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(An)n∈Z
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x�c{z
(A−n+s)n∈Z
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(An+1, An+2, An+3, F )±Q�K d�<��¹KîR¦U§d �¡6¨�©��|�3���3��¨�©��<�K�@Í|µ��6¹K����½�¯[� Ì ��´| ï�~��§ � �|���|���,�3¨�©
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c1 = S0,0A1
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�,�Q¡@�<���
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Ak
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(Sn,0)n∈Z,
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Sk+n,1
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Sn,0
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V=?��{Tr]_��ðf°�,w*�,jlj\e
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u6blc{z4á�e � eqblj�u Ak, Sk+n,1, Sn,0 ÞRh�jljdbdcFe��,wy�
�* l�y¡�§l d��¢\�K¤(�� d�3¡6±Q�y¡(¯[�3�<��¤~�
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(An)n∈Z

�Q��w~prhMc|b�u�����k<eKhMwKz�cFe�s�}<e��[��k[jdbX���
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x�c{z@bduKs

q ∈
Z \ {0}, s ∈ Z,

u�h�b�u�s%�|x<���«z[boe�fihMjlk<e
(Aqn+s)n∈Z

�Q�,w6prhMc3bdu����gk|e�hMwKz�cFe�s�}Req����kUjlbI���
F.
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q > 0, s = 0 :����¡ +* l�K¤6�y¨�¦

S0,0Sq,0Sq(n+1),1Sqn,1
©3�����| l��Í<�� l�6�

b0 = S0,0Sq,0
�|�3�n�< d��ÍR�K ï�~�

b1 =
Sq(n+1),1Sqn,1,
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F
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Aq(n−1), Sqn,1, Sq,0
Aqn, Sqn,1, S0,0

Aqn, Sq(n+1),1, Sq,0
Aq(n+1), Sq(n+1),1, S0,0.

í8§�¡6¯	 d¡(�
Aqn

®Î�K ï�~��¤~� )8�K±Q�K�|�K¨�¦[��¬3�|���² ï�
g = AqnF

)4��±F���3¡6�� l�6���|�3�
Aq(n−1), Aq(n+1)¡6 l�3�Ð�<�K¤6�K�DÍ<¨�©|�| l�(�~´|�|�|¦U�6�r�� l���<�K�Ð®Î�K ï�~��¤~��� +4 d��¤~�K¨�¦<¡(�K ï�~���¾:ÍR¯��² l�  d¡(��¢\¿|¤�À��y�<�K¡

n ∈
Z
�|���|�

(Aq(n−1), Aqn, Aq(n+1), F )
©3�,¤~�²¯��| �¡6¨�©3��¤8Ä �|¤6¢�¬F��§d¡6¯g�|�3¡6��¤~��×°��©Q�,�|´<�~�|�|·� l�

ÍR´F��¹K d��§ï¢X��§l§±F��®� d�K¡6���=¾
�*��¤8�,§d§d·����²�K l�|��³Q�,§d§{¢\¯�§d·,�8�|��¤~���3¡°�� l�4ñ�K�²�²� � ¾ ì ¾ � ¾

�

Ä �� l�6��¤~�°¢\¿|¤£�|�3¡ d�U�6�K¤6�y¡6¡~�,�U�6�0×°��¹K l�K©U�3�|·��K���|�U�6�K¤%�<���
Sm,n

�K¤6·[��±F����¡( �¨�©�¿3±Q�K¤¢\¯�§d·����Q�<�
$ ±F��¤~§d��·��3�|·��K�¾

Ú�PRBDBÇ?�]_�� � blc{z
(xn)n∈Z � (yn)n∈Z

� � e�bifFhMjlk<eqcgbdc m
eqw~u����|b\eyzReqcFe�c � sIw��,�|j\e�c{}<��u����Fe�jdc

X
}�� � � Y, }ReqbXz<e*�Q��w~prhMc|b�u����rk<eKhMwKz�cFeMs0}<e����,k[jdbX���¶zRequ°k|e�pre�bdc3u���pre�c � sXwq���3jdu z = XY,uqh�jlb\e~k|e�c z�b\e � ���|c|b�s(s ç x,c|Þis�e Vn := xnyn

�|x,�%e�bdcFe�w�v4eqw��<zRe�c
v.
�*boe�fFhMjlk<e

(Vn)n∈Z

b�uKs
�Q�,w6prhMc3bdu����gk|e�hMwKz�cFe�s�}Req����kUjlbI���«z<equ � ���|c3bIs6s ç x,c3ÞFs�equ V := vz.

é�P[ê�PUGIH�ë0�*�|¤~¨�©
ϕ : X(x0, x1, z) ∧̄ Y (y0, y1, z)

 �¡(�8�� d�|��Ã��¤�¡(´F��¦U�6 d½R ï��µ���·��K·��K±Q�K�¾3ÍR �¨�©
�|�U�6�K¤

ϕ
�K�U�~¡6´|¤6�y¨�©|���Q�<��ª��K¤~�[�<���«¡~¨�©|�|�K d�|���¶¡6 �¨�©«�|�,�² l�»���<¢��<�K¤�Ã�K¤~¡6´Q�K¦U�6 d½U l�~µ,�~¡~��¨�©3¡6�

v.
)*��¨�©rñ=���²�	� � ¾ ì ¿|±Q�K¤(¢\¿3©|¤(���,±F��¤

ϕ
�< d��³3¯�§d·��

(xn)n∈Z

 l���< d��³3¯�§d·��
(yn)n∈Z,

¡(¯<�|��º
�<�K¤6�K��Í<¨�©3�| ï�6�6´|�3�|¦U�6� �K±Q�K�����<¢:�| l�y¡(�K¤8í�¨�©3¡(�»§d l�K·��K�¾

�

�* l�y¡�§l d��¢\�K¤(�0¢\¿|¤4�|�3¡6��¤~� Ì ¯��Q¡��~¤6�|¦U�~ l¯[�

Ú�PRBDBÇ?�]_�� f°�,w���jdj\e
p, q ∈ Z \ {0}, r, s,∈ Z

u6blc{zrz�boe�Ý8x,c|Þis�e
(Spn+r,qn+s)n∈Z

ÞRh�jljdb��
cFe���w x,cz«}�bljIzReqc e�bdcFe²}<e��[��k[jdbX���Ðz<equ � ���3c|bIs6s ç x�c|ÞisIu�zRe�w��|w �Mk|e�w6k<e�wq�Rz<e�cgp²b�s

g
�F��w~pgh �

c|b�u�����k<eKhMwKz�cFe�ste*fFh�jïk|e��
é�P[ê�PUGIH�ë0�* l�°³|¯�§d·��K�

(an)n∈Z

�|�3�
(bn)n∈Z

¡6 l�3�°À��Î©3�,¤~�²¯��| �¡~¨�©*·[��¯�¤��<�|���±Q�K¹�¿|·[§l �¨�©
g =

A0F.
)4�[¨�©�ñ=���²�	� � ¾��8·� d§ï�%�< d�K¡�|���|�²�,�3¨�©�¢\¿|¤£�< l��³3¯�§d·����

(apn+r)n∈Z

�|�Q�
(bqn+s)n∈Z�|�3�Ð�Q��¨�©Dñ�K�²�²� � ¾ �@¡6 d�3�n�<��¤~���DÍ<¨�©3�| ï�6�6´|�3�|¦U�6�

Spn+r,qn+s = apn+r ∨ bqn+s
�K±Q�K�

¦�¯[§l§d d�|�K��¤K¾<�*��¤ 3��y¡��8 �¡����~¤6 d½R d��§I¾
�

ÍR´F��¹K l�K§l§U¢\¿|¤
r = s = 0

§l d��·[������§d¡6¯4�< d�°Ã%�|�|¦U�6�
S0,0, Sp,q , S2p,2q , ...., Snp,nq, ....

¡~µ,� �~§l �¨�©
�,�|¢:�K l�|�K¤4ª���¤����<�K�

cp,q,
�< d��¯	�i���R±3�,¤���§l§d�� d�|���<�|¤�¨�©��|����
*�|¯,�~ l�K�U�6��� p

q

¢\�y¡��~·��K§l�K·,�� d¡(�K¾
¼�©|¤4Í<¨�©3�| ï�6�6´|�3�|¦U�4�² ï�

g
¡6�� �² l�

A p

q

±Q�K¹��K d¨�©|�3���K¾
ÍR´F��¹K l�K§l§R¢\¿|¤

q = 1
�6¤�µ,·,�£�|���|�

cp,1
�< d�0Ã%�|�|¦U�6�

S0,0
�|�3�

Sp,1
�|�Q� ·��K©U��|���² ï�%�<�|¤�¨�©

Ap,¡6¯R�3�,º	�< d�K¡6�»×°�K¹��� �¨�©|�R�|�|·²¦[¯��3¡6 d¡(�6�K�U�0�² l�*�<�K¤�±| d¡6©|�K¤6 d·��K�� �¡��y¾3�*��¤8Ã%�3�|¦U�
F
�K�U�~¡6´|¤6 �¨�©U�

�<�K� Ã£�,¤��,�²���~��¤
q = 0

�|�3��¡6�� �<�y¡(©3��§l±��,�Q¨�©��² l�
F = A∞

±F��¹��K d¨�©3�|���y¾

� ?<T
	2�:E�S^Y�PUZ:E:G\TyGXCFEO]=_X`� �4b\e �¶eqc<k<e8zReqw%u�h4��x�zReqc m hMw6k<e�k<e�}<e�cie�c�v0wyx,c{z ç x,c|Þisteqc
A0 = O,A1 = E,A∞ = F

Þ<hMc3uKsXwyx,b\e�wyste�c�Ý8x,c|Þis�e

G := {Aα |α ∈ Q ∪ {∞}}

cFeqc|cFe�c � bdw»zU�,u m hMc O,E, F eqw6��eMx�kFste �dwq�<sIboh�cQ��j\e�v0b�s(s�e�w � �|x,� g.�*boe�z3x�w����
µ : G → Q ∪ {∞}, Aα 7→ µ(Aα) := α

k<e�k<e,}ReqcFe4à:xRhMwKz�cix,c<k�b�uKs£eqblcFe��°b á�e�ÞisXb\hMc�� � b�u����Feqc@zReqp v0bIs6steqw�x�c{z�z<e�c ��x,p
∞
e�w � e�b��steqwKs�e�c �wq�<sIboh�cQ��j\e�c�à{�,�|j\e�c=� � b\e4bduKs£h�w�z[cFx�c<kUuKsXw�eMxg}<e��[��k[jdbX���«zRe�w014cFhMwKz�cix,c<k|e�c � z�b\e4�|x,�

g
���<b\hMpg�<sIbdu����gk|e~k|e�}<e�c�bduKs�x,c{zr�<x��

Q
zQx,w����¶z�b\e��3}�jdbX���ie

<
� �*eqj��|sXb\hMc=�

â�c3uy}Re�u�h�c{zReqwqe8k[bdj�s
ß � �@bIs3á�e»� � e�b{Ý8x,c3ÞFs�e�c Aα, Aβ ∈ G, 6= F

bduKs
(Aα, Aα+β

2

, Aβ , F )
e�bdc��F��w~pgh�c|b�u����Feqw

��x,w~���



���|}�bIx[u�� /»hRh�w�z�bdcQ�|ste�c �����

ä �0fÎ��w���jdj\e
α, β ∈ Q, α 6= 0

}�bdjXz<e�c z�b\e�Ý4x,c|Þiste
(Aαn+β)n∈Z

eqblcFeD}Req����kUjlbI���
F�Q��w~prhMc|b�u����rk<eKhMwKz�cFeMs�e8fihMjlk<e,�

é�P[ê�PUGIH�ë°ÄÜµ,©3§l�
α := p

q , p, q ∈ Z, 6= 0.
�* l�gª��K¤~�[�<�

cnα := S0,0 ∨ Anα
¡~¨�©|�|�K d�<���

bq d�#Ã%�|�|¦U�
Snp,q

���<¢
anp.

