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f
&>6

*�&>6'*1�O*�6/B',)&KP�:F��BF&)�H*16/JL&>G%6�";,>*�6RQS*1TU(+G%0I0�";M'�V*1&)6'*#WX";(+0I&ZY8��[\"%0IJL(+*1,),>M'6'4N&)6][\&>"%4%G%6�";,)^_G%0I�
.<*1J+&Z(I?�(1@<JLG%^_*�0I6�*1&)6/*�`9"5JL&KJ	";M/Ja23&)45*�68b%*1TU(+G%0I*�6�b%G50+:/"%6/BF*16R&KJE(A@/";.<*�0a"%M/P�:]4%*1J+*�:/*�6c@'B'"%C
J+G%,KP�:'*#`9"5JL*16]6'&>P�:U(d?1M]*�YF&>JL(+&>*�0I*�6].'0�";M�P�:'*�6ce/fg&)0a79G%,>,>*�6]68M'6XBF&>*1J+*�h'0�";4%*iM'6U(I*�0d"%,),>4%*��
�H*�&>6'*�0I*�6Rjk*AJL&KP�:U(IJ+$'M'6'TU(I*�6�6'*1Ml.�*1:/";6�BF*�,>6ceUfg&)0m7m*10IBF*16�&)6�JL.<*1J+G%6/B'*�0I*anaG%0I��";,)^_G%0I�H*�6
^_-'0lWX";(+0I&ZY8��[\"%0IJL(+*1,),>M'6'45*�6o*�0I:/";,)(+*16c@3";M/JHBF*16'*�6gJ+&>P�:=B'"%6'6oM/65(I*�0lJ+$�*1?�&>*�,>,)*16=QSG%0�";M/JL�
J+*�(+?1M'6'45*�6=";M/P�:=BF&>*][\&K";4%G56/";,)^_G%0I�p*�0I4%*1.�*16q7�&>0IBcer[\"%0+-/.�*10+:'&>6/"%M/Js7m*10IBF*16q7�&>0�6'GFP�:
79*1J+*�6U(+,>&>P�:]";,>,>4%*��H*1&)6'*10+*#tF"5P�:Ub5*�0I:/";,)(+*\�H&Z(a*1&)68.<*�?�&>*�:/*�6]T%u56'6'*�6ve

�<M'0�QSG50+.<*�0I*�&)(+M/6'4N./0I"%M/P�:'*�6�7�&>0�*�(E7	"%J�wa,>4%*1.'0�"'e

xzyL{}|]~r���a�d~r�����L�3{c�\�'�
���5�����_�1�����z�a�����

K �I����� �5�������X 3¡)¢ K £¥¤<¦¥§<¨�©«ªIª�¬'­;® A ¯ ¡>¢�° ¦�® ¢ ©'±E²³¦ ¡)¢ ¦o´S¦ ¡ ¨�¦�ª�¦µS¶ ¦�ª¥¬F¨ ¡ © ¢ ¯1·'¦ ¢ ¬ ¢'¢ ¨v¸º¹»­;¼½¨ ¡ ¶ ¼ ¡ §;¬F¨ ¡ © ¢c¾ · : A×A→ A ¦�ªI§8¼K¿;ª1¨ ¡>À ¨E¯�²<¦ ¡)Á ¨v¦ ¡>¢ ¦ K £�Âd¼Z·'¦�Ã�ª¥¬8¯
´3¦ ¢'¢ ·F¦¥¼�¨�¦ ¢vÄÅ ¡)ÆXÇd¡ ¦k¹»­;¼½¨ ¡ ¶ ¼ ¡ §;¬F¨ ¡ © ¢ · ¡>À ¨3¬ ÀIÀ ©'± ¡ ¬'¨ ¡½È ¯Å ¡>¡)ÆX rÀ ·F¦¥¼�¨�¦ ¢É°%¡ ¦ Çd¡KÀ ¨�ª ¡ ÃF­'¨ ¡�È ·'¦ À ¦«¨�Ê�¦ (a, b, c ∈ A,α, β, γ ∈ K)

(αa+ βb) · c = α(a · c) + β(b · c)
a · (βb+ γc) = β(a · b) + γ(a · c).Ë ¡ ÃF¨Ì¦ À ¦ ¡>¢�  ¼_¦�®R¦ ¢ ¨ 1 ∈ A ¯ À © ° ¬ Á ∀a∈A 1·a = a·1 = a,

À ©9²<¦ ¡)Á ¨ A ¦ ¡)¢ ¦ K £�Âa¼)·F¦;Ã�ª�¬m® ¡ ¨Í%ÎUÏ9Ð ª α ∈ K
À ±E²'ª�¦ ¡ ÃF¨c®l¬ ¢RÀ ¨Ñ¬F¨+¨ α · 1 §Ì­;ªIÊ α. Ò À ¨ °%¡ ¦�¹�­;¼�¨ ¡ ¶ ¼ ¡ §;¬F¨ ¡ © ¢ §8©�®s®�­'¨½¬'¨ ¡½È ¯ À ©

²<¦ ¡)Á ¨ A ¦ ¡>¢ ¦k§F©«®H®R­/¨½¬F¨ ¡�È ¦ K £�Âa¼)·F¦�Ã;ª�¬ Î Ç ¦¥ª\¹»­;¼½¨ ¡ ¶ ¼ ¡ §;¬'¨ ¡ © ¢/À £_Ód­ ¢ §Ì¨a´ ¡ ª ° ®R¦ ¡KÀ ¨ ¢'¡ ±E²<¨
·F¦ À ±E²/ª ¡ ¦�ÃF¦ ¢ Î
���Ô79*�&)(+*10+*16�.<*�(I0I"5P�:U(+*�6�7�&>0�6UM/0

K
��wa,>4%*�./0+*16R�H&Z(����½2r,)*1�s*16U(1e

�<79*�&vJ+&>�s$/,)*Õ`9*1&>J+$'&>*�,>*ÕJL&>6/B]*�(E79"
K
J+*�,>./JL(dGFBF*�0a&>�Öh/"%,),>*

K = R
BF&>*\×EØ�G5,)Ù86'G5�s*�Ú�e

`9*�&KBF*#JL&>6/B�T%G5�H�ÕMF(�"�(+&>bl�H&)(��%eF23&>6]^_-'0aB'"5J	fÉ*1&Z(I*�0I*#7�&>P�:U(+&>4%*AJ	`m*1&>J+$'&>*�,c*16U(+:/Û%,Z(
Ür�8Ý�Ýq�����ºÞ

V
À ¦ ¡ ¦ ¡>¢ K £�¤<¦�§Ì¨�©«ªIª�¬'­;® Î Ç ¬ ¢'¢É¡>À ¨9ß G%� (V, V ) ® ¡ ¨ ° ¦¥ª Ð Ã�¼ ¡ ±E²<¦ ¢ Â ° £°%¡ ¨ ¡ © ¢ ­ ¢c°X° ¦�®áà ¡>¢ ¨Ñ¦¥ª¥¦ ¡)¢ ¬ ¢â° ¦¥ª�¬'­ ÀLã Ð ²'ª¥¦ ¢ÉÈ © ¢ àk©�®R©«®R©«ª ¶ ² ¡KÀ ®R¦ ¢ ¬;¼ À ¹»­;¼½¨ ¡ ¶ ¼ ¡ §;¬F¨ ¡ © ¢

¦ ¡>¢ ¦ ¡ ®ä¬;¼)¼)·F¦¥®l¦ ¡)¢ ¦ ¢R¢/¡ ±E²Ì¨S§8©�®H®R­'¨Ñ¬F¨ ¡½È ¦ K £�Âa¼)·F¦;Ã�ª¥¬�® ¡ ¨ &>B V ¬;¼ À Í £   ¼º¦¥®l¦ ¢ ¨ Î
23&>6]7m*1&Z(I*�0I*1J	7�&KP�:5(I&)45*1J	`9*�&KJL$/&)*1,c&>JL(	^_G%,>4%*16/BF*1J1å

�<M�*1&)6/*��p du50+$<*�0
K
.'&>,KBF*�6�7�&>0HBF&)*]J+G%4%*16/";6/65(I*N×+BF&)0I*�TU(I*�t8M'�H�H*¥Ú�-/.�*10

N
b8&>*�,>*

2SYF*��H$',K";0I*ib%G56
K :

P :=
⊕

i∈N

K := {(α0, α1, ....) | αi ∈ K, 6= 0
68M'0�*�6/B',)&KP�:]G;^º(1e }.

��6æwd6/";,>G%45&)*�?�M}BF*16}-'./,)&KP�:'*�6}23&)6/:'*�&)(IJ+b%*1T5(IG%0I*�6z&>6
Kn .�*1?�*1&>P�:'6/*�6z7�&>0�B'&)*çh'G5,)45*�6

(0, ..., 0, 1, 0, ....)
@vB'&)*l45*�6/"%M�";6�BF*10ÕØ�G5J+&)(+&>G%6

i
*1&)6'*��%@èJ+G%6�JE(Õ68M'0séê:/"%.�*16c@v�H&)(sBF*1�

t8Ù8�Õ.<G%,
ei
eèëdì<*16/JL&KP�:U(+,>&>P�:É&>JL(

P
*1&)6íQS*�TU(+G50+0�";M/�äM/6/B

(ei | i = 0, 1, 2, ...)
*�&>6'*�`	"%J+&>J

b%G56
P
e

fg&>0aBF*�î/6/&)*10+*16�68M'6]&>6
P
*�&>6'*�WêM',)(+&>$',>&)T�";(+&>G%6 · ";M�J�BF*�0ah/*1JL(IJ+*�(+?1M'6'4

ei · ej := ei+j ,

7	"%J1@FM'�ïBF&>*#[d&KJL(+0I&).'M'(+&>bU45*1J+*�(I?�*i?�M]*�0I:/"%,Z(I*�6c@F?179"%6'45J+,>Û%MFî/4s?�M
(

n
∑

i=0

αiei

)

·





m
∑

j=0

βjej



 =

n+m
∑

k=0

γkek
�H&Z(

γk =
∑

i+j=k

αiβj

^_-':'0+(1e
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� �F�������
�g���U�����_�A���<�=�a��� ¹ ¡ ¨ ° ¦¥ªN¦�ÃF¦ ¢ ¦ ¡>¢ ·'¦ ã Ð ²'ªA¨Ñ¦ ¢ ¹»­;¼½¨ ¡ ¶ ¼ ¡ §;¬F¨ ¡ © ¢í¡KÀ ¨ ° ¦�ª]¤<¦¥§F£
¨Ñ©�ª+ª¥¬F­%® P :=

⊕

i∈N
K ¦ ¡>¢ ¦ê§8©«®H®�­'¨½¬'¨ ¡½È ¦ K £�Âa¼)·F¦;Ã�ª¥¬í® ¡ ¨ ° ¦�® Í £   ¼_¦�®R¦ ¢ ¨ e0 Î P

²<¦ ¡)Á ¨ °%¡ ¦]¸ ã ª�¦ ¡ ¦A¯ È © ¢ ¦ ¡>¢ ¦�®   ¼_¦�®R¦ ¢ ¨�¦�ªIÊ«¦�­�·�¨�¦ K £�Âa¼)·F¦;Ã�ª¥¬ ¾ © ° ¦�ªH¬F­F±E²g¸ºÂa¼)·F¦;Ã�ª¥¬ ° ¦�ª
Ór©«¼ � ¢ ©«®R¦ ¡)¢ ¦ ¡>¢ ¦¥ª�¤<¦¥ª�¿ ¢â° ¦¥ª+¼ ¡ ±E²Ì¦ ¢ Ð Ã8¦¥ª K ¾ ­ ¢â° ´ ¡ ª ° ¬'­F±E²�® ¡ ¨ K [T ] £r·'¦�¼_¦ À ¦ ¢ ¬�¼ À
K ¬ °"! ­ ¢ · ¡ ¦�ªA¨ T £iÃ8¦¥Ê«¦ ¡ ±E² ¢ ¦«¨ Î Ç\¡ ¦   ¼º¦¥®R¦ ¢ ¨Ñ¦ È © ¢ K [T ] ²<¦ ¡)Á ¦ ¢ ¸>Ór©«¼ � ¢ ©«®R¦ ¾�¡)¢ ¦ ¡>¢ ¦¥ª
¤<¦�ª¥¿ ¢c° ¦�ªI¼ ¡ ±E²<¦ ¢ Ð ÃF¦�ª K Î
[\*�0$#N�	%Õ�8�'&%@âB'"%CR*1JiJ+&>P�:É:'&>*�0iM'� *1&)6'*�wd,)45*�.'0�"l:/"%6/BF*1,Z(A@cBâe :veÌB/"%Jind"5P�:'0+*AP�:'6'*16�BF*�0
w�YF&>G%�H*aJ+*�&/"%,>J)(d.'M'6'4�45*�,K"%JIJL*16ce;[\&)*�?1M'6/Û%P�:�JE(3.<*�^_0I*���BF,>&>P�:H*10IJIP�:'*�&>6'*16/BF*�`9*�?�*1&>P�:/6UM/6'4
×LØ�G5,)Ù86'G5��";,>4%*�./0I"�Ú�7�&>0�b%*10IJL(IÛ%6/BF,>&>P�:v@F7m*16'6�7�&>0aBF&>*Õt8Ù8�Õ.<G%,>*#";6/BF*10IJ	7	Û;:/,)*16ce

tFP�:'0I*�&>.<*�6�7�&)0�&>6
P
*1&)6'��"%,cJE(�"�(L(

e0
B'"5Jat8Ù8�Õ.<G%,

1
@'JE(�"�(+(

e1
B'"5Jat8Ù8�Õ.<G%,

T
e'[\"%6'6

&KJE(a79*�45*�6
ei · ej := ei+j

G%ì<*16/J+&>P�:U(+,>&KP�:

e2 = e1 · e1 = T · T = T 2,

e3 = e2 · e1 = T 2 · T = T 3,
Mce J�e 7#e�*5*1BF*AJ	23,>*��H*�6U(ab%G56

P
,>Û%C;(aJ+&>P�:]";,KJLG�JL(I";(L(a";,KJ

p = α0e0 + α1e1 + α2e2 + ...+ αnen

";M�P�:�JIP�:'0I*�&>.�*16�"%,>J
α01 + α1T + α2t

2 + ...+ αnT
n,

M'6/B]BF&>*�WêM',)(+&>$',>&)T�";(+&>G%6êb%G56�J+G%,KP�:'*i23,>*��H*�6U(I*�6êb%*10+,KÛ;M'^º(	45*�6/"%M/J+G/@87�&)*#7�&>0a*AJ	6/";&>bRb5G%6
×LØ�G5,)Ù86'G5�H*�68Ú\45*�79G%:'6U(aJ+&)6/Bce

����7m*1&Z(I*�0I*�6H7m*10IB'*�6H7�&)0m68M'036'GFP�:
K [T ]

JL(I"�(+(
P
J+P�:/0+*1&).<*�6HM'6/BR";6/"%,)G54

T
JL(I"�(+(

e1
@

J+G�7�&)*��#GFBF*10d";M/P�:
T 0 JL(I";(L( e0 e/[d&>*1J+*#^_0I*�&>*%@'b5G%6]*�&>6'*1�ï23,>*��H*165(\*�0I?�*�M/4;(+*

K
�Ñwd,)45*�.'0�"

.<*1J+&Z(I?�(N*1&)6/*,+�J+&>*�";M�P�:».'&>Js";M'^	�EJ+G%�HG50+$':/&)*lT5*�6'6/?�*�&KP�:'6'*16/BF*.-0/21�3547698;:<6<=5=>6@?A3 B	691�:<C"D�E�F;G
-'.<*�0dB'&)*i2SYF&KJE(I*�6'?#M'6�B�2r&)6/B'*�MF(I&)45T%*�&)(a4%*17�&>JIJ+*�0 ß G5�sG5�HG%0I$':'&KJL�H*�6ve'[\"%?�M�?�M'6/Û5P�:/JL(
���5�����_�1�����z�a�>Hg�

K �I����� �5����� �"I �<Ý��<Ý����KJML��N&AÝO��&«�QP8¡>¢â°
A,A′ K £�Âa¼)·F¦�Ã;ª¥¦ ¢ ® ¡ ¨ Í £  ¼_¦�®R¦ ¢ ¨�¦ ¢ 1A Ã�Ê5´ Î 1A′ ¯ À ©q²<¦ ¡>Á ¨R¦ ¡)¢ ¦ÉÂNÃ'Ã ¡ ¼ ° ­ ¢ · ϕ : A → A′ ¦ ¡)¢ K £�Âa¼)·F¦;Ã�ª�¬5£

àk©�®R©«®R©«ª ¶ ² ¡KÀ ®�­ À ¯Ì´3¦ ¢/¢ · ¡ ¼½¨ ÄÅ ¡)Æ
ϕ
¡KÀ ¨k¤<¦�§Ì¨�©«ªIª�¬'­;®l£�ài©«®R©«®R©«ª ¶ ² ¡KÀ ®R­ À ¯Å ¡>¡)Æ ∀a,b∈A ϕ(ab) = ϕ(a)ϕ(b).Å ¡)¡>¡)Æ

ϕ(1A) = 1A′ .

[\&)*i^_0I*�&>*#wa,>4%*�./0I"
K [T ]

.�*AJL&)(+?�(a68M'6êBF&)*i^_G5,)45*�6/B'*R/21S354.6<8;:<69=5=�6T?A3 B	6<1�:<C"D�E�F;G½å
� �F�����a�VU Ò À ¨ A ¡ ª+·F¦ ¢â° ¦ ¡)¢ ¦ K £�Âd¼Z·'¦�Ã�ª¥¬#® ¡ ¨ Í £   ¼_¦�®R¦ ¢ ¨ 1A ¯ À ©�· ¡ ÃF¨r¦ À Ê%­ ! ¦ ° ¦¥®   ¼_¦�£
®R¦ ¢ ¨ a ∈ A ·F¦ ¢ ¬F­l¦ ¡>¢ ¦ ¢ K £�Âd¼Z·'¦�Ã�ª¥¬%£�àk©�®l©�®R©«ª ¶ ² ¡KÀ ®�­ À

ϕa : K [T ] → A ® ¡ ¨ ϕa(T ) = a.

#s�W%N�U�'&%å9�EJL(
ϕ
*�&>6êJLG5,>P�:/*�0 ß G5�sG5�HG%0I$':'&KJL�NM/J�@FJ+GH&>JL(a6'G;(E79*�6�BF&)4N^_-'0

p =

n
∑

0

αiT
i ∈ K [T ]

B'"%6'6

ϕ(p) = ϕ

(

n
∑

0

αiT
i

)

=

n
∑

0

αiϕ(T i) =

n
∑

0

αiϕ(T )i =

n
∑

0

αia
i,

79G%.<*�&â6'GFP�:]";,KJ�naG;(�"�(I&)G56
a0 := 1A

b%*10+79*�6�BF*�(	&>JL(1e



Ç\¡ ¦\Ór©«¼ � ¢ ©«®l¬;¼Z·'¦�Ã�ª¥¬ �����

wa6�BF0+*10IJ+*�&)(IJ9$'0I-F^º(a��";6],>*�&KP�:U(	6�"%P�:c@'B'"%C�BF&)*�wd.'.'&>,>B'M'6'4

ϕa :

n
∑

0

αiT
i 7→

n
∑

0

αia
i

(I";(IJIÛ%P�:',>&KP�:R*�&>6 ß G5�sG5�HG%0I$':'&KJL�NM/J9�s&)(dBF*16�45*�7�-'6�J+P�:U(+*16�2r&)45*�6/JIP�:/"�^º(I*�6�&>JL(1e �

[\&)*AJL*10lBFM'0�P�: BF&>*êQSG%0I45"%.�*�b%G56
a ∈ A

*�&>6/BF*1MF(+&>4ç.�*AJE(I&)�H�Õ(+* ß G%�HG%�HG%0I$':'&KJ+�ÕM/J ϕa×+JL*�(+?�(9";,KJLG#&>6#DE*1B'*1J3Ø�G5,)Ù86'G5�
p
JL(I";(L(

T
B'"5J323,>*��H*165(

a
*1&)6FÚ�e5fg&)09J+P�:'0I*�&>.<*�6lB'";^_-'0m"%M/P�:

";./TU-/0+?1*�6/B
ϕa(p) =: p(a).

�EJL(mJL$<*�?1&)*1,),
A = K = R

@UJLGÕ&>JL(mBF&>*1JmB'"%JS-/.',)&KP�:'*dwdM/J+7m*10L(I*�6�*�&>6'*AJ30I*�*�,>,>*�6HØ�G%,>ÙU6/G%��J3";6
BF*10�0I*�*1,),>*�6�tU(I*�,>,)*

a
e�fg&)03J+&)6�BaDE*�(+?�(r"%.�*10�6'&>P�:U(S�H*�:'0S"%MF^<BF&>*1J+*�6�t8$<*�?1&>"%,Z^�"%,),F.<*1JIP�:'0�Û;6'TU(1e

�EJL(
V
*1&)6

K
�ÑQS*�TU(+G50+0�";M'�]@%J+G�&KJE( ß G5� +�QÕ@ QT-m*�&>6'*

K
��wa,>4%*�./0I"iM'6�B�7�&)09T%u56'6'*16RtF"�(I?

��e��N:'&)*10I"%MF^�"%687m*16/BF*�6veF�EJE(dB'"%6'6
f ∈ ß G%��+�QÕ@ QT-¥@

p =
∑n

0 αiT
i,
JLGH&KJE(

ϕf (p) = p(f) =
n
∑

0

αif
i ∈ ß G%��+_QN@ Q -¥@

";,KJ+GN7�&>*1BF*10�*�&>6]236/BFG5�sG50+$/:'&>J+�ÕM�Jm&>6
V
e'[k"

ϕf
BF&>*s���½2r,)*1�s*16U(+*i&)6êJ+&>P�:�-'.<*�0+^_-':'0+(1@'&KJL(

&>6/JL.<*1J+G%6�BF*�0I*k^_-'0�DE*1BF*AJ
f ∈ ß G5��+_QÕ@ QT-�å

ϕf (1) =
&KB

V .

[\&)*Õwd,)45*�.'0�" ß G5� +�QÕ@ QT-a&>JL(d&>�ä"%,),>4%*1�s*1&)6/*�6�6'&>P�:U(dT5G%�H�ÕM'(I"�(I&)bÌe/[\&>*ÕBFM'0�P�:]23&)6�JL*�(+?�*16
*�&>6'*AJè2r6/BFG%�HG50+$':/&>J+�ÕM/J

f
&>6Õb5*�0�J+P�:/&)*ABF*�6'*mØ�G%,>ÙU6/G%�H*

p, q
*�6U(�JE(I*�:'*16/BF*�6s236/B'G%�HG%0I$':'&KJE�

�H*�6êJ+&)6/BNDE*ABFGFP�:�JL(+*�(IJ�b5*�0+(I";M�J+P�:8./"%01@UB'"
K [T ]

T%G%�H�NMF(I";(+&>bl&>JL(1å

p(f)q(f) = ϕf (p)ϕf (q) = ϕf (pq) = ϕf (qp) = ϕf (q)ϕf (p) = q(f)p(f).

wa,>,vBF&>*1J	79*�0�BF*16�7�&>0�&)6ê #"%$'&Z(I*�,cw 6'GFP�:ê";M�JE^_-':/0+,>&>P�:/*�0	.�*1:/";6�BF*�,>6ce
fg&>0�.'0I"%M/P�:'*16�6'GFP�:�*�&>6'&>4%*i230I4%*�./6'&>JIJ+*k-/.�*10

K [T ]
e

�EJL(
p =

∑n
0 αiT

i,
JLGR:'*�&>C;(

m := max{i | αi 6= 0} B'*�0���� 8 E	��
9b%G56
p : deg p

M'6/B
αm

BF*�0���D�
KC"D : G 6�
� dG8*���?1&)*165(ib%G56
p
eÌ�EJL(#*�0s�%@âJLG�:'*1&)C%(

p
� 1��78��R3N6<8 G�
��c�EJE(

p = 0
@âBâe :ce

B'"5J\ndM',),>$<G%,>ÙU6/G%�]@�&>6ÉB'*��Ö";,>,)*s dG8*��H?1&)*16U(+*�6
= 0

J+&)6/Bc@ÌJ+GRJ+*�(I?�*�6�7�&)0
deg 0 := −∞ e

h�-'0aBF*16êjk0�"%B�4%*1,Z(I*�6�^_G%,>4%*16/BF*���*14%*�,>6cå

deg(p+ q) ≤ max{deg p, deg q}

deg(p · q) = deg p+ deg q.

� �F�����a���=�E�����c�'&1�����=Ý����! ��	&1�«�#" ­ ! ¦\Ê%´3¦ ¡ Ór©«¼ � ¢ ©«®R¦ ¢ p1, p2 (p2 6= 0) · ¡ Ã'¨m¦ À ¦ ¡>¢ £° ¦�­'¨ ¡ ·�Ã8¦ À ¨ ¡ ®H®�¨Ñ¦\Ór©«¼ � ¢ ©«®R¦ q, r ® ¡ ¨ deg r < deg p2,
À © ° ¬ Á

p1 = qp2 + r.

#s�W%N�U�'&%å9�EJL(
deg p1 < deg p2

@/J+GHJL*�(+?�*
q := 0, r := p1.t8*1&r";,KJLG

m1 := deg p1 ≥ m2 := deg p2, p1 =
∑m1

0 αiT
i M'6/B p2 =

∑m2

0 βiT
i,79G%.<*�&

αm1
6= 0, βm2

6= 0.
fg&>0\J+*�(I?�*�6

q1 :=
αm1

βm2

Tm1−m2

M/6/B
r1 := p1 − q1p2.

[\"%6'6
&KJE(

p1 = q1p2 + r1M'6/B
deg r1 ≤ m1 − 1 < deg p1

@<B'"s7�&)0d4%*�0�"%B'*kBF*16ê:'uFP�:/JL(+*�6] \GU*���?�&>*�6U(+*16]"%6'68M',>,)&>*�0+(
:/"%.�*16ce
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����
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�����	�

�EJL(�JIP�:'G56
deg r1 < deg p2

@/J+GHJ+&>6/B�7�&)0	^_*10L(I&)4�e
wa6�BF*�0I6F^�";,>,KJ�&KJE(H6'GFP�:

deg r1 ≥ deg p2
M'6/B�7�&>0ÕT5u%6'6/*�6��H&)(

r1
JL(I"�(+(

p1
BF&>*1J+*�,>.<*

 \G%6/JL(+0IM'TU(+&>G%6�6'GFP�:'��";,â��"%P�:'*16�M/6/B�*�0I:/";,)(+*16
q2, r2

�H&Z(
deg r2 < deg r1

@/J+GFB'";C

r1 = q2p2 + r2.

[k";6'6]&KJE(
p1 = q1p2 + r1 = q1p2 + q2p2 + r2 = (q1 + q2)p2 + r2,79G%.<*�&

deg r2 ≤ deg p1 − 2.[\&)*AJ�T�";6'6ê��";6]&)(+*10+&>*�0I*�6c@/.'&>JdJ+P�:',>&>*�C%,>&KP�:�.<*�&è*�&>6'*��äTU��(I*�6XtFP�:'0I&Z(+(\BF*10dB'";6/6�*10+:�";,)�
(+*16'*!�a*1JL(

rk
B'&)*N4%*�7�-/6/J+P�:U(I*��a6'45,)*1&>P�:8M'6/4

deg rk < deg p2
*10L^_-/,),)(1eÌ[d&>*N[\*�(�";&>,>J\JL*1&)*16

";,KJ (a./M'6'4�4%*1,>"5J+J+*�6ve
[\&)* ?A351 � 6</2G'3 B��W6935GvB'*�0aG5.'&)45*�6�[\"%0IJL(+*1,),>M'6'4s^_G%,>4;(dJ+G/å
t8*1&

p1 = q1p2 + r1
M'6/B

p1 = q2p2 + r2
�H&Z(

deg ri < deg p2 (i = 1, 2).
[k";6/6�&KJE(

(q1 − q2)p2 = r2 − r1.
�EJE(

q1 6= q2
@âJ+GRJL(+*�:U(i,)&>6'TFJ\*�&>6XØ�G%,>ÙU6/G%�äb%G%� jk0�"%B ≥ deg p2

@
0I*1P�:U(IJk*�&>6'*AJib%G%� jk0�"%B

< deg p2,
79"5Jk6'&>P�:U(�J+*�&>6ÉT�";6/6cecwa,KJLG]&KJE(

q1 = q2
M/6/BçB'";�H&)(

";M�P�:
r1 = r2. �

fg&>0�JI";45*�6cå«23&>6HØ�G%,>ÙU6/G%�
p2

� G 6935= G�
Ì*�&>6sØ�G5,)Ù86'G5�
p1
@�7m*16'6N*1&)6sØ�G%,>Ù86'G%�

q
*�YF&>JL(+&>*�0+(1@

J+G8B/";C
p1 = qp2.

2mJ�:'*�&>C;(
p
*1&)6 �>BW6�� 69351�:9E �06<8��S6935=�698 
Sb5G%6

p1, ..., pn
@'79*�6/6

p
DE*1B'*1J

pi(+*1&),)(1e
p
&KJL(��>B 8 
	�MG 698 BW6��06<351�:<E �06<8
�S6935=�698 
mb%G%6

(p1, ..., pn)
@Ì";.'45*�T8-'0I?�(a4%4��

(p1, ..., pn)
@

79*�6'6
p
4%*1�s*1&)6�J+"%�s*10
�v*1&),>*�0�b5G%6

(p1, ..., pn)
M'6/B

DE*1B'*�0�4%*1�H*�&>6/J+"%�H*��è*�&>,>*�0�b%G56
(p1, ..., pn)

";M/P�:
�v*1&),>*�0�b5G%6
p
&KJL(1e

Ø�G%,>Ù86'G%�H*k:'*�&>C%*16 � G 6<35=>698 F;8"6�� ��
E@�7m*16'6�.'&>Jd";MF^SnaG50+�H&>*�0IM'6'4��k454��}&>JL(1e
[\*�6]4%4��gT�";6'6]��";6]";,>4%G50+&)(+:'�H&KJ+P�:�.�*10+*AP�:'6'*16cå

� �F�����a��� �	�T��� � �N��& �R��� �����_��L�Ý �
&�� " ­]Ê%´3¦ ¡�¢'¡ ±E²Ì¨L¨�ª ¡½È«¡ ¬;¼º¦ ¢ Ór©«¼ � ¢ ©«®R¦ ¢ p1, p2
° ¦���£¢'¡ ¦�ª�¦ ¢ ´ ¡ ª#´3¦ ¡ ¨Ñ¦¥ª¥¦dÓr©«¼ � ¢ ©«®R¦ ° ­;ª1±E² ã ©«ªA¨�¼º¬F­ ã ¦ ¢â° ¦ Ç\¡�È«¡KÀL¡ © ¢ ® ¡ ¨��\¦ À ¨ Ä

Ò À ¨ pn+1 6= 0 ¯ À © À ¦ ¡ pn+2
° ¦¥ªsÃF¦ ¡SÇ\¡�È«¡KÀL¡ © ¢oÈ © ¢ pn

° ­%ª�±E² pn+1 ¬F­ ã ¨�ª¥¦�¨Ñ¦ ¢c° ¦��k¦ À ¨
® ¡ ¨ deg pn+2 < deg pn+1

Î�� ¡ ªl²<¬'ÃF¦ ¢ ¬�¼ À © ã Ð ª n = 1, 2, ...
À ©«¼º¬ ¢ ·F¦ pn+1 6= 0

°%¡ ¦Ç ¬�ª À ¨�¦�¼>¼�­ ¢ ·
pn = qn · pn+1 + pn+2.

Ò À ¨ ° ¬ ¢'¢ m °%¡ ¦3·5ª�� Á ¨Ñ¦��Õ­;®H®l¦¥ª�® ¡ ¨ pm 6= 0 ¯ À © ¡KÀ ¨ pm ·Uª � Á ¨�¦�ªc·'¦�®R¦ ¡>¢/À ¬�®R¦�ª
!Ì¦ ¡ ¼º¦¥ªÈ © ¢ p1 ­ ¢â° p2
Î

#s�W%N�U�'&%å#" J+*�&
deg p1 ≥ deg p2.

[\"%6'6s:/";.<*�6N7�&)0S6/"5P�:stF";(+?d��e $a^_-/0�B'&)*ajk0�"%BF*èDE*�79*�&>,>J
deg p1 ≥ deg p2 > deg p3 > ......

ec[\*�0#wd,)45G%0I&Z(I:'�ÕM/Jk.'0I&KP�:5(#";,KJ+G�";.veâ�EJE(i68M'6
pm

BF*�0
,>*�(+?�(+*#6'&KP�:U(�b%*�0�JIP�:U7�&>6/BF*16/BF* ��*1JL(a.<*�&vBF&>*1J+*�0a i*�(L(I*#b%G%6�[d&>b8&>J+&>G%6'*16c@/J+Gs:�";.<*�6�7�&)0

p1 = q1p2 + p3

p2 = q2p3 + p4

:
pm−3 = qm−3pm−2 + pm−1

pm−2 = qm−2pm−1 + pm

pm−1 = qm−1pm

nd"5P�:RBF*10r,>*�(+?�(+*16]�<*1&),>*d&KJE(
pm

�v*1&),>*�09b%G56
pm−1

eUwd,>J+GÕ&KJL(m6/"5P�:RBF*�0mb%G50+,>*�(I?�(+*16��<*�&>,>*
pm";M�P�:%�v*1&),>*�0\b%G56

pm−2
M'6/Bê&>6/BF*1�Ö��";6�B'"5Jd[\&)b8&KJL&>G%6�JE�EtFP�:'*1�H"l0+-/P�T87	Û;0+(IJaB'M'0IP�:/4%*�:U(A@

^_G%,>4;(A@'B'";C
pm

";,>,)*
pi
(+*�&>,)(1@/"%,>J+G�";M/P�:

p1
M'6/B

p2.
ß ";(r��";6H&>6 d *1&)6'*16�4%*1�s*1&)6�J+"%�s*16&�v*1&),>*�03b5G%6

p1
M'6/B

p2,
J+G#4%*1:'*���";6lB'"5JmtFP�:/*���"

b%G56RG5.�*16�BFM'0�P�:�M'6/B�*�0I:/Û;,)(	J+M'T8?�*AJ+J+&>b%*
d
"%,>J'�è*�&>,)*10	b%G%6

p2, p3, ....
M'6/B�J+P�:/,)&>*�C5,)&KP�:Rb5G%6

pm
e�t8G5�H&Z(�&KJE(

pm
BF*�0�454��ie

�



Ç\¡ ¦\Ór©«¼ � ¢ ©«®l¬;¼Z·'¦�Ã�ª¥¬ �����

23M'T8,>&>B/Jawa,>4%G50+&)(+:'�NM/J	,>&)*�^_*�0+(	M/6/Ja";M�P�:�*1&)6'*#45*1JIP�:',>G5JIJL*16'*\[k";0�JE(I*�,>,)M/6'4s^_-'0dBF*16�454��iå

� �F�����a��� P8¡>¢â°
p1, p2 Ór©�¼ � ¢ ©�®l¦«¯ d ¦ ¡>¢=4%4�� (p1, p2),

À ©»¦�� ¡KÀ ¨ ¡ ¦¥ª¥¦ ¢ Ór©�¼ � ¢ ©�®l¦ s1, s2À © ° ¬ Á
d = s1p1 + s2p2.

P8¡>¢â°�¡)¢�À ÃF¦ À © ¢â° ¦�ª�¦ p1, p2 ¨Ñ¦ ¡ ¼_¦�ª ã ª¥¦¥® ° ¯ À ©#· ¡ Ã'¨3¦ À ¦ ¡>¢ ¦ Ç ¬�ª À ¨�¦�¼>¼�­ ¢ ·
1 = s1p1 + s2p2.

#s�W%N�U�'&%å9fg&>0kb5*�0I7m*16/BF*16XBF&)*s[d&>b8&>J+&>G%6/J+T%*�(L(+*Nb%G56X23M'T8,>&>B'Jiwd,)45G%0I&Z(I:'�ÕM/J1e<tF*�&
d := pmBF*10�,)*�(+?�(I*#6'&KP�:5(ab5*�0�J+P�:87�&>6/BF*16/BF* ��*1JL(1e'[k";6'6]&KJE( +�b%G50+,>*�(I?�(+*Õ�<*1&),>*�� -

d = pm = pm−2 − qm−2pm−1.

waM�JaBF*�0aB/"«b%G%09,>&)*14%*�6�BF*�6��<*1&),>*i*�0I4%&>.F(aJL&KP�:�B'&)*�[k";0�JE(I*�,>,)M/6'4

pm−1 = pm−3 − qm−3pm−2,

79G%�H&Z(�7�&>0a";M/JdBF*�0�*1.�*16�45*�79G%6'6/*�6�h/G%0I�H*�,
pm−1

*�,>&)�H&>6'&)*10+*16�T5u%6'6/*�6ceF2rJa*�6U(IJL(+*1:5(

d = pm = pm−2−qm−2(pm−3−qm−3pm−2) = (−qm−2)pm−3+(1+qm−2qm−3)pm−2,

J+G8B/";C
d
B'M'0IP�:

pm−2
M'6�B

pm−3
B/";0I4%*1JL(+*1,),)(è&KJL(1e;[\&)*AJ�T«"%6'6s�H"%6Õ&>6N6�";:'*1,)&>*�45*�6/BF*10èfí*�&KJ+*

&)(+*�0I&>*�0I*�6c@F7	"%J	BF&>*#.�*1:/";M/$F(+*�(+*�[k";0�JE(I*�,>,)M'6/4s,>&>*�^_*�0+(1e
�

fg&>03:/"�(+(+*16l.�*1�H*�0IT5(A@5B'"%C	DE*1BF*10r \u%0I$�*103 æ&>6/J+.�*AJLG56/BF*10+*�*1&)6'*\ k�Ñwd,)45*�.'0�"k&>JL(1eU[\"%6'6
T%u56'6'*16}7�&>0�"%,>J+Gq&>6æ*1&)6æØ�G%,>ÙU6/G%�

p ∈ K [T ]
*�&>6æ \u%0I$<*�0I*�,>*��H*�6U(

λ
*1&)6�JL*�(+?�*16}M'6�B

*�0I:/"%,Z(I*�6s7�&)*ABF*�03*1&)6� \u%0I$�*10+*1,)*1�H*�6U(
p(λ).

fg&>036'*16'6'*16
λ
*�&>6'* ���$/2=5= :;G 6<=5=>6 
âb5G%6

p
@;79*�6'6

p(λ) = 0.

Ür�8Ý�Ýq�����	�
λ
¡>À ¨ ��­;¼>¼ À ¨�¦�¼>¼º¦ È © ¢ P ¯'·F¦ ¢ ¬F­�´S¦ ¢'¢ (T − λ) !<¦ ¡ ¼_¦�ª È © ¢ p Î

#s�W%N�U�'&%å

 6<3

(T −λ) ��6<35=>6<8 4 �71
p � [k";6/6�:/";.<*�6H7�&>03*�&>6'*a[k";0�JE(I*�,>,)M'6/4 p(T ) = q(T ) · (T −λ) @J+G8B/";C +�J+*�(+?1*

λ
*�&>6�� -

p(λ) = q(λ) · (λ− λ) = 0.
 6<3
λ
�$/2=5= : G 69=5=>6 4 �71

p � Ø�*�0a[\&>bU&KJ+&)G56��H&)( ��*1JL(a4%&>.F(a*1J	*1&)6/*�[\"%0IJL(+*1,),>M'6'4

p(T ) = q(T ) · (T − λ) + r(T )

�H&Z(
deg r < deg(T − λ) = 1

ev[\*��H6/"%P�:ç.<*1J+&Z(I?�(NB/"%J#Ø�G%,>Ù86'G%�
r
68M'0�*1&)6/*�6ç*�&>6'?�&>4%*16

 \GU*���?�&>*�6U(+*16c@%BF*16s?1M
T 0 M'6/B�B'*�03�NM'C#7m*14%*16 p(λ) = 0

J+*�,>./JE(
= 0

J+*�&>6ce%wa,KJ+G#&>JL(
r = 0M'6/B]B'"%�H&Z(

(T − λ)
�è*�&>,>*�0�b%G56

p
e

�

[k"N&>6�*�&>6'*��Ô"%,)45*�.'0�";&KJIP�:l";.'45*1JIP�:',)GUJ+J+*�6/*�6l \u%0I$�*10�

C
&>JL(�*�&>6�J+G%,KP�:'*�0�
 DE*1B'*1J	Ø�G%,>ÙU�

6'G5�Ob%G5�ïjk0I"5B ≥ 1
*�&>6'*�naM',>,KJE(I*�,>,)*#:/";(1@F*10+:/"%,Z(I*�6�7�&)0

� �F�����a����� Ò À ¨ K ¦ ¡>¢ ¬�¼)·F¦;Ã�ª¥¬ ¡KÀ ±E²o¬/Ã«·F¦ À ±E²/¼º© À+À ¦ ¢ ¦¥ª����«ª ¶ ¦¥ª�¯ p ∈ K [T ] , deg p = n
® ¡ ¨ n ≥ 1,

À ©X¦�� ¡KÀ ¨ ¡ ¦¥ª¥¦ ¢ ����ª ¶ ¦�ª�¦�¼_¦�®R¦ ¢ ¨�¦ λ1, ..., λn
À © ° ¬ Á ¯m´3¦ ¢'¢ αn

° ¦ ¢ ² �'±E² À ¨Ñ¦ ¢
�#©U¦��HÊ ¡ ¦ ¢ ¨Ñ¦ ¢ÉÈ © ¢ p ÃF¦�Ê�¦ ¡ ±E² ¢ ¦�¨

p(T ) = αn(T − λ1) · (T − λ2) · ... · (T − λn).

Ë ¦ ¢ ¬F­ °%¡ ¦ λi
À+¡)¢c°�°5¡ ¦#��­%¼)¼ À ¨�¦�¼>¼º¦ ¢çÈ © ¢ p Î
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#s�W%N�U�'&%å	[k"
K
"%,)45*�.'0�";&KJIP�:X";.'45*1JIP�:',)GUJ+J+*�6�&>JL(�M'6/B

n ≥ 1
@â:�"�(

p
*1&)6/*HndM',>,>JL(+*1,),>*

λ1
e

[k";6'6]&KJE(a6/"5P�:�B'*����v*��H��"�";,KJLG

p(T ) = p1(T )(T − λ1)
79G%.<*�&

deg p1 = deg p− 1 = n− 1.

