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)+*�,.-0/1-324/6587�/:9:2;/1*<-:=6*>=1,?*<@ � =6@BAC*�-:D?@BE4-:24FG*IH1,JE;K�*<LNM?@BO4*QP�24/1AR*<-NM?S:T4FUM�=1,?*<@WV0EX,YMJ*�-
O4EX-%Z�[]\_^6`ba4c�dGc�eCc�`:fgc�`Nhji#kX*�-:24-1-NMlZBmn^6`6opfgc_iW[�c�\?qXa4c�`1i�r�s�c�`tc�`0hvut)+@G*wDY*xD�MJ*�S1*<-Qy19b*�,z=6@B*
Z�[]\_^6`baXsJc�{�|vcJ}6^6`N~:h�=6*�,�ZG�_`6{�|va4c�`0{4hzAx@GM?*<@G-�2;-:=6*<,�@G-%�n*�7<@G*<SN/:-1k:�(VNM�2pMYMl=6*wD�2;9:DYM?,�2;LNMJ*�-
��E4,?M?*<D�Z8|�`0{�|va4c�`:fJh�9�*<-0/6M?7<*�-���@G,+2;/:��SI2;/�D�=6*�,���/1L0FG@j=6@jD?��S1*<->�W*�EXAx*�M?,J@G*z*<-XMJ-1E4ACAC*�-:*
2;-�D?��S:24/1FB@B��S1*z�n*�kX,?@G�b*z��@B*
ZG~Xc�}0f�ap^6\?��}thji�Z8d�|vc�~;f�qp^��bh	*�M��;�
��@B,�DY*�M?7<*�-�=6@G*��Wy:FUMJ@GkXL4*�@GM�=6*�,]58EXFGkX*�-:=1*�->���X|v�pe�cnO4EX,J24/:D<�

���p������ �¡�¢1��£�¤¦¥0��¥I��¥N�l§©¨1ª�¥¬«�­®«
¯�°z±p²Q³	´lµ_¶G·tµ�¸�¯�µ_¸�±6¹0µ�·

g º ¶¼»6½©µ�¾�¿�´;·:Àb½gµwÁ�¹4¶�µzÂx¶¼½ g
¶B·1Ã�¶®¹0µ_·b½(¾?¶B·Ä¹�Å�Æ6¶�µx»p¶BÇ®¹0µ�·Èµ_¶G·bµ

É ¿�´4·1Àt½v¸�µ�¶BÊbµ�Âx¶¼½�Ë:¸�Ì º µ�¸ g Í Å»p²>³	´
µ�¶B·bµ�¸C¯�µ�¸_±0¹6µ�·
g º ¶�»6½]µ�¾�Î+»0µ_·bµ�·ÄÁ	¹4¶8µ�Âx¶¼½ g

¶B·1Ã�¶®¹0µ�·t½n¾Y¶B·Ä¹�ÅÄÆ0¶8µ�»p¶BÇ®¹0µ�·Ïµ�¶B·
É Î�»6µ�·tµ�·Ä»6Ð4¾�Ñ�Êbµ�ÇÄÂC¶¼½�Ë1¸_Ì º µ�¸ g Í Å¯�Òx±p²Q³	´Cµ�¶B·bµ_¸�Î�»6µ�·bµ

E− º ¶�»6½	µ�¾©¿�´;·1Àt½�µÓÁb¹X¶�µ�Âx¶¼½ E−
¶B·1Ã�¶®¹0µ_·b½�¾Y¶B·Ä¹�Å6Æ0¶8µ�»;¶GÇ®¹0µ�·Iµ�¶B·

É ¿�´4·1Àt½vÔ®µ�Ç®¹�ÂC¶®½�Ë:¸�Ì º µ_¸ E− Í Å»p²>³	´Iµ_¶G·bµ_ÂÕ¿�´4·1Àt½
P+ º ¶�»6½+µ�¾zÎ�»0µ_·bµ�·#Á(¹4¶8µ�ÂC¶¼½ P+ ¶B·1Ã�¶®¹0µ_·b½�¾?¶B·Ä¹�Å#Æ0¶8µ
»p¶BÇv¹0µ_·

µ�¶B· É Î�»6µ�·bµ_·t»1Ð;·Ä¹0µ_ÇÖÂC¶®½�Ë:¸_Ì º µ_¸ P+ Í Å¯�×Ø±p²Q³	´Iµ_¶G·bµ_¸�Î�»6µ�·bµ
E− º ¶�»6½�µ_¾�¯�µ_¸�±6¹0µ�·#Á�¹4¶�µ�ÂC¶¼½ E−

¶B·1Ã<¶v¹0µ_·t½]¾?¶B·Ä¹�Å#Æ0¶8µ
»p¶BÇv¹0µ_·
µ�¶B· É ¯�µ�¸_±0¹0µ_·1Ô®µ�Ç®¹�ÙjÆt½®¸�±;Ê1Ç�µ_·1Ô®µ�Ç®¹;²�ÂC¶¼½+Ë1¸_Ì º µ�¸ E− Í Å»p²>³	´
µ�¶B·bµ�Â�¿�´4·1Àt½

P+ º ¶�»6½nµ�¾Ø¯�µ_¸�±6¹0µ�·#ÁÖ¹4¶8µWÂC¶®½ P+
¶G·:Ã�¶®¹0µ�·t½©¾?¶B·Ä¹�ÅtÆ0¶�µl»p¶BÇv¹0µ_·

µ�¶B· É ¯�µ�¸_±0¹0µ_·Ä»6Ð;·Ä¹0µ_Ç]ÙjÆt½®¸�±;Ê1Ç8µ�·Ä»6Ð;·Ä¹6µ�ÇG²�Âx¶¼½�Ë:¸�Ì º µ�¸ P+ Í Å¯�ÚÓ² ³	´Iµ_¶G·bµ_ÂÛ¿(±4±;¸
{P+, E−}

±6´X¾+¿�´;·1Àt½�´;·Ä¹�Î�»6µ�·bµÓÁ�¹4¶�µ�ÂC¶¼½�µ�¶B·�±;·Ä¹0µ�¸�¶B·1Ã<¶v¹0µ_·t½
¾Y¶B·Ä¹1Á º ¶¼»6½©µ�¾�¯�µ�¸_±0¹0µ_·ÄÁt¹4¶8µW¾�ÜXÝ(ÜÓÊ1Ç�¹:´;¸<Ñ�ÊÈ¹4¶�µ�¾�µ_·�¿�´;·1Àt½ º µ_Êbµ�·I±pÇj¾�±6´6Ñ�Ê
¶B·È¹X¶�µ�¾�µ_¸Î�»0µ_·bµ�ÇG¶8µ º µ�·ÖÅtÞ+¶�µ�¾�µ.»p¶BÇv¹6µ�·¦µ�¶B· É ¯�µ�¸_±0¹0µ_·t»1Ð4¾�Ñ�Êtµ�Ç�Ù�Æt½v¸_±pÊ:Ç�µ_·t»1Ð4¾�Ñ�Êtµ�ÇG²WÂC¶¼½�Ë:¸_Ì º µ_¸
{P+, E−} Í Å¯Wß�±p²�àÖ¶�µ º ½Wµ_¶G·tµI¯�µ�¸_±0¹6µx¶G·áµ_¶G·tµ�¸�Î+»0µ_·bµwÁ(¾_Ü
ÇG¶8µ º ½+±6´1Ñ�Ê.â�µw¹0µ_¸�¿�´;·:Àb½Ø¹0µ_¸�¯�µ�¸_±0¹6µ�·Ùj±pÇj¾]¿�´;·:Àb½®¸_µ_¶GÊtµJ²�¶B·È¹X¶�µ�¾�µ_¸�Î�»0µ_·bµpÅ
»p²Ï¯�µ_Êt½#µ_¶G·tµ�¯�µ_¸�±6¹0µ�¹:´;¸<Ñ�ÊCµ�¶B·bµ_·Ø¿�´4·1Àt½�Á4¾_Ü º µ�Êt½t±1´6Ñ�Ênâ�µÓ¹0µ�Î�»6µ�·bµ�¹4¶8µ_¾_µ�¸�¯�µ_¸�±6¹0µÙj±pÇj¾]Î�»6µ�·bµ_·Ä»6Ð4¾�Ñ�Êbµ�ÇG²�¹:´;¸<Ñ�Ê>¹X¶�µ�¾�µ_·
¿�´;·1Àt½?Å

¯Wã�±p²�àÖ¶�µ º ½�µ�¶B·
¿�´;·1Àt½�¶B·Qµ_¶G·tµ�¸]Î�»6µ�·bµÓÁb¾_Ü�ÇB¶�µ º ½	·1¶®Ñ�Êt½6â�µÓ¹0µx¯�µ�¸_±0¹6µz¹0µ�¾]¿�´;·1Àt½gµ_¾xÙj±;ÇB¾Æt½v¸_±pÊ1Ç8µ�·Ä»6Ð4·Ä¹0µ�ÇG²�¶G·�¹4¶8µ_¾_µ�¸�Î+»0µ_·bµpÅ
»p²Ï¯�µ_Êt½�µ_¶G·tµ�Î�»6µ�·tµ�¹�´;¸�Ñ�ÊÏµ�¶B·bµ�·È¿�´;·1Àt½YÁ�¾�Ü º µ_Êb½n·1¶®Ñ�Êt½tâ�µÓ¹0µ�¯�µ�¸_±0¹0µC¹0µ�¸zÎ�»6µ�·bµÙj±pÇj¾�Æt½®¸�±;Ê1Ç�µ_·1Ô®µ�Ç®¹;²�¹:´4¸�Ñ�ÊÈ¹4¶8µ_¾_µ�·
¿�´;·1Àt½?Å

¯xä�±p²�àÖ¶�µ º ½+µ_¶G·å¿�´;·:Àb½W±6´;Ô�µ�¶B·bµ�¸l¯�µ_¸�±6¹0µ�·#ÁÖ¾�Ü º µ�Êt½]·1¶vÑ�Êt½Öâ�µÓ¹0µØÎ�»6µ�·bµ�¹6µ_¾�¿�´4·1Àt½�µ_¾Ùj±pÇj¾]Î�»6µ�·bµ_·Ä»6Ð;·Ä¹0µ_ÇU²�¹:´;¸<Ñ�Ê>¹4¶8µ_¾_µØ¯�µ�¸_±0¹0µ;Å
»p²Ï¯�µ_Êt½+µ�¶B·bµ�Î�»0µ_·bµ.¹:´;¸<Ñ�Ê¦µ�¶B·bµ�¯�µ�¸_±0¹0µÓÁÄ¾_Ü.ÇG¶8µ º ½]·1¶vÑ�Êt½#â�µw¹6µ�¸�¿�´;·:Àb½z¹6µ�¸�Î�»6µ�·bµÙj±pÇj¾]¿�´;·:Àb½®Ô®µ�Ç®¹;²W±1´;Ô�¹6µ�¸�¯�µ�¸_±0¹6µ�·ÖÅ

æ ¶B¸�·bµ�·:·bµ�·å¯�°�ç
¯xäW¹X¶�µ É ¯]¸<´4·Ä¹wètÊ�Ì;·bÜÓÂ.µ_·bµ�¹0µ�¸�à�± º µ Í Å
)+@G*wDY*]�W,?/1-�=6H1S:T4-1E4AC*�-:*(L4éX-1-1*�-�/:-1AC@UM?M?*�FB9:24,Ö58y1,�/1-:D?*�,J*(y19:FG@j��S1*�-�,JT4/1ACFG@j��S1*�-��n*<k4,J@U�t*
,J*<2;FB@jDY@B*�,?M��n*�,�=6*�-Ö�pV6@G*]DY@B-:=Ø7�/:=1*�AêD?E�58EX,?AØ/1FG@B*�,?M<ëp=124ì+D?@G*]9b*�@BAíZGî�^:qpd�|jï_|vc�\?c�`0h�ë;=Ä� SÖ�;=6*�A
ð /�D�M�2;/:DJ��S1*�-�=6*<,��©*<k4,J@U�t*�ñ�ò�/1-1LNM�ó�/1-:=�ñY�(9�*<-1*_óz@G-ID?@B��S�D?*�FB9:D�M�y:9�*<,?kX*�S1*<-#�
ôX*<=6*wD��W,?/1-�=6*�FB*�AC*�-NM�*�,�DJ��S1*�@B-NM�D?Ex@G-I=6,J*�@ ð /:DYH:,JT4k4/1-1kX*�-#ë0*<@G-1A�24F#2;FjD]*<D�D?*�FB9:D�Mwë658*�,J-1*<,
/1-NM?*<,�=6*�A ð D?H�*<LNM�=6*�,�9b*�@j=6*�-I24-:=6*�,J*�-Öõ

ò(/1-:LXM VNMJ,J24S1FG*<-091y1-:=6*<Fö�(9b*�-:*�-091y1-:=1*�F
ò(/1-:LXMJ,?*<@GS:* �W*�,�24=1* �(9b*�-:*�-091y:DJ��S1*�F
ò(/1-:LXM?58*�Fj= VNMJ,J24S1FG*<-658*�Fj= �(9b*�-:*
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��@B-17</
LXE4ACA�M�24/:D]@G-:7�@j=6*�-NM?*<-�ò(/1-1LNM�/1-:=
�(9b*�-:*�=124D

VNM?,�2;S1FB*�-091y�D?��S1*<F®�

� ¥��X¥����Ó¡��Ä����ª%«�­�� ¿�´;·1Àt½v¸�µ�¶BÊbµwÁ#Æt½®¸�±;Ê1Ç�µ_·���´4·Ä¹.Î�»6µ�·bµ_·Ä»6Ð4¾�Ñ�Êbµ�Ç]»0µ_ÃÓµ_¶vÑ�Ê1·tµ�·¦Ý�¶B¸z±1´6Ñ�Ê
±pÇj¾ É ¯]¸<´;·#¹ º µ;»p¶GÇ®¹0µzµ�¸�¾<½�µ�¸�Æt½?´;Ô®µ Í Å
��*�@GM?*�,�58E4,�=6*�,J-.��@B,�õ

���p������ �¡�¢1��£�¤¦¥0��¥I��¥N� ��¥N�"!#��#Ö %$�����ª�«b­'&
( °z±p²Q³	´+ÃXÝ�µ_¶�)pµ�¸�¾�Ñ�Ê1¶8µw¹6µ�·bµ_·�¿�´;·1Àt½gµ�· º ¶�»6½#µ_¾ º µ_·�±6´�µ�¶B·bµ�¯�µ_¸�±6¹0µwÁ0¹4¶8µ�»0µ_¶v¹0µ]µ_·b½®Ê�ÌpÇ¼½�Á¹4¶�µ É ( µ�¸Ó»p¶B·Ä¹:´;· º ¾ º µ�¸_±0¹0µ Í Å»p²>³	´�Ã4Ý(µ�¶*)pµ�¸�¾�Ñ�Ê1¶8µw¹6µ�·bµ_·�Î�»6µ�·bµ_· º ¶¼»6½Öµ�¾ º µ�·�±1´Wµ�¶B·bµ+¯�µ�¸_±0¹6µwÁN¹4¶�µ�¶B·�»6µ�¶®¹0µ�·xÇB¶�µ º ½�Á¹4¶�µ É ÆbÑ�Ê1·1¶¼½Y½ º µ_¸�±6¹0µ Í Å
( Òx±p²Q³	´xµ�¶B·bµ�Â ¿�´;·1Àt½©´4·Ä¹Cµ�¶B·bµ_¸©·1¶®Ñ�Êt½(¹:´4¸�Ñ�Êl¶BÊ1· º µ�Êbµ_·Ä¹0µ_·>¯�µ�¸_±0¹0µ_· º ¶�»6½�µ_¾ º µ�·b±6´µ�¶B·bµ�Î�»0µ_·bµwÁ�¹4¶8µx»0µ_¶v¹0µ�µ_·t½vÊ�Ì;Ç®½YÁÄ¹4¶�µ É ( µ�¸Ó»p¶B·Ä¹:´;· º ¾_µp»6µ�·bµ Í Å»p²>³	´�µ_¶G·tµ�¸(Î�»6µ�·tµW´;·Ä¹Øµ�¶B·bµ_¸(·1¶®Ñ�Êb½Ä¶B·C¶GÊ:¸(ÇG¶8µ º µ�·Ä¹6µ�·I¯�µ�¸_±0¹0µ_· º ¶¼»1½�µ_¾ º µ�·�±1´�µ_¶G·bµ_·¿�´;·1Àt½�ÁÖ¹0µ�¸�»6µ�¶®¹0µ�·Q±;· º µ_Ê,+Ó¸w½�ÁÄ¹0µ_¸ É ÆtÑ�Ê1·1¶¼½Y½Bè�´;·1Àt½ Í Å
( ×Ó² ³	Ý�µ_¶-)pµ�¸�¾�Ñ�Ê1¶8µw¹6µ�·bµl¯�µ�¸_±0¹0µ_·QÊ�±1»6µ�·Ïµ�·t½gÝ(µw¹0µ_¸ º µ_·�±6´�µ�¶B·bµ�·È¿�´;·1Àt½z´;·Ä¹ º µ�·b±6´µ�¶B·bµ�Î�»0µ_·bµ º µ�Â.µ�¶B·:¾�±pÂ Ü1¹0µ�¸�Ý(µw¹6µ�¸+µ�¶B·bµ_·
¿�´;·1Àt½�·bÜ1Ñ�Ê>µ�¶B·bµ�Î�»0µ_·bµpÅ
. Â Ç�µp½vÃX½�µ�·0/b±pÇBÇÄ·bµ�·:·bµ�·åÝ�¶B¸�¾Y¶8µ É Ý�¶B·Ä¹X¾�Ñ�Ê1¶8µ�Ô Í Å

1�E4-å=6@B*<D?*�-¬���X|v�;eCc�`áa4c�\32�c�\?op`�465Ó��^6`N~CD?@B-:=71 � 2�8�ë�1 � 2�8+/1-:=91;:�@BAÕ��/1L0FG@j=6@jD?��S1*<-
D?E;58E4,?M�*<@G-1FB*�/���SXMJ*�-:=#ëN�]T;S:,?*<-:=�1 � 9�8(/:-:=<1 � 9�8�@GA ��@j=6*�,�D?H1,?/���Sl7�/1,>=Ié4kXFG@j��S1LX*�@GM©=6*�,
H:24,J24FGFB*�FB*�-@?�2;kX*+OXE4-��W*<,J2X=6*�-�/1-:=�ApE0=1*�,]�(9b*�-1*<-
DYM?*<S1*�-#�1)+@B*<D]=6*�/1M?*�M�=124,J24/65ÖS1@B-#ë1=124ì
/1-:D?*�,�H:,?E4K�*�LNM?@BO4*<,]P�2;/1A -:@B��SNM�=6*<,�y191FB@B��S1*���/1L0FG@j=6@jD?��S1*z@jD�Mw�
�(@B-ÏA�2pM?S:*�A�2pMJ@BDJ��S1*<DB=IE6=6*�FBF®ë�=124D�E491@Bk4*<- ðDC @GEXAx*<-åk4*�-0y1k4M<ë#kX*���@B-1-NM�A�2;-ÏFB*�@j��SXM�24/65
58E4FBk4*<-:=6*C��*�@jDY*XõÄ��D�D?*�@FE *<@G-HG+é4,JH�*<,<�t��@B,�9�*�M?,�24��SNM?*<-�=1*�-�FG@B-1*<24,?*<-�P�2;/1A

K
4 /:-:=

=124,?@B-
24FGFB*
I J a;|�eCc�`1ï_|v�;`bqpdBc�`LK�`�f�c�\_\NMp^6e�cz^6`ta�`bc�`:`tc�`�ï_|vc.ZBmn^6`6opfgc;hji
O@J a;|�eCc�`1ï_|v�;`bqpdBc�`LK�`�f�c�\_\NMp^6e�cz^6`ta�`bc�`:`tc�`�ï_|vc.Z�[�c�\Jq4a4c�`0hji
P<J a;|�eCc�`1ï_|v�;`bqpdBc�`LK�`�f�c�\_\NMp^6e�cz^6`ta�`bc�`:`tc�`�ï_|vc.ZBr�s�c�`bc�`Nhvu
�_`6{�|va4c�`0{xc�\?o;dQM;\?c�`SR�|�\T4:s�c�\�a;|vcW��`b��d�^0ï_|v�p`Q|�e

K
4 u

)W2;-1-Ï*<,?kX@G96MxDY@j��S¦=6@B*��Wy1FGM?@Bk4L4*<@UMx=6*�,Øk4*�58EX,J=1*�,?M?*�- ðUC @BE4AC*l/1-�D?��S0�n*�,�24/:D�V6T;M?7�*<-¦=6*�,
FB@G-1*w2;,J*�- ð FBk4*<91,J2:�

� ¥��X¥����Ó¡��Ä����ª%«�­'V Þ+¶8µC¾�ÜIµ_¸?Êb±pÇ¼½�µ�·tµ�Æt½v¸w´;Àt½Y´4¸�Êbµ�¶'W:½�¹0µ�¸ É èt¸�Ü�â�µ_Àt½v¶X)ÓµZY�±6´4Â ¹0µ_¸ØÞ+¶[�
Â.µ�·:¾?¶8ÜÓ·Q×lÐ�»0µ_¸ E]\

P
3(K) Í Å

�3T;S:FG*<-I��@G,+S1@G*<,�*�M��n2<E 24FBD�*�@B-1*�-I*<-:=6FB@B��S1*<-0G�éX,?Hb*�,wë:D?El@jD�M�-�2pM?y:,?FB@B��SQ24/:��SI=6*�,+*�-NM �
DYM?*�S:*�-:=6*xH1,JE;K�*<LXMJ@GOX*�P�24/1A�*�-:=6FB@j��S#�Ä)�@B*<D+58y1S1,?Mz7��]2;,�7</>A�2;-���S1*�-Q@B-NM?*<,?*wD?DJ2;-NM?*<- ð - �
�n*�-:=6/:-1k4*<-#ë1DYEXFGF0K�*w=6E6��S�S1@G*<,�-1@j��SXM��n*�@GM?*<,�O4*�,?58E4FBk;M��n*�,�=6*�-Ö�6��@G,]58EX,J=6*<,?-�=6*wDYS:24FG9�=12XD

^ ¥��_�w¡�¡�¨�`ba6�vª�!�¥��ba6c<¨ed	�®£�¤ «b­[f ¿�´4·1Àt½v¸�µ�¶BÊbµ�·ÄÁ1¯�µ_¸�±6¹0µ�·��Ö´;·Ä¹zÎ�»6µ�·bµ_·Ä»6Ð4¾�Ñ�Êbµ�Ç0Ê�±:»0µ_·nâ�µg�
Ý(µ�¶BÇB¾z´;·tµ�·Ä¹4ÇB¶®Ñ�Ê9)Ó¶8µ�Ç8µ�Î(Ç�µ_Â.µ�·t½�µ;Å
)+@G*wDÖ@jD�M�-:2pMJy1,?FB@j��S�2;/6MJE4A�2pMJ@BDJ��S�*�,?58y1FBFUMwë<�n*�-1-���@B,ÖOXE4-�=6*<AhG+é4,JHb*�,

R
=6*<,Ö,J*�*<FGFB*�-Zit24S1FB*�-

2;/�DYkX*�S1*<-#ë��n2XDx/1-:D�7</%=1*�A ,J*�*<FGFB*�-
P

3 58y1S:,YMw�F1�E4-�=6@B*<D?*�AR�©EXFGFB*�-���@G,�/:-:D�-0/1-%*�@B-
~NcJ�;eCc�f¼\_|jï���}1c�ïU=IE6=6*�FBF#O4*<,JDJ��S:2;�b*<-#ë6�n2XD]-1@j��SXM�-0/1,�=1@G* ðDC @BE4AC*�-:2X��S17�/:H1,?y158*�-
*�,JFB24/196M<ë
D?E4-:=6*<,?-È2;/:��SQ*<@G-:*�-È=1@G,J*�LNM?*<->�n*�7</1k.7</È=6*<,W/:-:D�OX*�,?M?,�2;/6MJ*�-Q��/1L0FG@j=6@jD?��S1*<-��W*<E4AC*�MJ,?@B*
S:2;M<�
��@B,�9�*<k4@B-1-1*<-�AC@GM�=6*�-Ïò�/1-1LNM?*<-#ë��W*�,�24=1*�-#ë#��9�*<-1*�-¦=6*wDzk4*<�©éXS1-1FB@B��S1*<-È��/1L0FG@j=6@jD?��S1*<-
P�24/1AC*<D©/1-:=�58y:k4*�-�-1E6��S.kX*���@jD?D?*��n*�@GM?*�,J* � OXE4A �(/1L0FB@B=6@jDJ��S1*�-�VNMJ24-:=6H1/1-:LXMxZ8^6`bc�|U~Nc�`�f J
d�|v��}1c4h � �(FB*�AC*�-NMJ*�S1@G-:7�/#ë1-�T;ACFG@j��S



��� ¶8ÜÓÂ.µ�¹0µ�¸+à�± º µ ��� :

� 7�/�K�*w=6*�,C�W*�,�24=6*<-åk4*�-�2;/å*�@B-1*�-�^6`tc�|U~Nc�`:f¼d�|v�J}:c�`¦mn^6`6opf¼ë#@BS1,?*<- Z��Öc�\_` 5t^6`0o;f?hYëÖ=6*�-¦D?@B*
k4*<-:2;/
AC@UM�24FGFB*�-
7�/�@BS1,�H:24,J24FGFB*�FB*�-I�W*�,�24=6*<-.kX*�AC*�@B-:DJ2;A S:2;M<ë
� 7�/xK�*<=1*�,��(9b*�-:*�k4*�-�2;/
*�@B-1*�^6`bc�|U~Xc�`:f¼d�|v��}1c.[�c�\?qXa4c�ë:@BS1,J*�Z��Öc�\_`N~Nc�\Jq4a4c4hji#=6@B*zD?@B*�k4*�-�2;/AC@UM�24FGFB*�-
7�/�@BS1,�H:24,J24FGFB*�FB*�-
�(9b*�-1*<-
kX*�AC*�@B-:DJ2;A S�2pM<ë
� *�@B-1*z58*<DYM?*�^6`tc�|U~Nc�`:f¼d�|v�J}:cWr�sJc�`bc�ë:=6@B*�Z���c�\_`tc<s�c�`bc4hvu)+@G*��1*<,?-1kX*�,�24=6*©*�@B-1*�,��(9b*�-1*]9b*<DYM?*<S1*n24FBD�ò(/:-1LNM?,J*�@BS1*n24/:D�k4*�-�2;/Ø24FGFB*�-��1*�,J-1H1/:-1LNM?*�-x=6*�,
@B-l@GS:,©FB@G*<k4*<-:=6*�-.�W*<,J2X=6*�-ÖëX=6@B*	�:*�,J-1*�9b*�-1*W2;FjD(ò(/:-1LNMY58*�Fj=.24/:D(kX*�-:24/l2;FBFG*<-
�1*<,?-:H1/1-1LNM?*<-
/1-:=�24FBD�VNMJ,J24S1FB*�-658*<FB=�2;/�D]k4*�-�2;/�24FGFB*�-��:*�,J-1k4*<,J2X=6*�-#�
��2X��Sá=6*<A *�9b*�- ð /:D?k4*�58y1S1,?M?*<-¬9b*<DYM?*�SNMl=124-1-¬*�M��n2È=6@G*
�1*<,?-:k4*�,�24=1*.*�@B-1*<,x��9�*<-1*I2;FjD
�(9b*�-1*<-091y:DJ��S1*�FW2;/:D�2;FBFG*<-�7�/3=6@B*<D?*�,��(9�*<-1*>H�2;,�2;FBFG*<FG*<-���9�*<-1*�-3/:-:=�=6*�,��1*<,?-1*<9�*<-1*4ë
58*�,J-1*<,�=6*�,��:*�,J-1H1/1-1LNM�*�@B-1*<,��W*�,�24=6*<-

g
24FBD]�(9b*�-:*�-091y1-:=1*�FÖ24/:D�2;FBFG*<-���9�*<-1*�-#ëb=6@B*W*<@G-:*

7�/I=6@B*<D?*�,��W*<,J2X=6*�-
g
H:24,J24FGFB*�FB*z�W*<,J2X=6*z*�-NM?S�2;FGM?*�-Öë6/1-:=�=6*�,��:*�,J-1*�9b*�-:*4ë1*�MJ�;�

=IE4M?@BON@B*�,?M���@B,J=¬DYEXFB��S1*wD 1�E4,Jk4*<S1*�-¦24/:D�=1*�,�7<*�@j��S1-1*<,?@jD?��S:*�-Ïò	*�,�DYHb*�LNMJ@GOX*4ëÖ�nEQ*<9�*<-¬=6@B*
�n@GFj=6*<,�H:2;,�2;FBFG*<FG*<,z�W*<,J2X=6*�-�*�@B-1*<-å24/65n=1*�A it*�@j��S1*�-091Fj2pM?Mz*<,JDJ��S1*<@G-1*<-:=6*<-�V6��S1-:@UM?M?H1/1-:LXM
*�,JS:24FUMJ*�-�L4é4-:-1*�-#ë�/:-:=�/1ACk4*�LX*�S1,?MC7�/%A�2;-:��S1*<-áò�/1-1LNM?*<-�E6=6*<,.�W*�,�24=6*<-¬LX*�@B-á,J*<24FG*wD
�n@GFj=
* C @jD�MJ@G*<,YMw�
��D	91FB*�@B96M�-0/1-x*�@B-1*]FB24-1k4��@B*�,J@GkX* ð /158kX2;9b*4ë;=1*�,(V0@B*]D?@j��SØ2;9b*�,	�n*�-1@BkXDYM?*<-:D�7�/1A��Ö*<@GF6/1-NMJ*�, �
7�@B*�S:*�-QD?E4FBFUMJ*�-#ë1-�24��S17</N�n*�@jD?*�-#ë1=124ìl2;FBFG* ðDC @GEXAx*�=1*�, ?�2;k4*z/1-�= 1�*�,JLN-0y1H158/1-1kl/1-:*�@B-1k4* �
DJ��S1,JT4-1LNM©kX*�FGM?*�-ÖëX/1-�=�=124ìØ=6@B*�V0E4-:=1*�,J,?EXFGFB*�=6*<,n/:-1*�@Bk4*<-XMJFG@j��S1*<-#ëN=#� S#�1=1*�,��1*�,J-1*<FG*<Ax*<-NM?*4ë
-0/1,�9b*�@b=6*�,©�(-NM���@B��L0FB/1-1k�OXE4A��(/1L0FG@j=6@jD?��S:*�-.VNM�2;-:=6H:/1-1LNMn24/:D�9b*<DYM?*�SNMwëX@B-l=6*�A 58*�,?M?@Bk4*<-
�W*�9:@GFj=6*I2;9b*�,�2;FBFB*
ò�/1-1LNM?*Xë©�W*�,�24=6*<-#ë	�(9b*�-1*<-�/:-XMJ*�,J*�@B-:2;-�=6*�,xO4éXFGFB@Gk�k4FB*�@j��S09�*<,?*w��SNM?@Bk;M
D?@G-:=#�
)+@G*wD©D?E�*�,JS:24FUMJ*�-1*<-.�W*�91@BFB=1*�@jD�M]=6@G*zVNM?,J/1LNM?/:,<ëN@G-�=6*�,©��@G,n/1-:D?*�,J*�=6,J*�@j=6@BAx*<-:D?@GEX-:2;FB*�D��N- �
M?S:*�M?@jDJ��S1*.H1,JE;K�*<LNM?@BO4*.�W*�EXAC*�M?,J@B*l9�*�M?,J*�@B9�*<-¬�n*�,�=6*�-ÖëÖ�nE49b*�@���@B,�kXFG*<@B��S¦D?*�S:*�-¦�n*�,�=6*�-Öë
=124ìx*wD�D?@B��S
/1A�=6*�-�,J*�*�FBFB*�-

