S07�<+2+('*),/ ]
e�%2%�i

αx = α(x + 0) = αx + α0.
[E�<�?%('X%98B'

z := α0 K ��8 >:/:5k;<��/
αx + z = αx

>:/&C
��%4'JCE)3�?8 ),+2KU),/®[E}�-:+2>:Q?01%4)X)3KM)3/�!<+28 �

αx = 0.

e�%4%2%�ikIs8�%98B'
0 = 0x = (1 − 1)x = 1x + (−1)x = x + (−1)x.

d�+98v�r%28v'
z := (−1)x

K ��8 >:/:5�;<��/
x + z = 0

>:/MCkC&!$�?%('
(−1)x = −x.
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e�%2;:ik6`),' ��!<}�-.' )3/R01%4�1CE%2)�OP+4)3%2}�-z>:/:5
(−y) + z = x.

IL%2/:) K ��8 >:/:5Y%28v'	C:)��&/:%4' %2�</M8v5�),�R=$Q
z = x − (−y). N !$/:)3KM)3/k%98v'J!$KU),��!$>M}�-

x + y K �.8v>&/:5&@:CE)3/:/

(−y) + (x + y) = (x + y) + (−y) = x + (y + (−y)) = x + 0 = x.

�

��/�CE)3����)3��'*�<�*�*!<>:�
V

%28v'j\,>&/&=<}�-&8v'j/z>:�_)3%4/&)sd1C:CE%4' %2�</�;��</X\,07),%�IL+2),�?),/.' )3/�),�*�z+2=<�v'A@
0	=$-:�*),/&CP~��&�

x, y, z, u, ... ∈ V
dJ>&8*CE� �M}��<)s01%2)

x+y+z+u
\,>:/&=�}�-&8v'�<)3%4/&),/Y[z%2/:/Y5<),KU),/ ]

N !$5<)35<)3/S8 %4/&Ck-:%2/:�*),%9}�-:),/MCG5�),�z+2!<�?��)3�v'*)�d�>&8*CE�*�&}��<)P01%4)

(x + y) + (z + u), ((x + y) + z) + u, ((x + z) + u) + y

8 %4/:/z;��<+2+ ] lH%('���%2+4~�)PCE)3�7W�),5<)3+4/R�Y�J>:/MC����Y),�*5<%2KE'78 %9}�-�!$KU),�A@.C:!<Q{!$+2+2)DCE%2)38 )DdJ>&8 C:� �&}���)
C:!�8 8 ),+2KM)XIL+2),�?)3/�'�;��</

V
+4%2)�~�)3� / ] 6`)3%28 #:%2),+98v07),%98 )D%98B'

(x + y) + (z + u)
V 4
= (z + u) + (x + y)

V 1
= ((z + u) + x) + y

V 4
= (x + (z + u) + y)

V 1
= ((x + z) + u) + y.

N >:�*}�-�8"?z8v' )3�R!"' %98*}�-:)381dJ/.07),/MCE),/�CE%2)38 ),�1�BCE)3)P)3� -M!$+4' ),/k01%2�
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x1, x2, ..., xn ∈ V
5<)35<),KU),/j@j�<��CE/:)3/f01%4��8v%2)�%2/w%2� 5�),/&CE)3%4/&),�{W1)3%4-&),/E~���+45�)G!$/_@

8*}�-:� )3%4KU),/
+
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V
>:/E�
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x1 + x2 + ... + xn

�ECE),� n
∑

i=1

xi

�ECE),� ∑

i∈I

xi,
07�<KU),%

I = {1, 2, ..., n}.

IL�*07=<-:/.'�8v)3%4)3/S/:�E}�-HCE%2)�[z#M)3\,%9!$+4~�=$+2+4)
1

∑

i=1

xi = x1,

0
∑

i=1

xi = 0.

[z%2/&C
x1, x2, ..., xn ∈ V

>:/&C
α1, α2, ..., αn ∈ K

5<)35<),KU),/j@n8 �X8v%2/&C�!$>&}�-�CE%4)
αixi ∈ V>:/&C�8 �<�?%4'1!<>&}�- ∑n

i=1
αixi ∈ V.

���3B��z�	��
�xÝ�� �u�r������s�����zÜE¡nÛM�UÞ��V����ÜE�A���U��� A ¢VÜ:��£m× Ë ª�àU¬�Îa±�Ànª�¬�¦
x1, x2, ..., xn ∈ Vµ$¦x¾GçzÎ$´$¼9´$ª°¬

α1, α2, ..., αn ∈ K
³U¬�¥2Á&±

n
∑

i=1

αixi ∈ V

¬�¥2¦U¬{ã�Í_¥2¦U¬�´$ª ÎEÀn½k"¥4¦U´E±�¥�Àn¦�¾E¬�ª
xi

½�¥h±s§�Àz¬�� ¸ ¥�¬�¦a±²¬°¦
αi

É4ä
ØD¥�¬�¶y¬�¦E·:¬H´"¼2¼�¬°ªk´:µ<¯

x1, x2, ..., xn

$¥4¼�¾M<´$ª°¬°¦¨Í_¥2¦U¬�´$ª ÎEÀn½S$¥4¦M´:±�¥�Àn¦U¬°¦ß¦a¬�¦:¦U¬°¦ ¹ ¥4ª
¥2³:ª°¬°¦�ç<«_´"¦uµ$¦x¾®E¬ ¸ ¬�¥�»B³:¦U¬�¦k¥2³:¦®´"¼9¯

8 #&!$/
(x1, x2, ..., xn) :=

8 #&!$/
(xi | i ∈ {1, 2, ..., n})

:=

n
∑

i=1

K · xi :=
{

n
∑

i=1

αixi | αi ∈ K, i = 1, ..., n
}



��� � � �������
	�����������

N !<8?[.' >&C:%4>:�å8v��+2}�-:)3�YlH)3/:5<)3/w;<��/ K %2/:)A!$�*�<�<�YK:%2/&!"'*%4��/:),/u01%2�*Cf>&/&8{/z>:/ß),%2/:%25<)�qa),%4'
KU)38*}�-&="~�'*%45�),/ ]

qU>:/M=<}�-&8v'7%98v'�),%2/�67)35<�*% L®)3%4/:\3>E~��:-:�*),/jb

�k���V�����3���M���m� � ���k�a�3�.¡n¡"Ü:ÝÞ�£��B¯3±
V

¬�¥2¦oàU¬°ÎU±�Ànª*ª�´:µ$½kÈ
U

¬�¥2¦U¬��U¬°¥4¼2½G¬�¦E·:¬rÇnÀn¦
V,¯°ÀE¾z´"Á

0 ∈ U
µ$¦_¾�½?¥h±X¾z¬�¦w´:µ Â

U
¬�¥2¦E·:¬°¯,»B³:ª	�$¦:Îa±²¬°¦�¿�«V¬�ª°´E±�¥�Àn¦a¬�¦y¥4¦

V
¾<¥�¬�¶m¬�¦E·:¬

U¯°¬�¼²$¯,±s¬°¥4¦
K

º�àU¬�Îa±�Ànª*ª�´:µ$½�¥2¯3±BÈ&¯°À{³U¬�¥2Á&±
U

¬�¥2¦yã�
¦a±²¬�ª°º E
K

º�àU¬�Îa±²À"ª F°º �D´Eµ$½�ä1ÇnÀ"¦
V.