�EJL(
n = 1

@'JLGH&KJE(d"%,>J
p1 ∈ K

M'6/B]B'";�H&)(
= αn

e
�EJL(

n > 1
@<J+Gl&KJE(k6'GFP�:

deg p1 ≥ 1
@
p1
.<*1J+&)(+?�(iJLG5�H&Z(k*�&>6'*�6�ndM',>,>JL(+*1,),>*

λ2
e>e>e)e>e�e�2rJ

&KJE(a79G%:',âT8,K";0A@87�&)*#��";6�?�Mê"%0+45M'�H*�6U(+&>*�0I*�6�:/"�(Ae
�

[\&)*AJL*�ndM',),KJL(+*�,>,>*�6].'0�";M/P�:'*16R6'&KP�:U(a$/"%"%0+79*�&KJ+*db%*10IJIP�:'&>*1BF*16R?1M]J+*�&>6ce/[\&>*1J	*�0I4%&>.F(
�R����� ��� �F���a���<��� ÃF¦�ª�¦ ¡>¢ ¦¥® ¬;¼Z·'¦�Ã�ª¥¬ ¡KÀ ±E²g¬/Ã«·F¦ À ±E²/¼º© À+À ¦ ¢ ¦ ¢ ����ª ¶ ¦�ª K Ã8¦ ÀL¡ ¨�Ê5¨ ! ¦ ° ¦ À¢ ©�ª+® ¡ ¦�ªA¨Ñ¦dÓr©«¼ � ¢ ©«® p

È ©�® Ë ª¥¬ ° n ≥ 1 ¦ ¡)¢ ¦ Ç ¬�ª À ¨Ñ¦�¼>¼�­ ¢ ·

p(T ) =

m
∏

1

(T − λi)
νi

® ¡ ¨ ¶ ¬5¬�ªA´S¦ ¡>À ¦ È ¦�ª À ±E² ¡ ¦ ° ¦ ¢ ¦ ¢ λi ∈ K ­ ¢â°ç  � ¶ © ¢ ¦ ¢ ¨�¦ ¢ νi ∈ N.
Ç\¡ ¦ νi ²Ì¦ ¡>Á ¦ ¢}°%¡ ¦µ ª °%¢ ­ ¢ ·F¦ ¢X° ¦¥ª λi ¬�¼ À ��­;¼>¼ À ¨Ñ¦¥¼)¼_¦ È © ¢ p Î

waM�JaBF&>*1J+*�0a[k";0�JE(I*�,>,)M'6/4Õ^_G5,)4%(dJLG%^_G%0+(
� �F�����a���'Þ�� ÃF¦�ª�¦ ¡>¢ ¦�® ¬;¼Z·'¦�Ã�ª¥¬ ¡KÀ ±E²}¬'Ã«·'¦ À ±E²'¼º© À+À ¦ ¢ ¦ ¢ ����ª ¶ ¦�ª ÀL¡>¢â° Ê%´3¦ ¡ Ór©«¼ � ¢ ©«®R¦
·F¦ ¢ ¬F­ ° ¬ ¢'¢ ¨�¦ ¡ ¼º¦¥ª ã ª�¦�® ° ¯è´S¦ ¢'¢�À+¡ ¦\§8¦ ¡>¢ ¦a·F¦¥®R¦ ¡>¢/À ¬;®R¦ �Õ­;¼)¼ À ¨Ñ¦�¼>¼_¦\²�¬'ÃF¦ ¢ Î

#s�W%N�U�'&i";,KJ (a.'M'6/4/e
[k"qb8&>*�,>*É \u%0I$�*101@m*�(E7	"

Q,R
M/6/B}"%,),>*É*16/BF,>&>P�:/*�6æ \u%0I$<*�0R6/&>P�:U(ê";,>4%*�./0I"%&>JIP�:z";.F�

4%*AJ+P�:/,)GUJ+J+*�6�J+&)6�Bâ@�7mG5,),>*�6�7�&>0H6'GFP�:�M'6U(+*10IJ+M/P�:'*16c@�&)6o7m*1,>P�:/*�0Hh'G%0I�pBF&>*�wdM/J+JI";45*Rb5G%6
 \G%0IG%,>,>"%0���e>�%�iBFG50L(�4%&>,)(1e

`9*�(I0I"5P�:5(I*�6�7�&)0aB'"5J	Ø�G%,>ÙU6/G%�
p(T ) = T 4 − 2.wa,KJ	Ø�G%,>Ù86'G%�O&>6

C [T ]
T5u%6'6/*�6�7�&>0�*1J	?1*�0I,)*14%*16R&>6

p(T ) = (T − 4
√

2)(T +
4
√

2)(T − i
4
√

2)(T + i
4
√

2).

��6
R [T ]

45*�:U(dB'"%J�J+Gs6'&>P�:U(a�H*�:'0A@'";.<*�0�7�&>0�î/6�BF*�6]6'GFP�:]BF&)*�[k";0�JL(+*�,>,>M'6'4

p(T ) = (T − 4
√

2)(T +
4
√

2)(T 2 +
√

2),

7	Û;:'0I*�6/B�-'.<*�0
Q
";.'45*1J+*�:'*16�b5G%6
�v0I&)b8&K";,>&Z(�Û�(I*�6R7�&>*

p(T ) =
1

3
·
(

3 · (T 4 − 2)
)

-'.<*�0I:/";M/$F(aT%*1&)6'*Õ�<*10+,>*�45M'6'4s&)6êh�";TU(+G50+*16R�H*�:'0��Hu54%,>&>P�:�&>JL(1e
[\&)*N�<*10+,>*�45./";0IT%*1&Z(9b%G56RØ�G%,>Ù86'G%�H*�6�:/Û%6'4;(d"%,>J+GNb5G%�Ô \u%0I$<*�0�";.ce

���5�����_�1�����z�a���2�=���¥�«��� �
���%���r� ��� Jè����Ý �
Å ¡)Æê 3¡)¢ Ó3©�¼ � ¢ ©�® p ∈ K [T ] ²<¦ ¡>Á ¨ ¡ ªIª¥¦ ° ­;Ê ¡ ÃF¦�¼ Å Ð ÃF¦�ª K Æ ¯è´3¦ ¢'¢ p ¢ ­;ªÕ¨�ª ¡�È«¡ ¬�¼_¦&!<¦ ¡ ¼_¦�ª

Ã8¦ ÀL¡ ¨�Ê5¨E¯ ° Î ² Î ´3¦ ¢/¢ · ¡ ¼½¨ Ä
p /∈ K ­ ¢c°�¡KÀ ¨ p = q1 · q2

À © ¡>À ¨ q1 ∈ K © ° ¦�ª q2 ∈ K ¯ ° Î ² Î ¦ ¡>¢ ¦�ª ° ¦¥ª !Ì¦ ¡ ¼º¦¥ª ¡KÀ ¨
¦ ¡>¢ Ór©«¼ � ¢ ©«® È ©«® Ë ª�¬ °	� ÎÅ ¡>¡)ÆX 3¡)¢ Ór©«¼ � ¢ ©«® p ∈ K [T ] ²<¦ ¡>Á ¨ ¶ ª ¡ ® Å Ð Ã8¦¥ª K Æ ¯v´S¦ ¢'¢ · ¡ ¼�¨ ÄP8¡)¢c°

p1, p2 ∈ K [T ] ­ ¢c° ¨Ñ¦ ¡ ¼½¨ p ° ¬ À Ó3ª¥© ° ­%§<¨ p1 · p2 ¯ À ©�¨Ñ¦ ¡ ¼½¨ p À ±E²Ì© ¢ ¦ ¡>¢ ¦ ¢»° ¦�ªÏ ¬�§Ì¨�©«ª�¦ ¢ ¬;¼ À © p1 © ° ¦�ª p2.

� �F�����a��� H Ò ¢ K [T ] · ¡ ¼½¨ Ä�
 ¦ ° ¦ À	¡ ªIª�¦ ° ­;Ê ¡ Ã;¼º¦dÓr©«¼ � ¢ ©«® ¡KÀ ¨ ¶ ª ¡ ® Î



" ¦¥ª+¼_¦I·<­ ¢ ·R¦ ¡>¢ ¦ À �d¬'­;®R¦ À	¢ ¬F±E²ê¦ ¡)¢ ¦�®  r¢â° ©«®R©�ª ¶ ² ¡>À ®R­ À Ò �����

#s�W%N�U�'&%å	na*1:'�H*�6ê7�&>0d";6v@/B'"%Ja&)0I0+*ABFM'?1&).',>*iØ�G%,>ÙU6/G%�
p

+	"»b%G%�ájk0I"5B ≥ 1
-m(I*�&>,)*

p1p2
@

";.<*�0m6'&KP�:5(
p1.

[k";6'6�JL&>6/B
p
M/6/B

p1
(+*1&),>*�0+^_0+*1��BâeUn\"%P�:RtF";(+?#��e ��4%&>.F(m*AJr";,KJ+G�Ø�G%,>ÙU6/G%�H*

s, s1,
JLGFB'"%C

1 = sp + s1p1
&KJL(1ev[k";6'6ç&KJE(�"%M/P�:

p2 = p2sp + s1p1p2. ß &)*10i(+*1&),)( p BF&>*0I*1P�:U(+*�t8*1&Z(I*#M'6/B]B'";�H&)(a";M/P�:]BF&>*#,)&>6'T%*5@'Bâe :ce
p | p2. �

� �F�����a����U 
 ¦ ° ¦ À�¢ ©«ªI® ¡ ¦�ªA¨Ñ¦iÓ3©�¼ � ¢ ©�® p ∈ K [T ]
È ©«® Ë ª�¬ ° n ≥ 1 Ã8¦ ÀL¡ ¨�Ê5¨	¦ ¡)¢ ¦Õ£aÃ ¡KÀ

¬F­ ãr°%¡ ¦#��­;®H®R¦�ª ¡ ¦�ªA­ ¢ · ° ¦�ª Ï ¬�§Ì¨Ñ©�ª¥¦ ¢ £3¦ ¡)¢c° ¦«­'¨ ¡ ·�ÃF¦ À ¨ ¡ ®H®R¨�¦ " ¦�ªI¼º¦�·�­ ¢ ·

p(T ) =

m
∏

i=1

qi(T )νi ,

´3©FÃF¦ ¡c°5¡ ¦ qi ¢ ©�ª+® ¡ ¦�ªA¨Ñ¦«¯ ¶ ¬%¬;ª1´3¦ ¡KÀ ¦ È ¦�ª À ±E² ¡ ¦ ° ¦ ¢ ¦ ¡ ªIª¥¦ ° ­;Ê ¡ Ã�¼_¦mÓr©«¼ � ¢ ©«®R¦ È ©�® Ë ª¥¬ ° ≥ 1À+¡)¢â° ¯ °%¡ ¦   � ¶ © ¢ ¦ ¢ ¨Ñ¦ ¢ νi ∈ N, ≥ 1 ­ ¢â° ∑m
1 νi deg qi = n

Î
#s�W%N�U�'&%å ?��W3V: G 6<1�� � ��6/BFM'TU(I&)G56�-/.�*10 n := deg p

å
�EJL(

n = 1
@cJ+G]:/"�(

p
BF&>*lh'G50+�

p(T ) = (T − λ)
M'6�BíB'&)*AJ#&>JL(��H&Z(

m = 1, ν1 = 1,
q1(T ) = (T − λ)

BF&>*#.�*1:/";M/$F(+*�(+*�[k";0�JE(I*�,>,)M'6/4/e
�EJL(

n > 1
M'6�B +���6/BFM'TU(+&>G%6�J+"%6'6/";:/�s*.-�^_-/0#Ø�G5,)Ù86'G5�H*Õb%G5� jk0I"5B

< 1
B'&)*HwaM/JIJI";4%*

JIP�:'G%6�4%*1?�*�&>4;(A@FJLG�J+&)6/B�?17m*1&ch�Û%,),>*#?�M�M'6U(+*10IJIP�:'*1&>BF*16cå
� �EJL( p &)0I0I*1BFM'?1&).<*�,½@5B/";6'6�,>&)*14;(37�&>*1BF*10r7�&>*�*�.<*�6l*1&)6H(I0+&>b8&>"%,)*ah/G%0I� BF*103.<*�:/"%M'$F(+*�(+*16

[k";0�JE(I*�,>,)M'6/4sb5G%0Ae
� �<*10L^�Û%,),)(NB'"%4%*14%*�6 p &)6�?17m*1&r6'&KP�:U(L(I0+&>b8&>"%,)*Rh�";TU(+G50+*16 p = p1p2

@��H&Z(
deg p1 < n,

deg p2 < n
@rJ+GíT5u%6'6/*�6=7�&)0R6/"%P�: ��6/BFM'TU(I&)G56/J+"%6'6/"%:'�H*HDE*1BF*16zBF*�0lh�";TU(+G50+*16="%MF^#BF&)*

4%*16/";6/65(I*�fÉ*1&>J+*d"%,>JrØ30+GFBFM/T5(mb%G%6H&>0+0I*1B'M'?�&>.',>*�6�B'";0�JL(+*�,>,>*�6c@%B'&)*k[\"%0IJL(+*1,),>M'6'45*�6H�ÕM',)(+&>$',>&Z�
?�&>*�0I*�6�M'6/B�*1b5(I,�e�BFG%$'$<*�,)(d";M'^º(+0I*�(+*16/BF*#h/"%TU(+G%0I*�6�?�M�J+"%�s�H*16F^�"%JIJL*16ce

?A351 � 6</2G'3 B�� 6<35G � fg&)096'*1:'�H*�6R"%6c@UB/"%J3Ø�G5,)Ù86'G5� .<*1J+&Z(I?�*\?�79*�&c�<*�0I,)*14%M'6/4%*�6H&>6l&>0+0I*1BFM'�
?�&>.',>*�h/"%T5(IG%0I*�6cå

p(T ) =

m
∏

i=1

qi(T )νi =

k
∏

j=1

rj(T )µj .

�EJL(9^_-/0�*�&>6
i
M/6/BR*1&)6

j
45*�0�"%BF*

qi = rj
@'J+GH.',>*�&>.F(aBF&)*i0I*1P�:U(+*#jk,>*�&KP�:UM/6'4H*�0I:/";,)(+*16c@87m*16'6

7�&>03BF&)*AJL*16H4%*��H*1&)6/JI";�H*16sh�";TU(+G50�:/*�0�";M/J+T8-'0+?1*�6NM'6/B�BF&>*1J�T5u%6'6'*16N7�&>0rJ+G%,K";6'45*m&)(+*10+&>*�0I*�6v@
.'&KJ�.�*1&>B'*dt8*�&)(+*16NT5*�&>6'*	4%*��H*1&)6/JI";�H*16Nh/"%TU(+G%0��H*�:/0S*�6U(+:/"%,Z(I*�6ce;`9,>*�&>.F(3";MF^<.�*1&>B'*�6lt8*�&)(+*16
68M'0mB/"%JS,>*�*10+*aØr0+GFBFM'TU(r-/.'0+&>4/@UJLG#7	";0I*�6�BF&>*k�<*10+,>*�45M'6'45*�6 
 .'&KJr"%MF^cBF&>* ��*�&>:'*16F^_G%,>4%* 

&KBF*�6U(+&KJIP�:ce8fí"%0+*16RJL&>*iB'";45*�4%*16l*1P�:U(9b%*�0�JIP�:'&)*ABF*�6v@UJ+G�(I0+&)(L(�*�(E7	"�,>&>6'TFJm*1&)6�h/"%T5(IG%0

q1
";MF^E@

BF*10�b5G%6s";,>,)*16N6'GFP�:N0+*AP�:5(�J�b%G%0I:/"%6/BF*�6/*�6Õh�";TU(+G50+*16
rj
b%*10IJIP�:'&>*1BF*16�&>JL(1e;[k"\*�0S&>0+0I*1BFM/?�&>.�*1,

&KJE(A@�M'6/BsB'"%J�6'GFP�:N0+*AP�:5(�J�JE(I*�:'*16/BF*	Ø30IG8B'M'TU(�(I*�&>,Z(A@;�ÕM/C\*10S6/"%P�:sBF*�� b5G%0I&)45*�6Nt'"�(+?	*1&)6'*16
h/"%TU(+G%0v(+*1&),>*�6�M/6/BÕJ+Ga�H&Z(�*�&>6'*1� B'*�0

rj
-'.<*�0I*�&>6/JL(+&>�s�H*16c@«79"5Jv";.<*�0�BFGFP�:�45"%0c6'&KP�:U(è�H*�:'0

4%*1:U(1e/t8G5�s&)(aT%u56'6'*#BF&>*#[\"%0IJL(+*1,),>M'6'45*�6�6'&>P�:U(a*AP�:5(�b5*�0�J+P�:'&>*1B'*�6�J+*�&>6ce
�

� 〉

�#{c�/�E{v�
	d�d��{èyL�a{���
=��	\��{����a�����á{vyL�d{v� �ê���a~m� ~r�����\y��8��	����

��� fÉ*1&Z(I*�0I*�6qJ+*�&	JL(+*�(�J
V
*�&>6�*�6/B',)&KP�:F��BF&)�H*16/JL&>G%6�";,>*�0ÕQS*1TU(+G%0I0�";M'� 6= (0)

-'.�*10N*1&)6/*��
.<*�,>&)*1.'&)45*�6ê \u%0I$�*10

K
e

���5�����_�1�����z�a����� " ­ f ∈ ß G%� (V, V ) ²<¦ ¡>Á ¨è¦ ¡)¢��v¢ ¨Ñ¦¥ª+ª¥¬F­%® U ⊂ V f £ ¡>¢<È ¬;ª ¡ ¬ ¢ ¨E¯8´3¦ ¢'¢
f(U) ⊂ U

Î
`9*�&KJL$/&)*1,)*HJL&>6/BÉ*�(E7	"l23&>4%*16'0�Û;M'�H*sb%G%6

f
@âBF*�0i45"%6'?�* �a"%M'�

V
@c";.<*�0#"%M/P�:ÉBF*10k(+0I&)b8&K";,>*

�a"%M'�
(0)
e<2r&)6

f
�½&>68b«"%0+&K";6U(I*�0 �d65(I*�0I0I"%M'�

U
*�6U(+:�Û;,)(\�H&Z(i*�&>6'*1�Ö23,)*1�H*�6U(

u
";M�P�:X";,>,)*

23,>*��H*�6U(I*dBF*�09h'G50+�
f(u), f2(u), f3(u), ...

M'6�B�BF*�0I*�6 �v&)6'*A";0IT%G5�Õ.'&>6/"�(I&)G56'*�6v@«J+G%�H&)(3^_-'0
DE*1B'*1JèØ�G5,)Ù86'G5�

p ∈ K [T ]
"%M/P�:�B'"%Jè`9&),KB

(p(f))(u)
b5G%6

u
M/65(I*�0�BF*�� ß G%�HG%�HG%0I$':'&KJ+�ÕM/J

p(f)
e/[k";�H&)(a:/";.<*�6�7�&)0
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Ür�8Ý�Ýq������� � Ò À ¨ U f £ ¡)¢ÌÈ ¬�ª ¡ ¬ ¢ ¨E¯ À © ¡KÀ ¨ U ã Ð ª ! ¦ ° ¦ À p ∈ K [T ] ¬F­F±E² p(f) £ ¡)¢ÌÈ ¬�ª ¡ ¬ ¢ ¨ Î
[\&)*�`9*�(I0I"5P�:U(+M'6'4HJ+G%,KP�:'*�0	Ø�G%,>Ù86'G%�H*i&)6

f
^_-':'0+(aM'6/J�-'.<*�0I:/"%M'$F(�:'&>*�0a79*�&)(+*101å

Ür�8Ý�Ýq������� � " ­ p ∈ K [T ]
¡KÀ ¨ U := ker p(f) ¦ ¡)¢ f £ ¡)¢ÌÈ ¬�ª ¡ ¬ ¢ ¨Ñ¦�ª �v¢ ¨�¦�ªIª�¬'­;® Î

#s�W%N�U�'&%å	h�-'0
u ∈ ker p(f)

&KJE(

p(f)(f(u)) = (p(f)f)(u) = (fp(f))(u) = f(p(f)(u)) = f(0) = 0,
J+G%�H&Z(a"%M/P�:

f(u) ∈ kerp(f)
e

�

2rJaJ+&>6/B�?�7	";0	&�e "'e/6'&>P�:U(a";,>,>*
f
�½&>68b«"%0+&K";6U(I*�6 �d65(I*�0I0IÛ%M'�H*ib%G%6

V
JLG5,>P�:/*k i*10+6'*5@'";.<*�0aJ+&)*

,>&)*14%*�6]";,>,>*k&>6êJLG5,>P�:/*�6cå
� �F�������
�g���U�����_�A���<�=�a����� � ¡ ª À ¦«¨�Ê«¦ ¢ J (f) := {p ∈ K [T ] | p(f) = 0} Î Ç ¬ ¢/¢É¡KÀ ¨
J (f) 6= {0} ­ ¢c°q° ¬ ÀN¢ ©«ªI® ¡ ¦�ªA¨Ñ¦HÓ3©�¼ � ¢ ©�® ψf §8¼º¦ ¡)¢�À ¨�¦ ¢ Ë ª¥¬ ° ¦ ÀÕ¡>¢ J (f) ²<¦ ¡>Á ¨ ° ¬ À
¸º¹ ¡)¢/¡ ®l¬�¼ ¶ ©«¼ � ¢ ©«® È © ¢ f ¬F­ ã V ¾ Î  mÀm¡KÀ ¨3¦ ¡)¢c° ¦«­'¨ ¡ ·êÃF¦ À ¨ ¡ ®s®�¨m­ ¢â° ¨�¦ ¡ ¼�¨ ! ¦ ° ¦ À Ór©«¼ � ¢ ©«®
¬F­ À J (f)

Î ¹�¬ ¢�¢ ¦ ¢'¢ ¨ J (f)
° ¬ ÀiÈ © ¢ f ¦¥ª+Ê�¦«­�·<¨Ñ¦�¸>Ò ° ¦�¬�¼ ¾ Î

#s�W%N�U�'&%å	[k"
V
*�6/B',)&KP�:F��BF&)�H*16/JL&>G%6�";,�&KJE(A@3&>JL(R";M�P�: ß G%� (V, V )

*�6/BF,>&KP�:F�ÑB'&)�H*�6�JL&>G%6/"%,�e
t8G5�s&)(\45&).'(d*1Jd?�M�BF*10\h/G%,>4%*

f0 =
&>B

V , f
1 = f, f2, f3, ...

&)6 ß G%� (V, V )
*�&>6'*snaM'�H�H*�0

m > 0
@'J+G8B/";C

fm ∈ JL$/"%6 (f0, f1, f2, ..., fm−1)
@/Bâe :ce'�H&)(a4%*�7�&KJIJL*16

αi ∈ K

fm =

m−1
∑

i=0

αif
i

GFBF*�0
p(f) = 0

^_-'0aB/"%J	6'&KP�:U(L(+0I&>bU&K";,>*iØ�G%,>ÙU6/G%�

p(T ) := Tm −
m−1
∑

i=0

αiT
i ∈ K [T ] .

wa,KJ+Gs&KJL(
p ∈ J (f)

e
t8*1&r68M'6

ψ ∈ J (f)
@v6'G50+�H&>*�0+(1@vb5G%6ç�H&)6/&)��";,>*��pjk0�"%Bâ@â^_*10+6/*�0

p ∈ J (f)
.<*�,>&)*1.'&)4�@

6= 0
e'[\"%6'6]&>JL(

deg p ≥ degψ
M'6/B�$�*10a[d&>b8&>J+&>G%6]�H&Z( ��*AJE(�&KJE(

p(T ) = q(T )ψ(T ) + r(T ),

79G%.<*�&
deg r < degψ.

[\"
p, ψ ∈ J (f)

J+&)6/Bc@F&>JL(
p(f) = ψ(f) = 0,

"%,>J+Gs"%M/P�:
r(f) = 0

@
J+G%�H&Z(

r ∈ J (f)
ev[k"]*1JiT8,)*1&)6/*�0I*�6»jk0I"5BÉ"%,>J

ψ
:/";(1@c./,)*1&).F(sB'";6'6í68M'0

r = 0 ∈ K [T ]
@

J+G8B/";C
ψ
*�&>6
�è*�&>,>*�0�b%G56

p
&KJE(Ae/[\"%�H&Z(�^_G5,)4%(�"%M/P�:]BF&)*#2r&)6/B'*�MF(I&)45T%*�&)(1e

�

#s�UÝq�5������� � �a�KÞ � ÂNÃ«·F¦ À ¦¥²<¦ ¢íÈ © ¢í° ¦�® ¨�ª ¡�È«¡ ¬�¼_¦ ¢ ­ ¢â°]° ¦ À ²�¬;¼½Ã ¡ ®ä¬�¼>¼)·F¦�®R¦ ¡)¢ ¦ ¢ ¬'­ À £
·F¦ À ±E²/¼º© À+À ¦ ¢ ¦ ¢ Ï ¬�¼>¼ V = (0)

¡>À ¨ À ¨�¦«¨ À degψf ≥ 1.

#s�	�5�8�
�
Lè����� � ���ºÞâ� Ò À ¨ U ⊂ V ¦ ¡>¢ f £ ¡>¢ÌÈ ¬;ª ¡ ¬ ¢ ¨�¦�ª �è¢ ¨�¦�ªIª�¬'­;®�¯ À © ¡>À ¨ f ′ := f|U ∈

ß G5� (U,U).
Ç ¬ ¢'¢�¢ ¦ ¢/¢ ¦ ¢ ´ ¡ ª ° ¬ À ¹ ¡)¢/¡ ®l¬�¼ ¶ ©«¼ � ¢ ©«® ψ′ È © ¢ f ′ ¬F­F±E²�§<­%ª+Ê ° ¬ À ¸º¹ ¡>¢'¡ £

®l¬�¼ ¶ ©�¼ � ¢ ©�® È © ¢ f ¬'­ ã U ¾ © ° ¦�ª1¯Ì´S¦ ¢'¢ f ¬F­ Àa° ¦¥® �i© ¢ ¨�¦��â¨c§8¼º¬�ª ¡KÀ ¨E¯ ¢ ­;ªd¸º¹ ¡>¢'¡ ®�¬;¼ ¶ ©;£
¼ � ¢ ©«®OÊ5­ U ¾ Î
(a.<*�0d&)68b�";0I&>"%6U(+*��a6U(+*10+0�Û;M'�H*iM'6/B�&>:'0I*iWX&)6'&>��";,>$�G5,)Ù86'G5�H*k45&),)(dBF*10	^_G%,>4%*�6�BF*
� �F�����a�KÞ<Þ} rÀ�À ¦ ¡ f ∈ ß G5� (V, V ) ® ¡ ¨3¹ ¡>¢'¡ ®l¬;¼ ¶ ©«¼ � ¢ ©«® ψ

Î
Å ¡)Æ Ò À ¨ U ⊂ V f £ ¡>¢ÌÈ ¬�ª ¡ ¬ ¢ ¨L¯ ψ′ ° ¬ À ¹ ¡)¢'¡ ®l¬�¼ ¶ ©�¼ � ¢ ©�® È © ¢ f ¬'­ ã U ¯ À © ¡>À ¨ ψ′ ¦ ¡)¢ !Ì¦ ¡ ¼º¦¥ªÈ © ¢ ψ.



" ¦¥ª+¼_¦I·<­ ¢ ·R¦ ¡>¢ ¦ À �d¬'­;®R¦ À	¢ ¬F±E²ê¦ ¡)¢ ¦�®  r¢â° ©«®R©�ª ¶ ² ¡>À ®R­ À Ò �����

Å ¡>¡)Æ ÏmÐ ª ! ¦ ° ¦ À p ∈ K [T ] · ¡ ¼½¨ ÄvÇ ¬ À ¹ ¡>¢'¡ ®l¬;¼ ¶ ©«¼ � ¢ ©«® ψ′ Ê%­ f ¬F­ ã\° ¦�® �v¢ ¨Ñ¦¥ª+ª¥¬F­;®
kerp(f) ¨Ñ¦ ¡ ¼½¨ p ÎÅ ¡)¡>¡)Æ Ò À ¨ ψ = p1p2 ® ¡ ¨ ¢ ©«ªI® ¡ ¦¥ª1¨�¦ ¢ ¨Ñ¦ ¡ ¼_¦�ª ã ª¥¦¥® ° ¦ ¢ Å ¢'¡ ±E²Ì¨L¨�ª ¡½È«¡ ¬;¼º¦ ¢FÆ Ór©«¼ � ¢ ©«®R¦ ¢ p1, p2

­ ¢â°l¡KÀ ¨ Ui := kerpi(f), (i = 1, 2),
À © ¡>À ¨ V = U1 ⊕ U2 ­ ¢â° pi

° ¬ À ¹ ¡>¢'¡ ®�¬;¼ ¶ ©;£
¼ � ¢ ©�® È © ¢ f ¬F­ ã Ui

Ä
#s�W%N�U�'&%å

+_&5-�2rJ3&KJE(
ψ(f) = 0 ∈ ß G%� (V, V ),

Bce :ce
ψ(f)(v) = 0

^_-'0m"%,),>*
v ∈ V

M'6�BlB'";�H&)(9"%M/P�:
^_-'0a";,>,)*

v ∈ U
e/[k";�H&)(a&>JL(	^_-'0

f ′ = f|U , ψ ∈ J (f ′)
";,KJLGsQd&>*�,)^�"%P�:/*1J	b%G56

ψ′ e
+_&>&5-

U := ker p(f)
&KJL(R6/"%P�: �v*��H��"o��e>� �

f
�½&>68b�";0I&>"%65(lM/6/B=$�*10�BF*�î/6'&)(+&>G%6'*1�!b5*�0+�

J+P�:87�&>6/BF*�(
p(f)

";MF^
U
@'JLGFB'"%C

p ∈ J (f|U ).

+�&)&>&5-][\"
p1
M/6/B

p2
(+*1&),>*�0+^_0+*1��B�J+&>6/Bâ@'45&).F(�*AJ�6/"%P�:êtF";(+?Õ��e �NØ�G5,)Ù86'G5�s*

s1, s2
@/J+GFB'";C

1 = s2(T )p2(T ) + s1(T )p1(T )

M'6/B]B'";�H&)(a";M/P�:
&>B

V = s2(f)p2(f) + s1(f)p1(f).
t8*�(I?�*k^_-'0

v ∈ V
å
u1 := s2(f)p2(f)(v), u2 := s1(f)p1(f)(v).

[k";6'6]&KJE(

p1(f)(u1) = p1(f)s2(f)p2(f)(v) = s2(f)(p1(f)p2(f))(v) = s2(f)ψ(f)(v) = 0,

M'6/B]";6/"%,)G54
p2(f)(u2) = 0,

Bâe :ce
ui ∈ Ui (i = 1, 2).

h'*�0I6'*109&KJL(

v =
&>B

V (v) = s2(f)p2(f)(v) + s1(f)p1(f)(v) = u1 + u2,

";,KJLG
V = U1 + U2.tFP�:',>&)*1C%,>&>P�:í&>JL(NBF&>*1J+*Rt8M'�H�H*RBF&>0I*�TU(1@�B'"êBF&>* �aÛ;M/�s*�T5G%�H$',>*��H*�6U(�Û;0�J+&)6/B��èBF*16'6

^_-'0
u ∈ U1 ∩ U2

&KJE(
p1(f)(u) = p2(f)(u) = 0,

JLG5�H&Z(

u = s2(f)p2(f)(u) + s1(f)p1(f)(u) = 0,

Bâe :ve
u = 0

e
`m,>*�&>.F(�6'GFP�:êBF&>*iwdM/JIJ+"%4%*i-'.<*�0aBF&>*�Wê&>6'&)��"%,)$<G%,>Ù86'G%�H*i?�M]?�*1&)45*�6cå
wa,KJa i*�0I6'*#JL&>6/B]BF&>*

Ui f
�Ñ&>6Ub�"%0+&K";6U(	M'6/BêBF&>*�Wê&>6'&)��"%,)$<G%,>Ù86'G%�H*

ψi
b%G56

f
";M'^

Ui6/"%P�:��Fe �è*�&>,)*10�b%G56
pi
e/Wê&)(dBF*10aBF&)0I*�TU(I*�6êt8M'�H�H*�6'?1*�0I,)*14%M'6'4

u = u1 + u2
^_G%,>4;(

ψ1(f)ψ2(f)(u) = ψ2(f)ψ1(f)(u1) + ψ1(f)ψ2(f)(u2) = 0,

JLGFB'"%C
ψ1ψ2 ∈ J (f).[\"%�s&)(#:/";.<*�6í7�&>0�";,KJLG�å

ψ = p1p2
(+*1&),)(

ψ1ψ2
@
ψ1

(I*�&>,Z(
p1
@
ψ2

(+*1&),)(
p2
M'6/Bí";,>,>*

JL&>6/B�6'G%0I�H&)*10L(Ae'[\"%6'6]&>JL(d";.<*�0�6'G%(E7m*16/BF&>4
pi = ψi(i = 1, 2). �

[k";�H&Z(a*10+:�";,)(+*�6�7�&>0�*�&>6'*�6]*�0�JL(+*�6X�<*10+,>*�45M'6'45JIJI"�(+?5å
� �F�����a�KÞS�æ rÀ�À ¦ ¡ f ∈ ß G5� (V, V ) ® ¡ ¨3¹ ¡>¢'¡ ®l¬;¼ ¶ ©«¼ � ¢ ©«®

ψ(T ) =

k
∏

i=1

ψi(T ), ´3©FÃF¦ ¡ ψi(T ) = ϕνi

i (T )



�����1é � �������	��

����
����������
�����	�

® ¡ ¨ νi ≥ 1, ­ ¢â°H°%¡ ¦ ϕi
¶ ¬%¬�ªA´3¦ ¡KÀ ¦ È ¦�ª À ±E² ¡ ¦ ° ¦ ¢ ¦A¯ Å ¢'¡ ±E²Ì¨L¨�ª ¡½È«¡ ¬;¼º¦«¯ ÆS¢ ©�ª+® ¡ ¦�ªA¨Ñ¦A¯ ¡ ªIª¥¦ ° ­;Ê ¡ Ã�¼_¦

Ór©«¼ � ¢ ©«®R¦ ÀL¡>¢â° Î Ç ¬ ¢'¢�¡KÀ ¨S® ¡ ¨ Ui := kerψi(f)

V = U1 ⊕ U2 ⊕ ...⊕ Uk

¦ ¡>¢ ¦ °%¡ ª¥¦¥§Ì¨Ñ¦ P ­;®H®R¦ ¢ Ê�¦�ªI¼º¦�·�­ ¢ · ¡>¢ Å ¢'¡ ±E²Ì¨+¨�ª ¡�È«¡ ¬�¼_¦ Æ f £ ¡>¢ÌÈ ¬�ª ¡ ¬ ¢ ¨�¦ �v¢ ¨�¦�ªIª�¿'­;®R¦ Î Çd¡ ¦ÕÊ%­5£
·F¦¥² �«ª ¡ ·F¦ ¢ ¹ ¡>¢'¡ ®l¬;¼ ¶ ©«¼ � ¢ ©«®R¦ È © ¢ f ÀL¡>¢â° ·F¦ ¢ ¬F­ °%¡ ¦ ψi(T )

Î
� ¿�²/¼�¨a®l¬ ¢ Ê%­ ! ¦ ° ¦�® Ui ¦ ¡>¢ ¦���¬ À+¡>À Bi

À ©ê¦¥ªL·'¦�ÃF¦ ¢=°%¡ ¦ À ¦sÊ5­ À ¬;®H®l¦ ¢ ¦ ¡>¢ ¦���¬ À+¡KÀ
B
È © ¢ V Î Ç\¡ ¦N¹�¬'¨�ª ¡ �/£ Ç ¬;ª À ¨Ñ¦¥¼)¼½­ ¢ · F È © ¢ f ÃF¦�Ê Ð ·5¼ ¡ ±E² °%¡ ¦ À ¦�ª���¬ À+¡>À B ²�¬F¨ ° ¬ ¢'¢q°5¡ ¦

�9¼º©'±E§'£ Çd¡ ¬«·'© ¢ ¬;¼K£ Ë ¦ À ¨½¬;¼�¨
F =

BF&K";4
(F1, F2, ..., Fk),

´3©FÃF¦ ¡�°%¡ ¦ Fi
°%¡ ¦\¹�¬'¨�ª ¡ � ° ¬;ª À ¨Ñ¦¥¼)¼½­ ¢ ·'¦ ¢ÉÈ © ¢ f|Ui

Ã8¦¥Ê Ð ·U¼ ¡ ±E² ° ¦�ª���¬ À ¦ ¢ Bi
ÀL¡>¢â° Î

#s�W%N�U�'&%å	[\&)*]*�0�JL(+*�wdM/JIJ+"%4%*�^_G5,)4%(HBFM/0IP�:�0I*�T8M'0�J+&)b5*Rwa6879*�6/BFM/6'4�b5G%6otF";(+?X��e � �F@�BF*�0
��*AJE(a&KJE(	(I0+&>b8&>"%,�e

�

`9*�(I0I"5P�:5(I*�6�7�&)0�*1&)6'*16Xt8$�*1?�&K";,)^�";,>,�å
[k"%J�Wê&>6'&>�H"%,)$<G%,>Ù86'G%�

ψ
:/";.<*#BF&)*Õjk*AJE(�";,)(

ψ(T ) =

k
∏

i=1

(T − λi)

�H&Z(\$/"%"%0+79*�&KJL*kb%*10IJIP�:'&>*1BF*16'*�6
λi ∈ K.

2mJa&KJE(d"%,>J+G/@F.<*�?1G%4%*16ê";MF^SBF*�6êb5G%0I&)45*�6]tF"�(I?%@F^_-'0
";,>,>*

i
å
ψi(T ) = ϕi(T ) = T − λi, νi = 1.

[\"%6'6ç&>JL(
u ∈ Ui := ker(f − λi

&>B
)
4%*�6�";M

79*�6'6
fu = λiu,

BF&>*
Ui
JL&>6/B�";,KJLGN4%*�6�";M�B'&)*k23&>4%*�6/0IÛ%M'�H*\b5G%6

f
?�M]BF*�6�b%*10IJIP�:'&>*1BF*16'*�6

23&>4%*16U79*�0+(+*16
λi
M'6/BNDE*ABF*�WX"�(I0+&)Y'B'";0�JL(+*�,>,>M'6'4sb%G%6

f|Ui

:/"�(aBF&>*Õjk*1JL(I"%,Z(

Fi =
BF&K";4

(λi, λi, ..., λi).
nd"5P�:]t'"�(+?N��e ���Õ&KJE(d"%,>J+G

f
BF&K";45G%6/"%,)&KJL&>*�0I./"%01e

�EJL(�M'�H45*�T%*1:'0+(
f
BF&K";45G%6/"%,)&KJ+&)*10+./"%0lM'6/BæJL&>6/B B'";.<*�&

λ1, ..., λk
BF&>* 4.6<8;:<C"D23N6 �W691 691

23&>4%*16U79*�0+(+*Rb%G%6
f
@�JLG�4%&>.F(N*AJÕ*1&)6'*�`	"%J+&>J�"%M/JN23&)45*�68b%*1TU(+G%0I*�6çM'6�Bç^_-'0\DE*1BF*16qJLG5,>P�:/*�6

`	"%J+&>J+b%*1TU(+G%0
v
&KJE(dB/";6'6

f(v) = λiv
^_-'0a*1&)6'*AJ�BF*�0

λi
e�t8G%�H&)(a4%&>,Z(��H&)(\BF*��ÔØ�G5,)Ù86'G5�

ψ(T ) := (T − λ1) · · · (T − λk) :

ψ(f)(v) = 0
^_-/0cDE*1B'*�6R`	"%J+&KJLb5*�TU(+G501@�";,KJ+G�";MF^â45"%6'?

V
eU[\"%�H&Z(r&KJL(

ψ(T ) ∈ J (f),
7mG50I"%M/J

��";6�,)*1&>P�:U(a*10+:/Û%,Z(A@'B'";CH*AJ�JLG545";094%*16/";M]B'"5J�Wê&)6/&)��";,>$<G%,>ÙU6/G%�Ob5G%6
f
&KJE(Ae

fg&>0�:/";.<*�6ê";,KJ+GN45*�?�*1&)4%(1å
� �F�����a�KÞ�H

f ∈ ß G%� (V, V )
¡>À ¨<·F¦ ¢ ¬F­ ° ¬ ¢'¢R°%¡ ¬«·F© ¢ ¬�¼ ¡KÀL¡ ¦�ª«Ã%¬�ª1¯5´3¦ ¢/¢l° ¬ À ¹ ¡)¢/¡ ®l¬�¼ ¶ ©«¼ �/£¢ ©�® ψ

°%¡ ¦ Ï ©«ªI® ψ(T ) =
∏k

i=1(T −λi) ²�¬'¨E¯�´3©FÃF¦ ¡v°%¡ ¦ λi ∈ K
¶ ¬%¬;ª1´3¦ ¡KÀ ¦ È ¦�ª À ±E² ¡ ¦ ° ¦ ¢À+¡)¢â° Î

�#{c�/�E{v�
	d�d�
f ���

�����+y���� �d{c��

	�	d��{
�a6U(I*�0RBF*16

f
�½&>68b�";0I&>"%65(I*�6 �a6U(+*10+0�Û;M'�H*16o45&).F(�*1J�.<*1J+G%6/B'*�0�JH*�&>6F^�"%P�:'*5@rBF&>*X";M/Jl*�&>6'*��

23,>*��H*�6U(d*16U(IJL(+*�:/*�6c@<BF&)*k×
f
�½?1ÙUT8,>&>JIP�:'*168Ú�e'n\"%P�: �c*1�H�H"R��e)� �N*�6U(+:/Û%,Z(\*�&>6

f
�Ñ&>6Ub�"%0+&K";6U(+*10

�a6U(I*�0I0I"%M'�
U
�H&)(�DE*1BF*1� 23,>*��H*�6U(

u
"%M/P�:É"%,),>*H23,)*1�H*�6U(+*lBF*10#h'G%0I�

p(f)(u)
^_-'0

p ∈
K [T ]

e/[\&>*1J+*#.'&),KBF*16]"%.�*10aJL*1,).�JE(aJIP�:'G%6�*�&>6'*�6
f
�Ñ&)68b�";0I&>"%6U(+*�6 �a6U(+*10+0�";M'�]e

� �F�������
�g���U�����_�A���<�=�a�KÞ U Ï9Ð ª ! ¦ ° ¦ ¢ ¤<¦�§Ì¨Ñ©�ª v ∈ V
¡KÀ ¨

Uv := {p(f)(v) | p ∈ K [T ]}

¦ ¡>¢ f £ ¡)¢ÌÈ ¬�ª ¡ ¬ ¢ ¨Ñ¦¥ª �v¢ ¨Ñ¦¥ª+ª¥¬F­;® Î � ¡ ª ¢ ¦ ¢'¢ ¦ ¢�¡ ² ¢ Å È ©�ª+¼º¿F­ �F· Æ�° ¦ ¢ ¸ f £�Ê �'§8¼ ¡KÀ ±E²Ì¦ ¢ �v¢ ¨Ñ¦¥ª�£
ª¥¬F­;®OÊ5­ v ¾ Î



" ¦¥ª+¼_¦I·<­ ¢ · f £_Ê9�F§8¼ ¡>À ±E²<¦¥ª �d¿'­;®R¦ �����%�

#s�W%N�U�'&%å�t8&>6/B
ui := pi(f)(v) ∈ Uv, αi ∈ K (i = 1, 2),

J+GH&>JL(

α1u1 + α2u2 = (α1p1(f) + α2p2(f))(v) = ((α1p1 + α2p2)(f)) (v) ∈ Uv,

B'"
α1p1+α2p2 ∈ K [T ]

e�wa,KJ+Gd&KJE(
Uv
*1&)6 �a6U(+*10+0�";M/��e«[k"d�H&)(

p(f)
";M/P�:

fp(f) = p(f)f*�&>6l×EØ�G5,)Ù86'G5�V&)�
f
Úk&KJE(A@'&>JL(a*�0

f
�Ñ&)68b�";0I&K";6U(1e

�

[k";CH*�&>6êJLG5,>P�:'*10 �a";M'�äJ+P�:/G%6]BFM'0�P�:
f
M'6/B�*�&>6]*�&>6'?�&>4%*AJ	23,>*��H*�6U(

v
.<*1JL(+&>�H��(a&KJE(A@':/"�(

*�&>6'* ��*1&):/*kb5G%6] dG56/J+*��UM'*�6/?�*�6ve

� �F�����a�KÞ �æ rÀ�À ¦ ¡ Uv
° ¦�ª f £�Ê �'§8¼ ¡KÀ ±E²Ì¦ �è¢ ¨�¦�ªIª�¬'­;®VÊ%­ v 6= 0

Î Ç ¬ ¢'¢ · ¡ ¼�¨ ã Ð ª�Ór©�¼ � ¢ ©�®l¦
q ∈ K [T ]

Ä Ë ¦ ¢ ¬'­#´S¦ ¢'¢ q(f)(v) = 0
¡>À ¨E¯1· ¡ ¼�¨ q(f)(u) = 0

ã Ð ª�¬;¼)¼_¦ u ∈ Uv
Î Ò ¢/À ÃF¦ À © ¢c° ¦�ª�¦¡KÀ ¨ ° ¬�® ¡ ¨ ° ¬ À ¹ ¡)¢/¡ ®l¬�¼ ¶ ©«¼ � ¢ ©«® ψv

È © ¢ f ¬F­ ã Uv
° ¬ Àd¢ ©«ªI® ¡ ¦�ªA¨Ñ¦#Ór©«¼ � ¢ ©«®á§8¼º¦ ¡)¢/À ¨Ñ¦ ¢Ë ª¥¬ ° ¦ À ¯ ã Ð ª ° ¬ À p(f)(v) = 0

Î � ¡ ª ¢ ¦ ¢'¢ ¦ ¢ ψv ¬F­F±E²�§Ì­;ª+Ês¸º¹ ¡>¢'¡ ®l¬;¼ ¶ ©«¼ � ¢ ©«®VÊ5­ v ¾ ÎÏ ¦¥ª ¢ ¦�ª ¡KÀ ¨ ° ¦¥ª Ë ª¥¬ ° m := degψv
° ¦ À ¹ ¡)¢'¡ ®l¬�¼ ¶ ©�¼ � ¢ ©�® À ·U¼º¦ ¡ ±E² ° ¦�ª Çd¡ ®R¦ ¢/À+¡ © ¢È © ¢ Uv ­ ¢c° (v, f(v), f2(v), ..., fm−1(v)) ¦ ¡>¢ ¦ ��¬ À+¡KÀ Î

#s�W%N�U�'&%å *5*1BF*AJ
u ∈ Uv

:/";(NBF&>*�jk*1JL(I"%,Z(
u = p(f)(v)

�H&Z(s*�&>6'*��
p ∈ K [T ]

eè[k";�H&)(
^_G%,>4;(AåF�EJE(

q(f)(v) = 0
@'JLGH&KJE(

q(f)(u) = q(f)p(f)(v) = p(f)q(f)(v) = p(f)(0) = 0.fí*�4%*16
v ∈ Uv

&KJE(iBF&>* �d�sT5*�:'0IM'6'4l(+0I&)b8&K";,½e ß &)*10I"%M/Jd*10+45&).'(kJ+&>P�:�"%M/P�:XBF&>*��m:�";0�";TU�(+*10+&KJ+&)*10+M'6/4sBF*AJaWê&>6'&>�H"%,)$<G%,>Ù86'G%��J1å
[k"%J�Wê&>6'&>�H"%,)$<G%,>Ù86'G%�

ψv
:/";.<*�BF&>*�h'G50+�

ψv(T ) = Tm −
m−1
∑

i=0

αiT
i.