P
3 S:2;-�=6*�FGM<�:)+@B*<D?*�k4*�EXAC*�M?,J@jD?��S1* G+E4-:DYM?,J/1LNM?@BE4-�*�,JFB24/196M�*<D2;9b*�,wë;=12XD��W*�EXAx*�M?,J@BD?@B*�,J*�-�AC@GM©=6*<-��+91K�*�LNM?*<-xò�/1-1LNM<ëX�W*<,J2X=6*4ë4�(9�*<-1*�7�/C9b*�MJ,?*<@G9b*�-#ëN=6@B*

D?@B��SÈ@G-åO0@G*<FG*<,?FB*�@ ��@G-:D?@j��SXM�D?E�OX*�,JS:2;FGM?*<-#ët��@G*C��@B,z*<D�2;/�DW=1*�,��(/1L0FB@B=1@BDJ��S1*�-��(FB*�AC*�-NM�2;, �
k4*<E4AC*�MJ,?@B*�L4*<-1-1*<-#ë:/1-�=I-1@j��SXM+91FGEXì���24Ax*<-�58y1,z2 C @GEXA�2pM?@jDJ��S
��S:24,J24LNM?*�,J@jDY@B*�,?M?*��+96K�*�LNMJ*
D?@G-:=#�
)W2;9b*�@n*�,Jk4@B96M�DY@j��SÏ-1E6��Så58E4FBk4*<-:=6*@G+E4-�DY*��X/:*�-17XõÄ�3T;S1FB*�-Ï��@B,�@B-¦/1-:D?*�,J*�A H1,JE;K�*�LNMJ@GOX*�-
P�24/1AÛ*�@B-1*�9b*�FB@G*<91@Bk4*C�(9b*�-1*.24/:D<ëÄ-1*�-1-:*�-åDY@B*åZ��Öc�\_`bcws�c�`tc;hYë#2;FBFG*C@B-�@BS1,�FB@G*<k4*<-:=6*�-Ï�W* �
,�24=6*<- Z���c�\_`0~Xc�\?qXa4c�`Nh�/:-:=Ï2;FBFG*C@B-Ï@GS:,�FG@B*�kX*�-:=1*�-åò(/1-1LNMJ*ÏZ��Öc�\_` 5t^6`0o;f�c4h�ë#D?EI*�,Jk4@B96M�=6*�,
P�*wD�M]*�@B- =IE6=6*<FGFÄ/:-:DY*<,?*wD�y:91FG@j��S1*<-.�(/1L0FB@B=1@BDJ��S1*�-�P�24/1AC*<D��N=Ä� S#�6��@B,]L4é4-:-1*�-l/:-:D]=6@G*wDY*<-
P�*wD�M�D�MJ*�M�D�@BA �(/1L0FB@B=6@jDJ��S1*�-
�©@BFj=lO4*<,J24-:DJ��S:2;/1FB@j��S1*�-#ë4/1-:=l@B-:D?9�*wDYEX-:=6*<,?*W=12;-1-�ò�2;,�2;FBFG*<FG@ �
MJT;M©y19b*�,nk4*<AC*�@B-:D?24AC*��1*<,?-1*<FG*<AC*�-NM?*�*<,?L0FjT;,J*�-#��=Q2;-l9b*<2X��SNM?*�249�*<,<ëN=12;ì�@BA H1,JE;K�*�LNMJ@GOX*�-
P�24/1A �n*<k4,J@U�t*���@G*QZ 51q;\?qpd�dGc�d8h�ë®Z8\?c���}0fgc�\��
|�`0oXc�d8h�E0=1*�,�Z���Mp`0~Xc �p�p`"!�f¼\?c��JoXc�`��wa4c�\#�
|�` J
oXc�d�`0h12]H1,J@BE4,J@;-1@j��SXM#*<,?L0FjT;,?MÖDY@B-:=ÄëwDYEX-:=6*<,?-W*�,�D�M�@G-�D?H�*<7�@B*�FBFG*<AhG+E4-NMJ* C MÄ*�@B-1k4*�58y1S1,?MÖ�©*<,J=1*�-
L4éX-1-1*<-#�
�n*�MJ,J2X��SXMJ*�-���@B,©-0/1-
=6*�- ib/:DJ2;ACAC*�-1S:24-1k�=6*wDnE49b*�-.24-:D?��S�2;/1FB@B��S�kX*<DJ��S1@BFB=6*<,YMJ*�-�kX*�E4AC* �
M?,J@jD?��S1*<-7=IE6=6*<FGFjDWAx@GM�=6*�AÛ24/:D+=1*�-"$�-NM?*�,J,�T;/1AC*�-È=6*<D

R
4 k4*�9:@GFj=6*�MJ*�-

P
3 �t��@B,+9b*�kX@G- �-1*<-
AC@GM+=6*<,+�W*�,�24=6*<-
24FBD]ò�/1-1LNM?,J*�@BS1*4�%��2X��S
=6*<A&$�-NM?*�,J,�2;/1A � =IE6=6*�FBFÄDY@B-:=I2;FjD?Ex=6*<,?*<-

ò(/1-:LXMJ*Q2;FBFG*
*�@B-:=6@BAC*�-:D?@BE4-:24FG*�$�-NMJ*�,J,JT4/1AC*�*<@G-1*wDx7��n*�@j=6@GAC*<-:DY@BE4-�2;FB*�-áP�2;/1AC*<D
g
ë�=6*�,

@jDYEXAxEX,?H:S.7�/:A
R

2 @jD�Mw��V0@B*�S1* ð 9191@BFB=6/:-1k � � � �
��@B,��nT4S1FB*�-�2;FjD

g ∼= R
2 =1@G*Zib*<@B��S:*�-1*<9�*<-1*�AC@UM���/1FGFBH1/1-:LXM O

��ôX*<=6*<,�H1,?E4K�*�LNM?@BO4*Wò(/1-:LXM
P
��@G,�=�=124-1-.=6/1,���SC*�@B-1*�-.*�@B-:=6@BAx*<-:D?@GEX-:2;FB*�-�$�-XMJ*�,J,J24/1A�ë42;FjD?E�=6/1,���S�*�@B-1*	��/1FGFBH1/1-:LXM�D �

�W*�,�24=1*
P ' =6/:,J��S O

8Ø=12;,Jk4*wD�MJ*�FBFUMw�(��/1-¦7�*<@B��S:-1*�-¦��@B,x*�@B-1*.9b*�FB@G*<91@Bk4*
�W*<,J2X=6*
ḡ
`:|v��}0f

=6/1,���S
O
ëX/:-:=xM?,�2;kX*�-�=6*�-.V1��S1-1@GMYM?H:/1-1LNM

P̄
=6*<,)��/1FBFBH1/1-1LNMJD?k4*<,J2X=6*�-

P
ëX=6@G*+=6*�-lH:,?E4K�*�L �

M?@BO4*<-Øò�/1-1LNM
P
=:2;,�D�MJ*�FBFUMwë;AC@UM

ḡ
*�@B-#� ð /65Ä=6@G*wDY*]��*�@jDY*���@B,�=�K�*w=6*�A H1,?E4K�*�LNM?@BO4*<-Øò�/1-1LNM

Pk4*<-:2;/�*<@G- ' k4*<�©éXS1-1FB@B��S1*<, 8©ò(/:-1LNM P̄
=6*�,+k4*<�©éXS1-1FB@B��S1*<-Q�W*�,�24=6*<-

ḡ
*�@B-1*�@B-:=6*</6M?@Bkl7�/:k4* �

E4,�=6-1*�M��<*<D�k4@B96M1K�*<=1E0��S�*�@B-1* ð /:DY-�2;S1AC*4õÓ)+*�,�=1/1,J��SØ=6@G*�7�/
ḡ
H:2;,�2;FBFG*<FG**��/1FBFGH1/:-1LNMJD?k4*�,�24=1*

=124,?kX*<DYM?*�FBFGM?*�ò(/:-1LNM
P∞

k4*<SXM©FG*<*�,©24/:D<ëX91@jD©��@G,©@GS1AÛaXc�`>c�|�`bc�`��:*�,J-1H1/1-1LNMnO4E4-
ḡ
7�/1EX,J= �

-1*<-#��?�24DJDY*<-C��@G,©-N/:-l=6*�-�V0M?,�2;S1F
P
*�M��n2�@GA+$�S1,J7�*<@GkX*�,�DY@B-1-�LXE4-NM?@B-0/1@G*<,?FB@j��SØ/1A

O
,JE;M?@B* �

,J*�-#ë1D?EØ�]2;-�=6*�,?M�=6*�,]7�/:k4*�EX,J=1-1*�MJ*+ò(/:-1LNM
P̄
7�/:-:T4��S:DYM�-:24��S�,?*w��SNMJDn91@jD]7�/1A&�1*�,J-1H1/:-1LNM

/1-:=�LXE4ACA�Ml=124-1-%O4E4-�FB@G-1L6D���@B*<=1*�,l2;-Ö�()�@B*QH1,JE;K�*<LXMJ@GOX*��W*<,J2X=6*�@BDYM.2;FjDCò(/1-:LXMJ,?*<@GS:*
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O

P1

P2

P3

P∞

P̄1 P̄2 P̄3

ð 919:@GFj=6/1-1k � � �

*�@B-1*+k4*<DJ��S1FBEXDJDY*<-1*D?#@B-1@B*4ë6=6*<, �:*�,J-1H1/1-1LNMnL4*�@B-1*wDY�n*�kND(*�@B-l�(-�=6*4ë6=Ä� S#�NM?EXH�EXFGEXk4@jD?��SC@jD�M�=6@B*
H1,JE;K�*<LXMJ@GOX*z�W*<,J2X=6*z*�@B- Gz,?*<@BD<�

O

Ē−

ḡ1

ḡ2

g1 g2

ð 919:@GFj=6/1-1k � � �

ð -�2;FBE4kQLXé4-1-1*<-Ï��@G,Ø58y1,C=6@B*.H1,JE;K�*<LXMJ@GOX*��(9b*�-1*
O4EX,?kX*�S1*<-#��V0@B*�S1* ð 919:@GFj=6/1-1k � � � ����@G,
9b*�k4@B-1-1*<-ÈAC@GM�=6*�,z�(9b*�-:*l2;FjDzV0M?,�2;S1FB*�-658*<FB=#� ��24��Så=6*<A $�-NM?*<,?,�2;/:A � =IE6=6*<FGF	DY@B-:=�=6@B*<D?*
VNMJ,J24S1FG*<->2;FBFB*�7��n*�@j=6@BAx*<-:D?@GEX-:2;FB*�- $�-XMJ*�,J,JT4/1AC*�*�@B-1*wD+=6,J*�@j=6@BAC*�-:D?@GEX-:2;FB*�-QP�2;/1AC*<D

E−
ë

=6*<,n24FBD?E�@jDYEXAxEX,?H:S�7�/1A
R

3 @BDYM<�6V0*�@B- ��/1FBFGH1/:-1LNM]D?*�@b��@G*w=6*�, O
�6ô4*w=6*�H1,JE;K�*<LNM?@BO4*+�W*<,J2X=6*

g
/1-�DY*<,?*wD��1*<FB=6*wD���@B,J=�=124-1-I,?*w2;FB@BD?@B*�,?M�=1/1,J��S
*�@B-1*���9�*<-1*�=6/1,���S

O
� ��/:-I7�*�@j��S1-1*<-���@G,

*�@B-1*���9�*<-1*
Ē−

ë�-1@j��SXM�=1/1,J��S
O
/1-:=
MJ,J24k4*<-�=1@G*�V6��S:-1@UM?M?kX*�,�24=6*<-

ḡ
OXE4-

g
AC@UM

Ē−
*<@G-#�

��y1,]K�*<=1*xH:,?E4K�*�LNM?@BO4*��W*�,�24=6*
g
*�,JS:2;FGM?*<-È��@B,z@G-

ḡ
k4*<-:2;/È*�@B-1*Ck4*��né4S:-1FG@j��S1*��W*�,�24=6*x@B-

=6*<,�k4*��né4S:-1FG@j��S1*<-��(9b*�-1*
Ē−

ëp�nE49b*�@6��@B*<=6*<,�k4*�-�2;/x*�@B-1* ð /:D?-:2;S:Ax*�*<@G-NMJ,?@GMYMwõ4)�@B*�=6/1,���S
=6@B*C7�/

Ē−
H�2;,�2;FBFG*<FG* ��/1FBFBH1/1-1LNMJD?*�9b*�-:*C=:2;,Jk4*<DYM?*<FGFGM?*��W*�,�24=1*

g∞
FG@B*�58*<,YM�AC@UM

Ē−
LX*�@B-1*

k4*<�©éXS1-1FB@B��S:*zV6��S:-1@UM?M?kX*�,�24=6*Xë691@BD]��@B,�*<9�*<-
@B-
Ē−

-1E6��Såa;|vc��1*<,?-:k4*�,�24=1*+*<@G-658y:S1,?*<-#�
�g-¬=6@B*<D?*�, �1*<,?-1kX*�,�24=6*<-åFG@B*�kX*�-¦=124-1-¬2;/���SÏk4*�-�2;/¦=6@B* �:*�,J-1H1/1-1LNMJ*�2;FBFB*�,�=6*<,C�W*<,J2X=6*�-Öë
=6@B*�kX24-17C@G-¦=6*<,��(9b*�-1*

Ē−
O4*�,JFj2;/658*<-#�#)+2�H�2;,�2;FBFG*<FG*l�W*�,�24=1*�-å=6*�-¦D?*�FB9�*<- �1*�,J-1H1/:-1LNM

S:249�*<-#ë6DY@B-:=.=1@G*wD©24FBD?E�kX*�-:24/.=6@B* �:*�,J-1H1/1-1LNMJ*W=6*<,]�W*<,J2X=6*�-.*�@B-1*<D©kX24-17�@B-�=6@B*<D?*�,n�(9b*�-1*
FB@G*<k4*�-�=6*�-I�W*�,�24=6*<-091y:DJ��S1*�FjD��
��@B,nS�2pMYMJ*�-�58*<DYM?kX*<DYM?*�FBFGM<ë6=12;ìx=6@B* ' ,?*<*�FBFG*"8(H:,?E4K�*�LNM?@BO4*z�W*�,�24=6*�M?E4HbE4FBE4kX@BDJ��S�*�@B- Gz,?*<@BD©@BDYM<ëD?E0=:2;ì�*wDÖ-:24S1*�FB@B*�k;Mwë<7</�O4*<,?AØ/6M?*<-#ëÓ=6@G* ' ,J*�*<FGFB*68#H1,?E4K�*�LNM?@BO4*��(9�*<-1*�DY*<@X*<@G-:*-Gz/1kX*�F¼�<)+@G*wD�@jDYM��qpd�ï���}���)+@G*W,?@j��SNM?@Bk4* 1�E4,�D�MJ*�FBFG/1-:k�9b*�L4EXACA�M©A�24-#ë0�©*<-1-.A�2;-.��@G*w=6*�,]O4EX-.=6*<A *�9b*�-.9b* �
M?,�24��SNMJ*�M?*<-Ø�n@BFB=x2;/:D?k4*<SNM<ëÓ�©EX9�*<@1=6@B*nò�/1-1LNM?*�=6*<,	H1,?E4K�*�LNM?@BO4*<-��(9b*�-:*�=12;,Jk4*wD�MJ*�FBFUM	�©*<,J=1*�-
=6/1,���SC2;FBFG*���/1FBFBH1/1-1LNMJD?k4*<,J2X=6*�-Ø@GA

R
3 �p�(@B-1*�9b*�FB@G*<91@Bk4*UGz/1k4*<FBD?H1S:T4,?*>G�AC@UM =Q@UM?M?*�FBH1/1-:LXM@BA&��/1FGFBH1/1-:LXM

O
��@B,�=
=:2;-1-IOXE4-
*�@B-1*�,�D?E4Fj��S1*<-
��/1FBFGH1/:-1LNMJD?k4*�,�24=1*�-
@G-I7<�©*<@Ö=6@j2;AC*�MJ,J24F

k4*<k4*<-Ny:9�*<,?FB@G*<k4*<-:=6*�-�ò(/1-1LNM?*<-ØkX*<DJ��S1-1@GMYMJ*�-�/:-:=���@B,	*�,JS:2;FGM?*<-�E4�b*<-N9�2;,�DYEW*�@B-1*]�n@ K�*<LXMJ@GEX-
7���@jDJ��S1*�-�=6*�-
ò(/1-:LXMJ*�-I=6*<,�H1,?E4K�*�LNM?@BO4*<-.�(9b*�-:*�/1-:=�=6*�-
ò�2424,?*<-.O4EX-
)+@j2;AC*�MJ,J24FGH1/:-1L �
M?*<-�*�@B-1*�, Gz/1k4*<FBD?H1S:T4,?*X�()+2XDl*<-XM�D�MJ*�S1*<-:=6*È�W*<91@BFB=6*>S:2pM.kX,?EXì4*���S:-1FG@j��S1LX*�@GM.AC@UM�=6*�A
�	��

� ��� J�� qp`tapõ
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�Ö¨ea �å«b­�� Þ�¶8µC½gÜ�è	ÜÓÇ8Ü º ¶B¾�Ñ�ÊbµØ¯�µ_¾<½¼±;Ç®½�¹6µ�¸�¸�µ�µ_ÇGÇ8µ�·.èt¸�Ü�â�µ_Àt½v¶X)Óµ�·
Î�»6µ�·bµ�¶B¾<½nµ_¶G·bµ º µ_¾�Ñ�Ê1Ç8Üp¾ �¾_µ�·bµzµ�¶B·:¾_µ�¶¼½v¶ º µ�´;·Ä¹�¹N±;ÂC¶®½�·1¶®Ñ�Êt½©ÜÓ¸J¶�µ_·t½v¶8µ�¸Ó»4±p¸�µU/�Ç�Ì0Ñ�Êbµ;Å

?#*�M?7�M?*�,J*<D�9�*w=6*�/6MJ*�Mwëb=124ì�*<D�AxéXk4FB@B��S�@jD�Mwë:*�M��n2C*<@G-1*<-IL0FG*<@G-1*<-IE4,J@G*<-NM?@B*�,?M?*�- Gz,J*�@jD�=6/1,���S
91FBE4ìX*<D>1�*�,�D?��S:@G*<9�*<-
24/65	=1*�,���FBTX��S1*z@G-I=6*<-�/:AxkX*�LX*�S1,?M�E4,J@G*<-XMJ@G*<,YMJ*�- Gz,?*<@BDn7�/�y19b*�,?58y1S �
,J*�-#�:V0@B*�S:* ð 9191@BFj=6/1-1k � � ::�

1

2
3

4

5

6

7

ð 919:@GFj=6/1-1k � � :

��D�@jDYMl�©EXS1F�=6*</6M?FB@B��SÖë(��@G*IA�24-á58EX,YMJ7�/65v24S1,J*�-�S:2pMwë(/1AR=1@G* ���N/1Op2;FB*�-:7
OXE4-%/1-:D?*�,J*�A
k4*<E4AC*�MJ,?@jDJ��S.*�,J7�*</1k;MJ*�-�P�2;/:A /1-:=�=6*<A ,J*�*�FBFB*�-

P
3 O4EXFGFjD�M�T;-:=1@Gkx7�/
9�*<�©*<@BD?*�-Ö�

Gz*�S:,?*<-l��@G,n-0/1-.7</�=6*<,n24FGFBk4*<AC*�@B-1*�-#ë0=6/1,���S�=1@G*+91@BD?S1*<,?@Bk4*<- ðUC @BE4AC*+9b*<DJ��S1,J@G*<9�*<-1*�-
V0@ �
M?/�2pM?@BE4-.7�/1,Jy:��LtëN=1@G*+L4*�@B-1*wDY�n*�kND�-0/1,n=1*�-

P
3 *�,Jk4@B96Mw�4��@B,©S:2;MYMJ*�-�DJ��S1EX-�9�*<@t=1*�-��W,J/1-:= �H1S:T4-1E4AC*<-1*�-Ï=6*<,B?Ö24k4*�=12;,�2;/15nS1@B-1kX*���@B*<D?*�-#ë#=124ìQDY@B*�@B-NOp24,?@j2;-NM�DY@B-:=å/1-NMJ*�,�=6*<A ð /:D �

MJ24/:DJ��S1*�-Ï=6*<,��n*�k4,J@G�b*�ñYò(/1-1LNMYó�/:-:=Qñ���9�*<-1*_ó_�Ö)+@G*wD�k4@BFGMØ2;/:��S�58y1,Ø=6@G*.�©*<@UMJ*�,J*�-ÏD?��S:E4-
58E4,JA�/:FG@B*�,?M?*<- ðDC @BE4AC* � /1-:=
��@B,J=
2;/:��S.58y1,�=6@B*z-1E6��S�S:@G-17</17�/:-1*�S1AC*<-:=6*�-IkX*�FGM?*<-#�1)�@B*<D58y1S1,?M�7�/I=6*<A

� � �v� � �v 3��¥N���
��¨ `��baw¢ea�«�­	��
 ¶®½Xâ�µÓ¹0µ�¸ � ´4¾J¾�± º µ º ¶GÇ¼½�±6´1Ñ�ÊØ¶BÊ1¸�µ É ¹�´X±pÇ8µ Í Á6¹4¶8µ+¹:´;¸<Ñ�ÊCÔ®ÜÓ¸ �Âl±pÇ8µ_¾ � ´4¾�½�±6´4¾�Ñ�Êbµ_·>¹0µ_¸
��µ º ¸J¶��Äµ É ¿�´;·1Àt½ Í ´;·Ä¹ É Î�»6µ�·bµ Í	' ñ?)+/:2;FB@BD?@B*�,J*�-0ó 8 µ�·t½®¾<½�µ_Êb½JÅ

 ±;·C»;¸�±1´6Ñ�Êt½�â�µÓÝ(µ�¶BÇB¾Ä·t´;¸	µ�¶B·bµ©¹0µ_¸�»0µ_¶v¹6µ�·�Ã4´�»6µÓÝ(µ�¶j¾_µ�·ÄÁ;¹0±�±6´6Ñ�Êx¹0µ_¸���µÓÝ(µ�¶j¾	¹0µ_¸�±p·Ä¹6µ�¸�µ�·
¹N±;¸�±1´4¾+¹:´;¸<Ñ�Ê
ÞØ´X±pÇB¶j¾Y¶8µ�¸�µ�·Qµ�·t½®¾<½�µ_Êt½?Å

��E6��S
*�@B-��ÈEX,YM�7�/I=6*<-�O4*�,J�n*�-:=6*�M?*<-

� £�a<¨ea6�v£b��¥0�!«�­�� ¿�´;·1Àt½�µQ»0µ_ÃÓµ�¶®Ñ�Ê1·bµ_·�Ý�¶G¸l¹:´;¸<Ñ�Ê%¯]¸�Ü"Wb»6´6Ñ�Ê:¾<½¼±:»0µ_·ÈÂC¶¼½zµ_¶G·bµ_Â ÊtÜ6Ñ�Ê,�
º µ�¾�½gµ�ÇBÇ®½gµ�Â + : A+, B+, ..., P+, ...

Á�µ_·t½®¾�èt¸_µÓÑ�Êbµ�·#¹3Î�»0µ_·bµ�· ¹:´;¸<Ñ�Ê ¯]¸_Ü W�»6´6Ñ�Ê�¾�½�±1»6µ�·
ÂC¶®½WÊbÜ1Ñ�Ê º µ_¾<½�µ�ÇBÇ¼½�µ�Â − : E−, F−, ..., Q−, ...

´;·Ä¹á¯�µ_¸�±6¹0µ�·¬Âx¶¼½�À0Ç8µ�¶B·bµ�·��+´1Ñ�Ê:¾�½�±1»6µ�·ÖÅ
Î�¾¦»6µ�Ãpµ�¶®Ñ�Ê1·bµp½

v := X+ ∩ Y + ¹4¶�µ ( µ_¸w»p¶B·Ä¹:´4· º ¾ º µ_¸�±6¹0µå¹6µ�¸I¿�´;·:Àb½gµ X+, Y + ´4·Ä¹
s := X− ∩ Y −

¹X¶�µWÆbÑ�Ê1·:¶®½?½ º µ_¸�±6¹0µ�¹0µ�¸�Î+»0µ_·bµ�· X−, Y −.Þz±;¾©³#µ_¶vÑ�Êtµ�·
∨
»6µ�·t´1½®ÃÓµ_·IÝ�¶G¸©±;ÇB¾©±pÇBÇ º µ�Â.µ�¶B·bµ�· ( µ�¸JÀ0·tÐ<ètÔg´;· º ¾�Ü�è�µ_¸�±1½�Üp¸wÅpÆ:ÜW¾?¶G·#¹Øç º µ�µ_¶ º �·bµp½�µ º µ º µ�·�¾�µ_¶®½®¶ º µ�à�± º µU)ÓÜÓ¸_±6´X¾ º µ_¾_µÓ½vÃX½�ç (P+∨g)−

¹4¶8µ ( µ�¸Ó»p¶B·Ä¹:´;· º ¾�µ;»0µ_·bµ�¹0µ_¾	¿�´4·1Àt½�µ_¾
P+

ÂC¶¼½	¹0µ�¸�¯�µ_¸�±6¹0µ�·
g,
µ_·t½®¾�èt¸_µÓÑ�Êbµ�·#¹

(E−∨g)+
¹6µ�¸(ÆbÑ�Ê1·1¶¼½Y½jè	´;·1Àt½�¹6µ�¸	Î�»6µ�·bµ

E−
ÂC¶®½

¹0µ_¸�¯�µ�¸_±0¹0µ_·
g.
Ë:¸�µ��#µ�·Q¾?¶vÑ�Ê�¹4¶8µC¯�µ�¸_±0¹6µ�·

g, h
¾�Ü
»6µ�Ãpµ�¶®Ñ�Ê1·bµ_·

(g ∨ h)+
»pÃXÝ�Å

(g ∨ h)−¹0µ_·IÆtÑ�Ê1·1¶¼½Y½Bè�´;·1Àt½�´;·Ä¹�¹4¶8µ ( µ�¸Ó»p¶B·Ä¹:´;· º ¾�µ;»0µ_·bµpÅ
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��*<9�*<-
=1*�- �+96K�*�LNM?*<-.ò(/:-1LNM<ë:�W*�,�24=1*4ë0�(9b*�-1*zk4*<S1é4,J*�-.7�/1A �W*<E4AC*�MJ,?@jD?@G*<,?*<-.2;/:��S ð 9 �
91@BFB=1/1-1k4*<-�/1-:=�=1@G*	ñ�,J@B��SNMJ@GkX*�-0ó_ë_k4*<-:2;-1-NM�ZBm]\?����c�opf¼| �w|�f M;f�c�`0hji4�©*<,J=1*�-�=6@B*©�n@ K�*<LNM?@BE4-1*<-�DY*<@G-#ë
=6@B*�=6@G* �g-:7�@j=6*�-17<,?*<FB2;M?@BE4-�*�,JS:2;FGM?*<-#õ1V0@G-�=�7<�©*<@ $�,J91@BFB=6*<,]@G-17<@B=1*�-NM<ë:D?EC2;/:��S�=6*�,J*�-��n@GFj=6*<,
/1-:=
/1ACkX*�L4*<S1,?M<�
��@B*�,�D?*�@B*�-�7�/1-�T4��S:DYMW-0/1,�24-65vT;-1kXFG@j��S�ZBmn\J����c�opf¼| �<|�f Mpfgc�`å{ R�|jï��J}:c�`3[]\_^6`ta�~Nc<s�|�dGa4c�`�c�\�ï_f�c�\
!�f¼^���c�� � cJ{wc�|v�J}6`:^6`0~ I u O�� h.9b*�S:24-:=6*<FUMw� ib*<-XMJ,J24F�=12;58y1,>D?@G-:= =1@G* ð 9191@BFB=1/1-1k4*<- =6/1,���S
V6��S1-:@UM?M�/1-:=IV6��S1*<@G-#�bV0@G*<S1* ð 9:91@GFj=6/1-:k � � � �

X+ x
P+

E−

g

ð 919:@GFj=6/1-1k � � �

��D�D?*�@
B := P+ ∩ E−

*<@G-ÏVNM?,�2;S:FG*<-N9:y:D?��S:*�F	AC@UM ib*<-NM?,J/1A
P+ /:-:=��(9�*<-1*

E−, g
D?*�@

*�@B-1*Q�W*�,�24=1*
@B-
E−,

-1@j��SNM.=6/1,���S
P+.

)W2;-1-�S:2;MWK�*w=6*>�W*�,�24=1*
x ∈ B

kX*�-:24/¬*�@B-1*<-
V6��S1-:@UM?M?H1/1-:LXM

X+ := (x ∨ g)+
AC@UM

g
/:-:=¦/1ACkX*�L4*<S1,?MØFB@G*�58*�,?M�K�*<=1*�,Cò(/1-1LNM

X+ ∈ gk4*<-:2;/
*�@B-1* 1�*�,J91@B-:=6/1-:kXD?k4*�,�24=1*
x := X+ ∩ P+ Ax@GM

P+.

�
¥��	� �ba �®£��!«b­�� æ ¶G¸�·bµ�·1·tµ�·�ÔgÐ;¸�¹X¶�µ�µ;»0µ_·Q»0µ�¾�Ñ�Ê:¸?¶8µp»6µ�·bµ���ÜÓ·:¾<½v¸w´;Àt½v¶8ÜÓ·�¹4¶8µ � »:»p¶GÇ®¹:´;· º
B → g, x 7→ X+ ¹4¶8µ É � »1»p¶BÇ®¹:´;· º ¹:´;¸<Ñ�Ê>ÆbÑ�Ê1·1¶¼½Y½ Í ´;·Ä¹>¹6µ�¸�µ�·��ÖÂCÀ6µ�Ê1¸w´;· º Á�¹4¶8µ � »1»p¶BÇ[�¹:´;· º g → B, X+ 7→ x

¹4¶�µ É � »:»p¶GÇ®¹:´;· º ¹�´;¸�Ñ�ÊQÆbÑ�Êtµ�¶B· Í Á#´4·Ä¹�·bÜ0½®¶�µ_¸_µ_·>¹N±;ÔgÐ;¸

B(x)
Schnitt

¯̄∧ g(X+)
»pÃXÝ�Å

g(X+)
Schein

¯̄∧ B(x).