IL%2/��/.' )3� ��!$>:� %28v'J!$+98v��%2/&8vKU)38 �</MCE),�*)�8v)3+4K&8v'1),%2/���),�.' ��� ��!$>:� ]
��� ;<��/�),%2/:),�PlH),/:5�)

U ⊂ V
\3>®#:�*�E~�),/_@M�<K®8 %4){),%2/���/.' )3� ��!$>:�æ%28v'3@U8v%2/&C®!<+28 �?�?%('

CE)3/r;<��/
V

�&KM)3� /:���?��)3/:),/ F #M)3�*!$' %2�</:)3/rCE%2)�d��z%2�<�?)Y�{�{K&%28P�DZG/&!<}�-&\,>:#:�*�E~�)3/ ] N ),�
~��<+25<)3/&CE)�[E!$' \�-:%2+(~�'JC&!Y�z�:/:~�' %25�d��*KM)3%('�\3>�8 #&!<� )3/ ]

A ÜE�CB��m�����B¯,±
V

¬°¥4¦
K

º�àU¬�Îa±�Ànª*ª�´:µ$½ µ$¦x¾
U ⊂ V

½?¥�±
E ¥'F

0 ∈ U,
E ¥2¥'F

∀x,y∈U x + y ∈ U,
¾MÉ ³jÉE¥9¯3±

U
´:"·E¬°¯,»B³:¼�À"¯*¯�¬°¦®µ$¦a±²¬°ª

+,
µ$¦x¾

E ¥4¥2¥'F
∀α∈K ∀x∈U αx ∈ U,

¾MÉ ³jÉE¥9¯,±
U

´:"·E¬°¯,»B³:¼�À"¯*¯�¬°¦®µ$¦a±²¬°ª
α·,

¯°À�¥9¯3±
U

¬°¥4¦�
j¦a±�¬�ª*ª�´:µ$½HÉ
����HY�.�JI<b7�y),5<)3/Ge�%�ix%98v'

0 ∈ U,
>:/MC�0`)35<)3/�e�%2%9ij%28v'CE%2)sIs%4/&8*}�-:��=$/:�z>:/&5�;<��/

+ : V ×V →
V

!<>E~
U×U → V

8 �<5.!$�x),%2/:)sdJK:K:%2+2C:>:/:5
U×U → U.

d�/&!<+4��51),�*5<%2KE'CE%2)LIL%2/&8*}�-:�*=</:�z>:/:5
;<��/

α·
)3%4/:)�dJK:K:%2+2C:>:/:5

· : K × U → U.[z����%4'�-&!<KM)3/S01%2��/:�E}�-S~��:�JCE%2)38 )�CE>:��}�-SIs%4/&8*}�-:��=$/:�z>:/&5�5�),07�</:/&),/:)3/ F #U),��!"' %2�</&),/
CE%2)�d1�E%2�<�?)X�{�XK:%981�DZ�/&!�}�-:\,>z07),%98v)3/ ] �p%4�	'*>:/HCE%2)381),�z)3�?#:+2!<� %98*}�-�~��:�1� ^ b

Is8	%98B'�\3>�\,),%25<)3/_b���;��%!	�,!%-
x, y ∈ U ����� 6 !�� � !%( :7; ! � ( z ∈ U,

�%+���:��
x + z = y.

N !
U ⊂ V

>:/&C
V

),%2/S��)3��'*�<�*�*!<>:� %28v'3@E01%98*8v)3/G01%2�3@EC:!<QY)A8`%2/
V

5�),/&!<>G),%2/:)X8v��+2}�-&)
K �.8v>&/:5 z

>:/M8v)3� )SOP+2),%9}�-z>:/:5®5�%4K:'3@j/M=$�?+4%9}�-
z = y − x = y + (−1)x. N %4)S+4%2),5<'�!<KM)3�

07),5<)3/ye�%4%�i7>:/&Cue�%4%2%9i	8*}�-:��/S%2/
U.

d�+98 ��5�%4+4'�� ^&]
��),��8 >&}�-:),/�[z%2)s8 ),+2K&8v'3@,CE%2)s!</&CE),�*),/XIL%25<)3/&8*}�-&!"~�'*),/�/&!�}�-XC:%4)A8v)3� lH>M8B'*),�_\3>�KM)30`)3%28 ),/_�

�

A ÜE�CBHÝ��! p�k�.�������A���U�â�m��"p�v��¡7B��.Ý �U�.�# �£®× Ë ª�àU¬�Îa±�Ànª�¬�¦
x1, x2, ..., xn ∈ V

¥2¯3±
U :=8 #&!$/

(x1, x2, ..., xn)
¬°¥4¦$
j¦a±²¬°ª ª°´Eµ<½ ÇnÀ"¦

V.
¤Lª�³a¬�¥2Á&±�¾z¬�ªHÇ"Àn¦

x1, x2, ..., xn

ã�¬°ª ¸ ¬nµ"·Eº±²¬"äPÀ:¾z¬�ª�ã�´Eµ Â ·:¬°¯²«_´"¦&¦U±�¬nä%
j¦a±�¬�ª*ª�´:µ$½kÈ
(x1, x2, ..., xn)

³U¬�¥2Á&±�¬�¥2¦ßã2¤Lª ¸ ¬"µ"·E¬°¦x¾z¬°¦&¯'&&¯3±²¬°½kä
Â Ë ª U.

¤L¥2¦ àU¬�Îa±�Ànª*ª�´:µ$½ ³U¬°¥4ÁM±�ã�¬°¦x¾<¼2¥�»B³o¬°ª ¸ ¬nµ"·U±vä�È ¹ ¬°¦:¦o¬°¯u¬�¦x¾<¼2¥�»B³ Çn¥�¬�¼�¬�àU¬�Îa±�Ànª�¬�¦
x1, x2, ..., xn ∈ V

·�¥²E±BÈx¯°ÀE¾z´"Á
V =

8 #&!$/
(x1, x2, ..., xn).

Ø�¬�¦âÇnÀn¦y¾z¬°½æ¼�¬,¬°ª°¬°¦rç(&&¯,±�¬�½
¬�ª ¸ ¬"µ"·M±�¬�¦ßàU¬�Îa±²À"ª ª°´Eµ<½ ¯�¬"± ¸ ¬°¦ ¹ ¥2ª

8v#&!</
(∅) := {0},

¾.´<¯�¥9¯,±{¾z¬�ª�¦aµ$ª�´:µ<¯�¾E¬�½ ¬�¥2¦ ¸ ¥4·E¬°¦f¤L¼�¬�½G¬�¦a±
0

z¬�¯,±�¬�³U¬°¦x¾z¬fàU¬�Îa±²À"ª ª°´Eµ<½�É E ÃJ¬�¼h±²¬°¦ Â Ë ª¾z¬°¦ßà	Ä?"¥2¯Rà�Õ��*) F
����HY�.�JI<b�qU>:�,+J!<}�-z07),%98XCE),�-��/.'*),�*�*!<>:���hIL%25<)3/&8*}�-&!"~�'D~��:��),%2/:)�[z#&!</E�²l®),/:5�)Y;�),�*0`)3/E�
CE)3/k01%2�J[E!$' \X� ] Z ]

e�%�i
0 =

∑n

i=1
0 · xi ∈

8v#M!$/
(x1, x2, ..., xn) = U.

e�%2%�ik�B8B'
x =

∑n

i=1
αixi, y =

∑n

i=1
βixi,

8 �?%28v'

x + y =

n
∑

i=1

αixi +

n
∑

i=1

βixi =

n
∑

i=1

(αi + βi)xi ∈ U.



�����

e�%4%2%�ik�B8B'
x =

∑n

i=1
αixi, α ∈ K,

8 �?%28v'

αx = α
(

n
∑

i=1

αixi

)

=

n
∑

i=1

(ααi)xi ∈ U.

�

A ÜE�CB��m����� �B¯3±
V

¬°¥4¦kàU¬�Îa±�Ànª*ª�´:µ$½kÈ$¾.´"ª*¥2¦
x1, ..., xm, xm+1, ..., xn, y ∈ V

µ$¦x¾�¥9¯,±x¾z´"½?¥�±
U :=

8v#&!</
(x1, ..., xm),

¯�À�·:¬�¼h±²¬�¦
E ¥'FH¤s¯	¥2¯3±

xi ∈ U
Â Ë ª i = 1, ..., m,

¾MÉ ³jÉa¾<¥�¬
U

¬°ª ¸ ¬nµ"·:¬�¦x¾E¬�¦k¤L¼�¬°½G¬�¦a±²¬�·E¬°³U©nª�¬�¦k¯�¬°¼h<¯,±
¸ µ U.E ¥2¥'F
U =

8v#&!</
(x1, ..., xm) ⊂

8v#&!</
(x1, ..., xm, xm+1, ..., xn).E ¥4¥2¥'F��B¯,±

y ∈ U,
¯°À{¥2¯3±

U =
8 #&!$/

(x1, ..., xm) =
8 #&!$/

(x1, ..., xm, y).E ¥hÇGF®× Ë ª xm+1, ..., xn ∈ U
¥9¯3±

U =
8v#M!$/

(x1, ..., xm) =
8v#M!$/

(x1, ..., xm, xm+1, ..., xn).ØD¥�¬J¼�¬n± ¸ ±²¬°¦ � µ<¯ ¯�´n·:¬�¦yz¬�¯*´"·E¬�¦_ÈU¾z´"ÁS¾z¬�ª�´Eµ Â ·E¬°¯²«_´$¦:¦a±²¬ �D´Eµ$½ ¥2½æ´$¼4¼4·E¬°½�¬°¥4¦a¬�¦ ¹ �z»B³M¯,±vÈ
¹ ¬�¦:¦R½�´"¦ ¸ µ?¾z¬�½ ¤Lª ¸ ¬nµ$·E¬�¦_¾z¬�¦&¯�&&¯,±�¬�½ ¹ ¬°¥�±�¬�ª�¬{àU¬�Îa±²À"ª°¬°¦�³&¥4¦ ¸ µ Â Ë ·U±BÈ#��¬n¾zÀ:»B³Hµ$¦aÇn¬°ª	�$¦Mº
¾z¬°ª3±1"¼�¬�¥²E±BÈ ¹ ¬°¦:¦k½R´$¦y¾<¥�¬�¯�¬D¯,»B³UÀn¦H´Eµ�¯P¾z¬�½ �D´Eµ$½