[k";6'6]&KJE(

0 = ψv(f)(v) = (fm −
m−1
∑

i=0

αif
i)(v)

GFBF*�0

fm(v) =

m−1
∑

i=0

αif
i(v) ∈ J+$/";6 (v, f(v), f2(v), ..., fm−1(v)).

[k";�H&Z(a&KJL(

fm+1(v) = f(fm)(v) ∈ J+$/"%6 (f(v), f2(v), ..., fm−1(v), fm(v))

⊂ J+$/"%6
(v, f(v), f2(v), ..., fm−1(v)),

B'"
fm(v) ∈ J+$/"%6 (v, f(v), f2(v), ..., fm−1(v)).

[\&)*AJ�,>Û%C;(aJ+&>P�:�&Z(I*�0I&)*10+*16c@'J+G8B/";CN^_-'0d";,>,>*
n = 0, 1, 2, ...

fn(v) ∈ J+$/";6 (v, f(v), f2(v), ..., fm−1(v)).

nd"5P�:�[\*�î�6'&Z(I&)G56]b%G%6
Uv

&>JL(dB'"%�s&)(

Uv =
JL$/"%6

(v, f(v), f2(v), ..., fm−1(v)).

[\&)*AJL*�23,>*��H*165(I*aJL&>6/Bs";M/P�:s,>&)6'*A";0SM'6�";.':/Û%6'4%&>40+
v 6= 0

� -¥e;[\*�6'6H7	Û;0I*
0 =

∑m−1
i=0 βif

i(v)79G%.<*�&�6'&KP�:U(R";,>,)*
βi = 0

@3M'6�B B/";?�M
k := max {i | βi 6= 0} , JLG»7	Û;0I*�7m*14%*�6 v 6= 0DE*1B'*�6F^�"%,),KJ

1 ≤ k < m
M'6/B " T5u%6'6U(+*16»7�&)0

βk = −1
"%6'6'*�:/�s*16ceè[k";6/6�:/Û�(+(+*16»7�&)0

";.<*�0�*1&)6/*Õjk,)*1&>P�:8M'6'4

fk(v) =

k−1
∑

i=0

βif
i(v),
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J+G8B/";Cs�s&)(

p(T ) := T k −
k−1
∑

i=0

βiT
i

";M�P�:
p(f)(v) = 0

4%*1,Z(I*�6l7�-/0IBF*5@%&>� fg&>BF*10IJ+$'0IM/P�:lB'"%?�Mc@UB'";CÕB/"%J3T8,>*�&>6/JL(+*a6'&KP�:U(L(I0+&>b8&>"%,)*
Ø�G%,>Ù86'G%�

ϕ
�H&Z(

ϕ(f)(v) = 0
BF*�6Xjk0�"%B

m
:/";(1e

�

h�-'0lJ+G%,KP�:
f
�Ñ?�Ù8T8,)&KJ+P�:/*�6 �dÛ;M'�H*]4%&>,Z(�6/";(+-'0I,>&>P�:=";M/P�:=BF&>*��<*�0I,)*14%M'6/4�6/"5P�:=tF";(+?���e � �/e

tFP�:/"%M'*�6�7�&>0aBF&)*AJ�4%*16/";M/*�0�";6��

� �F�����a�KÞ �} rÀSÀ ¦ ¡ Uv ¦ ¡>¢ f £�Ê �'§8¼ ¡>À ±E²<¦�ª �d¬'­;®�¯;Ê«¦¥ª+¼_¦I·<¨ ¡>¢ f £ ¡>¢ÌÈ ¬;ª ¡ ¬ ¢ ¨�¦ �v¢ ¨�¦�ªIª�¿'­;®R¦ Ui
Ä

Uv = U1 ⊕ U2.

Ç ¬ ¢'¢ ·F¦¥¼�¨�¦ ¢vÄÅ ¡)ÆXÇd¡ ¦ Ui
À+¡>¢â°sÀ ¦�¼ÑÃ À ¨ f £�Ê �'§8¼ ¡KÀ ±E²ê­ ¢â°N¡KÀ ¨ v = u1 + u2 ® ¡ ¨ ui ∈ Ui ¯ À © ¡>À ¨ Ui ¦¥ª+Ê�¦«­�·<¨È © ¢ ui ¯ ° Î ² Î Ui = Uui
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ψ = ψ1ψ2.
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v = u1 + u2
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q ∈ K [T ]

q(f)(v) = q(f)(u1) + q(f)(u2) ∈ Uu1
+ Uu2

,
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Uv ⊂ Uu1

+Uu2
.
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Ui f
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U1 ⊕ U2 = Uv
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Ui = Uui
(i = 1, 2)
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p := ψ1ψ2.
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p(f)(v) = ψ2(f)ψ1(f)(u1) + ψ1(f)ψ2(f)(u2) = 0 + 0 = 0,
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p(f)
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m =
dimUv, mi = dimUi
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ψ = ϕνχ,
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Uv = U1⊕U2
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v = u1+u2 (ui ∈ Ui)
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Ui = Uui
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ψ, ψ1, ψ2
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ψ = ψ1ψ2
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ψ = ϕν �H&)(�&>0+0I*1B'M'?�&>.',>*�� ϕ
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ψi = ϕνi
�H&)(

0 ≤ νi ≤ ν, ν1+ν2 = ν.t8*�&�"
ν1 ≤ ν2.

[k";6'6]&KJE(

ψ2(f)(v) = ψ2(f)(u1)+ψ2(f)(u2) = ϕν2−ν1ψ1(f)(u1)+ψ2(f)(u2) = 0+0 = 0.
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ν ≤ ν2,
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ν2 = ν, ν1 = 0.
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ψ1
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ϕ
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ψ2
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ψ2 = ϕα.
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v = u1 + u2
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ϕν(f)α(f)(v) = α(f)ϕν(f)(u1) + ϕν−1(f)(ϕ(f)α(f))(u2)

= α(f)ψ1(f)(u1) + ϕν−1(f)ψ2(f)(u2) = 0.
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ϕνα
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ψ = ϕν(ϕα) =
ϕν+1α
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ϕνα
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U = U1 ⊕ ...⊕ Uk.
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ψ(T ) =

k
∏

i=1

ψi(T ),

´3©FÃF¦ ¡�°%¡ ¦ ψi
È © ¢ ° ¦�ª Ï ©«ªI® ψi = ϕνi

i , ® ¡ ¨ ϕi
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ψ(T ) = Tm −
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∑

i=0

αiT
i,
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(v, f(v), ..., fm−1(v))
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ψ(f)(v) = 0

6'GFP�:

f(fm−1(v)) = fm(v) =
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∑

i=0

αif
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(v1, v2, ..., vm) := (v, f(v), ..., fm−1(v)),
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f =̂ F =

















0 0 0 ... 0 α0

1 0 0 ... 0 α1

0 1 0 ... 0 α2

. . . ... . .

. . . ... . .
0 0 0 ... 1 αm−1

















(m,m)
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i=0 αiT

i.

[\&)*AJL*10and";�H*i7�&>0IB�6'GFP�:êBF*�MF(I,)&KP�:'*10aBFM'0�P�:�BF*16],)*1&>P�:U(�?�M]b%*10+&)î/?1&)*10+*16/BF*�6
� �F�����a���ÌÞ Ò À ¨ F °%¡ ¦ �a¦I·U¼º¦ ¡ ¨�®�¬'¨�ª ¡ � Ê%­ ° ¦¥® Å ¢ ©«ªI® ¡ ¦¥ª1¨�¦ ¢FÆ Ór©�¼ � ¢ ©�® p(T ) ¯ À © ¡KÀ ¨
p(T ) = ± BF*�( (F − T · I) ¯ ° Î ² Î ! ¦ ° ¦ ÀH¢ ©«ªI® ¡ ¦¥ª1¨�¦HÓr©«¼ � ¢ ©«® ¡KÀ ¨ ° ¬ À ±E²�¬�ª¥¬�§Ì¨�¦�ª ¡>À ¨ ¡KÀ ±E²Ì¦
Ór©«¼ � ¢ ©«® À ¦ ¡>¢ ¦¥ª���¦�·5¼_¦ ¡ ¨�®l¬F¨�ª ¡ � Î
#s�UÝq�5������� � �a��� �} mÀ�¡>À ¨3¬F­F±E²�·F¦;Ã�ª¥¿F­F±E²'¼ ¡ ±E²â¯ °%¡ ¦#©'Ã8¦ ¢ÉÈ ¦�ªA´S¦ ¢â° ¦�¨Ñ¦ ��¬ À+¡>À9¡>¢É° ¦�ªd¬ ¢ £° ¦¥ª¥¦ ¢ �\¦ ¡ ²Ì¦ ¢'ã ©�¼Z·'¦aÊ5­ ¢ ­%®l¦¥ª ¡ ¦�ª�¦ ¢ ¯ À © ° ¬ Á ®l¬ ¢ ÃF¦�Ê«¦ ¡ ±E² ¢ ¦«¨

(v′1, v
′
2, ...., v

′
m) := (fm−1(v), fm−2(v), ..., f(v), v).
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f =̂ F ′ =

















αm−1 1 0 ... 0 0
αm−2 0 1 ... 0 0
. . . ... . .
α2 0 0 ... 1 0
α1 0 0 ... 0 1
α0 0 0 ... 0 0

















(m,m)

`9*�&SBF&>*1J+*�0#[k";0�JE(I*�,>,)M'6/4�:/"%.�*16�7�&>0i6'GFP�:É6'&KP�:U(k.<*�68MF(I?�(A@cB'";C]B'"%JiWê&>6'&>��";,>$�G5,)Ù86'G5�
ψBF&>*NJ+$�*1?�&>*�,>,)*Nh'G%0I�

ψ = ϕν :/"�(Ae<[\*��áT�";6'6��H"%6ê�H&Z(iBF*�0kfí"%:',v*1&)6/*�0iJL$<*�?1&)*1,),>*�6X`	"%J+&KJ
��*AP�:'68M'6'4s(+0�";45*�6cå

t8*1&
k := degϕ

�8B'";�H&)(m&KJE(	B'";6/6
m := degψ = kν = dimUv.

fg&)0	JL*�(+?1*�6
g := ϕ(f)M'6/B�.<*�(I0I"5P�:5(I*�6]BF&>*

m
23,)*1�H*�6U(+*

(v, f(v), ..., fk−1(v), g(v), fg(v), ..., fk−1g(v), g2(v), fg2(v), ..., fk−1gν−1(v)).

[\&)*AJL*kJL&>6/B�,>&)6/*1";0mM'6/"%.':/Û;6/4%&>4/e��d�VBF&)*AJr?1MRJ+*�:'*16c@UJ+*�&>*�6
(α0, ..., αm−1)

BF&>*\ \G8*���?�&>*�6'�
(+*16]*�&>6'*�0aJ+&)*#"%6'68M',),>&>*�0I*�6/BF*16 �v&)6/*1";0IT%G5�Õ.'&>6/";(+&>G%6ceF[k";?�M�.<*�(+0�"%P�:U(I*iB/"%J	Ø�G%,>Ù86'G%�

p(T ) := α0 +α1T + ...αk−1T
k−1 +αkϕ(T )+αk+1Tϕ(T )+ .....+αm−1T

k−1ϕν−1(T ).

nd"5P�:� \G%6�JE(I0+M'TU(I&)G56R&KJE(
p(f)(v) = 0,

";6/B'0+*10IJ+*�&)(IJ9&KJE(dJ+*�&>6Xjk0I"5B

deg p ≤ k − 1 + (ν − 1)k = νk − 1 = m− 1 < m,

";,KJ+G\T8,>*�&>6'*�03"%,>JSBF*103BF*1JrWê&)6/&)��";,>$<G%,>ÙU6/G%��J�@;J+GFB'";C
p(T ) = 0 ∈ K [T ] ,

JLG5�H&Z(
α0 = ... =

αm−1 = 0.tU(I*�,>,)*16l7�&)0
f
.<*�?�-/4%,>&>P�:RB'&)*AJL*109`	"%J+&KJ +_b5G%6l,>&>6'TFJr6/"5P�:�0+*AP�:U(IJm6UM/�s*10+&>*�0+(;-rB'";0 �5[k";?1M

&KJE(�^_-'0�DE*ABF*1Jd`9"5JL&KJL�½23,>*��H*165(
vi
B'"5J�`9&),KB

f(vi)
7�&)*ABF*�0aBFM/0IP�:]BF&>*�`9"5JL&KJ	";M/J+?�M�BF0+-�P�T%*�6ve

t8G%^_*�0I6
vi
b5G%6]BF*�0ah/G%0I�

vi = fκgµ(v)
�H&Z(

0 ≤ κ < k − 1, 0 ≤ µ < ν

&KJE(
f(vi) = fκ+1gµ(v) = vi+1,

Bâe :vec*�&>6F^�"%P�:çB'"5Ji6/Û%P�:/JL(+*�`	"%J+&KJE�Ñ23,>*��H*�6U(1eâ��:/� *�6U(L�
J+$'0+&KP�:U(k*1&)6/*�tF$/";,)(+*H�H&Z(�45*�6/"%M�*1&)6'*10H�%@cBF&>*H4%*�0�"%B'*NM'6U(I*�0#BF*�0�[\&K";4%G56/";,>*�6íJE(I*�:U(1@âM/6/B
J+G%6/JL(a";,>,)*AJ

= 0
e

[k";6'6�.',>*�&>.�*16ê6'GFP�:�?1M�.<*�(I0I"5P�:5(I*�6]BF&>*�`9"5JL&KJ+*�,>*��H*�6U(+*#BF*10ah'G50+�

fk−1gµ(v)
^_-'0

0 ≤ µ < ν.

Wê&)(

ϕ(T ) = T k −
k−1
∑

i=0

γiT
i

&KJE(

g = ϕ(f) = fk −
k−1
∑

i=0

γif
i,

";,KJ+G

fk = g +

k−1
∑

i=0

γif
i.

[k";�H&Z(a&KJL(

f(fk−1gµ(v)) = fkgµ(v) = (g +

k−1
∑

i=0

γif
i)gµ(v) = gµ+1(v) +

k−1
∑

i=0

γif
igµ(v),
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79G%.<*�&
gµ(v)

B'"5J�6/Û%P�:�JE(I*	`	"5JL&KJE�Ñ23,>*��H*�6U(�&>JL(1@5JLG%^_*�0I6
µ+1 < ν

.'?17#e
gµ+1(v) = gν(v) =

ϕν(f)(v) = 0,
&)�Ôh�";,>,)*

µ+ 1 = ν.
wd,>J+Gs(I";M�P�:5(�:'&>*�0d*�&>6'*�t8$/";,)(+*�"%MF^èb5G%6]BF*�0ah/G%0I�


























eee
0
γ0eee
γk−1

1eee



























,

79G%.<*�&cBF&>*#23&>65(I0I"%4%M'6/4��#7�&>*1BF*10�4%*16/";M�M'6U(+*10aBF*�0a[\&>"%4%G56/";,>*�6�JE(I*�:U(1e�+�`9*�&vBF*1�Ô,>*�(I?�(+*16
�è*�0I�V(I"%M/P�:U(�B'&)*

1
6'&KP�:U(a�s*1:'0a";M'^Ee -

[\&)*AJ	.�*ABF*�MF(I*�(Aå

� �F�����a���SH à\¬F¨ ° ¦�ª f £�Ê �'§8¼ ¡>À ±E²<¦ �v¢ ¨Ñ¦¥ª+ª¥¬F­%® ° ¬ À ¹ ¡>¢'¡ ®�¬;¼ ¶ ©«¼ � ¢ ©«® ψ(T ) = ϕν(T )
­ ¢â°�¡KÀ ¨

G =

















0 0 0 ... 0 γ0

1 0 0 ... 0 γ1

0 1 0 ... 0 γ2

. . . ... . .

. . . ... . .
0 0 0 ... 1 γk−1

















(k,k)

°%¡ ¦ �a¦I·5¼_¦ ¡ ¨�®l¬'¨�ª ¡ �lÊ5­ ϕ(T ) ¯ À ©�¼º¿ Á ¨ ÀL¡ ±E² f ¬F­ ã Uv
° ¬;ª À ¨Ñ¦¥¼)¼_¦ ¢É° ­;ª1±E²

f =̂ F =

















G 0 0 ... 0 0
E G 0 ... 0 0
0 E G ... 0 0
. . . ... . .
. . . ... . .
0 0 0 ... E G

















(ν,ν)

,

´3©FÃF¦ ¡

E =













0 0 ... 0 1
0 0 ... 0 0
. . ... . .
. . ... . .
0 0 ... 0 0













­ ¢â°]° ¬/Ã8¦ ¡c¡>¢/À ·'¦ À ¬�®�¨ ν È«¡ ¦¥¼º¦ �9¼ �F±E§F¦ G ¬F­ ã ¨�ª�¦«¨Ñ¦ ¢ Î

#s�UÝq�5������� � �a��� U �Õ­;®R¦�ª ¡ ¦¥ª1¨/®�¬ ¢H°%¡ ¦�² ¡ ¦�ªmÃF¦ ¢ ­'¨�Ê%¨�¦ ��¬ À+¡>À ª Ð ±E§Ì´S¿�ªA¨ À ¯ À ©a¦¥ª+²<¿�¼½¨F®�¬ ¢
¦ ¡>¢ ¦i¬ ¢ ¬�¼_©A·'¦ Ç ¬�ª À ¨�¦�¼>¼�­ ¢ ·/¯c´3©FÃF¦ ¡ Ê%­R¦¥ª À ¦«¨�Ê«¦ ¢]À+¡)¢â°

£ °%¡ ¦k¹�¬F¨�ª ¡ � G ° ­;ª1±E² °5¡ ¦k¬ ¢c° ¦�ª�¦ ��¦�·5¼_¦ ¡ ¨�®l¬F¨�ª ¡ � G′ Ê5­ ϕ ¯
£ °%¡ ¦9¹�¬'¨�ª ¡ � E ° ­;ª�±E²R¦ ¡)¢ ¦9¹É¬F¨�ª ¡ � E′ ¯ °%¡ ¦ ¡ ²'ª¥¦�¦ ¡)¢ Ê ¡ ·F¦ Í ¢ ­ ¢H¡)¢�° ¦¥ª3¼ ¡)¢ §F¦ ¢ ­ ¢ ¨Ñ¦¥ª¥¦ ¢  ±E§F¦a²<¬F¨E¯è­ ¢â°
£ °%¡ ¦ À ¦\¹�¬F¨�ª ¡ Ê«¦ ¢ E′ ¢ ­ ¢ ©'Ã8¦¥ª+²<¬�¼ÑÃ ° ¦¥ª Çd¡ ¬«·'© ¢ ¬;¼º¦\¬ ¢ Ê%­ À+¡ ¦ ° ¦�¼ ¢]ÀL¡>¢â° Î

QSG%6s.<*1J+G%6/BF*10+*1�³��6U(+*�0I*1JIJ+*r&KJE(3BF*10StF$�*1?�&K";,)^�";,>,�@;B'"%C\BF*103 du50+$<*�0�";,>4%*1.'0I"%&>JIP�:Õ"%.'4%*AJ+P�:',>G5JL�
J+*�6�&>JL(1e/[k";6/6�:�"�(SDE*1B'*1J	6'G50+�H&>*�0+(+*i&)0I0I*1BFM'?1&)./,)*iØ�G%,>Ù86'G%�ÔB'&)*#h'G50+�

ϕ(T ) = T − λ,



¹�¬'¨�ª ¡ �/£ Ç ¬;ª À ¨Ñ¦¥¼)¼½­ ¢ ·'¦ ¢ ¬'­ ã f £�Ê �'§8¼ ¡>À ±E²<¦ ¢ �d¿F­%®l¦ ¢ ����� �

B'"5J�Wê&)6/&)��";,>$<G%,>ÙU6/G%�O*1&)6'*AJ�&>0+0I*1BFM/?�&>.',)*16
f
�Ñ?�Ù8T8,>&>JIP�:'*�6 �a";M/�s*AJ�";,KJLGHBF&>*Õjk*1JL(I"%,Z(

ψ(T ) = (T − λ)k.

[\&)*�`9*�45,)*1&Z(I��"�(+0I&)Yl?�M
ϕ
&KJE(dB/";6'6�*�&>6'*

1 × 1
WX";(+0I&ZYâ@F6/Û%�s,>&KP�:

G = (λ),

M'6/B]BF&>*�WX";(+0I&ZY
F
6/"%P�:êtF";(+?N��e � �s,>"%MF(+*�(

F =

















λ 0 0 ... 0 0
1 λ 0 ... 0 0
0 1 λ ... 0 0
. . . ... . .
. . . ... . .
0 0 0 ... 1 λ

















GFBF*�0�79*�6/6���";6ê"%6/BF*�0�J968M'�H*�0I&)*10L(

F ′ =

















λ 1 0 ... 0 0
0 λ 1 ... 0 0
0 0 λ ... 0 0
. . . ... . .
. . . ... λ 1
0 0 0 ... 0 λ

















,

7	"%J�M'6�J�"%,>JR*�&>6} #"%JL(+*16=B'*�0�� �������
�âJ+P�:/*�6znaG50+��"%,Z^_G50+�!.�*1T«"%6'6U(R&KJE(Aemfg&>0�6/*�6'6'*16
B'"%:'*�0aBF&>*�[k";0�JE(I*�,>,)M'6/4s"%M/JatF"�(I?N��e � �H";M/P�:�b%*10I"%,),>4%*1�s*1&)6/*�0+(+*��S�
�������Ì��"�(I0+&)Yâe

h/"5J+J+*�6�7�&)0d6'GFP�:'��";,â?�M�J+"%�s�H*16c@F79"5J9.'&>J+:'*10a*�0I0+*1&>P�:U(	&>JL(1å

� �F�����a����� Å ¡ZÆê 3¡>¢ ¦�ª " ¦�ªI¼_¦I·�­ ¢ · U = U1 ⊕ ...⊕ Un ¦ ¡)¢ ¦ À f £ ¡)¢ÌÈ ¬�ª ¡ ¬ ¢ ¨Ñ¦ ¢ �d¬'­;®R¦ À�¡>¢
f £ ¡>¢ÌÈ ¬;ª ¡ ¬ ¢ ¨�¦ �è¢ ¨Ñ¦�ªIª¥¿F­;®R¦�¦ ¢ ¨ À ¶ ª ¡ ±E²Ì¨9¦ ¡>¢ ¦ Ç ¬�ª À ¨�¦�¼>¼�­ ¢ · È © ¢ f ¬;¼ À ¦ ¡>¢ ¦��9¼_©'±E§ °5¡ ¬5£
·F© ¢ ¬�¼>®�¬'¨�ª ¡ � F =

°5¡ ¬�· (F1, ..., Fn) ¯3´3©FÃF¦ ¡9°%¡ ¦ Fi ¹É¬F¨�ª ¡ � ° ¬�ª À ¨�¦�¼>¼�­ ¢ ·F¦ ¢�ã Ð ª f|UiÀL¡>¢â° Î
Å ¡>¡)ÆX 3¡)¢

f £ ¡)¢ÌÈ ¬�ª ¡ ¬ ¢ ¨Ñ¦¥ª f £�Ê �'§8¼ ¡KÀ ±E²Ì¦�ª
�d¬F­%® U Ã8¦ ÀL¡ ¨�Ê5¨m¦ ¡>¢ ¦ ¡ ® ´S¦ À ¦ ¢ ¨�¼ ¡ ±E²<¦ ¢ ¦ ¡)¢c° ¦«­'¨ ¡ ·
Ã8¦ À ¨ ¡ ®H®R¨�¦ " ¦¥ª+¼_¦I·<­ ¢ · U = U1⊕ ...⊕Un

¡)¢�¡ ª+ª�¦ ° ­;Ê ¡ Ã�¼_¦A¯ f £ ¡)¢ÌÈ ¬�ª ¡ ¬ ¢ ¨Ñ¦A¯ f £�Ê �'§8¼ ¡KÀ ±E²<¦
�d¿F­;®R¦ Î Ç ¦�ª�¦ ¢ ¹ ¡)¢'¡ ®l¬�¼ ¶ ©�¼ � ¢ ©�®R¦ À+¡)¢â° È © ¢g° ¦�ª Ï ©�ª+® ψi = ϕνi

i ® ¡ ¨ ¶ ¬%¬;ª1´3¦ ¡ £À ¦ È ¦�ª À ±E² ¡ ¦ ° ¦ ¢ ¦ ¢»¡ ªIª�¦ ° ­;Ê ¡ Ã;¼º¦ ¢ Ó3©�¼ � ¢ ©�®R¦ ¢ ϕi
Î Ç\¡ ¦ ° ¬�Ê5­]·F¦¥®�¿ Á Í%Î ·F¦¥² �«ª�¦ ¢â° ¦ ¢

�m¼_©'±E§8®�¬'¨�ª ¡ Ê�¦ ¢ Fi § � ¢'¢ ¦ ¢ ¡)¢ È ¦¥ª�¬;¼)¼)·F¦¥®R¦ ¡>¢ ¦�ªA¨Ñ¦¥ª � �������
�Ìã ©«ªI® Å P ¬F¨�Ê " Î ��� Æ ·F¦�£
´�¿;²'¼�¨	´3¦�ª ° ¦ ¢ Î

�a6�JL*10+*	.'&KJL:/*�0I&)45*�6s230+45*�.'6/&>JIJL*�J+&>P�:/*�0I6sM/6/J3";.<*�0 1 ��C;D@1�3NC;D G½@5B'"%C	�<6 �W698
f
�Ñ&)68b�";0I&>"%6U(+*

�a"%M'�!*1&)6/*�[\"%0IJL(+*1,),>M'6'4�"%,>JRBF&)0I*�TU(I*Ét8M'�H�H*
f
�Ñ?�Ù8T8,)&KJ+P�:/*�0��aÛ%M'�H*X.�*AJL&)(+?�(1@9BF&)*��H"%6

B'"%6'6]*�6U(IJ+$'0I*1P�:'*16/BQ�'eFb%*�0+^_*�&>6'*10+6�T%u56'6U(+*%e
fg&>0lT%u56'6U(+*�6=BF&>*1J��H&)(�BF*16g.'&>J+:'*10�.�*16UM'(+?�(I*�6zWê*�(+:'GFBF*16g.�*17m*1&>J+*�6v@37mG5,),>*�6g"%.�*10

*�&>6'*16o";6�BF*�0I*�6o�<M/45";6/4X79Û%:',>*�6c@�BF*�0HBF&>*�t8&)(+M�"�(+&>G%6ob%G56�*�&>6'*��p"%,),>4%*1�s*1&)6/*�0I*�6qtU(�";6/B8�
$'M'6/T5(s";M/J#.<*�(I0I"5P�:U(+*�(Aev[k";?�M»45*�:'*16ç7�&)0�b5G%6çQS*�TU(IG%0I0IÛ%M'�H*�6ç?�MX×+WêGFBFM',>68ÚH-/.�*101@è79"5J
.<*1BF*1MF(+*�(1@vB'"%CêBF*�0�t8T�";,K";0I.<*�0I*�&KP�:lDE*�(I?�(�*1&)6 ��&>6'4êJL*1&)6íT�";6'6íM'6/Bí6'&KP�:U(#6'G;(E79*�6/B'&)4�*�&>6
 \u%0I$�*10	J+*�&>6��ÕM'C�@'JLGFB'"%Cs7�&>0a";,KJ+GN.<*�&vB'*�6Xt8T�";,K";0I*�6]";MF^�B'"%J�[\&>bU&KBF&>*�0I*�6]b%*10+?1&>P�:U(I*�6ce

� 〉



����� � � �������	��

����
����������
�����	�

� ���ç�����a�#{c� 
gyL�d�3{
���5�����_�1�����z�a��� � ���R�<Ý�Ý �v�A�F�1�����U�  R��� � Ý����R�'�ê 3¡>¢ � ¡>¢ ·ÕÃF¦ À ¨Ñ¦�²Ì¨�¬'­ À ¦ ¡)¢ ¦¥ªv¹É¦ ¢ £
·F¦ R ® ¡ ¨mÊ%´3¦ ¡ ¬'­ À ·'¦�Ê�¦ ¡ ±E² ¢ ¦«¨�¦ ¢�  ¼_¦�®R¦ ¢ ¨Ñ¦ ¢ 0, 1 ­ ¢â° Ê%´3¦ ¡ µS¶ ¦�ª¥¬F¨ ¡ © ¢ ¦ ¢ ¯F·F¦ ¢ ¬ ¢'¢ ¨3Â ° £°%¡ ¨ ¡ © ¢ ­ ¢â° ¹»­;¼½¨ ¡ ¶ ¼ ¡ §;¬F¨ ¡ © ¢vÄ +, · : R × R → R,

À © ° ¬ Á ¬;¼)¼_¦ Ë ¦ À ¦�¨�Ê�¦ ã Ð ª�¦ ¡)¢ ¦ ¢ ����ª ¶ ¦�ª
·F¦¥¼�¨�¦ ¢ ® ¡ ¨rÂÕ­ À+¢ ¬�²'®R¦ ° ¦¥ª   � ¡>À ¨Ñ¦ ¢ Ê ° ¦�ª�Ò ¢ÌÈ ¦�ª À ¦ ¢ ÃF¦�Ê Ð ·5¼ ¡ ±E² ° ¦¥ªa¹»­;¼½¨ ¡ ¶ ¼ ¡ §;¬F¨ ¡ © ¢ ÎÇ ¬=´ ¡ ª ã Ð ª °%¡ ¦X¹»­;¼½¨ ¡ ¶ ¼ ¡ §;¬F¨ ¡ © ¢³°%¡ ¦ �#©«®H®R­/¨½¬F¨ ¡�È«¡ ¨½¿'¨l­ ¢â°z°5¡ ¦   � ¡KÀ ¨Ñ¦ ¢ Êç¦ ¡>¢ ¦ À 1 £  ¼_¦�®R¦ ¢ ¨�¦ À ·'¦ ã ©«ª ° ¦¥ª1¨9²�¬'ÃF¦ ¢ ¯ À ¶ ª¥¦«±E²<¦ ¢ ´ ¡ ª�·F¦ ¢ ¬F­U¦¥ª È © ¢ ¦ ¡>¢ ¦�® ¸>§F©«®H®R­/¨½¬F¨ ¡�È ¦ ¢ � ¡)¢ ·
® ¡ ¨ 1

¾ Î
WX"%6�JL$'0I&KP�:5(s";M/P�:»M'6U(I*�0HJ+P�:87	Û%P�:'*10+*16í`9*1B'&)6'45M'6'45*�6�";6�B'&)*�WêM',)(+&>$',)&>T�"�(I&)G56�6'GFP�:

b%G56 �a&)6'45*�6c@'B'G8P�:êJ+G%,>,)*16�M/6/J�BF&>*#:'&)*10�6'&KP�:5(a&>6U(+*10+*AJ+JIJL&>*�0I*�6ve
`9*�&KJL$/&)*1,)*iT%G5�H�ÕMF(�"�(+&>b%*10 ��&)6/4%*i�H&Z(��#J+&)6/B�*�(E79"/å
�5e *%*ABF*�0� \u%0I$�*10

K.
�'e *%*ABF*

K
��wa,>4%*�./0I"/@<*�(E79"

K [T ]
eèWX";6í0+*ABF*�(ÕB/";:'*10�";M/P�:íb%G5� Ø�G%,>ÙU6/G%�H0+&>6'4]JE(�"�(+(

b%G%6�BF*�0dØ�G5,)Ù86'G5��";,>4%*�./0I"/e
�/ea[d&>*#45"%6'?�*16]�Ì"%:',)*16

Z
��ea[d&>* ��*1JL(+T8,K"%JIJL*16'0I&)6'45*

Z/nZ.

23&>6É`9*�&KJ+$'&)*1,v^_-/0\*1&)6'*16�6'&KP�:U(L�ÑT%G5�s�NMF(I";(+&>b%*16 �a&)6'4]J+&)6/BX*�(E7	"RBF&>*
n × n

WX";(+0I&)?1*�6c@
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JL&>6/B �XM/6/B �Éb5G%6=naM',>,ab5*�0�J+P�:'&>*1B'*�6'*�23,)*1�H*�6U(+*5@3&):/0�Ø30+GFBFM/T5(l&KJL(
";.<*�0

= 0
ect8&>*�JL&>6/BíJLG54%*16/";6'6U(I*k×+naM',>,Z(I*�&>,)*10EÚ¥e ��&>6'4%*5@â&)6çBF*�6/*�6í*1JiJLG�*�(E7	"%Jk45&).F(A@âJL*1&)*16

";M�P�:É6'GFP�:ç";M/J+4%*AJ+P�:/,)GUJ+J+*�6c@<*�.<*�6�JLGXBF*10i(+0I&)b8&K";,>* ��&)6/4/@cBF*10#6UM/0Õ";M/J#B'*�� ndM',>,)*1,)*1�s*16U(
.<*1JL(+*�:U(Ae
���5�����_�1�����z�a��� �=�����Ì�A� � ���_� �F��& �  ���� � �X 3¡>¢ §8©«®H®�­'¨½¬'¨ ¡½È ¦�ª�� ¡)¢ · R ® ¡ ¨ Í ²<¦ ¡)Á ¨k¦ ¡>¢
¸KÒ ¢ ¨�¦I·Uª ¡ ¨½¿'¨ À £ � ¡>¢ · ¾ ¯Ì´S¦ ¢'¢Å ¡)Æ

1 6= 0 ­ ¢â°Å ¡>¡)Æ
R ©�² ¢ ¦ ��­;¼>¼�¨�¦ ¡ ¼º¦¥ª ¡>À ¨E¯ ° Î ² Î ¡>À ¨ ab = 0,

À © ¡KÀ ¨ a = 0 © ° ¦�ª b = 0. à ¡ ¦�ª ã Ð ª À ¬«·�¨v®�¬ ¢
¬F­F±E²É¸ ¢ ­;¼>¼½¨Ñ¦ ¡ ¼_¦�ª ã ª¥¦ ¡�¾ Î

�#�U�«�8���Ì���F�7��� � �a��� � Ò�® ´3¦ ¡ ¨Ñ¦�ª�¦ ¢íÀ ¨�¦�²<¦l¸ � ¡>¢ · ¾dÀ ¨Ñ¦�¨ Àiã Ð ªs¸KÒ ¢ ¨Ñ¦I·Uª ¡ ¨½¿'¨ À £ � ¡)¢ · ¾ ¯ À © ã ¦�ª ¢¢'¡ ±E²Ì¨ À ¬ ¢c° ¦�ª�¦ À ·'¦ À ¬«·�¨ ¡KÀ ¨ Î
2S(E7	"
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M'6/B
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^_-/0Õ.<*�,>&)*1.'&)45*R \u%0I$�*10

K
J+&>6/B»��6U(+*14%0I&Z(�Û�(IJ+0I&)6'45*%eâ��6�BF&>*1J+*�6».<*�&KBF*16

��&>6'4%*16�T5*�6'6/*�6]7�&)0aJIP�:'G56�*1&)6'&>4%*AJ	-'.<*�0 �è*�&>,)./"%0+T5*�&)(1e'[\&)*AJ�JL*1&c68M'6]b%*10I"%,),>4%*1�s*1&)6/*�0+(1e
���5�����_�1�����z�a�>H �=���9�U� � �U� � ����� � �Ñ� �

L��F�ê rÀaÀ ¦ ¡ ¦ ¢ a, b, c   ¼_¦�®R¦ ¢ ¨�¦#¦ ¡>¢ ¦ À � ¡)¢ ·'¦ À R.Å ¡)Æ Ë ¡ ÃF¨è¦ À ¦ ¡>¢ c ¯ À © ° ¬ Á ac = b,
À © À ¬�·�¨Ì®l¬ ¢ ¸ a ¨Ñ¦ ¡ ¼½¨ b ¾ ¯>¸ a ¡KÀ ¨ !Ì¦ ¡ ¼_¦�ª È © ¢ b ¾ © ° ¦�ª9¬F­F±E²

¸ b ¡KÀ ¨k¤ ¡ ¦¥¼ ã ¬F±E²<¦ ÀiÈ © ¢ a ¾ ­ ¢â°lÀ ±E²/ª¥¦ ¡ ÃF¨ a | b ÎÅ ¡>¡)Æ�Çd¡ ¦%!Ì¦ ¡ ¼_¦�ª È © ¢ 1
¢ ¦ ¢'¢ ¨k®�¬ ¢ ¸  3¡>¢ ²<¦ ¡ ¨Ñ¦ ¢c¾ Î R× Ã8¦¥Ê«¦ ¡ ±E² ¢ ¦�¨ °5¡ ¦ Ë ¦ À ¬�®�¨�²<¦ ¡ ¨ ° ¦�ª 3¡)¢ ²<¦ ¡ ¨Ñ¦ ¢íÈ © ¢ R.Å ¡)¡>¡)Æ

a ­ ¢â° b ²<¦ ¡>Á ¦ ¢ ¸_¬ ÀIÀ ©�Ê ¡>¡ ¦¥ª1¨ ¾ ¯U·F¦ À ±E²/ª ¡ ¦�ÃF¦ ¢ a=̂b, ´3¦ ¢'¢ a | b ­ ¢â° b | a.Å ¡½ÈAÆ
a ²<¦ ¡>Á ¨m¸_¦«±E²Ì¨Ñ¦�ª�!<¦ ¡ ¼_¦�ª ¾�È © ¢ b, ´3¦ ¢'¢ a !<¦ ¡ ¼_¦�ª È © ¢ b, ¬'ÃF¦�ª a §8¦ ¡)¢ ¦  3¡>¢ ²<¦ ¡ ¨ ¡KÀ ¨	­ ¢â°
¬F­F±E² ¢'¡ ±E²<¨�Ê5­ b ¬ ÀIÀ ©«Ê ¡>¡ ¦�ªA¨ Î

[\&)*l2r&)6':/*�&)(+*�6q&)6
Z
J+&)6�BçG;ìÌ*�68./";0 {+1,−1} @Ì^_-'0�*1&)6'*16� du50+$<*�0 K &>JL(

K× = K \ 0,^_*�0I6'*10s&KJL(
(K [T ])

×
= K×,

Bâe :ve3BF&)*]23&>6':'*1&Z(I*�6=&>6oØ�G%,>Ù86'G%�H0I&)6/4íJ+&)6�Bq45*�6/"%MoBF&>*]&)�
jk0IM'6/BFT5u%0I$�*101e
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  ¨�´S¬ À Ð ÃF¦�ª#� ¡)¢ ·F¦ ����� �

Ür�8Ý�Ýq������Hv� Ï9Ð ª °%¡ ¦ !<¦ ¡ ¼ÑÃ%¬;ª+§F¦ ¡ ¨ ¡>¢ Å Ò ¢ ¨Ñ¦�·5ª ¡ ¨Ñ¿F¨ À £ Æ � ¡>¢ ·'¦ ¢ ·'¦�¼½¨Ñ¦ ¢Å ¡)Æ
a | a

Å ª¥¦��<¦�� ¡½ÈAÆÅ ¡>¡)Æ Â�­ À a | b ­ ¢â° b | c ã ©�¼Z·<¨ a | c. Å ¨�ª�¬ ¢/ÀL¡ ¨ ¡½ÈAÆÅ ¡)¡>¡)Æ
1 | a ­ ¢â° a | 0

Î
Å ¡½ÈAÆ Â�­ À a | b ã ©�¼Z·<¨ ac | bc.
" ­ °%¡ ¦ À ¦ ¢ Â�­ ÀIÀ ¬�·F¦ ¢ ´S¬�ª °%¡ ¦ ��­;¼>¼½¨Ñ¦ ¡ ¼_¦�ª ã ª¥¦ ¡ ²<¦ ¡ ¨ ¢'¡ ±E²<¨ ¢ �8¨ ¡ · Î � ¡ ª\Ã�ª¥¬F­F±E²Ì¦ ¢lÀ+¡ ¦�¬/Ã8¦¥ª ã Ð ªÅ ÈAÆ Â�­ À ac | bc ã ©«¼)·�¨ a | b, À © ã ¦�ª ¢ c 6= 0.Å È«¡)Æ

a ­ ¢â° b ÀL¡>¢â° ·F¦ ¢ ¬F­ ° ¬ ¢'¢ ¬ ÀIÀ ©«Ê ¡>¡ ¦�ªA¨E¯â´S¦ ¢'¢ a = εb, ´3©FÃF¦ ¡ ε ¦ ¡>¢ ¦  3¡>¢ ²<¦ ¡ ¨ ¡KÀ ¨ Î
fg&>0a�r�	%Õ�8�N&A�8�q68M'0aBF&>*#,>*�(+?�(+*16�.<*�&KBF*16]wdM/JIJ+"%4%*�6ve