)+@G*wDY*wD G+E4-:DYM?,J/1LNM?@BE4-:D?H1,J@G-:7�@BHØFjT;ì4M�DY@j��S�-:2pMJy1,JFG@j��S�2;/:��Sl24/65#2;-:=6*<,?*�V6@UMJ/:2pMJ@GEX-1*�-l24-N�n*�- �
=6*<-#�

h h

X−

X−

E−

X+ Y +

Y −
g

x

Y −

P+

y

ð 919:@GFj=6/1-1k � � �

��DYM�*�M��]2
h
*<@G-:*��W*�,�24=6*Xë�=6@B*.=6/:,J��S¦=12XD��ny:DJ��S1*�FB7�*<-NM?,J/1A

P+ k4*<SNM�/1-:=Ï-:@B��SNM�@B-¦=6*�,
�(9b*�-1*

E−
FG@B*�k4M<ë4D?EzFG@B*�58*<,YMÄK�*w=6*��(9b*�-1*

X−
OXE4-

h
=6/1,���SCV1��S1-1@GMYM�AC@GM�=6*�,��ny:DJ��S1*<FG*<9�*<-1*

E−
*�@B-1*��W*�,�24=1*

x
@BA �ny:DJ��S1*�F

B
ë6/1-:=
/1ACk4*<L4*<S1,YM�D?H:2;-1-NM	K�*<=6*��ny:DJ��S1*<FGkX*�,�24=6*

x ∈ BAC@UM
h
7</:DJ2;ACAC*�-¦*<@G-1*��(9b*�-1*

X−
=6*wD��(9b*�-:*�-091y:DJ��S1*�FjDØ/1A

h
24/65�� ð /:��S¦S:@G*<,�,J*<=6*�M

A�2;-�DY@B-1-1kX*�A�T;ìCOXE4- !Ä�J}6`:|�f¼f#/1-:="!Ä�J}:c�|�`��
V6��S1FB@B*�ì4FB@j��SQLp2;-1-QA�24->2;-:24FGEXk�58y1,z7��n*�@>R�|�`bapï��J}6|vcv��c�i+a4u�}:u(ï_|v��}È`:|v��}0f�ï���}0`tc�|vaXc�`ta4c��W* �
,�24=6*<-

g, h
=6/1,���SåV1��S1-1*�@j=6*<-È917<���	1�*�,J91@B-:=6*<-.K�*w=6*�,��(9b*�-:*.=6*�,�*<@G-:*�-Ï�W*�,�24=6*<-È=6*<,?*<-
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V6��S1-:@UM?M?H1/1-:LXM�AC@GM]=6*<,n24-:=6*<,?*<-l7�/1EX,J=1-1*�-#ëN917<���N*<@G-:*�A ò(/1-:LXM�=6*<,©*<@G-:*�-�=1@G*z=6/1,���Sl@BS1-
k4*<S1*�-�=6*z�(9�*<-1*�=6*<,�2;-:=1*�,J*�-#�
�n*�@62;FBFB*�-Ø=1@G*wDY*<- ð 9191@BFB=6/:-1k4*<-ØD?H1,?@j��SNM�A�24-�O4EX-�!Ä�J}6`:|�f¼fN/:-:= !Ä�J}:c�|�`z/1-:=Ø9b*�-0/6M?7�M(=12p58y1,
D?@G-1-:k4*�A�T4ìx=6@B*�@B-�)+*���-1@UMJ@GEX- � � �Ø*<@G-:k4*�58y:S1,YMJ* ��E;M�2pMJ@GEX-#�:V0@B*�S1* ð 9191@BFB=6/:-1k � � � �
V6��S1-:@UM?M]/:-:=
V1��S1*�@B-�D?Ep��@G*W*�@B-1*zDY@BACH1FB*;1�*<,J24FGFBk4*<AC*�@B-1*�,J/1-1k�5v2;ì;M]A�2;-�7�/:DJ2;ACAC*�-�/1-NM?*�,
=6*<A ��24AC*�-áZ 51c�\�ïX51c�opf¼| �Nhvu

�
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		��a<¢ea�� °4Å�³�Ý(µ�¶t´;· º Ç�µ_¶vÑ�Êb±p¸w½v¶ º µ�¯]¸<´;·#¹ º µ;»p¶GÇ®¹0µ(Êbµ�¶'W0µ_·É è	µ�¸�¾¼è	µ�Àt½®¶_)z±6´;ÔÖµ�¶B·�±;·Ä¹0µ�¸+»0µ_ÃÓÜ º µ�· Í ç�Ü1¹0µ�¸�Àb´4¸?Ã É è�µ_¸J¾�è	µ�Àt½v¶X) Í ç6Á�Ý(µ�·1·
¹4¶8µ�³�´NÜp¸�¹��·b´4· º ¹:´;¸<Ñ�Ê�ÆbÑ�Ê:·1¶®½?½�
0ÆbÑ�Êbµ�¶B· º µ º µp»6µ�·�¶B¾<½?Å
Ò:Å�³�Ý�µ_¶ º Ç�µ_¶vÑ�Ê�±;¸<½®¶ º µå¯]¸w´;·Ä¹ º µp»p¶BÇv¹6µ�Êbµ_¶QW6µ�· É è�µ_¸J¾�è	µ�Àt½v¶X)å±1´;Ôxµ_¶G·�±;·Ä¹0µ_¸È»6µ�ÃÓÜ º µ_· Í çÜ6¹6µ�¸�Àt´;¸JÃ É è�µ_¸J¾�è�µ_Àt½v¶X) Í ç6Á�Ý(µ�·1·å¹4¶8µ�³	´NÜÓ¸<¹4·t´;· º ¹:´4¸�Ñ�Ê>ÆbÑ�Ê:·1¶®½?½�
0ÆbÑ�Êbµ�¶B·ÏÐ:»6µ�¸�µ�¶B·¹4¸?¶¼½Y½gµ_¾z¯]¸w´;·Ä¹ º µp»p¶BÇv¹6µ º µ º µ;»0µ_·.¶j¾�½JÅ � ´6Ñ�Ê
Ê1¶8µ�¸JÔgÐ;¸ )Óµ�¸wÝ(µ�·Ä¹0µp½ÖÂl±p·>¹N±;¾�³#µ_¶vÑ�Êtµ�· ¯̄∧,Ð:»0µ_¸z¹0µ�Â Âl±p·>µ")0½vÇ�Åb¹N±4¾ )Óµ�¸JÂC¶®½?½�µ_ÇG·Ä¹6µx¯�µp»p¶BÇv¹6µ+·bÜ0½®¶�µ_¸<½JÅ

�g- ð 919:@GFj=6/1-1k � � � D?@G-�=.7<�©*<@#DYEXFB��S1*�V0@GM?/�2pM?@BE4-:*�-I=12;,Jk4*wD�MJ*�FBFUMw�

ð 919:@GFj=6/1-1k � � �

��@B*�,�2;/�D]k4*���@B-1-1*<-���@B,�=6*<-�24FGFBk4*<AC*�@B-1*�-��n*�k4,J@G�>=6*�,+mn\J����c�opf¼| �<|�f Mpf¼õ

�
¥��	� �ba �®£��!«b­v«b«�� � �p£��w¥�!�a ��		�ba<¢�a<¥0� $ #Ö�����Ó������ªb¥�� �_`v��¥I¥X� c a<¥N� �	a<� $�¥�� Î(¶B·bµ � » �
»p¶BÇv¹�´;· º π

ÃXÝ�¶B¾�Ñ�Êbµ_·�Ã4Ý(µ�¶Ä¯]¸w´;·Ä¹ º µp»p¶BÇ®¹0µ�· g, g′
µ_¸J¾<½�µ_¸(Æt½Y´;Ô®µ�Êbµ_¶QW�½ É ¿(¸�Ü�â�µ_Àt½v¶X)w¶¼½¼Ì1½ Í Á6Ý�µ_·1·¾?¶�µ�¹:´4¸�Ñ�ÊÈµ_¶G·bµ�µ_·Ä¹4ÇB¶vÑ�Êtµ ��µÓ½?½�µZ)ÓÜp·�¿(µ_¸J¾�è	µ�Àt½v¶X)Ó¶®½�Ì6½�µ_·I¸_µ�±pÇB¶B¾?¶8µ�¸w½nÝ(µ�¸<¹0µ_·
À;±;·1·ÖÅ:Þ+¶8µ��WÜ �

½¼±1½v¶8ÜÓ·
π : g(X, Y, ..) ∧̄ g′(X ′, Y ′, ..)

»6µ�ÃÓµ_¶vÑ�Ê:·bµÓ½YÁ6¹N± W
π
µ_¶G·bµ(¿(¸�Ü�â�µ_Àb½®¶_)Ó¶¼½¼Ì1½�ÃXÝ�¶B¾�Ñ�Êbµ�·

g
´;·Ä¹

g′
¶j¾�½YÁ1Ý�Ü1»0µ_¶

X
´;·Ä¹

X ′
µ_¶G·�±;·Ä¹0µ_¸

Ã4´ º µ�Üp¸�¹X·bµÓ½	¾Y¶B·Ä¹I´;·Ä¹�µ;»0µ_·:¾�Ü Y
´;·#¹

Y ′.

)W2Cò�*<,JD?Hb*�LNM?@BO0@UM�TpM?*<-�9:@ K�*<LXMJ@GO
DY@B-:=Äë158E4FBk;M�DYE458E4,?M

�Ö¨ea �å«b­v«�� ¿�¸_Ü�â�µ�Àt½v¶X)Ó¶®½�Ì6½�µ_·
¾?¶B·Ä¹Q»p¶ â�µ_Àt½v¶X)0Å
��y1,�=6@B*<D?*�ò(,JE;K�*�LNMJ@GO0@GMJTpMJ*�-
S:2;9b*�-���@B,�=6*�-
58EXFGkX*�-:=6*<-

� d	��c a<¥0����c<¨�a ��«�­®«�& Î�¾�¾_µ�¶8µ�·
g, g′

Ã4Ý(µ�¶t·1¶®Ñ�Êt½	·bÜ0½gÝ(µ�·Ä¹X¶ º )Óµ�¸�¾�Ñ�Ê1¶�µÓ¹0µ�·tµ�¯]¸w´;·Ä¹ º µp»p¶BÇv¹6µµ�¸�¾<½�µ�¸(Æt½?´;Ô®µwÁ
(A, B, C)

»pÃXÝ�Å
(A′, B′, C ′)

â�µ�¹4¸�µ�¶;è#±X±p¸wÝ�µ_¶B¾_µ )pµ�¸�¾�Ñ�Ê1¶8µw¹6µ�·bµ�Î(Ç�µ_Â.µ�·t½�µ )pÜÓ·
g
»pÃXÝ�Å

g′
Å1Þz±p·1· º ¶�»6½©µ�¾�µ�¶B·bµ+¿(¸�Ü�â�µ�Àt½®¶_)Ó¶¼½¼Ì6½

π : g(A, B, C) ∧̄ g′(A′, B′, C ′),

¹4¶8µz±pÇj¾�Ü
A
´;·Ä¹

A′
Á
B
´;·Ä¹

B′
¾�ÜXÝ�¶8µ

C
´;·#¹

C ′
µ�¶B·�±p·#¹0µ�¸�ÃX´NÜÓ¸<¹4·bµp½?Å



����� � �����	��
���
������

� ¥��Ø¥��_c õ]�n*�MJ,J2X��SXMJ*�-x��@G,�7</1-:TX��S:D�M(=6*<- �:2;FBF¼ë;=12;ì
g
/1-:=

g′
7��n*�@6OX*�,�D?��S:@G*w=6*�-1*��W*�,�24=1*�-

@B-Q*�@B-1*�,+�(9b*�-1*xDY@B-:=�/1-:=>=6*�,J*�->V6��S:-1@UM?M?H1/:-1LNMWOX*�,�D?��S1@B*<=1*�-�@BDYM�OXE4-Q=6*<-IO4E4,Jk4*<k4*<9�*<-1*�-
D?*<��S:D�ò�/1-1LNM?*<-

A+, B+, ...
�t)W2;-1-IkX*���@B-1-1*�-I��@B,

π
y19b*�,z=6@B*�@B- ð 919:@GFj=6/1-1k � � � =12;,Jk4* �

DYM?*�FBFGM?*TG+E4-:DYM?,J/1LNM?@BE4-#õ

X+

C+

A+

B+

g

Z+

B′′+

A′′+

C ′′+

z g′

B′+

C ′+

A′+

X ′+

Z ′+

X ′′+

ð 919:@GFj=6/1-1k � � �

1�*�,J91@B-:=6*
A+ /1-�=

A′+ �N�3T;S1FB*+=124,J24/65#7��n*�@�9�*<FG@B*�9:@GkX*+ò(/:-1LNM?* Z+, Z ′+ ëX-1@j��SNMn24/65 g, g′/1-:=�91@GFj=6*n=6@G*n�W*�,�24=6*<-
B+∩Z+ /:-:= B′+∩Z ′+ AC@UM�V6��S1-1@GMYMJH1/1-1LNM B′′+ ëwD?Ep��@G* C+∩Z+/1-:=

C ′+∩Z ′+ Ax@GM]V1��S1-1@GMYM?H:/1-1LNM
C ′′+. B′′+ /1-:=

C ′′+ FG@B*�58*<,?-l24FBD 1�*<,?9:@G-:=1/1-1kXD?k4*<,J2X=6*
z
ë	=1@G*

A+ ∩ A′+ @G-
A′′+ DJ��S1-1*<@B=1*�M<��)W2;-1-�9b*�L4EXACAx*<-á��@B,�=6@B*�58EXFGkX*�-:=1* Gz*�MYM?*�OXE4-

ò	*�,�DYHb*�LNMJ@GO0@GMJTpMJ*�-#õ

g(A+, B+, C+, X+)
Z+

¯̄∧ z(A′′+, B′′+, C ′′+, X ′′+)
Z′+

¯̄∧ g′(A′+, B′+, C ′+, X ′+),

�nE0=1/1,J��S
*�@B-1*zò(,JE;K�*<LXMJ@GO0@GMJT;M]AC@GM�=6*�-�kX*���y1-:DJ��SNM?*<-��(@Bk4*<-:DJ��S:2p5�MJ*�-
k4*�58/:-:=6*�-�@jD�Mw�
ð FBFB*�2;-:=6*<,?*<-��	T4FGFB*zLÓ24-1-�A�2;-�2;/65�=6@B*<D?*�-
7�/1,Jy:��LN58y1S1,J*�-#õ
V0@B-:= *�M��n2%kX*�k4*<9�*<- *�@B-1*á�W*�,�24=1*

g
AC@UMå=6,J*�@�ò�/1-1LNM?*<-

U+, V +, W+ /1-:= *<@G-ê�ny �
DJ��S1*�F

B = P+ ∩ E−
Ax@GM>=6,J*�@�VNMJ,J24S1FB*�-

u′, v′, w′
ë�D?Eá�]T;S:FG*åA�2;-!*�@B-1*å9�*<FG@B*�9:@GkX*

�(9b*�-1*
E−

1

/1A
g
ë©=6@G*>-1@B��SNM�=1/1,J��S

P+ k4*<SNM<ë(91@BFj=6*>=6@B*ÈV6��S1-:@UM?M?k4*<,J2X=6*
g′ := E−

1 ∩
E−

/1-:=¬9�*<7�@B*�S1*
B+ /1-:=

g′
=6/:,J��SáV1��S1-1@GMYM A4V6��S1*<@G-%2;/658*<@G-�2;-:=6*<,<�	)W2;-1-�k4*<S1é4,J*�-¦7</

u′, v′, w′
=6,J*�@�ò(/1-1LNMJ*

U ′+, V ′+, W ′+ 24/65
g′
�X)+@B* G+E4-:DYM?,J/1LNM?@BE4-CO4EX-�E49b*�-#ëXk4*�58E4FBk;M�OXE4-

g′(U ′+, V ′+, W ′+)
Schein

¯̄∧ B(u′, v′, w′)
FB@B*�58*�,?M�=124-1-
=1@G*�kX*<D?/:��SNM?*zò(,JE;K�*�LNMJ@GO0@GMJTpMw�

��D�@jDYM��©EXS1F#=6*�/1M?FB@B��S#ë:��@G*z@B-�=1*�-�y191,J@GkX*�-
�	T;FBFG*<-�7</
OX*�,?5v2;S1,J*�-�@BDYM<�
�

��2X��S�=6*�A!S1@B*�,	�W*�7�*<@Gk4M?*<-�@BDYMÖL0FB24,<ë<=12;ì�=1@G* G+E4-�D�MJ,?/1LNMJ@GEX-W7</1A!� C @BDYM?*<-17<DJ2pMJ7(L4*<@G-1*wDY�n*�kND
*�@B-:=6*</6M?@Bk�@jD�MwëXD?E0=:2;ì�=6@B*��1,�2;k4*]*<-XM�D�MJ*�SNM<ë4E49�=6/1,���S�=6,?*<@1ò�2424,?*]*�@B-1*�ò(,JE;K�*<LNM?@BON@GMJT;M�D?��S:E4-
*�@B-:=6*</6M?@Bk.9b*<DYM?@BACA�MW@BDYM<� ��y1S1,?M�A�2;-QOX*�,�D?��S1@B*<=1*�-1*TG+E4-:DYM?,J/1LNM?@BE4-:*�-I2;/65(=6*<A ib*�@j��S1*�- �
91Fj2pM?M � =Ä� SÖ��@B-È=6*<,+,J*�*<FGFB*�-��W*�E4AC*�M?,J@G* � 2;/�D�ëtDYE�D?��S1*<@G-NMzD�MJ*�MJDz=12XD?D?*�FB9b*�7�/È*�-NMJDYM?*<S1*�-#�ð -�=6,?*<,JD?*�@GMJD�FB2XD?D?*�-�/1-�DY*<,?* ðDC @GEXAx*�-1E6��SIkX2;-:7�2;-:=6*<,?*x�W*�E4AC*�M?,J@G*<-I7�/#ë�@G->=1*�-1*<-Q=6*�� �
-1@GM?@BO.LX*�@B-1*z�(@G-�=6*�/6MJ@GkXL4*<@UM�OXE4,JFG@B*�k4M<�0��@G,�-1*�S1AC*<-�=:2;S1*<,n-:E0��S��n*�@GM?*<,?* ðUC @BE4AC*�S1@B-17�/#�

�����������! ��#"%��
��("� 
�� 
�'�� 
� ����0���6�Y' �(�Ö� �
�g-Ø=1*�,	�(/1L0FB@B=6@jDJ��S1*�-C�W*�E4AC*�M?,J@G*©@BDYM(=6*�,	�n*�k4,J@G��ZB�+^��]c�|�`bc�\W[�c�\?q4aXc�`.d�|vc�~;f	a4c�\©mn^6`0o;f

C+

{ R�|jï��J}:c�`ÈaXc�`�m]^6`0o;f�c�`
A+ ^6`ba

B+ hÖ�nE4S1FB9�*<Lp2;-1-NM<�0��*�-1-
=6@B*<Dn*�@B-�24/:��S.=6*<,©H1,JE;K�*<LNM?@ �
O4*<-��W*�E4AC*�M?,J@G*(24-1k4*<Ax*wD?D?*�-:*�,Ä�n*�k4,J@G��@BDYM<ë<A�/1ì�*<,ÖD?@B��Sz/1-NM?*<,#ò(,JE;K�*<LXMJ@GO0@GMJT;M?*�-zOX*�,J-Ny:-65�M?@Bk
O4*<,?S�2;FGM?*�-Öë6@G-:D?9b*<D?E4-:=6*<,?*z2;FjD?Ex/:-XMJ*�,�V6��S:*�@B- � �n@BFB=1/1-1k:�
�g- ð 9191@BFB=1/1-1k � � � FG@B*�k4M

C+ 7���@jD?��S1*<-
A+ /:-:=

B+ ën-:@B��SNMI2;9b*�, D+ � ��y1,I=6@B*È=:2;, �2;/�DW=1/1,J��SåV6��S1*<@G-�2;/:D+*�@B-1*�A 2;/1ìX*�,JS:2;FB9QFB@G*<k4*�-�=6*�-Hib*�-NM?,J/1A
Z+ k4*<91@BFB=6*�M?*<-��W*�,�24=1*�-

a, b, c, d
FG@B*�k4MC249�*<,

d
k4*�-�2;/¬D?EÈkX/6M�ñ�7<��@BDJ��S1*�-6ó

a
/1-:=

b
ë	��@G*

c
�Öñ ib��@BDJ��S1*<-0ó.@BDYM�2;FjDYE

L4*<@G-IH:,?E4K�*�LNM?@BO�D?@G-:-NOXE4FBFG*<,��n*�k4,J@G���b)+24k4*�kX*�-�S:249�*<-I��@G,+@G-I9b*�@j=6*�-"��T4FGFB*�-Q=1@G*Ø�(O0@B=6*<-174ë
=124ìØD?@B��S
=6@G*W/1-1kX*�EX,J=6-:*�M?*<-lò�2424,?*

{A+, B+}
/1-:=

{C+, D+}
k4*<k4*<-:DY*<@UMJ@Gk�M?,J*�-1-:*�-./:-:=



��� ¶8ÜÓÂ.µ�¹0µ�¸ � ·bÜp¸�¹4·t´;· º ´;·#¹lÆÄ½�µÓ½®¶ º À0µ_¶®½ ��� �

a

d

A+ D+C+ B+

b

Z+

g

c

ð 919:@GFj=6/1-1k � � �

*�9b*�-�DYE
{a, b}

/:-:=
{c, d}

�0)�@B*<D]�nE4FBFB*�-l��@B,]-N/:-�2 C @BE4A�2pMJ@BDJ��SC5v24DJD?*�-#�6)W2;7�/�O4*<,?*<@G-09:24,?*<-
��@B,�-1E6��S.58EXFGkX*�-:=6*�P�*<=6*<�©*<@BD?*4õ

�
¥��	� �ba �®£��!«b­v«�V Þ+¶8µ�±6´X¾©µ�¶B·bµ�Â
n
�JË#´wè�µ_Ç

(g1, ..., gn)
)ÓÜp·�Î(Ç�µ_Â.µ�·t½�µ_·
µ�¶B·bµ�¸ 
 µ�· º µ M¹:´;¸<Ñ�ÊåÃ��1À0ÇG¶j¾�Ñ�Êbµ_¾ ( µ_¸<½�±6´4¾�Ñ�Êbµ�·�Êbµ_¸ )pÜÓ¸ º µ�Êtµ�·Ä¹0µ_· n

�JË#´wè�µ_Ç(·bµ�·:·bµ�·%Ý�¶B¸ É Ã��1ÀNÇB¶j¾�Ñ�Êbµ ��Â �
¾<½�µ�ÇBÇ¼´;· º µ_· Í Á+¹N±4¾Q¹�´;¸�Ñ�ÊLY�Ð6Ñ�ÀtÝ	Ì;¸<½¼¾YÇ8µ_¾_µ�· µ_·t½®¾<½�µ�Êtµ�·Ä¹0µÏ¹4¶8µ É �ÖÂCÀ0µ_Ê1¸w´;· º�Í ÅW¯�µ�·�±1´�¹4¶8µ¹:´;¸<Ñ�Ê�Ã��1À0ÇG¶j¾�Ñ�Êbµ �ÖÂ�¾�½gµ�ÇBÇ®´4· º ±6´X¾z¹0µ�¸Ø¯]¸<´;·#¹4Ô®ÜÓ¸JÂ�Ü1¹0µ_¸�¹0µ�¸ �ÖÂCÀ0µ_Ê1¸<´4· º Êbµ�¸6)ÓÜp¸ º µ�Êbµ_·��¹0µ_·ÏËÖ´<è	µ�Ç#·tµ�·1·bµØÝ�¶B¸ É µ�Ç8µ�Â.µ�·t½¼±;¸_µ �ÖÂ.Üp¸�¹4·t´;· º µ�· Í Å( ÜÓ·áµ_¶G·tµ�Â

m
�JË#´wè�µ_Ç

(h1, ..., hm)
¾J± º µ�·%Ý�¶B¸ É µ_¾�À6ÜÓÂCÂ.½�¶G· (g1, ..., gn)

)ÓÜp¸ Í Á(Ý�µ_·1·áµ_¾. ·Ä¹4¶BÃÓµ�¾
1 ≤ i1 < ... < im ≤ m º ¶�»6½YÁ�¾�Ü1¹N± W (h1, ..., hm) = (gi1 , ..., gim

)
¶B¾<½?Å

)W2;AC@UM�LXé4-1-:*�-
��@G,�/1-�DY*<,?* �1EX,J=1*�,J/1-1k4*<-�24- ð -1E4,�=6-0/1-1kCD?EC24/:DJDYH1,J*<��S:*�-#õ

���p������ �¡�¢1��£�¤¦¥0��¥I��¥N������£��p���Ä����ª3«�­®«ef
��� ² . ·�â�µÓ¹0µ�Â ¯�µ�¸_±0¹0µ_·Ä»6Ð4¾�Ñ�Êbµ�Ç

B
¶j¾<½�µ�¶B·bµ>Y+µ�Ç�±6½®¶�Üp·CÃ4Ý�¶j¾�Ñ�Êbµ_·�â�µ©Ã4Ý(µ�¶#´;· º µ�Üp¸�¹X·bµÓ½gµ�·Æt½v¸_±pÊ1Ç8µ�·Nè#±4±;¸_µ_·

{a, b}
´;·Ä¹

{c, d}
µ_¸?À0Ç�Ìp¸w½�Á1¹4¶8µUYWµ�Ç�±6½v¶8ÜÓ·Q¹0µ_¾n¾Y¶®Ñ�Ê É Ë1¸�µ�·1·tµ�·:¾ Í ÅNÆt½�µ �Êbµ�·

{a, b}
´;·Ä¹

{c, d}
¶B· Y+µ_Çj±1½v¶8ÜÓ·ÄÁ:¾_ÜØ¾J± º µ_·>Ý�¶B¸�±6´6Ñ�Ê {a, b}

´;·Ä¹
{c, d}

É ½®¸_µ_·1·bµ�·
¾Y¶®Ñ�Ê Í Ü1¹0µ_¸ É a ´;·Ä¹ b

½v¸�µ�·1·bµ_·
c
´;·#¹

d Í ÁÄµÓ½�ÑÓÅ( ÜÓ·È¹4¶�µ�¾�µ_¸DY+µ�Ç�±6½®¶�Üp·S)pµ�¸JÇj±;· º µ_·>Ý�¶B¸ \� °z±p²ÏË:¸�µ�·1·bµ_·.¾?¶vÑ�Ê
{a, b}

´;·Ä¹
{c, d}

Á0¾�Ü�¾Y¶B·Ä¹x±;ÇGÇ8µ;)Ó¶�µ_¸]ÆÄ½v¸_±pÊ1Ç8µ�·�è#±X±p¸wÝ�µ_¶B¾_µ )Óµ_¸J¾�Ñ�Ê1¶8µg�
¹0µ�·ÖÅ
»p²¦Ë:¸�µ�·1·bµ_·¦¾Y¶®Ñ�Ê

{a, b}
´;·Ä¹

{c, d}
Á�¾_Ü�±6´1Ñ�Ê

{c, d}
´4·Ä¹

{a, b}
Å#Þ�¶8µ�Y+µ_Çj±1½v¶8ÜÓ·å¶j¾�½

¾��1ÂCÂ.µÓ½v¸J¶j¾�Ñ�ÊÖÅ
Ñ?²Q³	´�â�µx¹4¸_µ_¶�¯�µ�¸_±0¹6µ�·

a, b, c
µ�¶B·bµ�¾
�WÐ4¾�Ñ�Êtµ�Çj¾ º ¶�»6½©µ_¾CÙBÂC¶G·Ä¹6µ_¾<½�µ�·�¾�²zµ_¶G·tµ �+ÐX¾�Ñ�Êbµ_Ç[�

º µ�¸_±0¹6µ d
Á�¾_Ü6¹0± WC¾Y¶®Ñ�Ê

{a, b}
´4·Ä¹

{c, d}
½v¸�µ�·1·bµ_·ÖÅ

� Òx±p²	�0µ
n ≥ 4

¯�µ_¸�±6¹0µ�· µ_¶G·tµ_¾ �+ÐX¾�Ñ�Êbµ_ÇB¾
B
Çj±4¾?¾_µ�·3¾?¶vÑ�Ê ¾�½gµÓ½®¾�¾_ÜÏ±pÇj¾

(a1, ...., an)·b´4ÂxÂ.µ_¸?¶8µ�¸�µ�·ÄÁt¹N± WCÔgÐ;¸�â�µZ)Ó¶�µ_¸�¯�µ�¸_±0¹0µ_·
{b1, ..., b4} ⊂ {a1, ...., an} º ¶GÇ¼½


 �zÜpÂxÂ�½
(b1, ..., b4)

¶B·
(a1, ..., an)

)ÓÜp¸�Á6¾�Ü.½®¸_µ_·1·bµ�·�¾?¶vÑ�Ê
{b1, b3}

´;·#¹
{b2, b4}.