�* l�y¡(��Ã%�|�|¦U�~�
(Snp,q)n∈Z

±3 l§��<���O�,�<¢
bq
�� d�|��±Q�K¹�¿|·[§l �¨�©

F©3��¤6�²¯��3 d¡~¨�©n·��K¯�¤��<�|���~�r³|¯[§l·[��¾%ÕF�D d©|¤� d¡(���< d��³|¯�§d·��
(Anα)n∈Z

¿3±Q�K¤
S0,0

´Q�K¤~¡6´Q�K¦U�6 d½F¬
�,§�¡6¯	��±F���<¢X��§l§�¡4±F��¹K¿|·�§d �¨�©

F
©3�,¤~�²¯��| �¡6¨�©�·��K¯�¤��<�|���K¾3¼��Q�<�����	�,���< d��¤����~ l¯[�3�,§d���«Õi��©|§d���

α, β
�² l��·��K���K l�Q¡6�����K� )4���|�3��¤��3�,¤�¡��~��§d§ï�y¬{¢\¯�§d·,���| l�r×°�K©3�,�|´|�6�|�|· ì ¾����3¡ ñ=���²�	� � ¾ �

�|�3�Ðñ=���²�	� � ¾ �R¾=³:¿|¤ �< d�r×°��©Q�,�|´<�~�|�|· � ¾�¡��~��§d§l�	�	�,�
α, β

�|��¤ �,§�¡
α = 2k

q , β = 2m
q�|�3��±F���~¤~�[¨�©[�~���< l� ³3¯�§d·��

Xn := Anm−k
q

+ m+k
q

�3�3���< l�y¡�¡(´F��¹K l�K§l§=±Q�K 
n = −1, 0, 1.¼��3¡6±Q�y¡(¯[�3�<�K¤6�²¢\¯[§l·����|�,�² l�K¬�|�,º�¢\¿3¤

α, β ∈ Q
�< d�gÃ%�|�|¦U�~�

Aα, Aβ
�|�3�

F
´3�[�,¤~®Î�K d¡6�

½��K¤~¡~¨�©| d�K�<�K�«¡6 l�3�¬¡(¯<�|��º��<�|¤�¨�© ¯�±| d·��	ÕF�|¯�¤��<�R�|�|·
µ
�K l�3��³3�|�|¦U�6 d¯��Ð�<���Q�| l�K¤(�� �¡��y¾í8�3¡

�<�K¤²�*���Q�| ï�~ l¯[�Ç¢\¯[§l·��²�3�,�|�¬£�|��º¶¡6 l��±|  À���¦U�6 d½D �¡��y¾£�4 d��±Q�K©3�,�|´|�6���~���*¤~�<�R�|�3·[¡(�6¤~���|�g �¡(�
·��K¤~�[�<�»�< l� í4�3¡~¡6��·�� � ¾

�

¥%©|��®� l¤4�| l�y¡(��ª� l�(�~��¤8®°�� l�6�K¤4¡��~�3�< d��¤~���¬Q¡(�K �|¯<¨�©@�< l��Í< ï�~�3���~ l¯[��½[¯��@ñ�K�²�²� � ¾ ������®°�[¡
®°�� l�6��¤��3�[�~��¤�¡(�Q¨�©[�y¾<¥% d�|���8 d§ï¢X¡6¿|±F��¤~§l�K·��|�3·²¡6�� =½�¯�¤��,�Q¡(·[�K¡~¨�©| d¨�¦U�y¾

Ú�PRBDBÇ?�]_I`Q`/â�uKs
(Xn)n∈Z

eqblcFe�}Req����kUjlbI���
X
�Q��w~prhMc|b�u����*k|e�h�w�z�cieMste:fihMjlk<e°x�c{z

k ∈ Z,uqh�bduKs8zQx,w����
ϕ : Xn 7→ Xn+k(n ∈ Z)

eqblcFe�Ý%w�h�á�e�ÞisIb m b�s �<s*}Re�u�sIblp²prs � z�boe»k<eqcQ�<x X �,jdu
f:b � ç x�c|Þis£�Q�<s~�

X X ′′ F
g

X ′

b1 Sk0

S00

b0

í8±|±3 l§��<�|�|· � ¾ �

é�P[ê�PUGIH�ë»ÑIÍ< l�K©|�*í4±|±| d§d�<�3�|· � ¾ � ¾ ÓÄ^ d¤�¦ ���|�|�K�	�< l��³|¯[§l·[�
(Xn)

�² l�Î�<��¤°³|¯[§l·[�
(An)

�,�Q¡
�|�3¡6��¤~��¤ Ì ¯��3¡(�6¤~�|¦U�6 d¯��� d�|���U�6 	�3¹� d��¤~���=¾3�4 d��Ã��¤�¡(´F��¦U�~ l½R l�~µ���¡(¦[���6�6�	Ñ\½[��¤~·�§�¾R³Q�,¦U� � ¾ �[Ó

g(A0, A1, F,X)
Sk,0

¯̄∧ b1(Sk,1, Sk+1,1, F,X
′)
S0,0

¯̄∧ g(Ak, Ak+1, F,X
′′)

±F�K¡~¨�©|¤6�K l±|�4¯	�i���R±3��¤*�< d��·[��®�¿|�3¡~¨�©U�6��Ã%¤~¯,À��K¦U�6 d½U l�~µ,�
ϕ
�|�3��©3���4¯ �F�K�3¡6 d¨�©U�6§d �¨�©@·����Q�,�

F�,§�¡�³: ïÔ<´|�3�|¦U�K¾3���
ϕ
�K l�3�|���<�~ l·²±F�K¡(�6 d�����4 �¡��y¬<¢\¯�§d·,�8�< d� ×°��©3���|´<�6�3�|·3¾

�

Ú�PRBDBÇ?�]_I`<Û f°�,wg��jdjoe
p, q ∈ Z \ {0}, r, s,∈ Z

u6blczÒz�b\egÝ8x,c|Þiste
(Spn+r,qn+s)n∈Z�<x��£eqblcFeqw�v4e�wq�Rz<e�c z3x,wK��� zRe�c�Ý8x,c3ÞFs

A p

q

� �*b\e»fFh�jïk|e
(Spn+r,qn+s)n∈Z

b�u�s%�F��w~pgh�c|b�u����
k<eKhMwKz�cFe�s°}<e��[��k[jdbX���

A p

q

�
é�P[ê�PUGIH�ë°¥�¡ ¡6�� d���

p, q ∈ Z \ {0}, r, s,∈ Z
�|�3�

s 6= 0.
)4�[¨�©nñ���²�	� � ¾ ��§l d��·[���Ð�< l�

Ã%�|�3¦[�~�
(Spn+r,qn)n∈Z

�,�<¢��� d�|�K¤�ª���¤����|���
v,
�< d�rÃ��|�|¦U�6�

(Spn+r,qn+s)n∈Z

���<¢8�� d�|�K¤
ª���¤����|���

w
�|�3�Ð±| d§��<���D�<¯[¤(� ±F��¹K¿|·�§d �¨�©D�<��¤�Í|¨�©|�| l�(�6´3�|�|¦U�6�

V := vg
±|¹K®�¾

W := wg©3��¤6�²¯��3 d¡~¨�©r·[��¯�¤��<�|���6�»³|¯[§l·[���¾
)8�3�� �¡(�

Spn+r,qn = apn+r ∨ bqn,

Spn+r,qn+s = apn+r ∨ bqn+s.
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ÍR¯[�� l�8��¤~©3��§ï�~����®� l¤8�< d��Ã%¤~¯,À��K¦[�~ l½R l�~µ,�

ϕ : F (bqn)
v
¯̄∧ A0(apn+r)

w
¯̄∧ F (bqn+s).

ÍR d�%©3�,�=�3��¨�©�ñ=���²�	� � ¾ ��� ·��K�3�,�»�K l� ³: lÔR�K§l�K�²���U�K¬K�3µ,�²§d d¨�©��< d�Îª���¤����|�
g.
¼�¡������3�<¤~��¤�¡(�K ï��¡

Z := vw
�<�K¤0Í|¨�©|�| l�(�6´3�|�|¦U�°�3�3�r¡6 l�3�

a′, b′
�< l�����U��¡(´|¤~�K¨�©3���3�<�K�g×°¿3¡6¨�©3��§d·���¤����|���¬�¡6¯� �¡(�

¯	�i���R±3��¤

ϕ : F (b′)
v
¯̄∧ A0(a

′)
w
¯̄∧ F (b′).

³|¯[§l·[§l �¨�©  d¡(�
b′
³: lÔR�K§l�K�²���U� ½�¯[�

ϕ,
��§d¡6¯

b′ = g
�|�3�Ð�<�K¤�Í<¨�©|�| l�(�~´|�|�|¦U�

Z := vw
§d l�K·,�

�|���� l�4�,�|¢
g.)8�3� ®0µ,©|§d�
r := 0 :

�* l�ÐÃ%�|�3¦[�~�
Spn,qn

§l d��·[���Ü¢\¿3¤���§l§d�
n
�,�<¢²�<��¤@ª���¤����<�K�

cp,q ,�< d�
g
 l� Ã%�|�3¦[�~�

A p

q

�6¤~  �F�K¾³|¯[§l·[§l �¨�©Ð§l d��·[���Ç���3¨�©n�< l��Ã%�|�|¦U�~�
Spn,qn+s, (n ∈ Z)

���<¢
�� d�|�K¤�ª���¤����<�K� �<�3¤~¨�©

A p

q

�|�3� �² ï��¡6îR�²�����6¤~ d¡~¨�©|�K¤»í4¤6·[�|�²���U�~�,�6 d¯��Ð�,�3¨�©Ð�< d�²Ã%�|�|¦U�6�
Spn+r,qn, (n ∈ Z).

)8�|�n®°���Q�<�²�²���n�<���Ð¯�±3 l·[���nÍ<¨�©|§d�|º@�|¯<¨�©|�	�,§%���¶�|�Q�Ð��¤~©3µ,§l� �< l�
×°��©3���|´<�~�|�|·3¾

�

³:¿|¤8¡6´3µ��~��¤~��í4�U®°���Q�<�|�|·[�����|¯,�~ l�K¤6�K��®� d¤8�< d�»�3�,¤��,�3¡Î¢\¯�§d·��K�3�<� +£��¤��,§d§l·[���²�� d�|�K¤6�|�3·�½[¯��
³3��¦U� � ¾ �|¾

�rCQA�CQWIWX?<Ar]=_X`<] f°�,w
r, p, q,∈ Z, q 6= 0

u(bdc{z�z�b\e*Ý8x,c|Þis�e
A p

q
, Sp+r,q , Sr,0

ÞRhMjdjdblcFe���wM�

é�P[ê�PUGIH�ë�ÍR���6¹��� l��ñ=���²�	� � ¾ �yì �|����Ã£�,¤��,�²���6��¤
s = 0

�3�3�@±F���6¤���¨�©U�~���< d� Ã%�|�|¦U�~� ¢\¿|¤
n = 0, 1. �

Ä^ d¤�®°���Q�<���¶�|�3¡��R�|�«®� d�K�<�K¤��<��� ���3¡»�<���Ðª�¤6�|�Q�<´|�|�|¦U�~���
O,E, F

��¤~¹����3·,�6�K��¤����6 d¯ �
�3��§l�K��ª� l�(�~��¤

G
¹��¾

� ?<T
	�]=_X`- �»�,u=w��|sXb\hMcQ�,joe°v0b�s(s�e�w
G
jlb\e~kFs{z�bI���FsQblcgzRe�w�Ý8x,c|ÞisXw�e�bd�Fe

g,
zF� �=�tá�eyz<equ � e~k[preqcFs

S
blc
g
e�cisX����j�s �lp²blczRequKsteqc3u �eqblcie�cnv0bIs6steqw ç x�c|Þis6�

é�P[ê�PUGIH�ë°Ä^ d¤@·�¤~�� l¢\���ð���<¢��< d� $ ±F��¤~§l�K·��|�|·[���  l� Ì �,´| l�6�K§ � ¹��3¤6¿3¨�¦i¾�����¡@ª� ï�6�6�K¤�¡6�� 
�,�|¢\·���±Q�,�<�0¹����<��� %

∞
� Ã%�|�|¦U� '

F
�|�3��®Î�K ï�~��¤~����ª�¤6�|�Q�<´|�|�|¦U�~���

O,E.
)*��¨�©�Í|���6¹»�|�Q�

�*���3�| l�6 d¯�� � ¾ ��� �K¤(¢\¿|§d§l���|���|�
G
�< d�« d�Ü¥% d·��K�3¡6¨�©Q��¢o� � ¾ � �Ð·���¢\¯�¤��<��¤6�6�K�Ü×Î�y�< d�|·��|�3·����=¬

®°¯�¤��,�3¡°�² ï�*Í|���6¹ � ¾ � ���| l��×°��©3���|´<�~�|�|·�¢\¯�§d·,�y¾
�

Ø8�U�~��¤»×Î�K�R�<�6¹K���«�<�y¡ +£¯[§l§�¡(�~µ,�Q�< l·[¦��K ï��¡6�,ÔR d¯��	¡�¦ ���|�3���@®� d¤�À����6¹����< d�� d�¶Í<�,�6¹��3�3�«�*��� �
�| l�6 d¯�� � ¾ ��� ��¤~¦U§�µ,¤6�6��×Î  À���¦U�~ l¯[�

µ
¹K®� d¡~¨�©|�K�¶�<�K� ¤~�,�6 d¯��3��§l�K�¶ª� ï�6�6�K¤��|�3�

Q ∪ {∞}
�,�|¢

�< d��·[���|¹���Ã%�|�|¦U�~¤6�K l©|�»¢\¯[¤(��¡(���6¹K���¾

� ?<T
	2�:E�S^Y�PUZ:E:G\TyGXCFEO]=_X` �ða�uu�eqboeqc
O,E, F

z�w�e�bRÝ8x�c|Þiste0e�bdcFe�w:Ý8x,c3ÞFsIwqeqbl�ie
g, G

zU�,u
��x,k<e�� �Mw~bïk|e0wq�<sXb\hMcF��j\e v0b�s(s�e�wM� ���,c|c�j
���Qs£u(bI����z�b\e*bdc � �|sX�²x,c{z ��e��|c|b�sXb\hMc æ � ß�� eqw6ÞRj
��wyste
fx�c|ÞisXb\hMc

µ : G → Q ∪ {∞}
�<x��=k|e�cQ�|x²e�bdcFer�re�b�u�e*�[x	eqblcie�w*hMwKz�cix,c<kRu�sIwqe�xUe�c �°b á�eqÞFsIboh�c

µ : g → R ∪ {∞}

�IhMwysIuqeMsI�Meqc=�
a�u�bduKs

µ(0) = 0, µ(E) = 1, µ(F ) = ∞.
f°�,w²e�bdcFe�c^}<e�jdboe,}�bïk|e�cnÝ8x�c|Þis

X
�<x,�

g
�Fe�bd�3s

µ(X)
z[boe �~ÅÇÆ�ÈFÉoÊ=Ë � /�hUh�w�z[blcQ�|ste � m hMc X }Req����kUjlbI���«z<e�w v0wyx,c{z ç x�c|Þiste O,E, F.