�<M +�b�-Rfg&>0�B
bc
b5G%6

ac
4%*�(I*�&>,Z(A@�JLGo4%&>.F(�*AJ�*�&>6

r ∈ R,
J+GFB'";C

bc = rac,
Bce :ce

0 = bc− rac = (b− ra)c.
[\"

c 6= 0
M/6/BRBF*10 �a&)6'4sG%:/6'*\ndM',),)(+*1&),>*�0	&KJE(A@8�ÕM'C

b− ra = 0J+*�&>6c@/J+G8B/";C
b = ra,

"%,>J+G
a

�è*�&>,)*10�b%G%6
b.�<M +_b8&5-a�<M]*�&>6'*�0�23&>6':'*1&Z(

ε
4%&>.F(a*1Ja6/"%P�:][d*�î/6'&)(+&>G%6]*�&>6'*#79*�&)(+*10+*i23&>6':'*1&Z(

ε′,
JLGFB'"%C

εε′ = 1,
.�*1&>BF*�"%,>J+Gs?�M'*1&)6/"%6/BF*10��ÕM',)(+&>$',>&)T�"�(I&)b�&)68b5*�0�J9J+&>6/Bâe

t8*1&
a = εb

å�[k";6/6ê4%&>,Z(i";,KJLG
b | a. fg&>0d:/"%.�*16�";.<*�0k";M/P�: ε′a = ε′εb = b,

"%,>J+G
a | b.t8G5�s&)(dJ+&)6/B�J+&)*�"5J+J+G%?1&)&>*�0+(1e

t8&>6/BsM'�H4%*1T%*�:/0L(
a, b

"%JIJLG5?�&>&)*10L(A@;JLG#45&).'(3*1JS23,>*��H*165(I*
r, s ∈ R

�s&)(
ar = b, bs = a

e
wa,KJ+Gs&KJL(

ars = bs = a = a · 1 M'6/B]79*�45*�6�BF*�0dndM',>,Z(I*�&>,)*10L^_0I*�&>:'*�&)(a&KJE(d"%,>J+G rs = 1,
Bâe :ve

rM'6/B
s
J+&>6/Bl23&>6':'*1&Z(I*�6ce ß &)*10+.<*�&<&>JL( a 6= 0

b5G%0�";M/J+4%*AJL*�(+?�(Ae%`9*�:/"%6/BF*1,)6�tF&)*kBF*�6Rh�";,>,
a = 0J+*�,>./JE(Ae

fg&>*�.�*1&èBF*16ê45"%6'?�*16ê�Ì"%:',>*�6êM'6/BêB'*�6êØ�G%,>Ù86'G%�H*�6]T5u%6'6'*16]7�&)0a?1Mê?�79*�&cGFBF*10a�H*�:'0
23,>*��H*�6U(I*�6]4%*1�s*1&)6�J+"%�s*��è*�&>,)*10�M'6/B�4%*��H*1&)6/JI";�H*iQd&>*�,)^�"%P�:/*k.<*�(I0I"5P�:U(+*�6�M'6/B�&>6/JL.<*1J+G%6'�
BF*10+*�6�"%P�:�×L4%0Iu%C%(+*�6FÚk4%*1�H*�&>6/J+"%�H*�6 �è*�&>,)*10+6XM/6/Bê6/"5P�:�×ET8,>*�&>6/JL(+*�6FÚ#45*��H*�&>6/JI";�H*�6êQ\&)*1,Z�
^�"%P�:/*�6g^_0�";45*�6ce9[dGFP�:g�ÕM/Cq��";6}B/";�H&Z(�0+*AP�:'6'*16c@mB'"%CqJ+G�*�(E7	"%JR6'&>P�:U(�M'68.�*ABF&)6/4;(�?1M
*�YF&KJE(I&)*10+*16�./0I"%M/P�:U(1e

���5�����_�1�����z�a�>HâÞ � �<� � � � � �]�� rÀaÀ ¦ ¡ ¦ ¢ a1, ..., an ∈ R.Å ¡)Æ
d ∈ R ²<¦ ¡>Á ¨r¦ ¡>¢ ·5ª�� Á ¨Ñ¦�ªm·F¦¥®R¦ ¡>¢/À ¬;®R¦�ª�!<¦ ¡ ¼_¦�ª Å ·%· ! Æ�È © ¢ a1, ..., an, ´S¦ ¢'¢Å ¬ Æ d ! ¦ ° ¦ À ai ¨Ñ¦ ¡ ¼½¨�­ ¢â°Å Ã Æ ! ¦ ° ¦¥ª	·F¦�®R¦ ¡)¢/À ¬�®R¦ !Ì¦ ¡ ¼º¦¥ª t È © ¢ a1, ..., an ¬F­F±E² !<¦ ¡ ¼_¦�ª È © ¢ d ¡KÀ ¨ ÎÅ ¡>¡)Æ
v ∈ R ²<¦ ¡>Á ¨�§8¼º¦ ¡)¢�À ¨�¦ À ·F¦¥®R¦ ¡>¢/À ¬;®R¦ À ¤ ¡ ¦�¼ ã ¬8±E²Ì¦ À Å §U·è¤ Æ�È © ¢ a1, ..., an, ´3¦ ¢'¢Å ¬ Æ v ¤ ¡ ¦�¼ ã ¬8±E²<¦ ÀiÈ © ¢ ! ¦ ° ¦�® ai

¡KÀ ¨�­ ¢â°Å Ã Æ ! ¦ ° ¦ À ·F¦¥®l¦ ¡)¢�À ¬;®l¦�¤ ¡ ¦�¼ ã ¬8±E²Ì¦ w È © ¢ a1, ..., an ¬F­F±E²o¤ ¡ ¦�¼ ã ¬8±E²Ì¦ À#È © ¢ v ¡>À ¨ Î

Ür�8Ý�Ýq������H �æ rÀ�À ¦ ¡ d ¦ ¡)¢ ·5· ! È © ¢ a1, ..., an.
Ç ¬ ¢'¢ · ¡ ¼½¨ Ä d′ ¡KÀ ¨9·%· ! È © ¢ a1, ..., an

·F¦ ¢ ¬F­'¯c´S¦ ¢'¢ d ­ ¢â° d′ ¬ ÀIÀ ©�Ê ¡>¡ ¦¥ª1¨ ÀL¡>¢â° Î
Â ¢ ¬�¼_©A·F¦ À · ¡ ¼�¨ ã Ð ª ° ¬ À §U·v¤ Î

#s�W%N�U�'&%å9�EJL(
d′
"%M/P�:l*1&)6l454��i@UJLGN4%*�,)(+*16l6/"5P�:l[d*�î/6'&)(+&>G%6]��e � �#BF&>*d.<*�&KBF*�6��v*1&)./"%0+T5*�&)(IJL�

0I*�,K"�(+&>G%6/*�6
d | d′ M'6/B d′ | d, JLGFB'"%C d M'6/B d′ "%JIJLG5?�&>&)*10L(�J+&)6/Bcet8&>6/B

d
M/6/B

d′
"%JIJLG5?�&>&)*10L(A@/J+G�4%*�,)(+*16].�*1&>BF* �v*1&),>./"%0+T5*�&)(IJ+0+*1,>";(+&>G%6'*16ceF[\"%6'6ê&>JL(d79*�45*�6

d′ | d "%M/P�: d′ *1&)6X45*��H*�&>6/JI";�H*�0#�v*1&),>*�0Ae<wd6/BF0I*�0�JL*1&Z(�Ja&KJE(mDE*1BF*10\45*��H*�&>6/JI";�H*��è*�&>,)*10db5G%6
a1, ..., an

"%M/P�:��è*�&>,>*�0ab5G%6
d
@/J+G%�H&)(a7m*14%*16

d | d′ ";M/P�: �è*�&>,)*10�b%G%6
d′.
h'G%,>4%,>&KP�:�&KJE(d"%M/P�:

d′
*�&>6]4%4��ie

�

[\&)*�Wê*16'4%*
(a) := R · a := {ra | r ∈ R}

";,>,>*�0�Qd&>*�,)^�"%P�:/*�6�b%G%6
a
,>&)*�^_*�0+(aM'6/J�*1&)6ê`9*�&KJL$/&)*1,Ì^_-'0aBF&>*i^_G%,>4%*�6�BF*#[d*�î/6'&)(+&>G%6cå
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���5�����_�1�����z�a�>H Hg���9���8� � �X 3¡>¢ ¦ ¢'¡ ±E²<¨�¼º¦1¦�ª�¦ !Ì¦ ¡ ¼)®R¦ ¢ ·F¦ I ⊂ R ²<¦ ¡)Á ¨â¦ ¡)¢ ¸KÒ ° ¦�¬;¼ ¾â¡>¢R° ¦�®
§8©�®H®R­'¨Ñ¬F¨ ¡½È ¦ ¢ � ¡>¢ · R, ´3¦ ¢'¢ ·F¦¥¼�¨�¦ ¢Å ¡)ÆOP8¡)¢c°

a, b ∈ I À © ¡KÀ ¨3¬F­'±E² a+ b ∈ I.Å ¡>¡)Æ Ò À ¨ a ∈ I ­ ¢â° r ∈ R
À © ¡>À ¨r¬F­F±E² ra ∈ I.Ë ¡ ÃF¨�¦ Àk  ¼º¦¥®R¦ ¢ ¨Ñ¦ a1, ..., an ∈ I, À © ° ¬ Á I = {∑n

1 riai | ri ∈ R}, À ©H²<¦ ¡)Á ¨ I ¦ ¢â° ¼ ¡ ±E²
¦�ªIÊ«¦�­�·�¨ ÎÇ ¬ ÀkÈ © ¢ ¦ ¡>¢ ¦¥®   ¼_¦�®R¦ ¢ ¨ a ∈ R ¦�ªIÊ«¦�­�·�¨�¦	Ò ° ¦�¬�¼S´ ¡ ª ° ® ¡ ¨ (a) Ã8¦¥Ê«¦ ¡ ±E² ¢ ¦�¨	­ ¢â° ²<¦ ¡>Á ¨
¸ºà\¬F­ ¶ ¨ ¡�° ¦�¬;¼ ¾ Ê%­ a.
���5�����_�1�����z�a�>H�U � I ���
Jè�A�N���8� �º�  R��� � �] 3¡>¢ Å Ò ¢ ¨Ñ¦�·5ª ¡ ¨Ñ¿F¨ À £ Æ � ¡>¢ ·�¯ ¡)¢=° ¦¥® ! ¦ ° ¦ À Ò ° ¦�¬�¼
¦ ¡>¢ à\¬'­ ¶ ¨ ¡�° ¦�¬�¼ ¡KÀ ¨L¯/²<¦ ¡>Á ¨	¸ºà\¬'­ ¶ ¨ ¡�° ¦�¬�¼º£ � ¡)¢ · ¾ Î
fg&>0�79*�0�BF*16zJL*1:'*�6c@�B'"%C

Z
M'6�B}BF&>*ÉØ�G5,)Ù86'G5�s0I&>6'4%*

K [T ]
JLG5,>P�:'* ß "%M'$F(+&KBF*A";,)� ��&>6'45*J+&)6/Bce���6X&>:'6'*16X4%*1,Z(I*�6 �è*�&>,).�";0IT%*�&)(IJ+*�&>4%*16/JIP�:/"�^º(I*�6c@/B'&)*�0I*1P�:U(\Û%:'6',>&>P�:ÉJL&>6/B]?�MÉBF*��]@<79"5J

7�&>0Õb%G56
Z
T%*16'6'*�6q.'?�7#ev^_-'0

K [T ]
4%*�?1*�&>4;(Õ:�";.<*�6ce�[\"%:'*�0sJL&>6/B�J+G%,KP�:'* ��&>6'45*�^_-'0HBF&)*

fí*�&)(+*�0+^_-':'0IM'6'4�M/6/JL*10+*10�";,>,)45*��H*�&>6'*�6]h'0�";45*1JL(+*1,),>M'6'4HBF&>*1J+*1J� #";$/&Z(I*�,KJ	.'0I"%M/P�:8./";0Ae
Ür�8Ý�Ýq������H�� P8¡>¢â° I1, I2 Ò ° ¦�¬�¼_¦ ¡>¢ R, À ©R¬'­F±E² I1 ∩ I2 ­ ¢â° I1 + I2 := {a1 + a2 |
ai ∈ Ii}

[\*�0	(+0I&>bU&K";,>*$#N�	%Õ�8�'&kJ+*�&v-'.�*10+4U";6'45*�6ce
(a.<*�0�J+*�(+?1*�6�7�&)0aB'&)*�wdM/J+JI";45*�6�-'.�*10 �è*�&>,)./"%0+T5*�&)(�&)6]BF&>*Õt8$'0�"%P�:'*#BF*10��EBF*1"%,)*5å

Ür�8Ý�Ýq������H ��� ÃF¦�ªi¦ ¡>¢ ¦�® Å Ò ¢ ¨Ñ¦�·5ª ¡ ¨Ñ¿F¨ À £ Æ � ¡>¢ ·s·F¦�¼½¨Ñ¦ ¢vÄÅ ¡)Æ
a ¨Ñ¦ ¡ ¼½¨ b ·'¦ ¢ ¬'­F¯c´3¦ ¢'¢ (b) ⊂ (a).Å ¡>¡)Æ
a ­ ¢â° b ÀL¡>¢â° ¬ ÀIÀ ©�Ê ¡>¡ ¦¥ª1¨è·F¦ ¢ ¬F­F¯c´3¦ ¢/¢ (b) = (a).Å ¡)¡>¡)Æ
v
¡>À ¨�·F¦¥®l¦ ¡)¢�À ¬;®l¦ À ¤ ¡ ¦�¼ ã ¬8±E²<¦ ÀiÈ © ¢ a ­ ¢c° b ·F¦ ¢ ¬F­'¯c´S¦ ¢'¢

(v) ⊂ (a) ∩ (b)

­ ¢â°]° ¬�® ¡ ¨ Ä v ¡KÀ ¨m¦ ¡>¢ §U·è¤ È © ¢ a ­ ¢â° b ·F¦ ¢ ¬F­F¯c´3¦ ¢/¢
(v) = (a) ∩ (b).

Å ¡½ÈAÆ
d
¡>À ¨�·F¦¥®l¦ ¡)¢�À ¬;®l¦¥ª�!<¦ ¡ ¼_¦�ª È © ¢ a ­ ¢â° b ·F¦ ¢ ¬F­F¯c´3¦ ¢'¢ (a) + (b) ⊂ (d).Å Ç\¡ ¦ ¢ ¬;²<¦�¼ ¡ ¦I·F¦ ¢â° ¦ÕÂ�­ ÀIÀ ¬«·F¦ Ð ÃF¦�ª ° ¦ ¢ ·%· ! Ã�ª�¬'­F±E²Ì¨ ¢'¡ ±E²Ì¨	Ê%­�·F¦¥¼�¨�¦ ¢ ¯ ÀL¡ ¦�²<¦s¬/Ã8¦¥ªP ¬F¨�Ê " Î ���FÎ Æ

#s�W%N�U�'&%å
+_&5-

a | b &>JL(ÕÛ �UM'&>b�";,>*�6U(#?�M åc2rJ#*�YF&>JL(+&>*�0+(#*�&>6 c @èJLGFB'"%C ac = b. ß ";.<*�6ç7�&>0�BF&)*AJ�@èJLG^_G%,>4;(
b = ac ∈ (a),

"%,>J+G
(b) ⊂ (a).

�EJE(�M'�H4%*1T%*1:'0L(
(b) ⊂ (a),

JLGH&KJE(
b = ra

�H&)(a*�&>6'*��
r ∈ R,

";,KJLG
a

�è*�&>,>*�0�b%G56
b.
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�v0I&)b8&K";,Ì6/"5P�:É�5e
+�&)&>&5-

(a)
M'6/B

(b)
*�6U(+:/"%,Z(I*�6�45*�6/"%MHB'&)*�Q\&)*1,Z^�"5P�:'*�6�b5G%6

a
.'?17#e

b.
wd,>J+G#.<*1JL(+*�:U(

(a)∩ (b)4%*�6�";MN"%M/JSBF*16N45*��H*�&>6/JI";�H*�6sQd&>*�,)^�"%P�:'*16Nb5G%6
a
M'6/B

b.
��6/J+.�*AJLG56/BF*10+*9&>JL(S^_-'0ÌDE*ABF*1J

4%*��H*1&)6/JI";�H*kQd&>*�,)^�"%P�:'*
v
B/";6'6

(v) ⊂ (a) ∩ (b).�EJE(
v
*�&>6#T84%Q�b5G%6

a, b,
J+Ga&KJE(è"%,>J+G

(v) ⊂ (a)∩(b).
wa6/B'0+*10IJ+*�&)(IJâ&KJL(v*�&>6#4%*��H*1&)6/JI";�H*AJ

Qd&>*�,)^�"%P�:'*AJ
w
b%G56

a, b
"%M/P�:]Qd&>*�,)^�"%P�:'*AJ�b%G56

v,
79G%0�";M�J

(a) ∩ (b) ⊂ (v)
^_G%,>4;(dM/6/B

B'";6'6]BF&>*Õjk,)*1&>P�:/:'*�&)(a*�0I:/";,)(+*16�&KJL(1e
�EJE(

(a)∩ (b) = (v)
";,KJ+G�&)6�JL.<*1J+G%6/B'*�0I*�*�&>6 ß "%M'$F(+&KBF*A";,½@%b%G56 v *�0I?�*1M'4;(A@5J+G�&KJE( v *�&>64%*��H*1&)6/JI";�H*AJèQ\&)*1,Z^�"5P�:'*1J1@%B'"5J�(+0I&>bU&K";,>*�0I79*�&KJL*èDE*1BF*AJ3";6�BF*�0I*	4%*��H*1&)6/JI";�H*	Qd&>*�,)^�"%P�:/*

(+*�&>,)(1e
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+_&>b�-��EJE(
d
4%*��H*1&)6/JI";�H*10 �è*�&>,)*101@8J+GN&KJE(

(a) ⊂ (d)
M'6/B

(b) ⊂ (d)
M'6/BRB/";�H&Z(aB'"%6'6�"%M/P�:

(a) + (b) ⊂ (d).
�EJE(aM'�H45*�T%*1:'0+(

(a) + (b) = {ra+ sb | r, s ∈ R} ⊂ (d),

JLGs&>JL(d";M�P�:
(a) ⊂ (d)

M'6/B
(b) ⊂ (d),

^_G5,)45,)&KP�:
d
*�&>6�45*��H*�&>6/JI";�H*�0
�è*�&>,)*101e

�

� �
LÌ����� ��� waM/P�:]&>6êJ+P�:'u56�"%M/JIJL*1:'*�6/B'*�6��a&)6'45*�6].'0�";M/P�:U(	*1J�T5*�&>6'*i4%4��ieF?�M�4%*�.<*�6 �

2rJ	45&).F(dJ+&>*mDE*ABFGFP�:]&)6 ß "%M'$F(I&>BF*A";,)� �a&)6'45*�6ce
� �F�����a�>H � Ò ¢ ¦ ¡>¢ ¦�® àk¬F­ ¶ ¨ ¡�° ¦�¬;¼K£ � ¡>¢ · R · ¡ ÃF¨â¦ À Ê%­NÃ8¦¥¼ ¡ ¦�Ã ¡ ·F¦ ¢Õ  ¼_¦�®R¦ ¢ ¨�¦ ¢ a1, ..., an ∈
R
À ¨Ñ¦�¨ À ¦ ¡)¢ ¦ ¢ ·%· ! Î 
 ¦ ° ¦¥ª	·%· ! d ÃF¦ À+¡ ¨�Ê%¨m¦ ¡>¢ ¦ Ç ¬�ª À ¨�¦�¼>¼�­ ¢ ·l¬;¼ À

d = r1a1 + ...+ rnan ® ¡ ¨ ri ∈ R.

#s�W%N�U�'&%å	[\M'0IP�:o(+0I&>bU&K";,>*�QS*�0�";,>,)45*��H*�&>6'*�0IM'6'4Éb%G56 �c*1�H�H"»��e ���Fe �É*�0I:/Û;,)(s��"%6c@3B'";C
t4%*16/";M]B'"%6'6�45*��H*�&>6/JI";�H*�0
�è*�&>,)*10�&>JL(1@/7m*16'6

(a1) + (a2) + ...+ (an) ⊂ (t.)

[k"
R
*�&>6 ß ";M/$F(+&KBF*1"%,Z����&>6'4]&>JL(1@v4%&>.F(�*1Ji*1&)6 d, JLGFB'"%C (a1) + (a2) + ... + (an) = (d).[k";�H&Z(�&KJL(#"%,>J+G

d
*�&>6'��";,S*1&)6ç4%*1�H*�&>6/J+"%�H*�0��v*1&),>*�0#M/6/BX^_-/0�DE*1BF*16í79*�&)(+*10+*16

t
4%&>,Z(A@â7�&)*

*�.<*�6]45*�?�*1&)4%(1@'B'"%6'6
(d) ⊂ (t),

J+G8B/";CH";,KJLG
d
*1&)6�4%4��z&KJE(Ae

[\&)*#`9*�?1&)*1:UM/6'4
(a1) + (a2) + ...+ (an) = (d)

.<*1BF*1MF(+*�(a6/"�(I-'0+,>&KP�:�BF&>*i2SYF&>JL(+*16'?kB'*�0
.<*�:/"%M'$F(+*�(+*16][k";0�JL(+*�,>,>M'6'4s^_-'0dBF*16]4%4��ie

�

�<M'0a[k";0�JL(+*�,>,>M'6'4Hb%*10+45,)*1&>P�:'*k";M/P�:êtF";(+?N��e �'e
fg&>0k:�"�(L(I*�6íG%.<*�6í4%*AJ+"%4;(1@ÌB'"%C

Z
M'6/BíBF&)*HØ�G%,>Ù86'G%�H0I&)6/4%*

K [T ] ß "%M'$F(+&KBF*A";,)� ��&>6'45*J+*�&>*�6ce��<*1&)45*�6�7�&)0aB'&)*AJ	^_-'0dBF&>*iØ�G%,>ÙU6/G%�H0+&>6'45*%å
Ür�8Ý�Ýq������H �

K [T ]
¡>À ¨3à\¬'­ ¶ ¨ ¡�° ¦�¬�¼º£ � ¡)¢ · Î

#s�W%N�U�'&%å�t8*1& I *1&)6»�EBF*A";,m&)6 K [T ]
@ " 6= 0.

fzÛ;:',>*RB'"%0+&>6»*�&>6»Ø�G%,>ÙU6/G%�
ψ 6= 0,

b%G56
�H&)6/&)��";,>*��Ojk0�"%BâeU[\"%6'6l&KJE( I = (ψ) :

[d*16'6�^_-'09*�&>6l.<*�,>&)*1.'&)45*1Jr23,)*1�H*�6U(
p ∈ I T%u56'6'*167�&>0�$�*10d[d&>b8&>J+&>G%6��s&)( ��*AJE(a.'&>,KBF*�6

p = qψ + r
�H&)(

deg r < degψ,

79G%.<*�&½@'B'"
p, ψ ∈ I, ";M/P�: r = p− qψ ∈ I &KJE(Ae/naM'6ê&KJL( deg r < degψ

";.<*�0
ψ ∈ I, 6= 0b%G56R�H&>6'&)��"%,)*1�Ôjk0I"5Bâ@FJLGFB'"%CÕ6'G%(E7m*16/BF&>4

r = 0
JL*1&)6��ÕM'C�@8"%,>J+G

p
*�&>6�Q\&)*1,Z^�"5P�:'*1Jmb%G56

ψ&KJE(A@/Bâe :ce
p ∈ (ψ).h'G5,)45,)&KP�:R&KJL( I = (ψ)

@/"%,>J+G ß ";M/$F(+&KBF*1"%,�e �

��6lBF&>*1J+*�6l`9*�79*�&KJS45&)6'4#b5G%6�BF*16lJL$<*�?1&Zî�JIP�:'*16s2r&)45*�6/JIP�:/"�^º(I*�6lBF*AJSØ�G%,>Ù86'G%�H0I&)6'4UJS68M'03*1&)6c@
B'"%CÕ7�&>09*1&)6/*k[\&)b8&KJL&>G%6R�s&)( ��*1JL(�BFM'0�P�:F^_-':'0I*�6lT5u%6'6/*�6c@U7mG5.�*1&âBF*�0 ��*1JL(	TU,>*�&>6'*10+*16�jk0�"%B
:/";(d";,KJ�BF*�0a[\&)b8&KJLG501e't8G�7	"%J945*�:U(a";M/P�:�&)6]45*�7�&KJ+J+*�6]";6/B'*�0I*�6 ��&)6/4%*�6vå
���5�����_�1�����z�a�VU �=�	�T� � � �N���N& �

L��U�� R��� � �] 3¡>¢ Ò ¢ ¨�¦I·5ª ¡ ¨½¿F¨ À ª ¡>¢ · R ²<¦ ¡>Á ¨#¸�¦«­%§U¼ ¡�°%¡>À ±E²<¦¥ª
� ¡>¢ · ¾ ¯\´3¦ ¢/¢ ¦ ¡>¢ ¦]ÂÕÃ/Ã ¡ ¼ ° ­ ¢ · ν : R → N ¦ � ¡>À ¨ ¡ ¦�ªA¨�® ¡ ¨ ν(0) = 0,

À © ° ¬ Á · ¡ ¼½¨ Ä " ­
a, b ∈ R, a 6= 0 ¦�� ¡KÀ ¨ ¡ ¦¥ª¥¦ ¢ q, r ∈ R,

À © ° ¬ Á ´ ¡ ª Çd¡½È«¡>À+¡ © ¢ ® ¡ ¨��\¦ À ¨c®l¬8±E²<¦ ¢ § � ¢/¢ ¦ ¢ ¯ ° Î ² Î

b = qa+ r ´3©FÃF¦ ¡ ν(r) < ν(a).

ν ²<¦ ¡>Á ¨9¸�¦«­;§8¼ ¡�°5¡>À ±E²<¦#�k©�ª+® ã ­ ¢ §Ì¨ ¡ © ¢c¾ ¬'­ ã R.
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�����	�

`9*�&KJL$/&)*1,)*êJ+&)6/Bo*�(E7	"
Z
�H&Z(RB'*�� 45*�79u%:'6',>&KP�:'*�6 `m*�(+0�";4ç";,KJHnaG%0I�s^_M'6'TU(+&>G%6v@SG8B'*�0�BF*�0

Ø�G%,>Ù86'G%�H0I&)6'4
K [T ]

�H&Z(
ν(0) = 0, ν(p) = deg p+ 1

^_-/0
p 6= 0.h�-'0�JLG5,>P�:'* ��&)6/4%*rT�"%6'6Õ��";6ÕG;ìÌ*�68./";0�BF*�6Õ*�.<*�6�^_-/0�B'&)*mØ�G5,)Ù86'G5�H*r4%*�^_-':'0+(+*16Õ`9*�79*�&KJ

J+&)6'6/4%*���Û%CN7�&>*1BF*10+:/G%,>*�6�M'6/B�*�0I:/Û;,)(aB'";6/6
� �F�����a�VUc� 
 ¦ ° ¦�ªd¦«­%§U¼ ¡�°%¡>À ±E²<¦#� ¡>¢ · ¡KÀ ¨3àk¬F­ ¶ ¨ ¡�° ¦�¬�¼º£ � ¡)¢ · Î
#s�UÝq�5������� � �a�VU<Þ Ò ¢ ¦«­%§U¼ ¡�°%¡>À ±E²<¦ ¢ � ¡>¢ ·'¦ ¢ §�¬ ¢'¢ ®�¬ ¢}° ¦ ¢ ã Ð ªlÓr©«¼ � ¢ ©«®Hª ¡)¢ ·'¦ À ¨L­5£°%¡ ¦�ªA¨Ñ¦ ¢ ¦�­;§8¼ ¡�°%¡KÀ ±E²Ì¦ ¢ Å Ç\¡�È«¡KÀL¡ © ¢�À £ Æ Âd¼Z·'©«ª ¡ ¨�²'®R­ Ài¢ ¬8±E²âÃ%¬F­8¦ ¢ ­ ¢â°»° ¬;® ¡ ¨\¦«¨�´S¬ ° ¦ ¢ ·5· !
ÃF¦�ª�¦A±E² ¢ ¦ ¢ ­ ¢â°]° ¬�ª À ¨�¦�¼>¼º¦ ¢ ¯<¦«¨L± Î
fg&>0\79G%,>,)*16ê68M'6X6'GFP�:�BF&>*Õb5G%6

Z
M/6/BXBF*16XØ�G%,>ÙU6/G%�H0+&>6'45*�6ê:'*10d.<*�T�";6'6U(I*NWêu54%,>&>P�:'T5*�&)(

BF*103Ø30I&)�s^�";TU(IG%0+�E�<*10+,>*�45M'6'4k";MF^ ß "%M'$F(+&KBF*A";,)� ��&>6'45*	"%M/JIBF*�:'6/*�6ce�+½t8&>*�:'*a[\*�î/6/&Z(I&)G56���e)� �W-

���5�����_�1�����z�a�VUS�=�E�_�«��� �
���%���r� ��� Jè����Ý �
R
À ¦ ¡ ¦ ¡)¢ Å Ò ¢ ¨�¦I·Uª ¡ ¨½¿'¨ À £ Æ � ¡)¢ · ÎÅ ¡)Æê 3¡)¢s  ¼_¦�®R¦ ¢ ¨ p ∈ R ²<¦ ¡>Á ¨�¸ ¡ ªIª¥¦ ° ­;Ê ¡ ÃF¦�¼ ¾ ¯F´3¦ ¢'¢ p ¢ ­;ª	¨�ª ¡½È«¡ ¬;¼º¦#!<¦ ¡ ¼_¦�ª�²�¬'¨E¯ ° Î ² Î ´3¦ ¢'¢

p /∈ R× ­ ¢â° ´S¦ ¢'¢ ¬F­ À p = p1p2
ã ©«¼)·�¨L¯ ° ¬ Á p1 ∈ R× © ° ¦�ª p2 ∈ R× Î

Å ¡>¡)ÆX 3¡)¢í  ¼_¦�®R¦ ¢ ¨ p ∈ R ²<¦ ¡>Á ¨k¸ ¶ ª ¡ ® ¾ ¯�´3¦ ¢/¢ · ¡ ¼½¨ Ä p /∈ R× ­ ¢â° ¨Ñ¦ ¡ ¼½¨ p ° ¬ À Ó3ª�© ° ­;§Ì¨
p1p2

À ©s¬F­'±E² À ±E²<© ¢ ¦ ¡>¢ ¦ ¢É° ¦�ª Ï ¬;§Ì¨Ñ©«ª�¦ ¢ Î
(a.<*�0

Z
M'6/B

K [T ]
^�";,>,>*�6�BF&>*N`9*14%0I&ZìÌ*\×L$'0+&>�NÚ�M'6/BR×L&)0I0+*ABFM'?1&).<*�,ZÚ�?�M/JI";�H�H*�6ce���6�";,>,>4%*��

�H*�&>6'*�0I*�6 ��&>6'4%*16]&>JL(aBF&)*AJ�6'&KP�:U(�J+G/eF2mJ�4%&>,Z(d"%.�*10
Ür�8Ý�Ýq�����5U�H Å ¡)Æ � ÃF¦�ª�ÃF¦�¼ ¡ ¦;Ã ¡ ·F¦ ¢ Å Ò ¢ ¨Ñ¦I·Uª ¡ ¨½¿'¨ À £ Æ � ¡>¢ ·F¦ ¢ À+¡)¢c° Órª ¡ ®R¦�¼_¦�®R¦ ¢ ¨Ñ¦ ¡ ªIª¥¦�£° ­;Ê ¡ ÃF¦�¼ ÎÅ ¡>¡)Æ � ÃF¦�ª�à\¬'­ ¶ ¨ ¡�° ¦�¬�¼º£ � ¡>¢ ·'¦ ¢�À+¡>¢â°N¡ ª+ª�¦ ° ­;Ê ¡ Ã�¼_¦   ¼_¦�®R¦ ¢ ¨�¦k¬F­F±E² ¶ ª ¡ ® Î à ¡ ¦�ª ã ¬�¼>¼º¦ ¢ ¬;¼ À ©°%¡ ¦NÃF¦ ¡�° ¦ ¢ �a¦�·5ª ¡�� ¦�Ê5­ À ¬�®H®R¦ ¢ Î
#s�W%N�U�'&%å

+_&5-]JL*1&â7m*14%*�6
�è0+&>b8&>"%,)&)(IÛ;(9-'.<*�0I45"%6'4%*16ce
+_&>&5-êt8*�&

p
&)0I0I*1BFM'?1&).<*�,½@ �è*�&>,>*�0Rb5G%6

ab,
"%.�*10RT%*1&)6 �è*�&>,>*�0Rb5G%6

a.
2rJ�JL&>6/BgB'"%6'6

p, a(+*�&>,>*�0+^_0+*1�HBceUn\"%P�:�t'"�(+?#��e � ��45&).'(9*AJmB'"%6'6R*1&)6/*k[k";0�JE(I*�,>,)M/6'4
1 = rp+ sa.

[\"%�s&)(
4%&>,Z(�";M/P�:

b = rpb+ sab.
[\&>*k0I*1P�:U(I*it8*1&Z(I*i7�&)0�BR:/&)*10�b%G%6

p
4%*�(I*�&>,Z(A@'";,KJLGH";M�P�:�BF&>*

,)&>6'T%*5@'Bâe :ce
p | b. �

ß "%.�*16Xt8&)*�B'&)*AJL*16�`9*�79*�&KJ�JIP�:'G%6��H"%,c4%*AJL*1:'*�6��
���5�����_�1�����z�a�VU U �+�r�5� � � � ��� � ���=���A��� ���
�5�_� � ���v� �â�1���«�8�S� Å ¡ZÆê 3¡>¢ ¦ Ç ¬�ª À ¨Ñ¦�¼>¼½­ ¢ ·

a = εq1q2...qn ® ¡ ¨ ε ∈ R×, qi
¡ ªIª¥¦ ° ­;Ê ¡ ÃF¦�¼�¯

¢ ¦ ¢'¢ ¦ ¢ ´ ¡ ªi¸ " ¦¥ª+¼_¦I·<­ ¢ · È © ¢ a ¡>¢�¡ ªIª¥¦ ° ­;Ê ¡ Ã�¼_¦ Ï ¬�§Ì¨Ñ©�ª¥¦ ¢ Î ¾Å ¡>¡)Æ Ë ¡ ¼½¨ Ð ÃF¦�ª °%¡ ¦ À1Ä�PF¡)¢â°�ã Ð ª ! ¦ ° ¦N´3¦ ¡ ¨Ñ¦¥ª¥¦ À ©«¼�±E²<¦ " ¦�ªI¼º¦�·�­ ¢ · È © ¢ a
a = ε′q′1q

′
2...q

′
n′

¢ ©8¨�´3¦ ¢â°5¡ · n = n′ ­ ¢â°ê¢ ¬8±E²É·F¦1¦ ¡ · ¢ ¦�¨Ñ¦�ª��Õ­;®R¦�ª ¡ ¦¥ª1­ ¢ · ã Ð ªs¬�¼>¼º¦ i ! ¦�´S¦ ¡ ¼ À qi ­ ¢â°
q′i ¬ ÀIÀ ©�Ê ¡>¡ ¦¥ª1¨L¯ À © À ¬«·F¦ ¢ ´ ¡ ªN¸ a Ã8¦ ÀL¡ ¨�Ê5¨�¦ ¡)¢ ¦N¦ ¡)¢â° ¦«­'¨ ¡ ·'¦ " ¦¥ª+¼_¦I·<­ ¢ · ¡>¢�¡ ª+ª�¦ ° ­;Ê ¡ Ã�¼_¦  ¼º¦¥®R¦ ¢ ¨Ñ¦ Î ¾Å ¡)¡>¡)ÆX 3¡)¢ Å Ò ¢ ¨Ñ¦�·5ª ¡ ¨Ñ¿F¨ À £ Æ � ¡>¢ ·�¯ ¡>¢�° ¦¥® ! ¦ ° ¦ Àk  ¼º¦¥®R¦ ¢ ¨�¦ ¡)¢ ¦N¦ ¡)¢â° ¦«­'¨ ¡ ·'¦ " ¦¥ª+¼_¦I·<­ ¢ · ¡>¢�¡ ª¥£
ª¥¦ ° ­;Ê ¡ Ã�¼_¦ Ï ¬�§Ì¨�©«ª�¦ ¢ ÃF¦ À+¡ ¨�Ê%¨L¯�²<¦ ¡)Á ¨9¸ ã ¬;§<¨�©«ª ¡ ¦¥¼)¼ ¾ Î

(a.<*�0\BF&)*AJL*Õ�<*10+,>*�45M'6'4s?�*1&)45*�6�7�&)0�?1M'6/Û%P�:�JE(aBF&>*i^_G%,>4%*16/BF*i23&>6/BF*�M'(+&>4%T%*1&Z(�J+"%M/JIJ+"%4%*%å



  ¨�´S¬ À Ð ÃF¦�ª#� ¡)¢ ·F¦ ����� �

� �F�����a�VU �æ rÀmÀ ¦ ¡ R ¦ ¡>¢ Ò ¢ ¨Ñ¦�·5ª ¡ ¨Ñ¿F¨ À ª ¡)¢ ·/¯ ¡>¢ê° ¦¥® ! ¦ ° ¦ Àr  ¼_¦�®R¦ ¢ ¨ a 6= 0 ¦ ¡>¢ ¦ " ¦�ªI¼º¦�·�­ ¢ ·¡>¢�¡ ªIª¥¦ ° ­;Ê ¡ Ã�¼_¦ Ï ¬�§Ì¨�©«ª�¦ ¢ ÃF¦ À+¡ ¨�Ê%¨ Î Ç ¬ ¢'¢êÀ+¡)¢â° ¿��8­ ¡�È ¬�¼_¦ ¢ ¨Å ¡)Æ
R
¡>À ¨ ã ¬�§Ì¨�©«ª ¡ ¦¥¼)¼ ° Î ² Î °%¡ ¦ " ¦¥ª+¼_¦I·<­ ¢ · ¡>À ¨m¦ ¡>¢â° ¦�­'¨ ¡ ·/¯Å ¡>¡)Æ 
 ¦ ° ¦ À	¡ ª+ª�¦ ° ­;Ê ¡ Ã�¼_¦   ¼_¦�®R¦ ¢ ¨ ¡>À ¨ ¶ ª ¡ ® Î

#s�W%N�U�'&%å

(i) ⇒ (ii) :
t8*�&

p
&>0I0+*ABFM'?�&>.<*�,âM'6/B
�è*�&>,)*10�b%G56

ab.
fg&>0�?�*�0I,>*�4%*16

a = αq1...qn, b = βp1...pm,

[\"%6'6�&KJL(
ab = αβq1...qnp1...pm

�<*�0I,)*14%M'6/4sb5G%6
ab
&)6ê&>0+0I*1B'M'?�&>.',>*�h/";TU(IG%0I*�6ce'fí*�45*�6XBF*10db5G%0�";M/J+4%*AJE(I?�(+*16�2r&)6/B'*�MF�

(+&>4%T%*1&Z(k�ÕM'C]B'"%6'6É"%M/P�:
p
?�Mí*�&>6'*�� B'&)*AJL*10

qi
G8B'*�0

pi
"%JIJLG5?�&>&)*10L(iJL*1&)6v@<&KJL(iJ+G%�H&)(

�v*1&),>*�0�b5G%6
a
GFBF*�0�b5G%6

b.

(ii) ⇒ (i) :
t8*�&>*�6

a = εq1...qn = ε′p1...pm

?�79*�&U�<*10+,>*�45M'6'45*�6k&)6#&>0+0I*1B'M'?�&>.',>*�h�";TU(+G50+*16iM'6/B "
n > 0.

[k";6'6#&KJE(
q1
&>0+0I*1B'M'?�&>.�*1,�@

";,KJLGs$'0I&)�ïM'6/B
�v*1&),>*�0�b5G%6
p1...pm

@F(I*�&>,Z(d"%,>J+GH*�&>6'*�6êBF*10ah/"%T5(IG%0I*�6�0+*AP�:5(�J�e'[\*�0aJ+*�&
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δi
6'GFP�:ê�ÕM',)(+&>$',>&)?1&)*10+*16c@<J+GFB'";C�-/.�*10d*�&>6'*1�á \u%0I$<*�0aB'"%6'6

BF&>*
δi
JIÛ;�Õ(+,>&>P�:

= 1
45*�7	Û;:',)(i7m*10IBF*16ÉT5u%6'6/*�6c@â79G%�H&)(i7�&>0�B'"%6'6çt'"�(+? ß e ���H7�&)*ABF*�0I4%*��79G%6'6'*16�:�";.<*�6ce

�<M'0s dG56/JL(+0IM'TU(+&>G%6�BF&>*1J+*�0snaG%0I��";,)^_G%0I� b5*�0�J+P�:�"�ìÌ*�6»7�&>0NM'6�JÕ?1M'6/Û%P�:�JE(s*�&>6'*���*1&):/*
b%G56ÉJ+$�*1?�&>*�,>,)*16�&>68b%*�0+(+&>*�0I./"%0+*16�WX"�(I0+&>?�*16c@Ì�H&Z(�BF*16'*�6í7�&)0#BF&>*s4%*�7�-/6/J+P�:U(I*s[k";0�JE(I*�,>,)M/6'4
T%G56/JL(+0IM'TU(+&>b�4%*�7�&>6'6'*16]7m*10IBF*16ce
Ür�8Ý�Ýq����� �<Þ �a¦ ¡KÀ ¶ ¡ ¦¥¼º¦ ã Ð ª Ð ÃF¦�ªm¦ ¡>¢ ¦¥® à\¬F­ ¶ ¨ ¡�° ¦�¬;¼K£ � ¡>¢ · R ¡)¢ÌÈ ¦¥ª1¨ ¡ ¦¥ªAÃ5¬�ª�¦ ¢ ¹�¬'¨�ª ¡ Ê�¦ ¢À+¡)¢â°<Ä
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Å ¡)Æ ÏmÐ ª  3¡)¢ ²<¦ ¡ ¨Ñ¦ ¢ λ1, ..., λn ∈ R×

Λ =
B'&>"%4

(λ1, ..., λn), Λ−1 =
BF&K";4

(λ−1
1 , ..., λ−1

n ).

Å ¡>¡)Æ

P =

(

0 1
1 0

)

, P−1 =

(

0 1
1 0

)

.

Å ¡)¡>¡)Æ

Eα =

(

1 0
α 1

)

, E−1
α = E−α.

Çd¡ ¨Ñ© ã Ð ª °5¡ ¦N¨�ª�¬ ¢/À ¶ © ¢/¡ ¦¥ª1¨�¦a¹�¬'¨�ª ¡ � ÎÅ ¡½ÈAÆ#" ­ α, β ∈ R ¯�ÃF¦ ¡�° ¦ 6= 0 ® ¡ ¨ δ :=
4%4��

(α, β) =: λα + µβ
À ¦ ¡ α = α′δ, β = β′δ.Ç ¬ ¢'¢�À+¡>¢â°

Q =

(

λ µ
−β′ α′

)

, Q−1 =

(

α′ −µ
β′ λ

)

Ã�Ê%´ Î °%¡ ¦ ! ¦«´3¦ ¡ ¼ ¡ ·'¦ ¢ ¨�ª¥¬ ¢/À ¶ © ¢'¡ ¦�ªA¨Ñ¦ ¢�¡>¢<È ¦�ªA¨ ¡ ¦�ª«Ã%¬�ªk­ ¢â° ! ¦ ¡>¢ÌÈ ¦�ª À Ê%­U¦ ¡)¢ ¬ ¢â° ¦¥ª Î
#s�W%N�U�'&%å	naM/0 +�&)b�-R&>JL(�6'&KP�:U(,+_b5u%,>,)&>4	-�(+0I&)b8&K";,½er2rJ�&KJE(

δ = λα + µβ = λα′δ + µβ′δ";,KJ+G/@/B'"l7�&)0aT8-'0I?�*16XBF-'0+^_*�6c@<";M/P�:
1 = λα′ + µβ′.