 Ë1¸�µ�·1·tµ�·�¾Y¶®Ñ�Ê
{b1, b3}

´;·#¹
{b2, b4},

¾�Ü�À0ÜpÂCÂ.½
(b1, ..., b4)

Ü1¹0µ_¸+µ�¶B·bµzµ�Ç8µ�Â.µ�·��
½¼±p¸�µ �ÖÂ.ÜÓ¸<¹4·t´;· º ¹N±�)pÜÓ·
¶G· (a1, ..., an)

)ÓÜp¸wÅ
Î(¶G·tµW¾�ÜpÇvÑ�Êbµ ��´4ÂxÂ.µ_¸?¶8µ�¸w´;· º ·bµ_·1·bµ�·åÝ�¶B¸ É Ã��1ÀNÇB¶j¾�Ñ�Êbµ Í � ·tÜÓ¸<¹4·t´;· º Å
»p² � ÇGÇ8µ(Ã��1À0ÇG¶j¾�Ñ�Êtµ�· � ·tÜÓ¸<¹4·t´;· º µ_· )ÓÜp· {a1, ..., an}

¾?¶G·Ä¹�µ�Ç8µ�Â.µ�·t½¼±;¸_µ �ÖÂ.ÜÓ¸<¹4·t´;· º µ�·µ�¶B·bµ�¸+µ_¶G·1Ã<¶ º µ�·ÖÅ� ×�² ¿�µ_¸J¾�è�µ_Àt½v¶X)w¶¼½¼Ì1½�µ_·¦Ã4Ý�¶j¾�Ñ�Êtµ�·áÆt½®¸�±;Ê1Ç8µ�·Ä»6Ð4¾�Ñ�Êbµ�ÇB·áµ�¸JÊ�±;Ç®½gµ�·�¹4¶8µlÃ��1À0ÇG¶j¾�Ñ�Êtµ � ·bÜp¸�¹��
·b´4· º Å

)+@G*WFG*�M?7�M?*	�:E4,�=6*�,J/1-1k�k4@B96M©@B-:D?9�*wDYEX-:=6*�,J*+=1@G*;=Ié4kXFG@j��S1L4*<@UMwëX=6@B*W-1*�/1*<-.�n*�kX,?@G�b*+2;/:��S.24/65
=6*<-
y:91,?@Bk4*<-��W,J/1-:=1k4*�9:@GFj=6*�-
*�@B-17</658y1S1,J*�-#�
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�
¥��	� �ba �®£��!«b­v« � Þ+¶8µ ��µ º ¸J¶ �#µ É ¾Y¶®Ñ�Ê%Ë:¸�µ�·1·bµ_· Í ´;·#¹ É Ã��1À0ÇG¶j¾�Ñ�Êbµ � ·bÜÓ¸<¹4·t´;· ºbÍ Ý�µ_¸�¹6µ�·±6´4Ô#¿�´;·1Àt½®¸_µ_¶GÊbµ_·È´4·Ä¹x¶B·
Î�»0µ_·bµ�·Ä»6ÐX¾�Ñ�Êbµ_ÇG·�Ð:»6µ�¸]¿�µ�¸�¾¼è	µ�Àt½®¶_)pµ�±1´4¾nÆÄ½v¸_±pÊ1Ç8µ�·Ä»6Ð4¾�Ñ�Êbµ_ÇG·Iµ�¸ �
À0ÇjÌ;¸<½JÅ
��*�k4*<- ð :�@jD�M]*<Dn=12;9b*�@t/1-:*�,JS1*�91FB@j��S#ëX��@B*WAC24-�=12XD�LXE4-1L0,J*�M�A�2X��SXMwëX*wDn*�,Jk4@B96MnD?@B��S�D�MJ*�MJD
=6@B*�DY*<FG9b*�P�*�Fj2pMJ@GEX-#���g-:D?9b*<D?E4-:=6*<,?*+58E4FBk;M�=:2;AC@UM�24/:��S

�Ö¨ea �å«b­v« � ¿�¸_Ü�â�µ�Àt½v¶X)Ó¶®½�Ì6½�µ_·!µ�¸JÊ�±;Ç®½gµ�· ¹4¶8µáË1¸�µ�·1·:¸_µ_Çj±1½v¶8ÜÓ· ´;·Ä¹�Ã��1À0ÇG¶j¾�Ñ�Êbµ � ·bÜÓ¸<¹4·t´;· º ÁÀt´;¸JÃW¿�¸_Ü�â�µ�Àt½v¶X)Ó¶®½�Ì6½�µ_·
¾?¶B·Ä¹ É Üp¸�¹4·t´;· º ¾<½v¸�µÓ´ Í Å
�n*�MJ,J2X��SXMJ*�-%��@B,l*�@B-1A�2;F+ON@B*�,
�W*�,�24=6*<-

a, b, c, d
@G-�*<@G-1*<A �ny:DJ��S1*<F®�)�+24��S ðDC @BE4A ð �

Fj24DJDY*<-�D?@B*�DY@j��S�7 �0L0FG@jD?��S�2;-:E4,�=6-1*�-Ö��V0*�@Ö*�M��]2
(a, b, c, d)

*�@B-1*�D?E4Fj��S1* ð -1EX,J=6-0/1-:k:ë6�nE49b*�@
=6@B*���/1ACAC*�,J@G*<,?/1-:kÈ=6/1,���S¬=6@B*
ò�ENDY@GM?@BE4-¬@GA ��/1Hb*�F]k4*<k4*�9b*�-¬@BDYM<��)W2;-1-�DY@B-:=¦-�24��S ð �
k4*<-:2;/�=6@B*z58E4FBk4*<-:=6*�- � ð -1EX,J=1-N/:-1k4*<-�7��NL0FB@BDJ��S#õ

(a, b, c, d) (b, c, d, a) (c, d, a, b) (d, a, b, c)
(d, c, b, a) (a, d, c, b) (b, a, d, c) (c, b, a, d)

��@B*�,�DYM?*<S1*�-
a, c

D�MJ*�M�Dzk4FB*�@j��S17�*<@UMJ@Gk�2;/65]ò	EXD?@UMJ@GEX-1*�-�AC@UM�/:-1k4*<,J2X=6*�, ��/1ACAC*�,�E0=1*�,zAC@UM
k4*<,J2X=6*�,*��/1ACAC*�,�/:-:=C*�9b*�-:D?E

b, d
ë4�]24D(9�*w=6*�/6MJ*�MwëN=124ì�DY@j��S�=6@B*�ò�242;,J*

{a, c}
/1-�=

{b, d}M?,J*�-:-1*�-#ët2;-�=6,?*<,JD?*�@GMJD+2;9b*�,z2;/:��SÖëb=124ì.=6@B*<Dz=6@B*�*<@G-17<@GkX*Z=IéXk4FB@B��S:L4*�@GM�@jD�Mwëb=1@G*wDY*xO0@G*<,W�W* �
,�24=6*<-I@G-I7<�©*<@�D?@B��S�MJ,?*<-1-1*<-:=6*�ò�2424,?*�24/6587�/1M?*�@BFB*�-#�Ä�W*�,J@G-:k;58y1kX@GklOX*�,�2;FBFGkX*�AC*�@B-1*<,YM�FB@G*�58*�,?M
=6@B*<D�=6*<-
58E4FBk4*�-�=6*�-

�Ö¨ea �å«b­v« � ( ¶�µ_¸�Î(Ç8µ�Â.µ_·b½
a, b, c, d

µ�¶B·bµ_¾�¯]¸<´4·Ä¹ º µ;»p¶BÇv¹0µ�¾Øµ�¸�¾<½�µ�¸�ÆÄ½Y´;Ô®µ�Çj±4¾?¾_µ�·Ï¾?¶vÑ�Ê¦±6´4Ô
º µ_·�±6´lµ�¶B·bµ æ µ�¶j¾�µ+¶B·�Ã4Ý(µ�¶#¾?¶vÑ�Ê�½v¸�µ�·1·tµ�·Ä¹0µ+¿(±X±p¸�µ�±1´;Ôg½�µ_¶GÇ8µ�·ÖÅ
�(@B-1*��n*�@GM?*�,J* �1EXFGkX*�,J/1-1kC2;/:D ð � @BDYM
�Ö¨ea �å«b­v«�� °4Å]à�Ì W:½bÂl±p·x¶G·.µ�¶B·bµ_¸�Ã��1À0ÇG¶j¾�Ñ�Êtµ�· � ·bÜÓ¸<¹4·t´;· º µ�¶B·.Ü1¹0µ�¸	Â.µ�Ê1¸�µ�¸�µ�Î(Ç8µ�Â.µ�·��½�µQÝ�µ º Á�¾�Ü�µ�·t½®¾<½�µ_Êt½ØÝ�¶8µw¹0µ_¸�µ_¶G·tµ�Ã��6À0ÇB¶B¾�Ñ�Êbµ � ·bÜp¸�¹X·b´4· º Ùj¾�ÜpÔ®µ�¸J·¦·bÜ1Ñ�Ê º µ�·tÐ º µ_·Ä¹Î(Ç�µ_Â.µ�·t½�µØÐ:»;¸?¶ º�� ²
Ò:Å�Æ0¶G·#¹

(a, b, c, d, e, ..., m, n)
´;·Ä¹

(a, x, b, c)
Ã��1À0ÇB¶B¾�Ñ�Êbµ � ·bÜÓ¸<¹4·t´;· º µ�·ÄÁ�¾_ÜQ±6´1Ñ�Ê�¹4¶8µ¹:´;¸<Ñ�ÊI³�´X¾J±;ÂxÂ.µ_·:¾�µp½vÃpµ�·Qµ�·t½®¾<½�µ_Êbµ�·Ä¹6µ � ·bÜÓ¸<¹4·t´;· º (a, x, b, c, d, e, ..., m, n).

� ¥��Ø¥��_c õn��@B,
9b*��n*�@jD?*�-3-0/1, � 8_����2X��S ð � Lp2;-1-3A�24- 2;FBFB*Q9�*�M?*<@GFB@Gk4M?*<- �(FB*�AC*�-NMJ*È@B-
*�@B-1*�7��NL0FB@BDJ��S1* ð -1E4,�=6-0/1-1k�91,J@G-:k4*�-Ö��?ÖT4ì;M�A�2;-

x
�n*�k�ëÖDYE�*<-XM�D�MJ*�SNMØ=1249�*<@(*�@B-1*l7��0LNFB@ �

DJ��S1* ð -1E4,�=6-0/1-1kx=6*�,]y19:,?@Bk4*<-#ëN=1@G*z��@B,nE�� ���024FBD]=6@B*WE49b*�-.kX*�-:24-1-NM?*z2;-1-:*�S1AC*�-�L4éX-1-1*�-Ö�
)W2;-1-l*<-NMJDYM?*�SNM]=6@G* ð -1EX,J=1-N/:-1k�=6*wDn�W*wD?24A�M?*<-#ëN@G-:=1*�A A�2;-l@B-.=6@B*<D?*�FB*�MJ7�M?* ð -1EX,J=1-N/:-1k
2;-�k4*<*�@Bk4-1*�M?*<,zVNMJ*�FBFG*

x
*<@G-:DJ��S1@B*�96Mw�Ä�3T;S1FGM�A�2;-È*�@B-1*�2;-:=6*<,?*�24FBDz=6@B*C9�*<S:2;/1H1M?*�MJ*4ë#/:-:=

FjT;ì;M�=124-1-å2;FBFG*wDW24/1ì4*<,
{a, b, c, x}

�n*�k:ë#D?E
*�-NMJDYM?*<SXM�*<@G-å��@j=6*�,�DYH:,?/:��SÈ7�/1, ð -1E4,�=6-0/1-1k
(a, x, b, c)

�
�

)+@G*���,?*<-1- � 9:7���� ð -1E4,�=6-0/1-1kNDY,J*�Fj2pMJ@GEX->k4@B96M�-1E6��S�7�/å�n*�@GM?*�,J*�-Ï�n*�kX,?@G�t*�- ð -1Fj2;ì���V0@B-:=
{a, c}, {b, d}

7��n*�@+DY@j��S¬MJ,?*<-1-1*<-:=6*Iò�2424,?*Xë	D?Eå@BDYMl-:2X��S ð � K�*<=6* ð -1E4,�=6-0/1-1k�ë(=6@G*Q249 �
�n*<��S:D?*�FB-:=å*�@B-¬��FG*<Ax*<-NMC=6*wD�*<@G-:*�-¦/1-�=¬=6*wDØ24-:=6*�,J*�-Ïò�2X2;,J*<D�9b*�-0/6MJ7�M<ë	7��NL0FB@BDJ��S#�	)�@B*<D
*�,Jk4@B96Mzk4*<-:2;/>=1@G*xE49b*�-È-1E;MJ@G*<,YMJ*�-È2X��SNM ð -1E4,�=6-0/1-1kX*�-#ëb�©EX9�*<@bK�*��n*�@BFBDW=6@B*xO0@B*�,W@G-�*�@B-1*<,
P�*<@GS1*�-0/1,�=6/1,���S¬7��0LNFB@jD?��S1*
$�ACEX,J=6-0/1-:k�24/:DY*<@G-�2;-:=6*<,ØS:*�,JO4E4,Jk4*<S1*�-Ö�(��,JT4k;MCAC24-á=6@B*<D
AC@UM�=6*<-ly191FB@B��S:*�- ' �(/1L0FB@B=6@jDJ��S1*�-�8©�n*�kX,?@G�b*<-�@G-�*�@B-1*�A �ny:DJ��S1*�Ft2;/15�ëND?E�*<,?S:T4FUM©AC24-.7<�©*<@
O4*<,JDJ��S1@B*<=6*<-1*�)�/:,J��S1Fj2;/158,?@j��SNM?/1-1kX*�-#ë:�©EX9�*<@ÖD?��S:E4-I=6/1,���SI=6,?*<@��W*<,J2X=6*�-I2;FBFB*<D]58*wD�MJk4*�FB*�k4M
@jD�Mw�
��@B,�k4*<��@G-1-:*�-�=12;,�2;/:D

�
¥��	� �ba �®£��!«b­[� � ³	Ý�µ_¶CË:¸?¶ è	µ�Ç
(a, b, c)

´4·Ä¹
(d, e, f)

µ�¶B·bµ�¾�¯]¸w´;·Ä¹ º µp»;¶GÇ®¹0µ_¾ B
µ_¸J¾<½�µ_¸

Æt½?´;Ô®µCÊ�±:»0µ_·�¹0µ_· É ¾_µ�Ç�»6µ�·¬Æ0¶B·1· Í ÁnÝ(µ�·:·�µ�·t½gÝ(µw¹0µ_¸ (d, e, f)
µ_¶G·tµxÃ��1À0ÇG¶j¾�Ñ�Êbµ �ÖÂ�¾<½�µ_ÇGÇ¼´;· º



��� ¶8ÜÓÂ.µ�¹0µ�¸ � ·bÜp¸�¹4·t´;· º ´;·#¹lÆÄ½�µÓ½®¶ º À0µ_¶®½ �����4�

)ÓÜp·
(a, b, c)

¶j¾<½�ÁÖÜ6¹6µ�¸
{a, b, c, d, e, f}

Ý�µ_·1¶ º ¾<½�µ�·�¾B)Ó¶8µ�¸�Î�Ç�µ_Âlµ_·t½�µxµ�·t½vÊ�Ì;Ç®½+´;·Ä¹
¶G·Øâ�µÓ¹0µ�¸Ã��1À0ÇB¶B¾�Ñ�Êbµ�· � ·bÜp¸�¹4·t´;· º ±pÇBÇ8µ�¸+¹4¶�µ�¾�µ_¸©Î�Ç�µ_Âlµ_·t½�µwÁ1¶B·Q¹6µ�¸ (a, b, c)
)pÜÓ¸JÀ0ÜÓÂCÂ�½�±6´6Ñ�Ê

(d, e, f)Ü1¹0µ�¸+µ_¶G·tµ+Ã��1À0ÇG¶j¾�Ñ�Êtµ ��ÂC¾<½�µ_ÇGÇ¼´;· º ¹0±�)ÓÜÓ·S)ÓÜp¸?À6ÜÓÂCÂ.½JÅ

�Ö¨ea �I����� �
¥ ��� �ba6�v£b� «b­[�#« Þ�´4¸�Ñ�Ê�¹4¶8µlµp»6µ�· º µÓ½®¸_Ü �Äµ_·bµ /bµ�¾�½¼¾�µp½vÃX´;· º ¶j¾�½Wµ_¶G·tµ����6´;¶[�)�±pÇ8µ�·1Ã<¸_µ_Çj±1½v¶8ÜÓ·lµ�¸JÀ0ÇjÌ;¸<½YÁ1¹4¶8µ+¹4¶8µ 
 µ�· º µ+¹0µ_¸+Ë1¸J¶ è�µ_Ç�)ÓÜp·CÎ(Ç�µ_Â.µ�·t½�µ_· )ÓÜÓ· B
¶B· º µ_·�±6´zÃXÝ�µ_¶���6´;¶X)_±;Ç�µ_·1Ã�À0Ç�±;¾J¾�µ_· º ¸<´<è:èt¶�µ_¸<½JÅÞ+¶�µ�Ã4´

(a, b, c) º µ�Ê,+p¸_µ_·Ä¹0µ����6´;¶X)�±pÇ8µ�·1Ã<ÀNÇ�±;¾J¾_µ]¾�µ_¶tÂx¶¼½ O(a, b, c)
»0µ_ÃÓµ_¶vÑ�Ê1·tµÓ½?Å 
 ±;·.·bµ_·1·t½

¾?¶�µ�¹0µ_· É ÙBÞØ´;¸<Ñ�Ê1Ç�±6´;Ô��8²�Æ0¶B·1· Í Ü1¹0µ�¸z¹4¶8µ É�� ¸?¶8µ�·t½v¶8µ�¸w´;· ºbÍ )ÓÜp· (a, b, c).
. ·:¾w»0µ�¾�Üp·Ä¹0µ�¸�µ�¶B¾<½

O(a, b, c) = O(b, c, a) = O(c, a, b) 6= O(c, b, a) = O(b, a, c) = O(a, c, b).

/bµ_¸?·tµ�¸(¶j¾�½�ÔgÐ;¸ )Ó¶8µ�¸(Î�Ç�µ_Âlµ_·t½�µ º µ�·�±1´x¹N±p·1· O(a, b, c) 6= O(a, b, d),
Ý(µ�·:·C¾?¶®Ñ�Ê

{a, b}
´;·Ä¹

{c, d}
½v¸�µ�·:·bµ�·ÖÅ

� ÇBÇ8µ�¶G·Øµ_¶G·tµ�¸ÖÃ��1ÀNÇB¶j¾�Ñ�Êbµ_· � ·bÜp¸�¹4·t´;· º (a1, ..., an)
)ÓÜp¸?À6ÜÓÂCÂ.µ�·Ä¹6µ�·�Ë1¸J¶ è	µ�ÇXÊ�±1»6µ�·C¹X¶�µ	¾_µ�Ç�»6µ

� ¸J¶�µ_·b½®¶�µ_¸<´4· º Å æ ¶B¸]¾¼èt¸�µwÑ�Êtµ�·�¹4¶8µ_¾_µ�±1´6Ñ�Ê�±pÇj¾�¹X¶�µ � ¸?¶8µ�·t½v¶8µ�¸w´;· º ¹6µ_¾©·��?ËÖ´<è	µ�Çj¾ (a1, ..., an)±p·�Å
� ¥��Ø¥��_c õ])W2;ìx58y1,�=6,J*�@Ä��FG*<Ax*<-NM?*

a, b, c
=6@B*��n*�7<@G*<SN/:-1k4*<-

O(a, b, c) = O(b, c, a) = O(c, a, b) 6= O(c, b, a) = O(b, a, c) = O(a, c, b).

k4*<FUMJ*�-#ë058EXFGk4M�/1-1AC@GMYM?*<FG9�2;,�24/:D�=6*�,�)+*���-1@UMJ@GEX-#�
V0@B-:=z-0/1-

d, e, f
�(FB*�AC*�-NM?*©=6*<D�DY*<FG9b*�-��W,J/1-:=6kX*�91@BFj=6*<D<ë�D?E0=:2;ì

{a, b, c, d, e, f}
�©*<-1@BkXDYM?*�-�D

O0@G*<,#�(FB*�AC*�-NMJ*(*�-NM?S�T;FGM<ë<D?E�E4,�=6-1*�A�24-z24FGFB*�D?E]7 �0L0FG@jD?��S�24-#ë<=124ì�=12;,J@B-
(d, e, f)

O4E4,JL4EXACA�M<�
)W2;-1-áL4E4ACA�Mx=124,?@B-¬2;/���SÏ*�@B-1*�7��0LNFB@jD?��S1*�$�A�DYM?*�FBFB/1-1k>OXE4-

(a, b, c)
E6=6*�,ØO4EX-

(c, b, a)O4EX,<� �gA *<,JDYM?*<- �:24FGF�@BDYMW=:2;-1-
O(d, e, f) = O(a, b, c),

@BA�7��n*�@GM?*<- �:2;FBF�@BDYM
O(d, e, f) 6=

O(a, b, c).
�:E4FBk4FB@B��S
k4@B96M�*<D�kX*�-:24/.7<�©*<@����N/1Op2;FB*�-17<LNFj24DJD?*�-#�

��,?*<-1-1*�-�D?@B��S
{a, b}

/:-:=
{c, d}

D?EÏ@BDYM
(a, d, b, c)

*�@B-1*Q7��0LNFB@jD?��S1* ð -1E4,�=6-0/1-1k�� �g-%@GS1,
L4EXACA�M

(a, b, c)
2;9b*�,�LX*�@B-1*]7 �0L0FG@jD?��S:* $�AxEX,J=1-N/:-1kzO4E4-

(a, b, d)
O4E4,w�;V0E4AC@GM(@BDYM

O(a, b, c)
6= O(a, b, d).V0@B-:=Q=6@B*�9b*�@j=6*�-��+,?@B*�-NM?@B*�,J/1-1kX*�-

O(a, b, c)
/1-:=

O(a, b, d)
O4*<,JDJ��S1@B*<=6*<-#ë1D?ElLp2;-1-QLX*�@B-1*

7 �0L0FB@BDJ��S1* ð -1EX,J=6-0/1-:k�OXE4-å2;FBFG*<-ÈO0@B*�,z�(FB*�AC*�-NM?*<-ÏDYEp�nE4S1F
(a, b, c)

2;FjD�2;/:��S�*�@B-1*C7 �0L0FB@ �
DJ��S1*�$�A�DYM?*�FBFB/1-1klOXE4-

(a, b, d)
*<-XMJS:2;FGM?*<-#�1��*<D?*�-NM?FB@j��SIO4*�,�DJ��S1@G*w=6*�-:* ð -1E4,�=6-0/1-1kX*�-#ë:=1@G*

(a, b, c)
*�-NM?S:24FUMJ*�-#ë;D?@B-:=

(a, b, c, d), (a, b, d, c), (a, d, b, c),
OXE4-�=1*�-1*<-x249�*<,�-0/1,�=6@B*]FG*�M?7�M?*

-1@j��SNM
(a, b, d) ' E6=6*�,z*�@B-1*x7 �0L0FG@jDJ��S1*�$�ACDYM?*<FGFB/1-1kI=12ÓOXE4-�8�*�-NM?S�T;FGM<�Ä)+24AC@UM�@jD�M (a, d, b, c)91@jD�24/65�*<FG*<AC*�-NMJ24,?*�$�AxEX,J=1-N/:-1k4*<-�=1@G*�*<@G-17<@GkX*T=Ié4kXFG@j��S1L0@B*�M�58y1,+*�@B-1*�7 �0L0FG@jDJ��S1* ð -1EX,J= �

-0/1-1k�=6@B*<D?*�,��(FB*�AC*<-XMJ*4ë:D?E6=12;ì�D?@B��S
{a, b}

/1-:=
{c, d}

MJ,?*<-1-1*<-#�
�

�Ö¨ea �å«b­[�,� Î©¾z¶B¾<½
(a, b, c, d) º µ�·b±6´Q¹0±p·1·�Ã��1À0ÇG¶j¾�Ñ�ÊÄÁ(Ý�µ_·1· (a, b, c)

´4·Ä¹
(a, c, d) º Ç8µ�¶®Ñ�ÊÜÓ¸J¶8µ�·t½v¶8µ�¸w½�¾?¶B·Ä¹�Å

� ¥��Ø¥��_c õn��D�D?*�@B*�-
(a, b, c)

/1-:=
(a, c, d)

kXFG*<@B��S¦EX,?@B*�-NMJ@G*<,YMw�(��2X��S ðDC @BE4A ð � 8�k4@B96Mx*wD
*�@B-1*�7��NL0FB@BDJ��S1* ð -:E4,�=6-0/1-1kC2;FBFG*<,�ON@B*�,���FG*<Ax*<-NM?*�/1-�=���@B*<=1*�,�-:2X��S ð � 8nL4éX-1-1*<-���@B,�2;- �
-1*<S1AC*�-#ë(=124ì

(a, b, c)
=124,?@B-¦O4EX,?LXE4ACA�Mw��)W2È9�*<@B=6*#�+,J@G*<-NM?@B*�,J/1-1k4*<-Ïk4FB*�@j��SáD?@G-�=Äë�A�/1ì

=124,?@B-ê2;/:��S
(a, c, d)

E6=6*<,
(c, d, a)

E6=6*�,
(d, a, c)

OXE4,JL4EXAxAC*<-#� ð FBFB*¬�n*<D?*�-NM?FB@B��S OX*�, �
DJ��S1@G*w=6*�-:*�- ð -1E4,�=6-0/1-1kX*�-#ët=6@B*

(a, b, c)
*<-XMJS:2;FGM?*<-�D?@B-:=>249�*<,W-0/1,

(a, d, b, c), (a, b, d, c)/1-:=
(a, b, c, d).

1�EX-�=1@G*wDY*<->*�,?58y1FBFUM�-0/1,�=6@B*CFG*�M?7�MJ*�2;/:��S�=6@G*C7<�©*<@UMJ*x�n*<=1@G-1kX/1-1k�ëtD?E6=12;ì
(a, b, c, d)

=6@B*z7 �0L0FG@jD?��S:* ð -1E4,�=6-0/1-1k�D?*�@B-�AØ/1ì:�
)+@G*�$�AxLX*�S1,J/1-1kC@jD�M�MJ,?@BO0@B24F®�

�

)+@G* ð 9191@BFj=6/1-1k � � �zkX@G91M©/1-:D�*�@B-1*�-�/:-1AC@UM?M?*�FB9:24,?*<-��(@G-�=6,?/���Lx=12ÓOXE4-#ëX=12;ì�7<�©*<@b�W*�,�24=1*�-
a, b

*<@G-C�ny:D?��S:*�FN@G-Ø7��n*�@N��@G-1LX*�FG58*�Fj=6*�,	7<*�,JFG*<k4*�-Öë<-:T4ACFG@j��S�*<@G-1*wD�ëw�]24D�-1E6��S�*�@B-1*nk4*<k4*�9b*�-:*
�W*�,�24=1*

c
*�-NM?S�T;FGM<ë6/1-:=�*�@B-1*wD�ë6�]24Dn=6@B*<D?*W-:@B��SNM�*�-NM?S�T;FGM<� ð /�D]/1-:D?*�,J*�- ðDC @GEXAx*<-�LXé4-1-:*�-

��@B,�=6@G*wDY*<-I�©*<k4,J@U�QD?EC*�@B-658y1S1,J*�-#õ
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b

a
c

a
c

b

ð 919:@GFj=6/1-1k � � �

�
¥��	� �ba �®£��!«b­[��& ³	´
¯�µ_¸�±6¹0µ�·
a, b, c

µ�¶B·bµ�¾
�WÐ4¾�Ñ�Êtµ�Çj¾
B
¾_µ�¶

Sab/c := {x ∈ B | {a, b}
´;·#¹

{c, x}
½®¸_µ_·1·bµ�·I¾?¶vÑ�Ê

},

¹N±4¾ É )ÓÜp·
a
´;·#¹

b º µp»p¶BÇ®¹0µÓ½gµØÆ�µ º Â.µ_·b½YÁ	¹N±;¾ c
·1¶vÑ�Êt½�µ�·t½vÊbÌpÇ¼½ Í Ü1¹0µ_¸�±6´6Ñ�Ê É ¹N±4¾WÆ�µ º Â.µ_·b½¹0µ_¸�»0µ_Ã4Ð º ÇG¶®Ñ�Ê c

ÃXÝ�¶B¾�Ñ�Êbµ�·
a
´;·#¹

b
ÇB¶�µ º µ�·#¹0µ�·å¯�µ�¸_±0¹0µ_· Í ÅÞ+¶�µx¯�µ_¸�±6¹0µ�·

a, b º µ�Ê,+p¸_µ_·.·1¶®Ñ�Êt½�Ã4´ Sab/c.
æ ¶B¸�»0µ_ÃÓµ�¶®Ñ�Ê1·bµ_·

Sab/c := Sab/c ∪ {a, b}

´;·Ä¹�·bµ_·1·bµ_·È¹X¶�µ�¾W¹0µ�· É � »;¾�Ñ�Ê1Ç¼´ W Í Ü6¹6µ�¸z¹N±4¾ É ±:» º µ�¾�Ñ�Ê1Ç8Üp¾J¾_µ�·bµ�Æ�µ º Â.µ_·b½ Í ÅÆ0¶B·1· º µ�ÂlÌ W�¾?¶G·Ä¹lÆ:µ º Â.µ�·t½�µz±1´;ÔÖ¿�´;·1Àt½v¸�µ�¶BÊbµ�·Ï»pÃXÝ�Å6¶B·
Î+»0µ_·bµ�·Ä»6Ð4¾�Ñ�Êbµ_ÇG·>µ�¸JÀ0ÇjÌ;¸<½JÅ
=Q24-�9b*<24��SNMJ*4ëÓ=12;ì+-:24��S ðUC @GEXA ð � =6@G*��W*<,J2X=6*

c
`:|v��}0f0@G-x=6*�A *<9�*<-Ø*<,?L0FjT;,?M?*<-�V0*�kXAx*<-NM

Sab/c

FB@B*�k;Mw�
��y1,�V0*<k4AC*�-NM?*�@B-I�ny:D?��S:*�FB-�/1-�=
D?@B-1-1k4*<A�T;ìx@G-I=6*<-
24-:=6*�,J*�-I�W,J/1-:=6kX*�91@BFB=1*�-�k4@BFUMwõ
�Ö¨ea �å«b­[� V ³	Ý�µ_¶N¾_µ�¶B·bµ�¸]¯�µ�¸_±0¹6µ�·

a, b
½gµ�¶BÇ�µ_·Cµ�¶B· �WÐ4¾�Ñ�Êbµ_ÇX¶B· º µ�·�±1´�Ã4Ý(µ�¶6Æ:µ º Âlµ_·t½�µpÅ;³�Ý(µ�¶Ý(µ�¶¼½�µ�¸�µ�¯�µ_¸�±6¹0µ�·

x, y
ÇB¶8µ º µ_· º µ�·�±1´Q¹N±;·1·>¶BÂÛ¾�µ_Ç¼»6µ�·ÏÆ:µ º Â.µ�·t½�Á�Ý(µ�·1·�¾Y¶8µ<)ÓÜÓ· a

´;·Ä¹
b·1¶®Ñ�Êt½ º µÓ½®¸_µ_·1·t½©Ý(µ�¸<¹0µ_·ÖÅ

a

a

d

d

b

b

c

c

S′′

S′

S′

S′′

ð 9191@BFj=6/1-1k � � � �

� ¥��Ø¥��_c õn��D]D?*�@B*�-
a, b

7<�©*<@��ny:DJ��S1*�FBk4*<,J2X=6*�-Öë
c, d

7��n*�@b�n*�@GM?*�,J*4ëNDYEx=12;ìØDY@j��S
{a, b}

/1-:=
{c, d}

M?,J*�-:-1*�-#� ' )�@B*<D�k4*�SNM�-:2X��S ð � � 8©��@G,�D?*�MJ7�*<-

S′ := Sab/c = {x | {a, b}
/1-:=

{c, x}
M?,J*�-:-1*�-ID?@B��S

},
S′′ := Sab/d = {x | {a, b}

/1-:=
{d, x}

M?,J*�-1-:*�-�DY@j��S
},



��� ¶8ÜÓÂ.µ�¹0µ�¸ � ·bÜp¸�¹4·t´;· º ´;·#¹lÆÄ½�µÓ½®¶ º À0µ_¶®½ ����� :

=Ä� S#�
S′
917��

S′′
@jDYMz=12XD�OXE4-

a, b
k4*<91@GFj=6*�M?*�E4�b*<-1*�V0*�kXAx*<-NM<ëÄ=124DW=6@B*C�W*<,J2X=6*

c
917����

d-1@j��SNM�*�-NM?S:T4FUMw�1)+2�D?@j��S
{a, b}

/1-�=
{c, d}

M?,J*�-1-1*<-#ë6S:249�*<-
��@B,

d ∈ S′, c ∈ S′′,
249�*<,

c 6∈ S′, d 6∈ S′′.