�* l� í4�3¡6¡~�,·[�*¹K�|¤8¥% d�3�<�K�<�6 d·�¦[�� l�8¦��[�|�|����®� l¤*�,�3¨�©�¡(¯�¢\¯[¤6���|§l d��¤~���=ë



���|}�bIx[u�� /»hRh�w�z�bdcQ�|ste�c ��� �

� ?<T
	�]=_X` � �*b\e ÅÇÆ�ÈQÉoÊ�Ë � /»hRh�w�z�bdcQ�|ste�c �Xf=x,c|ÞisXb\hMc
µ
�[x�zRe�c�v0wyx,c{z ç x,c|Þisteqc O,E, F b�u�sz�b\e%e�bdc|�Kbïk|e%hMwKz�cix,c<kRu�sIwqe�xUe�fx,c|ÞisIboh�c

g → R ∪{∞}
p²bIs

µ(0) = 0, µ(E) = 1, µ(F ) = ∞x,c{z�zReqw�a%blk<e�cQu����Q�,��s � zR���

µ(P ) =
1

2
(µ(X) + µ(Y )),

� e�c|c (X,P, Y, F )
e�bdcFeqc��F��w~pgh�c|b�u����FeqcD��x,w~�°}�bdjIzRe�c=�

é�P[ê�PUGIH�ë0���,ºg�< d��ÅÇÆ�ÈFÉoÊ=Ë ��Ì ¯U¯[¤~�| l�3�,�6�K���< d�K¡6� ¸@ l�(�6�K§l´3�|�|¦U�~¡6�� d·��K�3¡6¨�©Q��¢o�4©3��±Q�K�¬<¢\¯[§l·��
�,�Q¡�Í<�,�6¹¶�|�3�Ü�*���3�3 ï�~ l¯[� � ¾ ��� ¹��3¡~�,�²�²���Ü�² l���|��¤@ÍU�6���6 d·�¦��K ï�ÐÑ\±|¹K·�§�¾°�|��¤��<�|¤�¨�©ð�< d�
�*¤��<�R�|�|·��K�r·[��·��K±Q�K�|����Â�¯�´F¯�§d¯�·� d���=¾ Ó
Ø8�²·[��¦��K©|¤6��¢\¯�§d·,�����3¡��< d�K¡6��¤�¥% l·[���3¡~¨�©3�,¢o�K¬��3�,º«�< d�gÃ%�3�|¦U�6�r�² l��¤����6 d¯��Q�,§d���

µ
� Ä ��¤6�6�K�

�|¯���®Î�K�3�< d·g�|��¡�¤����~ l¯[�3�,§d� ª� ï�6�6�K¤4¹��
O,E, F

±| d§��<���¬Q®Î¯[�² ï�4�|���|�@¿|±F��¤��< l� �*¤~�<�R�|�3·[¡ �
�6¤~���3���< d�»×Î�K©3�,�3´<�6�|�3·�¢\¯[§l·��K¾ �4��±Q�K�r�3µ���§d �¨�©	¢\¿|¤��� d�

n ∈ Z
�< d�*Ã%�3�|¦U�6�

An−1
�|�3�

An�< d� Ì ¯R¯�¤��< l�Q���6�K�
µ(An−1) = n − 1, µ(An) = n,

Ño¢\¿|¤
n = 1

¡6 l�3�
O
�|�3�

E
¡6¯�§�¨�©|�

Ã%�|�3¦[�~�yÓ0�3�3�� d¡(�
(An−1, An, X, F )

©3��¤6�²¯[�| d¡~¨�©¬<¡6¯� �¡(�

µ(An) =
1

2
(µ(An−1) + µ(X))

�,§�¡(¯

µ(X) = 2µ(An) − µ(An−1) = 2n− n+ 1 = n+ 1.

�* l��Ã%�|�3¦[�~�@�² ï�g·U�,�|¹K¹K�,©3§l d·��K�
µ
� Ä ��¤6�6�K�Ò±3 l§��<���/�,§�¡6¯¶�K l�|��±F��¹K¿|·�§d d¨�©

F
©Q�,¤~��¯[�| �¡6¨�©

·��K¯�¤��<�|���6��³|¯�§d·���¹��
O,E

¬£®Î¯[¤~���3¡²¡( �¨�©Ò�|���|�/�< l�@·U�,�|¹K� Ì ¯��Q¡��~¤6�|¦U�~ l¯[�D¹�®0�,�|·U¡(§�µ,� �3·
®� d�K�<�K¤6©|¯[§ï�y¾

�

í8�Q�,§d¯�·��y¡�·[ l§l�0�3���~¿|¤6§d �¨�©g¢\¿|¤��< d��×° d§d�|�|�|·�½�¯���ÅÇÆ�ÈQÉoÊ=Ë ��Ì ¯R¯�¤��< d�3���~���	 d��ÍR�6¤��,©|§d��� � �3�3�
¥%±F���|�K�R±|¿3¡~¨�©|��§d�¾

���������
	�� �rCCQA�S�GIE�?|TKPRE �:E:S�»AMC��yP��{TKG��GXT��<TyPRE�_
í8�|¢F�K l�|�K¤£Ã%�|�|¦U�~¤6�K l©|�

g
±F��¹K�� �¨�©|�|�

µ
�< d�*ÅÇÆ�ÈFÉoÊ=Ë ��Ì ¯U¯[¤~�| l�3�,�6�K� ¹��²�<���gª�¤~�|�3�<´3�|�|¦U�6�K�

O,E, F,
���U�~¡6´|¤~�K¨�©|�K�3�

µ′
�| l��ÅÇÆ�ÈQÉoÊ=Ë ��Ì ¯R¯�¤��< d�3���~���»¹��

O′, E′, F ′
���<¢|�� d�|�K¤=Ã%�|�3¦[�~¤6�K l©3�

g′.
¸� ï�4�<�K¤�Ã%¤~¯,À���¦U�~ l½R l�~µ��

ϕ : g(O,E, F ) ∧̄ g′(O′, E′, F ′)

©3�,�4�< l��í4±|±| d§d�<�3�|·
ν := µ′ ◦ ϕ, ν(X) := µ′(ϕ(X))

¯	�i���R±3��¤°¢\¯�§d·����Q�<�»¥% l·[���3¡~¨�©3�,¢o�6���=ë

ν(O) = µ′(ϕ(O)) = µ′(O′) = 0
ν(E) = µ′(ϕ(E)) = µ′(E′) = 1
ν(F ) = µ′(ϕ(F )) = µ′(F ′) = ∞

ñ d��·[����¢\��¤~�|�K¤
X,P, Y, F

©3��¤6�²¯[�| d¡~¨�©¬�¡6¯��,�3¨�©
ϕ(X), ϕ(P ), ϕ(Y ), ϕ(F )

�|�3�{¬y�|�
ϕ(F ) =

F ′
 �¡��y¬| �¡��8�|���|���3��¨�©@Í<���~¹ � ¾ � �

µ′(ϕ(P )) =
1

2
(µ′(ϕ(X)) + µ′(ϕ(Y ))),

�{¾ ©¾

ν(P ) =
1

2
(ν(X) + ν(Y )).

���g¡6¨�©3§l d��º[§l �¨�©�Ã%¤6¯�À���¦U�6 d½R ï��µ��~���@¯�¤��<�R�|�|·U¡��~¤6�K�|��×°  À��K¦[�~ l¯[�|����¡6 d�3�{¬|¢\¯[§l·��4�² ï�»Í<���~¹ � ¾ � �3¬
�|��º

ν = µ.
Ä^ l¤�©Q�,±F���@¡(¯[�² ï�
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� ?<T
	�]=_X` �^â�uKs
ϕ : g(O,E, F ) ∧̄ g′(O′, E′, F ′)

ç w�h�á�eqÞFsIb m �
uqhgk[bdjIs����,wgz�boe@ÅÒÆ=ÈFÉoÊ=Ë
� /�hRhMwKz�bdcQ�<s�e�c

µ
��x

O,E, F
}�� � � µ′

��x
O′, E′, F ′

z�b\e��*e�jo�<sIboh�c
µ = µ′ ◦ ϕ.

Ä ���|�	®� d¤��,§�¡6¯ �< l�4ª�¤~�|�3�|´|�|�|¦U�6�*�<��¤ Ì ¯R¯�¤��< d�3���~���3¡6î<¡��~���²���<��¤%Ã�¤6¯�À���¦U�6 d½R ï��µ��%·��K�� d·��|���
�,�3´3��¡~¡(�K�¬<µ,�3�|��¤~��¡6 d¨�©��< d��ÅÇÆ�ÈQÉoÊ�Ë ��Ì ¯R¯[¤~�< d�3�,�6�����|�U�6�K¤��� d�|��¤�Ã%¤~¯,À��K¦U�6 d½U l�~µ,���| d¨�©U�y¾
¼��U�6�K¤6�y¡6¡~�,�U�6�K¤£ d¡(�Î�< d�4³3¤~��·���¬�®� l�4¡6 �¨�©g�< l�»ÅÇÆ�ÈQÉoÊ=Ë ��Ì ¯R¯�¤��< d�3���~����±Q�K¹�¿|·[§l �¨�©�¢\�K¡(�Î·[��®0µ,©|§ �
�6�K¤4ÍRî<¡��~���²���|�U�6�K¤�±Q�K§l d��±3 l·[����Ã%¤~¯,À���¦U�~ l½R l�~µ��~����½��K¤6©3��§ï�~���¾
���,¹����|�U�~��¤�¡(�3¨�©3���r®� d¤8¹K�|�3µ�¨�©Q¡��0¢\¯�§d·��K�3�<��í8�|¢\·[�,±F��ë
���������

g
���	�
��������������������������������� 

µ
���!��ÅÇÆ�ÈQÉoÊ�Ë�"!#%$&$������	�'���(���*)��+�����-,.����
��/'�����(���

O,E, F
�0 ������'���

ϕ : g(O,E, F ) ∧̄ g(O′, E′, F ′)/'��$(1��2���3�	465879�������	:;:<�
µ(ϕ(X))

��=>�@?A��������!$��B4�$��
µ(X).

�8 d��¤6¢\¿|¤�±F��©3���3�<�K§l��®� d¤8�<¤6�K ±F�K¡6¯��3�<�K¤~¡°�K l�<¢X�[¨�©|�»Ã%¤~¯,À���¦U�~ l½R l�~µ��~���¾

Ú�PRBDBÇ?�]_I` �DC(E�PUAMTK?��:HyJyL:PRE��QCFE
O
��E:S

F F f°�,w�z[boe4Ý%w�h�á�eqÞFsIb m b�s �|s
σ : g(O,E, F ) ∧̄ g(F,E,O)

b�u�s

µ(σ(X)) =
1

µ(X)
.

S00

aq

ap

bq

bp

O E FAp/qAq/p

Spp

SqqSqp Spq

c1
g

Sp0

S0p

í8±|±3 l§��<�|�|· � ¾ �

é�P[ê�PUGIH�ë�ÍR d��©|�²í8±3±| l§��<�|�3· � ¾ � ¾F�* l��Ã%¤~¯,À��K¦[�~ l½R l�~µ,�
σ
 �¡����< d��©Q�,¤~��¯[�| �¡6¨�©|��ÍR´| d��·��K§l�3�|·

�,�
E = A1

�|�Q�
A−1.

³�¿3¤r±F��§d l�K±| l·[�K¡
p, q ∈ Z, 6= 0

§�µ,º,��¡( d�«¡6 d¨�©Ü�<�3¤~¨�©/¢\¯[§l·[���3�<�
Í<¨�©|�3 ï�6��G,Í|¨�©|�� d� Ì ���(�~�»¤6�y�,§d d¡6 l�K¤6�K�ë

g(O,E, F,A p

q
)
S0,0

¯̄∧ ap(O,Sp,p, Sp,0, Sp,q)

F
¯̄∧ c1(E, Sp,p, S0,0, Sq,q)

O
¯̄∧ bp(F, Sp,p, S0,p, Sq,p)

S0,0

¯̄∧ g(F,E,O,A q

p
).



���|}�bIx[u�� /»hRh�w�z�bdcQ�|ste�c ��� �

���,�² ï�� d¡(�
σ(A p

q
) = A q

p

�3�3�{¬��3�
p, q

À(�@±F��§d d��±| d·«®0�,¤~���¬¡6¯��² l� ¢\¿|¤²�,§d§l�	Ã��|�|¦U�6���<�K¡
¤����6 d¯��Q�,§d����ª� l�(�~��¤�¡

µ(σ(X)) =
1

µ(X)
.