[\"%6'6ê^_G5,)4%(\BF&>*Õ`9*�:/"%M'$F(+M/6'4RBFM'0�P�:
waM�JL�NM',Z(I&)$/,)&>?�&>*�0I*�6ce

�

fí*�6'6ê��";6XB'&)*AJL*
2 × 2− WX";(+0I&)?1*�6êJLÙ8�H�H*�(I0+&KJ+P�:�?�M/0\[\&>"%4%G%6�";,>*�6�&)6ê*1&)6'*Q+_4%0IG%C5*K-m23&>6F�

:'*1&Z(�JL��"�(I0+&)YR";,KJ ß "%M'$F(+�ÑWê&>6'G50+*16R*�&>68./";M'(1@8*�0I:/Û;,)(���";6R.<*�& +_&>&V-m.'?17#e�+_&>&)&5-	WX"�(I0+&>?�*16c@FBF&>*
BFM'0�P�:]WêM',)(+&>$',)&>T�"�(I&)G56�b5G%6�,)&>6'TFJ


 ���<*�&>,>*�6]b%*10L(�";M/JIP�:'*�6 + �è0I"%6/J+$�GUJL&)(+&>G%6S-

 B'"5J

α
�½^�"%P�:'*i*1&)6'*10k�<*1&),>*i?�M�*�&>6'*�0d"%6/BF*10+*16�"%B/BF&)*10+*16 +�23,>&)�H&>6/"�(I&)G56S-¥@

.'?17#e'B'"%J�wd6/";,>G%45*k�H&)(\t8$/"%,Z(I*�6].�*1&vWêM',)(+&>$',>&)T�";(+&>G%6]b%G56�0I*1P�:U(IJ1e
fí*�6/BF*16o7�&>0�BF&>*�WX";(+0I&)?1*�6 ";M/J +_&>b�-s";MF^k*�&>6'*êWX"�(I0+&)Y

F
";6v@�B'&)*]?�79*�&d�<*1&),>*�6 BF*�0

h'G50+�
F =

(

α . . .
β . . .

)

:/";(1@/J+GH&>JL(

F ′ = QF =

(

λ µ
−β′ α′

)(

α . . .
β . . .

)

=

(

λα+ µβ . . .
. . . .

)

=

( 454��
(α, β) . . .
. . . .

)

[\&)*AJL*Õë\$<*�0�"�(+&>G%6�*�0I?�*1M'4;(�";,KJ+GsBF*16]4%4��}BF*�0�23,>*��H*165(I*
α
M'6/B

β
&)6]BF*10�Ø�GUJL&)(+&>G%6�b%G56

α&>6]B'*�0�*�0�JL(+*�6X�<*1&),>*%e
wa6�";,>G%4sT«"%6'6]��";6��s&)(

QT b5G%6�0+*AP�:5(�J	";MF^SBF*�6Xt8$�";,)(+*�6�G%$<*�0I&>*�0I*�6cefg&>0#:/";.<*�6çJLG5�H&Z(�";,KJifí*�0ITU?1*�M'4�?�M/� `9*�79*�&KJL*16Éb5G%6ít'"�(+?R��e $%é�B'"5J#h'G%,>4%*16/BF*s?�M'0
QS*�0+^_-'45M'6'4/å

Ür�8Ý�Ýq����� �S� � ÃF¦�ªH¦ ¡>¢ ¦�® à\¬F­ ¶ ¨ ¡�° ¦�¬;¼K£ � ¡>¢ · ÀL¡>¢â° ¬ ¢ ¦ ¡)¢ ¦¥ª�¹�¬F¨�ª ¡ � ° ­%ª�±E²»¹»­;¼½¨ ¡ ¶ ¼ ¡ £
§;¬F¨ ¡ © ¢ ® ¡ ¨ ¡)¢ÌÈ ¦¥ª1¨ ¡ ¦¥ªAÃ5¬�ª�¦ ¢ ¹É¬F¨�ª ¡ Ê«¦ ¢�ã ©«¼)·F¦ ¢â° ¦ µS¶ ¦�ª¥¬F¨ ¡ © ¢ ¦ ¢ ¬'­ À+ã Ð ²'ª«Ã%¬�ª ÄÅ ¡)Æ ¤<¦�ªA¨½¬F­ À ±E²<¦aÊ%´3¦ ¡ " ¦ ¡ ¼º¦ ¢ Å !'ª¥¬ ¢�À ¶ © ¢'¡ ¦�ª�¦ ¢'Æ ÎÅ ¡>¡)Æ Â °'°%¡ ¦�ª�¦aÊ5­�¦ ¡)¢ ¦�ª " ¦ ¡ ¼_¦i¦ ¡>¢ ¤ ¡ ¦�¼ ã ¬8±E²<¦ À ¦ ¡>¢ ¦�ªd¬ ¢â° ¦�ª�¦ ¢ Å   ¼ ¡ ® ¡)¢ ¬'¨ ¡ © ¢FÆ ÎÅ ¡)¡>¡)ÆX  ª À ¦«¨�Ê«¦\¦ ¡>¢ ¦ " ¦ ¡ ¼_¦ ° ­;ª1±E²�¦ ¡>¢ ¦ À ©«¼�±E²<¦�� ¡>¢ ¦�¬;ª+§F©«®�Ã ¡)¢ ¬'¨ ¡ © ¢ ® ¡ ¨3¦ ¡>¢ ¦¥ª	¬ ¢â° ¦�ª�¦ ¢ ¯ ° ¬ Á

¬ ¢ ¦ ¡>¢ ¦¥ª3·F¦�·F¦;Ã8¦ ¢ ¦ ¢ Ór© À+¡ ¨ ¡ © ¢]° ¦¥ª3·%· ! ° ¦�ªkÃ8¦ ¡�° ¦ ¢ ¦ ¢ ¨ À ¶ ª�¦A±E²Ì¦ ¢â° ¦ ¢�  ¼_¦�®R¦ ¢ ¨Ñ¦\¦ ¢ ¨½£À ¨�¦�²Ì¨ Î
Â ¢ ¬�¼_©A·F¦ À ·F¦�²Ì¨ ã Ð ª °5¡ ¦ P ¶ ¬�¼½¨Ñ¦ ¢ Î



  ¨�´S¬ À Ð ÃF¦�ª#� ¡)¢ ·F¦ ����� �

fg&>0�.�*AJ+P�:/0+*1&).<*�6í68M'6ç?�M'6/Û5P�:/JL(�*�&>6'*�6»wa,>4%G50+&)(+:/�ÕM/J1@cBF*�0#*1&)6/*�4%*�45*�.<*�6'*�WX";(+0I&ZY
F =

(ϕij) ∈ Rn×m &>6�BF&)*	&>6ltF"�(I?a��e $5é\45*�6/"%6'6U(+*	[d&K";45G%6/"%,Z^_G50+�³-/.�*10L^_-':/0L(A@2:���F96<8 1 �W698�� 351	B
6</��7= 3�� 3V:<C"D�3V:;G½eUfg&)0	.<*�68MF(+?1*�6�B'";.<*�&<?�*165(I0I"%,�@8B'"%CNBF&>*d*1M'T8,)&KBF&KJ+P�:'*knaG50+�s^_M'6'TU(I&)G56

ν
&>:'0I*

fí*�0+(+*#&>6�BF*16]6/"�(I-'0+,>&KP�:'*�6X�Ì";:/,)*16�:/";(1e

�R��� �����_�KLèÝ �
&H��� ��H Ë ¦�·F¦�ÃF¦ ¢�À ¦ ¡ ¦ ¡>¢ ¦�¹�¬'¨�ª ¡ � F = (ϕij) ∈ Rn×m Ð Ã8¦¥ª�¦ ¡)¢ ¦¥®ï¦«­;§8¼ ¡ £°%¡KÀ ±E²Ì¦ ¢ � ¡)¢ · R Î
P ±E²'ª ¡ ¨L¨ Í Ä P ­F±E²<¦ ¡)¢q° ¦�ª\·8¬ ¢ Ê«¦ ¢ ¹�¬F¨�ª ¡ �É¦ ¡>¢�  ¼_¦�®R¦ ¢ ¨ ϕij 6= 0,

À © ° ¬ Á ν(ϕij) ® ¡>¢'¡ ®l¬�¼�¯�­ ¢â°À ±E²�¬ � ¦ °5¡ ¦ À ¦ ÀH° ­;ª1±E² !�¬'­ À ±E²<¦ ¢=È © ¢ " ¦ ¡ ¼º¦ ¢ ­ ¢â°,P ¶ ¬�¼½¨Ñ¦ ¢ ¬ ¢=°%¡ ¦sÓr© À+¡ ¨ ¡ © ¢ (1, 1).Ë ¡ ÃF¨m¦ À §8¦ ¡)¢]À ©�¼�±E²Ì¦ À ¯ À © À+¡)¢â° ´ ¡ ª ã ¦�ªA¨ ¡ · Î
P ±E²'ª ¡ ¨L¨�� Ä ��¦�¨�ª¥¬8±E²Ì¨Ñ¦ °%¡ ¦�´3¦ ¡ ¨Ñ¦¥ª¥¦ ¢í  ¼º¦¥®l¦ ¢ ¨Ñ¦ ° ¦¥ªs¦�ª À ¨Ñ¦ ¢ " ¦ ¡ ¼_¦�­ ¢c° ¦�ª À ¨�¦ ¢ P ¶ ¬;¼�¨�¦A¯�¬;¼ À © °%¡ ¦  ¼º¦¥®R¦ ¢ ¨Ñ¦ ϕ1j , ϕi1 (i, j > 1).Å ¬ ÆOP8¡)¢c° ¬;¼)¼_¦ = 0,

À ©Õ®l¬8±E²<¦Õ´3¦ ¡ ¨Ñ¦¥ª�Ã8¦ ¡
P ±E²'ª ¡ ¨+¨ �FÎÅ Ã Æ Ò À ¨S¦«¨�´S¬ ϕ1j 6= 0
Å À+¡)¢'¢ ·F¦�®l¿ Á ·F¦¥²<¨�¬�¼>¼º¦ À ·'¦ ¢ ¬'­ À © ã Ð ª�¦ ¡)¢l  ¼º¦¥®l¦ ¢ ¨ ° ¦¥ª�¦¥ª À ¨Ñ¦ ¢P ¶ ¬�¼½¨Ñ¦ Æ ¯ À © °%¡½ÈA¡�°%¡ ¦�ª�¦
ϕ1j = qϕ11 + ϕ′

1j ´3©FÃF¦ ¡ ν(ϕ′
1j) < ν(ϕ11).

 3¡)¢]  ¼ ¡ ® ¡>¢ ¬'¨ ¡ © ¢/À £ P ±E²'ª ¡ ¨L¨m¦¥ª+¼º¬F­�ÃF¨r¦ À ϕ1j
° ­;ª1±E² ϕ′

1j Ê%­R¦�ª À ¦�¨�Ê�¦ ¢ Î¡ Î Ò À ¨ ! ¦«¨�Ê%¨ ϕ1j 6= 0
Å ·F¦�®R¦ ¡)¢ ¨ ¡>À ¨ ° ¬ À ¬;§Ì¨L­U¦¥¼)¼S¬ ¢»°5¡ ¦ À ¦¥ªdÓr© À+¡ ¨ ¡ © ¢�À ¨Ñ¦�²Ì¦ ¢â° ¦  ¼_¦�®R¦ ¢ ¨ Æ ¯ À © ¡KÀ ¨ ! ¦ ° ¦ ¢/ã ¬�¼>¼ À ν(ϕ1j) < ν(ϕ11).

� ¡ ªsÃ8¦�· ¡>¢'¢ ¦ ¢ ´ ¡ ¦ ° ¦�ª ¢ ¦�­
® ¡ ¨ P ±E²'ª ¡ ¨L¨ Í ¯#´S©'Ã8¦ ¡s° ¬ ¢ ¬F±E² °%¡ ¦ �i©«ªI® ° ¦ À (1, 1) £   ¼º¦¥®R¦ ¢ ¨Ñ¦ À §8¼_¦ ¡>¢ ¦�ª
·F¦�´S©�ª ° ¦ ¢R¡KÀ ¨ Î¡)¡ Î Ò À ¨ ! ¦�¨�Ê5¨ ϕ1j = 0,

À ©�Ã8¦�· ¡>¢'¢ ¦N´ ¡ ¦ ° ¦¥ª P ±E²'ª ¡ ¨+¨�� Î
P ±E²'ª ¡ ¨L¨ � Ä 
 ¦�¨�Ê%¨ ¡>À ¨ ϕ11 6= 0 ¯c¬'ÃF¦�ªi¬�¼>¼º¦#¬ ¢â° ¦¥ª¥¦ ¢X  ¼_¦�®R¦ ¢ ¨Ñ¦ ° ¦�ª�¦�ª À ¨Ñ¦ ¢#" ¦ ¡ ¼º¦�­ ¢â°X° ¦¥ª#¦¥ª À ¨Ñ¦ ¢P ¶ ¬�¼½¨Ñ¦ À+¡)¢c° ¬;¼)¼_¦ = 0.Å ¬ Æê rÀ · ¡ ÃF¨\¦ ¡>¢í  ¼º¦¥®R¦ ¢ ¨ ϕij , (i, j ≥ 2),

° ¬ Ài¢'¡ ±E²Ì¨ È © ¢ ϕ11 ·F¦«¨�¦ ¡ ¼�¨i´ ¡ ª °<ÄâÇ ¬ ¢'¢
Â °'°%¡ ¦�ª�¦ " ¦ ¡ ¼_¦ i Ê%­ " ¦ ¡ ¼º¦ 1.

Å Ç ¬/Ã8¦ ¡ ¿ ¢â° ¦¥ª1¨ ÀL¡ ±E² ϕ11
¢'¡ ±E²Ì¨�� Æ �a¦I· ¡)¢'¢ ¦H´ ¡ ¦ ° ¦¥ªP ±E²'ª ¡ ¨+¨�� ÎÅ Ã Æ Â ¢â° ¦¥ª ¢/ã ¬�¼>¼ À ²�¬/Ã8¦ ¢ ´ ¡ ª °%¡ ¦ P8¡ ¨L­5¬'¨ ¡ © ¢vÄ Ò ¢ ° ¦¥ªN¦�ª À ¨�¦ ¢ " ¦ ¡ ¼_¦l­ ¢â°OP ¶ ¬�¼½¨Ñ¦ À+¡>¢â°

¬�¼>¼º¦   ¼_¦�®R¦ ¢ ¨�¦ = 0 ¬F­ À ·F¦ ¢ ©«®H®R¦ ¢o° ¬ ÀÕÇd¡ ¬«·'© ¢ ¬;¼º¦¥¼º¦¥®l¦ ¢ ¨ ϕ11, ´S¬ À 6= 0
¡>À ¨ ÎÇd¡ ¦ À ¦ À ¨Ñ¦ ¡ ¼½¨Õ¬�¼>¼_¦   ¼_¦�®R¦ ¢ ¨�¦ ϕij ® ¡ ¨ i, j ≥ 2. ��­ ¢ À ¨�ª�¦ ¡ ±E²<¦ °%¡ ¦�¦�ª À ¨Ñ¦ " ¦ ¡ ¼º¦

­ ¢â° ¦¥ª À ¨Ñ¦ P ¶ ¬�¼½¨Ñ¦�� ´3©FÃF¦ ¡m° ¬ À\Çd¡ ¬«·'© ¢ ¬;¼º¦¥¼º¦¥®l¦ ¢ ¨r¬�¼ À ¦ ¡>¢ δ ã Ð ª °%¡ ¦k·F¦ À ­'±E²<¨�¦Çd¡ ¬«·'© ¢ ¬;¼)®l¬F¨�ª ¡ �É¬F­ ã Ê%­/ÃF¦«´S¬�²'ª�¦ ¢É¡>À ¨�� ­ ¢c° ÃF¦I· ¡)¢/¢ ¦ ° ¦ ¢ Âa¼)·F©�ª ¡ ¨�²/®R­ Ài¢ ¦�­ã Ð ª °%¡ ¦ È ¦�ªI§8¼º¦ ¡)¢ ¦�ªA¨Ñ¦d¹�¬F¨�ª ¡ �R® ¡ ¨ P ±E²'ª ¡ ¨L¨ Í5Î
[\&)*AJL*10�wa,>4%G%0I&)(+:'�NM/Jk,)&>*�^_*10L(�G%ì<*16U.�";0#BF&>*s45*�7�-'6�J+P�:U(+*�[\&>"%4%G56/";,)^_G%0I�]@�79*�6'6»J+&>P�:/*�0i&>JL(1@
B'"%CÕ*�0èDE*���"%,>Jr^_*�0+(+&>4N7�&>0�BâeU[k";.<*�&Ì&KJE(�";,>,>*�&>6RBF*�0 ��-/P�TFJ+$'0IM'6'4Õ6�"%P�:�tFP�:/0+&)(L(k�d$'0IG%.',>*���";�
(+&KJIP�:c@5.<*�&âBF*1� DL"NJIP�:'*1&)68./"%0S^�"%JL(	"%,),>*1Jm230I0+*1&>P�:U(I*a7�&)*ABF*�0	BFM'0�P�:'*1&)6/"%6/BF*10m45*�.'0�"%P�:U(37�&>0IBâe
[\&)*AJR&KJE(�";.<*�0R6/&>P�:U(�J+G/å9BF*�6/6çDE*1BF*AJL��";,½@97m*16'6zBF&>*1J+*�0�t'P�:'0+&)(L(É�ÉBFM'0�P�:'45*�^_-':'0+(l7�&>0IBâ@
.<*�T%G5�H��(#B'"%Jk23,>*��H*�6U(#&>6íBF*10iØ�GUJL&)(+&>G%6

(1, 1)
*�&>6'*HBF*�î/6/&Z(I&)bXT8,>*�&>6'*�0I*HnaG%0I�]@Ì79"5J\68M'0

*�6�BF,)&KP�:]G;^º(a�Hu%45,)&KP�:]&>JL(1@�B'"H*1J�J+&>P�:êJL(+*�(IJ�M'�ä6/";(+-'0I,)&KP�:'*Õ�Ì"%:',)*16]:/";6/B'*�,)(1e/wd,>J+G�T%G5�s�Õ(
BF*10awa,>4%G%0I&)(+:'�NM/J	?�M'�ï236/BF*5e

fg&>0�.�*1�s*10+T5*�6�6'GFP�:R^_-'0aB/"%J	$'0�";TU(+&KJIP�:'*k[\M'0�P�:F^_-':'0I*�6v@'B'";Cs��";6NDE*1BF*10+?1*�&)(dBF&)*i23,>*��
�H*�6U(+*#*1&)6/*�0\�<*1&),>*iG8B'*�0dt8$/"%,Z(I*#�H&Z(a*1&)6'*10	^_*1JL(+*16�2r&)6':/*�&)(\";M/J

R× �ÕM',)(+&>$',>&)?1&)*10+*16êB'";0+^Ee
�EJL(�BF*10 ��&>6'4d68M'0è*�&>6
	 E / � G 3�� 6;E7=��
� 351 B �UJLGaT5u%6'6/*�6�7�&>0èBF&>*rØr0+&>�s^�";TU(+G50+?1*�0I,)*14%M'6'4�:/*�0+�

";6/?�&>*�:'*16ce%tU(I";(L(rBF*10�*�M'T8,>&>BF&KJIP�:'*�6HnaG50+�s��h'M'6'TU(I&)G56
ν
b%*10+79*�6/B'*�6Õ7�&>03BF&>* �vÛ;6/4%*

λ(α) :=wa6/?1";:/,�BF*10mh/"%TU(+G%0I*�6H&>6lBF*�0rØ30+&>�s^�";TU(+G50+?1*�0I,)*14%M'6/4k?1M
α
M/6/BH*�0�JL*�(+?1*�6lBF&>*d[\&)b8&KJL&>G%6H�H&Z(

��*AJE(dBFM/0IP�:]BF&>*i`9&>,>B'M'6'4lBF*AJ	4%4��ie
ß "%.�*16 α M'6/B�4%4�� (α, β)

B'&)*HJL*1,).<*Hwa6'?A";:',�b%G56XØ30I&)�s^�";TU(IG%0I*�6c@ÌJLG�&>JL(
α
*1&)6 �v*1&),>*�0

b%G56
β
@F";,KJ+G

β− γα = 0
^_-'0	*�&>6R45*�*1&)456'*�(I*1J

γ.
wd6/BF*10+6F^�"%,),KJm:/"�(

δ :=
4%4��

(α, β)
79*�6'&>4%*10

Ø30I&)�s^�"%T5(IG%0I*�6 ";,KJ
α,
^_*10+6'*10HT%u%6/6'*�6o7�&)0H6/"5P�: �c*1�H�H"���e $��/e �ÉB'";6/6

α
BFM/0IP�: BF&)*AJL*16
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4%4��g*�0�J+*�(+?1*�6ceFh/G%,>4%,>&>P�:�,>"5J+J+*�6�JL&KP�:�"%,),>*#tFP�:'0I&Z(+(+*#BF*1J�wd,)45G%0I&Z(I:'�ÕM�J9"%M/P�:R&>6]BF&)*AJL*1�Ôh/"%,),
6/"5P�:U.�";M'*16ce

[k";�H&Z(a&KJL(�B'*�0a2SYF&KJE(I*�6'?����è*�&>,âb%G56]t'"�(+?Õ��e $%és6/"5P�:'4%*17�&)*AJL*16ce
2rJ	.',>*�&>.F(d6/G8P�:]BF&>*#23&>6/BF*�M'(+&>4%T%*1&Z(dB'*�0���68b�";0I&>"%65(I*�6U(+*1&),>*�09?�M]?1*�&>4%*�6ve

#s�	�5�8�
�
Lè����� � ��� � U " ­l¦ ¡>¢ ¦�ª\¹�¬F¨�ª ¡ � A Ð ÃF¦�ª R À ¦ ¡

dj(A)
° ¦¥ª	·%· !q¬�¼>¼_¦�ª j £_ª�¦ ¡ ² ¡ ·F¦ ¢ �v¢ ¨�¦�ª ° ¦«¨�¦�ªI® ¡>¢ ¬ ¢ ¨�¦ ¢íÈ © ¢ A.

dj(A) ²<¦ ¡)Á ¨ ° ¦�ªi¸ ! £L¨Ñ¦ Ç ¦�¨Ñ¦¥ª+® ¡>¢ ¬ ¢ ¨Ñ¦ ¢ £ !<¦ ¡ ¼_¦�ª È © ¢ A. ¾
[k"�^_-'0a45&),)(
Ür�8Ý�Ýq����� � � ¹ ¡ ¨3¹�¬F¨�ª ¡ Ê«¦ ¢ A,B,C Ð Ã8¦¥ª R ¡>À ¨

dj(A) !Ì¦ ¡ ¼º¦¥ª È © ¢ dj(BA) ¯
dj(A) !Ì¦ ¡ ¼º¦¥ª È © ¢ dj(AC).

#s�W%N�U�'&%å	[\&)*�t8$/"%,Z(I*�6�b5G%6
AC

JL&>6/B �v&)6'*A";0IT%G5�Õ.'&>6/"�(I&)G56'*�6#BF*10�tF$/";,)(+*16�b%G56
A.
h'G5,)45,)&KP�:

&KJE(èDE*1BF*rD��½0I*�&>:'&>4%*#�d6U(+*�0�BF*�(+*�0I�H&)6�";6U(+*ab5G%6
AC

*�&>6'* �v&)6'*A";0IT%G5�Õ.'&>6/"�(I&)G56Nb5G%6O+�b8&)*1,)*16S-ÌD��
0I*�&>:'&)45*�6 �a6U(+*10IB'*�(+*10+�H&>6/";6U(I*�6Hb%G56

A.
[d&>*1J+*�79*�0�BF*�6H";.<*�0r"%,),>*	b%G56

dj(A)
4%*�(I*�&>,Z(A@%J+G%�H&Z(

(+*1&),)(mBF&>*1Jr";M/P�:kDE*1B'* �c&>6'*1"%0+T5G%�N.'&)6�"�(+&>G%6v@«"%,>J+G�";M�P�:sBF&>*SD��Ñ0+*1&):/&)45*�6&�a6U(+*10IB'*�(+*10+�H&>6/";6U(I*�6
b%G56

AC.wa6�";,>G%4HJ+P�:',>&>*�C;(���";6�-'.<*�0dB'&)*N�<*1&),>*�6�^_-'0dB'&)*�"%6/BF*�0I*iwaM/JIJ+"%4%*5e
�

[k";�H&Z(a.<*�T5G%�H�H*�6�7�&)0
� �F�����a��� �} rÀ�À ¦ ¡ ¦ ¢ R ¦ ¡>¢ à\¬'­ ¶ ¨ ¡�° ¦�¬�¼º£ � ¡>¢ ·�¯ A ∈ Rn×m, B ∈ Rn×n, C ∈ Rm×m,° ¬/Ã8¦ ¡ B,C ¡>¢ÌÈ ¦�ªA¨ ¡ ¦�ª«Ã%¬;ª�¯ A′ := B−1AC.

Ç ¬ ¢/¢ ²<¬'ÃF¦ ¢ A ­ ¢â° A′ °%¡ ¦ À ¦�¼ÑÃ8¦ ¢êÇ ¦�¨Ñ¦�ªI® ¡ £¢ ¬ ¢ ¨Ñ¦ ¢ £ !Ì¦ ¡ ¼_¦�ª Î
#s�W%N�U�'&%å	Wê&)( �v*��H��"]��e $�$�M'6/BÉBF*�0k��68b%*�0+(+&>*�0I./"%0+T5*�&)(dBF*�0iWX"�(I0+&>?�*16

B,C
.�*1T%G5�s�H*16

7�&>0aBF&)*��è*�&>,>./";0IT%*1&Z(�JL.<*�?1&)*1:UM/6'4%*16
dj(A) | dj(B

−1AC)
M'6�B

dj(B
−1AC) | dj(BB

−1ACC−1) = dj(A). �

h�-'0#BF&>*HW�"�(+0I&)Y
F ′ =

(

Dk 0
0 0

) �H&)(
Dk =

BF&K";4
(δ1, ..., δk),

7mG5.�*1&�B'&)*
δi 6= 0

M'6�B
δ1 | δ2 | ... | δk

:/"%.�*16�7�&>0�G;ìÌ*�68./"%0

dj(F
′) = δ1 · ... · δj

^_-'0
j ≤ k,

7	Û;:'0I*�6/Bí^_-/0
j > k

";,>,)*ÕD��½0I*�&>:'&>4%*�6 �a6U(+*10IBF*�(+*10+�H&>6/";6U(+*16�b%G56
F ′ b%*10IJIP�:87�&)6/B'*�6c@è79"5JB'"%6'6�"%M/P�:

dj(F
′) = 0

.<*1B'*�MF(I*�(1e�hè-/0aBF&)*#[\*�(I*�0I�s&>6/"%65(I*�6F� �è*�&>,)*109&KJL(	*AJ	68M'6�6�"%P�:�t'"�(+?
��e $ �kM/6'*�0I:'*�./,)&KP�:lG%.�7�&>0	JL&>*a^_-'0	BF&>*\WX";(+0I&ZY

F ′ GFBF*�0m^_-'0	BF&)*	×EM/6U.<*�:�";6/BF*1,Z(I*¥Ú\WX";(+0I&ZY F.<*�(+0�"%P�:U(I*�6ce'wd,>J+Gs^_G%,>4;(
� �F�����a��� � à\¬F¨ F ·'¦�®l¿ Á P ¬F¨�Ê " Î�� � ¦ ¡>¢ ¦ Ç ¬�ª À ¨Ñ¦�¼>¼½­ ¢ ·H¬;¼ À F ′ ® ¡ ¨�Ò ¢ÌÈ ¬�ª ¡ ¬ ¢ ¨�¦ ¢ £ !Ì¦ ¡ ¼º¦¥ª ¢
δ1, ..., δk

Å ¬�¼>¼_¦ 6= 0
Æ ¯ À ©�· ¡ ¼½¨ ã Ð ª °%¡ ¦ Ç ¦�¨Ñ¦�ªI® ¡)¢ ¬ ¢ ¨Ñ¦ ¢ £ !Ì¦ ¡ ¼_¦�ª È © ¢ F :

dj(F ) =

{

δ1 · ... · δj
ã Ð ª j ≤ k,

0
ã Ð ª j > k.

Ç ¬�® ¡ ¨ À+¡)¢â° k ­ ¢c°Õ°%¡ ¦ δj Å ¼_¦«¨�Ê%¨�¦�ª�¦ ¢ ­;ª�Ã ¡KÀ ¬'­ ã ¹»­;¼½¨ ¡ ¶ ¼ ¡ §;¬'¨ ¡ © ¢ ® ¡ ¨  3¡)¢ ²<¦ ¡ ¨Ñ¦ ¢FÆ ¦ ¡>¢â° ¦«­/¨ ¡ ·
ÃF¦ À ¨ ¡ ®s®�¨ Î
[\&)*AJ�79"%0�68M'6]4%*�0�"%B'*kBF*10a6'GFP�:�^_*�:',>*�6/B'*�23&>6/BF*�M'(+&>4%T%*1&Z(�JE� �è*�&>,â?�M'�ä��68b«"%0+&K";6U(I*�6F� �v*1&),>*�0+�
tF";(+?Õ��e $%é'@'B'*�0aB'"%�s&)(ab%G5,),KJL(IÛ;6�BF&)4s.<*�7�&>*1J+*�6]&>JL(1e

`9*�:/"%6/BF*1,)6X7�&>0k-'.�*10#BF*��ÖØ�G%,>Ù86'G%�H0I&)6/4
K [T ]

*1&)6É$/"%"%0a^_-'0#B'"5Jdfí*�&)(+*10+*s7�&KP�:5(I&)45*
`9*�&KJL$/&)*1,)*5å



  ¨�´S¬ À Ð ÃF¦�ª#� ¡)¢ ·F¦ ����� �

� �F�����a��� � Ò À ¨ F °%¡ ¦ �a¦�·5¼_¦ ¡ ¨�®l¬F¨�ª ¡ �êÊ%­]¦ ¡)¢ ¦�® ¢ ©�ª+® ¡ ¦�ªA¨Ñ¦ ¢ Ór©«¼ � ¢ ©«® p
È ©«® Ë ª¥¬ ° n,À ©�²<¬F¨ ° ¦�ª�¦ ¢ ±E²�¬;ª�¬;§Ì¨Ñ¦�ª ¡KÀ ¨ ¡>À ±E²<¦	¹�¬'¨�ª ¡ � A(T ) := F − T · I °%¡ ¦\Ò ¢ÌÈ ¬�ª ¡ ¬ ¢ ¨Ñ¦ ¢ £ !Ì¦ ¡ ¼_¦�ª

(δ1, ..., δn) = (1, 1, ..., 1, p(T )),

´3©FÃF¦ ¡ ¬�¼ À ©#·'¦ ¢ ¬'­ n− 1 ®l¬�¼è¦ ¡)¢ ¦ 1 ¬'­ ã ¨�ª ¡ ¨L¨ Î
#s�W%N�U�'&%å	[\&)*�P�:/"%0I"%TU(+*�0I&KJE(I&>JIP�:'*\W�"�(+0I&)Y

A(T )
:/"�(aBF&>*Õjk*1JL(I"%,Z(

A(T ) =



















−T 0 . . . 0 α0

1 −T 0 . . . 0 α1

1 −T . . . 0 α3e e e eee eee
−T αn−2

1 αn−1 − T



















n,n

.

tU(I0+*1&>P�:U(d��";6ÉBF&)*Õ*�0�JE(I*s�<*�&>,>*ÕM'6/B�BF&)*N,)*�(+?�(+*stF$/";,)(+*5@�J+Gl*�6U(IJL(+*1:U(\*�&>6'*NG%.<*�0I*�[d0I*�&>*1P�TFJL�
WX";(+0I&ZY#�H&Z(�[d&K";45G%6/"%,Z�Ñ23,>*��H*�6U(I*�6

1,
BF*10+*16Õ[\*�(+*10+�H&>6/";6U(I*m";,KJ+G

1
&KJE(AeA[k";�H&)(è^_G5,)4%(�J+G;^_G%0+(1å

h�-'0
j < n

JL&>6/BX"%,),>*N[\*�(I*�0I�s&>6/"%65(I*�6F� �è*�&>,)*10
dj(A) = 1.

h/*�0I6'*�0\&>JL(\6/"5P�:ÉtF";(+?s��e �W�
dn(A) = ±p(T ).

(a.<*�0�tF"�(I?#��e $ ��*�0I4%&>.F(9J+&>P�:�B'";0�";M/JrM'6'�H&)(L(+*1,).�";0�BF&>*k`9*�:�";M'$F(IM'6'4Õ^_-'0
BF&>*#��68b«"%0+&K";6U(I*�6F� �v*1&),>*�0Ae

�

[\&)*AJ�T�";6'6���";6]b%*10I"%,),>4%*1�s*1&)6/*�0I6ce

� �F�����a��� �æ rÀHÀ ¦ ¡ ¦ ¢ p1, ..., pm ∈ K [T ]
¢ ©�ª+® ¡ ¦�ªA¨Ñ¦�Ó3©�¼ � ¢ ©�®R¦A¯ Fi

° ¦¥ª¥¦ ¢ �a¦I·5¼_¦ ¡ ¨�®l¬5£
¨�ª ¡ Ê«¦ ¢ ¯ Ai(T ) := Fi − T · I °5¡ ¦�¦ ¢ ¨ À ¶ ª¥¦«±E²<¦ ¢c° ¦ ¢ ±E²�¬;ª�¬;§Ì¨Ñ¦�ª ¡KÀ ¨ ¡>À ±E²<¦ ¢ ¹�¬F¨�ª ¡ Ê«¦ ¢ Î/Ï ¦�ª ¢ ¦�ª
Ã ¡ ¼ ° ¦ ¢ ´ ¡ ª °5¡ ¦ �9¼_©F±E§'£ Çd¡ ¬«·'© ¢ ¬;¼K£�¹�¬'¨�ª ¡ �

A :=
BF&>"%4

(A1, ..., Am).

Ç ¬ ¢'¢ · ¡ ÃF¨r¦ Àa¡)¢ÌÈ ¦¥ª1¨ ¡ ¦¥ªAÃ5¬�ª�¦�¹�¬'¨�ª ¡ Ê�¦ ¢ B,C Ð ÃF¦�ª K [T ] ¯ À © ° ¬ Á

A′ := B−1AC =
BF&K";4

(1, ..., 1, p1, ..., pm).

  ª ã Ð ¼>¼º¦ ¢�¡>¢/À ÃF¦ À © ¢c° ¦�ª�¦ °%¡ ¦ pi
°%¡ ¦ !Ì¦ ¡ ¼½Ã5¬�ªI§8¦ ¡ ¨ À ÃF¦ °%¡>¢ ·�­ ¢ · p1 | p2 | ... | pm,

À © ÀL¡>¢â°�À+¡ ¦
·F¦ ¢ ¬F­ °%¡ ¦ ¢'¡ ±E²<¨+¨�ª ¡�È«¡ ¬�¼_¦ ¢ Ò ¢<È ¬;ª ¡ ¬ ¢ ¨Ñ¦ ¢ £ !<¦ ¡ ¼_¦�ª ° ¦¥ªi±E²�¬�ª¥¬�§Ì¨Ñ¦¥ª ¡KÀ ¨ ¡KÀ ±E²<¦ ¢ ¹�¬'¨�ª ¡ � A.
#s�W%N�U�'&%å *5*1BF*X*1&)6/?�*�,>6'*�W�"�(+0I&)Y

Ai
&KJE(R6�"%P�:zBF*1�!b5G%0I&)45*�6gtF"�(I?X?�Mg*1&)6'*10�J+$�*1?�&>*�,>,)*16

[\&>"%4%G%6�";,>�H";(+0I&ZY�"%JIJLG5?�&>&)*10L(A@/Bâe :ce�*AJa45&).F(\-'.�*10
K [T ]

$�"%JIJL*16/BF*�&>68b%*�0+(+&>*�0I./"%0+*#WX";(+0I&)?1*�6
Bi, Ci,

J+G8B/";C
A′

i := B−1
i AiCi =

BF&>"%4
(1, ..., 1, pi).

h�-':'0+(l��";6=BF&)*AJL* �è0�";6/JL^_G%0I��"�(+&>G%6/*�6qJ+&)�NM',)(I";6 ^_-'0l"%,),>*ê`9,)uFP�T%*êBF*10l`9,)GFP�TU�Ñ[\&K";4%G56/";,)�
WX";(+0I&ZY

A =
BF&K";4

(A1, ..., Am)
";M�J�@	JLGq*�0I:/Û;,)(���";6æ";,KJ�BF&>*ÉB/";?�Mæ"%J+G%?�&>&>*�0+(+*�WX";(+0I&ZY

BF&K";4
(A′

1, ..., A
′
m).

[\&)*AJ#&KJE(ÕJIP�:'G%6í*�&>6'*�*AP�:5(I*l[d&K";45G%6/"%,Z��WX";(+0I&ZYâ@ÌJLG545";0i�H&)(NBF*�6»J+*�,>.�*16
[\&>"%4%G%6�";,)�½23,>*��H*165(I*�6 7�&)*

A′,
";,>,)*10IBF&>6'4UJN6/G8P�: &>6="%6/BF*10+*10 �a*�&>:'*�6F^_G5,)45*]6'G;(I&)*10L(Aer[d&>*1J

.'0I&)6/4;(H�H"%6q�H&)(sØ�*�0I�ÕM'(I"�(I&)G56/JL�ÑWX";(+0I&)?1*�6»&>6=ë\0�BF68M'6'4�@è79G%�H&)(HB'"%6'6oB'&)*�4%*17�-'6/JIP�:5(I*
h'G50+�Ô*�0I:/";,)(+*16�&KJE(Ae

Wê&)(9BF*10m2r&)6/B'*�MF(I&)45T%*�&)(IJL��waM/JIJ+"%4%*dB'*1Jm��6Ub�"%0+&K";6U(+*16F� �v*1&),>*�0+��t'"�(+?1*1J�^_G5,)4%(9B'"%6'6RBF&>*k`9*��
:/"%M'$F(+M/6'4/e

�

� 〉
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gyL�d�3{v�

��� 79*�&)(+*10+*16ÉJ+*�&
R
7�&>*1BF*10k*1&)6 ß "%M'$F(I&>BF*A";,)� �a&)6'4�@â";,KJLG�&)6�JL.<*1J+G%6/B'*�0I*NT5G%�H�ÕMF(�"�(I&)b]�H&Z(23&>6/J+*�,>*��H*�6U(aM'6/B�G5:'6'*#naM',>,)(+*�&>,>*�0Ae

���5�����_�1�����z�a���c���� � � ����� � �]  ª À ¦«¨�Ê�¦ ¢ ´ ¡ ª ¡>¢H° ¦�ª Ç ¦ � ¢'¡ ¨ ¡ © ¢�° ¦ À ¤<¦¥§<¨�©«ªIª�¬'­;®R¦ À�° ¦ ¢
���«ª ¶ ¦¥ª K ° ­%ª�±E²í­ ¢/À ¦�ª�¦ ¢ � ¡>¢ · R ¯ À ©H¦�ªI²�¬�¼½¨Ñ¦ ¢ ´ ¡ ª ° ¦ ¢ �a¦�·5ª ¡��ç° ¦ À ¸ R £�¹É© ° ­%¼ À1¾ Î
waM'^�6/";(+-'0I,>&>P�:'*ifí*�&KJL*i-'.<*�0+(+0�";45*�6�JL&KP�:�B/";0�";MF^èB'&)*#`9*�450+&)ì<*��d65(I*�0I�HG8B'M', +�JL(I";(L( �a6U(I*�0+�
0�";M'�@-¥@Ì230I?�*1M'4%*16/BF*16/JLÙFJL(+*1��@Ì,>&)6/*1";0i";./:/Û;6'45&)4�@�,>&>6'*1"%0kM/6/";.':�Û;6'45&)4�@<`	"%J+&KJ�e<23.<*�6/J+G]*�0+�
:/"%,Z(I*�6�7�&>0�";M�J\BF*16ÉQS*1TU(+G%0I0�";M'�s� ß G%�HG5�sG50+$/:'&>J+�H*�6XBF*16�*165(�JL$/0+*AP�:'*�6/B'*�6É`9*14%0I&Zì»BF*�0
R
�ÑWXG8B'M',Z� ß G5�HG%�HG%0I$':'&KJL�H*16c@Ì.'?�7#eè*�6U(IJ+$'0I*1P�:'*16/BF*�0i�EJ+G%�HG%0I$':'&KJ+�s*16cec i*�0I6'*�M'6�Bí`9&>,Z�BF*10�b%G%6 ß G5�HG%�HG%0I$':'&KJL�H*16�J+&)6/B�G%ì<*16U.�";0�7�&>*1BF*10 �a6U(+*10+�HGFBFM',>6ce
`9*�&KJL$/&)*1,)*k^_-'0aWêGFBFM/,)6êJ+&)6/B�*�(E79"
�#DE*1BF*10

K
�ÑQS*�TU(+G50+0�";M'�V"%,>J�WêGFBFM/,c-'.<*�0dBF*1� ��&>6'4

R := K
e

�#DE*1BF*#";.<*�,KJIP�:'*�jk0+M'$/$�*�"%,>J�WêGFBFM/,c-'.<*�0dBF*1� ��&>6'4
Z
BF*�0�4U";6'?1*�6X�Ì";:',>*�6ve

�l*�&>6
K
�½QS*1T5(IG%0I0I"%M'�O";,KJ

K [T ]
��WêGFBFM',½å

hè&)YF&)*10+*R*�&>6'*�6�QS*1TU(+G%0I0�";M'�s� ß G%�HG5�sG50+$/:'&>J+�ÕM�J f ∈ ß G%� K(V, V )
e�230ITU,KÛ;0I*l*1&)6'*

ë\$�*10I";(+&>G%6
· : K [T ] × V → VBFM'0�P�:
(p(T ), v) 7→ p(f)(v).[\"%�s&)(a7�&>0IB

V
*�&>6]WXG8B'M',c-'.<*�0dB'*��OØ�G%,>Ù86'G%�H0I&)6/4

K [T ]
e

���5�����_�1�����z�a���<Þ} 3¡)¢ ¹É© ° ­%¼c²<¦ ¡>Á ¨
£3¦ ¢c° ¼ ¡ ±E²X¦�ªIÊ«¦«­;·�¨E¯c´3¦ ¢/¢ ¦¥ª\¦ ¡>¢ ¦ ¢â° ¼ ¡ ±E²Ì¦ À�  ªIÊ«¦�­�·F¦ ¢â° ¦ ¢/À � À ¨Ñ¦¥® Ã8¦ ÀL¡ ¨�Ê5¨E¯
£�Ê �'§8¼ ¡>À ±E²â¯c´3¦ ¢'¢ ¦�ª È © ¢ ¦ ¡>¢ ¦�®   ¼º¦¥®R¦ ¢ ¨m¦�ªIÊ«¦�­�·�¨	´ ¡ ª ° ¯
£ ã ª�¦ ¡ ¯c´S¦ ¢'¢ ¦�ª\¦ ¡>¢ ¦ ��¬ À+¡KÀ ÃF¦ À+¡ ¨�Ê%¨ Î

ß &>*�0�79*�0�BF*16�68M'6êJIP�:'G%6
�a6U(+*10IJIP�:'&>*1BF*k?�M/�ÔQS*�TU(IG%0I0I"%M'�ÔBF*1MF(+,>&>P�:ve
na*1:'�H*�6�7�&)0	7�&>*1BF*109*1&)6/*�6R*16/BF,>&>P�:'�ÑBF&>�H*�6/J+&>G%6/"%,)*16

K
�ÑQS*�TU(+G50+0�";M/�

V
";MF^_45*�^�"%C;(�";,KJ

K [T ]
��WêGFBFM',½@m79G%.<*�&kBF&>*�×+tFT«"%,>"%0L��WêM',)(+&>$',>&)T�";(+&>G%68Úê-'.<*�0�B'*�6gQS*�TU(IG%0I0I"%M'�s� ß G%�HG%�HG%0+�$':'&KJ+�ÕM/J

f
b%*10+�H&)(L(+*1,Z(�7m*10IB'*%em[\&>*]×LT%G56/JE(�";6U(+*168ÚêØ�G5,)Ù86'G5�H*X&)6

K [T ]
@9Bce :ce�BF&>*�b5G%�

jk0�"%B
= 0

G%$<*�0I&)*10+*16�B'"%6'6]7�&)*#BF&>*� \u%0I$�*10+*1,)*1�s*16U(+*i";MF^
V
e/[k";�H&)(�^_G%,>4;(aJLG%^_G%0+(1å

?A8 �K6</ BW6<1
(v1, ..., vn)

�W691 � E /��
V

E7= :
K
���S6 � G��78 8 E /�� �M:��QE /�C"D,E7= :

K [T ]
� � � �7/2=��

wa6�BF0+*10IJ+*�&)(IJ	45&),)(1å
	R698

K [T ]
� � � �7/2=

V
	;6 : 35G �9G �W69351 6T= 351 6;E 8 /21 E 	;D��71 B 3 B	6��
E �R35= 3N6 ��351�: 	;69:��71��W698"6 � 6<351 6

� E.: 3V:
	âB'*�6'6]&KJE(
ψ(T ) ∈ K [T ]

B/"%J	Wê&>6'&)��"%,)$<G%,>Ù86'G%�O?1M
f
@'J+GH&>JL(

ψ(f) = 0
@'"%,>J+G�";M/P�:

ψ(f)(v) = 0
^_-'0 �<6 �W6 :k23,)*1�H*�6U(

v ∈ V
@vJ+GFB'";C�7m*14%*�6

ψ 6= 0
"%,>J+G�JL(+*�(IJ

(v)
*�&>6'*H*�&>6F�

*�,>*��H*165(I&)45*�h/"%�s&>,>&)*�&KJL(1@�B'&)*�,>&>6'*1"%0d";.':�Û;6'45&)4H&KJE(A@/M'6/BêB/";�H&Z(\6/"�(I-'0+,>&KP�:�&>6êT%*1&)6/*�0d`	"%J+&KJ
b%G50+T5G%�H�H*�6�T«"%6'6ce

h'*10+6/*�0�*�0IT%*16'6U(��H"%6gBF&)*É";M/JH*1&)6'*1�!2r,)*1�s*16U(
v
*�6U(�JE(I*�:'*16/BF*�6

f
�Ñ?�Ù8T8,)&KJ+P�:/*�6 �a6F�

(+*10+0�Û;M/�s*
Uv := {p(f)(v) | p ∈ K [T ]} "%,>Js45*�6/"%MoBF&>*]?�Ù8T8,)&KJ+P�:/*�6 �d65(I*�0I�HG8B'M',)6=BF*AJ

K [T ]
��WêGFBFM',KJ

V
e

[k";CH6'&KP�:5(a"%,),>*1J�"%6/BF*�0�J	7�&>0IBâ@F?1*�&>4%*16�BF&>*#6/Û5P�:/JE(I*�6]waM/JIJI";4%*16cå
Ür�8Ý�Ýq����� ��� Ï9Ð ª ! ¦ ° ¦ ¢ � ¡>¢ · R ­ ¢c° ! ¦ ° ¦ À m ¡KÀ ¨

Rm :=











r1
:
rm



 | ri ∈ R







® ¡ ¨ ° ¦�ª ¢ ¬�²Ì¦�¼ ¡ ¦�·F¦ ¢c° ¦ ¢ P ¨�ª1­%§<¨+­;ª	¦ ¡)¢Rã ª¥¦ ¡ ¦¥ª R £�¹É© ° ­%¼ Î Çd¡ ¦	§;¬ ¢ © ¢'¡KÀ ±E²Ì¦ ¢� 3¡>¢ ²<¦ ¡ ¨ À�È ¦�§Ì¨Ñ©%£
ª�¦ ¢ £ ÀL¡ ¦ À ¦ ¡ ¦ ¢ ´ ¡ ¦ ° ¦�ª�® ¡ ¨ ei ÃF¦�Ê�¦ ¡ ±E² ¢ ¦«¨r£aÃ ¡ ¼ ° ¦ ¢ ¦ ¡)¢ ¦ ��¬ ÀL¡KÀ Î



¹É© ° ­;¼ ¢ Ð ÃF¦�ªdàk¬F­ ¶ ¨ ¡�° ¦�¬�¼º£ � ¡)¢ ·F¦ ¢ �����'�

� �F�����a����H Å ¡ZÆOP8¡>¢â°
V,W R £�¹É© ° ­;¼ ¢ ¯ ° ¬'ÃF¦ ¡ V ã ª¥¦ ¡ ® ¡ ¨ ��¬ À+¡KÀ (v1, ..., vn) ­ ¢â°É¡KÀ ¨

(w1, .., wn)
¡>¢
W ¯ À ©H¦ � ¡KÀ ¨ ¡ ¦�ªA¨è·'¦ ¢ ¬'­H¦ ¡)¢ R £�¹É© ° ­%¼K£�àk©�®l©�®R©«ª ¶ ² ¡KÀ ®�­ À

ϕ : V →W ® ¡ ¨ vi 7→ wi (i = 1, ..., n).