U
¯°¬�¼²$¯3± ¹ �$³:¼�±

����HY�.�JI<b
e�%�i�T�&�

1 ≤ i ≤ m
%28v'

xi = 1xi = 0x1 + ... + 0xi−1 + 1xi + 0xi+1 + ... + 0xn.

e�%2%�ik�B8B'
x ∈

8v#M!$/
(x1, ..., xm),

8v�?-&!<KM)3/�01%4�

x =

m
∑

i=1

αixi =

m
∑

i=1

αixi +

n
∑

i=m+1

0xi ∈
8 #&!$/

(x1, ..., xn).

e�%4%2%�ik�m)35<),/
y ∈ U

�"!$/&/��R!</
y

8*}�-:�*),%2KM)3/�!<+28
y =

∑m

i=1
βixi

] N !$/&/Y%98B' ∑m

i=1
αixi +

αy =
∑m

i=1
αixi + α

∑m

i=1
βixi =

∑m

i=1
(αi + αβi)xi ∈

8 #&!$/
(x1, ..., xm) = U.[z�<�?%4'P%98B'�8 #&!$/

(x1, ..., xm, y) ⊂
8v#&!</

(x1, ..., xm)
>:/&CyCE%2)?!</&CE)3� )Y��/&}�+2>&8 %4��/r5<%2+4'

/&!<}�-ue�%2%9i ]
e�%2;:ikl®!$/k0`)3/&CE)Re�%2%2%9i18 >:�z\,)A8 8 %2;<)D~��:�

y := xm+1, xm+2, ...
!</ ]

�

67)�'*�*!�}�-�'*),/m01%4��/z>:/j@_01%4)�8 %9}�-yCE%2)RIL+2),�?),/.'*)�),%2/:)38{W�!$>:�?)A8
V =

8v#&!</
(x1, ..., xn)CE>:��}�-�CE%4)

x1, ..., xn

C:!$��8v' ),+2+2),/k+2!�8 8 ),/ ] N !$\3>S5�� )3%(~�)3/S01%2��CE%2)�8 }�-&�</G%2� ����� �"!<#:%('*),+x)3%4/E�
5<),~��:-:� ' )3/k67),5�� %'La)P+2%2/:)3!<��!$K:-&=</:5<%25�K:\,0 ] >&/&!$K:-M=$/:5�%45�01%4)ACE),��!<>E~ ]
�k���V�����3���M���m���U�f���s����zÜE¡GÜ � 
��:� �M�J� �VÝ��Ü � 
��&���U� � ���h¡"�z� � ��Ü I3�JIn£H¤s¯j¯°¬�¥

V
¬�¥2¦

K
º

àU¬�Îa±�Ànª*ª�´:µ$½kÈU¾z´"ª*¥4¦
(x1, ..., xn)

¬°¥4¦a¬J×U´"½?¥2¼4¥�¬YÇnÀ"¦âàU¬°ÎU±�Ànª�¬�¦jÉ
E ¥'F®ØJ¥�¬D×M´"½?¥2¼4¥�¬

(x1, ..., xn)
³U¬°¥4ÁM±sã9¼2¥4¦U¬,´"ª�´:$³ �"¦E·.¥(·Uä�È:´:"·E¬�Î Ë ª ¸ ±¼hÉ ´:É(È ¹ ¬�¦:¦®¬°¯	§�À.¬ ��º

¸ ¥�¬�¦a±²¬°¦
α1, ..., αn ∈ K

·�¥²E±BÈjÇ"Àn¦m¾z¬�¦a¬�¦�½?¥4¦x¾E¬°¯3±²¬�¦M¯J¬�¥2¦U¬�ª
6= 0

¥9¯3±BÈM¯°À:¾.´"Á

α1x1 + ... + αnxn = 0.

E ¥2¥'FrØJ¥�¬S×M´"½?¥2¼4¥�¬
(x1, ..., xn)

³a¬�¥2Á&±�ã2¼2¥2¦U¬�´$ªkµ<¦M´:"³ �"¦E·.¥(·Uä�Ès´:"·E¬�Î Ë ª ¸ ±P¼²É(µ&ÉsÀ:¾z¬°ª�ã Â ª�¬�¥hä�È
¹ ¬°¦:¦f¯v¥�¬�¦:¥�»B³a±1¼4¥2¦U¬�´$ªY´:$³ �"¦E·.¥(·H¥9¯,±vÈs¾MÉ ³jÉ ¹ ¬°¦:¦

α1x1 + ... + αnxn = 0
¦aµ$ª Â Ë ª

α1 = ... = αn = 0
½G©A·.¼4¥�»B³G¥9¯3± É

E ¥4¥2¥'FrØJ¥�¬�×U´"½?¥2¼4¥�¬
(x1, ..., xn)

³a¬�¥2Á&±L¬�¥2¦U¬	�1´<¯v¥9¯JÇ"Àn¦
V, ¹ ¬°¦:¦S¯ ¥�¬�µ$¦M´&"³ �$¦E·�¥4·{¥9¯,±7µ$¦x¾

V¬�ª ¸ ¬nµ$·M± ÉE ¥hÇGFH¤s¯�¯°¬�¥x¦UÀ:»B³:½�´"¼j´$¦rã�¬�¦_¾<¼4¥�»B³®¬�ª ¸ ¬nµ$·M±vä1¬�ª*¥4¦&¦U¬�ªA± E ç:´:± ¸ µ$¦x¾�Ø�¬�
:¦&¥�±�¥�À"¦ßà	É ÖCF



����� � �������
	�����������

� 〉

��)3CE)�>:/M!$K:-&=</:5<%25<)VT&!<�?%4+2%4)
(x1, ..., xn)

%98B'/&!"'*�:� +2%9}�-X6	!�8v%98a;<��/
U :=

8 #&!$/
(x1, ..., xn),~�),�*/:)3��8v��+4+4' )3/�[z%2)�8 %2}�-S~��<+25<)3/&CE)�[z#U),\,%9!$+4~�=$+2+2)�),%2/:#:��=$5<)3/_b

�jÜ:Ûx�R�r���:Ú E ¥ FH¤L¥2¦U¬�×U´"½?¥4¼2¥�¬AÈ�¾<¥�¬?´Eµ<¯P·:¬�¦M´:µ�¬°¥4¦U¬°½ ¤L¼�¬�½G¬°¦U±�µ<¦x¾ ¸�¹ ´$ª�¾z¬�½���µ$¼2¼9º
¬�¼�¬�½G¬�¦a±1z¬�¯,±�¬�³a±�¥9¯,±�¼2¥4¦a¬�´"ªJ´&"³ �$¦E·�¥4·&È

E ¥2¥'Ff¾<¥�¬�¼�¬,¬�ª�¬�×U´"½?¥2¼4¥�¬�¥9¯3±Dµ$¦U´:"³ �$¦E·�¥4·mµ<¦x¾ �1´$¯ ¥9¯�¾z¬�¯P¦Uµ<ªX´:µ<¯Y¾z¬�ª���µ$¼2¼�E¬°¯3±²¬�³a¬�¦x¾z¬°¦
�J´Eµ$½G¬�¯

{0}.