$ ±F��¤*�< l� �*¤��<�R�|�|·U¡��~¤6�K�|�4¢\¯[§l·��4�|�,�3���< d� ×°��©3���|´<�~�|�|·�¢\¿|¤8±F��§d l�K±| d·��»Ã%�|�|¦U�~��¾
�

Ú�PRBDBÇ?�]_I` �DC(E�PUA��|E:S�PUA�EÜS:P[A��*GIE�H F f°�,w�z[boe4Ý%w�h�á�eqÞFsIb m b�s �|s
λ : g(O,E, F ) ∧̄ g(O,E′, F )

b�u�s
µ(λ(X)) = µ(E′)µ(X).

S00

am

bk
S0k

S0,kn
Skk

Skn,k
Sm,k

Skn,kn

Sm,kn

O FAm/k

aknbkn

E AnAm/kn

í8±|±3 l§��<�|�|· � ¾ �

é�P[ê�PUGIH�ë�ÍR d��©|��í4±|±| d§d�<�3�|· � ¾ � ¾|ÕF�|�3µ[¨�©3¡��0±F���6¤���¨�©U�~���r®� d¤��<����³3��§l§�¬<�|�,º
n := µ(E′) ∈

Z(6= 0),
�{¾ ©¾

E′ = An.
¥� l�|��±Q�K§l d��±3 l·[��¤����6 d¯��Q�,§d��Õi�,©|§

α ∈ Q, 6= 0
¡��~��§d§l�K��®� d¤��|��¤*��§d¡

α = m
kn

�² ï�
m, k ∈ Z.

�*���|��§dµ�º,�8¡6 d¨�©
λ
¿|±F��¤0¢\¯[§l·[���3�<� Ì ���(�~��¤~�K��§l �¡6 l�K¤6�K�ë

g(O,E, F,A m
kn

)
S0,0

¯̄∧ bkn(S0,kn, Skn,kn, F, Sm,kn)

O
¯̄∧ bk(S0,k, Skn,k, F, Sm,k)

S0,0

¯̄∧ g(O,An, F, Am
k
).

³:¿|¤�±F��§d d��±| d·��»ª� ï�6�6��¤~´|�|�3¦[�~�
X
±F��®� d¤6¦U�Î��§d¡6¯

λ
 l� Ì ¯R¯�¤��< d�3���~���	�< d�4¸@�|§l�6 d´|§d l¦����~ l¯[�g�² ï�

n ∈ Z.
¸� ï�»�<��� %~ÍU�6���6 d·�¦[�� l�~¡~�,¤~·��|�²���U� '�®� d��¯�±F����¢\¯�§d·,���| l�y¡*�|���|�«���3¨�©�¢\¿|¤�±Q�K§l d��±| d·��

Ã%�|�3¦[�~��½�¯[�
g.Ä ���3�<���8�	�,�
λ−1 �,�¬|¡6¯²±Q�K®� l¤~¦U�4�< d�K¡0¯	�i���R±3��¤8�< d� �4 d½R d¡6 l¯[���² l� n, ¡6¯R�3�,º²�,§�¡(¯	�<�|¤�¨�©Ì ¯���±3 l�3�,�6 d¯��Ð�|�3¡6��¤~�r×°��©Q�,�|´<�~�|�|·@¢\¿3¤�±F��§d l�K±| l·[��ª� l�(�~��¤~´|�|�|¦U�6�

E′
±F��®� d�K¡6���Ç d¡(�K¾¸@ l�

�<�K�ÖÍU�~���6 d·�¦[�� l�~¡~�,¤~·��|�²�K�[�°¢\¯�§d·,�8�|���|�@�< d�»×°�K©3�,�|´|�6�|�|·g��§l§d·��K�²�� d�¾
�

Ú�PRBDBÇ?�]_oÛ DC��ÎA�?|E:HKWI?<TKGICQE F fÎ��w»z�boe*Ý�wqh�á�e�ÞisXb m bIs �<s
τ : g(O,E, F ) ∧̄ G(O′, E′, F ),

� h<}<e�b µ(E′) = µ(O′) + 1
bduKs � kUblj�s

µ(τ(X)) = µ(X) + µ(O′).
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O F

S00

Skr,kn Skr+kn,kn

bkn

Skr,0

Ar/n

E = Akn/kn

Am/kn

τ(Am/kn)

í8±|±3 l§��<�|�|· � ¾ �

é�P[ê�PUGIH�ë�ÍR d��©|��í8±|±3 l§��<�|�|· � ¾ �|¾FÕi�|�3µ�¨�©Q¡��4¡6�� 
O′ = A r

n

�|�Q�@�|�,�² l�
E′ = A r+n

n
.
¥� l�|�

±F��§d l�K±| l·[�	¤~�,�6 d¯��3��§l�gÕi��©|§
α
¡(�6�K§l§d���Ð®� d¤ ®� l�y�<��¤ �3�,¤���§d¡

α = m
kn

�² ï�
m, k ∈ Z.

���,�3�
¦��,�|�/�	�,�/�|�U�~��¤g×°���R�<�~¹����/½[¯�� Ì ¯[¤6¯[§l§��,¤ � ¾ �K� �< d�@Ã%¤~¯,À���¦U�~ l½R l�~µ��

τ
¢\¯�§d·��K�3�<�K¤6�	�,º[���

¤~�K�,§d �¡( d��¤~���ë

g(O,E, F,A m
kn

)
Skr,0

¯̄∧ bkn(Skr,kn, Skr+kn,kn, F, Sm+kr,kn)

S0,0

¯̄∧ g(A r
n
, A r+n

n
, F, A m

kn
+ r

n
)

= g(O′, E′, F, A m
kn

+ r
n
).

í8§�¡6¯� �¡(��¢\¿|¤8±F��§d l�K±| l·[� ª� ï�6�6��¤~´|�|�3¦[�~�

µ(τ(A m
kn

)) = µ(A m
kn

+ r
n
) =

m

kn
+
r

n
= µ(A m

kn
) + µ(O′).

¸@ l�4�<����ÍU�6���6 d·�¦[�� l�~¡~¨�©|§l�3º�¿3±Q�K¤(�~¤~µ�·,��¡( �¨�©��| l�y¡�®� l�y�<��¤8���<¢£�,§d§l�»Ã%�|�3¦[�~��½�¯[�
g. �

³:¿|¤Î�| l�y¡(�4�|¤6�K | l��ñ���²�	� � ¾ � �3¬�ñ�K�²�²� � ¾ � �»�|�3�	ñ=���²�	� � ¾ ì�� ±F��©Q�,�3�<�K§ï�~���g¡6´Q�K¹� d��§d§l�K�
Ã%¤~¯,À��K¦[�~ l½R l�~µ,�6���

ϕ
©Q�,±F����®� l¤8��§d¡6¯*À���®°�� d§d¡

µ(ϕ(X)) = f(µ(X)),

®°¯�±F�� 
f
�K l�3� %�·[��±|¤~¯<¨�©|����§l d�|�K��¤6� '�³|�3�|¦U�6 d¯��� d¡(�K¬Q�{¾ ©=¾|½�¯[� Â�îR´

f(x) =
ax+ b

cx+ d

�² ï�
a, b, c, d ∈ R, ad− bc 6= 0.

����¢\¿|¤8¹K�� d·,���	�,��§l�K d¨�©U�4�<�3¤~¨�© )4�[¨�©|¤6�y¨�©|�|�K�

V=?��{Tr]_oÛ{` �4b\erk<e,}�w�h<���ie�cÇjdbdcFe��,wqeqcÒfx�c|ÞisXb\hMcFeqc },bljIzRe�c }<e��[��k[jdbX��� zRe�u��8bdcFs�e�w�e�bdcQ��c �
zReqw��|x�u(�����|wqeqc3u8e�bdcFe�v0wyx ç|ç e��

)8�3��¦ ���|�3����®� l¤8��§l§d·��K���K l�3��Ã�¤6¯�À���¦U�6 d½R ï��µ��6�K��±F��©Q�,�3�<�K§l�=¾
¥% d�|��Ã%¤~¯,À��K¦[�~ l½R l�~µ,�

ϕ
¡(�K ·��K·��K±Q�K���<�|¤�¨�©

ϕ : g(O,E, F ) ∧̄ g(O′, E′, F ′).

Ä^ d¤8¹��K¤6§d��·[���
ϕ
 l���²��©3¤6�K¤6�»Â=�K l§��,±3±| l§��<�|�3·����



���|}�bIx[u�� /»hRh�w�z�bdcQ�|ste�c �������

ϕ : g(O,E, F )
τ1
∧̄ g(O′, E1, F )
σ1

∧̄ g(F,E1, O
′)

τ2
∧̄ g(F ′, E2, O

′)
σ2

∧̄ g(O′, E2, F
′)

λ

∧̄ g(O′, E′, F ′).

Ñ $ ±Q�K¤6§d��·[����ÍR l��¡6��§d±3¡(�K¬<®0��¡Î�²���g�~�|��¦M���|�¬R®°���|�@ÍR¯��Q�<��¤6¢Xµ,§d§l�*®� l�
O′ = F

���~¨,¾|���<¢o�6¤~� �
�6�K�¾ Ó
�8 d��¤~±F�� ¡( d�3�	À��K®Î�K l§�¡

τi, σi, λ
½�¯[�«�<���« l� �<����½[¯�¤~ l·[����ñ=���²�	���~�g±Q�K©3�,�3�|��§l�6��� Â�îR´F���¬

¡6¯R�3�,º	¡( d�  d� Ì ¯R¯[¤~�< d�3�,�6�����<�|¤�¨�©�·��K±|¤6¯<¨�©|�K��§d d�|�K��¤6� ³3�|�|¦U�6 d¯��|�K�@±Q�y¡6¨�©3¤6 d��±F���@®°��¤��<���=¾
)4�[¨�©r³3��¦U� � ¾ ì|� ·� d§ï�0�< d�K¡0�|�,�3�r�,�3¨�©g¢\¿|¤

ϕ
¡6��§d±3¡(�K¾<���,�² ï�0©3��±Q�K�r®� d¤°¡~¨�©|¯��g�| l� �4���|´<� �

�,¤~±F�� l�°¢\¿3¤4�<���@×°��®°�� �¡0�<�K¡�¢\¯�§d·����Q�<���@Í<���~¹��y¡0·���¹K�� d·,�yë

� ?<T
	�]=_�ÛFÛ^Ý�wqh�á�e�ÞisXb m bIs �<steqc � eqw�zReqc²blcrÅÇÆ�ÈFÉoÊ=Ë � /�hUh�w�z[blcQ�|steqc�k|e�cQ�|x�z3x�w�����k<e,}�w�h<���ie�cjdblcFe���w�e*fx,c|ÞisIboh�cFe�c �lp²b�s%c|bI���Fs m e�w�u���� � bdc{zRe�czRe�w �»e�steqw6p²bdcQ��ciste �zU��w6k<e�u�s�e�jdjIs~� �4b\equ }<e �zRe�x|ste�s6ã
ß � � blcz

g, g′
v0wKx,cz,k<e,}�bljIzRe	eqw~uKsteqw � s(x��Ie²p²bIs ÅÇÆ�ÈFÉoÊ=Ë � /�hUh�w�z[blcQ�|steqc

µ
}�� � � µ′,

uqh
}Re�u(b�sX�[s3á�eyzRe*Ý%w�h�á�eqÞisXb m b�s �|s

ϕ : g(O,E, F ) ∧̄ g′(O′, E′, F ′)

e�bdcFe����,w~uKsteqjlj�x,c<k

µ′(ϕ(X)) =
aµ(X) + b

cµ(X) + d

p�b�s
a, b, c, d ∈ R, ad− bc 6= 0.

ä � ��eqbik<e�k<e�}<e�cie�c /»hRhMwKz�bdcQ�<s�e�c
µ, µ′

}<equKsXbdp²prs3á�eyz<e�fFhMw~pre�j

µ′(ϕ(X)) =
aµ(X) + b

cµ(X) + d

p²bIs
a, b, c, d ∈ R, ad− bc 6= 0

e�bdcFe4Ý%wqh�á�e�ÞisXb m bIs �<s ϕ : g ∧̄ g′.