Å ¡>¡)Æ
ϕ
¡KÀ ¨�·F¦ ¢ ¬F­ ° ¬ ¢'¢ ¦ ¡>¢ Ò À ©«®R©«ª ¶ ² ¡KÀ ®R­ À ¯â´S¦ ¢'¢ ¬F­F±E² (w1, .., wn) ¦ ¡)¢ ¦ �	¬ ÀL¡KÀ9¡>À ¨ Î

[\&)* #s�	%Õ�8�N&A�Hb%*�0I,K";MF^_*16�7�&>*i.�*1&cQS*�TU(+G50+0�Û;M/�s*16�M/6/B]JL*1&)*16�BF*AJL:�";,>.�-'.<*�0I45"%6'4%*16ce
fg&>0l:/"�(+(+*16z4%*AJL*1:'*�6c@mB'";C»*1&)6zWêGFBFM/,\T5*�&>6'*X`	"%J+&>J�?1Mg.�*AJL&)(+?1*�6g.'0�";M�P�:5(Ae3�EJL(�BF*�0

��&>6'4í6'&>P�:U(�JLGíJ+P�:/u%6c@�7�&)*�7�&>0HB'&)*AJN:/&)*10Nb5G%0�";M/JIJL*�(+?1*�6c@�JLGíT�";6'6o*1JsJLG545";0N4%*AJ+P�:'*1:'*�6v@
B'"%CÕ*�&>6
�a6U(+*10+�HGFBFM',Ì*�&>6'*AJm*16/BF,>&>P�:�*�0I?�*1M'4;(I*�6RWêGFBFM/,>J96'&KP�:U(9�H*�:/09*16/BF,>&>P�:�*�0I?�*1M'4;(9&>JL(1e
(a.<*�0 ß "%M'$F(I&>BF*A";,)� �a&)6'45*�6 +�M'6/B�"%M/P�:»6'GFP�:�-'.<*�0N*�(E7	"%JÕ"%,),>4%*1�H*�&>6'*�0I*�6 ��&>6'4%*16S-#T�"%6'6
BF&>*1J�"%,),>*�0�BF&>6'45J	6'&KP�:U(�$/"%JIJL&>*�0I*�6ve8[\&>*1J�79G%,>,)*16�7�&>0�68M'6]:'*�0I,>*�&)(+*�6ve<�<M'6/Û5P�:/JL(

Ür�8Ý�Ýq����� �SU Ò À ¨ ϕ : V →W ¦ ¡>¢ ¹É© ° ­;¼>²<©«®R©«®R©�ª ¶ ² ¡>À ®R­ À ­ ¢c°#À+¡>¢â° kerϕ ­ ¢â°#&)� ϕ
¦ ¢c° ¼ ¡ ±E²�¦�ªIÊ«¦�­�·�¨L¯ À © ¡>À ¨r¬F­'±E² V ¦ ¢â° ¼ ¡ ±E²X¦�ªIÊ«¦�­�·�¨ Î
#s�W%N�U�'&%å�t8*1&

kerϕ =
J+$/";6

(v1, ..., vk),
&>�

ϕ =
J+$/";6

(w1, ..., wm).
[\"%6'6q*�Y8&KJL(+&>*�0I*�6

23,>*��H*�6U(I*
(v′1, ..., v

′
m) ∈ V,

J+GFB'";C
wi = ϕ(v′i) (i = 1, ...,m).fg&>0�?�*�&>4%*16cå

(v1, ..., vk, v
′
1, ..., v

′
m)

*�0I?�*1M'4%*16
V
å

[k";?�Mg7	Û;:/,)*X.<*�,>&>*�.'&>4
v ∈ V.

[\"%6'6z&KJE(
ϕ(v) ∈ &)�

ϕ =
J+$/"%6

(w1, ..., wm),
"%,>J+G

ϕ(v) =
∑m

i=1 α
′
iwi,

Bâe :ceÌ�s&)(
v′ :=

∑m
i=1 α

′
iv

′
i

&KJL(
ϕ(v) = ϕ(v′),

GFBF*�0
ϕ(v − v′) = 0,J+G%�H&Z(

v′′ := v − v′ ∈ kerϕ =
J+$/";6

(v1, ..., vk).
wa,KJ+Gs45&).'(a*1J	*�&>6'*�[k";0�JE(I*�,>,)M/6'4

v′′ =
k
∑

i=1

α′′
i vi

M'6/B]B'"%�H&Z(

v = v′′ + v′ =

k
∑

i=1

α′′
i vi +

m
∑

i=1

α′
iv

′
i,

7	"%J	?�M�?�*1&)45*�6�79"%01e
�

� �F�����a��� � 
 ¦ ° ¦�ª �v¢ ¨�¦�ªI®l© ° ­%¼ U ¦ ¡)¢ ¦ À ¦ ¢c° ¼ ¡ ±E² ¦�ªIÊ«¦«­;·�¨Ñ¦ ¢ ¹í© ° ­;¼ À V Ð Ã8¦¥ªÉ¦ ¡>¢ ¦�®Å àk¬F­ ¶ ¨ ¡�° ¦�¬;¼K£ Æ � ¡>¢ · R ¡KÀ ¨ À ¦¥¼½Ã À ¨r¦ ¢â° ¼ ¡ ±E²�¦�ªIÊ«¦«­;·�¨ Î
#s�W%N�U�'&%å���� ��E =5= � V = Rm �fg&>0	^_-':'0I*�6]��6/BFM'TU(I&)G56�-/.�*10

m
e

m = 1 :
[\"%6'6g&>JL(

V = R, U ⊂ R
&>JL(�";,KJ �d6U(+*�0I�HGFBFM',d*1&)6g�EB'*1";,½@r7	"%JR6/"%P�:

QSG%0�";M�J+J+*�(I?�M'6'4d-'.�*10�B'*�6 ��&>6'4kJLG545";0 ß ";M/$F(+&KBF*1"%,8&>JL(1@«";,KJLGd*�6/BF,>&KP�:Õ*�0I?�*1M'4;(AeW+ ß &>*�0�7�-'0IB'**�&>6'*�JIP�:879Û5P�:'*�0I* ��&>6'4%�½23&>4%*16/JIP�:/"�^º(	0+*1&>P�:/*�6ce -
m > 1 :

`9*�(+0�"%P�:U(+*#BF&>*#wa.'.'&>,KBFM'6'4

π : Rm → Rm−1 :









α1

:
αm−1

αm









7→





α1

:
αm−1





�H&Z(

kerπ = R ·









0
:
0
1









= R · em=̂R,
&>�

π = Rm−1.
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2rJ�&KJL(
U ⊂ Rm e/`9*�(+0�"%P�:U(+*

ϕ : U → Rm−1, ϕ := π|U .

[k";6'6]&KJE(
kerϕ = kerπ ∩ U = U ∩ (R · em),

";,KJ+G��d6U(+*�0I�HGFBFM',/b5G%6
R
M'6�B�B'";�H&)(3*�6/BF,>&KP�:s*10+?1*�M'4%(1e%h/*�0I6'*�0r&>JL(3&)�

ϕ
�d65(I*�0I�HG8B'M','b%G56

Rm−1 @3"%,>J+G +�6/"%P�: ��6/BFM/T5(I&)G56/JI";6'6/"%:'�H*K-Õ*�6/B',)&KP�:o*10+?1*�M'4%(1eSh'G5,)45,)&KP�:�&KJE(�6/"5P�: �v*��H��"
��e � �N";M/P�:

U
JL*1,).�JE(�*�6�BF,)&KP�:]*�0I?�*1M'4;(Ae

� � �
E7=5= � V =
J+$/"%6

(v1, ..., vm)
3V: G E =5= BW6�� 69351 698 6<1�� = 3NC"D�698 �K6</ B G 698 � � � /2= � 35G���1 �

G 698�� � � /2=
U � [\"%6'6�*�YF&>JL(+&>*�0+(a6/"5P�:�tF";(+?N��e ���s*�&>6êWêGFBFM',>:'G%�HG%�HG50+$':/&>J+�ÕM/J

ψ : Rm → V, ei → vi (i = 1, ...,m),

BF*10a";,KJLG�J+M'0�DE*1TU(+&>bl&>JL(1e�`m*�(+0�"%P�:U(+*k?�M
U ⊂ V :

ψ−1(U) := {w ∈ Rm | ψ(w) ∈ U} ⊂ Rm.
[\&)*AJ#&>JL(i(+0I&)b8&K";,>*�0I7m*1&>J+*s*�&>6 �d65(I*�0I�HG8B'M',3b%G56

Rm @v";,KJLG�6/"5P�:íBF*1� JIP�:'G%6í.<*�:/"%6/BF*�,)(+*16
h/"%,),�*�6�BF,)&KP�:X*10+?1*�M'4%(1å

ψ−1(U) =
J+$/";6

(w1, ..., wn).
[k";6'6X45&),)(k"%.�*10a^_-'0

U
J+*�,>./JE(Aå

U =J+$/";6
(ψ(w1), ..., ψ(wn))

@/Bâe :ce
U
&>JL(�*�6/BF,>&KP�:�*10+?1*�M'4%(1e

�

23&>6'*Õ"%6/";,>G%45*kwdM/J+JI";45*\45&),)(�^_-'0�^_0I*�&>*�WêGFBFM',>6ce�23:'*#7�&>0dBF&>*1J+*k45*�6/"%M'*�0	^_G50+�NM',>&)*10+*16c@F*�&>6
$/"5";09(+*AP�:'6'&KJ+P�:'*iQSG50+-'.<*�0I,>*�4%M/6'4%*16cå

#s�	�5�8�
�
Lè����� � ��� � � P8¡>¢â°

(v1, ..., vn), (w1, ..., wm)
Ï ¬;® ¡ ¼ ¡ ¦ ¢q¡>¢ ¦ ¡>¢ ¦¥® R £�¹É© ° ­;¼ V

­ ¢â° · ¡ ¼½¨S® ¡ ¨��#©8¦ �HÊ ¡ ¦ ¢ ¨Ñ¦ ¢ αij ¦ ¡)¢ ¦¥ªa¹�¬F¨�ª ¡ � A = (αij) ∈ Rn×m

wj =

n
∑

i=1

αijvi,

À © ¢ ©8¨ ¡ ¦�ª�¦ ¢ ´ ¡ ª
(w1, ..., wm) = (v1, ..., vn) ·A.

Ür�8Ý�Ýq����� � � Å ¡)ÆXÇd¡ ¦�¦�ÃF¦ ¢ ¦ ¡>¢ ·F¦ ã Ð ²'ªA¨Ñ¦��i©8¨½¬'¨ ¡ © ¢]¡KÀ ¨3§F©«® ¶ ¬'¨ ¡ Ã8¦¥¼v® ¡ ¨ ° ¦�ªk¹�¬F¨�ª ¡ �/£
®R­;¼½¨ ¡ ¶ ¼ ¡ §;¬F¨ ¡ © ¢ ÎÅ ¡>¡)Æ Ò À ¨ (v1, ..., vn) ¦�ªIÊ«¦�­�·F¦ ¢â° ­ ¢â° A ¡)¢ÌÈ ¦�ªA¨ ¡ ¦�ª«Ã%¬�ª1¯ À © ¡>À ¨9¬'­F±E² (v1, ..., vn) · A ¦¥ª+Ê�¦«­5£
·F¦ ¢c° ÎÅ ¡)¡>¡)Æ Ò À ¨ (v1, ..., vn) ¦ ¡)¢ ¦ ��¬ À+¡>À ¯ À © ¡KÀ ¨ (v1, ..., vn) ·A ·'¦ ¢ ¬'­ ° ¬ ¢/¢ ��¬ À+¡>À ¯/´3¦ ¢'¢ A ¡)¢ÌÈ ¦�ª¥£
¨ ¡ ¦�ª«Ã%¬�ª ¡KÀ ¨ Î

#s�W%N�U�'&#";,KJ (a.'M'6/4/e
� �F�����a��� �æ rÀ�À ¦ ¡ V ã ª�¦ ¡ ® ¡ ¨��	¬ ÀL¡KÀ (v1, .., vn) ¯ U ⊂ V ¦ ¡)¢ �v¢ ¨�¦�ªI®l© ° ­%¼ Î Ç ¬ ¢'¢ ¦�� ¡ £À ¨ ¡ ¦�ª�¦ ¢ ¦ ¡)¢ ¦ ��¬ ÀL¡KÀ (v′1, .., v

′
n)
È © ¢ V ­ ¢c° � ¡>¢ ·'¦�¼_¦�®R¦ ¢ ¨Ñ¦ δ1, ..., δk (k ≤ n) ´3©FÃF¦ ¡ ¬�¼>¼º¦

δi 6= 0 ­ ¢â° ! ¦«´3¦ ¡ ¼ À δi !<¦ ¡ ¼_¦�ª È © ¢ δj ¯ À © ã ¦�ª ¢ i < j ¯ À © ° ¬ Á (δ1v
′
1, ..., δkv

′
k) �	¬ ÀL¡KÀ#È © ¢ U¡KÀ ¨ Î

Ò ¢/À Ã8¦ À © ¢â° ¦¥ª¥¦ ¡>À ¨ U À ¦¥¼½Ã À ¨ ã ª�¦ ¡ Î
#s�W%N�U�'&%å

V
&KJL(m*�6�BF,)&KP�:l*10+?1*�M'4%(1e%fg&>*kG%.<*�6l45*�?�*1&)4%(r:/";(9B'"%6'6l";M/P�:�BF*�0 �a6U(+*10+�HGFBFM',

U*�&>6�*16/BF,>&>P�:/*1Jk230I?�*�M/4%*�6�BF*�6F�Et8ÙFJL(+*��]å
U =

J+$/";6
(u1, ..., um).

[\&)*AJkJ+&>6/B�"%,),>*1Jk23,>*��H*�6U(I*
b%G56

V
J+*�,>./JL(1e/Wê&)(a*�&>6'*10�4%*�*1&)456'*�(I*�6] dG8*��H?1&)*16U(+*�6/�H";(+0I&ZY

A = (αij) ∈ Rn×m &KJE(d"%,>J+G

(u1, ..., um) = (v1, ..., vn) ·A.



¹É© ° ­;¼ ¢ Ð ÃF¦�ªdàk¬F­ ¶ ¨ ¡�° ¦�¬�¼º£ � ¡)¢ ·F¦ ¢ �������

nd"5P�:íB'*�� [\&>"%4%G56/";,>&>J+&>*�0IM'6'45Jd�\tF";(+?R��e $%é�4%&>.F(#*1J#B'"%6'6É&>68b%*10L(I&)*10+./"%0+*sWX"�(I0+&>?�*16
B ∈

Rn×n M'6/B C ∈ Rm×m,
J+G8B/";C

A′ := B−1AC
BF&>*#jk*AJE(�";,)(

A′ =
BF&K";4

(δ1, ..., δk, 0, ..., 0)

:/";(1@Ì7mG5.�*1&
k ≤ min {n,m} , δi 6= 0

M'6�B�BF&>*&�v*1&),>./";0IT%*1&Z(�JE��`9*1BF&>6'45M'6'4
δ1 | δ2 | ... | δk4%&>,)(1e

[k"
B,C

&)68b%*10L(I&)*10+.�";0	JL&>6/Bâ@F^_G5,)4%(a";M/J�BF*1� �v*��H��"R��e � �'å
(v′1, ..., v

′
n) := (v1, ..., vn)B

&KJE(d`	"5JL&KJ9b%G%6
V
M'6/B

(u′1, ..., u
′
m) := (u1, ..., um)C

&>JL(a*�0I?�*1M'4%*16/B�^_-/0
U
e

2rJ	&KJE(dB/";6'6

(u′1, ..., u
′
m) = (u1, ..., um)C = (v1, ..., vn)AC = (v′1, ..., v

′
n)B−1AC = (v′1, ..., v

′
n)A′

= (v′1, ..., v
′
n) · BF&>"%4 (δ1, ..., δk, 0, ..., 0) = (δ1v

′
1, ..., δkv

′
k, 0..., 0).

[\&)*
(v′1, ..., v

′
n)
.'&),KBF*16 *1&)6/*]`	"5JL&KJsb%G%6

V
emtF&)*êJ+&)6/B ";,KJ+GÉ,>&)6/*1";0�M/6/";.':�Û;6'45&)4�e�[k"çBF&>*

δi 6= 0, (1 ≤ i ≤ k),
JL&>6/B]B'";6/6�"%M/P�:�B'&)*

(δ1v
′
1, ..., δkv

′
k)
,)&>6'*A";0�M'6/"%.':/Û%6'4%&>4/@F";,KJ+GH"%M/P�:

BF&>*
(u′1, ..., u

′
k)
e8h/*�0I6'*�09&KJE(

u′i = 0
^_-/0

k+ 1 ≤ i ≤ m
@FJLGFB'"%CNJIP�:'G%6�BF&)*

(u′1, ..., u
′
k)
BF*16

�a6U(I*�0I�sGFBFM/,
U
*�0I?�*1M'4%*16c@«B'";�H&)(S"%,>J+Gd*1&)6/*	`	"5JL&KJèB'*�0�4%*17�-'6/JIP�:5(I*�6swa0+(�b5G%6

U
.'&),KBF*16ce

�

#s�UÝq�5������� � �a��� � � ¿;ª¥¦ ¢ ´ ¡ ª ¡>¢ ¦ ¡>¢ ¦�®ä¤<¦¥§<¨�©«ªIª�¬'­;®�¯ ° Î ² Î ´�¿;ª¥¦ ° ¦�ª�� ¡>¢ · R À ©«·8¬;ª�¦ ¡>¢
���«ª ¶ ¦¥ª�¯ À ©H§ � ¢'¢ ¨�¦k®l¬ ¢»°%¡ ¦ Ï ¬�§Ì¨�©«ª�¦ ¢ δi ²<¦¥ª�¬'­ À�°5¡�È«¡�°%¡ ¦¥ª¥¦ ¢ ­ ¢â° ´ ¡ ªk²�¿F¨+¨Ñ¦ ¢ ¦�ÃF¦ ¢ ¦ ¡)¢ ¦
��¬ À+¡>À\° ¦ À ·8¬ ¢ Ê«¦ ¢ �\¬F­;®R¦ À V ¦¥ª+²�¬;¼�¨�¦ ¢ ¯ °5¡ ¦i¬;¼ À !Ì¦ ¡ ¼ ã ¬;® ¡ ¼ ¡ ¦#¦ ¡)¢ ¦ ��¬ ÀL¡KÀiÈ © ¢ U ¦ ¢ ¨�²<¿�¼½¨ ÎÇ\¡ ¦ À Ã�ª�¬'­F±E²Ì¨ ¡ ®ä¹É© ° ­;¼º£ Ï ¬�¼>¼ ¢'¡ ±E²Ì¨ À ©ÕÊ%­ À ¦ ¡)¢ Î
wa,KJ�*1&)6 #N�8�'&<J���� � .�*�(+0�"%P�:U(+*16�7�&>0�-'.<*�0 R := Z

BF*16�^_0I*�&>*�6]WêGFBFM',

Z2 =

{(

z1
z2

)

| zi ∈ Z
} �H&Z(dBF*10a`	"%J+&>J

v1 := e1 =

(

1
0

)

, v2 := e2 =

(

0
1

)

.

[k";?�M].<*�(I0I"5P�:5(I*kB'*�6 �a6U(+*10+�HGFBFM',

U =

{(

2z1
3z2

)

| zi ∈ Z
} *�0I?�*1M'4;(�b5G%6

u1 =

(

2
0

)

, u2 =

(

0
3

)

.

ëdìÌ*�68./";0iJ+&)6/BÉBF&>*1J+*N.<*�&KBF*�6É230I?�*�M/4%*�6�BF*�6íJLG545";0\M'6/"%.':/Û;6/4%&>4/@�"%,>J+GR*1&)6/*s`	"%J+&KJdb5G%6
U
@

";.<*�0aJ+&>*k*10+?1*�M'45*�6 1�3NC;D GvB'*�6]45"%6'?�*16�WêGFBFM',
V

+
e1, e2

45*�:'u50+*16R6'&KP�:U(a?�M
U
� -

? : � E 1�1 E = :�� :<69351 � � E	� 6<351OF;8 6<3N698 � � �7/2= /21 � 69351 6;C;D G 698 ��1�G 698�� � � /2= 4 � 1 3>D �
B =>693NC;D =>E71 BW6 � E.:<691 	;6 : 35G ��6<1 � ��6]QS*�TU(+G50+0�Û;M/�s*16R&KJE(dB/"%J	M'6'�Hu54%,>&>P�:ce

`9*1JL(+&>�H��(���";6êBF&>*i`	"5JL*16�6/"5P�:]t'"�(+?N��e � �NJ+GH*�0I:/Û;,)(��H"%6cå

u′1 =

(

−2
3

)

, u′2 =

(

6
−6

)

, v′1 =

(

−2
3

)

, v′2 =

(

1
−1

) �H&)(
δ1 = 1, δ2 = 6.

t8&>6/B�7�&)0d&)6ê*1&)6'*1�
K
�½QS*1TU(+G%0I0�";M'�

V
M'6�B]&>JL(

αv = 0
@/J+GH&>JL(d*�6U(E79*1BF*10

α = 0 ∈ KGFBF*�0
v = 0 ∈ V.

`9*�&ÌWêGFBFM',>6l-'.<*�0 ��&>6'4%*16O+�J+*�,>./JL(m79*�6'6RB'&)*kJ+P�:'u56lJL&>6/B � -S./0I"%M/P�:U(mBF&>*1J
6'&KP�:U(dBF*�0ah�";,>,â?�MêJL*1&)6

#s�U�'&<J���� � � 2rJ�JL*1& V := Z/10Z

@rBâe :cemBF&>*�"%.�*1,>JIP�:'*Xjk0+M/$'$�*��s&)(�BF*16=23,)*1�H*�6U(+*16
{0, 1, ..., 9} M'6/BsBF*�03w�B'B'&Z(I&)G56sBFM/0IP�: ��*1JL(3�HG8B'M',)Gs�1é\6/"5P�:sw�B'B'&Z(I&)G56s"%,>J�4U";6'?1*��Ì"%:',>*�6ce
ß &>*�0#&KJL(iG%ì<*168./";0ié]B'"%Jk6'*1MF(+0�";,>*N2r,)*1�s*16U(ÕBF*�0#w�B'BF&)(+&>G%6v@Ì^_*�0I6'*�0#&KJE(#*�(E79" 2 ∈ V, 6= 0,*�.<*�6�JLG�JL&>6/B

2 · 2 := 2 + 2, 3 · 2 := 2 + 2 + 2, 4 · 2 := 2 + 2 + 2 + 2
"%,),>* 6= 0,

";.<*�0
5 · 2 := 2 + 2 + 2 + 2 + 2 = 10 ≡ 0

eâ��6çBF&)*AJL*1�
Z
��WêGFBFM',

V := Z/10Z

JL&>6/Bí";,KJLG]BF&>*
23,>*��H*�6U(I*

1 · 2, 2 · 2, 3 · 2, 4 · 2 J+Û%��(I,)&KP�: 6= 0,
7	Û;:'0I*�6/B

5 · 2 = 0
&KJL(1e

WX"%6ÉJI";4;(Aå<[k"%Jk23,>*��H*165(
2
:/"�(#BF&>*�ë\0�BF68M'6'4

5
evëdì<*168./";0k&>JL(i^_-'0i*�&>6'*s45";6/?�*l�Ì";:',

z ∈ Z
:'&>*�0

z · 2 = 0
&)6

Z/10Z

@/4%*�6�";M]7m*16'6 �s*�&>6 �v*1&),>*�0db%G%6
z
@/Bâe :ce

z ∈ (5)
@�BF*��äb%G56



����� � � �������	��

����
����������
�����	�

��&)6
Z
*�0I?�*1M'4;(I*�6��EB'*1";,S&KJL(1ev[\&)*AJ#6'*16'6U(i��"%6çB/"%JÕë\0�BF68M'6'45JL�Ñ�EBF*1"%,èb5G%6

2 ∈ Z/10Z

&)�
��&>6'4

Z
e

#s�U�'&<J���� � � V J+*�&�7�&>*1BF*10d*�&>6
K
�½QS*1T5(IG%0I0I"%M'�]@

f ∈ ß G%� (V, V )
M'6/BX7�&)0k.�*�(+0�"%P�:U(+*16

7�&>*1BF*10
V
";,KJ

K [T ]
�ÑWXG8B'M',c�H&Z(+(+*1,>J

p(T ) · v := p(f)(v) p ∈ K [T ] , v ∈ V.

fg&>0Õ7�&KJ+J+*�6cå�2rJÕ4%&>.F(sB'"%6'6»?�MXDE*1BF*1�
v ∈ V

6'&KP�:U(L(+0I&>bU&K";,>*lØ�G%,>Ù86'G%�H*
q(T ) ∈ K [T ] ,J+G8B/";C

q(f)(v) = 0
G8B'*�0��H&Z(RB'*�0lWêGFBFM',)�Lë\$�*10I";(+&>G%6

q(T ) · v = 0.
fg&>*���"%6o,>*�&KP�:U(

6/"5P�:'0+*AP�:'6'*�(	./&),KBF*�6XB'&)*AJL*#Ø�G%,>Ù86'G%�H*#*1&)6]�EBF*A";,c&>6
K [T ] ,

B'"5Jdë\0IB'6UM/6'45JL�½�EB'*1";,Ì?1MXBF*��
23,>*��H*�6U(

v
e

� �F�������
�g���U�����_�A���<�����	�c�= rÀrÀ ¦ ¡ V ¦ ¡>¢ ¹É© ° ­;¼ Ð ÃF¦�ªm¦ ¡)¢ ¦�® Å à\¬'­ ¶ ¨ ¡�° ¦�¬�¼º£ Æ � ¡)¢ · R ÎÇ ¬ ¢'¢X¡KÀ ¨ ã Ð ª ! ¦ ° ¦ À v ∈ V
°%¡ ¦�¹É¦ ¢ ·F¦ Jv := {s ∈ R | s · v = 0} ¦ ¡>¢ Ò ° ¦�¬�¼ ¡)¢ R ¯ ° ¬ ÀÀ ©A·F¦ ¢ ¬ ¢/¢ ¨�¦s¸ µ ª °5¢ ­ ¢ · À £_Ò ° ¦�¬�¼ ¾ © ° ¦�ª ° ¦ ¢ ¸ºÂ ¢'¢'¡ ² ¡ ¼K¬'¨Ñ©�ª ¾#È © ¢ v Î Ç ¬ R ¦ ¡>¢ àk¬F­ ¶ ¨ ¡�° ¦�¬;¼K£

� ¡>¢ · ¡KÀ ¨L¯ ¡KÀ ¨ Jv ¦ ¡>¢ à\¬'­ ¶ ¨ ¡�° ¦�¬�¼�¯F¬;¼ À © È © ¢ ¦ ¡>¢ ¦�®   ¼_¦�®R¦ ¢ ¨ ψv ¦¥ª+Ê�¦«­�·<¨ Î 
 ¦ ° ¦ ÀrÀ ©«¼�±E²<¦ ψv

²<¦ ¡)Á ¨\¦ ¡>¢ ¦R¸ µ ª °%¢ ­ ¢ · ¾�È © ¢ v Î Ë ¦ ¢ ¬F­ ° ¬ À ��­;¼>¼_¦�¼_¦�®R¦ ¢ ¨a²�¬'¨ °%¡ ¦ µ ª °%¢ ­ ¢ · Í ¯ ° Î ² Î ° ¦ ¢
·8¬ ¢ Ê«¦ ¢ � ¡)¢ ·R¬;¼ À µ ª °%¢ ­ ¢ · ÀL¡�° ¦�¬;¼ Î
#s�W%N�U�'&%å92rJR&>JL(l68M'0RBF&>*X�EBF*A";,>*�&>4%*�6�J+P�:/";^º(s?1Mg?�*1&)45*�6cåmtF*�&>*�6

s1, s2 ∈ Jv , r1, r2 ∈ R.<*�,>&)*1.'&)4 �/B'"%6'6�&KJL(

(r1s1 + r2s2)v = r1(s1v) + r2(s2v) = r10 + r20 = 0 + 0 = 0,

J+G8B/";CH";,KJLG�";M�P�:
r1s1 + r2s2 ∈ Jv ,

7	"%J	BF&>*#�EBF*A";,)�½23&>4%*16/JIP�:/"�^º(�.<*�79*�&KJE(Ae
�

h�-'0aWêGFBFM',>6]*�0IT8,>Û%0+*16R7�&>0a";M/P�:�7�&)*ABF*�0aB'*�6ê`9*�4%0I&)ì�BF*�0a[\&)0I*�TU(I*�6Xt8M'�H�H*%å
���5�����_�1�����z�a���ÌÞ} rÀÕÀ ¦ ¡ V ¦ ¡>¢ R £�¹í© ° ­;¼r® ¡ ¨ �è¢ ¨�¦�ªI®R© ° ­;¼ ¢ V1, ..., Vn.

Ç ¬ ¢'¢»¡KÀ ¨ V°%¡ ¦Õ¸ °5¡ ª�¦�§Ì¨Ñ¦ P ­%®s®R¦ ¾a° ¦¥ª Vi ¯
V = V1 ⊕ ...⊕ Vn,

´3¦ ¢'¢ V = V1 + ... + Vn,
° Î ² Î ! ¦ ° ¦ À v ∈ V ¦ ¡>¢ ¦ Ç ¬;ª À ¨Ñ¦¥¼)¼½­ ¢ · v = v1 + ... + vn ® ¡ ¨

vi ∈ Vi ²�¬F¨L¯c­ ¢â°]°%¡ ¦ À Ð ÃF¦�ª °%¡ ¦ Àk°%¡ ª¥¦¥§Ì¨ ¡KÀ ¨E¯ ° Î ² Î ´3¦ ¢'¢ 0 = v1 + ...+ vn ® ¡ ¨ vi ∈ Vi ¯ À ©¢ ©F¨�´S¦ ¢â°%¡ · v1 = ... = vn = 0.

[k";�H&Z(a:�";.<*�6]7�&)0�68M'6ê"%,),>*1J	?1M/J+"%�H�s*16R^_-/0aBF*�6]?�*16U(+0�";,>*�6
� �F�����a��� �=� � ���7� �â�K�v�7&A�F��� � �è�R�8��� � ���U�7�'� � ����� � � �v�r�U� I ����J��1�'�è�8� �_�  R��� � �8���
 ¦ ° ¦¥ª�¦ ¢c° ¼ ¡ ±E²s¦¥ª+Ê�¦«­�·<¨Ñ¦�¹É© ° ­%¼ V Ð Ã8¦¥ªS¦ ¡)¢ ¦�®³à\¬'­ ¶ ¨ ¡�° ¦�¬�¼º£ � ¡>¢ ·#� ¡>À ¨Ì¦ ¡)¢ ¦ °%¡ ª¥¦¥§<¨�¦ P ­%®�£
®R¦ È © ¢ Ê9�F§8¼ ¡>À ±E²<¦ ¢ ¹É© ° ­;¼ ¢ ­ ¢â° ¦ ¡>¢ ¦¥® ã ª�¦ ¡ ¦ ¢ ¹É© ° ­;¼ ÎË ¦ ¢ ¬F­U¦¥ªa¦ � ¡>À ¨ ¡ ¦�ªA¨m¦ ¡>¢ ¦ Ç ¬;ª À ¨Ñ¦¥¼)¼½­ ¢ ·

V = V1 ⊕ ...⊕ Vk ⊕ V ′,

´3©FÃF¦ ¡ V ′ ã ª�¦ ¡ Å ¦ È ¨�¼ Î ¨�ª ¡½ÈA¡ ¬�¼ Æ ¯ °5¡ ¦ Vi Ê �'§8¼ ¡KÀ ±E²c¯ ° Î ² Î È © ¢q° ¦�ª Ï ©«ªI® Vi =
J+$/";6

(vi) ­ ¢â°°%¡ ¦ vi
È © ¢ µ ª °5¢ ­ ¢ ·F¦ ¢ δi 6= 0,

°%¡ ¦iÊ5­ ° ¦�® °%¡ ¦ !<¦ ¡ ¼ÑÃ%¬�ªI§8¦ ¡ ¨ À ÃF¦ °5¡)¢ ·<­ ¢ · δ1 | δ2 | ... | δk
¦�ª ã Ð ¼>¼º¦ ¢ ÎÇ ¬�ª Ð Ã8¦¥ª�² ¡>¢ ¬F­ À · ¡ ¼½¨ ã ©«¼)·F¦ ¢â° ¦  3¡>¢â° ¦«­/¨ ¡ ·5§8¦ ¡ ¨ À ¬'­ ÀIÀ ¬�·F¦ ÄÇ\¡ ¦ Ç\¡ ®R¦ ¢�ÀL¡ © ¢o° ¦ Àkã ª�¦ ¡ ¦ ¢ Â ¢ ¨Ñ¦ ¡ ¼_¦ Ài¡KÀ ¨a¦ ¡)¢c° ¦«­'¨ ¡ ·�¯ °%¡ ¦ µ ª °%¢ ­ ¢ ·'¦ ¢ δi ÀL¡>¢â° Ã ¡>À ¬'­ ã 3¡>¢ ²<¦ ¡ ¨�¦ ¢ ¦ ¡>¢â° ¦�­'¨ ¡ ·XÃ8¦ À ¨ ¡ ®H®�¨ Î
#s�W%N�U�'&%å9fg&>0a.�*AJ+P�:/0IÛ%6'T%*16RM'6/JdB'";0�";MF^E@FBF&>*#2SYF&KJE(I*�6'?A";M/JIJ+"%4%*k?�M].<*�79*�&KJL*16ce

2rJ�J+*�&
V =

J+$/";6
(w1, ..., wn).

`9*�(I0I"5P�:U(+*mB'*�6NJ+M'0�DE*�TU(+&>b%*16NWêGFBFM/,Z� ß G5�sG5�HG%0I$':'&KJL�NM/J

ϕ : Rn → V, ei → wi,



¹É© ° ­;¼ ¢ Ð ÃF¦�ªdàk¬F­ ¶ ¨ ¡�° ¦�¬�¼º£ � ¡)¢ ·F¦ ¢ �����	�

M'6/B J+*�(+?1*
U := kerϕ ⊂ Rn.

[d&>*1Js&KJE(�*1&)6 �a6U(+*10+�HGFBFM',aBF*AJN^_0+*1&)*16oWêGFBFM',KJ
Rn @SJLG%��H&Z(s4%&>.F(N*AJÕ6�"%P�:qtF";(+?]��e � �]*�&>6'*�`	"%J+&KJ

(b1, ..., bn)
b5G%6

Rn M'6/B�B/";?�M �a&)6'45*�,>*��H*�6U(I*
δ1, .., δk 6= 0

�H&)(
δi | δj (1 ≤ i < j ≤ k),

J+GFB'";C
(δ1b1, ..., δkbk)

`	"%J+&>J9b5G%6
U
&KJE(Ae

t8*�(+?�*
vi := ϕ(bi) (i = 1, ..., n)

M'6/B
Vi :=

J+$/";6
(vi) (i = 1, ..., k), V ′ :=

J+$/";6
(vk+1, ..., vn).

[k"
(b1, ..., bn)

*�&>6'*R`	"%J+&KJib%G%6
Rn .'&>,>BF*16»M'6/B ϕ : Rn → V

J+M'0�DE*1TU(+&>bÉ&KJE(A@v&KJE(sB'";�H&)(
(v1, ..., vn)

*�0I?�*�M/4%*�6�Bl^_-'0
V
@/Bâe :ce

V = V1 + ...+ Vk + V ′,

79G%.<*�&
V1, ..., Vk

?1ÙUT8,>&>JIP�:�J+&>6/Bâe
? : 	<=>6<3
	9G �</ �K693 B	6<1 � � E	� �73N6

vi (i ≤ k)
�73N6@8 3NC"D2G'3 B	6�� 8�� 1�/21 B0D�E 	;6<1 � � E �

V ′ F;8 6<3
3V: G /21�� �73N6 
 /��!� 6!� 358 6��7G��âwa,>,�BF&)*AJa*10+45&).F(kJL&KP�:X";M/J\BF*�6ê.<*�&KBF*16ê^_G%,>4%*16/BF*�6XwdM/JIJ+"%4%*�6v@
BF&>*#7�&)0�?1M'6/Û5P�:/JE(�.<*�79*�&KJL*16�79*�0�BF*16ceF2rJ�45*�,)(+*�6
�5e
δivi = 0 (i = 1, ..., k)

�'e ∑n
i=1 αivi = 0 ⇔ (αi = λiδi

�H&Z(
λi ∈ R, (i = 1, ..., k)

M'6�B
αi = 0 (i > k)) .

#s�W%N�U�'&
�

�5eahè-/0
i ≤ k

&KJE(
δibi ∈ kerϕ,

";,KJLG

0 = ϕ(δibi) = δiϕ(bi) = δivi.

�'e ß ";.<*�6�BF&>*k \G8*���?�&>*�6U(+*16 αi
BF&>*i";6'45*�4%*1.�*16'*kjk*AJE(�";,)(1@FJ+G�^_G%,>4;(	�H&Z(i�%eFJ+G;^_G50L(A@UB'"%C

∑n
i=1 αivi = 0.

t8*�&âM'�H45*�T%*1:'0+(

0 =

n
∑

i=1

αivi =

n
∑

i=1

αiϕ(bi) = ϕ(

n
∑

i=1

αibi).