����HY�.�JI<b7Is81%98v'
1 · 0 = 0,

C ] - ] KM),' ��!<}�-.' )
α1 = 1, x1 = 0.67),%_CE)3�1+4)3),�*),/�T&!<��%2+2%4)�5�%4KE'1)A81�<)3%4/kIL+2),�?),/.'3@MC:!<8	�?%4'�),%2/:),� �J�z)��R\3%4)3/�'*),/

6= 0
%2/

),%2/:)3� K %2/:)3!<� ���<�{K&%4/&!$' %2/S!<>E~�' �*)�'*),/k�<�</&/�'*) ]
�

N %4)A8L�z+4%2/:5<'s01%4)ACE),�s� )A}�-�'s8 #:%4' \,�&/&CE%25&@�0`��\,>RK:��!$>&}�-.'L�R!$/�C&!<8
	�T��:�`8 %9}�-R5<),/&�<�?�?),/
K:��!$>&}�-.'{�R!</wC:!<8Y/:%9}�-�'A@!<KM)3�Y01%2�{07),��CE),/j@j)�'B0	!HKU),%	CE),�?67),-&!</&CE+2>:/:5®+2%2/:)3!<� )3�YOP+4)3%(�
}�-z>:/:5.8 8"?E8B'*),�?){%2�?��)3��01%4)ACE),��!<>E~	[z%4' >M!"' %2�</&),/u8B'*�<Q<)3/_@a0`�k)38P5�),��!<CE)�%4/.'*),�*)38*8 !</�'P%28v'3@
\,>H01%98*8v)3/_@&C:!<Q�CE),�`� K �.8v>&/:5�8 �*!<>:� � !$>M815<)3/&!$>k),%2/:),� ),%2/:\3%45�),/�IL+2),�?),/.'DKU)38v' )3-.'3@&>&/&C
C:!�8J+9=$Q<'P8 %2}�-rC&!$/:/m%4/yCE%4)A8v)3�X[E#:�*!�}�-:)�\307!</:5<+2��8J��%4'�!$+2+45�),�?),%2/:),�*),/md�>&8*8 !<5<)3/H�<�<�YK:%4�
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xi
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!$+2+25<),�?)3%4/:)3�
A ÜE�CB��m���<� ��¦m¬°¥4¦U¬°½ àU¬°Îa±²Ànª*ª°´Eµ$½

V
¯°¬�¥V¬�¥2¦U¬X×M´$½?¥4¼2¥�¬

(x1, ..., xn)
·:¬*·E¬$z¬°¦uµ$¦x¾�¾.´ ¸ µ

U :=
8v#&!</

(x1, ..., xn).
ØX´"¦&¦G·:¬�¼h±²¬�¦

E ¥'F�B¯,±
(x1, ..., xn)

¼4¥2¦U¬�´$ª?´&"³ �$¦E·�¥4·&ÈV¯�ÀuE¬°¯ ¥h± ¸ ± ��¬A¾E¬°¯ x ∈ U
½�¥2¦x¾z¬�¯,±�¬�¦&¯ ¸�¹ ¬°¥JÇn¬°ª�º

¯�»B³:¥�¬A¾E¬�¦U¬DØX´"ª�¯,±�¬�¼2¼�µ$¦:·

x =

n
∑

i=1

βixi =

n
∑

i=1

γixi,

¹ À:z¬°¥ Â Ë ª1½?¥4¦x¾E¬°¯3±²¬�¦M¯D¬�¥2¦
i : βi 6= γi.E ¥2¥'F��B¯,±

(x1, ..., xn)
¼4¥2¦U¬,´"ª7µ$¦M´:$³ �"¦E·.¥(·MÈn¯°À�E¬°¯ ¥h± ¸ ±7��¬A¾E¬°¯ x ∈ U

·E¬�¦U´EµP¬°¥4¦U¬sØX´"ª�¯,±�¬�¼2¼�µ$¦:·

x =

n
∑

i=1

βixi.

×U¬°ª ¦a¬�ª	·E¬°¼�±�¬�¦m¾<¥�¬ 
j½?Îz¬°³:ª3µ<¦E·E¬°¦
E ¥4¥2¥'FâÃ	¥hE±L¬°¯�¬°¥4¦

x ∈ U,
¾z´$¯`½�¥2¦x¾z¬�¯,±�¬�¦&¯ ¸�¹ ¬°¥�Ç"¬�ª�¯�»B³&¥�¬n¾z¬�¦U¬1ØP´$ª*¯3±²¬°¼4¼hµ$¦E·:¬�¦S´$¼2¯7Í_¥2¦U¬�´$ª�º

ÎzÀn½k"¥2¦M´E±�¥�À"¦U¬�¦r¾z¬�ª
xi

z¬�¯v¥h± ¸ ±BÈM¯°À{¥2¯3±
(x1, ..., xn)

¼2¥2¦U¬�´$ªJ´:"³ �$¦E·�¥4·UÉ
E ¥hÇGF��D´E±��¬A¾E¬°¯

x ∈ U
·E¬�¦U´Eµk¬°¥4¦U¬YØX´"ª�¯,±�¬�¼2¼�µ<¦E·H´$¼2¯PÍ_¥2¦U¬,´"ª*ÎzÀn½k"¥2¦M´E±�¥�À"¦u¾z¬�ª

xi

È_¯°ÀR¥9¯3±
(x1, ..., xn)

¼2¥4¦U¬,´"ª�µ$¦U´:"³ �$¦E·�¥4·UÉ
ØX´"½?¥�±�¼�´$¯*¯°¬�¦�¯v¥�»B³ �1´<¯�¬°¦k¯°À�»B³M´"ª°´"Îa±²¬°ª ¥9¯ ¥�¬°ª°¬°¦jÉ
E ÇGF

(x1, ..., xn)
¥9¯,± �1´$¯ ¥9¯DÇ"Àn¦

V
·E¬°¦M´EµG¾.´"¦:¦_È ¹ ¬°¦:¦�¯v¥�»B³ ��¬A¾z¬�¯

x ∈ V
´:µ Â ·:¬�¦M´:µR¬°¥4¦U¬

Ð ¬°¥2¯°¬P´"¼9¯1Í_¥2¦U¬�´$ª ÎEÀn½S$¥4¦M´:±�¥�Àn¦H¾E¬�ª
xi, i = 1, 2, ..., n

¾.´"ª�¯,±�¬�¼2¼�¬°¦S¼ �"ÁM± É
����HY�.�JI<b

qU>we�%9i�ba[z)3%
(x1, ..., xn)

+2%4/&)3!$�D!$K:-&=</:5<%25 ] N !</:/®)��E%98B'*%4)3�v'D),%2/:)�/:%9}�-.'v' �*%2;.%9!$+2) K %2/:)A!$� ��<���{K:%2/&!$' %2�</_@,!<+28 �1),%2/:)�@,KU),%zCE),�0`)3/:%45.8B'*),/&8_),%2/{�J�z)�?\3%4)3/.'
6= 0

%98B'A@3�?%4'
0 =

∑n

i=1
αixi.��)3CE)A8

x ∈ U
KM)A8v%4' \,'�),%2/:) N !$��8B'*),+2+4>:/&5

x =
∑n

i=1
βixi. N !$/:/k%28v'J!$KU),��!<>&}�-

x = 0 + x =

n
∑

i=1

αixi +

n
∑

i=1

βixi =

n
∑

i=1

(αi + βi)xi.
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lH%4'
γi := αi +βi

%28v'L!$+98v�X),%2/:)	07),%4' ),�*) N !<�*8v' )3+4+2>:/:5X5�)�~�>:/&C:),/�>:/&Cx@<C&!X/:%2}�-.'L!$+2+2)
αi = 08 %4/&C_@:%28v'�CE%2)38 ) N !<�*8v' )3+4+2>:/:5?;<��/SCE)3��),��8v' ),/k;<)3�*8*}�-:%2)3CE)3/ ]

qU>âe�%4%2%�i°bjqU),%25<)3/®01%2�D5�+4)3%2}�-rC:%4) ���?�<)3-:� >&/:5 ] OP%4K:'P)A8J\3>
x ∈ U

\,07),%�;<)3�*8*}�-:%2)3CE)3/:)
N !$��8B'*),+2+4>:/&5<),/jb

x =
n

∑

i=1

βixi =
n

∑

i=1

γixi,

8 ��%98v'

0 = x − x =

n
∑

i=1

γixi −
n

∑

i=1

βixi =

n
∑

i=1

(γi − βi)xi,

>:/&Cu�?%4'
αi = γi − βi

%98v'Y!$+98v�
0 =

∑n

i=1
αixi,

07�<KU),%`!<KM)3��/:%9}�-.'Y!$+2+4)��D�z)��R\,%2),/.'*),/
;<)3�*8*}�-z01%4/MCE),/ ] [z���?%('�%98B'JC:%4)�T&!<�?%4+2%4)

(x1, ..., xn)
+4%2/:)A!$��!$K&-&=$/:5�%45 ]

e�%2%�iJ>&/&C�e�%2;EiD�"!$/&/y�R!</r/&!�}�-yCE)3� 8 ),+2KM)3/ul®>&8B'*),�XKU),07),%98v)3/m>:/MC�� � !%�%+7$&$ 6 !%( � � !��6 ;<(��l®!$/?�"!$/:/R!<KM)3�s!$>&}�-R!<>E~aC:),�L�*),%2/?+4��5<%98 }�-:)3/YIsKM)3/:)D8*}�-:+2%4)3Q<),/jb$d�>&8`CE),� N )��&/&%('*%4��/
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8 ),%