' V6@G*<S1* ð 919:@GFj=6/1-1k � � � � 8��V0*<@X-0/1-
x
*�@B-�9�*<FG@B*�9:@GkX*�,Ö�n*�@GM?*<,?*<,�VNMJ,J24S1F4@BA �©y�D?��S1*<F®�w)+2�DY@j��S

{a, b}
/:-:=

{c, d}
MJ,?*<-1-1*<-#ë

@jD�M
acbd

*�@B-1*�7 �0L0FG@jD?��S:*��+,�=6-0/1-1kÈ/1-:=�DYEXAx@GM�*�@B-1*�=6*�,C58EXFGkX*�-:=6*<-¬O0@B*�, ð -1EX,J=1-N/:-1k4*<-
7 �0L0FB@BDJ��S#õ

1. axcbd, 2. acxbd, 3. acbxd, 4. acbdx.
� 9b*�, ðUC @GEXA ð � 8nL4éX-1-1*�-
��@B,�2;/:D�=6@B*<D?*�- ð -:E4,�=6-0/1-1k4*<-
2491FB*<D?*�-#õ
�n*�@ � �Gõ

{x, c}
MJ,?*<-1-NM�-1@B��SNM

{a, b}
ë62;9b*�,

{x, d}
M?,J*�-1-NM

{a, b}
ë6=Ä� SÖ�

x 6∈ S ′, x ∈ S′′.�n*�@ � �Gõ:)+@GM?E:�
�n*�@	::�Gõ

{x, c}
MJ,?*<-1-NM

{a, b}
ë0/1-�=

{x, d}
M?,J*�-:-XM�-1@j��SNM

{a, b}
ë0=#� S#�

x ∈ S ′, x 6∈ S′′.�n*�@ � �Gõ:)+@GM?E:�
ð FjD?E.k4*<S1é4,?M�K�*w=6*x�©*<@UMJ*�,J*x�W*�,�24=1*

x
-1E6��SQ7�/Èk4*�-�2;/I*�@B-1*<AÛ=6*�,z9b*�@j=6*�-åV0*�kXAx*<-NM?*4�t)W2

x ∈ S′,
k4*�-�2;/��©*<-1-ÏDY@j��S

{x, c}
/1-:=

{a, b}
M?,J*�-:-1*�-#ëÖ58E4FBk;M�24FBD?E:ë#=124ì

x ∈ S′′,
k4*�-�2;/

�n*�-1-åDY@j��S
{x, c}

/1-�=
{a, b}

-1@j��SNMzM?,J*�-1-1*<-#�ÖV0EXAx@GMz58E4FBk;Mwët=:2�KY2
c ∈ S′′

ë#=12;ì
x
/1-:=

c@BA D?*�FB9�*<-IV6*�k4AC*<-XM�FB@B*�k4*<-#ë6k4*<-:2;/
�n*�-1-ID?@B��S
{x, c}

/1-:=
{a, b}

-1@j��SNM]M?,J*�-1-1*<-#� ð -:2;FBE4k
DJ��S1FG@B*�ì4M©A�2;-�AC@UM

d
�0)W2;AC@GMnS�2;9b*�-�249�*<,

c
/1-:=

d
@BS1,J*WD?Hb*�7�@B*�FBFB*WP�EXFGFB*�OX*�,JFGEX,?*<-�/1-:=�=6*�,

V62;M?7z@BDYM�k4*<7�*<@Gk4M<�
�

��@B,��n*�,�=6*�-Ï@B-¬=6*<,ØD?E4k4*<-:2;-:-XMJ*�-åS:24,?ACE4-:@BDJ��S1*�-¦V0H:@G*<k4*�FB/1-1k ' V62;M?7l/1-�=¦�n*�7�*<@B��S:-N/:-1k� � � :�8#24-�7��n*�@N�(FB*�AC*�-NMJ*�-
a, b

*�@B-1*nò(,?E4K�*�LNM?@BO0@UM�TpM	L4*<-1-1*�-ØFG*<,?-:*�-#ëÓ=6@B*]=1@G*n9�*<@B=1*�-�OXE4-
a, bk4*<91@BFB=6*�M?*<-IV6*�k4AC*<-XMJ*z91@ K�*<LNM?@BO�2;/158*�@B-:2;-:=1*�,�2;9:91@GFj=6*�M<�1)W2;AC@UM�58E4FBk;M�=12;-:-.MJ,?@BO0@B24FG*<,?�n*�@jDY*

�Ö¨ea �å«b­[�,f �0µw¹6µ_¾�Æ:µ º Â.µ�·t½�µ�·t½vÊbÌpÇ¼½�´;·bµ�·#¹4ÇG¶®Ñ�Ê3)Ó¶�µ_Ç�µ�Î(Ç8µ�Â.µ�·t½gµpÅ

=Q24-:��S1A�2;F�@BDYMn*wD�7<�©*w��L0ACT4ì4@Bk:ëXV6*�k4AC*<-XMJ*�y19b*�,��+,J@G*<-XMJ@G*<,?/:-1k�7�/
��S:2;,�2;LNM?*<,?@jD?@G*<,?*<-#�p��@G,
9b*<DJ��S1,?*<@G9b*�-�=6@B*<D���@B*<=1*�,�2;-I�W*�,�24=1*�-
*�@B-1*<D��ny:DJ��S1*�FjD<�
�g-Q*<@G-1*<Aí�©y�D?��S1*<F

B
�]T;S:FG*<-I��@G,W��@GFBFBLNy:,?FB@B��SQ=1,?*<@��W*�,�24=1*�-

u, v, w
/1-:=Q-1*�-1-:*�-Q=6*<,?*<-

�+,J@G*<-XMJ@G*<,?/:-1k
O(u, v, w)

ñYHbEXD?@UMJ@GOXó_ë1=6@G*�24-:=6*�,J* �+,?@B*�-NMJ@G*<,?/1-:kzñY-1*�kN2pMJ@GOXó_�0)W2;-:-
kX@GFGM

�Ö¨ea �å«b­[� � ³	´ØÃXÝ�µ_¶�¯�µ�¸_±0¹0µ_·
a, b

µ�¶B·bµ�¾ �+ÐX¾�Ñ�Êbµ_ÇB¾
B
»p¶BÇ®¹0µ�·�¹4¶8µx»0µ_¶v¹6µ�· 
 µ�· º µ�·

S+ := {x ∈ B | (a, x, b)
¶j¾<½Öè�Ü;¾Y¶¼½v¶X)xÜÓ¸J¶8µ�·t½v¶8µ�¸w½

}
´;·Ä¹

S− := {y ∈ B | (a, y, b)
¶B¾<½�·bµ º ±6½®¶_)xÜp¸?¶8µ�·t½®¶�µ_¸<½ }

¹4¶8µx»0µ_¶v¹6µ�·3)ÓÜp·
a, b

µ�¸JÃÓµp´ º ½gµ�·
Æ�µ º Â.µ_·b½gµpÅ

� ¥��Ø¥��_c õn�3T;S:FG*Q*<@G-�9b*�FB@B*�91@Bk4*wD��W*�,�24=1*�-1H:2X2;,
{c, d}

ë(�n2XD
{a, b}

MJ,?*<-1-NM<�n)+24-1-3DY@B-:=
-:2X��S�V62;M?7�/1-�=
)+*���-1@UMJ@GEX- � � �6� =6@B*��+,?@B*�-NMJ@G*<,?/1-:k4*�-

O(a, b, c)
/:-:=

O(a, b, d)
O4*<,JDJ��S1@B* �

=6*<-#�4V0E4AC@GM�@BDYM�*�M��]2
(a, b, c)

H�ENDY@GM?@BOtë
(a, b, d)

-1*<kX2;M?@BO�E4,J@G*<-XMJ@G*<,YMw�p)+24Ax@GM	58E4FBk;M	y19b*�,�V62;M?7
� � � � õ ��D�M

x ∈ S+,
DYE�@jD�M

(a, x, b)
HbEXD?@UMJ@GOÈE4,J@G*<-NM?@B*�,?M<ët58*�,J-1*<,�@BDYM

(a, b, c)
HbEXD?@UMJ@GOÈE4,J@G*<- �

M?@B*�,?M<� �:E4FBk4FB@B��S¦@jDYM
(a, x, b, c)

7 �0L0FG@jD?��SÖ��)W2;AC@GMØMJ,?*<-1-1*�-�DY@j��S
{a, b}

/1-:=
{x, c},

DYE6=124ì
x ∈ Sab/c

�Ä)+24AC@UM�@jD�M�2;FjDYE
S+ ⊂ Sab/c.

�(9b*�-�DYE�58E4FBk;Mwët=:2;ì
S− ⊂ Sab/d

FB@B*�k;Mwët�©EX,J24/:D
=124-1-I=6@G,J*�LNM�=6@B*��n*�S:24/1H6M?/:-1kx58E4FBk;M<�

�

)W24DD��@G-17</1-1*<S1AC*�-Q=6*<, ð -1EX,J=1-N/:-1kXDJ2 C @BE4AC*�D?��S1FB@B*�ì;M�7<�n24,�*�M��]2l�W*�E4AC*�M?,J@G*<-
y:9�*<,©ñ�7</
k4,JE4ìX*�-0óBG+é4,JH�*<,?-Q24/:D<ëb,J*�@j��SNMz249�*<,+-:@B��SNMzS1@G-ÖëÄ/1AÛ=6@B*xEX9�*<-È24/:Dz=6*�,z�(/1L0FB@B=1@BDJ��S1*�-Èk4* �
�nE4-1-1*<-1*�,J*�*<FGFB*Ø�W*�EXAC*�M?,J@B*

P
3 7</>��S:24,J24LXMJ*�,J@BD?@B*�,J*�-#�6)+@G*wD�kX*�FB@G-1k4M�*�,�DYM<ëb�©*<-1-I��@G,+-1E6��S*�@B-��©*<@UMJ*�,J*<D ðUC @BE4A S1@G-:7�/1-1*<S1AC*�-#�

��@B,�58EX,J=1*�,J-�*�@B- ð -:2;FBE4kXE4-�7</1A V6��S1-1@GMYM � ðDC @GEXA O4E4-�� ��
���� � �	
 58y1,�=6@B*©,J*�*<FGFB*�- it2;S1FB*�-Öõ
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���p������ �¡�¢1��£�¤¦¥0�%��¥X�@�z£,`�`_c aw¢1�����®ª !b¥���a.«b­[� � . · µ_¶G·tµ�Â �+ÐX¾�Ñ�Êbµ_Ç
B
¾_µ�¶�¹N±;¾
Æ:µ º �Â.µ�·t½

Sab/c

¾_Ü+¶G·.Ã4Ý(µ�¶b·1¶vÑ�Êt½®Ç�µ<µ�¸�µwÁ1¹4¶j¾jâw´;·1Àt½�µ 
 µ�· º µ�· S1, S2
ÃÓµ_¸?Ç8µ º ½�Á�¹N± W�â�µÓ¹0µ]ÂC¶¼½�ÃXÝ�µ_¶¯�µ�¸_±0¹6µ�·

s′, s′′
±1´6Ñ�Ê�¹N±4¾ º ±p·1Ãpµ�Æ:µ º Â.µ�·t½ Ss′s′′/c

µ�·t½vÊ�Ì;Ç®½JÅ	ÞW±;·1· º ¶�»6½�µ_¾ º µ_·�±6´�µ_¶G·tµ¯�µ�¸_±0¹6µ
z ∈ B,

¾�Ü1¹N± W�ÔgÐ;¸x±;ÇGÇ8µ )ÓÜp·
z
)pµ�¸�¾�Ñ�Ê:¶�µÓ¹0µ�·bµ_·�¯�µ_¸�±6¹0µ�·

s1 ∈ S1, s2 ∈ S2
¾Y¶®Ñ�Ê

{s1, s2}
´;·Ä¹

{z, c}
½v¸�µ�·:·bµ�·ÖÅ

� ¥N¤¬¥X�"!#����ªá«b­[� � ÞØ´;¸<Ñ�ÊÈÆbÑ�Ê1·1¶¼½Y½+´;·Ä¹
ÆtÑ�Êbµ�¶B·ÏÐ:»6µ�¸w½v¸_Ì º ½(¾?¶®Ñ�Êå¹4¶�µ�¾�µ�Î(¶ º µ�·�¾�Ñ�Ê�±;Ôg½(·�±��½YÐ4¸?ÇB¶vÑ�Ê�±6´6Ñ�Ê>±1´;Ô�¿�´;·1Àt½®¸_µ_¶GÊbµ_·¦´;·Ä¹�Î�»0µ_·bµ�·Ä»6ÐX¾�Ñ�Êbµ_Ç¼Å,/bµ_¸?·tµ�¸zµ_¸ º ¶¼»1½�¾Y¶®Ñ�ÊÈ±;ÇGÇ8µ�¶B·>±6´4¾�¹0µ�¸Î � ¶j¾�½gµ�·1Ã )pÜÓ·
z
¾�Ñ�ÊbÜp·Q¹0µ�¾?¾_µ�·�Î(¶B·Ä¹0µp´1½v¶ º À6µ�¶¼½?Å

��@B,�S:249�*<- -0/1- 24FGFB* ðDC @GEXAx*È-1E;MJ@G*<,YMwën=1@G*���@G,�O4*<,?�n*�-:=1*�-3�nE4FBFG*<-#���©D���@B,�=3DY@j��S3@B-
G�2;H:@UMJ*�F	:x7�*<@GkX*�-#ë1=124ì�=12;AC@GM�=6*�,�,J*�*<FGFB*

P
3 ��S:2;,�2;LNMJ*�,J@BD?@G*<,YMn@BDYM<���2X��S.V62pMJ7 � � � � *<,?S�2;FGM?*�-�ò�,?E4K�*�LNM?@BO0@UM�TpM?*<-l=6@B*��Ö,J*�-:-1,?*<FB2;M?@BE4-C/1-:=.=6@G*�7 �0L0FG@jD?��S:* ð -1EX,J= �

-0/1-1k��1)�@B*<D�FB@B*�58*�,?M�D?E;58E4,?M

�Ö¨ea �å«b­[� � Þz±;¾(èÄ¸_Ü�â�µ�Àt½v¶X)Óµ �n¶GÇ®¹�µ�¶B·bµ_¾�Æ�µ º Â.µ_·b½gµ_¾n¶j¾�½�Ý�¶8µw¹0µ_¸+µ�¶B·QÆ:µ º Âlµ_·t½?Å
�1*<,?-:*�,(�]2;,(=6@B*	�+,J@G*<-XMJ@G*<,?/:-1k�=6*��:-:@G*<,?*<-:=6* ���N/1Op2;FB*�-17<,?*<FB2;M?@BE4-C2;FBFG*<@G-Cy19b*�,n=6@B*��Ö,J*�-1-:,?* �
Fj2pM?@BE4-�/1-:=�7��0LNFB@jD?��S1* ð -1EX,J=1-N/:-1k�=6* �:-1@B*�,?M<ëÓO4*<,YM�2;/:DJ��SNM�2;FjDYE�Ax@GM	ò(,?E4K�*�LNM?@BO0@UM�TpMJ*�-#ëÓDYE6=124ì
=12XD(�n@GFj=C*�@B-1*�,��+,?@B*�-NM?@B*�,J/1-1kND � ���N/1@BOÓ24FG*<-17�L0Fj24DJDY*�/1-NM?*�,�*�@B-1*�,(ò�,?E4K�*�LNM?@BO0@UM�TpM

ϕ
��@G*w=6*�,(*<@ �

-1*�D?E4Fj��S1* GzFB2XD?D?*+@jDYM<�:)W2;9b*�@#kX@GFGM�-1E6��S
k4*�-�2;/1*<,

ϕ(O(a, b, c)) = O(ϕ(a), ϕ(b), ϕ(c)).
�n@GFj=6*�M

ϕ
DYHb*�7<@G*<FGF	*�@B-Ï�W,?/1-�=6k4*<91@GFj=6*

B
*<,JDYM?*<,zV0M?/658*�@B-�D?@j��SÈ2;9ÖëtD?E
k4*�S:*�-È24FBD?E�=6*<DJDY*<-

9b*�@j=6*#�+,?@B*�-NM?@B*�,J/1-1kX*�-¦/:-XMJ*�,
ϕ
��@B*<=6*<,C@G-%=6@B*<D?*�9b*�@j=6*�- �+,J@G*<-XMJ@G*<,?/:-1k4*<-¦y19b*�,wë��nE49b*�@

D?@B��SØK�*<=6E6��SI=6@B*z9�*<@B=6*<-"�+,?@B*�-NMJ@G*<,?/1-:kXD � GzFj24DJDY*<-�O4*<,YM�2;/:DJ��S1*�-.L4é4-:-1*�-#�

�
¥��	� �ba �®£��!«b­'& � Î�¶G·bµ+¿�¸_Ü�â�µ�Àt½v¶X)Ó¶®½�Ì6½
ϕ
µ�¶B·bµ�¾�¯]¸<´;·#¹ º µ;»p¶GÇ®¹0µ�¾ B

¶B·I¾Y¶®Ñ�Ê.Êbµ_¶QW�½ É º Ç�µ_¶vÑ�Ê��¾?¶G·1·:¶ ºbÍ Ü6¹6µ�¸ É ´;· º Ç8µ�¶®Ñ�Ê:¾Y¶B·1·1¶ º�Í ÁÓâ�µ�·�±6Ñ�ÊÄ¹0µ�Â
ÁÖÜ6»l¾?¶8µx¹4¶8µl»6µ�¶®¹0µ_· � ¸J¶�µ_·b½®¶�µ_¸<´4· º µ_·H)ÓÜÓ· Bâ�µz±6´4Ô�¾?¶vÑ�ÊI±1»:»p¶GÇ®¹0µp½©Ü6¹6µ�¸ )Óµ_¸<½�±6´4¾�Ñ�Êt½?Å
�(@B-¦�n*�@jDYH1@B*�F	58y:,�*�@B-1*�kXFG*<@B��S:D?@B-1-1@Bk4*xò(,?E4K�*�LNM?@BO0@UM�TpM�@jD�M�=1@G* ��=6*<-NM?@GMJTpMwë�=6@B*�S:24,?ACE4-:@BDJ��S1*
V0H1@B*�kX*�FB/1-1k ' V12pM?7�/:-:=��©*<7�*<@B��S1-0/1-:k � � � :�8©��@G,�=
DY@j��S
24FBD]/:-1k4FB*�@j��S:D?@G-1-:@GkC*�,J�n*�@jDY*<-#��n*�MJ,J2X��SXMJ*�-I��@B,+*<@G- ' �(/:LNFB@j=6@BDJ��S1*wD 8WVNM?,�2;S:FG*<-N9:y:D?��S:*�F¼ëb=124,?@B-Q*<@G-1*Ø/1-1kXFG*<@B��S:D?@B-1-1@Bk4*�ò�,?E �K�*�LNMJ@GO0@GMJTpM

ϕ
��)�,J*�SNMIA�2;- -N/:- *�@B-1*¦�W*�,�24=1*

x
k4*<k4*�- =6*�,�$�S:,?7<*�@Bk4*�,�D?@G-1- =6/1,���S =12XD

�ny:DJ��S1*�F¼ëND?EØ=1/1,J��S:FBT4/65�Mn=6@B*z�©@BFj=6k4*<,J2X=6*
ϕ(x)

=12XD©�ny:DJ��S1*<F�AC@GM]=6*<A $�S1,J7�*<@GkX*�,�DY@B-1-l/1-�=
7��n*�@BA�2;FÄLXE4ACAC*�-

x
/1-:=

ϕ(x)
7</1,�)+*<��L0/1-1k�ë1=Ä� SÖ�

ϕ
S:2;M�7��n*�@ ��@ C *<FG*<AC*�-NM?*X�

)+@G*wD+@jDYM+-0/1->*�M��n2XD�ë��n2XD+24/65�� DW*�-1kND�MJ*�AC@UM�=6*<A 1�E4FBFBDYMJT4-:=6@Bk4L4*<@UM�D?2 C @GEXA O4*<,?L0-0y1H65�MW@BDYM<�
� c�f¼\?q4��}0fgc�` R�|�\�{�^6`*M4��}Nï_fvi�^6e oX�p`6op\?c�fz{�^¬ï�c�|�`1i�^6`0~;dGc�|v��}Nï_|�`:`�|U~Xc�mn\?� ��cJo;f®| �w|�f Mpfgc�` qp^��
c�|�`bc�e !bf®\?qw}0dGc�`bs 40ï��J}:c�d

B.

�Ö¨ea �å«b­'&Ö« Î©¾�¾�µ_¶
ϕ
µ_¶G·bµØ´4· º Ç8µ�¶®Ñ�Ê:¾?¶G·1·:¶ º µ�¿(¸�Ü�â�µ_Àt½v¶X)w¶¼½¼Ì1½(±6´;Ô B.

Þz±p·1· º µ�Ç¼½�µ�·
°XÅ

ϕ
Ê�±1½�Ê*+6Ñ�Ê�¾�½gµ�·:¾]ÃXÝ�µ_¶	/�¶ � µ�Ç8µ�Â.µ�·t½gµpÅ

Ò:ÅnÎ�¾ º ¶�»6½�µ�¶B·%Æ:µ º Â.µ�·t½ S,
¾_Ü6¹0± W>ÔgÐ4¸�¹6µ_¾J¾�µ_· � »4¾�Ñ�Ê1Ç¼´ Wå·bÜ1Ñ�Ê

ϕ(S) ⊂ S
´4·Ä¹á¹X¶�µ

É Y�±;·Ä¹X¾<½v¸_±pÊ1Ç8µ�· Í )ÓÜp· S
À0µ_¶G·bµ /�¶ � µ_Ç�µ_Â.µ�·t½�µ+¾?¶G·Ä¹bÅ

� ¥��Ø¥��_c õDib/1, ð 91L0y1,J7�/1-1klDJ��S1,J*�@B9�*<-.��@B,
x′
D�M�2pMYM

ϕ(x),
*�MJ�4�

� �D��TpM?M?*
ϕ
�n*�-:@GkND�MJ*�-:D�=6,J*�@ ��@ C *�FB*�AC*�-NM?*

f, g, h,
D?EC�nT4,?*+58y1,�=6@B*<D?*

ϕ(O(f, g, h)) = O(f ′, g′, h′) = O(f, g, h),

=12+KY2
f = f ′, g = g′, h = h′.

)+24AC@UM��]T;,J*
ϕ
2;9b*�,�kXFG*<@B��S:D?@B-1-1@Bk:�



��� ¶8ÜÓÂ.µ�¹0µ�¸ � ·bÜp¸�¹4·t´;· º ´;·#¹lÆÄ½�µÓ½®¶ º À0µ_¶®½ ����� �

� ���3T;S1FB*z*�@B-
a ∈ B,

DYE6=124ì
a 6= a′ = ϕ(a)

/1-:=�=124AC@UM�24/:��S
a′′ := ϕ(a′) 6= a′.

��@G,
� C @G*<,?*<-�@B,?kX*�-:=.*�@B-1*��+,J@G*<-XMJ@G*<,?/:-1kx24FBD]HbEXD?@GM?@BOl/1-:=
91@BFB=1*�-I=6@B*�V0*�kXAx*<-NM?*

S+ := {x ∈ B | (a, x, a′)
HbEXD?@GM?@BO.E4,J@B*�-NM?@B*�,?M

},

S− := {y ∈ B | (a, y, a′)
-1*<kX2pMJ@GO.E4,J@G*<-XMJ@G*<,YM

}.

ϕ
y19b*�,?58y1S1,?MnV0*<k4AC*�-NM?*�@B-.V0*<k4AC*�-NM?*]/1-�=�=6,?*<SNM�=6@G* �+,?@B*�-NM?@B*�,J/1-1kW/1A�ëXD?E6=12;ì�24FBD?E

ϕ(S+) := {x′ ∈ B | (a′, x′, a′′)
-1*�kN2pM?@BO�E4,J@B*�-NM?@B*�,?M

},

ϕ(S−) := {y′ ∈ B | (a′, y′, a′′)
HbEXD?@UMJ@GO�E4,J@G*<-XMJ@G*<,YM

}.

��D�M
a = a′′,

D?Ex58E4FBk;M

ϕ(S+) = {x′ ∈ B | (a′, x′, a′′)
-:*�kX2;M?@BOlE4,J@B*�-NM?@B*�,?M

}

= {x′ ∈ B | (a′, x′, a)
-1*�kN2pMJ@GOlEX,?@B*�-NMJ@G*<,YM

}

= {x′ ∈ B | (a, x′, a′)
HbEXD?@UMJ@GOlEX,?@B*�-NMJ@G*<,YM

}

= S+.

)+24Ax@GM�@jD�M
ϕ(S+) = S+,

2;FjDYEC2;/:��S
ϕ(S+) ⊂ S+.

V0*�@
a 6= a′′

/1-:= *�M��]2
(a, a′, a′′)

HbEXD?@GM?@BO�E4,J@G*<-XMJ@G*<,YMw� ��y1,I*<@G-
y ∈ ϕ(S−)

@jDYM
(a′, y, a′′)

H�ENDY@GM?@BO�EX,?@B*�-NMJ@G*<,YMwë:DYEXAC@UM
(a, a′, y, a′′)

7 �0L0FG@jD?��SI/:-:=Q=124Ax@GMW24/:��S�-1E6��S
(a, a′, y)

HbEXD?@GM?@BO¦E4,J@G*<-NM?@B*�,?M<�()W2;-1-�@BDYM.2;9b*�,
(a, y, a′)

-1*�kN2pM?@BO¦EX,?@B*�-NM?@B*�,?M<ë�D?E4AC@GM
y ∈ S−.

)W2;AC@UM�@jDYM
ϕ(S−) ⊂ S−.

a′
FG@B*�k4M�@B-

S−

/1-:=�@B-
ϕ(S−)

/1-:=#ëN=12
(a, a′′, a′)

-:*�kX2;M?@BOØEX,?@B*�-NMJ@G*<,YM�@jD�MwëXFB@G*<k;M©24/:��S
a′′
@B-

S−.
ð FBD?EC@BDYM�DYEXkX24,

ϕ(S−) ⊂ S−.
��D�M

(a, a′, a′′)
-1*�kN2pMJ@GO�EX,?@B*�-NM?@B*�,?M<ë1D?E�D?��S:FG@B*�ì4M]A�24-
24-:2;FBE4kxAC@UM

S+. �

�g-:D?9�*wDYEX-:=6*<,?* ' 2;9b*�,�-1@B��SNM�24/:DJD?��S1FB@B*�ì4FB@j��S�8t2;/651/:-1k4FB*�@j��S:D?@G-1-:@GkX*�ò(,?E4K�*�LNM?@BO0@UM�TpMJ*�-�FjT;ì4M�DY@j��S2;FjD?EQ=6*�,�58E4FBk4*�-�=6*.V62pMJ7.2;-0�n*�-:=1*�-#����@G,�58E4,JA�/1FB@G*<,?*<-å@GS1-å58y:,�*�@B-¬VNMJ,J24S1FG*<-091y:DJ��S1*�F¼ëÖ*<,
k4@BFGM�-:2pMJy1,?FB@j��S
D?@G-:-1k4*<ACT4ì�58y:,�ò(/1-1LNM?,J*�@BS1*<-#ë:�(9b*�-:*�-091y:DJ��S1*�F¼�

�Ö¨ea �å«b­'&*� ���U�bdÄ 	����!�a cw¨ea6��� Î�¾�¾_µ�¶
ϕ : B(x)∧̄B(x′)

µ�¶B·bµQ¿(¸_Ü�â�µ�Àt½v¶X)Ó¶®½�Ì6½Ø¶G· µ�¶B·bµ�Â
Æt½®¸�±;Ê1Ç�µ_·Ä»6Ð4¾�Ñ�Êbµ�Ç®Á:¹4¶8µ�µ_¶G·�Æ:µ º Â.µ�·t½ S := Sab/c

±6´;Ô	¹0±;¾]Æ:µ º Âlµ_·t½ S′ := Sa′b′/c′

±1»1»;¶GÇ®¹0µwÁ
¾_Ü6¹0± W

S′ ⊂ S.
ÞW±;·1·>µ�·t½vÊ�Ì;Ç®½

S′
µ�¶B· /�¶ � µ�Ç8µ�Â.µ�·t½U)pÜÓ·

ϕ.

� ¥��Ø¥��_c õ])+@G* �+,J@B*�-NM?@B*�,J/1-1k
O(a, b, c)

9�*<7�*<@B��S1-:*�-���@B,.2;FjD�HbEXD?@UMJ@GOtë�D?E6=12;ì¦=124-1-�2;FjDYE
S = {x ∈ B | (a, x, b)

H�ENDY@GM?@BO.EX,?@B*�-NMJ@G*<,YM
}.
ib/1, ð 9:LNy:,?7</1-1kÈDJ2;kX*�-Ï��@B,�58y:,C�W*<,J2X=6*�-

x, y ∈ S
õ

ñ
x
FG@B*�k4MnOXE4,

y
óWE0=1*�,�ñ

y
FB@B*�k;M]-:2X��S

x
ó_ë0�©*<-1-

x = a
E6=6*�,

(a, x, y)
H�ENDY@GM?@BO�E4,J@B*�-NM?@B*�,?M©@jD�Mw�

��,?@BO0@B24FG*<,?�n*�@jDY*]FB@G*<k;MÄK�*w=6*<D ��@ C *�FB*�AC*�-NM�OXE4-
ϕ,
=:24D�@B-

S
FG@B*�k4M<ë424/:��SlDJ��S1E4-C@B-

ϕ(S) = S′.�
|�\+`tcJ}6eCc�`�`:^6`Iqp`1i	|�`
S
}:q4s�c

ϕ
o4c�|�`
�(|U�0c�dGc�eCc�`:f®i�ï��wa4q��

x 6= x′
� 46\zqpd�dGc

x ∈ S
|jï_f�u

��@B,�91@BFB=6*<-I=6@G*z9b*�@j=6*�-���*�@BFGAC*<-1k4*<-
OXE4-
S

S1 := {p ∈ S |
��y1,�2;FBFG*

h ∈ Sap/c
FB@G*<k;M

h
O4EX,

h′.} ∪ {a},

S2 := {q ∈ S |
�©D�k4@B96M�*�@B-

k ∈ Saq/c

Ax@GM
k′
OXE4,

k.}.