é�P[ê�PUGIH�ë
� ¾8³�¿3¤��<���g³Q�,§d§I¬U�|�,º

g = g′
�|�3�

µ = µ′
 �¡��y¬�©3��±Q�K�	®� l¤%¯[±Q�K�g¡6¨�©3¯�� � ¾[·���¹K�� d·,�y¾[ÍR d�3�

 l� ��§l§d·��K���K l�3���¶³Q�,§d§
O,E, F

�< d�gª�¤6�|�Q�<´|�|�|¦U�~��¹K�
µ
�|�3�

O′, E′, F ′
�< d�²¹��

µ′,¡(¯g±F���~¤~�[¨�©U�6� �	�,�«¹��|�3µ[¨�©3¡(�*�< d��Ã%¤~¯,À��K¦U�6 d½U l�~µ,�
ϕ1 : g(O,E, F ) ∧̄ g′(O′, E′, F ′).�*�,¢\¿|¤² d¡(�	�3��¨�©ÒÍ|���6¹ � ¾ � �@�|���|�

µ′(ϕ1(X)) = µ(X).
�*���|�Ò¹K��¤~§l�K·����²���

ϕ =
ϕ2 ◦ ϕ1,

®°¯�±F�� {�	�,���R�|�@�,�<¢
ϕ2
�<����ÍR´F��¹K d��§ï¢X��§l§���U®°���Q�<����¦��,�|�¾

ì ¾�Ä¶�K·����
ad−bc 6= 0

¡6 l�Q���| l�8ª�¤ ��º��K� b
d ,

a+b
c+d ,

a
c

´Q���,¤~®°�� �¡(�Î½���¤�¡~¨�©| l�y�<���=¾Mí4§d¡%Ä¶�K¤(�~�
½�¯���ÅÇÆ�ÈQÉoÊ=Ë ��Ì ¯R¯�¤��< d�3���~���	�|�U�~��¤

µ′
§l�K·��K��¡6 l�»�|�,�² l�8�<¤6�K iÃ%�|�|¦U�6�

O′, E′, F ′
¢\�K¡(�

�|�3���< d�K¡6��®� d�K�|��¤~�|� �� d�|��Ã%¤~¯,À��K¦U�6 d½U l�~µ,�

ϕ : g(O,E, F ) ∧̄ g′(O′, E′, F ′).

)8�|��¤6�y¨�©|�|���0�	����§d�� �¨�©U���3��¨�©¬<�|��º	�< l�y¡(�»Ã%¤~¯,À��K¦U�6 d½U l�~µ,��·���¤����|���< d�»½�¯[¤6·[��·��K±Q�K�|�
³|�|�|¦U�~ l¯[����§d¡�����¡(�6�K§l§d�|�|·	±F�K¡6 ï�~¹��y¾

�

¸@ l�4�< d�K¡6���ÖÍ|���6¹» �¡��4���3¨�©��< l� ³3¤~��·����3��¨�© Ì ¯U¯[¤~�| l�3�,�6�K�[�~¤~���3¡(¢\¯�¤~�²�,�6 d¯��²·��K§ �U¡��y¾



�����yì � ��������� É
	������	DÊ�	 ����� ������	

� ?<T
	2�:E�S^Y�PUZ:E:G\TyGXCFEO]=_�ÛQ]DC�Y�C�����PRW��FPUAML �|WXTKE:GXH F � bdc{z O,E, F u�h � b\e O′, E′, F ′
á�e �

� e�bdjdu�v0wyx,c{z ç x,c|Þiste4���,w	ÅÇÆ�ÈQÉoÊ=Ë
� /»hRhMwKz�bdcQ�<s�e�c µ }�� � � µ′,
uqh»kUblj�s£���,w=á�eMzRe�c�Ý8x,c3ÞFs

X
ã

µ′(X) =
µ(X) − µ(O′)

µ(X) − µ(F ′)
:
µ(E′) − µ(O′)

µ(E′) − µ(F ′)
.

��e�w�w�ey���isIu~u�s�e��Feqc{zRe 1 x�u�z�wyx<��Þ@�Fe�bd�3s�zU��u�����h ç|ç e�j m
eqw6����j�sXc|b�u � z<e�w m

boeqw�Ý4x,c|Þiste
X,O′,

E′, F ′.
�«��c�u����|wqeqb�}|sÎzR�����,w

DV (X,O′, E′, F ′)
�

é�P[ê�PUGIH�ë,)4�[¨�©�Í<���~¹ � ¾ � ��·[ l§l��¢\¿|¤8�< d��Ã%¤~¯,À��K¦[�~ l½R l�~µ,�

ϕ : g(O,E, F ) ∧̄ g′(O′, E′, F ′)
�< d� �*��¤~¡(�6�K§l§d�|�|·

µ′(X) = µ(ϕ−1(X))
�|�3���< d�K¡6�» d¡(�8�3�[¨�©�Í<�,�6¹ � ¾ ì[ì ½[¯����<��¤4ª��y¡����,§l�

µ(ϕ−1(X)) = f(µ(X))
�² ï�8�K l�3��¤�·��K±|¤~¯R¨�©3���r§d d�|�K��¤6�K��³3�|�|¦U�6 d¯��

f.����¡��4¯[´|´Q�K§l½[��¤~©3µ,§l�6�3 d¡4 d¡(�*�K l�«í4�3¡~�<¤6�Q¨�¦�½[¯����< d�K¡6��¤�³|¯[¤6���|�3��§l d��¢\�K¤(�*¢\¿|¤��| l��Ã%�|�|¦U�6�
O′, E′, F ′

�< d�g¤6 �¨�©U�6 d·��K�¶Ä ��¤6�6�	¢\¿3¤��< d��ÅÇÆ�ÈQÉoÊ�Ë ��Ì ¯R¯[¤~�< d�3�,�6���
µ′
¾����,�² ï�����|º@�y¡ �<��¤

¤~ d¨�©U�6 d·��»í8�Q¡6�<¤~�3¨�¦r¡6�� d�¾
�

¼����|��� í8�Q¡6�<¤~�3¨�¦²¢\¿|¤��|�[¡Î�*¯�´3´Q�K§l½[��¤~©3µ,§l�6�| �¡°¡��~��©U�°§d d�|¦<¡°�| l�»¸2��±3 l�3¡ ��Ì ¯R¯�¤��< d�3���~���� d�|�K¡
Ã%�|�3¦[�~�K¡�±F��¹�¯[·��K�«�,�<¢°�< l�²ª�¤6�3�3�<´|�|�3¦[�~�

O′, E′, F ′,
®0µ,©3¤6�K�3�@�< d�	ÅÒÆ=ÈFÉoÊ=Ë �tÌ ¯R¯�¤��< l�Q� �

�6�K�
µ
¹K�«�<�K� ª�¤~�|�3�<´|�3�|¦U�6���

O,E, F
�R�|¤*¤~�K¨�©U��¡4�,�|¢o�~�,�Q¨�©|���¾{³3¯�§d·�§d d¨�©@ �¡����<�K¤*¤~�K¨�©U�~¡

¡(�6��©3���3�<�gí4�3¡~�<¤6�Q¨�¦F¬��,§�¡(¯��|�[¡��4¯[´|´F��§d½���¤~©3µ�§ï�~�| d¡K¬·U�,¤��| �¨�©U� ½�¯��n�<�K¤ ¦�¯[�|¦R¤6���6�K�¶ÄÐ�,©|§
�<�K¤£ÅÒÆ=ÈFÉoÊ=Ë �tÌ ¯R¯�¤��< l�Q���6�K�

µ
¬M�¾ ©¾M½[¯����<�K¤6�K��ª�¤~�|�3�<´|�3�|¦U�6���

O,E, F
�,±|©Qµ,�|·[ l·Q¾K���,�² ï�

©3��±Q�K��®� d¤

� ?<T
	�]=_�Û - �»�,u �»h ç|ç eqj m e�w~� ��j�sXc3bdu m hMc m b\e�w£Ý4x,c|Þisteqc	bduKs£x,cQ�3}�� ��c|k[blk m hMc�zRe�c m e�w � eqc �zRe�ste�c¶ÅÒÆ=ÈFÉoÊ=Ë
� /�hRhMwKz�bdcQ�<s�e�c x,c{z�zU�,p²bIs%bdc m ��w~b��,cFs0x,cis�e�w /�hRhMwKz�bdcQ�<s�e�cisXwq��c3u6�IhMw~pg�<sIboh�cx,c{z	bdc m �,w6bo��cis°x,cisteqw8Ý%w�h�á�e�ÞisIb m b�s �<s�e�c=�
Í<¨�©|§d d��º�§d �¨�©Ç��¤~©3��§ï�~���Ç®� d¤	�|�,�² l���K l�3���Î©Q�,¤��,¦U�6�K¤6 �¡( d��¤~�|�|·@©Q�,¤~��¯[�| �¡6¨�©|�K¤�Ä^¿3¤(¢\�@�<�|¤�¨�©
 d©|¤8�4¯[´|´F��§d½���¤~©3µ�§ï�~�| d¡Kë

� ?<T
	�]=_�Û � !:boeqw�Ý4x,c|Þiste
A,B,C,D

}�bdjIzRe�cÇk<e�cF�<xnzU�,c|c/eqblcie�cD�Q�,w6prh�c|bdu����Feqc ��x�w6� �
� e�c|c����,w8bd�|w ��h ç|ç e�j m eqw6� �,jIsIc|b�u°k[bdjIs~ã

DV (A,B,C,D) = −1.
é�P[ê�PUGIH�ë0¸@ l�

−E := µ−1(−1)
±3 l§��<���^±F��¦����|�U�6§d d¨�©ð�| l��Ã��|�|¦U�6�

−E,O,E, F
�� d�|���

©3��¤6�²¯��3 d¡~¨�©|����Ä¶�3¤(¢£�|�3���|�²±F��¹K¿|·�§d �¨�©��|��¤4ª�¤~�|�3�<´|�3�|¦U�6�
O,E, F

�<��¤�Ã%�3�|¦U�
−E

�| l�
Ì ¯U¯[¤~�| l�3�,�6�

−1
©Q���K¬ÑX¡6¯r �¡(�*��¤ÎÀ(�r�|���3�| d��¤6��� Ó4 d¡(����§d¡6¯

DV (−E,O,E, F ) = −1.
+4 d��¤

Ã%�|�3¦[�~��±3 l§��<���¶�,±F��¤4·[���3�����|�,�3���� d�|���«©3�,¤~�²¯��| �¡6¨�©3����Ä¶�3¤(¢�¬F®Î�K�|�«¡6 l��¡( �¨�©@´|¤~¯,À��K¦[�~ l½
�,�|¢F�K l�|�K�²·���·[��±F���|�K��©Q�,¤~��¯[�| �¡6¨�©|�K��Ä �|¤6¢�¬��,§�¡6¯�����®°�

−E,O,E, F
±F��¹� d��©3���²§d�[¡6¡6���=¾,�*�

�|�[¡°�*¯�´3´Q�K§l½[��¤~©3µ,§l�6�| �¡°�|�U�6�K¤°Ã�¤6¯�À���¦U�6 d½R ï��µ��6�K�� d�R½��,¤~ d���[�° d¡(�K¬< �¡(���3�,�² ï�8�< d�»×Î�K©3�,�3´<�6�|�3·
·��K¹��K l·��K¾

�

³:¿|¤8¡6´3µ��~��¤~� +£�K¤6®°���Q�<�|�|·²¤~�K¨�©|�|�K��®� d¤��|¯<¨�©�¢\¯�§d·����Q�<�K¡

é�PUGIH��GXPRW�]=_�Û � 1 x,��e�bdcFe�w	v4eqw��<zRe�c
g
uqe�b\e�c

µ
ÅÇÆ�ÈQÉoÊ=Ë
� /»hRhMwKz�bdcQ�<s�e�c��[x

O,E, F,
�Ieqw �

cFeqw8��x	Ý8x�c|Þiste�c
A,B(6= F )

á�e � e�bdj�u σAF , σBF z�b\e���x�z[boe�u�eqc�f:b � ç x,c|Þisteqc�k<eq� �Mw�e�c{z<e�c�Q�,w6prhMc3bdu����Fe�c � ç b\e~k|e�j�x,c<k<eqc¶x�c{z τ := σAFσBF .
�»��c|c�b�u�s£����w

X
�|x,�

g

µ(σAF (X)) = −µ(X) + 2µ(A),

µ(τ(X)) = µ(X) + 2(µ(A) − µ(B))
zQ� �=�

τ(X)
bduKsÎe�bdcFe�� �|wq��c3u6jo�<sXb\hMc � �



���|}�bIx[u�� /»hRh�w�z�bdcQ�|ste�c �����K�

é�P[ê�PUGIH�ë8ÕF�|¤8×°�y¡��~ l�²���3�|·	½�¯[�
µ(σAF (X))

¡(���6¹K���	�����Q��¨�©@Í<���~¹ � ¾ ì[ì �,�

µ(σAF (X)) =
aµ(X) + b

cµ(X) + d
.