(x1, ..., xn)
+4%2/:)A!$��>:/M!$K:-&=</:5<%25 ] N !$/&/f%28v'{!$+98v�

(x1, ..., xn)
/:%9}�-.'�+4%2/:)3!<�{!$K&-&=$/:5�%45 ]
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x ∈ U,
C:!�8X;<),��8*}�-:%4)ACE),/&) N !$��8v' ),+2+2>:/:5<)3/

KU)38 %('*\�' ] d�/&!<+4��5?8*}�-:+2%4)3Q$'1�R!$/k�?%('{e�%9i1!<>E~7e�%4;:i ]
qU>we�;Ei�bU[z)3%

(x1, ..., xn)
6	!<8 %981;<��/

V : N !</:/H%28v'
V =

8v#M!$/
(x1, ..., xn)

>:/&Cr8v��+9=$Q<'
8 %2}�- �B)3CE)A8

x ∈ V
!$>M8PC:),/

xi

�<�<�YK:%2/:%4)3� )3/ ] T:),�*/:)3�D%98B'
(x1, ..., xn)

+2%4/&)3!$�P>:/&!<K:-&=</:5<%25
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x
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K =<Q$'�8 %2}�-u>:�?5<)3�<)3-:�v' �B)ACE)38
x ∈ V

!$>:~	5�),/&!<>m)3%4/&)R�m)3%28 )GC:!<�*8v' )3+4+2),/_@_8 �H%98B'
V =8 #&!$/

(x1, ..., xn)
@M0`)3%4+j8 %9}�- �B)ACE)38DC:!$��8v' ),+2+2),/�+2=<Q$'A@:>:/&Cx@UC:!RCE%2) N !<�*8v' )3+4+2>:/:5 �B)30`)3%4+981)3%4/E�

CE)3>E' %25R%28v'3@:8 %2/&C�CE%4)
(x1, ..., xn)
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�p%2��KM)30`)3%28 ),/�CE%2)38 ),/H[E!"'*\�%4/��?),-&� )3� )3/k[E}�-:�*%4'v' )3/_b

�s�zÞwÞâÜ��r��� ���B¯,±
(x1, ..., xm)

µ$¦M´&"³ �$¦E·�¥4·kµ<¦x¾�¥9¯3±
y /∈

8 #&!$/
(x1, ..., xm),

¯°À�¥9¯3±�´:µE»B³
(x1, ..., xm, y)

µ$¦M´&"³ �$¦E·�¥4·UÉ
����HY�.�JI<b	67)�'*�*!�}�-�'*),/k01%4�1)3%4/&) K %2/:)3!<� ���<�{K&%4/&!$' %2�</_@zCE%2)

0
),�*5<%2KE'3b

0 = αy +

m
∑

i=1

αixi.
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�B8v'
α 6= 0,

8v�?%98B'

αy = −
m

∑

i=1

αixi,
C ] - ]

y =

m
∑

i=1

−αi

α
xi ∈

8 #&!</
(x1, ..., xm).
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α = 0,

>:/&Cx@nC:!
(x1, ..., xm)

>:/&!<K:-&=</:5<%25�%98B'A@3%98B'�/:�$'B07),/MCE%45
α1 = ... = αm = 0.

T:��+45�+4%9}�-
+9=$Q$'L8 %2}�-RCE%2)�|X!$>&8

(x1, ..., xm, y)
/.>&��' �*%4;z%9!$+E���<�{K&%4/:%2),�*),/j@$C ] - ] CE%2)38 )�T&!$�?%2+4%2)1%98B'L+2%4/&)3!$�

>:/&!<K:-&=</:5<%25 ]
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A ÜE�CB��m��� � � �YÜ�I3�JI����J¡7� �:��B�Ý� � ICIAÜE�CBz£�B¯3±

V
¬°¥4¦R¬�¦x¾<¼2¥�»B³?¬�ª ¸ ¬"µ"·M±�¬�ªDàU¬�Îa±²À"ª ª°´Eµ<½ µ<¦x¾

(x1, ..., xm)
µ<¦M´:"³ �"¦E·.¥(·�¥2¦

V,
¯�À	¥2¯3±U¬�¦a± ¹ ¬A¾z¬°ªj¯,»B³UÀn¦

(x1, ..., xm)
¬°¥4¦a¬ �1´$¯ ¥2¯�Ç"Àn¦

V,
À:¾z¬°ª

¬°¯j·�¥²E±_¬�¦x¾�¼4¥�»B³�Çn¥�¬°¼�¬�àU¬�Îa±�Ànª�¬�¦
xm+1, ..., xm+p,

¯°À:¾.´"Á
(x1, ..., xm, xm+1, ..., xm+p)

¬°¥4¦a¬
�1´$¯ ¥2¯PÇ"Àn¦

V
¥2¯3± É

�B¯3±
(y1, ..., yn)

¥4ª ·E¬°¦x¾z¬�¥2¦r¤sª ¸ ¬nµ"·:¬�¦x¾z¬°¦&¯�&:¯3±²¬°½ ÇnÀn¦
V

Èj¯°À?Î$´"¦:¦m½�´"¦w¾�¥�¬®àU¬�Îa±�Ànª�¬�¦
xm+1, ..., xm+p

´:µ<¯P¾<¥�¬°¯°¬�¦
{y1, ..., yn} ¹ �"³:¼�¬�¦É

����HY�.�JI<b7Is8�8 ),%
(x1, ..., xm)

>:/&!$K&-&=$/:5�%45�%2/
V. N !$/:/H8 %4/MCG\30`)3%jTV=$+2+4)X�?�<5�+4%9}�-_b

� ] 8v#&!</
(x1, ..., xm) = V : N !</:/R%28v'`8*}�-:�</

(x1, ..., xm)
67!�8v%98V;<��/

V.
d�/&CE)3� /:~�!$+2+28�%98v'

� ] 8v#&!</
(x1, ..., xm) $ V : N !$/:/f),�E%28v' %2),� '{),%2/

y ∈ V, y /∈
8 #&!$/

(x1, ..., xm).
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K ),�?�R!�� ] � �{���</:/&),/�01%2�1CE%4)A8v)A8
y

!<+28
xm+1

\3>
(x1, ..., xm)
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(x1, ..., xm, xm+1)
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(y1, ..., yn)
;��</

V
;��<� ] Is81%98B'JC:!<�?%('J!<+28 ��8 #&!</

(y1, ..., yn) = V.
�p%4��8 )�'*\,)3/
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�B¯3±�¾z´"¦:¦ Â Ë ª�¬�¥2¦U¬�¦��¦_¾z¬��
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αk 6= 0,
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�1´<¯v¥9¯XÇnÀ"¦
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x 6= 0
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α1 6= 0.
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(x, y2, ..., yn) � �#6 !%� �C!%; � ! ( ���jIs81%98B'

x =

n
∑

i=1

αiyi
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α1y1 = x −

n
∑

i=2

αiyi,

!$+98v�

y1 =
1

α1

x −
n

∑

i=2

αi

α1

yi ∈
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(x, y2, ..., yn).
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0 = βx+
∑n

i=2
βiyi
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x
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0 = β
n

∑

i=1

αiyi +
n

∑

i=2

βiyi = βα1y1 +
n

∑

i=2

(βαi + βi)yi.
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(y1, y2, ..., yn)
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0 = βα1
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0 = βαi + βi
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α1 6= 0
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β = 0
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β2 = ... = βn = 0.
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k > 0
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αixi
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∑k−1

i=1
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xk = α1x1 + ...αk−1xk−1 + βkyk + ... + βnyn.