�
|�\	{wc�|U~Nc�`�`:^6`1ita4q��>eØ|�fÖa;|vc_ï�c�`��>c�`0~Xc�`
S1, S2

a4qÓï 2��pd�d�ï�f Mp`tap|U~Óo4c�|�f®ï�q<�X|v�pe�q;` R�c�`baXsJq;\
|jï_fÖ^6`ta�ap|vc]{�^4~Xc�}��;\_|U~Xc�Z !t��}0`�|�f®fJh J [�c�\Jq4a4c

z
aX�<��}lc�|�`bc���|U�w~Nc�\?q4aXc R M;\?cwu ��2X��SØ)+*��:-:@UMJ@GEX-

@jD�M
a ∈ S1,

58*�,J-1*�,�@BDYM
b 6= b′

/1-�=�DYEXAC@UM�-1E;M��n*�-:=1@Gk
b′
O4EX,

b,
DYE6=124ì

b ∈ S2
FG@B*�k4M<� ð FjDYE�D?@B-:=

9b*�@j=6*Z=I*<-1k4*<-I-1@j��SXM+FG*<*�,w� ��2X��S0G�EX-:DYM?,J/1LNM?@BE4-
@BDYMW249�*<,
S1 ∩ S2 = ∅.

��DYM
x ∈ S, /∈ S1,D?E�* C @jD�MJ@G*<,YM©*�@B-

k ∈ Sax/c,
DYE6=124ì�-1@j��SXM

k
O4EX,

k′
FB@G*<k;M<�0)W2;-1-l@jDYM]249�*<,�*�-NM��n*<=6*<,

k = k′,�]24D�KY2C2;/:D?k4*wD?��S:FGEND?D?*�-l�]2;,wë0E6=6*�,�*wD�@BDYM
k′
OXE4,

k,
=Ä� S#�

x ∈ S2.
V0EXAx@GM�@BDYM

S = S1 ∪ S2.



����� � � �����	��
���
������

��DYM
p ∈ S1,

D?E�@jD�M�-�24��S G�EX-:DYM?,J/1LNM?@BE4-C2;/:��SWK�*<=1*<D
r
OXE4,

p
2;/�D

S1,
=Ä� S#�4*wD�@jD�M

Sap/c ⊂ S158y1,�24FGFB*
p ∈ S1.��DYM

q ∈ S2,
D?E+@jD�M	-:2X��SZG+E4-:DYM?,J/1LNM?@BE4-�24/:��S�K�*w=6*<D

s
-:2X��S

q
24/:D

S2,
=Ä� S#�Ó*<D�@jD�M

Sqb/c ⊂ S258y1,�24FGFB*
q ∈ S2.)W2;AC@UMCLp2;-1-áA�2;-á249�*<,x=:24DZ1�E4FBFBDYMJT4-:=6@Bk4L4*<@UM�D?2 C @GEXA 24-N�n*�-�=6*�-¦/:-:=¦��@B,C*�,JS:2;FGM?*<-¦*�@B-

�(FB*�AC*�-NM
z ∈ S,

D?E0=:2;ì
S1 ⊂ Saz/c, S2 ⊂ Szb/c.�
|�\�{wc�|U~Xc�`Q`�^6`1i	aXq���ap|vc�ï�c_ï

z
|�eÛ[�c�~Nc�`:ï�q;f�{W{�^6\]�+`�`bq<}6eCc�a4�w�J}>c�|�` ��|U�0c�dBc�e�c�`�f(ï�c�|�`

ex^ ��i(aXu�}1u
z = z′.)W2;7�/�9b*��n*�@jDY*<-���@B,�7�/:-:T4��S:DYM]58E4FBk4*<-:=6*<D

�Ö¨�!�aI«�­[&�& /nÐ;¸Öâ�µw¹0µ�¾�¿(±4±;¸
(x, y)

±1´4¾
S,
ÔgÐ4¸z¹N±;¾

x
)pÜÓ¸

y
¶j¾�½YÁ º ¶BÇ®½	ÔgÐ;¸�¹0µ�¸�µ�· �n¶GÇ®¹0µ�¸ \

x′
¶j¾�½U)pÜÓ¸

y′ º µ�·b±6´6Á#Ý(µ�·1· ϕ º Ç8µ�¶®Ñ�Ê:¾Y¶B·1·1¶ º ¶B¾<½�Á

x′
¶j¾<½�·�±0Ñ�Ê

y′ º µ�·b±6´6Á#Ý(µ�·1· ϕ
´;· º Ç8µ�¶®Ñ�Ê:¾?¶G·:·1¶ º ¶j¾�½JÅ

� ¥��Ø¥��_c õ�V0*<@
ϕ
k4FB*�@j��S:D?@G-1-:@GkC/1-:=

x, y, x′, y′, a′
K�*�OX*�,�D?��S1@B*<=1*�-�O4EX-

a
/1-:=

b.
)+2

x
O4E4,

y
@jD�Mwëb@jDYM

(a, x, y)
HbEXD?@UMJ@GOIEX,?@B*�-NM?@B*�,?M<ët=124Ax@GM�2;/:��S
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�n*��n*�@jD�9b*�-0/6MJ7�M�2;9b*�,]=6@B*W=6,J@GMYM?*zP�24/1A�=6@GAC*<-:DY@BE4-Ö�0)+@B*<Dn@BDYM]@G-:D?E;58*<,?-./1-0O4*�,JAC*�@j=69:24,<ëN2;FjD
*<D+DYEXk:�4ñ���@j��SNM � � � �g
��*���	� � D?��S1*���9�*<-1*�-0ó�kX@G96Mwë:@B-Q=6*�-:*�-Q=6@B*�*�-NM�DYH1,J*<��S:*�-:=6*<- ðUC @GEXAC*
=6*wDU1�*�,J91@B-:=6*�-�D�/1-:=IV6��S:-1*�@j=6*�-�D�k4*<FUMJ*�-#ëb2;9b*�,�-1@j��SNM+=6*�,WV62pMJ7�O4E4- � � � 
��*���	� � �:)+@B*<D?*
Lp2;-1-�A�2;-�=124-1-�-:2pMJy1,?FB@j��S�-1@j��SNM�@G-�/1-:D?*�,J*�-

P
3 *<@G-09b*�MYMJ*�-#�

� ¥N¤¬¥X�"!#����ªá«b­'& � Þ�µ�·>Æ1±1½vÃ<)pÜÓ· � � �g
��,���	� � Àp±;·1·�Âl±p·�·�±6½?Ð;¸JÇG¶®Ñ�Ê�¸�Ì1´;ÂCÇG¶®Ñ�Ê>¹�´X±pÇB¶[�
¾?¶�µ_¸_µ_·ÄÁ1Ý�Ü1»0µ_¶�±pÇj¾_Ü�¿�´;·1Àt½�µ©¶B·�Î�»6µ�·bµ_·
´4·Ä¹�Î�»6µ�·bµ_·�¶G·C¿�´;·:Àb½gµWÐ:»6µ�¸ º µ_Êbµ�·ÖÅ /tÜÓ¸JÂ.´;ÇB¶8µ�¸�µ�·´;·Ä¹Q»6µÓÝ(µ�¶j¾�µ_·�Æ6¶�µ�¹4¶8µ_¾_µ�·IÆ1±1½vÃ�¾_µ�Ç�»;¾�½JÅ

)+@G*wDY*<,�V62;M?7ÈO4E4- � � � 
��*����� � S1@GFG5�M�/1-:D<ën=6*<- 7<*�-NM?,�2;FB*�-3�n*�kX,?@G� =6*�,¬ZB}1qp\_e��p`�|jï��J}:c�`
��q�~Nc;h�E0=1*�,�=1*<D�ZB}1qp\_e��p`�|jï��J}:c�` �Ø^6\8��c_ïph17</�k4*<��@G-:-1*�-#�w��@B,Ö*�-NM���@j��L4*<FG-�@BS1-�24Ah1+@G*<,?*w��Lt�
V0@B*�S1* ð 9191@BFB=1/1-1k � � �6� �

C+

D+ B+

A+

M+ N+P+ Q+

R+

r

h

ð 9191@BFj=6/1-1k � � �"�

�g-Ï*�@B-1*<,z58y1,Ø=12XDz58E4FBk4*<-:=6*x58*<DYM?kX*��]T;S1FGM?*<-å�(9�*<-1*.D?*�@B*�- � ò(/1-:LXMJ*
A+, B+, C+, D+ @B-

2;FBFBk4*�AC*<@G-1*<,T?Ö24k4*4ë#=#� S#�Ö-1@B��SNM�=6,J*�@©2;/65]*�@B-1*�,x�W*�,�24=6*<-#ëÄk4*<k4*�9b*�-Ö�Ö)�@B*<D?* � ò(/1-:LXMJ*lS:2 �
9b*�- (

4
2

)

= 6
1�*�,J91@B-:=6/1-:kXD?k4*�,�24=1*�-#��)+@B* � ò(/1-:LXMJ*>AC@GM
=6*<- � 1�*�,J91@B-:=6/1-:kXD?k4*�,�24=1*�-

91@BFB=1*�-å=124D�Z �p�pd�d ï_f Mp`ba;|U~Xc 2�|vc�\?c���o6hvu�)+@G*wDzS:2pM�2;FjDYE � ����L4*<-È/1-�= � V0*�@GM?*<-#�Ö)+@G*lV0*<@UMJ*�- �
DJ��S1-1@GMYM?H:/1-1LNM?*zDY@B-:=�*�@B-1A�2;Ft=6@B* � ����L4*<-

A+, B+, C+, D+ ë6=124-1*�9b*�-�k4@B96M]*<D]2;9b*�,n-1E6��S



� ±;¸?Â.Üp·1¶B¾�Ñ�Êbµ�à�± º µ ����� �

:Q�n*�@GM?*<,?*IV6��S1-:@UM?M?H1/1-:LXMJ*
P+, Q+, R+,

=6@B*
D?E4k���Z��Øc<s�c�`bc��JoXc�`NhW=6*<D 1+@G*<,?*w��L0D<ë�=1@G*
7�/ �
DJ2;ACAC*�-
Ax@GM�@BS1,?*<- 1�*<,?9:@G-:=1/1-1kXD?k4*<,J2X=6*�-ÖëNkX*�-:24-1-NMØZ��Øc<s�c�`1ï�c�|�f�c�`0hjib=12XDxZ���cwsJc�`ba;\?c�|vcJ��o1h
=6*wD 1�@B*�,J*<��L6D]91@BFB=6*<-#�
ôX*<=6* ��*<9�*<-:DY*<@UMJ*ØS�2pM�2;/1ìX*�,+=1*�-È24/65�@BS1,zFG@B*�kX*�-:=1*�- � ��*<9�*<-1*<��LX*�-#ët@B-È=6*<-1*�-�DY@j��S�K�* �
1�@B*�,J*<��L6D?*�@GM?*<-
DJ��S1-1*<@B=6*<-#ë6-1E6��SØK�*�*�@B-1*�-IV6��S1-1@GMYMJH1/1-1LNM�AC@GM�=6*�-
O4*<,?9:FG*<@G9b*�-:=1*�- � 1�@B*�, �
*<��L6D?*�@GM?*<-#�4��M��]2

r := P+ ∩Q+ 9b*<D?@UMJ7�Mn=1@G*+�©*<@UMJ*�,J*�-.V6��S1-:@UM?M?H1/1-:LXMJ*
M+, N+ �NV0@B*+D?@B-:=/1-NM?*<,?*<@G-�2;-:=6*<,�/:-:=3OXE4- =6*<- ò(/:-1LNM?*�-

P+, Q+ O4*�,�DJ��S1@G*w=6*�-Ö� �+24��S ð 9191@BFB=6/:-1k � � �"�
DJ��S1*�@B-1*�-ÈDY@j��SÈ=6@B*xò(/1-1LNM?*<H:2424,?*

{P+, Q+}
/1-:=

{M+, N+}
7</QM?,J*�-:-1*�-#�t)+@G*wD+@jDYM+M�2pM �

DJT4��S1FB@B��S
=6*�,	�:2;FBF¼�

�Ö¨ea �å«b­'& � Î©¾©¾_µ�¶8µ�·
A+B+C+D+

µ�¶B·l·1¶®Ñ�Êb½	±6´4¾ º µ�±p¸w½�µp½�µ_¾ ( ¶8µ�¸�µwÑ�ÀbÁ:¹N±;Ã4´ P+, Q+, R+¹4¶8µ �zµp»6µ�·bµÓÑ�À0µ�·#Á
r := P+ ∩ Q+

�Wµ;»0µ_·:¾�µ_¶®½gµC´;·#¹>¹N±;¸�±1´;Ô]Ý�¶�µ�¶G· � »1»p¶BÇv¹�´;· º °4ÅB°<Ò M+´;·Ä¹
N+

¹4¶8µWÆbÑ�Ê1·1¶¼½Y½jè	´;·1Àt½�µzÂx¶¼½]¹0µ_·�Ý(µ�¶¼½�µ_¸_µ_· ( ¶�µ_¸_µÓÑ�À6¾�µ_¶®½gµ�·ÖÅ0Þz±p·1· º µ_Ç®½gµ�·

°XÅ]Þ�¶8µC¿�´4·1Àt½�µ
P+, Q+, R+ ¾?¶G·#¹á´;·t½�µ_¸_µ_¶G·b±p·Ä¹0µ_¸.´;·#¹ )ÓÜp·%¹0µ�· ( ¶8µ�¸�µwÑ�À6¾�µÓÑ�À0µ_· )pµ�¸ �

¾�Ñ�Ê1¶8µw¹6µ�·ÖÅ
Ò:Å]Þ�¶8µ�¿�´;·1Àt½�µYè#±4±;¸_µ

{P+, Q+}
´;·#¹

{M+, N+}
½®¸_µ_·1·bµ_·x¾?¶vÑ�ÊQÙG¶BÂ ¹:´;¸<Ñ�Êl¹4¶8µ ��� ¶�ÜpÂ.µ

º µ º µp»6µ�·bµ_·�Æ6¶G·1·tµJ²wÅ�Æ0¶G·:· º µ_Â�Ì W º ¶GÇ¼½]¹4¶8µ_¾]ÔgÐ;¸�¹4¶�µz±;·Ä¹0µ_¸_µ_· �zµp»6µ�·:¾_µ�¶¼½�µ_·I±1´6Ñ�ÊÖÅ
×1Å]Þ�¶8µ+¿�´;·1Àt½gµ

P+, Q+, R+
¾Y¶B·Ä¹�·1¶®Ñ�Êt½�À6ÜÓÇBÇG¶B·bµ�±p¸ÓÅ

� ¥��Ø¥��_c õDib/ � �Gõ;�3T4,?*�*�M��n2
P+ = Q+,

D?E��nT4,?*<-C=1@G*+�W*<,J2X=6*�-
A+∩P+ /1-:=

A+∩Q+@j=6*�-NM?@jDJ��S�/:-:=Ï=12;,�2;/15©FB@G*<k4*�-
KY2Q=1@G*�����LX*�-
A+, B+ /1-:=

D+.
)W24D 1+@G*<,?*w��LQ�nT4,?*�24FBD?E

2;/�DYkX*<2;,?M?*�M<�
ib/ � �BõÖV0@B*�S1* ð 9191@BFB=6/:-1k � � � ::� ð /65�=6*�,�V0*<@UMJ*

A+ ∩ B+ �nT4S1FB*�-���@G,�*<@G-1*<-Èò�/1-1LNM
S+

C+

D+

Q+r

h

T+

B+

M+ X+ N+Y +

O+

A+

P+

S+

ð 9191@BFj=6/1-1k � � � :

D?E:ëÖ=124ì
P+S+A+B+ 7 �0L0FG@jDJ��S�@jDYM<��)W2;AC@GMØLXE4-:DYM?,J/1@B*�,J*�-���@G,wëÖ��@B*l@B- ð 9191@BFj=6/1-1k � � � :

=124,?kX*<DYM?*�FBFGM<ë#=6@B*�ò(/1-1LNMJ*
O+, X+, Y +, T+.

ò(,JE;K�*�LNMJ@GOX*C�n@BFB=1*�,�OXE4-
P+S+A+B+ D?@B-:=



����� � � �����	��
���
������

*�9b*�-15v2;FBFBD�7��0LNFB@jD?��S#�0��@B,�9b*�L4EXACAx*<-
D?EC*�M��]2

(1) P+S+A+B+
D+

¯̄∧ P+X+Q+M+,

(2) P+S+A+B+
O+

¯̄∧ P+D+C+T+
B+

¯̄∧ P+M+Q+Y +,

(3) P+S+A+B+
O+

¯̄∧ P+X+N+Y +.

��2X��S ' � 8
/:-:= ' � 8I�©*<,J=6*<- X+ ��@B*
Y + =6/1,���S

{P+, Q+}
OXE4-

M+ kX*�M?,J*�-:-XMwë�FG@B* �
k4*<- D?E4AC@GM�@BA V0*�kXAC*�-NM

SP+Q+/M+ .
�1EXFGkXFG@j��S3@jD�M�*�-NM��n*<=6*<,

P+X+Y +Q+M+ E6=6*<,
P+Y +X+Q+M+ 7 �0L0FB@BDJ��S#��ib/:DJ2;ACAC*�-ÈAx@GM ' :�8�58E4FBk;M�=12;-:-�249�*<,z24/:D�V62pMJ7 � � � �1ëÄ=124ì-1E4M��©*<-:=6@Bk

P+X+N+Y +Q+M+ E6=6*�,
P+Y +N+X+Q+M+ 7��NL0FB@BDJ��S�@BDYM<ë��©EX-:24��S�@B-

K�*<=1*�A ��2;FBFG*�D?@j��S
{P+, Q+}

/1-:=
{M+, N+}

M?,J*�-1-1*<-#�
ib/ ::�Gõ ��24��S � �©D?@G-�=%@G-:D?9b*<D?E4-:=6*<,?*

M+ /1-�=
N+ O4*<,JDJ��S1@B*<=6*<-#�(�3T;,J*�-

P+, Q+, R+L4EXFGFB@B-1*<24,<ë6D?Ex�]T;,J*W@GA ��@B=6*<,JD?H1,J/:��S�=12;7</
R+ = M+ = N+. �

)+@G* ð 9191@BFB=6/:-1k � � �6� O4*<,?AC@GMYM?*<FUM�24FBD?Ex*�@B-1*�-�7�/1M?,J*��t*�-:=6*<-��(@G-�=6,?/���Lb�
ð /�DYkX*�S1*<-:=.OXE4-
=6,?*<@G*<-�=6@B*<D?*�,�ò�/1-1LNM?*Xë6*�M��]2

M+, P+, Q+,
LXé4-1-1*<-.��@B,�2;/65�ON@B*�FB*z�È*<@ �

D?*�-åO4EXFGFjD�M�T;-:=1@GkX*Z1+@G*<,?*w��L4*CL4EX-:D�MJ,?/:@G*<,?*<-#ët@G-¦=6*<-1*�-
M+, P+, Q+,

=6@B*.�n*<=1*�/6MJ/1-1kQ2;/�D
ð 9:91@GFj=6/1-:k � � �6� S:2;9b*�-#�:��M��n2CD?E:õ

E £b� c a<�Ó��!�a �®£�� «b­'& � 
 à�µ º µC¹:´;¸<Ñ�Ê�â�µw¹0µ_·¦¹0µ_¸+¿�´4·1Àt½�µxµ�¶B·bµ�¯�µ_¸�±6¹0µpÅ�Þ�¶8µ�ÆtÑ�Ê1·1¶¼½Y½X�è	´;·1Àt½�µØÝ(µ�¸<¹0µ_·
D+, B+, C+.


 �©¶BÇ®¹0µ+¹4¶8µ ( µ�¸Ó»p¶B·Ä¹:´;· º ¾ º µ�¸_±0¹6µ�· P+∩B+ ´4·Ä¹
Q+∩D+ Á:¹0µ_¸_µ_·.ÆbÑ�Ê1·1¶¼½Y½jè	´;·1Àt½ A+¾�µ_¶¼Å


 ÞW±;·1·�ÇB¶8µ�Ô®µ�¸w½
A+ ∩ C+

¹0µ�·�Ô®µ�Ê:Ç�µ_·Ä¹0µ�·�¿�´4·1Àt½
N+

Å

� ��¥0� �	�®¥I���®¥�cw¥ E £b��c a��p��!�a �®£���� �%��c�c6�v¥ �®¤ �	�Ó¡ `v¨�$+ª�¥0¡*a��
��y1S1,?M©A�2;-l=1@G*wD�=6/1,���S#ë0DYE�*<,JDJ��S1*<@G-NM�@BACAx*<,©=6*<,©D?*�FB9�*+ò(/1-1LNM

N+ �N)+@B*<D(@jDYM©L4*<@G- it/65v2;FBF®�

�Ö¨ea �å«b­'& � Þ�µ�¸�¿�´;·1Àt½
N+

±6´;Ô�¹0µ�¸�¯�µ_¸�±6¹0µ�·
r
¶j¾�½�¾�Ñ�ÊbÜÓ·È¹:´;¸<Ñ�ÊÈ¹4¶�µ�¿�´4·1Àt½�µ

M+, P+,
Q+

»6µ_¾<½v¶BÂCÂ.½x´;·Ä¹¬´;·b±1»pÊ�Ì;· º ¶ º ¹N±�)pÜÓ·ÄÁnÝ�¶�µ�Âl±p·�Ü1»p¶ º µ ��ÜÓ·:¾<½v¸w´;Àt½v¶8ÜÓ·Ï¶BÂ Î(¶G·:ÃÓµ�ÇB·bµ_·
±6´X¾YÔgÐ;Ê:¸<½JÅ

A+

B+

C+

M+ N+
Q+

A′+

B′+

C ′+

P+

D+

D′+

ð 9191@BFj=6/1-1k � � � �



� ±;¸?Â.Üp·1¶B¾�Ñ�Êbµ�à�± º µ �����6�

� ¥��Ø¥��_c õ �g- ð 9191@BFj=6/1-1k � � � � @BDYMW7</�=1*�->kX*�kX*�9b*�-1*<-Qò(/1-1LNMJ*�-
M+, P+, Q+ =6@B*ØEX91@GkX*

G+E4-:DYM?,J/1LNM?@BE4-�7<�©*<@GA�2;FÄ24/:DYkX*�58y1S:,YMw�X��@B,]9�*<�©*<@BD?*�-
=6@G*W�(@B-:=6*</6M?@Bk4LX*�@GM�=1*<Dnò(/1-1LNMJ*<D
N+y19b*�,x*�@B-1*lAC*�S:,Y5v2X��S1* ð -0�n*�-:=1/1-1k>=6*wDØV62;M?7<*<D�OXE4- � � � 
��*���	� � �	�n*�M?,�24��SNMJ*�-å��@G,x=6@B*

)+,?*<@G*w��L4*
A+B+D+ /1-:=

A′+B′+D′+.
��-XM�DYH:,?*w��S1*�-:=1*�V6*�@GM?*�-¦DJ��S1-1*<@B=1*�-ÏDY@j��S�@G-¦=6*<-

ò(/1-:LXMJ*�-
M+, P+, Q+ 24/65

r
�©V0EXAC@UMlD?@G-:=%=6@B*I)�,J*�@B*<��LX*.FB@G-:@G*<,YMwë�2;FjDYE�2;/:��S�7�*<-NM?,J@G*<,YMwë

=Ä� S#�6=6@B*z�W*<,J2X=6*�-
A+ ∩A′+, B+ ∩B′+, D+ ∩D′+ kX*�S1*<-.=6/1,���S.*<@G-1*<-.ò(/:-1LNM

S+ �0)+@B*
D?*�FB9�*<-��n*�MJ,J2X��SNM?/1-1kX*�-¦kX*�FGM?*<-¬58y1,l=1@G*I)+,?*<@G*w��L4*

C+B+D+ /1-:=
C ′+B′+D′+.

V0E4AC@GM
k4*<S1*�-l24/:��S.=6@B*W�W*<,J2X=6*�-

B+ ∩B′+, C+ ∩C ′+, D+ ∩D′+ =6/:,J��Sl*<@G-:*�-lò(/:-1LNM
Ŝ+ � S+��@B*

Ŝ+ @jDYM�V6��S:-1@UM?M?H1/:-1LNMz=6*<,z�W*<,J2X=6*�-
B+ ∩ B′+ /1-:=

C+ ∩ C ′+,
�nE4,�2;/:D

S+ = Ŝ+58E4FBk;Mw�6)+24Ax@GM]k4*�S:*�-�24FGFB* � �W*�,�24=1*�-
A+ ∩A′+, B+ ∩B′+, C+ ∩C ′+, D+ ∩D′+ =6/1,���S

*�@B-1*<-Èò(/:-1LNM<ëÖ24FBD?E�@B-:D?9�*wDYEX-:=6*<,?*�2;/���S
A+ ∩ A′+, B+ ∩ B′+, C+ ∩ C ′+,

�n2XDz9�*wD?24k;Mwë
=124ì�=6@B*Ø)+,?*<@G*w��L4*

A+B+C+ /1-:=
A′+B′+C ′+ 7<*�-NM?,J@B*�,?MWD?@G-:=#ëb-�24��S � � � 
��*���	� � 24FBD?E

2;/���S
FB@B-1@G*<,YMw� ��/1-IM?,J*��t*�-QD?@j��S
A+ ∩ B+ /1-:=

A′+ ∩ B′+ @B-
P+ 2;/65

r
ë
B+ ∩ C+ /:-:=

B′+ ∩ C ′+ @G-
Q+ 24/65

r
ë�/1-:=ÏD?E4AC@GM�M?,J*��t*�-¦D?@B��SÏ24/:��S

A+ ∩ C+ /1-:=
A′+ ∩ C ′+ @B-

c�|�`bc�e!ò�/1-1LNM
N+ 2;/15

r
�1�©*<@B=1* G+E4-:DYM?,J/1LNM?@BE4-1*<-�FG@B*�58*<,?-
2;FjDYEx=6*�-
DY*<FG9b*�-�ò(/1-1LNM

N+ �
�

)+@G*wDY*��(@B-:=6*</6M?@Bk4LX*�@GM�,?*w��SNMY58*�,?M?@Bk;M�=6@B*z58E4FBk4*<-:=6*

�
¥��	� �ba �®£��!«b­QV � æ ¶B¸�·tµ�·1·bµ_·�µ�¶B·��W´X±0¹X¸<´<è	µ�Ç
(M+, P+, N+, Q+)

±6´;Ô#µ�¶B·bµ_¸+¯�µ�¸_±0¹6µ�·
µ�¶B·bµ_· É Ê�±p¸JÂ.ÜÓ·1¶j¾�Ñ�Êtµ�¸ æ ´;¸JÔ Í Ü1¹0µ_¸©¶B· É Ê�±p¸JÂ.ÜÓ·1¶j¾�Ñ�Êbµ�¸nà�± º µ Í Áb»pÃXÝ�Å0¾J± º µ�·#Á�¹N± Wl¹4¶8µ�¿�±X±p¸�µ
{P+, Q+}

´;·Ä¹
{M+, N+}

¾Y¶®Ñ�Ê É Êb±p¸JÂlÜp·1¶j¾�Ñ�Ê�½v¸�µ�·1·tµ�· Í Á#Ý�µ_·1· {P+, Q+}
�Wµp»6µ�·tµwÑ�À0µ_·

µ�¶B·bµ�¾@)pÜÓÇBÇB¾<½¼Ì;·Ä¹4¶ º µ�· ( ¶�µ_¸_µÓÑ�À0¾Ø¾Y¶B·Ä¹¬´4·Ä¹ {M+, N+}
¹4¶8µ�Ý(µ�¶¼½�µ_¸_µ_·¬ÆbÑ�Ê1·1¶¼½Y½jè	´;·1Àt½gµ )pÜÓ·

( ¶8µ�¸�µwÑ�À6¾J¾�µ_¶®½gµ�·�Âx¶¼½�¹4¶8µ_¾_µ�¸ �zµp»6µ�·:¾_µ�¶¼½�µ
P+ ∩ Q+.