[\"%6'6�&KJL(

u :=

n
∑

i=1

αibi ∈ kerϕ = U,

:/"�(a";,KJ+GHB'&)*#`	"%J+&>JIB'"%0IJL(+*1,),>M'6'4

u :=
k
∑

i=1

λiδibi,

JLGFB'"%CN79*�45*�6]BF*�0�23&>6/BF*1MF(+&>4%T5*�&)(�^_G%,>4;(A@'B'";C

αi = λiδi (i = 1, ..., k)

M'6/B
αi = 0 (i > k),

7mG5�s&)(aBF&>*N�<7�&>JIP�:'*16F�Ñ`9*1:/";M'$'(+M'6'4s4%*1?�*1&)4%(9&KJE(Ae
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fí*�6/BF*16q7�&>0�BF&)*AJH";6cå��EJL(H�H&)(
α ∈ R

^_-'0�*1&)6
i ≤ k : αvi = 0,

J+G�&KJE(�6/"5P�: �Fe
6'G%(E7m*16/BF&>4

α ∈ (δi),
BF*�� b%G56

δi
*�0I?�*�M/4;(+*16 ß ";M'$'(+&KBF*1"%,�@cJ+GFB'";C]79*�4%*16 δivi = 0

BF&>*1J
4%*16/";M]B'"5Jdë\0IBF68M'6/45J+&>BF*A";,Ì&KJE(Ae'wa,>,)*

vi
:�";.<*�6ê";,KJLG\DE*�79*�&>,KJ�BF&)*Në\0�BF68M'6'4

δi (i ≤ k).
�EJL(3�s&)(

αi ∈ R :
∑n

i=k+1 αivi = 0,
J+G#&>JL(36/"5P�: �'e;6'G%(E7m*16/BF&>4

αk+1 = ... = αn = 0,J+G8B/";C
(vk+1, ..., vn)

,)&>6'*A";0ÕM/6/";.':�Û;6'45&)4�J+&>6/Bâ@�";,KJLGX*1&)6/*�`	"%J+&>JÕb%G56
V ′.

[k";�H&)(s&KJL(
V ′^_0I*�&½e

t8&>6/BêJIP�:',)&>*�C5,)&KP�:
wi ∈ Vi (i = 1, ..., k), w′ ∈ V ′ M'6/B 0 =

∑k
i=1 wi + w′ @<JLG�:/"%.�*167�&>0�DL"�[\"%0IJL(+*1,),>M'6'45*�6

wi = αivi (i = 1, ...k),

w′ =

n
∑

i=k+1

αivi,

J+G8B/";C

0 =

k
∑

i=1

αivi +

n
∑

i=k+1

αivi,

";,KJ+GN6/"5P�: �'e

αi = λiδi
�s&)(

λi ∈ R, (i = 1, ..., k)
M/6/B

αi = 0 (i > k).

[k";�H&Z(#&KJE(
w′ = 0

M'6/Bâ@cB/"
δivi = 0

@cJ+&)6�BÉ"%M/P�:É"%,),>*
wi = 0 (i = 1, ..., k),

JLGFB'"%C�BF&>*
t8M'�H�H*�BF&>0+*1TU(	&KJL(1e

�

�EJL(a*�&>6'*1J�BF*10
δi
*1&)6/*#23&)6/:'*�&)(d&>6

R
@'J+GH&>JL(a6'G;(E79*�6�BF&)4

vi = 0,
J+G%�H&)(dBF*�0�*165(�JL$/0+*AP�:'*�6/B'*

?�Ù8T8,>&>JIP�:'*�WêGFBFM',S(I0+&>b8&>"%, +�Bâe :cec.<*1JL(+*1:U(�6UM/0�";M/J#BF*1� ndM',),>*�,>*��H*165( -¥e�t8G�79"5JkT«"%6'6í�H"%6
4%*�(+0IG5JL(979*�45,>"5J+J+*�6 �

�a� BF&>*1J+*��<*�0I,)*14%M'6/4�*1&)6'*AJ
R
�ÑWXG8B'M',>J

V
?1Mç*�0I:/";,)(+*16íJ+&)6�B»";,KJLG�^_G%,>4%*16/BF*ltFP�:'0I&)(L(+*

?�M�(IM'6ce

�R��� �����_�KLèÝ �
&H���	��Hz�I�3�U� � � � �è� � �8�����	& � ����� � &��Å ¡)Æ � ¿�²'¼_¦i¦ ¡>¢�  ª+Ê�¦«­�·'¦ ¢â° ¦ ¢ £ P � À ¨�¦�® (w1, ..., wn)
È © ¢ V ÎÅ ¡>¡)Æ " ­ ° ¦�®ï¹í© ° ­;¼K£�àk©�®R©«®R©«ª ¶ ² ¡KÀ ®�­ À

ϕ : Rn → V, ei → wi

Ã8¦ À ¨ ¡ ®H®R¦l¦ ¡>¢»  ªIÊ«¦�­�·F¦ ¢â° ¦ ¢ £ P � À ¨Ñ¦¥® (u1, ..., um)
È © ¢ U := kerϕ ⊂ Rn.

Ç ¬'ÃF¦ ¡ÀL¡>¢â°�°%¡ ¦ ei
°%¡ ¦\§;¬ ¢ © ¢'¡KÀ ±E²<¦ ¢R 3¡>¢ ²<¦ ¡ ¨ À�È ¦�§Ì¨Ñ©�ª¥¦ ¢�¡ ® Rn Î

Å ¡)¡>¡)Æ ��¦ À ¨ ¡ ®H®R¦ °%¡ ¦ �i©8¦ �HÊ ¡ ¦ ¢ ¨�¦ ¢ £�¹�¬'¨�ª ¡ � A ∈ Rn×m, ® ¡ ¨ ° ¦�ª
(u1, ..., um) = (e1, ..., en)A

Å Ç\¡ ¦ P ¶ ¬�¼½¨Ñ¦ ¢çÈ © ¢ A À+¡>¢â° ¦ ¡>¢'ã ¬8±E² °%¡ ¦ uj � ÆÅ ¡½ÈAÆ !'ª¥¬ ¢/À+ã ©«ªI® ¡ ¦¥ª¥¦ A ¬F­ ã<Ç\¡ ¬�·F© ¢ ¬�¼ ã ©«ªI®�¯ ° Î ² Î Ã8¦ À ¨ ¡ ®H®R¦ ¡>¢<È ¦�ªA¨ ¡ ¦�ª«Ã%¬�ª�¦S¹É¬F¨�ª ¡ Ê«¦ ¢ B,CÀ © ° ¬ Á
A′ := B−1AC =

BF&>"%4
(δ1, ..., δk, 0, ..., 0),
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Z/d1Z ⊕ ...⊕ Z/dkZ ⊕ Zn,
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�Ñ&)68b�";0I&>"%6U(+*�0 �dÛ;M'�H*l?1*�0I,)*14%*�6v@c7mG5.�*1&mBF&>*1J+*��<*10+,>*�45M'6'4XBF*10N[k";0�JE(I*�,>,)M/6'4

BF*AJÕWê&>6'&>�H"%,)$<G%,>Ù86'G%��J�"%,>JÕØ�G;(+*16'?�$/0+GFBFM'TU(Õb5*�0�J+P�:/&)*ABF*�6'*10#&)0I0I*1BFM'?1&)./,)*10�h/";TU(IG%0I*�6ç*�6U(L�
J+$'0+&KP�:U(1er[k";�H&)(R*�0I4%&>.F(lJ+&>P�:gBF&>*X2SYF&KJE(I*�6'?XBF*10��<*10+,>*�45M'6'4çM'6/BgBF&>*ê23&>6/BF*1MF(+&>4%T5*�&)(�BF*1J
t8ÙFJL(+*���J�BF*10dWê&>6'&>�H"%,)$<G%,>Ù86'G%�H*#BF&>0+*1TU(�"%M/JatF";(+?N��e � �/e

wa,KJ�Wê&>6'&>��";,>$�G5,)Ù86'G5�s*R?�M
f
";MF^ �è*�&>,)0�Û;M'�H*16íb5G%6

V
J+&)6/B»B'&)*

ϕi
";,>,)*AJ��è*�&>,)*10ÕBF*1J

Wê&>6'&>�H"%,)$<G%,>Ù86'G%��J
ψ
b5G%6

f
";M'^r45"%6'?

V.
�Ì*�0I,)*14%*�6ê7�&>0k?�M'6/Û5P�:/JL(\68M'0k6/"%P�:Ét'"�(+?���e � �'@

J+G�*10+45&).F(#J+&>P�:É.�*1&3BF*�0i:'&>*�0i*�6U(�JE(I*�:'*16/BF*�6��<*10+,>*�45M'6'4
V = V1 ⊕ ... ⊕ Vk

�H&)(�BF*�6çJL&KP�:
J+M'T8?�*1JIJ+&)b5*�(I*�&>,)*16/BF*16=WX&)6'&>��";,>$�G5,)Ù86'G5�H*�6

ψ1 | ψ2 | ... | ψk
DL"�*�&>6'*�0�JL*1&Z(�J

ψk = ψ,";6�BF0+*10IJ+*�&)(IJ37�&)0�BH.�*1&<B'*�0m"%6/JIP�:',)&>*�C5*�6/B'*�6HQS*�0+^_*�&>6'*�0IM'6'4#6�"%P�:RtF";(+?k��e �%é�:'&)*10
ψk
?�*10+,>*�4%(

&>6q*�&>6qØr0+GFBFM'TU(s(+*1&),>*�0+^_0+*1��BF*�0sØ�G%,>ÙU6/G%�H*%@�BF&>*�"%,),>*�"%,>JsWê&>6'&)��"%,)$<G%,>Ù86'G%�H*
ϕi
.<*�&�BF*�0

�<*10+,>*�45M'6'4s&)6]&>0+0I*1BFM/?�&>.',)*��aÛ%M'�H*#";MF^º(I0+*�(+*�6ve/[\"%�H&Z(a&KJE(dB/";6'6
ψ =

T84%Q
(ϕ1, ..., ϕm).tFP�:',>&>*�C%,>&KP�:RT%u56'6'*16R7�&>0	^_-'0�DE*1BF*AJ

Ui
*1&)6'*#`	"%J+&KJ9J+Gs79Û%:',)*16c@'B'"%CN.<*�?1-'4%,>&>P�:]BF&>*1J+*�0

fBFM'0�P�:�BF&>*a`m*14%,>*�&)(+��"�(I0+&)Y
Fi
?�M
ϕi
B'"%0+45*1JL(+*1,),)(S7�&)0�Bâe;[\&)*AJ3*�0I4%&>.F(�^_-'0

f
*�&>6'*a[k";0�JE(I*�,>,)M/6'4

";,KJ
f=̂F =

BF&>"%4
(F1, ..., Fm).

[k";6'6]&KJE(

χf (T ) =
BF*�(

(F − T · I) =
∏

i

B'*�(
(Fi − T · Ii) =

∏

i

ϕi(T ),

B'"q6/"%P�:}tF";(+?»��e �	�»BF&>*í`9*14%,>*�&)(+��"�(I0+&)Y ?1Mz*�&>6'*1� Ø�G5,)Ù86'G5�
p ∈ K [T ]

45*�6/"%M
p
"%,>J

P�:/"%0I"%T5(I*�0I&>JL(+&KJIP�:'*1JmØ�G%,>ÙU6/G%�O:/";(1e
[k";�H&Z(a&KJL(dB'";6'6]";M�P�:�.<*�7�&>*1J+*�6c@�B'";C�B'"5J�Wê&)6/&)��";,>$<G%,>ÙU6/G%�Ô*1&)6 �è*�&>,)*10aBF*1J�P�:�";0�";TU�

(+*10+&KJL(+&KJ+P�:'*16�Ø�G5,)Ù86'G5�HJ	&KJL(1e
�

[\&)*AJL*#,>*�(I?�(+*�wdM/JIJ+"%4%*k&>JL(a.�*1T�";6'6U(d";,KJ
� �F�����a��� �=��� �����5�����
�	��
 ���
�	�
��� Ò À ¨ χf (T )

° ¬ À ±E²�¬�ª¥¬�§Ì¨�¦�ª ¡>À ¨ ¡KÀ ±E²Ì¦�Ó3©�¼ � ¢ ©�® ¦ ¡>¢ ¦ À
¤<¦�§Ì¨�©«ªIª�¬'­;®l£  3¢c° ©«®R©«ª ¶ ² ¡KÀ ®R­ À f ¯ À © ¡KÀ ¨

χf (f) = 0,

© ° ¦�ª ã ©�ª+®�­;¼ ¡ ¦¥ª1¨ ã Ð ªa¹�¬'¨�ª ¡ Ê�¦ ¢vÄ
Ï9Ð ª χ(T ) :=

BF*�(
(F − T · I) ¡>À ¨

χ(F ) = 0.

fg&>03.�*AJ+P�:/,)&>*�C5*�6HBF&)*AJL*AJ3 #";$/&Z(I*�,½@�&)6/B'*�� 7�&>036'GFP�:HBF*�6lwd,)45G%0I&Z(I:'�ÕM�Jr��e � �\?1M'03T5G%6/JL(+0IM'TU�
(+&>b%*16RwaM�JE^_-':/0+M'6/4�b%G56RtF"�(I?i��e ���i^_-/0mBF&>*kt8&)(+M�"�(+&>G%6�BF*1J9BFM'0�P�:�*�&>6'*�6R236/BFG5�sG50+$/:'&>J+�ÕM�J
f
45*�45*�.<*�6'*16

K [T ]
��WêGFBFM',KJ	*�YF$',>&>?�&)(dBFM'0�P�:F^_-':'0I*�6ce



�����5é � �������	��

����
����������
�����	�

t8*1&N";,KJ+G
V
*�&>6

K
�ÑQS*�TU(IG%0I0I"%M'� �H&Z(í*�&>6'*�0í`	"%J+&>J

(w1, ..., wn)
@
f ∈ ß G5� (V, V )*�&>6�QS*1T5(IG%0I0I"%M'�s�½2r6/BFG%�HG50+$':/&>J+�ÕM/J1e �è0+&>b8&>"%,)*10+79*�&KJ+*�&KJL(�BF&>*r45*�45*�.<*�6'*3QS*1TU(+G%0I0�";M'�s��`9"5JL&KJ

(w1, ..., wn)
"%M/P�:

K [T ]
�½*10+?1*�M'45*�6/Bl^_-'0

V
e

fg&>0�b%*�0+^_G%,>4%*16R68M'6êwa,>4%G50+&)(+:/�ÕM/Ja��e � ��å

 C;D 8 35G G � � wa,KJ K [T ]

�½2r0+?1*�M'45*�6/BF*16F�Et8ÙFJE(I*�� ^_-'0
V
7	Û;:/,)*çBF&>*É45*�4%*1.�*16'*

K
�Ñ`	"5JL&KJ

(w1, ..., wn)
e


 C;D 8 35G G � � wa,KJ	6/Û%P�:/JL(+*AJ	&>JL(dBF*10a i*�0I6 U BF*1J�B'M'0IP�:

ϕ : (K [T ])n → V, ei → wi (i = 1, ..., n)
4%*14%*1.�*16'*�6 WêGFBFM',)� ß G%�HG%�HG%0I$':'&KJ+�ÕM/JN?�M=JE(IM/BF&>*�0I*�6ce3[\&>* ei

J+&)6/Bo7�&>*1BF*10HB'&)*]T�";6'G56'&)�
JIP�:'*�6�23&>6':'*�&)(IJ+b%*1TU(+G%0I*�6ve

[k"�^_-'0�45&),)(
Ür�8Ý�Ýq�����	�c� Ò À ¨ F = (ηij) ∈ Kn×n °%¡ ¦N¹�¬F¨�ª ¡ �/£ Ç ¬�ª À ¨Ñ¦�¼>¼½­ ¢ · È © ¢ f ÃF¦�Ê Ð ·5¼ ¡ ±E² ° ¦�ª
¤<¦�§Ì¨�©«ªIª�¬'­;®l£ ��¬ À+¡KÀ (w1, ..., wn)

È © ¢ V ¯ ° Î ² Î ¡>À ¨

f(wj) =

n
∑

i=1

ηijwi (j = 1, ..., n),

À ©RÃ ¡ ¼ ° ¦ ¢í°%¡ ¦   ¼_¦�®R¦ ¢ ¨�¦ Å ¡>¢ (K [T ])n Æ

uj(T ) =

n
∑

i=1

ηijei − Tej (j = 1, ..., n),

¦ ¡>¢ ¦ ��¬ À+¡KÀd° ¦ À ©'Ã8¦ ¢ ·'¦ ¢ ¬ ¢'¢ ¨Ñ¦ ¢ K [T ] £ Å �è¢ ¨�¦�ª¥£ Æ ¹É© ° ­;¼ À U ⊂ (K [T ])n Î
[\&)*

uj(T )
J+&)6/B�B'"%.�*1&c4%*16/";M]BF&>*Õt8$/";,)(+*16�B'*�0dP�:/"%0I"%TU(+*�0I&KJE(I&>JIP�:'*�6lW�"�(+0I&)YR?�M

F.

#s�W%N�U�'&%å
uj ∈ U � 2rJa&>JL( ϕ(uj) = ϕ(

∑n
i=1 ηijei − Tej) =

∑n
i=1 ηijwi − f(wj) = 0.wa,KJ+Gs,>&>*�4%*16�B'&)*

uj
&>6

kerϕ = U.

(u1, ..., un)
3V: G 6<8 �K69/ B	691 �RF��28

U � [\&)* ei
JL&>6/Bq`	"5JL&KJ�b5G%6

(K [T ])n @�79G�b%G56 U *�&>6
�a6U(I*�0I�sGFBFM/,c&>JL(1e/tFG%�H&Z(a:�"�(SDE*1B'*1J

u ∈ (K [T ])n *�&>6'*�[\"%0IJL(+*1,),>M'6'4�"%,>J

u(T ) =

n
∑

j=1

θj(T )ej θj(T ) ∈ K [T ] .

nd"5P�:� \G%6�JE(I0+M'TU(I&)G56R&KJE(

Tej =

n
∑

i=1

ηijei − uj(T ) (j = 1, ..., n).

�<*10+,>*�45*�6R7�&>0a";,KJ+G
θj(T ) = γj(T ) · T + ρj

�H&Z(
ρj ∈ K,J+Gs&KJL(

u(T ) =

n
∑

j=1

θj(T )ej =

n
∑

j=1

γj(T ) · Tej +

n
∑

j=1

ρjej

=

n
∑

j=1

γj(T )

(

n
∑

i=1

ηijei − uj(T )

)

+

n
∑

j=1

ρjej

= −
n
∑

j=1

γj(T )uj(T ) +

n
∑

j=1

θ̂j(T )ej ,



" ¦¥ª+¼_¦I·<­ ¢ ·R¦ ¡>¢ ¦ À �d¬'­;®R¦ À	¢ ¬F±E²ê¦ ¡)¢ ¦�®  r¢â° ©«®R©�ª ¶ ² ¡>À ®R­ À Ò+Ò �����/�

79G%.<*�&cBF*10��H";YF&)��";,>*�jk0I"5BRBF*10
θ̂j
T8,>*�&>6'*�0�&KJE(a"%,>J�BF*10aBF*�0

θj .
[\&>*1J	T�";6'6]��";6�&)(+*�0I&>*�0I*�6

M'6/B�*10+:/Û%,Z(Aå
*5*1BF*AJ

u ∈ (K [T ])n :/";(a*�&>6'*�[\"%0IJL(+*1,),>M'6'4H";,KJ

u(T ) =

n
∑

j=1

γj(T )uj(T ) +

n
∑

j=1

ρjej
�H&Z(

ρj ∈ K.

�EJL(SDE*�(+?�(
u ∈ U,

JLGH&KJE(
ϕ(u) = 0, ϕ(uj) = 0

^_-'0a";,>,>*
j
@'"%,>J+G

0 = ϕ(u) =

n
∑

j=1

γj(f)ϕ(uj) +

n
∑

j=1

ρjϕ(ej) =

n
∑

j=1

ρjwj ,

M'6/B]B'"HBF&>*
wj

*1&)6/*
K
��`9"5JL&KJmb%G%6

V
.'&>,>B'*�6c@/J+&>6/B�"%,),>*

ρi = 0.t8G5�s&)(�.�*AJL&)(+?�(3DE*1B'*1J
u ∈ U = kerϕ

*�&>6'*�[k";0�JE(I*�,>,)M/6'4

u(T ) =

n
∑

j=1

γj(T )uj(T ),

J+G8B/";CHBF&)*
uj
4U";6'?

U
*�0I?�*1M'4%*16ce

(u1, ..., un)
3V: G

K [T ]
� /21 E 	;D�� 1	B 3 B � fzÛ;:/,)* θj(T ) ∈ K [T ]

@/J+GFB'";C

0 =

n
∑

j=1

θj(T )uj(T ) =

n
∑

i,j=1

θj(T )ηijei −
n
∑

j=1

θj(T )Tej .

[\&)*AJm&KJL(m*�&>6'*#jk,)*1&>P�:8M'6/4Õ&>6
K [T ]

n
,
Bâe :ceU^_-'0�DE*1BF*AJrT�45&),)(m&>6�BF*10mTU�½(+*16R dG5�H$�G56'*�6U(+*kBF&>*

Ø�G%,>Ù86'G%�H4%,>*�&KP�:8M'6'4

0 =

n
∑

j=1

θj(T )ηkj − θk(T )T.

h�-'0i*�&>6
θk
�s&)(#��"�YF&)��"%,)*1�Öjk0�"%B�&>JL(#BF&)*AJi";.<*�0#";M/J#jk0�"%BF450+-/6/BF*�6�*�&>6�fg&KBF*�0�JL$/0+M/P�:v@

J+G;^_*�0I6�*1JaJ+&>P�:]M'�ï*�&>6ê6'&KP�:5(+(+0I&)b8&K";,>*1J	Ø�G%,>Ù86'G%�Ô:/";6/B'*�,)(1e�wd,>J+GH�Õ-/JIJ+*�6ê";,>,)*
θj = 0

J+*�&>6c@
7	"%J�BF&>*��a6/"%.':/Û;6/4%&>4%T%*1&Z(	?�*1&)4%(1e

�

h/"%:'0I*�6�7�&)0�&>�ïwd,)45G%0I&Z(I:'�ÕM/Ja��e � �s^_G50L(Ae

 C;D 8 35G G�� � `m*AJE(I&)�H�H*#BF&>*� dG8*���?1&)*165(I*�6F��WX";(+0I&ZY A ^_-'0aB'&)*

(u1, ..., un) = (e1, ..., en)A.

fí*�4%*16

uj(T ) =

n
∑

i=1

ηijei − Tej

&KJE(dBF&>*1J�B'&)*�WX";(+0I&ZY
A = F − T · I,

";,KJ+GsBF&>*d×+P�:/";0�";TU(+*10+&KJL(+&KJ+P�:'*kWX"�(I0+&)YUÚkBF*AJ�?�M'450+M/6/BF*k,)&>*�45*�6/BF*16]236/BFG5�sG50+$/:'&>J+�ÕM�J
f
e


 C;D 8 35G G�� � [\&)*AJL*NWX"�(I0+&)Y A ∈ (K [T ])n×n :/";.<*�6ê7�&>0d68M'6ê6/G8P�:ê?1MXBF&K";4%G56/";,>&KJL&>*�0I*�6M'6/B BF&>*�?1M'4%*1:'u%0I&>4%*�6 �è0�";6/JL^_G%0I��"�(+&>G%6�JL��"�(I0+&>?�*16
B,C ∈ (K [T ])n×n ?�Mq.<*1JL(+&>�H�H*�6ce

[k"
U
*1&)6'*�`	"5JL&KJ	BF*�0 �èÛ;6'45*

n
:/"�(A@'*�6U(�JE(I*�:U(a:'&>*�0aBF&>*�[d&K";45G%6/"%,)��";(+0I&ZY

A′ = B−1AC =
B'&>"%4

(δ1, ..., δn),
7mG5.�*1&c";,>,)*

δi ∈ K [T ] , 6= 0
M'6/B

δ1 | δ2 | ... | δn.
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 C;D 8 35G G�� /21 ��� � [d&>*�t8$/"%,Z(I*�6 (b1, ..., bn)
b5G%6

B
J+&)6/B B'"%6'6 B'&)*]4%*AJLM�P�:5(I*�`	"5JL&KJ�@

J+G8B/";C
vi := ϕ(bi) (i = 1, ..., n)

BF&>*#230I?�*�M/4%*�6�BF*�6�^_-'0dBF&>*i?�Ù8T8,)&KJIP�:'*�6]WêGFBFM',>6]�s&)(dBF*16Xë\0�BF68M'6'45*�6
δi
J+&)6/Bce

� 〉



`a�����

�O� � ������������
��	�9�R�á��������
��9�	��
���
�����

〉 �
#����

�
wdMF^èBF*10	tFP�:8M',>*d:�"�(L(I*�6�tF&)*0+_0I*�*1,),>*K-3Ø�G5,)Ù86'G5�H*d*�&>4%*16U(+,>&>P�:�68M'09M'6U(+*109BF*1�OwdJ+$�*1TU(

*�&>6'*10a.�*AJLG56/BF*10IJ	.<*��UM'*1�s*16Xwa.'./&),KBFM'6'4UJLb5G%0�J+P�:/0+&)^º(m^_-/0\h'M/6'TU(+&>G%6'*16
R → R

"%6'4%*AJL*1:'*�6ce
[\&)*AJL*10\tU(I"%6/BF$'M/6'TU(\JLG5,),)(+*	DE*�(+?�(\*�6�BF4%-',)(+&>4�b%*10+,K"%JIJ+*�6R79*�0�BF*16ce/h�-'0d*1&)6/*�6ê du50+$<*�0

K
&KJL(

*�&>6sØ�G5,)Ù86'G5�
p ∈ K [T ]

*�&>6H23,>*��H*�6U(3BF*�0S*1&)6/4%*�^_-/:'0L(I*�6sØ�G%,>ÙU6/G%�s�Ñwd,)45*�.'0�"'@«";M'^<B'"5Jè��"%6
^_-'0SDE*ABF*#.<*�,>&)*1.'&)45*i7m*1&Z(I*�0I*

K
�Ñwd,)45*�.'0�"

A
*1&)6'*16]23&)6�JL*�(+?�:/G%�HG%�HG%0I$':'&KJ+�ÕM/J

ϕa : K [T ] → A; ϕa(p) = p(a)

";6879*�6/B'*�6#T�";6'6ve�tF$�*1?�&>*�,>,UT�"%6'6���";6Õ"%M/P�:Õ"%,>J�wa,>4%*1.'0I"
A
BF*16Õ \u%0I$�*10

K
J+*�,>./JE(�6'*1:'�H*�6ce

na*1:'�H*�6�7�&>0r*�(E79"#BF*16l du50+$<*�0
F2
�H&)(mBF*16l.�*1&>B'*�6�23,>*��H*�6U(I*�6 {0, 1}, JLG#&KJL(r^_-'09B'"%JØ�G%,>Ù86'G%�

p(T ) := T (T − 1)
G;ìÌ*�68./"%0

p(0) = 0, p(1) = 0,
Bâe :ve/M'6U(+*10dBF*16ê.�*1&>BF*16ê6/"%P�:

A := K := F2
�Hu54%,>&>P�:'*16�23&>6/JL*�(+?1:'G%�HG%�HG50+$':/&)��J+*�6

ϕ0, ϕ1 : F2 [T ] → F2
T%G5�H��(r:'&>*�0

JL(+*�(�J\B'*�0kfÉ*10L(
0
:'*10I"%M/J�@�G%.879G%:',�B'"%JdØ�G5,)Ù86'G5�ÖJL*1,)./JL(\6/&>P�:U(kB/"%J

0
�½23,>*��H*165(k&)6

F2 [T ]&KJE(Ae
fzÛ;:/,Z(	��";6l:'&>*�0	";,KJ9wa,>4%*�./0I"

A
*�(E79"NBF&)*kWX"�(I0+&)Y'";,>4%*1.'0I"

K2×2,
J+GÕT�";6'6���";6l-'.<*�0

BF*16�23&>6/J+*�(I?�:'G5�sG5�HG%0I$':'&KJL�NM/JèDE*�(+?�(a*�&>6'*
2× 2

��WX"�(I0+&)Yl&>6�*1&)6�Ø�G%,>ÙU6/G%�O*1&)6/J+*�(I?�*16�M'6�B
B'"#T�"%6'6lB'";6/6�*�bU(+,½e5"%M/P�:H7�&)*ABF*�09BF&)*\naM',>,)��";(+0I&ZYH:'*�0�";M�JLT5G%�H�H*�6ce%t8GÕ&>JL(r.<*�&KJL$'&>*�,KJ+7m*1&>J+*
^_-'0

p(T ) = T 2 − 10T + 24, a :=

(

5 −1
−1 5

)

p(a) = a2 − 10 · a+ 24 · I

=

(

26 −10
−10 26

)

− 10 ·
(

5 −1
−1 5

)

+ 24 ·
(

1 −0
0 1

)

=

(

0 0
0 0

)

[\&)*AJL*AJ	Ø�G5,)Ù86'G5�O:/";(�"%,>J+G�BF&>*�WX"�(I0+&)Y
a :=

(

5 −1
−1 5

) "%,>J3×+naM/,),KJE(I*�,>,)*�Ú�e

#��mÞ
�
�<M�
 �������5�cJ	wa,>4%G50+&)(+:'�NM/J1å

Wê&)(ÕBF*�6í.<*�&KBF*�6»Ø�G%,>Ù86'G%�H*16
p1(T ) = T 6 − 1, p2(T ) = T 4 + T 3 + 2T 2 + T + 1*�0I:/"%,Z(I*�6�7�&)0a"%M/J

p1(T ) = q1(T )p2(T ) + p3(T ) :

T 6 − 1 = (T 2 − T − 1)(T 4 + T 3 + 2T 2 + T + 1) + 2(T 3 + T 2 + T ),

Bâe :ce
p3(T ) = 2(T 3 + T 2 + T ).[\*�0�6/Û5P�:/JE(I*�tFP�:'0I&Z(+(	&KJL(dB'";6'6

p2(T ) = q2(T )p3(T ) + p4(T ),

Bâe :ce
T 4 + T 3 + 2T 2 + T + 1 = (

1

2
T )2(T 3 + T 2 + T ) + (T 2 + T + 1),

7	"%J
p4(T ) = T 2 + T + 1

*10+45&).'(1e
[k";�H&Z(�^_G5,)4%(aB'";6'6]JIP�:',)&>*�C5,)&KP�:

2(T 3 + T 2 + T ) = (2T )(T 2 + T + 1),

79G%.<*�&âT%*1&)6 ��*AJE(a.',>*�&>.F(Ae/wa,KJLG�&KJL(

d(T ) := T 2 + T + 1
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BF*10r,>*�(+?�(+*\6'&>P�:U(rb5*�0�J+P�:87�&>6/BF*16/BF* ��*AJE(9M'6/BlB'"%�H&Z(9*�&>6�4%4��
(p1, p2).

230m.<*1J+&)(+?�(	BF&>*\[k";0+�
JL(+*�,>,>M'6'4�";M/J�B'*�6êwa6F^�"%6'45J+$<G%,>ÙU6/G%�H*�6

T 2 + T + 1 = (−1

2
T ) · p1 +

1

2
(T 3 − T 2 − T + 2) · p2.

fí*�&)(+*�0d.'&>J
� 〉

〉 �

#�� �
�
fg&>0#.�*�(+0�"%P�:U(+*16»BF*�6 ß G5�HG%�HG%0I$':'&KJL�NM/J f : R4 → R4,

B'*�0#.<*�?�-/4%,>&>P�:çBF*�0

T�";6'G56'&KJ+P�:'*16z`	"%J+&>JlB'M'0IP�:æBF&)*ÉWX"�(I0+&)Y
F :=









0 −2 4 −1
0 2 0 0
0 0 2 0
1 1 −2 −1









b5*�0I�s&)(L(I*�,)(R7�&>0IBâe

[k"�^_-'0a&KJL(
F 2=









−1 −5 10 1
0 4 0 0
0 0 4 0
−1 −1 2 0









, F 3 =









1 −7 14 0
0 8 0 0
0 0 8 0
0 0 0 1









.

WX"%6Rb%*10+&)î/?1&)*10L(9,)*1&>P�:U(1@FB'"%C
F + F 2 = F 3 − 2I

&KJE(Ae8[k";�H&)(a";6'68M',>,)&>*�0+(�B'"%J9Ø�G%,>Ù86'G%�

p(T ) := T 3 − T 2 − T − 2 = (T − 2)(T 2 + T + 1)

BF*16 ß G%�HG%�HG50+$':/&>J+�ÕM/J f, Bâe :ce'*AJ�&KJE( p(f) = 0.[\&)*l?17m*1&Z(I*�6qt8$�";,)(+*�6»b5G%6
I, F, F 2,

";,KJLGXBF&>*lQS*1T5(IG%0I*�6
e2, f(e2) = Fe2, f

2(e2) =
F 2e2

JL&>6/BqG;ìÌ*�68./";0s,>&)6'*A";0HM'6/"%.':/Û%6'4%&>4/@�JLGFB'"%CX*1JsT5*�&>6q6'&KP�:U(L(+0I&>bU&K";,>*1JNØ�G%,>Ù86'G%�
q(T )b%G5� jk0�"%B ≤ 2

4%*1.�*16 T�"%6'6c@S^_-'0�B'"%J
q(f) = 0

&KJE(Ae +�[\*�6/6}B'"�^_-/0l79Û%0+*]B'"%6'6z";M/P�:
q(f)(e2) = β2f

2(e2) + β1f(e2) + β0e2 = 0,
*�(IP;e>e>e)e -

wa,KJ+Gl:/";.<*�6É7�&)0k&>6
p(T )

B'"5J\Wê&>6'&>��";,>$�G5,)Ù86'G5�ä45*�^_M'6�BF*�6ce<2rJk&KJE(i";,KJLG�^_-/0kM/6/JL*10+*16
ß G5�HG%�HG%0I$':'&KJL�NM/J f B'"5J	Ø�G%,>ÙU6/G%�

ψf (T ) := (T − 2)(T 2 + T + 1)

B'"5J�Wê&)6/&)��";,>$<G%,>ÙU6/G%�]e
#�� H

�
�<MXBF*�� ß G%�HG%�HG%0I$':'&KJ+�ÕM/J f "%M/Jd`a� �H,K";MF(I*�(\B/"%JdP�:�";0�";TU(+*10+&KJE(I&>JIP�:'*iØ�G%,>ÙU�6'G5�

χf (T ) := (T − 2)2(T 2 + T + 1)
2rJ�7�&>0�B�"%,>J+GHb%G%�OWX&)6'&>��";,>$�G5,)Ù86'G5�Ô45*�(+*1&),)(1@F45*�6/"%M'*�0�&KJL(

χf (T ) := (T − 2)ψf (T )

M'6/B]B'"%�H&Z(d"%M/P�:

χf (f) = (f − &>B ) ◦ ψf (f) = (f − &>B ) ◦ 0 = 0.

[k"%J9&>JL(m*1&)6�`9*�&KJL$'&>*�,<^_-'0�BF*16�tF";(+?#��e �5é'@8BF*�09.<*1JI";4;(A@FB'";CÕ^_-'0vDE*ABF*�6 ß G5�HG%�H0+$/:'&>J+�ÕM�J fJL(+*�(�J
χf (f) = 0

&KJL(1e
#�� U

�
`9,)*1&).<*�6 7�&>0�.�*1&dBF*�� &)6=`a� �í.�*14%G%6/6'*�6'*16o`9*�&KJ+$'&)*1,�e3n\"%P�:gtF"�(I?���e �W�X&KJL(

B'"5JaWê&>6'&)��"%,)$<G%,>Ù86'G%�
ψ′ ?�Mê*1&)6'*1� f

�Ñ&>6Ub�"%0+&K";6U(+*16��d6U(+*�0I0�";M'�
U ⊂ R4 *1&)6 �è*�&>,)*10db5G%6

ψf (T ) = (T − 2)(T 2 + T + 1),
J+G8B/";Cs:'&)*10a";6�6'&KP�:5(+(+0I&)b8&K";,>*�6��v*1&),>*�0I$�G5,)Ù86'G5�H*�6�4%*�0�"%B'*

ψ1(T ) := T − 2
M'6/B

ψ2(T ) := T 2 + T + 1



`a�����

&>6F^_0I"%4%*9T%G5�s�H*16ce�h'*�0I6'*10�J+&>6/BÕ6�"%P�:NB'*�� J+*�,>.�*16Ht'"�(+?�BF&>* �aÛ;M/�s*
Ui :=

T%*10
ψi(f)

J+*�,>./JE(
f
�Ñ&)68b�";0I&>"%6U(9M'6�B�*AJ	4%&>,Z(

R4 = U1 ⊕ U2.
[d&>*1J+* �aÛ;M/�s*iT�";6/6���"%6�"%M/JL0I*1P�:/6'*�6ceF2mJ	&>JL(

U1 :=
T%*10

ψ1(f) =
T%*10

(f − 2
&>B

) =
T5*�0

(F − 2I)
U2 :=

T%*10
ψ2(f) =

T%*10
(f2 + f +

&>B
) =

T%*10
(F 2 + F + I).

ß &>*�0aJ+&>6/B�*�&>6F^�"%P�:�:'G%�HG54%*�6/*#jk*1,)*1&>P�:8M'6/45JIJLÙFJL(+*��H*k?�M�,)uUJL*16�M/6/B��H"%6]*�0I:/Û;,)(

U1 =
J+$/";6

(e1 − e2, e1 + e2 + e3),

U2 =
J+$/";6

(e1, e4).

[\&)*êb8&>*�0l:'&>*�0I.<*�&�6'G%(+&>*�0+(+*�6=QS*1T5(IG%0I*�6 .'&>,>BF*16g*�&>6'*ê`	"%J+&>J�BF*AJ
R4,

7mG5�s&)( � 7�&)*êG5.�*16.<*�:/"%M'$F(+*�( � B'";6'6 U12 ⊕ U2 = R4.wa,KJ	 i*�0I6'*db5G%6�Ø�G5,)Ù86'G5�H*�6R&>6
f
JL&>6/B

U1
M'6/B

U2
DE*
f
�Ñ&>6Ub�"%0+&K";6U(1e ��*AP�:'6'*�6�7�&)0�BF&>*1J

";M�P�:�BF&>0I*�TU(�6/"%P�:cåF2mJ�&>JL(

f(e1 − e2) = F (e1 − e2) =









0
0
0
1









−









−2
2
0
1









=









2
−2
0
0









= 2(e1 − e2),

^_*�0I6'*10

f(e1+e2+e3) = F (e1+e2+e3) =









0
0
0
1









+









−2
2
0
1









+









4
0
2
−2









=









2
2
2
0









= 2(e1+e2+e3).

[k";�H&Z(rJ+&>6/BÕ.<*�&KBF*AJS23&>4%*�68b5*�TU(+G50+*16�b%G56
f
?�M'� 23&)45*�6879*�0+(

2
M'6/Bs45"%6'?

U1
.<*1JL(+*1:5(3J+G%�H&)(

68M'0\"%M/JaJ+G%,KP�:'*�6v@/Bâe :ce
f|U1

= 2
&KB

U1
.
wd,>J+Gl:/";(

f|U1

.<*�?1-'4%,>&KP�:NDE*ABF*�0k`	"%J+&>J�b5G%6
U1

BF&>*
WX";(+0I&ZY'B'"%0IJL(+*1,),>M'6'4

f|U1
=̂F1 :=

(

2 0
0 2

)

.

h�-'0aBF&>*�`	"%J+&>J
(e1, e4)

b5G%6
U2

:/"%.�*16�7�&>0

f(e1) = Fe1 = e4,
f(e4) = Fe4 = −(e1 + e4).

`9*�&KBF*1J�,>&)*14;(S7�&>*1BF*10�&>6
U2,

J+GFB'";CkJL&KP�:
U2
"%,>J
f
�Ñ&)68b�";0I&>"%6U(v*�0I7m*1&>JL(1e�`9*�?1-'4%,KP�:ÕBF&>*1J+*�0S`	"%J+&KJ

:/"%.�*16�7�&>0a";,KJ+GsBF&>*�WX";(+0I&ZY'B'"%0IJL(+*1,),>M'6'4

f|U2
=̂F2 :=

(

0 −1
1 −1

)

.

[k";0�";M/J94%*17�&)6/65(a��"%6�45*���Û;C�tF"�(I?N��e � �sBF&)*N�Ì*�0I,)*14%M'6'4

R4 = U1 ⊕ U2

M'6/B

f=̂F ′ :=









2 0
0 2

0 −1
1 −1









.

#�� �
�
[d*10�&)6]`a� �Õ*�0I:/";,)(+*16'*��a";M'�

U2 =
JL$/"%6

(e1, e4)
&KJE(

f
�½&>68b�";0I&>"%65(9M'6/B�79*�4%*16

e4 = f(e1)
";M/P�:�?�Ù8T8,>&>JIP�:c@F*�0I?�*1M'4;(�b5G%6

e1;
Bâe :ce

U2 =
J+$/";6

(e1, f(e1)).
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�EJL(
u1 ∈ U1, 6= 0,

Bâe :ve'*�&>6]23&)45*�68b%*1TU(+G%0	?1M'�Ô23&>4%*1687m*10L(
2,
J+Gs&>JL(d";M/P�:]BF*10 �a";M'�

U :=
JL$/"%6

(u1, e1, e4)

f
�Ñ?�Ù8T8,)&KJ+P�: �8B'*�6'6

U
&KJL(

f
�½&>68b«"%0+&K";6U(	7m*14%*16

f(u1) = 2u1 ∈ U, f(e1) = e4 ∈ U, f(e4) = −(e1 + e4) ∈ U

M'6/B]B'"%0+-/.�*10�:'&)6�";M/J	:/"%.�*16]7�&)0�*�(E79"s&>6
U
BF&>*#QS*�TU(+G50+*16

v := u1 + e1, f(v) = 2u1 + e4, f
2(v) = 4u1 − (e1 + e4),

M'6/Bc@3B'"
u1, e1, e4

M'6/";./:/Û;6'45&)4íJL&>6/Bâ@SJ+&)6�Bq";M�P�:oBF&>*�,>*�(I?�(I4%*�6�";6'6U(+*16qQS*1T5(IG%0I*�6�M/6/";.F�
:/Û%6'4%&>4RM'6�B�B'"%�s&)(#*�&>6'*H`9"5JL&KJ\b%G%6

U,
JLGFB'"%C�BF&>*1J+*�0 �a"%M'� ";,KJd?1Ù8TU,>&KJ+P�:É6/"%P�:'45*�7�&>*1J+*�6

&KJE(Ae
[\*�0�4U";6'?1* �d";M'�

R4 &>JL(Õ";.<*�0Õ6'&>P�:U( f �Ñ?�Ù8T8,)&KJIP�:c@â79"5Ji��";6ç^_G%,>4%*16/BF*10+��";C5*�6íJL&>*�:U(1ånd"5P�:�`a� �N.'&>,KBF*�6êBF&>*#QS*�TU(+G50+*16

(b1, b2, b3, b4) := (e1 − e2, e1 + e2 + e3, e1, e4)

*�&>6'*Õ`	"5JL&KJaBF*AJ
R4,

7mG5.�*1&
b1, b2

23&>4%*168b%*�TU(IG%0I*�6]?�M'�ä23&>4%*16U79*�0+(
2
J+&)6/B]M/6/B

b3, b4
BF*16

f
�Ñ&)68b�";0I&>"%6U(+*�6 �a";M/�

U2
"%MF^�JL$�";6'6'*16ce�*5*1BF*10�QS*�TU(+G50

v ∈ R4 :�"�(a*�&>6'*#[k";0�JE(I*�,>,)M'6/4H"%,>J

v = β1b1 + β2b2 + β3b3 + β4b4.