�¨=$�*),/w!<+4+2)
βi = 0,

8v�®�"=<��)3/f01%4��!$>E~JC:),/â8 ),+2KM)3/f�p%2C:),��8v#:�*>&}�-f01%2)G)3KM)3/ ] dJ+28 �®%98B'
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V

),KU),/�/:%9}�-.' ]
�

�p%2�1�<�</&/:),/�CE%2)38 )XdJ>&8*8 !<5<)X/:�E}�-S5�),/&!<>:),�	�R!<}�-&),/ ]

A ÜE�CB��m�9ÚUÚ �B¯3±
U

¬�¥2¦
m

º�¾<¥2½G¬�¦&¯ ¥�Àn¦M´$¼�¬°ª
j¦a±²¬°ª ª°´Eµ$½�¬�¥2¦U¬°¯
n
º�¾<¥2½G¬�¦&¯ ¥�Àn¦M´$¼�¬°¦ �J´:µ$½G¬°¯

V,
¯°À{·�¥²E±`¬°¯X¬�¥2¦U¬ �1´$¯ ¥2¯

(y1, ..., ym, ym+1, ..., yn)
ÇnÀn¦

V,
¯°À:¾.´"Á

(y1, ..., ym)
�	´<¯v¥9¯�Ç"Àn¦

U
¥2¯3± É
����HY�.�JI<b7�¨=$-&+4)�)3%4/:)�6	!�8v%98

(y1, ..., ym)
;<��/

U
>:/&Ck),�*5�=</:\,)P\,>H6	!<8 %98`;��</

V. �

�B8v'
(y1, ..., ym, ym+1, ..., yn)

),%2/:)s6	!<8 %98a;<�</
V,

>:/&C�8 )�'*\,)3/P01%2�
U1 :=

8v#M!$/
(y1, ..., ym),

U2 :=
8 #&!</

(ym+1, ..., yn),
8 ��8 %4/&CHC:%4)A81\,07),%#��/.' )3� ��=$>:�?)�CE)3� N %4�?),/M8v%2�</:)3/®CE%2�

U1 =
m,

CE%2�
U2 = n − m

@z~��:�JCE%2)X~��<+25<)3/&CE)A8	5<%2+('Ab
� ]

U1 ∩ U2 = {0},

� ]
U1 + U2 := {x ∈ V |

Is8�5<%2KE'
x1 ∈ U1, x2 ∈ U2

�?%('
x = x1 + x2} = V.

N ),/:/�%98B'
x ∈ U1 ∩ U2,

8 �?%28v'

x =

m
∑

i=1

αiyi =

n
∑

i=m+1

βiyi,
C ] - ]

0 =

m
∑

i=1

αiyi −
n

∑

i=m+1

βiyi,

>:/&C�C:!
(y1, ..., yn)

>:/&!<K:-&=</:5<%25?%28v'3@E�Y>:Q

α1 = ... = αm = βm+1 = ... = βn = 0

8 ),%2/ ]
T:)3� /&),�	-&!"' �B)ACE)38

x ∈ V
)3%4/:) N !$��8v' ),+2+2>:/:5

x =

n
∑

i=1

αiyi =

m
∑

i=1

αiyi +

n
∑

i=m+1

αiyi,

07�<KU),%_CE)3�1),��8B'*)  ),�*� %2/
U1,

CE),�1\30`)3%('*)�%4/
U2

+2%4)35$' ]

�k���V�����3���M���m�9Ú5���BÛM�UÞf¢����zÞw�z�a� �E¡"� �S�a�A�.¡A¡ �:Ý�Þw�:£�� ¹ ¬�¥ 
j¦a±²¬°ª ª*�Eµ$½G¬
U1, U2

¬°¥9º
¦U¬�¯�àU¬°ÎU±�Ànª*ª�´:µ$½G¬°¯

V
³U¬�¥2Áz¬°¦Hã2ÎEÀn½�«a¼�¬�½G¬�¦a± �"ªAä�È ¹ ¬�¦:¦

U1 ∩U2 = {0}
µ$¦x¾

U1 +U2 = V.

N ),�J[E!$' \�� ] �,�Y>:/MCkC:%4)�!</&8 }�-&+4%2),Q�),/&CE)3/��JKM)3� +2),5�>:/:5<)3/S+2%2)�~�),�*/k>:/:�?%('*),+2K&!$�



�����G� � �������
	�����������

A ÜE�CB��m�9Ú�D ��¦¨¬�¥2¦U¬�½å¬°¦x¾<¼2¥�»B³Uº�¾<¥2½G¬�¦&¯ ¥�Àn¦M´$¼�¬°¦ àU¬�Îa±²À"ª ª°´Eµ<½
V

·�¥²E±�¬°¯ ¸ µ���¬A¾z¬°½ 
j¦Mº
±²¬°ª ª°´Eµ<½

U1

¬�¥2¦U¬�¦RÎEÀn½�«a¼�¬�½�´"¦a± �$ª°¬°¦�
¦a±²¬�ª*ª°´Eµ$½
U2.

× Ë ªsÎEÀn½�«a¼�¬�½G¬�¦a± �$ª°¬ 
¦U±�¬�ª*ª	�:µ$½G¬
·�¥2¼h±	¾<¥�¬DØD¥4½G¬°¦&¯v¥�Àn¦M¯ Â À"ª ½G¬�¼

CE%2�
U1 +

CE%2�
U2 =

CE%4�
V.

Is8�8 ),%VKU),�?),�*�.'3@xC:!$QS)38P\,>y),%2/:)3� ��/.' )3� ��!$>:� % ] ! ] ;.%2),+2)��<�<�?#:+2),�?)3/�'�=$�*) �J/�'*),�*�*=<>:�?)
5<%2KE' ] l®!$/�8*}�-&!$>:)X)3%4/E~�!�}�-S%2/HCE),/H67),07),%987;<��/�[E!$' \X� ] �,� ]

N %4)A8	%28v'�/z>:�1),%2/®[z#M)3\,%9!$+4~�!$+2+x;<��/
A ÜE�CB��m�9Ú �ß�v�S��Þw�z��IA���U� I �²�M¡nÞâ� �²£GçE¥4¦x¾

U1, U2


j¦a±²¬°ª ª*�Eµ$½G¬�¬°¥4¦U¬�¯X¬°¦x¾<¼2¥�»B³Uº�¾<¥2½G¬�¦&¯ ¥�º
Àn¦U´"¼�¬�¦@�J´Eµ$½G¬�¯

V,
¯°À�·�¥2¼�±

CE%4�
U1 +

CE%2�
U2 =

C:%4�
(U1 + U2) +

CE%2�
(U1 ∩ U2).

����HY�.�JI<b�qU>:/M=<}�-&8v'1%28v'1\,>k\,),%25<)3/_@:C:!<Q
U1 ∩ U2

>&/&C
U1 + U2

01%2)3C:),� ��/.'*),�*�*=<>:�?)D;��</
V

8 %4/&C ] T:)3� /:)3��8v%2/&C
U1, U2, U1 ∩ U2

8v��5�!<� �J/.' ),�*��=$>:�?)X;<��/
U1 + U2.

dJ+4+jC:%4)A81\,)3%45�),/
[z%2){�R!$+�8v)3+4KM8B'A� +J!�}�-®CE),�D+4),' \,' ),/mT:)38v'*8v' )3+4+2>:/:5G�<�</&/:),/H01%2�DC:!</:/H5<+2),%9}�-

U1 + U2 = V!$/&/:),-:�?)3/ ]
T&!<+4+	��b

(U1 ∩ U2) = {0} : N !</:/m8 %2/&CrCE%2)?W�=$>:�?)
U1

>:/MC
U2

���<�?#:+2),�?),/.'*=<�D>&/&C
�?%('JC:%4�

(U1 ∩ U2) =
CE%2�

{0} = 0
~���+45<'1C:%4)�67),-M!$>:#E'*>:/:5R!$>M81CE),�æ;<�<�*%25<),/k[E!"'*\ ]

T&!<+4+ �Eb
(U1 ∩ U2) 6= {0} :

��%2),�*\,>HKU),/z>E'*\,)3/H01%4�JTM!$+2+L� ] +J!<}�-r[:!"' \�� ] � �R5<%2KE'J)A81%4/
U1

)3%4/&),/k\,>
(U1 ∩ U2)

���<�?#:+2),�?),/.'*=<� )3/SW�!<>:�
U,

~��:�JCE)3/�!<+28 ��5<%2+('

(U1 ∩ U2) ∩ U = {0}, (U1 ∩ U2) + U = U1,

>:/&C�C:!<�?%('
CE%2�

(U1 ∩ U2) +
CE%4�

U =
C:%4�

U1. (∗)
�y),%4' ),�J%28v'

(U ∩ U2) = {0} : N ),/&/k07),5�),/
U ⊂ U1

%28v'

U ∩ U2 = (U ∩ U1) ∩ U2 = U ∩ (U1 ∩ U2) = {0}.

T:)3� /&),�1%98B'

U1 + U2 = (U + (U1 ∩ U2)) + U2 = U + ((U1 ∩ U2) + U2) ⊂ U + U2 ⊂ U1 + U2,

8 �zC&!$Q?!$+98v�?�:KU),��!$+2+_C:!<8�OP+2),%9}�-:-:)3%('�8v\3),%9}�-:),/�8v' ),-.'�>:/MCkC&!$�?%('�%2/&8 KM)A8v��/&CE)3� )

U + U2 = U1 + U2.