��*�k4*<-�V12pM?7 � � : � MJ,?*<-1-1*<-
D?@B��S�ò(/:-1LNM?*�H�242;,J*4ë6=6@B*�D?@B��S�ñ�S�2;,JAxEX-1@jD?��S.M?,J*�-1-1*<-0óz24/:��S
@GA
V0@B-1-1*�=6*<, ðUC @BE4A�2pMJ@GLt�
)+*�,©�n*<k4,J@U��=6*�,(S�2;,JAxEX-1@jD?��S1*<- ?Ö2;kX*�@BDYMzaXc�\�7<*�-NM?,�2;FB*��n*�kX,?@G�l58y1,]2;FBFG*wD��n*�@GM?*�,J*4��=Q24��S:*�-
V0@B*WD?@j��S.@B-:DY9b*<D?E4-�=6*�,J*+24-�D?H�*<7�@B*�FBFG*<- ' ��/1L0FG@j=6@jD?��S1*<-�8 1�@B*�,J*<��L4*<-lL0FB24,<ë0=124ì�*�M��]2 N+ =6*�,
�(/1L0FB@B=1@BDJ��S1* =I@GMYM?*<FGH:/1-1LNM�O4E4-

P+ /1-:=
Q+ ��@G,�=Äët�©*<-1->A�24-

M+ 24FBD �:*�,J-1H1/1-1LNM�=6*�,
�W*�,�24=1*�-.�]T;S:FUMw� ' =Q2;-
-1*<S1AC*W7</1-:TX��S:D�M�2;/���S C+ 24FBD��:*�,J-1H1/1-1LNMw� 8>��24,?ACEX-1@BDJ��S1*;?Ö2;kX*
y19b*�,J-1@BAxA�MÖ@B-�=6*�,#H:,?E4K�*�LNM?@BO4*<-z�W*<E4AC*�MJ,?@B*(=6@B*�E4,�=6-1*�-�=6**�1/1-:LXMJ@GEX-#ë<=1@G*�@BA ��/1L0FG@j=6@jD?��S1*<-
*�9b*�-Q=1/1,J��SQ=:24DD=I@GMYMJ*�FBH1/1-1LNMJ91@GFj=6*<-#ëtE0=1*�,�24FGFBk4*<Ax*<@G-:*�,�=12XDU1�*�,Jk4FB*�@j��S1*<-
OXE4-QVNMJ,?*w��L4*�-Öë
=Ä� S#�:=12XDU=I*<DJD?*�-
k4*�kX*�9b*�-
@BDYM<�
�g-I=6*�,�k4*�kX*�9b*�-1*<-
)+*���-1@UMJ@GEX-IS:2;9b*�-I=6@B*�9b*�@j=6*�-Iò(/:-1LNM?*�H�242;,J*z-1E6��S�O4*�,�DJ��S1@G*w=6*�-:*zP�E4F �
FB*�-#��)+@B*<DC@jD�Ml2;9b*�,�-0/1,lDJ��S1*<@G-09:24,CD?E:� $�AR=6@B*<DC7</%D?*�S:*�-#ë�kX*�S1*<-á��@B,C-1E6��S1A�2;FjDCO4E4A
O4EXFGFjDYMJT;-�=6@GkX*�- 1�@B*�,J*<��L
2;/:D<ë1*�,J�n*�@GM?*�,J-I2;9b*�,�-:E0��S�/1-�DY*<,?*TG+E4-:DYM?,J/1LNM?@BE4-�7</1,�D?E4k4*<-:2;-:- �
M?*<-�ZB}1qp\_e��p`�|jï��J}:c�`�[]\_^6`ba���~;^6\ph ' ð 9:91@GFj=6/1-:k � � � � 8��

M+ = 1+ P+ N+ = 2+ Q+

C+

6+ 3+

A+

R+

r

B+

5+

D+

4+

ð 9191@BFj=6/1-1k � � � �

)W2;7�/
58y1S:,?*<-���@B,�58E4FBk4*<-:=6* G+E4-:DYM?,J/1LNM?@BE4-
2;/:D<õ
� �n*�kX@G-1-:*WAC@GM+=6*<A 1�@B*�,J*<��L

A+B+C+D+ /1-�=
D?*�@B-1*<- � V0*<@UMJ*�-���� �



����� � � �����	��
���
������

� �n@GFj=6*�=12XD���*<9�*<-:=6,J*�@B*<��L
P+Q+R+ Ax@GM�=6*<-�=1,?*<@ ��*�9b*�-�DY*<@UMJ*�- � � � � �

� �n@BFB=6*Ø=6@G*xV6��S1-1@GMYMJH1/1-1LNM?*
1+ = M+, 2+ = N+, 3+, 4+, 5+, 6+ OXE4-I=6*�-���*�9b*�-:D?*�@GM?*<-

AC@UM�=1*�- 1�@B*�,J*<��L6D?*�@GM?*�-
/1-:=
7<@G*<S1*�=6*�,J*�- � 1�*�,J91@G-�=6/1-1kNDYkX*�,�24=6*<->�B�G�B�G�B�B�G�B�G�B�B�G�B�
)W2;ì>9b*�@BA FB*�MJ7�M?*<-�V6��S:,?@GMYMxMJ2;MJDJT4��S1FB@B��S¬-N/:, � -1*�/:*��W*<,J2X=6*�-¦*<-NMJDYM?*�S:*�-#ë�58E4FBk;MC��@B*<=6*<,
AC@UMW=6*�AíV62pMJ7�O4EX- � � � 
��*����� � õb)�@B*�)+,?*<@G*w��L4*

P+Q+R+ /1-:=
D+B+A+ D?@G-:=�@B-

C+7�*<-NM?,J@G*<,YMw�:V0E4AC@GM�DY@B-:=
DY@B*�FG@B-1@B*�,?M<ë1=Ä� S#�:=1@G*�V6��S:-1@UM?M?H1/:-1LNM?*
1+ OXE4-

P+ ∩ Q+ /1-:=
D+ ∩ B+

5+ OXE4-
Q+ ∩ R+ /:-:=

B+ ∩ A+

4+ OXE4-
R+ ∩ P+ /1-�=

A+ ∩ D+

FB@G*<k4*�-�2;/65W*�@B-1*�,.�W*<,J2X=6*�-Ö� ð -:2;FBE4k�7�*<@Gk4MxA�24-#ë(=12;ìå2;FBFB*
-:*�/1*<- 1�*<,?91@B-:=6/:-1kXD?k4*<,J2X=6*�-
=6@B*<D?*�,�ò(/:-1LNM?*]K�*�=6,J*�@ÄOXE4-
@GS1-:*�-�*�-NM?S�2;FGM?*�-Ö�
)+@G*wDY* ð 9191@BFB=6/:-1k � � � � S1*�@Bì;M�=6@B*�ZB}1q;\_eC�;`:|jï���}1c
[]\_^6`ba ��~4^6\phvu
V0@B*�9�*wD�MJ*�SNM�2;/�D � � : � ��� � :Øò(/1-1LNMJ*�-

/:-:= � � : � ��� � :C�W*�,�24=6*<-#�
��@B,��n*�,�=6*�- DY@B*>-1E6��S k4*�-�2;/1*<,�DYM?/:=6@B*�,J*�-Ö�Uib/:-:T4��S:DYM�9b*�MJ,J2X��SNM?*�- ��@G,
-0/1,
=:24D 1�@B*�, �
*<��L

3+, 4+, 5+, 6+ ����D+S:2pM M+, N+ 2;FjD���*�9b*�-1*w��L4*�-I/:-:=
P+, Q+ 24FBDWV6��S1-1@GMYMJH1/1-1LNM?*

�n*�@GM?*�,J*�,%1+@G*<,?*w��L � V0*<@UMJ*�-�AC@GM�=6*�,	*�-NM�DYH1,J*<��S:*�-:=6*<-���*�9b*�-:D?*�@GM?*Xë;=Ä� SÖ�;=6@G*��+/:24FG@GMJT;M?*<-zñ���* �
9b*�-1*w��L4*_ó�/:-:=xñY�n*�@GM?*�,J*�,�V6��S1-:@UM?M?H1/1-:LXM�AC@GM���*�9b*�-:D?*�@GM?*�óWS:249�*<-�D?@B��S�k4*<,J2X=6*�OX*�,?MJ2;/�D?��SNM
/1-:=
/1-�DY*<,?*�D��NACAC*�MJ,?@jDJ��S1*�)�* �:-1@GM?@BE4-�O4EX-�S:24,?ACEX-1@BDJ��S1*<,>?�2;k4*W@jD�M�kX*�,J*<��SNMY58*<,YMJ@Gk4M<�
�1*<,?-:*�,�FB@G*wD�M�A�2;-�2;9Öõ
�6c	� |�`êa4c�\I}:qp\_e��p`:|jï���}1c�` []\_^6`ba ��~4^6\�qp^��åc�|�`bc�\á[�c�\?q4aXc�` c�|�`N~NcJ{wc�|v�J}6`bc�f�c�mn^6`0o;fgc
s�|�dGa4c�`åc�|�`bc�`�}:qp\_e��p`�|jï���}1c�` ��^6\8��u
��y1,bK�* � ò(/:-1LNM?*�2;/65b*�@B-1*�, ��*�9b*�-:D?*�@GM?*]@jD�M�=6@B*<D	L0FB24,<�Ó�n*�MJ,J2X��SXMJ*�-Ø��@G,	*�@B-1*>1�@B*�,J*<��L � V0*�@GM?*Xë
*�M��]2

B+ ∩ C+ AC@UMl=6*<-¬ò(/:-1LNM?*�-
Q+, B+, 3+, C+ �*��y1,�=12XDB1+@G*<,?*w��L A+R+D+P+@jD�M�=6*�,�V6��S1-:@UM?M?H1/1-:LXM

B
O4EX-

P+ ∩ A+ /1-:=
R+ ∩ D+ *�@B-1*���*�9b*�-1*w��L4*Xë�*<9�*<-:DYE�=6*�,

V6��S1-:@UM?M?H1/1-:LXM
C+ OXE4-

P+ ∩D+ /1-:=
A+ ∩R+,

=6*�,nò(/1-1LNM
3+ FB@G*<k;Mn24/65

P+ ∩R+ ë0=6*�,ò(/1-:LXM
Q+ 24/65

D+ ∩A+ ë0�©EXAC@UM]=6@G*WS:24,?ACE4-:@BDJ��S1* ?�2;k4*+k4*<7�*�@Bk;Mn@BDYM<� ð -:2;FBE4kØk4*�SNMnAC24-58y1,�=1@G*�2;-�=6*�,J*�-I�W*�,�24=6*<-�OXE4,w�
)+*�,#��,JT4k4*<,
*<@G-:*<DIS:24,?ACEX-1@BDJ��S1*<- ��/1,?58*<D

(M+, P+, N+, Q+) �n24,I*�@B-1*¬�W*�,�24=1*¦2;FjDò(/1-:LXMJ,?*<@GS:*4�Ä�W*�-:24/:DYEXk4/6M�LXé4-1-:*�-I��@B,�-:2pMJy1,JFG@j��SIS:2;,JACE4-1@jDJ��S1*T?Ö24k4*�@B->�W*�,�24=6*<- � E6=6*<,
�(9b*�-1*<- � �©y�D?��S1*<FG-�*<@G-158y1S1,J*�-#�]V0H:TpMJ*�,l�n*�,�=6*<-���@B,l-1E6��S�2;FBFBk4*�AC*<@G-1*<,?*���,JT4k4*<,�-N/1M?7�*<-
L4éX-1-1*<-#�
)+@G*�ZB}:qp\_e��p`�|jï���}1c	�Öq<~Xc �p�p`
�lr�s�c�`tc�`Ic�|�`tc_ï�r�s�c�`tc�`tsg40ï���}1c�d ïphÄk4*���@B-1-NM�A�2;-�24/:D�/1-:D?* �
,J*�,()+*��:-1@GM?@BE4- � � � � =1/1,J��SC,�T;/1ACFB@B��S:*<D	)�/�2;FB@BD?@G*<,?*<-#� =Q24-Ø9�2;/6M�24FBD?E�2;FBFG*�=6/:,J��S1kX*�58y1S:,YMJ*�-
G+E4-:DYM?,J/1LNM?@BE4-1*<-.-:2X��S#ë1@B-:=6*<A A�2;-I=6@B*��n*�k4,J@G�b*zò(/1-:LXM+/1-:=��(9b*�-1*Ø2;/:DYMJ24/:D?��SNMwëN�nE49b*�@
1�*�,J91@B-:=6/1-:kXD?k4*�,�24=1*�7��n*�@B*�,zò(/:-1LNM?*l=6/1,���S�V1��S1-1@GMYM?kX*�,�24=6*x7��n*�@B*�,z�(9b*�-:*�-å7�/�*�,�DY*�M?7<*�-
@jD�Mw�0)W24D]�z2;-:7�*+D?H1@B*�FGM]D?@j��S.=12;-:-.-1@j��SNM©AC*�S1,]@B-l*�@B-1*<,n��9�*<-1*W24FBD©ò(/1-:LXM � /1-:=��W*<,J2X=6*�- �
�1*<FB=
D?E4-:=6*<,?-�@G-
*�@B-1*<A ò(/1-1LNM�2;FjDn�(9b*�-1*<- � /1-:=��W*�,�24=1*�- � �ny1-:=6*<Fb249�/1-�=.@jD�M�=6*<, 1�E4, �
DYM?*�FBFB/1-1k
*�-NMJD?H1,J*<��S1*<-:=QDJ��SN��@B*�,J@Bk4*�,�7�/1kNT;-1kXFG@j��S#�,1�*�,�DY/:��S:*�-ÈV0@B*�=6*�-:-1E6��S>DY@j��S>*<@G-��n@GFj=
7�/�A�24��S:*�-#�
)+@G*�ZB}:qp\_e��p`�|jï���}1c���q�~Nc �p�p`
�>[�c�\?q4aXc�`Qc�|�`bc�ï�[�c�\?qXa4c�`bs 40ï���}1c�d ïph#LXé4-1-1*<-C��@G,(24/65Ä7��n*�@ �
5v24��S:*W��*�@jD?*�*�@B-658y1S1,J*�-#ë�=6@G*�D?@B��SxK�*w=6E6��S
24FBD�T �X/:@GOp2;FB*�-NM�*�,J�n*�@jDY*<- �0-:T;ACFB@B��S�@B-:=6*�A ��@G,
� *�-NM��©*w=6*�,n=124D]�ny:DJ��S1*�Ft2;FjD��Ö*<@GFt*<@G-1*wDn*�9b*�-1*<- �1*<FB=1*<D]2;-:D?*�S:*�-#ë62;FjD?E�AC@UM��W*�,�24=1*�-./:-:=ò(/1-:LXMJ*�-�*�@B-1*<,��(9b*�-1*�EXH�*<,?@B*�,J*�-#ë
� E6=6*<,Ø=12XDØ�ny:DJ��S1*<F©2;FjD �Ö*<@GFn*�@B-1*<DØ7�*<-NM?,J@BDJ��S1*�-¦�ny1-�=6*�FjDØ24-:D?*�S1*<-#ë�24FBD?EQAC@UMl�W*�,�24=1*�-/1-:=
�(9b*�-:*�-IE4Hb*�,J@B*�,J*�-#�
)+@BD?L0/6M?@B*�,J*�-���@B,�=6*�-
*�,�D�MJ*�- ð D?Hb*�LNM<õ
�g-.*<@G-:*�,n58*<DYM?*<-.�(9b*�-1*z�]T;S1FB*�-.��@G, � �W*<,J2X=6*�-

a, b, c, d
@B-�24FGFBk4*<Ax*<@G-:*�, ?Ö2;kX*4ë0=Ä� S#�0-1@B��SNM

=6,J*�@�=6/1,���S *<@G-:*�- ò�/1-1LNM<��)+@G*wDY* � �W*�,�24=6*<-3S:2;9b*�- (

4
2

)

= 6
V1��S1-1@GMYM?H:/1-1LNM?*X��)�@B* �

�W*�,�24=1*�-�AC@GM	=6*<- � V6��S1-1@GMYMJH1/1-1LNM?*<-Ø9:@GFj=6*�-x=124D�Z �p�pd�d ï_f Mp`ba;|U~Xc@2Ö|vc�\�ï�c�|�fJhvu;)+@B*<D�S:2pM�2;FjDYE �
V0*<@UMJ*�-C/1-:= � ����L4*<-#�;)+@G*U1�*<,?91@B-:=6/:-1kXD?k4*<,J2X=6*�-�=1@G*wDY*<, � V1��S1-1@GMYM?H:/1-1LNM?*�D?@G-�=Ø*<@G-:AC24F1=6@B*
� �W*<,J2X=6*�-

a, b, c, d
ëX=124-1*�9b*�-�kX@G91M©*<D©2;9b*�,©-1E6��S<:��©*<@UMJ*�,J*�DYEXFB��S:*D1�*�,J91@B-:=6/1-1kNDYkX*�,�24=6*<-

p, q, r,
=6@G*zD?E4k:�®Z���cws�c�`:ï�c�|�fgc�`0hÄ=6*wD-1+@G*<,JD?*�@GMJD<ëX=1@G*W7�/:DJ2;ACAC*�-.Ax@GM]@GS1,J*�-
V6��S1-1@GMYMJH1/1-1LNM?*<-#ë
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b

r

n

ð 9191@BFj=6/1-1k � � � �

k4*<-:2;-:-XMÈZ���cws�c�`tcJ��oXc�`0hji©=12XDÈZ���cwsJc�`ba;\?c�|jï�c�|�fJhW=6*wDB1+@G*<,JD?*�@GMJDx91@BFj=6*�- ' ð 9:91@GFj=6/1-:k � � � � 8��1�*�,Jk4FB*�@j��S1*<-�V0@B*�=124D]AC@GM+=6*<,�91@BD?S1*<,�2;/:D?k4*�58y1S1,?M?*�- G+E4-:DYM?,J/1LNM?@BE4- ' ð 919:@GFj=6/1-1k � � � � 8��ib�n*�@���*<9�*<-:DY*<@UMJ*�-#ë�*�M��n2
p, q

D?��S1-:*�@j=6*�-�DY@j��S¬@B-¬*<@G-1*<A ò(/1-1LNM
R+,

2;/65+@GS1-:*�-¬FB@B*�k4*<-
@B-:DYkX*<DJ2;A�M � =6*�, � 1+@G*<,JD?*�@GM � ����LX*�-#�g1�*<,?9:@G-:=1*�-���@B,

R+ AC@GM�=6*�-�,J*<DYM?FB@j��S1*�-z9b*�@j=6*�-�����LX*�-#ëD?Ex*<,?S�2;FGM?*�-
��@B, � �W*<,J2X=6*�-
m, n.

��@B,�D?24k4*<-
î�|vcC[�c�\?qXa4c�`

(m, p, n, q)
s�|�dGa4c�`Èc�|�`bc�`åZB}1q;\_eC�;`:|jï��J}:c�`#!�f¼\?q<}6dGc�` R�^6\8�+|�e � 40ï���}1c�d

R+ hvu
� 9b*�,Ø=6*�-¦V62;M?7�O4EX- � � �g
��*���	� � 7<*�@Bk;M�A�2;-���@G*w=6*�,wëÖ=124ì�7�/

m, p, q
=6*<,ØVNM?,�2;S:F

n
*<@ �

-1*wD�S:24,?ACEX-1@BDJ��S1*<-
��/1,?58*<DW*�@B-:=6*</6M?@Bkl58*wD�MJk4*<FG*<k;M�@jD�Mwët/1-:=Q=124ì.=6@B*xP�E4FBFG*<-QO4EX-
p, q

/1-�=
m, n

��@G*w=6*�,�OXé4FBFG@Bk�D �0ACAC*�M?,J@jD?��SID?@G-:=#� �1*<,?-1*<,�*�,Jk4@B96M�D?@B��S#ë�=12;ì�=6@B*�9�*<@B=1*�-�58E4,JA�2;FÄOX*�, �
DJ��S1@G*w=6*�-:*�-��n*<k4,J@U�t*�OXE4-.S�2;,JAxEX-1@jD?��S1*<,-?�2;k4*+@GA VNM?,�2;S1FB*�-091y�D?��S1*<F ' D�� E:� 8©7�/:DJ2;ACAC*�-15v2;F �FB*�-¦/1-�=Äë�=:2;ì>=6@B*��n*<k4,J@U�t*lO4EX-ÏS:2;,JACE4-1@jDJ��S1*�,T?�2;k4*.@G-¦OX*�,�D?��S:@G*w=6*�-1*<-¦�W*�91@BFB=1*�-¦y19b*�,
V6��S1-:@UM?M A;V1��S1*�@B-I2;/:D?*�@B-:2;-�=6*�,]S1*<,?OXE4,Jk4*�S:*�-#�
��@B,(9�*<k4-0y1kX*�-x/1-:D�=:2;AC@UMwë4=6*<-<it/:D?24ACAx*<-1S:24-1kz7���@jD?��S1*<-�=6*�,�S:24,?ACEX-1@BDJ��S1*<- ?�2;k4*]OXE4-
ò(/1-:LXMJ*�-
/1-:=�=6*�A 7</1FG*�M?7�Mn9b*�S:24-:=6*<FUMJ*�-��n*<k4,J@U�I=6*�,nS:24,?ACE4-:@BDJ��S1*�-<?�2;kX*�O4EX-��W*�,�24=1*�-
@B-
*<@G-:*�A �ny:DJ��S1*<F#=12;,J7�/:DYM?*<FGFB*�-Ö�
)W2;7�/�kX*�S1*<-���@B,�-1E6��S1*�@B-1A�2;FÄ7</
=1*�,+}1q;\_eC�;`:|jï���}1c�`�[]\_^6`ta���~4^6\ ' ð 919:@GFj=6/1-1k � � � � 8�7�/ �,Jy:��Ltëw=6*<,?*<-ZG+E4-:DYM?,J/1LNM?@BE4-�Ax@GM � ò�/1-1LNM?*<-Ø9b*�kN2;-1-Ø/1-:=ØAx@GM � �W*<,J2X=6*�-Ø*�-:=6*�M?*X�;�©*<k4@B-1-NM
A�2;-Ï-0/1-Ï@B-¦=6*�,�58*�,?M?@Bk4*<- ��@Bk4/:,�=6@B* � FB*�M?7�M?*<,?S:24FUMJ*�-1*<-¬�W*�,�24=6*<-å7�/¦A�2;,JL0@G*<,?*<-#ë#=124-1-
=6*<,?*<-CV6��S:-1@UM?M?H1/:-1LNM?*]/#� D�� ���Gë;D?Ez*�,JS:T;FGM	AC24-x=1/1,J��S ð /:DY58y1S1,J*�-�=6*<,	k4*<DJ2;A�M?*<-ZG+E4-:DYM?,J/1L �
M?@BE4-x@B-x/:AxkX*�LX*�S1,?M?*<,	P�*�@BS1*�-658EXFGkX*]��@G*w=6*�,(=6@B*�}1q;\_eC�;`:|jï��J}:cx[]\_^6`ba���~;^6\�u4)�@B*<D?A�2;F1@jDYM�D?@B*
2;9b*�,]*<-XM�D�M�2;-:=1*�-�2;/:D]=6*<, G+E4-�D�MJ,?/1LNMJ@GEX-l7�/1,]S:24,?ACEX-1@BDJ��S1*<- ?Ö24k4*+O4E4- � �W*<,J2X=6*�-�*�@B-1*<D
�ny:DJ��S1*�FjD��1)+@B*<D�9b*<=6*</6M?*�M<õ

�Ö¨ea �å«b­QV�« °4Å]Þ+¶�µ�Ê�±p¸JÂ.ÜÓ·1¶j¾�Ñ�Êbµz¯]¸w´;·Ä¹�� º ´;¸+¹0µ�¸nÎ�»6µ�·bµ�»0µ�¾�½gµ�Êbµ_·Ä¹C±1´4¾z°w×W¿�´;·1Àt½�µ_·´;·Ä¹Ø°Ó×�¯�µ�¸_±0¹6µ�·�¶j¾�½Äµ�¶B·bµnµp»6µ�·��®¾�µ_Ç¼»4¾�½Y¹:´X±pÇ8µ /�¶ º ´;¸<ÁN¹�Å Ê�Å<¾?¶�µ º µ_Êt½�»6µ�¶BÂ � ´4¾<½¼±1´4¾�Ñ�Êtµ�·)ÓÜÓ·�¿�´;·1Àt½gµ�·Ï´;·Ä¹Q¯�µ_¸�±6¹0µ�·
¶G·I¾?¶vÑ�Ê�¾_µ�Ç�»;¾�½]Ð:»6µ�¸ÓÅ
Ò:Å �Nµ�Ú�¶BÊ1¸_µ_¸+¿�´;·1Àt½�µÓÁÖ¾�ÜpÔ®µ�¸J·>¾Y¶8µØ±6´;Ô©µ_¶G·bµ_¸�¯�µ�¸_±0¹0µ_·QÇG¶8µ º µ�·ÄÁ�»p¶BÇv¹6µ�·åµ_¶G·tµ�·>Êb±p¸JÂlÜp·1¶��¾�Ñ�Êbµ_·�¿�´;·1Àt½gÝ�´;¸JÔ�Å
×1Å �Nµ�Ú�¶BÊ1¸_µ_¸x¯�µ_¸�±6¹0µ�·#Át¾_ÜÓÔ®µ_¸?·>¾?¶8µC¹:´4¸�Ñ�Ê�µ_¶G·tµ�·>¿�´;·1Àt½ º µ�Êtµ�·ÄÁ�»p¶BÇv¹0µ_·Ïµ_¶G·tµ�·>Êb±p¸JÂlÜ �·1¶B¾�Ñ�Êbµ_·�Æt½®¸�±;Ê1Ç8µ�·tÝ�´;¸JÔ�Å

� ¥��Ø¥��_c õ])+@G*x*�,�D�MJ*�-Q9b*�@j=6*<- ð /�D?DJ2;kX*�-IS:249�*<->��@B,WDJ��S1E4->k4*�7<*�@Bk;Mwë�=6@B*ØFB*�MJ7�MJ*�58E4FBk;M�2;/�D
=6*<,�7��n*�@GM?*<-#ë0=12�=6*<,nV62;M?7�OXE4- � � � 
��,���	� � @B-NOp24,?@j2;-NM(@jD�Mn/1-NM?*�,n=6*�A )+/:2;FB@jDY@B*�,J*�-�@B-l=6*�,
�(9b*�-1*X�

�

V6��S1FB@B*�ì4FB@j��S3*�,J�©*<@BDYM
D?@j��S�ñYS:2;,JACE4-1@jD?��S:*7?Ö24k4*_óÈ24FBD�H1,JE;K�*<LXMJ@GOX*�,��n*�k4,J@G��ë]=Ä� S#��2;FjD.*<@G-:*
�(@Bk4*<-:D?��S�2p5�M<ë1=1@G*�D?@B��S
/1-NM?*<,�ò(,JE;K�*�LNMJ@GO0@GMJTpMJ*�-�*�,JS:T4FUMw�
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�Ö¨ea �å«b­QV�� °4Å�ÆbÑ�Ê1·:¶®½?½�´;·Ä¹CÆbÑ�Êbµ�¶B·�Ã4Ý�¶j¾�Ñ�Êbµ�· )pµ�¸�¾�Ñ�Ê1¶8µw¹6µ�·�±;¸<½®¶ º µ�·�¯]¸<´;·#¹ º µ;»p¶GÇ®¹0µ_·�µ�¸ �¾�½gµ�¸�Æt½?´;Ô®µ�µ�¸JÊ�±pÇ¼½�µ_·�Êb±p¸JÂlÜp·1¶j¾�Ñ�Êbµ�à�± º µ;Å
Ò:Ån¿(¸_Ü�â�µ�Àt½v¶X)Ó¶®½�Ì6½gµ�·Qµ�¸JÊ�±pÇ¼½�µ_·�Ê�±;¸?Â.Üp·1¶B¾�Ñ�Êbµ�à�± º µpÅ

� ¥��Ø¥��_c õ])W2Qò(,JE;K�*<LXMJ@GO0@GMJT;M?*�-¦24FBD�*�-:=6FB@j��S1* Gz*�MYM?*<-ÏO4EX-¬V6��S1-1@GMYMgA;V6��S1*<@G-Ï*<,?L0FjT;,?M�DY@B-:=Äë
58E4FBk;M�-:2;M?y1,JFB@B��S�=6@B*�7��n*�@GM?* ð /:DJDJ2;k4*�=6@B,J*�LNM�2;/:D�=6*<,�*�,�D�MJ*�-#�
�nFG*<@G91M�=6@G*z*<,JDYM?*z7�/
9b*��n*�@jDY*<-#�6��@G,�9b*�MJ,J2X��SNM?*�-
7�/:-:T4��S:DYM�ò(/1-1LNMJ,?*<@GS1*�/:-:=
�W*<,J2X=6*�-091y �
DJ��S1*�F¼� �g-x=6*�,	S:24,?ACEX-1@BDJ��S1*<-��W,?/1-�= �:k4/:, ð 9191@BFB=6/:-1k � � � � S:249�*<-���@B,�24/65�=6*<, ��*�9b*�-�DY*<@UMJ*
r
=1@G* � ò(/1-1LNMJ*

M+, P+, N+, Q+ ë#=6@B*C*�@B-1*�-�S:2;,JACE4-1@jDJ��S1*�-È�È/1,?5©9:@GFj=6*�-Ö�Ö)�@B*l=6/1,���SV6��S1*<@G-�2;/:D©=6*�A ò(/:-1LNM
R+ 2;/�D(@BS1-1*�-�*�-NMJDYM?*<S1*�-�=6*�- � �W*�,�24=6*<-lk4*<S1é4,J*�-C*�9b*�-15v2;FBFBD©7�/1,

S:24,?ACE4-:@BDJ��S1*�-��W,J/1-:= �:kX/1,wë;91@BFB=6*<-l2;FjDYE�-�24��S�=6*�A�*�9b*�-�kX*�7<*�@Bk;M?*<-lV62pMJ7�*�9b*�-65v24FGFjD(*<@G-1*<-
S:24,?ACE4-:@BDJ��S1*�-I��/1,?5��t��@G,�D?@G-:=>2;FjDYE.58*�,?M?@Bk:ëb�©*<-1->��@B,+-:E0��S>7�*�@Bk4*<-#ët=12;ì�AC24->=6@B*ØS�2;, �
ACE4-1@jDJ��S1*.�W,?/:-:= �:kX/1,�*�M��]2I2;/:D�L4E4FBFB@G-1*w2;,J*�-Èò(/1-1LNM?*<-

M+, P+, Q+ /:-:=å*�@B-1*�A =12;7</
-1@j��SNM�L4E4FBFB@G-1*w2;,J*�-lò�/1-1LNM

R+ 24/6589:2;/:*�-�Lp2;-1-#�1)+@B*<D�kX*�SNM�y19�*<,�58E4FBk4*<-:=6* G+E4-:DYM?,J/1LNM?@BE4-#õ
P+, Q+, R+ FG*<k4*�-Ø=124D(��*�9b*�-�=6,?*<@G*w��L+AC@GM�=6*<- ��*<9�*<-:D?*�@GM?*�- ' ���	� 8t58*wD�Mwë M+∩R+ *<@G-:*
1�@B*�,J*<��L � V0*�@GM?*X� ��/1-��]T;S1FB*�2;/65

M+ ∩ R+ 9b*�FB@G*<91@Gk
D+ � D+ ∩ Q+ D?��S1-:*�@j=6*�M

P+ ∩ R+

@BA ò�/1-1LNM
4+ ë M+ ∩ 4+ DJ��S1-1*<@B=1*�M

R+ ∩ Q+ @BA�ò(/1-1LNM
5+ /1-:=

P+ ∩ 5+ *�,Jk4@B96M�AC@UM
M+∩R+ =1*�-xò(/1-1LNM

B+ �;)�*<,�V6��S1-1@GMYM(OXE4- P+∩D+ AC@GM
Q+∩B+ FB@G*�58*�,?M

C+,
=6*�,�OXE4-

P+∩B+ Ax@GM
Q+∩D+ =6*�-xò(/1-1LNM

A+ �p��@G,�S:249�*<-xD?E4AC@GM(=6@G*n58EXFGkX*�-:=6* ð 9:91@GFj=6/1-:k � � ���
*�,JS:24FUMJ*�-#�

M+
P+ N+ Q+

C+

D+
R+ B+

4+
5+

A+

ð 9191@BFj=6/1-1k � � ���

��2X��SLG+E4-:DYM?,J/1LNM?@BE4- DY@B-:=
P+, Q+ ��*�9b*�-1*w��L4*<- O4EX-

A+B+C+D+ ën58*<,?-1*<, M+ =6*�,
V6��S1-:@UM?M�*�@B-1*�,�V0*<@UMJ*�AC@UM�*<@G-1*<,���*<9�*<-:DY*<@UMJ*4ë:=1@UMJE

N+ 58y1,+=6@G*�V0*<@UMJ*
A+ ∩ C+ �1�nFG*<@G96M�7</7�*<@GkX*�-#ëp=124ì

R+ �©*<@UMJ*�,J* ��*�9b*�-1*w��L4*n@BDYM<ë;=Ä� S#�;=124ì
A+, C+, R+ L4EXFGFB@G-:*<2;,	D?@G-:=#�;)�@B*<D�58EXFGk4M2;9b*�,�24/:Dz=6*�A V12pM?7xO4EX- � � � 
��*���	� � 58y1,�=6@G*C@B-
M+ 7�*�-NMJ,?@B*�,?M?*<-È)+,?*<@G*w��L4*

P+4+D+/1-:=
Q+5+B+ �#)W2;AC@UM�FjT;ì4MzD?@B��Så2;9b*�,�=6@B*<D?* ��@GkX/1,z7�/1,zS:24,?ACE4-:@BDJ��S1*�-å�W,?/:-:= �:kX/1,z*�, �kXT4-17�*<-�/:-:=
/1-:D?*�,J*z�n*<S:2;/1H1M?/1-1kC@jD�M�kX*�7<*�@Bk;M<�

P�T4/1ACFG@j��S1*<DØ)�/�2;FB@BD?@G*<,?*<-ÏFG@B*�58*<,YMØ/1-:Dx=6*�-¦D?*�FB9�*<- ib/:DJ2;ACAC*�-:S:2;-1kI7<��@BDJ��S1*<-¬VNM?,�2;S1FB*�- �
91y:DJ��S1*<FG- ' 24-:=6*�,J* �:2XD?D?/1-1kx58y1,�S�2;,JAxEX-1@jD?��S1* ?Ö24k4*"8(/1-�=���9�*<-1*�-091y:DJ��S1*<FG-#�V6��S1FB@B*�ì4FB@j��S¦Lp2;-1-áAC24-á=6@B*
7�*�-NMJ,?@jD?��S:*
�W,J/1-:= �:kX/1,C2;/:Dx=6*�,C*<9�*<-1*�-ák4*���@B-1-1*<-#ë	@G-�=6*�A
A�2;-I7</1-:T4��S�D�M�*<9�*<-Q=6/:24FG@jDY@B*�,?M�/1-�=Q=12;-:-Q2;/:D�*�@B-1*�A -1@j��SXM+@G->=1@G*wDY*<,��(9b*�-1*ØFG@B*�kX*�-:=6*<-
ib*<-XMJ,?/:A =6*�-QV6��S:*�@B-�91@BFj=6*�Mw��)+@G*wD]FG@B*�58*<,YM�=124-1-I=6@B*W-:E0��SI24/:D?DYM?*<S1*�-�=6*�-�P�*�Fj2pMJ@GEX-1*�-Ö�

�

� &�"�� ��
���������� $�&	'(� � 
+ í��
��(": 
�� 
�'
��@B,xS�2pMYMJ*�-�D?��S1EX-¬@B-�V62;M?7 � � : � 58*<DYM?k4*wD�MJ*�FBFUMwë�=12;ì�DY@j��S¬ò(/:-1LNM?*4ë(=1@G*�DY@j��S¬S�2;,JAxEX-1@jD?��S
M?,J*�-:-1*�-#ëb2;/:��SI@BAÛV0@B-1-1*�=6*<, ðDC @BE4A�2;M?@BL.MJ,?*<-1-1*�-Ö�b)+@G*Ø�©*<7�@B*�S0/1-1kX*�-I7<��@BDJ��S1*�-IS�2;,JAxE �
-1@jD?��S:*�,D?Ö24k4*W/1-:= ð -:E4,�=6-0/1-1k�DY*<@G*<-�-:E0��S
*�M��]24D]kX*�-:24/1*�,]9b*�MJ,J2X��SXMJ*�Mw�
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�Ö¨ea �I����� � ¥��4¥����Ó¡��Ä����ª%«b­QV*& °4Å�³�´xÔ®µ_¾<½�µ�·�¿�´4·1Àt½�µ�·
P+, Q+

±1´;Ô�µ_¶G·tµ�¸�¯�µ�¸_±0¹6µ�·
g
¶B¾<½]¹4¶8µ � »1»p¶BÇv¹�´;· º

σPQ : g(P+, Q+, X+) → g(P+, Q+, X ′+),

Ý�Ü1»0µ_¶
{P+, Q+}, {X+, X ′+}

Êb±p¸JÂlÜp·1¶j¾�Ñ�Ê º µÓ½®¸_µ_·1·t½�¾Y¶B·Ä¹1Átµ_¶G·tµ�¿�¸_Ü�â�µ�Àt½v¶X)Ó¶®½�Ì6½?Å/©Ð4¸�¾Y¶8µ�¶B¾<½
σPQ = σ−1

PQ.