[k"�^_-'0a&KJL(
f(v) = 2β1b1 + 2β2b2 + β′

3b3 + β′
4b4M'6/B]"%,),>4%*1�s*1&)6

fk(v) = 2kβ1b1 + 2kβ2b2 + β
(k)
3 b3 + β

(k)
4 b4M'6/B]"%,),>*#BF&)*AJL*#QS*1TU(+G%0I*�6�,>&)*14%*�6�&>6

JL$/"%6
((β1b1 + β2b2), b3, b4).

[k";�H&Z(a&KJL(d";M/P�:

Uv :=
J+$/"%6

(v, f(v), f2(v), . . .) ⊂ JL$�";6
((β1b1 + β2b2), b3, b4) $ R4.

#�� �
�
`9*�(+0�"%P�:U(+*16³7�&)0É6'GFP�:'��";,HBF*�6 &>6 `a� $g*1&)6/4%*�^_-/:'0L(I*�6 �d6U(+*�0I0�";M'�

U :=J+$/";6
(u1, e1, e4),

7mG5.�*1&
u1

*�&>6g23&>4%*�68b5*�TU(+G50�?�M'��23&>4%*16U79*�0+(
2
b%G56

f
&KJE(Aem2r0R&KJE(

f
�

?�Ù8T8,>&>JIP�:��H&)(d`	"%J+&>J

(b1, b2, b3) := (v, f(v), f2(v)) := (u1 + e1, 2u1 + e4, 4u1 − (e1 + e4)).

2rJ�&KJL(

f(b1) = f(v) = b2,

f(b2) = f(f(v)) = f2(v) = b3,

f(b3) = f(4u1 − (e1 + e4)) = 8u1 − e4 − (−e1 − e4)

= 8u1 + e1 = 2b1 + b2 + b3.

wa,KJ+Gs:�"�(
f|U

.�*1?�-'45,)&KP�:êBF&)*AJL*10a`	"%J+&>J	BF&>*�WX"�(I0+&)Y'B'";0�JL(+*�,>,>M'6'4

f|U =̂F ′ :=





0 0 2
1 0 1
0 1 1







`a�����

[\&)*AJ�&>JL(aBF&>*�`m*14%,>*�&)(+��"�(I0+&)YR?1M�BF*1�ÔØ�G%,>Ù86'G%�

ψ(T ) := T 3 − (2 + T + T 2) = (T − 2)(T 2 + T + 1).

2rJi&KJE(ÕB'&)*AJ#B'"%JiWê&>6'&>�H"%,)$<G%,>Ù86'G%� ?�M
f
";M'^	BF*1�

f
�½?1Ù8TU,>&KJ+P�:'*16 �a"%M'�

U.
2mJ#&>JL(#6'&KP�:5(

&>0+0I*1BFM/?�&>.�*1,�eUfÉ*16/BF*16�t8&>*\68M'6R"%MF^vBF&>*1J+*kt8&)(+M�"�(+&>G%6�BF*�6�t'"�(+?#��e �%é�"%6lM'6/B�45*�7�&>6'6'*16�t8&>*
B'"%0I"%M/J	BF&)*N�Ì*�0I,)*14%M'6'4s&>6�&>0I0+*ABFM'?�&>.',>*��aÛ;M'�H* �

fí*�&)(+*�0�./&>J
� 〉

〉 �

#����
�
nd"%P�:�[\*�î�6'&Z(I&)G56o��e��;é]&KJE(NB'*�0 ��&>6'4

K [T ]
BF*�0�Ø�G5,)Ù86'G5�s*�&>6�*1&)6'*10�QS*�0�Û;6'�

BF*10+,>&>P�:/*�6
T
-/.�*10ÕBF*��  du50+$<*�0

K
JL(+*�(IJ ß ";M'$F(I&>B'*1";,>0I&)6'4�ec230�JL*�(+?�(��H"%6ç:'&)*10 K BFM'0�P�:

*�&>6'*16q";,>,)45*��H*�&>6'*16 ��&)6/4�GFBF*�0N6'&>�s�Õ(s��"%6»�s*1:'0I*�0I*lQS*�0�Û;6/B'*�0I,)&KP�:'*%@�JLGÉJE(I&)�H��(HBF&>*1J+*
6'&KP�:U(a�s*1:'0Ae

`9*�(I0I"5P�:5(I*�6N7�&)03*�(E79"
R [X,Y ] ,

Bâe :ce%BF&>*a0I*�*�,>,>*�6sØ�G5,)Ù86'G5�H*9&>6
2
QS*�0�Û;6/B'*�0I,)&KP�:'*�6ve%t8&)*

.'&>,>B'*�6ç*�&>6'*�6íT%G5�H�ÕMF(�"�(+&>b%*16#��&>6'4]�H&Z(
1,
BF*�0 �W69351 ß ";M/$F(+&KBF*1"%,)0I&>6'4]&>JL(1e �d� ,>*�(+?�(+*�0I*1J

?�MêJ+*�:'*16�.<*�(I0I"5P�:U(+*�6�7�&>0aB'"%J	b5G%6]BF*�6].<*�&KBF*�6]QS*�0�Û;6�BF*�0I,)&KP�:'*16
X,Y

*10+?1*�M'4%(+*i�EBF*A";,½å

I := (X,Y ) := {p(X,Y ) ·X + q(X,Y ) · Y | p, q ∈ R [X,Y ]}.
[k";CÕBF&>*1Jm*�&>6l�EBF*A";,<&)�Ot8&>6'6'*\b%G56l[d*�î/6'&)(+&>G%6]��e ����&>JL(1@U0I*1P�:'6'*16Rt8&>*d��";,ÌJL*1,).<*�0m6/"%P�:ve52rJ
*�6U(I:/Û;,)(a4%*16/";M�";,>,)*#Ø�G%,>Ù86'G%�H*5@8B'*�0I*�6ê";./J+G%,>MF(I*�0
�v*10+�Ôb%*�0�JIP�:U7�&>6/BF*�(1e

fzÛ;0I* I *1&)6 ß ";M'$F(I&>B'*1";,>0I&)6'4�@'JLGH4UÛ;.<*k*AJ	*�&>6]Ø�G5,)Ù86'G5� a(X,Y ) ∈ R [X,Y ] ,
J+GFB'";C

I = (a(X,Y )) = {r(X,Y ) · a(X,Y ) | r ∈ R [X,Y ]}.
fí*�4%*16

X ∈ I 4UÛ;.<*É*AJ]B'";6'6æ*�&>6
r1
JLGFB'"%C

X = r1 · a(X,Y ).
[k"

a(X,Y )
T%*1&)6

wa.�JLG5,)MF(I4%,>&)*AB»:/";(1@�4%&>6'4%*RB'&)*AJQ+�.'&>Js";M'^ �v0I&)b8&K";,>&Z(�Û�(I*�6S-�6UM/0�^_-'0
r1 = 1, a(X,Y ) = X.[k";�H&Z(a7	Û;0I*i";.<*�0

Y = r2 ·X,
79"5J9M'6'�Hu%45,)&KP�:�&KJL(1e

#����
�
2rJd.�*1?�*1&>P�:'6/*

Z [ i ]
BF&>*d×E4U";6'?1*�6�� ��� � ��JIP�:'*�6X�Ì"%:',)*168Ú¥@'Bâe :ve�BF&>*�T%G5�H$',)*�YF*�6

�Ì"%:',)*16É�H&)(#45";6/?�?1"%:',>&)45*�� ��*1"%,Z�aM/6/B�����"%4%&>6/Û;0+(+*1&),½eâWê&Z(ÕB'*�6íb%G%6
C
*10+*10+.F(I*�6»ë\$�*10I";�

(+&>G%6/*�6]&>JL(aBF&>*1J�*1&)6]T%G5�H�ÕMF(�"�(+&>b%*10 �a&)6'4��H&)(��%eFfg&>0dBF*�î/6'&>*�0I*�6]BF&)*�wd.'.'&>,>B'M'6'4

ν : Z [ i ] → N;x := x1 + ix2 7→ ν(x) := x2
1 + x2

2 = (x1 + ix2)(x1 − ix2) = x · x.
Wê&)(9BF&>*1J+*�0�×LndG%0I�N^_M/6'TU(+&>G%68Ú�7�&)0�B

Z [ i ]
*1&)6 
 ���
���5�Ì����&>6'4/e�2r&)6'*k[d&>b8&>J+&>G%6��H&Z( ��*1JL(1@UBF&>*

BF*16]wd6F^_G%0�BF*10+M'6/4%*�6�b%G56�[\*�î/6/&Z(I&)G56X��e �%éN45*�68-'4%(1@F*�0I:/Û%,Z(���";6]JLG�å
�<M

a := a1 + ia2 6= 0, b := b1 + ib2
45&),)(a&)6

C

b =
b

a
· a =

a · b
a · a · a =

a · b
ν(a)

· a.

[k";.<*�&c&KJE(
a · b = (a1 − ia2)(b1 + ib2) =: c1 + c2,

Bâe :ce a·b
ν(a) = c1

ν(a) + i c2

ν(a) .naM/6zJL&>6/B c1

ν(a) ,
c2

ν(a)

&½e "/erT5*�&>6'*ê45"%6'?�*16æ�Ì";:',>*�6v@rJLG56/BF*10+6=68M'0R0�"�(I&)G56/";,½e3wa.<*�0�7�&)0
:/"%.�*16�*1&)6/*i[k";0�JL(+*�,>,>M'6'4

a · b
ν(a)

=
c1
ν(a)

+ i
c2
ν(a)

= (q1 + ε1) + i(q2 + ε2)

�H&Z(
q1, q2 ∈ Z

M'6/B |ε1|, |ε2| ≤ 1
2 .
[\"%�H&Z(l&KJE(RB/";6'6

b = (q1 + iq2)a + (ε1 + iε2)a,";,KJ+G
b − (q1 + iq2)a ∈ Z [ i ] ,

JLGFB'"%C�";M/P�:
r := (ε1 + iε2)a ∈ Z [ i ]

M'6/B�B/";�H&Z(
b =

(q1 + iq2)a+ r
&)6

Z [ i ]
4%&>,)(1e �d6/B�:'&)*10L^_-/0�&>JL(

ν(r) = (ε21 + ε22)ν(a) ≤ (
1

4
+

1

4
)ν(a) =

1

2
ν(a) < ν(a).
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#������
�
23&>6X`m*1&>J+$'&>*�,â^_-/0dBF*�6ê��68b�";0I&K";6U(+*165(I*�&>,)*10IJI"�(I?\-/.�*10

Z
M'6/B]BF*�6Xwd,)45G%0I&Z(I:'�ÕM�J

��e $ ��åFfg&)0aBF&K";45G%6/"%,)&KJ+&)*10+*16RBF&>*i^_G%,>4%*�6�BF*#WX"�(I0+&)Y

A :=









2 2 0 2 2
2 0 0 2 3
6 0 6 0 6
4 2 0 4 5









.

waM�JL0�Û;M'�H*16�BF*10�*�0�JE(I*�6X�<*�&>,>*#M'6/Bêt8$/"%,Z(I*k6�"%P�:êtFP�:'0I&Z(+( �Õ,>&>*�^_*�0+(








2 0 0 0 0
0 −2 0 0 1
0 −6 6 −6 0
0 −2 0 0 1









.

QS*�0I79*�6/BF*�tFP�:/0+&)(L( �5"'åF"%B'B'&)*10+*#BF&>*#?�79*�&)(+*Õ�<*1&),>*i?�M'0a*10IJL(+*16cå








2 −2 0 0 1
0 −2 0 0 1
0 −6 6 −6 0
0 −2 0 0 1









.

tFP�:'0I&)(L(��%å ��";M�J+P�:'*#t8$/"%,Z(I*�6ç�iM'6/B �Få








1 −2 0 0 2
1 −2 0 0 0
0 −6 6 −6 0
1 −2 0 0 0









.

tFP�:'0I&)(L( �Få'wdM/J+0IÛ%M'�H*�6]BF*�0�*10IJL(+*16ê�<*1&),>*iM'6/Bêt8$/"%,Z(I*%å








1 0 0 0 0
0 0 0 0 −2
0 −6 6 −6 0
0 0 0 0 −2









.

tFP�:'0I&)(L( �;.vå/t8*�(I?�*
δ1 := 1

M'6�B���"5P�:'*i7m*1&Z(I*�0��H&Z(dB'*�0 ��*AJE(I�H";(+0I&ZY




0 0 0 −2
−6 6 −6 0
0 0 0 −2



 .

tFP�:'0I&)(L(��%å ��";M�J+P�:'*#t8$/"%,Z(I*�6ç�iM'6/B��/å




−2 0 0 0
0 6 −6 −6
−2 0 0 0



 .

waM�JL0�Û;M'�H*16�BF*10�*�0�JE(I*�6êt8$/"%,Z(I*




−2 0 0 0
0 6 −6 −6
0 0 0 0



 .

tFP�:'0I&)(L( �;.vå/t8*�(I?�*
δ2 := −2

M'6/B���"%P�:/*k79*�&)(+*10��H&Z(dBF*10 ��*AJE(I�H";(+0I&ZY
(

6 −6 −6
0 0 0

)

.



`a�����

tFP�:'0I&)(L( �Få'wdM/J+0IÛ%M'�H*�6]BF*�0�*10IJL(+*16ê�<*1&),>*%å
(

6 0 0
0 0 0

)

.

[k";�H&Z(a:�";.<*�6]7�&)0a"%,>J�ndG%0I��";,)^_G%0I�








1 0 0 0 0
0 −2 0 0 0
0 0 6 0 0
0 0 0 0 0









*�0I:/"%,Z(I*�6ce
`9*1JL(+&>�H�s*16�7�&>0�6'GFP�:êBF&>*i[\*�(I*�0I�H&)6/"%6U(+*�6U(I*�&>,)*10

dj(A) :=
4%4��

(j − 0+*1&):/&)45* �d65(I*�0�BF*�(I*�0I�H&)6/"%6U(+*�6�b%G56
A).

2rJ�&KJL(
d1(A)

B'*�0�4%4��zBF*10dWX"�(I0+&)YF*�,>*��H*�6U(I*%@F";,KJLG
d1(A) = 1.2rJ	&KJE(

d2(A) = 2;
BF*16'6êBF&>*

2 × 2
� �a6U(+*10IB'*�(+*10+�H&>6/";6U(I*k&>6]BF*�0a0I*1P�:U(I*�6�G%.<*�0I*�6�2rP�T%*

:/";(mBF*�6RfÉ*10L(
2
M'6/B�&>6iDE*1BF*10

2×2
� �a6U(I*�0I�H";(+0I&ZYsJE(I*�:'*16�&)6l*1&)6/*�0	�Ì*�&>,)*aGFBF*10mt8$/"%,Z(I*d68M'0

4%*10I"5BF*��Ì";:',>*�6v@'JLGFB'"%C\DE*ABF*
2 × 2

���d65(I*�0�BF*�(I*�0I�H&)6/"%6U(+*iBFM'0�P�:
2
(+*1&),>./"%0�&>JL(1e

2rJm&>JL(
d3(A) = 12;

BF*�6'6�BF&)*
3× 3

� �a6U(I*�0�BF*�(I*�0I�s&>6/"%65(I*m&>6RBF*10m0I*1P�:U(I*�6HG%.<*�0I*�6l2mP�T%*
:/";(�B'*�6]fÉ*10L(

12.
`9*�&vBF*16

3 × 3
� �a6U(+*10IB'*�(+*10+�H&>6/";6U(I*�6c@FBF&>*�BF&>*iB'0+&)(L(I*N�<*�&>,)*i*165(I:/";,)(+*16c@

,>&)*�^_*�0+(SB'&)*AJL*	*�&>6'*�h/"%TU(+G%0 $/@A*1&)6s79*�&)(+*�0I*�0Sh�";TU(+G50)�dT�";6'6\DE*�79*�&>,KJ�,)*1&>P�:U(S4%*�^_M'6/BF*16N79*�0�BF*�6ve
t8G5�s&)(aJL&>6/B�BF&)*AJL*i";,>,>*iB'M'0IP�:É�K�#(+*�&>,>./";0AeF[d&>*

3× 3
���d65(I*�0�BF*�(I*�0I�H&)6/"%6U(+*�6v@UBF&>*iBF&)*#BF0I&)(L(+*

�<*1&),>*d6'&KP�:U(r*�6U(I:/";,)(+*16c@UJ+&>6/Bl";,>,>*
= 0,

B'"ÕBF&)*\b8&)*10L(I*i�<*1&),>*dBF&>*kt8M/�s�H*iBF*�0m*�0�JE(I*�6l.<*�&KBF*16
&KJE(Ae

Wê&)(aBF*�0	,>*�(+?�(+*16]`9*1�s*10+T8M'6/4Õ^_G5,)4%(	B'"%6'6]";M/P�:c@'B/";CH";,>,)*
4× 4

� �a6U(+*10IBF*�(+*10+�H&>6/";6U(+*16
= 0

J+&)6�Bâ@/Bâe :ce
d4(A) = 0.QS*�0I4%,>*�&KP�:'*16�t8&>*�B'";?1M�B'*�6XtF"�(I?Õ��e $ �'e

#����<�
�
ndM'6]6'GFP�:]*�&>6�`9*�&KJ+$'&)*1,c?�M/�O��68b«"%0+&K";6U(I*�6U(+*1&),>*�0�J+";(+?k-'.<*�0

R [T ] :Wê&)(dBF*�0aW�"�(+0I&)Y
F
"%M/J�`a� �s.�*�(+0�"%P�:U(+*16�7�&>0

A := F − T · I =









−T −2 4 −1
0 2 − T 0 0
0 0 2 − T 0
1 1 −2 −1 − T









M'6/B�.<*1JL(+&>�H�s*16êBF&)*�ndG%0I��";,)^_G%0I��e
��";M/JIP�:�BF*10\�<*�&>,>*�6ç�iM'6/B��H,)&>*�^_*10L(









1 1 −2 −1 − T
0 2 − T 0 0
0 0 2 − T 0

−T −2 4 −1









[k";0I&)6�T�";6'6]��";6�68M'6êBF&)*#*10IJL(+*Õ�<*1&),>*iM'6/B�*�0�JL(+*�t8$/"%,Z(I*�";M/J+0IÛ%M'�H*�6�M'6/B�*�0I:/Û;,)(








1 0 0 0
0 2 − T 0 0
0 0 2 − T 0
0 −2 + T 4 − 2T −T 2 − T − 1









.

wa,KJ+Gk&KJL(
δ1 = 1

M/6/Bs7�&)0ST5u%6'6'*16sB'&)*�*10IJL(+*d�<*1&),>*�M'6/Bs*�0�JL(+*at8$/"%,Z(I*aJE(I0+*1&>P�:'*16ce;[\&)*AJS,)&>*�^_*10L(




2 − T 0 0
0 2 − T 0

−(2 − T ) 2(2− T ) −(T 2 + T + 1)



 .
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ß &>*�0I&>6s&KJL( 2−T *1&)6HØ�G%,>Ù86'G%� 6'&)*ABF0I&)4UJE(I*�6�jk0I"5BF*1J1@�JLGFB'"%Ck7�&>03B'"%�s&)(9�<*1&),>*i�9M/6/B�t8$/";,)(+*�#";M/J+0�Û;M'�H*�6�T%u56'6'*�6ve'[d&>*1J�,>&>*�^_*�0+(




2 − T 0 0
0 2 − T 0
0 2(2 − T ) −(T 2 + T + 1)



 .

naM/6�J+&)6�B�"%.�*10	B'&)*kØ�G%,>ÙU6/G%�H*
2− T

M'6�B
T 2 + T + 1

(I*�&>,)*10L^_0I*���Bâe't8G5�s&)(�&>JL(�BF&)*#BF0I&)(L(+*
�<*1&),>*i?�MêBF*�0�*10IJL(+*16�?1Mê"%B'BF&>*�0I*�6vå





2 − T 2(2 − T ) −(T 2 + T + 1)
0 2 − T 0
0 2(2 − T ) −(T 2 + T + 1)



 .

2rJ9&KJE( −(T 2 +T +1) = (T +3)(2−T )− 7,
J+G8B/";CÕBFM/0IP�:�tFM'.F(+0�";TU(I&)G56lb%G56�Qd&>*�,)^�"%P�:'*16

BF*10�*�0�JE(I*�6êt8$/";,)(+*�J+&KP�:




2 − T 0 −7
0 2− T 0
0 2(2 − T ) −(T 2 + T + 1)





*�0I4%&>.F(Ae ß &)*10+&>6�&KJE( −7
*�&>6�Ø�G5,)Ù86'G5�ä6/&)*ABF0+&>45JL(+*16Éjk0�"%BF*AJ�e<fg&)0i:/"%.�*16É"%,>J+GRBF&>*HtF$/";,)(+*16

�iM'6/B �s?�M�(I"%M/JIP�:'*�6�M'6/B�*�0I:/"%,Z(I*�6




−7 0 2 − T
0 2 − T 0

−(T 2 + T + 1) 2(2 − T ) 0



 .

waM�JL0�Û;M'�H*16�BF*10�*�0�JE(I*�6X�<*�&>,>*#M'6/Bêt8$/"%,Z(I*k,>&>*�^_*�0+(




−7 0 0
0 2 − T 0
0 2(2 − T ) − 1

7 (2 − T )(T 2 + T + 1)



 .

(−7)
&KJL(a*�&>6'*#23&>6':'*�&)(a&>6

R [T ] ,
J+G%�H&)(	&KJL(

δ2 = −7
M/6/B�*1J�.',>*�&>.F(

(

2 − T 0
2(2− T ) − 1

7 (2 − T )(T 2 + T + 1)

)

.

ß &>*�0�&KJL(d";,>,)*AJ�BFM'0�P�: (2 − T )
(+*1&),>./"%01@/J+GFB'";Cs7�&>0aJLG%^_G%0+(�"%MF^

(

2 − T 0
0 − 1

7 (2 − T )(T 2 + T + 1)

)

T%G5�H�s*16ce'[\&)*AJ�,)&>*�^_*10L(

δ3 = (2 − T ), δ4 = −1

7
(2 − T )(T 2 + T + 1).

[k"l*1J\";MF^rB'&)*ÕWXM',Z(I&)$/,)&>T�"�(+&>G%6É�H&Z(k23&)6/:'*�&)(+*16�6'&KP�:U(\";6'T5G%�H��(A@/T5u%6'6'*16ê7�&)0kBF&>*1J+*�6'GFP�:
*�(E7	"%J945,>Û;(L(+*16]M'6/B�*�0I:/";,)(+*16�"%,>J�ndG%0I��";,)^_G%0I�OBF&)*�[\&K";4%G56/";,>��"�(I0+&)Y









1 0 0 0
0 1 0 0
0 0 (T − 2) 0
0 0 0 (T − 2)(T 2 + T + 1)









.

`9*�0I*1P�:'6/*�6R7�&>0�6'GFP�:êBF&>*i[\*�(I*�0I�H&)6/"%6U(+*�6U(I*�&>,)*101e



`a�����

�è0+&>b8&>"%,)*10+79*�&KJL*\&>JL(
d1(A) = 1.�a6U(I*�0aBF*16

2 × 2
� �a6U(+*10IB'*�(+*10+�H&>6/";6U(I*�6lî�6/BF*�6]7�&>0�M'6U(+*10a";6/BF*10+*1�

BF*�( (−T −2
1 1

)

= −T + 2

BF*�( ( 4 −1
−2 −1 − T

)

= −4− 4T − 2 = −2(2T + 3),

BF&>*#G;ìÌ*�68./"%0m(I*�&>,)*10L^_0I*���B]J+&)6/Bce'[\"%�s&)(a&KJE(
d2(A) = 1.wa6kDE*ABF*�0

3×3
� �a6U(+*10IBF*�(+*10+�H&>6/";6U(+*m&>JL(mBF&>*�?�79*�&)(+*�GFBF*103BF0I&Z(+(+*k�<*1&),>*�.<*�(+*1&),>&>4;(1@5JLGFB'"%C

J+&)*#J+&>P�:'*10aBFM'0�P�:
T − 2

(I*�&>,).�";0�&KJE(Ae�t8$<*�?�&>*�,>,>*iJ+G%,KP�:'*��a6U(I*�0�BF*�(I*�0I�s&>6/"%65(I*�6]JL&>6/B

BF*�(




−T −2 4
0 0 2 − T
1 1 −2



 = −(2 − T )(−T + 2)

M'6/B
BF*�(




−2 4 −1
2 − T 0 0

1 −2 −1 − T



 = 2(2 − T )(2T + 3),

BF*10+*16�454��z45*�0�"%BF*
T − 2

&KJE(Ae'wa,KJLG�&KJE(
d3(A) = T − 2.tFP�:',>&>*�C%,>&KP�:R&KJE(

d4(A) =
BF*�(

(A) = (T − 2)2(T 2 + T + 1).fí*�&)(+*�0�./&>J
� 〉

〉 �

#����'Þ
�
wa,KJ�BF&>*Õ×�� �W� �5�cJ+P�:'*HQ\&)*10+*10+450+M'$/$�*�ÚN.�*1?�*1&>P�:'6/*�(#��";6»BF&>*Rjk0+M'$/$�*

V
�H&Z(

b8&)*10�23,>*��H*�6U(+*16
0, a, b, c

^_-'0\BF&)*�B'&)*i^_G5,)45*�6/BF*#w�B'B'&Z(I&)G56/JE(�";.<*�,>,)*i.<*1JL(+*1:5(Aå

+ 0 a b c

0 0 a b c
a a 0 c b
b b c 0 a
c c b a 0

fg&>0�^_-':'0I*�6]B'";�H&)(dBF*�6êwd,)45G%0I&Z(I:'�ÕM/Jd��e � �s"%M/J�e
�%e -H2rJ�&KJE(

(a, b)
*1&)6g2r0+?1*�M'45*�6/BF*16/J+Ù8JL(+*1�]@mBâe :ce	BF*�0I*�6 �v&)6'*A";0IT%G5�Õ.'&>6/"�(I&)G56'*�6o�H&Z(

 \GU*���?�&>*�6U(+*16�&>6
Z
J+&)6�BR4U";6'?

V.
2rJ�:/";(�?�79*�&â23,>*��H*�6U(I*%e

�Fe -k[d*10
Z
��WêGFBFM',)� ß G%�HG%�HG%0I$':'&KJ+�ÕM/J ϕ : Z2 → V, ϕ(e1) = a, ϕ(e2) = b

:/"�(Õ"%,>J
 i*�0I6�4%*�6�";M

U :=
J+$/";6

(2e1, 2e2).
[\*�6'6sDE*ABF*1J

u ∈ Z2 :/";(�*�&>6'*�[\"%0IJL(+*1,),>M'6'4�"%,>J

u = (2α1 + ε1)e1 + (2α2 + ε2)e2

�H&Z(
α1, α2 ∈ Z, ε1, ε2 ∈ {0, 1}. [k";6'6]&KJE(d"%.�*10

ϕ(u) = (2α1 + ε1)ϕ(e1) + (2α2 + ε2)ϕ(e2)

= (2α1 + ε1)a+ (2α2 + ε2)b

= ε1a+ ε2b,

B'"]DL"
2a = a + a = 0 = b + b = 2b.

fÉ*14%*�6
ε1, ε2 ∈ {0, 1} &>JL(�B'"%6'6g6/"5P�:=B'*�0w�B'BF&)(+&>G%6�JE(�";.<*�,>,)*�"%,>J+G

ϕ(u) = ε1a+ ε2b = 0
4%*16/";MêB'"%6'6c@'79*�6'6

ε1 = ε2 = 0.
wa,KJLG�&KJE(

(u1, u2) := (2e1, 2e2)
`	"%J+&>J9b%G56

U =
T5*�0

ϕ.
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�'e -m2rJ�&KJE(
(u1, u2) := (e1, e2)

(

2 0
0 2

)

,
Bâe :ce

A =

(

2 0
0 2

)

.

�/e -9[d&>*1J+*�WX";(+0I&ZYR:�"�(aJ+P�:/G%6]BF&)*#45*�7�-'6�J+P�:U(+*inaG50+��"%,Z^_G50+�]@FBâe :ce'7�&>0aT%u56'6'*�6

B =

(

1 0
0 1

)

7	Û;:',>*�6ce
�Fe -9[d&>*#4%*AJLM�P�:5(I*#`9"5JL&KJ9&>JL(dB'"%6'6

(b1, b2) = (e1, e2).$'e -m2rJ�&KJE(
(v1, v2) := (ϕ(b1), ϕ(b2)) = (a, b),

Bâe :cevBF&>*Hb%G56
a
M/6/B

b
*�0I?�*1M'4;(I*�6íWêGFBFM',>6

Va, Vb
:�";.<*�6»B'";�H&)(�BF&)*�ë\0�BF68M'6'45*�6

2
M/6/B

&>:'0+*#BF&>0I*�TU(+*�t8M'�H�H*�&KJE(
V.
23&>6�^_0+*1&)*10awa6U(+*1&),â(I0+&)(L(a6/&>P�:U(d";M'^Ee/Wê&)(\tF"�(I?���e ��$N&KJL(�"%,>J+G

V = Z/2Z ⊕ Z/2Z.

+�h�-'0 �73N69:<6 :	`9*�&KJL$'&>*�,U:/Û;(L(+*	JIP�:/";0+^_*1J ß &)6�JL*1:'*�6N6/"�(I-'0+,>&KP�:Õ";M/P�:#G5:'6'*9BF&)*945"%6'?�* �	:'*�G%�0I&)*#BF&>*1J+*1J	230I4%*1.'6'&KJ	4%*1.'0I"5P�:U(1e -
fí*�&)(+*�0�./&>J

� 〉

〉 �

#����2�
�
fg&>0�BF*��HG%6�JE(I0+&>*�0I*�6qB'&)*X�<*�0I,>*�4%M/6'4�BF*AJ �d";M'�H*1Js6/"5P�:q*1&)6'*1�p236/BFG5�HG%0+�

$':'&KJ+�ÕM/J�"%6]B'*��ïJIP�:'G56R&>6]`a� �sM'6�B�`a���5�\.<*�:�";6/BF*1,Z(I*�6ê`9*�&KJL$/&)*1,�å

f : R4 → R4 : x 7→ f(x) := Fx
�H&)(

F =









0 −2 4 −1
0 2 0 0
0 0 2 0
1 1 −2 −1









fg&>0#b%*�0I79*�6/BF*16�BF*16íwd,)45G%0I&Z(I:'�ÕM/J#��e � ��M'6/Bí";0I.�*1&Z(I*�6É&)6çBF*��
K [T ]

�ÑWXG8B'M',
V := R4�H&Z(dB'*�0aJ+T«"%,>"%0+*16�WXM',Z(I&)$/,)&>T�"�(+&>G%6

p(T ) · v := (p(f))(v).tFP�:'0I&)(L( +_&5-#M/6/B +_&>&V-�åvfg&>0Õ:/"%.�*16»*�&>6ç230+?1*�M'45*�6/B'*�6/J+ÙFJE(I*��
(w1, . . . , w4)

b%G%6
V
?1M

7	Û;:',>*�6�M'6/B]BF*16]B'M'0IP�:
ϕ : (K [T ])4 → V : ei 7→ wi4%*14%*1.�*16'*�6 ß G5�sG5�HG%0I$':'&KJL�NM/J9?�M].�*AJE(I&)�H�H*�6vefzÛ;:/,Z(r��"%6R";,KJ

wi
BF&)*dT«"%6'G%6/&>JIP�:'*�6�2r&)6':/*�&)(IJ+b%*�TU(IG%0I*�6�&>�

R4,
J+G#.'&>,>B'*�6l6/"5P�: �c*1�N�

��"l��e �/�#BF&)*ÕtF$/";,)(+*16
uj
BF*10dP�:/"%0I"%T5(I*�0I&>JL(+&KJIP�:'*�6RW�"�(+0I&)Y

(u1, . . . , u4) := F − T · I
*�&>6'*�`	"%J+&KJmb5G%6

U :=
T5*�0

ϕ ⊂ (K [T ])4.tFP�:'0I&)(L( +_&>&)&5-¥å<[d&>*#:'&>*�0�?1M�.<*�(I0I"5P�:5(I*�6/B'*iW�"�(+0I&)YR&>JL(d";,KJ+G

A := F − T · I.
tFP�:'0I&)(L( +�&)b�-¥å«[\&)*AJL*rW�"�(+0I&)Yk&KJE(è6UM/6�";MF^/[\&>"%4%G56/";,)^_G%0I�z?�M#./0+&>6'4%*16ce1[\&>*m[\&>"%4%G%6�";,)^_G%0I�

J+*�,>./JE(\:/";.<*�6ê7�&>0dJIP�:'G%6ê&>6X`a���%�i.<*1JL(+&>�s�H�Õ(1e<fg&)0\.'0I"%M/P�:'*16]"%.�*10d";M�P�:XBF&)*�(+0�";6/JL^_G%0+�
�H&)*10+*16/BF*16zWX"�(I0+&>?�*16cer[k"�^_-'0�.�*A"%P�:U(+*16g7�&)0A@mB'"%C�BF*�0��è"%M/JIP�: b5G%6zt8$/"%,Z(I*�6gGFBF*10�B'"5J



`a�����%�

w�B'BF&>*�0I*�6�*�&>6'*1J\Qd&>*�,)^�"%P�:'*16X*�&>6'*10it8$�";,)(+*Õ?1M�*1&)6'*10k"%6/BF*10+*16c@/7�&>*Õ��";6É*1J\?�M'�ÖwdM/JL0�Û;M'�
�H*�6]b%G56��<*�&>,)*16].'0I"%M/P�:U(1@'BF&>*�WêM',)(+&>$',>&)T�";(+&>G%6ê�H&Z(a*1&)6/*�0a45*�*�&>4%6/*�(+*16�W�"�(+0I&)Y�b%G56�0I*1P�:U(�J
.<*1BF*1MF(+*16c@%M'6�BsB'&)*�*165(�JL$/0+*AP�:'*�6/B'*�6lë\$�*10I";(+&>G%6'*16N�H&)(9�<*�&>,)*16�BFM'0�P�:sWêM/,Z(I&)$',>&>T«";(+&>G%6�b5G%6
,>&)6'TFJ	0I*1"%,)&KJL&>*�0+(	7m*10IBF*16ce'WX"%6�.'0�";M�P�:5(a"%,>J+GN68M'0aB'&)*i.<*�&vBF*16sDE*�79*�&>,)&>4%*16�23&>6'?1*�,KJ+P�:'0I&)(L(+*16
*�6U(�JE(I*�:'*16/BF*�6�WX";(+0I&)?1*�6H";MF^_?1M'�ÕM/,Z(I&)$',>&>?�&>*�0I*�6HM'6/BH*10+:/Û%,Z(3J+G#BF&)* �è0�";6/JL^_G%0I��"�(+&>G%6�JL��"�(I0+&)�
?�*16

B−1 .'?17#e C.�<M'0awd.'T8-'0I?�M'6'4�J+*�(I?�*�6�7�&>0

α := 2 − T, β := −1− T − T 2,

79G;^_-'0aB'"%6'6
β + 7 = (T + 3)α

&KJE(Ae �a6/J+*�0I*#WX"�(I0+&)YR,K";MF(I*�(dB'"%�H&Z(








−T −2 4 −1
0 α 0 0
0 0 α 0
1 1 −2 −(1 + T )









waM�JaBF*�6]*10IJL(+*16êë\$<*�0�"�(I&)G56'*�6�*�0I4%&>.F(aJL&KP�:�B/"�^_-'0








1 0 0 0
0 1 0 0
0 0 1 0
T 0 0 1

















0 0 0 1
0 1 0 0
0 0 1 0
1 0 0 0

















−T −2 4 −1
0 α 0 0
0 0 α 0
1 1 −2 −(1 + T )

















1 −1 2 1 + T
0 1 0 0
0 0 1 0
0 0 0 1









=









0 0 0 1
0 1 0 0
0 0 1 0
1 0 0 T

















−T −2 4 −1
0 α 0 0
0 0 α 0
1 1 −2 −(1 + T )

















1 −1 2 1 + T
0 1 0 0
0 0 1 0
0 0 0 1









=









1 0 0 0
0 α 0 0
0 0 α 0
0 −α 2α β









=: A1.

Wê&)(

B−1
1 :=









0 0 0 1
0 1 0 0
0 0 1 0
1 0 0 T









M'6/B

C1 :=









1 −1 2 1 + T
0 1 0 0
0 0 1 0
0 0 0 1









&KJE(d"%,>J+G
A1 = B−1

1 AC1.naM/6êT«"%6'6ê��";6êBF&>*�*�0�JL(+*N�<*1&),>*�M'6/B]*10IJL(+*ÕtF$/";,)(+*�b5G%6
A1

?�M'6�Û%P�:/JL(a7m*14%,K"%JIJL*16�M/6/B
�H&Z(dB'*�0 ��*AJE(I�H";(+0I&ZY

A′
1 :=





α 0 0
0 α 0
−α 2α β




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79*�&)(+*�0I��"%P�:'*16ceF[d&>*#&>6]`a���5�kB'M'0IP�:/4%*�^_-/:'0L(I*�6êtFP�:'0I&Z(+(+*#,>&)*�^_*�0I6




1 0 0
0 1 0
1
7β 0 1









1 0 1
0 1 0
0 0 1









1 0 0
0 1 0
1 0 1









α 0 0
0 α 0
−α 2α β



 ·

·





1 −2 −(T + 3)
0 1 0
0 0 1









0 0 1
0 1 0
1 0 0









1 0 1
7α

0 1 0
0 0 1





=





2 0 1
0 1 0

2
7β + 1 0 1

7β + 1









α 0 0
0 α 0
−α 2α β









−(T + 3) −2 − 1
7β

0 1 0
1 0 1

7α





=





−7 0 0
0 α 0
0 2α 1

7αβ



 =: A′
2.

Wê&)(dBF*�6ê"%MF^_�ÕM',)(+&>$',>&)?1&)*10L(I*�6],>&)6'T5*�6�.'?�7#e/0+*AP�:5(I*�6]WX"�(I0+&>?�*16

(B′
2)

−1 :=





2 0 1
0 1 0

2
7β + 1 0 1

7β + 1



 ,

C ′
2 :=





−(T + 3) −2 − 1
7β

0 1 0
1 0 1

7α





&KJE(d"%,>J+G
A′

2 = (B′
2)

−1 ·A′
1 · C ′

2.[\&)*ÕndG%0I��";,)^_G%0I�Ôb%G56
A′

2

*10+:�Û;,)(a�H"%6êG;ìÌ*�68./"%01@'79*�6/6ê�H"%6XB'"%Jd[dG5$'$�*1,Z(I*NBF*10a?�79*�&)(+*16
�<*1&),>*ib%G%6]BF*10�,)*�(+?�(I*�6êJ+M'.F(+0�";:/&)*10L(A@'Bâe :ve'b%G56�,>&)6/T8J	�H&)(\BF*10aWX"�(I0+&)Y

(B′
3)

−1 :=





1 0 0
0 1 0
0 −2 1





�ÕM/,Z(I&)$',>&>?�&>*�0+(1ernd&)�H��(l��"%6="%,),>*1JH?1M/JI";�H�H*�6c@�^_-',>,)(RBF&)*êb5*�0IT8-'0+?�(+*16oWX";(+0I&)?1*�6=";MF^#BF&>*
b%G5,),>*�jk0+u5C%*i";MF^E@�JLGs:/";.<*�6]7�&>0a";,KJLG�å'Wê&)(

B−1 :=

(

1
(B′

3)
−1

)(

1
(B′

2)
−1

)

·B−1
1

M'6/B
C := C1 ·

(

1
C ′

2

)

&KJE(

B−1AC =
BF&K";4

(1,−7, α,
1

7
αβ) =









1
−7

2 − T
− 1

7 (2 − T )(T 2 + T + 1).









[k";.<*�&c&KJE(

B−1 =









0 0 0 1
1 2 0 T
0 0 1 0

1
7β + 1 2

7β + 1 −2 T ( 1
7β + 1)











`a����� �

M'6/B

C =









1 2T + 4 4 1
7β + (T + 1) 1

7α
0 −(T + 3) −2 − 1

7β
0 0 1 0
0 1 0 1

7α









.

ß &>*�0�";M�J	.�*1T%G%�H�Õ(	��"%6�BF&>*�WX";(+0I&ZY B ?1M

B =









−T − 2
7β − 1 4 2

0 1
7β + 1 −2 −1

0 0 1 0
1 0 0 0









.

��:'0I*�t8$/";,)(+*16êJL*1&)*16
(b1, . . . , b4).tFP�:'0I&)(L( +_b8&5-¥å8Wê&)(mBF*���&>6RtFP�:'0I&Z(+( +_&5-SM'6/B�+�&)&5-�6'G%(+&>*�0+(+*16 ß G%�HG5�sG50+$/:'&>J+�ÕM�J ϕ :/"%.�*167�&>0�?1MÕ.<*�0I*1P�:'6/*�6
vi := ϕ(bi)

M'6/BÕB'&)*AJL*
vi
*�0I?�*1M'4%*16�?�Ù8T8,)&KJIP�:'*9WXG8B'M',)6sBF*�0I*�6�ë\0IB'6UM/6'4

4%*10I"5BF*�BF&>*
δi,

Bâe :ce�BF&)*í[d&K";45G%6/"%,)*1,)*1�H*�6U(+*�B'*�0�.�*10+*AP�:'6'*�(I*�6zndG%0I�H"%,Z^_G50+� b%G56
A =

F − T · I J+&)6�Bâ@/";,KJ+G

δ1 := 1, δ2 := −7, δ3 := α = 2 − T, δ4 :=
1

7
αβ = −1

7
(2 − T )(T 2 + T + 1).

2rJ�&KJL(

ϕ(b1) = ϕ((−T )e1 + e4) = (−f)(e1) + e4 = 0

ϕ(b2) = ϕ((−2

7
β − 1)e1 + (

1

7
β + 1)e2)

=
2

7
(f2 + f + 1)(e1) − e1 −

1

7
(f2 + f + 1)(e2) + e2 = 0.

[k";C :'&)*10sDE*1BF*AJL��";,
0
:'*�0�";M/J+T%G5�H��(R^_G5,)4%(�6�"�(+-/0+,>&>P�:z(+:'*1G%0I*�(+&KJIP�:æB'"%0I"%M/J�@9B'";C

δ1, δ223&>6':'*1&Z(I*�6�J+&)6/Bc@èJ+G%�H&Z(
ϕ(b1), ϕ(b2)

"%,>JNë\0�BF68M'6'4UJL&KBF*A";,SBF*�6»4U";6'?1*�6 ��&>6'4ê:/";.<*�6»M/6/B
B'"%�s&)(

= 0
J+*�&>6��N-/JIJL*16ce

2rJ	&KJE(

v3 := ϕ(b3) = ϕ(









4
−2
1
0









) =









1
1
1
0









+ 3 ·









1
−1
0
0









M'6/B�B/";�H&Z(T+�J+&)*1:'*a`a� � -�23&>4%*168b%*�TU(IG%0Sb%G56
f
?1M'� 2r&)45*�687m*10L(

2. ß &>*�0I?�MH4%*1:'u%0+(rBF*1030+*AP�:U(J+&)�H$',>*#?�Ù8T8,)&KJIP�:'*kWXG8B'M',
V3 := R

�8JL$�";6
(v3).h'*10+6/*�0�&KJE(

v4 := ϕ(b4) = ϕ(









2
−1
0
0









) =









2
−1
0
0









.

ß &>*�0I?�M�4%*1:'u%0+(aBF*�0�?1Ù8TU,>&KJ+P�:'*#WêGFBFM/,

V4 := R
�UJL$/"%6

(v4, f(v4), . . .) = R
�5J+$/";6

(









2
−1
0
0









,









2
−2
0
1






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