T:��+45�+4%9}�-�8v%2/&CkCE%4)�WJ=$>:�?)
U

>:/&C
U2

���<�?#:+2),�?),/.'*=<��e�%2/
U1 + U2

i7>:/MCkC&!$�?%('
CE%2�

(U1 + U2) =
CE%2�

U +
CE%2�

U2. (∗∗)

d1C:CE%2),�*),/k01%2��CE%4){OP+2),%9}�-z>:/:5�),/
(∗)

>:/MC
(∗∗),

8v��~���+45<'
CE%2�

(U1 + U2) +
CE%2�

(U1 ∩ U2) +
CE%2�

U =
CE%2�

U +
CE%4�

U2 +
C:%4�

U1,

07�<��!$>&8	8 %2}�-k>:/:�?%4'v' )3+4KM!$�JCE%2)�67),-&!<>:#E' >&/:5?),�*5<%2KE' ]
�

N !<81�D�</:\3),#E'	�<����#&+4)3��)3/.'*=$�*),� �J/�'*),�*�*=<>:�?)D+9=$Q<'�8v%9}�-S/&�z}�-�!$>M8v07),%4' )3/ ] �p%4�1)3� -M!$+4�
' )3/H8v�RCE)3/�67)35<�*% L®CE)3�JCE%2� )3��'*),/H[z>:�?�?)�;<��/ �J/�'*),�*�*=<>:�?),/k),%2/:)38	��)3�.' �<�*��!$>:�?)38

V.qU>:/M=<}�-&8v'	8 ),%jKM)3��)3� �.'Ab
�jÜ:Ûx�R�r�9Ú � çz¥4¦_¾

U1

µ$¦x¾
U2

ÎEÀn½�«a¼�¬�½G¬�¦a± �"ª�¬ 
¦U±�¬�ª*ª	�:µ$½G¬�Ç"Àn¦
V,

¯�À�·E¬°¼�±�¬�¦
E ¥'FrÏ.¬n¾z¬�ªmàU¬�Îa±²À"ª

x ∈ V
E¬°¯ ¥h± ¸ ±D·E¬°¦M´Eµu¬�¥2¦U¬�ØX´"ª�¯3±²¬�¼2¼hµ$¦E·u´$¼2¯

x = x1 + x2, ¹ ÀEE¬�¥
x1 ∈ U1

µ$¦x¾
x2 ∈ U2.



�J�*� ^

E ¥2¥'F��B¯,±
0 = x1 + x2, ¹ À:z¬°¥

x1 ∈ U1

µ<¦x¾
x2 ∈ U2,

¯�À{¥9¯,±
x1 = x2 = 0.

N ),�0����HY�.�JI�8v)3%_!$+98 ��K:>&/:5R5<)3+2!�8 8 ),/ ]
qU07),%x���<�?#:+2),�?),/.'*=<� ) ��/.' )3� ��=$>&��)X5�),KU),/H!$+98v��),%2/H67),%98v#:%2),+a~��&�JCE%2)D~���+45�),/&C:)

�k���V�����3���M���m�9Ú � �v�S��¡"��Ûx�A� A ÝÞwÞâ� �M�U� �k�a�3�.¡n¡ �:ÝÞâ�.��£
U1, ..., Un

µ$¦x¾
U

¯�¬°¥�¬°¦

j¦a±�¬�ª*ª	�:µ$½G¬�¬�¥2¦U¬°¯�àU¬�Îa±²À"ª ª°´Eµ$½G¬�¯

V.
ØP´$¦:¦H³U¬°¥4ÁM±

U
ã�¾�¥4ª�¬�Îa±²¬�çaµ$½?½G¬näP¾z¬�ª

Ui

ÈM¦UÀE±�¥�¬�ªA±
´"¼9¯

U = U1 ⊕ U2 ⊕ ... ⊕ Un =

n
⊕

i=1

Ui,

¹ ¬�¦:¦
E ¥'F

U = {x ∈ V | x = x1 + ... + xn, ¹ À:z¬°¥ Â Ë ª���¬A¾E¬°¯ i = 1, ..., n, xi ∈ Ui}
µ$¦x¾

E ¥2¥'F
0 = x1 + ... + xn

½?¥h±
xi ∈ Ui, (i = 1, ..., n)

¦aµ$ª Â Ë ª x1 = ... = xn = 0
½G©A·.¼4¥�»B³

¥2¯3± É
��KU),�*+2),5<)3/k[z%2)X8v)3+4K&8v'3@:C&!$QYC&!$/:/ �B)3CE)A8	IL+4)3�?),/.'	C:),�1CE%2� )3��'*),/�[z>:�?�?)P5�),/&!<>G)3%4/:) N !$� �
8v' ),+2+2>:/:5R!$+98�[z>:�?�?)�;<��/SIL+2),�?)3/�'*),/®CE)3�1),%2/:\,)3+4/&),/ ��/.' )3� ��=$>:�?)XKU)38 %('*\�' ]
� 〉
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67�����

�o� �o���������������
	7� ���	��
���������������
〉 �
[.'*>&CE%2),�*),/�[z%2)®\3>:/&=<}�-M8B'SC:%4)r~��<+25<),/MCE),/¨67),%98 #:%4)3+4)r>:/&Cp#:�*�E~�)3/�[z%2)<@70`�w��)3�.' �<�*��=$>:�?)
;<��� +2%2),5<)3/G>:/MCS07��/:%2}�-.' ]

�Y�r��ÙI`8�8v)3%
Rn := {(ξ1, ..., ξn) | ξi ∈ R, i = 1, ..., n}

CE%2)�lH),/&5<)�!$+2+4)3�
n
��'*>:#U),+x;<��/S�*),)3+4+2),/®qa!<-:+4)3/ ] �p%2�JCE)��M/:%4)3� )3/S)3%4/&)

d1C:CE%4' %2�</
(+)

b
(ξ1, ..., ξn) + (η1, ..., ηn) := (ξ1 + η1, ..., ξn + ηn)

>:/&Ck),%2/:)
lH>:+4' %2#:+2%4�"!$' %2�</��?%('Pqa!<-:+2),/

α ∈ R : α · (ξ1, ..., ξn) := (αξ1, ..., αξn).

�Y��Ú��ÙI`8S8 ),%
Cn

CE%4)ylH),/&5<)r!<+4+2),�
n
�h' >&#M)3+D;��</p�<���?#:+4),�E),/tqa!$-&+4)3/ ] �p%2�S)3� �z+9=$�*),/

d1C:CE%4' %2�</
(+)

>:/&Crl®>:+('*%4#&+4%2�"!"' %2�</m�?%('{qa!$-&+4)3/
α ∈ C

~��<�*�R!$+�5<+2),%9}�-®01%4)Y%4/y67�{�<@a/z>:�
C:!<Q �B),' \,'�),KU),/H!$+2+4)X;��<�*�<�<�?�?),/MCE),/Hqa!$-:+2),/k�<���?#:+4),�S8 %4/&C ]

�Y� ���ÙI`8�8v)3%
F

C:%4)�lH)3/:5<)�!<+4+2),��!<>E~
R

CE)��&/&%4)3�v'*),/�� )3),+2+407),� ' %25<)3/ST&>:/:�.' %2�</:)3/

F := {f | f : R → R}.