σPQ
Êbµ_¶QW�½]¹4¶�µ É Ê�±;¸?Â.ÜÓ·:¶B¾�Ñ�Êbµ�Æ4èt¶�µ º µ_Ç®´;· º�Í ±;· P+, Q+ Å

Ò:Å]Þ�¶8µ+Ê�±p¸JÂ.ÜÓ·1¶j¾�Ñ�Êbµ�Æ4èt¶�µ º µ_Ç®´;· º ¶j¾<½n´4· º Ç8µ�¶®Ñ�Ê:¾?¶G·1·:¶ º Å×1Å�Æ0¶G·:· º µ_Â�Ì W�µ_¸?À0Ç�Ìp¸w½�Âl±;·�Ê�±;¸?Â.Üp·1¶B¾�Ñ�Êbµ�Æ;èt¶8µ º µ_Ç®´4· º µ_·�¶B·�¯�µ_¸�±6¹0µ�· �(Ü1¹0µ�¸]Î�»6µ�·tµ�·��»6Ð4¾�Ñ�Êbµ�ÇB·ÖÅ

C+

B+

Q+X ′+P+X+

u

v
X+

1

X+
2

g

ð 9191@BFj=6/1-1k � � � �

� ¥��Ø¥��_c õ
� ����@G, � C @B*�,J*�-
7��n*�@Ö7�/

Q+ L4E4FBFB@G-1*w2;,J*+ò�/1-1LNM?*
B+, C+.

ib/xK�*<=6*<A ò(/1-:LXM
X+ 24/65

g
*<,?kX@G96M
DY@j��S =124-1- =6@B*È@B- ð 9191@BFB=6/:-1k � � � � =124,?kX*<DYM?*�FBFGM?*ÈV0@GM?/�2pM?@BE4-Ö� ��@G*<,
D?@B-:=

=6@G*
ò�2424,?*
{P+, Q+}, {X+, X ′+}

S:24,?ACE4-:@BDJ��SÏk4*�M?,J*�-1-NM<ë�58*<,?-1*<,ØS�2;9b*�-¬��@B,�=6@B*
ò�*<,JD?Hb*�LNM?@BO0@UM�TpM?*<-

g(P+, Q+, X+)
B+

¯̄∧ u(P+, C+, X+
1 )

Q+

¯̄∧ v(P+, B+, X+
2 )

C+

¯̄∧ g(P+, Q+, X ′+).

)�@B* ð /:DJDJ2;k4*Wy19b*�,
σ−1

PQ

58E4FBk;M�24/:D�=6*�,�V �NACAC*�MJ,?@B*�=6*�,�S:2;,JACE4-1@jD?��S:*�- ?�2;kX*4�
� ����24��SêV62;M?7 � � : � MJ,?*<-1-1*<-êDY@j��S

{P+, Q+}
/:-:=

{X+, X ′+}
�+V0E4AC@GMÈD?@G-:= -�24��S

V62pMJ7Ø/1-�=È)+*��:-:@UMJ@GEX- � � �1� =6@B*��+,J@B*�-NM?@B*�,J/1-1k
O(P+, Q+, X+)

/:-:=È=1@G*��+,?@B*�-NMJ@G* �
,?/1-:k

O(P+, Q+, X ′+) = O(σPQ(P+), σPQ(Q+), σPQ(X+))
O4*<,JDJ��S1@B*<=6*<-#ë	DYE �

=12;ì
σPQ

/:-1k4FB*�@j��S:D?@G-1-:@GkC@jD�Mw�
�

)W2;AC@UMWL4éX-1-1*�->��@G,+-N/:->=6*�-È�©*<�©*<@BD�O4EX->V62pMJ7 � � � � -�24��S1S1EXFG*<-#õ*it�©*<@�ò(/:-1LNM?*
P+, Q+*�,J7�*</1k4*<-C7��n*�@�V0*<k4AC*�-NMJ*4ë4=6@B*�=6/:,J��S�=6@B*�S:24,?ACE4-:@BDJ��S1*�V0H1@B*�kX*�FB/1-1k�91@ K�*�LNM?@BOC2;/658*<@G-:24-:=6*<,

9b*�7�EXk4*<-�DY@B-:=Ä�p)W2�@B-:D?k4*<DJ2;A�MÖ/1-1*<-:=6FB@B��SØO0@G*<FG*nò(/1-1LNMJ*n24/65�=6*<,	�W*<,J2X=6*�-+ñ?D?@UMJ7�*�-6ó�ëwA�y:DJD?*�-
9b*�@j=6*�V0*�kXAC*�-NM?*�2;FjD?Ex/:-1*�-:=1FG@j��S�ON@B*�FB*z*�-NM?S�2;FGM?*�-Ö�
�(@B-1*�=6*<,���@B��SNM?@BkXDYM?*<- ð /:DJD?24k4*�-
y19b*�,�S:24,?ACEX-1@BDJ��S1* ?Ö24k4*�D�MJ*<��LNM�@G-
58EXFGkX*�-:=6*<A

�Ö¨ea �å«b­QV,V /nÐ;¸�¿�´;·1Àt½�µ�±1´;Ô	µ_¶G·tµ�¸�¯�µ_¸�±6¹0µ�·
¾Y¶B·Ä¹.Ì �6´;¶X)�±pÇ8µ�·t½
°XÅ

{X+
1 , X+

2 }
´;·#¹

{Y +
1 , Y +

2 }
½v¸�µ�·1·bµ_·I¾Y¶®Ñ�Ê�·:¶vÑ�Êt½��

Ò:Å�µ_¾ º ¶�»6½�µ_¶G·�¿(±4±p¸ {P+, Q+}
Át¹N±4¾+»6µ�¶®¹0µ�¿�±X±p¸�µ

{X+
1 , X+

2 }
´;·Ä¹

{Y +
1 , Y +

2 }
Êb±p¸JÂlÜ �

·1¶B¾�Ñ�Ê�½v¸�µ�·1·t½?Å
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���
������

Æ0¶B·1· º µ�ÂlÌ W º ¶BÇ¼½©¹X¶�µ�¾�±6´6Ñ�Ê
¶B·�¯�µ_¸�±6¹0µ�·��n´4·Ä¹�Î�»0µ_·bµ�·Ä»6ÐX¾�Ñ�Êbµ_ÇG·�Å
� ¥��Ø¥��_c õ

2. ⇒ 1. :
��@G,>L4é4-:-1*�-ê24-1-1*�S:Ax*<-#ë�=124ì

P+Q+X+
1 Y +

1

7��0LNFB@jD?��S @jD�Mw�+)W2
D?@B��S

{P+, Q+}
/:-:=

{X+
1 , X+

2 }
D?Ep��@B*

{P+, Q+}
/1-:=

{Y +
1 , Y +

2 }
MJ,?*<-1-1*<-#ëbD?@B-:=Q=124-1-

P+X+
2 Y +

2 Q+X+
1 Y +

1

/1-�=
P+Y +

2 X+
2 Q+X+

1 Y +
1

=6@B*.*<@G-17<@GkX*�-á�©*wDY*<-XMJFG@j��SÏO4*<,JDJ��S1@B*<=6* �
-1*<- =Ié4kXFG@j��S1LX*�@GM?*�-�58y1,�*�@B-1*>7��0LNFB@jD?��S1* ð -1EX,J=6-0/1-:k:��)+@G*åV0H1@B*�kX*�FB/1-1k

σPQ
*<,?S:T4FUM
2;FjD

ò(,JE;K�*<LXMJ@GO0@GMJT;Ml7 �0L0FG@jD?��S:* ð -1E4,�=6-0/1-1k���V0E4AC@GM.@jD�M.24/:��S
P+Q+X+

2 Y +
2

7 �0L0FG@jDJ��S#ë(DYE6=124ì
=6@B*QE49b*�-�*<,JDYM?kX*�-:24-1-NM?* =IéXk4FB@B��S1LX*�@GM.2;/:DJDJ��S1*�@j=6*�Mw� ð FjD?EÏ@BDYM

P+Y +
2 X+

2 Q+X+
1 Y +

1

=6@B*
*�@B-17<@GkX*WACéXk4FB@B��S1* ð -1E4,�=6-0/1-1k��N��*�kXFB2XD?D?*�-
O4EX-

P+ /1-:=
Q+ FG@B*�58*<,YM�=6@B*��n*�S:24/1H6MJ/1-1k:�

1. ⇒ 2. :
��@B,�9b*�MJ,J2X��SXMJ*�-I=6@B*ØV0H1@B*�kX*�FB/1-1kX*�-

σX
2;-

{X+
1 , X+

2 }
/1-:=

σY
2;-

{Y +
1 , Y +

2 }/1-:=á91@BFB=1*�-%=12;AC@GMC=6@B*�ò(,JE;K�*�LNMJ@GO0@GMJTpM
ϕ := σY σX .

V6@G*�@jD�MCk4FB*�@j��S:D?@G-1-:@Gk�����@B,C�©*<,J=1*�-
k4FB*�@j��S%7�*<@GkX*�-#ën=12;ì

ϕ
*�@B-1*�- ��@ C H1/1-1LNM

P+ 9b*<D?@UMJ7�Mw�©)W2;AC@UM
@BDYM�=124-1-
ϕ(P+) = P+,=Ä� S#�

σY σX (P+) = P+ E0=1*�,
Q+ := σX (P+) = σY (P+).

)+@B*<DØ9�*w=6*�/6MJ*�M�2;9b*�,wë�=124ì
{P+, Q+}

=6/1,���S
{X+

1 , X+
2 }

��@G*�=6/1,���S
{Y +

1 , Y +
2 }

S�2;,JAxEX-1@jD?��S¦kX*�MJ,?*<-1-NMC��@B,�=Äë	�n2XD
9b*�S:24/1H6M?*�M��n24,<�
�(@B-1*�-���@ C H1/:-1LNM

P+ O4EX-
ϕ
kX*���@B-1-1*�-È��@G,zy19b*�,�=1*�-���@ C H1/1-1LNM � V62;M?7 � � : � ë�@B-:=6*<AÛ��@G,

*�@B-QV0*�kXAC*�-NM
S
24-1k4*<9�*<-#ë:=12XD]O4E4-

ϕ
@B-IDY@j��S
2491k4*<91@BFB=6*�M���@G,�=Ä�

)W2�DY@j��S
{X+

1 , X+
2 }

/:-:=
{Y +

1 , Y +
2 }

-1@j��SNMÄM?,J*�-1-:*�-#ë<L4é4-:-1*�-z��@B,#2;-1-1*<S1AC*�-#ëw=12;ì
X+

1 , Y +
1 ,

Y +
2 , X+

2

7 �0L0FG@jDJ��S
@jDYM<�t)�@B*Ø=12X=6/1,���SIk4*<k4*�9b*�-:*��+,?@B*�-NM?@B*�,J/1-1k�-:*�-1-1*<-Q��@B,nñYH�ENDY@GM?@BOXó�/:-:=
91@BFB=1*�-�=124DlV6*�k4AC*<-XM

S := {V + | O(X+
1 , V +, X+

2 )
HbEXD?@UMJ@GO

}.
=Q@UM

U+
i := ϕ(X+

i ) =
σY σX(X+

i ) = σY (X+
i ) (i = 1, 2)

��@G,�=
S
/:-XMJ*�,�=1*�,�kXFG*<@B��S:D?@B-1-1@Bk4*�-åò(,JE;K�*<LNM?@BON@GMJT;M

ϕ2;9:k4*�9:@GFj=6*�Mn2;/65
ϕ(S) = S′ := {V ′+ | O(U+

1 , V ′+, U+
2 )
H�ENDY@GM?@BO

}.
��D©@jD�M

σY
/1-1k4FB*�@j��S:D?@G- �

-1@Bk:ëpD?E4AC@UM�FB@G*<k4*<-Ø=6@B*
σY
� �n@GFj=6*<,�OXE4-

X+
1 , Y +

1 , Y +
2 , X+

2

��@B*<=6*<,�7��0LNFB@jD?��S#ë?K�*<=1E0��Sx-1*<kX2pMJ@GO
E4,J@B*�-NM?@B*�,?M<ët/1-:=�=124Ax@GM�@BDYM�=12;-1-

Y +
1 , U+

1 , U+
2 , Y +

2

��@G*w=6*�,z7 �0L0FB@BDJ��S>/1-�=>HbEXD?@UMJ@GOIEX,?@B*�- �
M?@B*�,?M<�1)W2;AC@GM�@BDYM�@G-�DYkX*<DJ2;A�M

X+
1 , Y +

1 , U+
1 , U+

2 , Y +
2 , X+

2

7��0LNFB@jD?��S�/1-:=�H�ENDY@GM?@BOlE4,J@B*�-NM?@B*�,?M
/1-:=�=124AC@UM

ϕ(S) = S′ ⊂ S,
D?E6=12;ì�V62pMJ7 � � : � 2;-0�n*�-:=69�2;,]@BDYM<�

�

ð FjD#-�T4��S:DYM?*wD#9b*�M?,�24��SNMJ*�-z��@G,wë��]24D#H:24DJDY@B*�,?M<ë<�©*<-1-���@B,#9�*<@N=1*�,ÖS�2;,JAxEX-1@jD?��S1*<-�V0H1@B*�k4*<FG/:-1k
*�@B-1*<-
��@ C H1/1-1LNM�O4*<,JDJ��S1@B*�9b*�-#�
�Ö¨ea �å«b­QV�f Æ6¶G·Ä¹�ÔgÐ;¸¦¹4¶�µ>¿�´4·1Àt½�µ¦µ_¶G·bµ_¸¦¯�µ�¸_±0¹0µ_·

g
¾_ÜXÝ(ÜÓÊ1Ç

(X+, P+, X ′+, Q+)
±pÇj¾

±6´1Ñ�Ê
(X+, P+, X ′+

1 , Q+
1 )

Ê�±;¸?Â.Üp·1¶B¾�Ñ�Êbµ æ Ð;¸JÔ®µwÁ	¾�Ü�¾<½v¶BÂCÂ.µ�·%¹4¶8µ � ¸J¶�µ_·b½®¶�µ_¸<´4· º µ_· )pÜÓ·
(P+, Q+, Q+

1 )
´4·Ä¹

(P+, X ′+, X ′+
1 )

Ð�»0µ_¸_µ_¶G·ÖÅ
1�*�,�DJ��S1@G*<96M�A�2;-¦24FBD?EQ=6*�-Ï*<@G-:*�- ��@ C H1/:-1LNM

Q+ *�@B-1*�,�S:2;,JACE4-1@jD?��S:*�-¦V0H1@B*�kX*�FB/1-1k
σPQ-:2X��S

Q+
1 ,
DYE��n24-:=6*<,?->=1@G*C�n@GFj=6*�,

X ′+ 9b*�FB@G*<91@Bk4*�,Wò(/1-:LXMJ*
X+ @GAÛD?*�FB9b*�-�V6@G-1-:*x-�24��S

X ′+
1 .

� ¥��Ø¥��_c õ

C+

X+ Q+ Q+
1

x u

g

B+

C+
1

D+
R+

A+
1

A+

w

P+ X ′+ X ′+
1

ð 9191@BFj=6/1-1k � � � �

��@B,+D?H1@G*<k4*<FG-�*�@B-1*<-Qò(/1-1LNM
X+ 24-I7��n*�@#ò�2X2;,J*�-

{P+, Q+}
/1-:=

{P+, Q+
1 }.

)�@B*��n@BFB= �
H1/1-:LXMJ*�D?*�@B*�-
*�-NMJD?H1,J*<��S1*<-:=

X ′+ 917<���
X ′+

1 .
)+247�/�-0/6M?7<*�-���@B,�58E4FBk4*<-:=6*TG+E4-:DYM?,J/1LNM?@BE4-



� ±;¸?Â.Üp·1¶B¾�Ñ�Êbµ�à�± º µ�´;·Ä¹ � ·tÜÓ¸<¹4·t´;· º ����� �

' D?@B*�S1* ð 919:@GFj=6/1-1k � � � ��8_õ ð /65	=6*�,��W*�,�24=6*<- g
DY@B-:=�kX*�k4*<9�*<-

P+, Q+, Q+
1

/1-�=
X+.

��@G,
�]T;S1FB*�-¦*<@G-:*��W*<,J2X=6*

x
=6/1,���S

X+,
� C @G*<,?*<-¬=124,J24/65�ò(/1-1LNMJ*

B+, D+ /1-:=¦9:@GFj=6*�-�=6@B*
�W*�,�24=1*�-

u := P+ ∩ D+, w := P+ ∩ B+.
$�A

X ′+ 7�/�k4*<��@G-:-1*�-#ë	91@BFj=6*�AC24-á=6*<-
V6��S1-:@UM?M?H1/1-:LXM

C+ O4EX-
Q+ ∩B+ AC@UM

u
/1-:=
=6*<-�V6��S:-1@UM?M?H1/:-1LNM

A+ OXE4-
Q+ ∩D+ AC@UM

w.
)+24-1-å@BDYM

X ′+ =6*<,ØV6��S1-1@GMYMJH1/1-1LNM�OXE4-
A+ ∩ C+ AC@UM

g.
ð -:24FGEXk�*�,JS:T;FGM�A�2;-

X ′+
1 ,@B-:=6*�A�A�2;->Ax@GM

Q+
1

9�*<k4@B-1-NM+/1-:=>=6@G* ib��@jD?��S1*<-1H1/1-:LXMJ*
C+

1

/1-�=
A+

1

LXE4-:DYM?,J/1@B*�,?M<��)+@B*
)+,?*<@G*w��L4*

A+Q+C+ /1-:=
A+

1 Q+
1 C+

1

DY@B-:=Ø7�*�-NMJ,?@B*�,?M�@BAêò(/:-1LNM
P+,

24FBD?Ez2;/:��SØFG@B-1@B*�,?M	/:-:=
7��]2;,�y19b*�,�=6@B*]�W*<,J2X=6*

x = D+∩B+.
�:E4FBk4FB@B��S�k4*�S:*�-�=6@B*n9�*<@B=6*<-C�W*<,J2X=6*�-

A+∩C+ /:-:=
A+

1 ∩C+
1

=6/:,J��S�=1*�-�D?*�FB9�*<-�ò(/1-:LXM
R+ O4EX- x.

)W2;AC@UM	S:249�*<-���@G,�58E4FBk4*<-:=6*©ò(,?E4K�*�LNM?@BO0@UM�TpMwõ

ϕ : g(X+, P+, Q+, Q+
1 )

B+

¯̄∧ u(D+, P+, C+, C+
1 )

R+

¯̄∧ g(X+, P+, X ′+, X ′+
1 ).

)W2
(X+, P+, X ′+, Q+)

*�@B-áS�2;,JAxEX-1@jD?��S1*<,���/1,?5W@jD�Mwë(DY@B-:=�=6@B*
��,J@GHb*�F
(X+, P+, Q+)/1-:=

(X+, P+, X ′+)
k4FB*�@j��SØEX,?@B*�-NM?@B*�,?M<� �1E4FBk4FB@j��SØ@jD�M

ϕ
kXFG*<@B��S:D?@B-1-1@BkW/:-:=�=12;S:*�,(D?@G-:=�24/:��S

2;/���S
(P+, Q+, Q+

1 )
/1-:=

(P+, X ′+, X ′+
1 )

k4FB*�@j��S�EX,?@B*�-NM?@B*�,?M<�
�

)+,?*<@6ò(/1-1LNM?*
A+, B+, C+ *�@B-1*�,�ò(/:-1LNM?,J*�@BS1*]LÓ24-1-CA�2;- ' 2;/15b=6,J*�@6OX*�,�D?��S1@B*<=1*�-1*n�È*<@BD?*�-,87�/%*<@G-1*<ARS�2;,JAxEX-1@jD?��S1*<-á��/1,?5�*�,JkXT;-:7�*�-Ö�	)W2;-:-�LÓ24-1-%A�2;-32;/�D�=6*�-324FUMJ*�-%/1-:=�=6*<-

-1*</1*�-�ò(/1-:LXMJ*�-I��@B*<=6*<,�=6,J*�@#24/:DY�]T;S:FG*<-#ë67�/�*�@B-1*<A S:24,?ACE4-:@BDJ��S1*�-
��/1,Y5	*�,JkXT4-17�*<-�/:-:=
D?EØ58EX,YM?5v2;S1,J*�-Ö�1)�@B*<D]58y:S1,YM�7</.58EXFGkX*�-:=1*�A �n*�kX,?@G�	õ

�
¥��	� �ba �®£��!«b­QV � Þ+¶8µ�À0Ç�µ_¶G·:¾<½�µ 
 µ�· º µ G Á4¹4¶8µ©¹4¸�µ�¶X¿�´;·1Àt½�µ A+, B+, C+ µ_¶G·bµ_¸#¿�´;·:Àb½®¸_µ_¶[�ÊbµWµ�·t½vÊbÌpÇ¼½n´4·Ä¹ØÂC¶¼½6â�µ�¹4¸�µ�¶t¿�´4·1Àt½�µ�·I±6´1Ñ�ÊI¹4¶8µ�¹0±pÂC¶®½]»p¶BÇv¹b»4±p¸�µ�·�Ê�±p¸JÂ.ÜÓ·1¶j¾�Ñ�Êtµ�· æ Ð;¸JÔ®µwÁ
Êbµ_¶QW�½ É Ê�±;¸?Â.Üp·1¶B¾�Ñ�Êbµ�¾+¯]¶¼½Y½gµ�¸ Í Ã4´
¹4¶8µ_¾_µ�·
¿�´;·:Àb½gµ�·ÖÅ
V0EXFB��S1*��W@GMYMJ*�,�FB@G*<k4*<-
=6@j��SNM�@G-I=6*<,�ò(/1-1LNM?,J*�@BS1*Xõ

�Ö¨ea �å«b­QV � . ¾<½
G
µ_¶G·�Ê�±p¸JÂ.ÜÓ·1¶j¾�Ñ�Êbµ_¾x¯]¶®½?½�µ_¸Ø±6´;Ô�µ�¶B·bµ�¸�¿�´;·1Àt½v¸�µ�¶BÊbµ

g
ÁÖ¾_Ü�µ�·t½vÊ�Ì;Ç®½#â�µÓ¹0µ_¾

Æ:µ º Â.µ�·t½ )ÓÜp· g
µ_¶G·bµ_·�¿�´;·1Àt½D)pÜÓ·

G
Å

�gA ��@B-091FB@B��Ll24/65#*�@B-1* ð -0�©*<-:=6/1-:k�@B- G�2;H:@UMJ*�F�:�58y1S:,?*<-.��@B,n=6*<-��n*��n*�@jD�58y1,��W@UM?M?*�,wë6=6@B*
-0/1,�=6@B*z58E4FBk4*<-:=6*�D?��S0�]T4��S1*<,?*+�(@Bk4*�-�D?��S:2;5�M�*�,?58y1FGFB*�-Öõ

� �vªb¥N� c6�w¡�¨�$Xa�«�­'V � Þ+¶�µ 
 µ_· º µ G µ�·t½vÊ�±;Ç®½gµ�Ý�µ_·1¶ º ¾<½�µ�·�¾x¹4¸_µ_¶�¿�´;·1Àt½gµwÁ(¹N±;¸<´4·b½gµ�¸Øµ_¶G·bµ_·±6´X¾ º µ�ÃÓµ_¶vÑ�Ê:·bµÓ½gµ�·�¿�´;·:Àb½ F+,
´;·Ä¹�µ�·t½vÊb±pÇ¼½�µ(Ô®µ�¸J·bµ�¸�Ã4´�â�µ(Ã4Ý(µ�¶tÝ(µ�¶¼½�µ_¸_µ_·�¿�´;·1Àt½gµ�·

P+, Q+

∈ G
±1´6Ñ�ÊC¹4¶8µ�¿�´;·:Àb½gµ

X+, X ′+, X ′′+,
ÔgÐ;¸©¹4¶�µ

F+, X+, P+, Q+
»pÃ4Ý�Å

F+, P+, X ′+, Q+»pÃXÝ�Å
F+, P+, Q+, X ′′+ Ê�±;¸?Â.Üp·1¶B¾�Ñ�Êbµ æ Ð;¸JÔ®µ�¾?¶B·Ä¹�Å

� ¥��Ø¥��_c õ ' OXE4-�V62;M?7 � � � � /1-NMJ*�,�=1*�,#DJ��SN�]T4��S:*�,J*�- 1�EX,J24/:DJDY*�M?7�/:-1k]O4E4-z�(@Bk4*<-:DJ��S:2p5�M � � � � � 8��@B,.-1*<S1AC*�- 24-#ë�*wDlk4*<9�*>*�@B- V0*�kXAC*�-NM
S = SUV

O4EX-
g,
=124DlL4*�@B-1*<- �W@UM?M?*�,JH1/1-:LXM

*�-NMJS:T;FGM<�Ä)W2;9b*�@�DY*<@	k4FB*�@j��S
S
2;FjD+AC2 C @GA�2;F	2;-:k4*�-:E4ACAC*�-#�t)�/:,J��SÈk4*�*<@GkX-1*�MJ*��:*<DYM?FB*�k4/:-1k

=6*<,	�+,?@B*�-NM?@B*�,J/1-1kx@jD�M�=124-1-
S = {X+ | O(U+, X+, V +)

HbEXD?@UMJ@GO
}.��qpd�d I � ��D+@BDYM U+ = F+ ' 2;-�2;FBE4k V + = F+ 8_õt)+2 G

�n*�-:@GkND�MJ*�-:D�=1,?*<@Öò(/1-:LXMJ*�*<-XMJS:T;FGM<ë

U+ = F+

S

V + Q+ V ′+ P+X+

ð 9191@BFj=6/1-1k � � � �

k4@B96M�*wD]*�@B-1*�-�ò(/1-:LXM
P+ ∈ G, 6= U+, V +,

=6*�,�=:2;-1-�-1E4M��©*<-:=6@Bk
/∈ S.

��@B,�D?H1@G*<k4*<FG-
F+2;-

{V +, P+}
7</

V ′+ /∈ S.
)W2;-:->k4@B96MW*<DW@GAÕV6*�k4AC*<-XM

SU+V ′+/P+

*�@B-1*C�W@UM?M?*�,JH1/1-:LXM
Q+.

V0H:@G*<k4*�FB->��@B,
P+ 24-

{F+, Q+}
7�/

X+,
DYE
*�,JS:2;FGM?*<->��@B,�*�@B-1*�-å�W@UM?M?*<,?H1/:-1LNM<�#��D



����� � � �����	��
���
������

D?@G-:=C-0/1-
P+F+V +V ′+ /1-:=

P+F+X+Q+ S:24,?ACEX-1@BDJ��S1*]��y1,?58*�/1-�=�DYEXAx@GM�-:2X��SlV62pMJ7
� � � � ' 9b*<24��SNMJ* F+ = U+ � 8�=6@B* �+,J@B*�-NM?@B*�,J/1-1kX*�-

O(U+X+V +)
/1-�=

O(U+Q+V ′+)k4FB*�@j��S#� ?Ö*�MJ7�M?*<,?*�@BDYM�-:2X��S G+E4-�D�MJ,?/1LNMJ@GEX-
HbEXD?@GM?@BObëbDYEXAC@UM�FB@B*�k;M�=:2;-1-
X+ ∈ S

ë:�]24D�-�24��S
1�E4,�2;/�D?D?*�MJ7�/1-1kx-1@j��SNM�D?*�@B-�Lp2;-1-#�1)+@B*<D?*�,���2;FBFÄLÓ24-1-I2;FjDYEx-1@j��SNM�*�@B-XMJ,?*�M?*<-#�
��qpd�d O � F+ 6= U+, V + õ)W2;-1-�@jD�M

S = SU+V + = SU+V +/F+

/1-:=
O(F+, U+, V +)

H�ENDY@GM?@BOt�

U+ V +A′+ W+ B′+

P+

S

X+

F+

Y +

A+ B+

ð 9191@BFj=6/1-1k � � �1�

��@B,�9�*wD�MJ@GACAC*�-�*<@G-1*�P�*�@BS1*zO4E4-
ò(/1-:LXMJ*�-#õ
W+ =6/1,���S�V0H:@G*<k4*�FB-
O4E4-

F+ 2;-
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