�* l�»³|¯[¤~�<�K¤6�3�|·3¬U�|�,º
F
�� d�r³: ïÔ<´|�3�|¦U��¡6�� �¬U§l d��¢\�K¤(�

c = 0
�|�Q�r�|���|�r¯[©|�|�4¥� l�3¡~¨�©|¤�µ,�|¦R�|�3·

d = 1.
�* l��³|¯�¤��<�K¤6�|�3·3¬Q�3�,º

A
³: lÔ<´|�|�|¦U��¡6�� �¬F§l d��¢\�K¤(�

µ(A) = aµ(A) + b
�|�Q�@�² ï��Í<���~¹

� ¾ ì � ¿|±F��¤*�|��¡8�*¯�´3´Q�K§l½[��¤~©3µ,§l�6�| �¡�±F�� ©Q�,¤~��¯[�| �¡6¨�©|�K��Ä^¿3¤(¢\�K�@±Q�K¤6�y¨�©|�|���8�	�����3�,¤��,�3¡
a�|�3�

b.
�4 l�U�~��¤~�� d�3�,�3�|��¤�¡6¨�©3��§ï�~����§l d��¢\�K¤(�4�< d� í8�Q¡6¡~�,·[�*¿|±F��¤

µ(τ(X)). �

���,ºr±F�� %�|��¤»×Î d§��<�|�|·��<��¤ ÅÇÆ�ÈFÉoÊ=Ë ��Ì ¯U¯[¤~�| l�3�,�6�K���<��¤ Ì ¯R¯[¤~�< d�3�,�6���R®°��¤6�
∞
�,�<¢o���,�3¨�©U�K¬

 �¡��	�� d�ÜÍR´| d��·[��§8�|�M½[¯��¬£�|��º �< d�@´|¤~¯,À��K¦[�~ l½[��ª��K¤~�[�<����±F���O�|¯<¨�©Ò�K l�|�K� ÑX³|�K¤6� � Ó�Ã%�|�3¦[�
%(���K©|¤ '�©Q���K¬U�,§�¡��< d�4¥��|¦R§l ��< �¡6¨�©|��ª���¤����<�[¾[�* l�y¡(�y¡�í8�|¢o�6¤~���6�K�r½[¯��	�|�|�K l·[���U�6§d �¨�©|����Õi��©|§d���
�,§�¡ Ì ¯R¯�¤��< d�3���~���	¦��,�|�	�	���g½��K¤6�²�� ��<�K�g�<�|¤�¨�©r×°���R�<�6¹K���r�|��¤Î¡6¯�·Q¾�� ��$�:<$�� ���
��� #%$&$������	"
�'��� �����!5
¼�� Ì �,´| l�6�K§ � ©3�,�(�6�K�^®� l¤g�| l��¤~���K§l§d��´|¤~¯,À���¦U�~ l½[�@ª��K¤~�[�<���|��¤6·[�K¡(�6��§d§l�	��§d¡r�< l�«ª��y¡6��� � �
©|�K ï����§l§d��¤	�K l�Q�< l�²�K�3¡( d¯��Q�,§d���/§l d�|�y�,¤~���^Ø8�U�6�K¤6¤�µ,�3���@�<�y¡

R2. � �y�<��¤	´3¤6¯�À���¦U�6 d½���Ã%�|�3¦[����U��¡(´|¤~ �¨�©[� �|���|�Ð�� d�|��� ¡(¯[§d¨�©3���ÐØ8�U�6�K¤6¤��,�|� �|�3�n�<�K¤� d¡(��®� d�K�<�K¤»¢\�K¡(�6·��K§l�K·,� �<�|¤�¨�©Ð�� d�
±F��§d l�K±| l·[�K¡�¡(�K l�3��¤�¥%§l�K�²���U�6�

(ξ1, ξ2) ∈ R2,
¡6¯,¢\��¤~���y¡*�R�|¤

6= (0, 0)
 �¡��y¾i���,�² l�»¡6´3���|�|���

(ξ1, ξ2)
�|�3�

(η1, η2)
�|���«¡6��§d±Q�K��Ø8�U�6�K¤6¤��,�3� �,�|¢�¬Q�{¾ ©¾Q¡(�6�K§l§d������§d¡6¯g�<�K��¡(�K§l±F����´3¤6¯�À���¦ �

�6 d½��K�@Ã%�|�|¦U�»�|�,¤y¬|·��K�3�,��®°���|�@±F�� ��<�
6= (0, 0)

¡( d�3���|�Q���� l�*�K l�3����³3�,¦U�~¯�¤
λ 6= 0

·� d§ï�y¬
�|��º

(ξ1, ξ2) = (λη1, λη2).
�*�,¢\¿|¤4¡~¨�©|¤6�K l±F����®� d¤8�,�3¨�©

(ξ1 : ξ2) = (η1 : η2),

®°¯�±F�� |�K±Q�K�g�< l�y¡(�4Í|¨�©|¤6�K l±R®°�� �¡(�����3¡6�|¤6¿3¨�¦U�y¬��|�,º��y¡%¡6 d¨�©²�|� %�©3¯��²¯�·[���|� ' +£��¦U�~¯�¤~���²©3�,� �
�<�K§ï�y¬��<��¤~��� Ì ¯��²´Q¯[�|���U�~�����U�3¤£±| d¡��,�<¢i�� d�|����·��K�²�� d�3¡6���²���²³3�,¦U�~¯�¤

6= 0
¢\�y¡��~·���§d��·��%¡( d�3�{¾

Ä^ d¤�·[��®� d�|�|���Ü�| l�¶©|¯��²¯�·[���|�K� Ì ¯R¯�¤��< d�3���~���^�< d¤6�K¦U���,�3¡��<��� ÅÇÆ�ÈQÉoÊ=Ë ��Ì ¯R¯�¤��< d�3���~���
�|�3�g¹�®0�,¤����<¢�� d�|�4Ä �� �¡6��¬�®� d�*¡6 d��¢\¿|¤0�< l� +£��¤��,§d§l·[���²�� d�|�K¤6�|�3· �,�<¢{©��[©|��¤~�4�* l�²���Q¡( d¯��|�K�
±F�K¡6¯��3�<�K¤~¡8·����K l·[�|���8 �¡(�K¾i×Î§d�� d±F���@®� d¤*�|��¹��@®� d�K�<�K¤4�,�<¢£�K l�|�K¤4Ã%�3�|¦U�6¤~�� d©|�

g,
½�¯[�@�<��¤�À(�

�,§d§d�K¡��< d¤6�K¦U�����3¨�©��,�<¢£×°¿3¡6¨�©3��§{¿|±F��¤6�6¤��,·[���r®°��¤��<�K��¦��,�3�¾
ª���·[��±F���n¡6�� d��� � Ã%�|�|¦U�~�

A,E,B.
¥�¡�±F��¹K�� �¨�©|�|�r�|��¹��

µAB
±|¹K®�¾

µBA
�< d��ÅÇÆ�ÈFÉoÊ=Ë �

Ì ¯U¯[¤~�| l�3�,�6�K�r�² ï�

µAB(A) = 0 , µAB(E) = 1 , µAB(B) = ∞
±Q�K¹� d��©R�|�|·U¡(®°�� �¡6�

µBA(A) = ∞ , µBA(E) = 1 , µBA(B) = 0.
×°�� ±F�� ��<���¶ d¡(�»��§d¡6¯

E
�<��¤�¥% d�|©|�K ï��¡(´|�3�|¦U�K¬{®0µ,©|¤~���3�«�< l�� d� ¼��3�<��Ô«¡(�6�K©|���Q�<���¶Ã%�|�|¦U�6�

 d���|��¤8�<¯[¤(�~ l·[��� 3��� d©|���|¢\¯�§d·����<��� �,� Ã%�3�|¦U�0�3�3���<���
∞
� Ã%�3�|¦U�8±Q�K¹��� �¨�©|�|�K�¾

����®� d¤��R�|¤��� d�|� ��� �< d�²���3¡6 l¯[�3�,§d��Ã%�|�|¦U�6�²�K�|·��	¹K� ¨�©3��¤~��¦U�6��¤~ �¡( d��¤~���@©3��±Q�K�¬���|º�¹K®�  �
¡~¨�©|���	�<�K�gÄ¶�K¤(�~���	½[¯��

µAB(X)
�|�3�

µBA(X)
�� d�|� 3��K§d���~ l¯[�	±Q�y¡��~��©|�K�¬��3�3�² l���<��¤�Â:���

©3��±Q�K��®� d¤� d��ñ=���²�	� � ¾ � ��¡6¨�©|¯[���| l� ³3¯�¤~���K§

µAB(X) · µBA(X) = 1

�,±3·���§d�� l�6���K¾

Y�P[ZE:G\TKGICQE^]=_�Û �^a�blc��ihMprhyk|e�cFeqw !Fe�Þisth�w
(ξA : ξB)

�Feqbl�Qs8���FhMprhMk<e�cie�w /�hUh�w�z[blcQ�|steqc �
m eqÞisthMw � ���,w*eqblcie�c�Ý8x,c|Þis X }<e����,k[jdbX����e�bdcFequ0/�hRhMwKz�bdcQ�<s�e�c3u�å3u�s�e�p	u

A,E,B, � e�c|c

ξB

ξA
= µAB(X),

ξA

ξB
= µBA(X).

Ä ��·��K� �|��¤���±F���¶¢\�K¡(�6·[�K¡(�6�K§l§l�6�K� 3��K¹� d´|¤~¯�¹� l�~µ,��½�¯��
µAB

�|�3�
µBA

¢\¯�§d·,��©| d��¤��3�,�6¿|¤~§l �¨�©
À���®°�� d§�¡��| l���� d�|�²³|¯�¤~�²��§£�,�Q¡*�<�K¤��,�3�<�K¤6�K�¬Q¢\¿|¤��< l��+£��¤��,§d§d·����²�K l�|�K¤6�3�|·����<¢�©��[©|��¤~���*  �
�²���3¡6 d¯��|�K�� �¡��£�< d�K¡6�°¡6îR���²���6¤~ d¡~¨�©|�Î���,¤�¡(�6��§d§d�|�|·»�,±F��¤�<��¤¤~ d¨�©U�6 d·��°í8�3¡6·[���|·[¡6´|�|�3¦[�y¾y³:¿|¤
Ã%�|�3¦[�~�

X 6= A,B
 d¡(�8����®0�

(1 : µAB(X)) = (µBA(X) : 1)



����� � � ��������� É
	������	DÊ�	 ����� ������	

�� d�|� ¡6¯�§�¨�©|�»�*��¤~¡(�6�K§l§d�|�|·Q¬R¢\��¤~�|��¤��K¤6©3µ�§ï���	�,���< d��©|¯��²¯[·����3��� Ì ¯R¯�¤��< d�3���~���

(1 : 0)
¢\¿|¤

A,

(0 : 1)
¢\¿|¤

B,

(1 : 1)
¢\¿|¤

E.

Ã%¤~¯,À��K¦[�~ l½R l�~µ,�6��� ®°��¤��<���  l�DÅÇÆ�ÈFÉoÊ=Ë ��Ì ¯U¯[¤~�| l�3�,�6�K�¶�<�|¤�¨�© ·���±3¤6¯<¨�©|�K�«§d l�|�y�,¤~��³3�|�|¦U�6 d¯ �
�|�K���3�,¤~·��K¡(�6�K§l§l�K¾R¼���©|¯[��¯[·��K�|��� Ì ¯R¯[¤~�< d�3�,�6���r®� l¤����< l�y¡0±Q�yÁU�|���²��¤y¾

� ?<T
	�]=_�Û �Üâ�c��Fh�pghMk<eqcFe�c�/»hRhMwKz�bdcQ�<s�e�c � e�wKzReqc�Ý%w�h�á�eqÞFsIb m
b�s �|ste�c�zU�,w(k|equKste�jdj�sz3x,wK����wqe �

kQx�j �,wqe
2× 2

� �«�<sIw6bd�Meqc �3� h<}<e�b3� � eqb �«�|sXw~bl��e�c²k|e�cQ�|x²zU��c|c�z�boe8u�eqj�}<e0Ý�wqh�á�e�ÞisXb m
bIs �<s£zU�,w �

uKste�jdj\e�c �=� e�c3c�u6boe�u6bI����cix,w�x,p e�bdcFe�c�u6Þ��,j��,wqeqc�fF��Þisth�w»x,ciste�w�u����Fe�bIzRe�c��
é�P[ê�PUGIH�ë°¥�¡@¡6�� 

ϕ
�K l�|� Ã%¤~¯,À��K¦[�~ l½R l�~µ,�K¬°¢\��¤~�|��¤@¡6�� d���

A,E,B
�| l�Dª�¤~�|�3�<´|�3�|¦U�6�Ð�<�K¡

ÍRî<¡(�6���	¡K¬<�|�3�

A′ := ϕ(A)
�² l�8©|¯��²¯[·����3��� Ì ¯R¯�¤��< d�3���~���

(αA : αB),
E′ := ϕ(E)

�² l�8©|¯��²¯[·����3��� Ì ¯R¯�¤��< d�3���~���
(εA : εB),

B′ := ϕ(B)
�² l�8©|¯��²¯[·����3��� Ì ¯R¯�¤��< d�3���~���

(βA : βB).

A′
�3�3�

B′
¡6 d�3� ½[��¤�¡6¨�©| d�K�|���|�ÎÃ%�|�|¦U�6�[¬��,§�¡(¯�¡( d�3�  d©|¤~�Î©3¯��²¯�·[���|�K� Ì ¯R¯[¤~�< d�3�,�6���R½[��¦U�6¯[¤6�K�

§d l�|�y�,¤��|�3��±|©3µ,�3·� d·3¾Î���,�² l�@·� d±<���y¡ � ±| �¡��,�<¢��K l�3���ð·[���²�� d�3¡~�,�²���Ü³Q�,¦U�6¯[¤
λ 6= 0

�
�� d�3�<�K�<�6 d·	±F�K¡(�6 d�����6��Õi��©|§d���

λ1, λ2,
¡6¯<�|�,º

(εA , εB) = λ1(αA , αB) + λ2(βA , βB).