�p%2�s),�*�z+2=<� )3/?%4/
F

)3%4/:)Dd1C:CE%4' %2�</
(+)

b.T��:�
f, g ∈ F

KM)3\,),%9}�-:/:)
f + g

C:%4)1~��&�7!<+4+2)
t ∈ RCE>:��}�-

(f + g)(t) := f(t) + g(t)
),�*�z+2=<�v'*)PT&>:/:�.' %2�</ ]

�p%2�)3� �z+9=$�*),/�%2/
F

)3%4/:)	lH>:+4' %2#:+2%4�"!$' %2�</{�?%4'��*),)3+4+2),/?qa!$-:+2),/
α :

T��:�
f ∈ F

KM)3\,),%9}�-:/:)
αf

CE%2)P~��:�J!$+2+2)
t ∈ R

CE>&�*}�-
(αf)(t) := α · f(t)

)3� �z+9=$� ' )�T:>:/&��'*%4��/ ]

�Y� D��
R[T ]

KM)3\,),%9}�-:/:)kCE%2)SlH),/&5<)S!<+4+2),� =���+'?z/:���?)G�?%('�� )3),+2+4)3/w�J�z)�?\3%4)3/.' ),/f%2/w)3%(�
/:)3�P�L!<� %9!$K&+4)3/

T. +
K:\,0 ]

α·
8 ),%2),/m!<+28XCE%2)��:K:+2%2}�-:)Rd1C:C:%('*%4��/rK:\30 ] lH>:+4' %2#:+4%2�"!"'*%4��/mKU),%

=V�<+�?z/:�<�?),/k),�*�z+2=<�v' ]

�Y� ���
Z[T ]

KM)3\,),%9}�-:/:)DCE%4)DlH),/:5�)�!$+2+4)3� =V�<+�?z/:�<�?)1�?%('75�!</:\,\A!$-:+2%45�),/?�J�z)�?\3%4)3/.' ),/?%2/
),%2/:)3�7�L!<� %9!$K&+4)3/

T. +
K:\30 ]

α·
8 ),%2),/�!$+98	CE%2)P�&K:+4%9}�-:)Xd1C:CE%4' %2�</kK:\,0 ] l®>:+('*%4#&+4%2�"!"' %2�</�KU),%

=V�<+�?z/:�<�?),/k),�*�z+2=<�v' ]

�Y� ���Ù�p%2)�67���M@:!$KU),�1/z>:�JlH>&+('*%4#:+2%2�n!$' %2�</��?%('
α ∈ Z

\,>:5�),+9!<8*8v)3/ ]

�Y� � �Ù�p%2)�67� �:@:!$KU),�
α ∈ R

\3>:5<)3+2!�8 8 ),/ ]

�Y� ���Ù�p%2)�67� ^ @:!$KU),�1),%2/:5�)38*}�-:�*=</:�.'	!<>E~�T:>:/:�.'*%4��/:),/��?%('
f(0) = 0.

�Y� "��Ù�p%2)�67� ^ @:!$KU),�1),%2/:5�)38*}�-:�*=</:�.'	!<>E~�T:>:/:�.'*%4��/:),/��?%('
f(1) = 1.

��),�.'*�<�*�*=<>:�?)�+4%2),5�),/S;<�<�`%4/k67�{�PK:%28	67���Y>:/&CS%4/k67�DZ ] �u!<875<)3-�'7KM)3%_CE),/k!$/&C:),�*),/
8*}�-:%4),~ 	
K )A8v)3/�[E%4)X07),%4' ),�1K&%28
� 〉



67����� � � � ���������&����� �.� ��� ���
	������
� ���

〉 �
��/.'*),��8v>&}�-&),/R8v%2)JCE%2)�%2/GCE)3/R�<K:%25<)3/�6`)3%28 #:%2),+2),/?5<)3/&!$/&/�'*),/R��)3��'*�<�*�*=<>:�?)�C:!$��!$>:~�-:%4/j@

�<Kk),%2/:)3� ��/.' )3� ��!$>:� \,>�),%2/:),� !$/&C:),�*),/G%98v' ]
��/.'*),�*�*=<>:�?)�;<�</®67� ^ 8v%2/&CH67���G>:/&C®67�DZ ] �u!$�*>:� %28v'PCE)3�

Rn
( � ��� 6 ��/.' )3� ��!$>:�

CE)A8
Cn?�y),+9}�-:)GW�=<>:�?)G8v%2/&Cu)3/&CE+2%2}�-w)3� \3),>:5<'
	re�67�{��@�67� � ] i{OP),KU),/â8 %4)SC:!"~��:�YIL�*\,),>&5<),/:�

CE)3/&8 ?E8v' )3��)X>:/MCk6	!�8v)3/k!</ ]

�Y�r����� qU)3%45�),/H[z%4)�@&C:!<QY%2�
Rn

K:\,0 ]
Cn

CE%2)��B�"!</:�</:%98*}�-:),/kIL%2/:-:),%4'*8 ;<)3�.' �<�*),/ �
e1 := (1, 0, 0, ..., 0), e2 := (0, 1, 0, ..., 0), ..., en := (0, 0, ..., 0, 1)

),%2/:)�6	!<8 %9878 %2/&C ] T�%2/&CE),/®[z%2)�/:�E}�-�!$/&CE)3� )�6	!<8 ),/ ]

�Y�r�U� �
� ] [z%4/MCS%2�

R3
CE%2) ��/.'*),��=$>:�?)

U1 :=
8v#M!$/

((1, 1, 0), (1, 0,−1))
>:/&C

U2 :=
8v#&!</

((1, 1, 0), (1, 0,−1), (0, 1, 1))
5<+2),%9}�-G�ECE),�1;�),��8 }�-&%4)ACE),/ 	

� ] 6`),' ��!<}�-.' )3/k[z%2)�%2/
R[T ]

CE%2) =V�<+'?z/:���?)
pi, qi,

CE),�&/:%2),� '1C:>:�*}�-
p−1(T ) := T (T − 1), p0(T ) := (T + 1)(T − 1), p+1(T ) := T (T + 1),

q1(T ) := T, q2(T ) := T 2.
[z%4/MCpCE%4) ��/.' )3� ��=$>&��)®8 #&!</

(p−1, p0, p+1)
>:/MCp8v#&!</

(p−1, p0, p+1, q1, q2)
5<+2),%9}�-

�zC:),�j;�),��8 }�-&%4)ACE),/ ] �p%4)78B'*),-.')A8j�?%4'VC:),� ��/&!<K:-&=$/&5<%25<�<)3%('jC:),��/:�$'*%4)3�v'*),/{TM!$�?%4+2%2),/ 	

K )A8v)3/�[E%4)X07),%4' ),�1K&%28
^ 〉

〉 ^

�Y�r�:Ú ��T��:-:�*),/®[z%2){CE)3/®6`)30`)3%281C:)38�6	!<8 %98B�²IL�*5�=$/&\,>:/:5.8 8*!"'*\,)A8`!</k)3%4/&),� 6`)3%28 #:%2),+_),�z�
#:+2%4\3%('J!<>&83b

���
R4

%98B'
(y1, ..., y4)

��%4'
y1 = (1, 0, 0, 0)

y2 = (1, 1, 0, 0)

y3 = (1, 1, 1, 0)

y4 = (1, 1, 1, 1)
),%2/�IL�*\,),>&5<),/MCE),/&8"?E8B'*),� ] e��u!$�*>:� 	ni

[z>&}�-&),/H[z%4)�%2/
x1, x2, x3

�?%('
x1 = (1, 0, 1, 0)

x2 = (0, 1, 0, 1)

x3 = (1,−1, 1,−1)
>:/&!<K:-&=</:5<%25<)  ),%2+4~�!$�?%4+2%2),/r!<>E~s>:/&C®),�*5�=$/&\,),/r[E%4)�CE%4)A8v)Y/&!<}�-mCE),�XlH)�'*-:�ECE)YC:)38X6	!<8 %28v�
IL�*5�=</:\,>:/&5�8*8 !$' \,)A8s\3>�),%2/:),��6	!<8 %98`;��</

R4.

K )A8v)3/�[E%4)X07),%4' ),�1K&%28
� 〉



67��� ^

〉 �

�Y�r�<��� �y),/&CE)3/®[z%4)�C:),/Hd�>&8v'*!<>&8*}�-&8 !$' \X!$/
� ] !$>E~

(e1, e2, e3, e4)
!$+9816	!<8 %28	CE)A8

R4
>:/&C�!$>:~

x1 = (1, 0, 1, 0), x2 = (0, 1, 0, 1),

� ] !$>E~VCE%4)�%2/u� ] 5�),07�</:/:)3/:)X67!�8v%98	>:/&C
x1 := e1, x2 := e2.

�Y�r� D�� OP),KU),/®[z%2)�),%2/:)3/k���<�?#:+2),�?),/.'�=$�*),/ �J/.' ),�*��!$>:� !</
� ] %4�

R4
\3>H8v#&!</

((1, 0, 1, 0), (0, 1, 0, 1)).

� ] %4/
R[T ]

\3>:� �J/.' ),�*��!$>:� !$+4+2),��=���+'?z/:���?)<@&CE%2)�/z>:��5�),��!<CE) =V�<' ),/&\,),/�;��</
T

),/.'v�
-&!$+4' )3/ ] e��u!$�*>:� %98v'JC:!<8	)3%4/ ��/.' )3� ��!$>&� 	ni

�Y�r� � ��67)38v' %2�?��)3/ß[z%2)kC:%4�
(U ∩ V )

~��:�RCE%2)G\,07),% ��/.'*),�*�*=<>:�?)
U, V ⊂ R4,

07�<KU),%
U =

8 #&!$/
(e1, e2, e3), V :=

8v#M!$/
((1, 0, 1, 0), (0, 1, 0, 1)).
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