�* l� ¸��,�6¤~ ïÔ

A :=

(

λ1αA λ2βA
λ1αB λ2βB

)

§d�� �¡��~�����3�,�|�D�|�[¡�ª��K®�¿|�3¡~¨�©[�~���:�<���|�Ò�<�|¤�¨�©n¥% l�Q¡(���6¹��K�Ç¡6 l�K©[���²���Ç¡6¯,¢\¯�¤6�K¬��|�,º«¡6 d�r�< d�
©|¯[��¯[·��K�|��� Ì ¯R¯�¤��< d�3���~���n¢\¿3¤²�| l��ª�¤~�|�3�<´|�3�|¦U�6�

A,E,B
 d�O¡6¯�§�¨�©|�g¢\¿3¤g�<��¤~���/×° l§��<��¤

A′, E′, B′
�6¤��,�3¡(¢\¯�¤~�² l�K¤(�y¾3³|�K¤6�|�K¤8 �¡��8¢\¿3¤*�K l�|�K���,§d§l·[���²�� d�|�K��Ã��|�|¦U�

X
�² l�4©|¯��²¯[·����3���

Ì ¯U¯[¤~�| l�3�,�6�K�
(µBA(X) : 1)

�|�,�3�

A ·

(

µBA(X)
1

)

=

(

λ1αAµBA(X) + λ2βA
λ1αBµBA(X) + λ2βB

)

,

¡6¯R�3�,º��|��¤ 
*�|¯,�~ l�K�U�0�< d�K¡6��¤0±F�� ��<��� Ì ¯��²´Q¯[�|���U�~���g�K l�|�»·[��±|¤~¯<¨�©|���g§d d�|�K��¤6��³|�|�|¦U�~ l¯[�� d�
�<�K¤°ÅÇÆ�ÈQÉoÊ�Ë ��Ì ¯R¯[¤~�< d�3�,�6�

µBA(X)
 �¡(�K¬���§d¡6¯»�| l�*ÅÒÆ=ÈFÉoÊ=Ë �tÌ ¯R¯�¤��< l�Q���6�°�� d�|�y¡´|¤6¯�À���¦U�6 d½��K�

×° l§��<�y¡4½[¯��
X
¾i�*���,±F��¤*±Q�K �|¤6�K =Ã%�|�3¦[�~��� �<��¤�·��K®�¿|�3¡~¨�©[�~� Ä ��¤6�*©|�K¤~���3¡(¦[¯��²� �y¬3���|º

�K¡�¡6 �¨�©��|�Ö�< d� %�¤~ d¨�©U�~ l·[� '*Ã%¤~¯,À��K¦U�6 d½U l�~µ,��©3�,�3�|��§d�¾
í8�Q¡��<�K¤%·[���|¹��K�²í4±|§d�� l�6�|�|·�·��K©[�%©3��¤~½�¯�¤y¬,�|��º �< l�*¸����~¤6 lÔ

A
±| �¡����<¢{�� d�|���g³Q�,¦U�6¯[¤

λ 6= 0�� d�3�<�K�<�6 d·	±F�K¡(�6 d�����8 d¡(�K¾
×°��·[ l�|�U���	�,���|�²·��K¦��K©|¤(�0�² ï�8�K l�3��¤�¤~��·��3§dµ�¤6�K��¸��,�6¤~ ïÔ

A =

(

α11 α12

α21 α22

)

�|�3��¡6���~¹��
(

αA
αB

)

:=

(

α11

α21

)

,

(

βA
βB

)

:=

(

α12

α22

)

,

(

εA
εB

)

:=

(

α11 + α12

α21 + α22

)

�|�3�O½[��¤6¢Xµ,©|¤6�g�|�,�|�/®� d�@��±F���¬°¡(¯Ð�K¤6©3µ�§ï�g�	���O¯ �F�K�R±3�,¤	�< d�«í8�Q¡(·U�,�|·U¡(�	���~¤6 lÔD®� d�K�<�K¤
¹��3¤6¿3¨�¦i¬<®°¯��² l�0�3�3¡(�K¤4Í<���~¹�½�¯[§l§�¡���µ,�3�| l·�·��K¹��� d·,�0 �¡��y¾

�

�* l� ½[¯�§d§l� ×°�y�<���<�~�|�|·r�|��¤4©3¯��²¯�·[���|�K� Ì ¯R¯�¤��< d�3���~����®� l¤��@¡( �¨�©���¤�¡��* l�Ö�²��©|¤��< d���K�3¡6 l¯ �
�3��§l�K��³Q�,§d§=�<���|�6§d d¨�©���¤~®°�� �¡(�K�¾
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� PRHyHKPRE
ÕF�|¤£�K�|¦R§l ��< �¡6¨�©3����ª��K¯��²���~¤6 d�0·��K©���¤6�:�3�[�~¤6�K�|�R±3�,¤£�<�K¤%×°��·�¤~  �	�|�K¡£¸@�y¡6¡6���3¡½[¯��²ÍU�6¤~�K¨�¦[���
�|�3�ÐÄ^ d�|¦[��§d�Ð�|�|¤~¨�© +£�K¤6·[§l�K d¨�©|�K�Ð�� l���K l�|�K¤ ¥% d�|©|�K ï��¡6¡(�6¤~�K¨�¦[��Ñ�ÍU�~��±QÓ»±|¹K®�¾=�K l�|�K� ¥� l� �
©|�K ï��¡(®� d�|¦��K§%Ñ Ì �K l§oÓ�¾
¥% d�|��ÍR�6¤~�K¨�¦��

AB
©3�,���|���|�Ç�< d�rñ�µ,�|·[� � ¬:®Î�K�|�n �¨�©Ç�<�|¤�¨�©D�<¤~�� l¢X��¨�©|�y¡�í8±|�6¤��,·��K�n�<��¤

¥% d�|©|�K ï��¡6¡(�6¤~�K¨�¦[��½[¯��
A
�Q��¨�©

B
¦�¯[�²���[¬£�{¾ ©=¾�í8�|§d��·[���/�,�

A
±|¤6 d�|·����² �¨�©Ò�3�[¨�©

A1,í8�3§l�K·������,�
A1
�3��¨�©

A2
�|�Q��í4�|§d��·��K�@�,�

A2
�3�[¨�©

B.
ÑIÍR d��©3� í8±|±| d§��<�|�|· � ¾��<¾ Ó

A2A1 BA

í8±|±3 l§��<�|�|· � ¾��

���,ºg¡6 d¨�©��<��¤*¸��,ºU¡����,±�±Q�K l��×°��®°��·��K�� d�@�< d��½���¤�¡~¨�©| l�y�<���3����Ã:¯U¡( l�6 d¯��3�����| d¨�©U�*µ��3�<�K¤(�y¬
¡~¨�©|�� d�U��¡6¯	¡(�K§l±Q¡��~½���¤�¡(�~µ,�Q�<§l �¨�©¬<�|��º��	�����| �¨�©U�4�|�,¤~¿|±F��¤0¤~�K�<���K¾
�*���|¦[���ð®� d¤��|�3¡�¢\¯�§d·��K�3�<� Í< ï�~�3���~ l¯[�ë,+£¯��ð�K l�3��� ¢\�K¡(�6�K�ð��¤~©��[©[�~��� ÍR�~�,�Q�<´|�|�|¦U���,�Q¡
±F��¯�±Q��¨�©U�6�K� ®� l¤:�� d�|�K��¸@��º��6¤~�|´|´¬M�<�K¤:�< d�°§d���|·��%·[��¤����<�ÎÂ=¤���¡~¡(�%¢\¿|¤��K l�3�Î�|�K�|��¥� d¡6���R±3��©|�
�,�Q¡(�² dº,�K¾�)*��¨�©Ð¯�±3 l·[��� $ ±F��¤~§l�K·��|�|·[��� ��¿|º��6�K�¶®� d¤ �� d·��K�U�6§d d¨�© ���|�K¤6·[ d¡~¨�©«´3¤6¯��6�K¡(�6 d��¤~��� �
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E�PUAMPRGIE��:?<A �:E�ND]=_d] �Ï��blw�}<e���e�bI���|cFeqc
�
blp �\eqjljdb ç sXb�u����Feqc�fF��jdj � p²bIs E z�b\e4kR��c3�Me /²x,w m e �

�
blp � ç �,w��3}Rh�jlb�u����Fe�crfF��jdj � p²bIs E z�b\e4kR��c3�Me /²x,w m

e»hM�|cFe zReqc�Ý8x,c|Þis
G,

�
blpÏ���[å ç eqwy}<hMjdbdu����Feqc�fQ�,jlj � p²b�s E e�bdcFe�u�z<e�w8}<e�bIzRe�c � e~kUpre�ciste � z�boe8z3x�w����rz�boe�}<e�bIzReqc� ���|c|b�s(s ç x,c|Þiste F1, F2 m hMc g p²bIs Q k<e�},bljIzReMs � e�wKzRe�c��

Ø8�Q¡(�K¤�ÕF d��§= �¡(�4�K¡��R�|�=¬3�� d�|��¡6¯�§�¨�©|��ÍR¦���§d�²¹K�@¦�¯��Q¡��~¤6�| d��¤~���=¬|�{¾ ©=¾3�� d�|��¡6�|¤IÀ���¦U�6 d½�� í4±|±| d§ �
�<�|�3·

s : R → E ,
�< d�» l��¢\¯�§d·��K�3�<�K�ÖÍR d�|���² ï�4Â�¤~���3¡6§d�,�6 d¯��|�K�r½��K¤(�~¤~µ�·�§d d¨�©r d¡(�K¾

é�P 	[PRGXJML�E��:E:ND]_�] �ða�u4uqe�b
O ∈ E

e�bdc¶e�bdc|pg��jdbïk � �Rb\e�wysteqw8Ý8x,c3ÞFs~�Fà:x
X ∈ E

uqe�b%zU��c|c
τX

z[boe�z3x�w����
τX (O) = X

e�bdc{zRe�x|sXblk«}<equKsXbdp�p�ste��3w��,c3u6j��|sXb\hMc=�
��bdw8cFe�c3cFe�c�e�bdcFe 1�}3}�bljIz3x,c|k

s : R → E
eqblcie���sIw��,c3u(jo�<sIboh�c3u6blc m ��w~b��,ciste

� Þ,�,j�� �X�� e�c|c
� s(0) = O,

� s
u�x�w�á�eqÞFsIb m �

� s
joh�Þ,��j�hMwKz�cix,c<kRu�sIwqe�xrx,cz

�
���,w4��jdjoe

α, δ ∈ R
k[bdj�s � zU�,�

τs(δ)(s(α)) = s(α+ δ).



�¶e�u6uqe�c x,c{z � Þ,��j\e�c ����ì<�

�* l��§l���6¹��~��³|¯[¤~�|��¤~�|�|·g¡~�,·,�* l�3¡6±F�K¡6¯��3�<�K¤6�[¬3�|��º	�� d�|��Â�¤~���3¡6§d�,�6 d¯��¬3�| l� ���	�'��� Ã%�|�|¦U�����<¢
�<�K¤�ÍR¦��,§��r�|�

δ
½[��¤�¡6¨�©| d��±|�K¬{�< d�K¡»�² ï��1��2� ��: Ã%�|�|¦U� �	��¨�©U�y¾i×°�K¤6�y¨�©|�|�����	�,�Ð�,§�¡6¯��<�K�

%6í8±3¡(�~���3��' ¹�®°�� d��¤*Ã%�|�|¦U�6�
X = s(α)

�3�3�
Y = s(β)

�,�3¡
β − α,

¡(¯r d¡(�*�< d�K¡�À��K�<�K�<¢X�,§d§�¡
�� d�|���|�U�~��¤8Â�¤~���3¡(§����~ l¯[�|���� l�R½��,¤~ ��,�U�6��ª�¤ �[º��[¬U®� d��®� d¤��� d�|·[���|·[¡°´F¯[¡(�6�|§d l�K¤(�8©Q���(�~���¾
³:¿|¤%�< d� Ì ¯[�3¡��~¤6�3¦[�~ l¯[��½[¯���¡6¯�§�¨�©|�K�²ÍR¦���§l�K�� �¡��£�y¡¹�®°�K¨�¦R�	µ,º� d·3¬M�,�|¢

Q
�� d�|� �*¤~ l�K�U�6 d��¤~�|�|·

½�¯[¤6¹K�|·��K±Q�K�¾

E�PUAMPRGIE��:?<A �:E�ND]=_d] � 1 x,�
Q
uqe�b:eqblcie �°w6b\e�cisXb\e�wyx,c<k

m
hMw0k<e�k<e,}Reqc � z�b\e � blw*�,jdu�� ç h�u6bIsIb mhMw~b\e�cisXb\e�wys � ��cQu ç w�ey���ie�c=�=â�p#��å ç e�wM}Rh�jlb�u����Fe²fQ�,jlj�uqe�b\e�c^z[boe �4��cz ç x,c|Þis�e F1, F2 m

h�c
E�XzF� �=�{z�boe � ���|c|b�s(s ç x,c|Þiste m

hMc
g
p²bIs

Q
8u�h�cix,pre�w~boeqwKs � zU���

E = {X ∈ Q | (F1, X, F2)
b�u�s ç h�u6bIsIb m

hMw~boeqcFsIboeqwKs
}.

�* l� Ì ¯[�3¡(�6¤~�|¦U�6 d¯��g�K l�|�K¤0Í<¦M��§d��·��y¡6¨�©3 l�K©[�°�R�|��µ�©|�|§d d¨�©�®� l�*±Q�K �<���@ÅÇÆ�ÈQÉoÊ=Ë ��Ì ¯[¯�¤��< l�Q� �
�6�K�� l���²��©|¤~��¤~���@Í<¨�©|¤~ l�(�6�K�ë

�
? ������=�� � ��� 46$��+�������(���  �E� ���!� � ����)&�����8� �=���� �

��� ���  ����	�'����� �
�

G0�(���3� �&� ���	�!���2��= ��!�5
í8§�¡�ñ�K ï�6¢X���<�K�ð¦��,�|� �|�3¡��|��±Q�K �¢\¯�§d·����Q�<�«¥% d·��K�3¡~¨�©3��¢o���� d�|��¤��~¤~���3¡(§����~ l¯[�3¡6 l�R½��,¤~ d���U�6���
ÍR¦��,§��²�< d���|�K�¾

Ú�PRBDBÇ?�]_�] � f°�,w*e�bdcFe�sIw��,c3u(jo�<sIboh�c3u6blc m ��w~b��,ciste
� Þ,�,j��

s
k|e�j�steqc

ß �
τs(γ)τs(δ)(s(α)) = s(α+ δ + γ)

�
ä �0fÎ��w }Reqjlb\e�}�blk<e

m ∈ Z
bduKs

(τs(δ))
m(s(α)) = s(α+mδ).

é�P[ê�PUGIH�ë
� ¾
τs(γ)τs(δ)(s(α)) = τs(γ)(s(α+ δ)) = s(α+ δ + γ)

¾
ì ¾8¸@ ï� � ¾<´Q�K¤�¼��3�<�|¦U�~ l¯[�¾

�

�* l��§d���~¹��6� í4�3¡~¡6��·������U�6©3µ�§ï�8 d�3¡6±Q�y¡(¯[�3�<�K¤6��¢\¿|¤
α = 0, δ = 1

�3�3�
m ∈ Z

�< d� ³|¯�¤~�²��§

s(m) = (τs(1))
m(s(0)),

�{¾ ©¾�®� d¤%�K¤6©3��§ï�~���²¡(¯��K l�3��·[�,�3¹�¹K��©|§d l·[�°Â��� d§d¡6¦��,§��|¬, d�3�<�K� ®� d¤% l�6��¤����~ l½��� d�|���²Ã%�3�|¦U�*Ñ
O =

s(0)
Ó°�² ï�6�6��§�¡��K l�|�K¤0¢\�K¡(�6�K��Â�¤��,�3¡6§d�,�6 d¯���½���¤�¡~¨�©| l�K±Q�K�¾

³|�K¤6�3��¤�±|¤��,�3¨�©3���r®� d¤8�K l��Ä¶�K¤6¦R¹K���|·²¹��3� +£��¤6¢\�� d�|�K¤6�¾

� ?<T
	2�:E�S^é�P 	�PRGXJML:E���E:ND]=_d] �Üa�u4u�eqboeqc
A,B

� � e�b{Ý8x�c|Þiste m hMc E ,
u�h|zU�,�

�
blp ç ��wq�|}<hMjdbdu����FeqcrfQ�,jlj£zR�|}<e�b (A,B,G) ç h,u(b�sXb m h�w6b\e�cisIboeqwKs:bduKs �

�
blp �[å ç eqwy}<hMjdb�u����Feqc¶fF��jdjÎzR�|}<e�b (F1, A,B, F2)

��å|ÞUjdb�u����Òx,c{z«zR��p²bIs ç h�u6bIsIb m h�w6b\e�c �sXb\e�wys:b�uKs6�
�»��c|c	e �<bduKsXb\e�wysQk<e�cF�<x»eqblc�k<eKhMwKz�cFeMs�equ�Ý%����w

(M,M ′)
�|x,�

Q,
uqh|zU���

M,M ′ G
�XÞRhMcyáyx�k[b\e�wys

u6blc{z@x,cz
(A,M,B,M ′)

eqblc��Q�,w6prh�c|bdu����Feqw���x,w~�Îx,cz ç h�u6b�sXb m hMw~b\e�cisXb\e�wys�b�uKs6���bdw8cFe�c3cFe�c
M
z[boe

G
� ��bIs6ste m hMc A x�c{z

B.

é�P[ê�PUGIH�ë0�* l�,+£¯�¤��,�Q¡6¡6���~¹��|�|·[���» d��´3§l d¹� d��¤~���¬��|��º
A,B

Ã£�[�,¤��|��¤
G
� Í<´| l�K·��K§l�|�3·4�² ï�£�<�K�

³: ïÔ<´|�3�|¦U�6���
M,M ′

¡6�� d�����3º3¬��<��¤~���²ÕF���U�6¤~�|� �|���² ï�£�<��¤%Í<¨�©3�| ï�6�6´|�3�|¦U�
U
�<��¤%ª���¤����|���

AB
�² ï�

g
 �¡��y¾

M,M ′
§l d��·[��� �|���² ï��|¯,��®°���Q�< l·*�,�<¢3�<�K¤�Ã¯[§d��¤6�K�

u
½[¯��

U
�|�Q��¡6 l�3���|�,�² l�

±| �¡0�,�<¢=�< d� )8�|�²��¤~ d��¤~�|�|·��K l�Q�<���<�~ l·�±F�K¡(�6 d�����K¾<�* l���*¤6 d���U�~ l�K¤6�|�3·[¡(¢\¯�¤��<��¤~�|�|·�§d��·��°�|���|�
�,�Q¨�©��|¯<¨�©��< d� )8�|�²��¤~ d��¤~�|�|·�¢\�K¡(�K¾QÍ< l�K©|���,�3¨�©�í8±|±3 l§��<�|�|· � ¾ �K� ¾

�



����ì�ì � ��������� É
	������	DÊ�	 ����� ������	

B

M

U
u

g

G

M ′

F1
F2

A

í8±|±| d§��<�|�|· � ¾ �y�

Ú�PRBDBÇ?�]_.-  � bdc{z
A,B ∈ E

k<eqp ���OzRe�c^fihMwKzRe�wyx,c<k|e�cOblc � �|sX�nx,cz �8eq�Me�bI���|cix,c<k
æ � æ�� k<e � �,�|j�s � zU�,��x M z�b\e

G
� �@b�s(s�e m h�c A,B, uqhgk[bdjIs�����w²z�boerzQx,w���� τ(A) = B

x,c{z
ω(A) = M

z<e��|c|b\e�wysteqc
G
� �3w��,c3u6j��|sXb\hMcFeqc

ω2 = τ.

�«�,c�cFeqc|cis
ω
�|x<���¶z�boe���x[�<z�wq�<s � x,w~�Meqj m hMc τ.

é�P[ê�PUGIH�ë0í8§�¡%Â�¤~���3¡6§d�,�6 d¯��|�K��©3��±Q�K��±F�� ��<�
g
�,§�¡:Ã��¤�¡(´F��¦U�6 d½R ï��µ���¡6�[¨�©3¡(�[¾��*���|�²§l d��·���Q��¨�©

�<�K� Ì ¤~���|¹K§l d�| d���3¡~���~¹r¢\¿|¤ À��K�<�K�OÃ��|�|¦U�
X ∈ Q

�<�K¤rÍ<¨�©|�| l�(�~´|�|�|¦U�g½�¯[�
Aω(X)

�|�Q�
Xω(A)

���<¢
g.
)8�|�� d¡(�

ω(A) = M
�|�Q�	¢\¿|¤

X := M
 �¡��0�|�,�3�

Xω(A)
�< d�*Â:�,�|·[���U�6�4���

Q
 l�
M,

�< d�
g
 d� Ã%�|�3¦[�

U
¡6¨�©3�|�� ��<���y¾{ÑIÍR d��©|�����3¨�©�í4±|±| d§d�<�3�|· � ¾ �K� ¾ Ó��4�|¤�¨�©� l©|��·��K©U�

�,�Q¨�©��< d�»ª��K¤~�[�<�
AB,

¡6¯<�|�,º��|�,�² l�
ω(M) = B.

í4§d¡6¯� �¡(�
ω2(A) = ω(ω(M)) = B

�|�3�
�|���� l�4�,�Q¨�©

ω2 = τ. �

¸@ l���< d�K¡6��¤�¸@ l�(�6� � ×° d§d�|�|�|·g¦��,�3���	�,�@�R�|���K l�|��·[�,�3¹�¹K��©|§d l·[��ÍR¦��,§��	±Q�K§l d��±3 l·g½[��¤6¢\�� d�|��¤~�
�|�3���|���|��¿|±F��¤��� d�|�K�@ÍR�6���~ l·[¦��K ï��¡6¡~¨�©|§d�|º�¹K�|¤����Q�<·�¿|§l�6 d·��K��ÍR¦��,§���¦[¯��²�²���¾

� ?<T
	�]=_ -�`ÒaÎu8u�eqboeqc
O,E ∈ E

k<e�k<e�}<e�c � u�h|zU�,�

�
blp ç ��wq�|}<hMjdbdu����FeqcrfQ�,jlj (O,E,G) ç h,u(b�sXb m hMw~b\e�cisXb\e�wysbduKs �

�
blp ��å ç e�wM}Rh�jlb�u����Fe�c²fQ�,jlj (F1, O,E, F2)

��qå|ÞRjdbdu�����x�c{z²zU��p²b�s ç h,u(b�sXb m h�w6b\e�cisXb\e�wysibduKs6�
fFeqw6cie�w8uqe�b

ε > 0.
�»��c|c�kUb�}<s�e�u0k<eqcQ�<x	e�bdcFe�sXwq��c3u6jo�<sXb\hMcQu(bdc m �,w6bo��cis�e

� Þ,��jo�
s,
p²b�s

s(0) = O, s(ε) = E,

���,w�z[boe4cFh|�������,w=á�eyz<equ
k ∈ N

z�b\e*Ý8x,c|Þis�e

(O, s(
1

2
ε2−k), s(ε2−k))

ç h�u6bIsIb m hMw~boeqcFsIboeqwKsu6blc{zF�

é�PUBÇP[A����:E�NÐ]=_ -{Û^â�p ç ��wq�|}<hMjdbdu����Fe�cnx�c{z�bdp �[å ç eqwy}<hMjdbdu����Feqc¶fQ�,jlj � �,wKzRe�equ��<x[u(w�e�b�����Feqc
ε = 1

�[xg}Re�sXwq�R���isteqc � zQ� �=� E ��j�u0�da�blc|�ie�b�sIu ç x,c|Þis � �[x � �,�|j\e�c=��â�p e�jdjdb ç sIbdu����FeqcgfQ��jdjb�u�sÎe�u0� � ey��ÞRp ����blk � zReqc�Ý%�,w��,pge�steqw ε cFh|����cF�R���isXw �MkUjlbI������c ç �,u~u�eqcr�[x�Þ �Mc|cie�c=�
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�K§l§d l´|�6 �¡6¨�©

í8±|±| d§��<�|�|· � ¾ � �

g

´3��¤~��±Q¯[§l �¡~¨�©
�

�

�

�
�
�

�

� �

� �

� �

� �

� �

�

 ±∞

í8±|±| d§��<�|�|· � ¾ � �

é�P[ê�PUGIH�ë0¸@ l���<�K¤*�<�3¤~¨�©
τ(O) = E

±F�K¡(�6 d�����6�K�«Â=¤��,�Q¡(§����~ l¯[�����|º	�3�[¨�©�ñ���²�	� � ¾ � �
�|¯���®Î�K�3�< d·���¤~®°�� �¡(�*·���§l�6�K�

(τE)m(O) = (τs(ε))
m(s(0)) = s(mε) (m ∈ Z).

�* l�y¡4�R�<�~¹����@®� d¤��R½�¯[��¤~�K¨�©U��¡��3��¨�©@§d d�|¦<¡8·��K§l�y¡(�K����¹��3¤*³|�y¡��~§l�K·��|�3·r�<��¤*Ã%�|�|¦U�~�
s(mε)¢\¿|¤

m ∈ Z.
í8±|±3 l§��<�|�|· � ¾ � � ¬�í8±|±3 l§��<�|�|· � ¾ � � �|�3�rí8±|±| d§��<�|�|· � ¾ � �� l§d§d�3¡��~¤6 d��¤~���g�| l�y¡£¢\¿|¤

�< d��½��K¤~¡~¨�©| d�K�<�K�|����³:µ�§l§d��¾
¸�����±F��¯[±3��¨�©U�6���8�,�@�<��¤*Õi�� �¨�©|�R�|�|·

�
 l� ©RîR´Q�K¤6±F¯�§d �¡6¨�©|�K�«³3��§l§�ë{�4 d�²Ã%�|�|¦U�~�

s(mε)
©Qµ,�<¢\�K�¶¡6 d¨�©«¢\¿|¤

m → −∞
±Q�K 

F1,¢\¿|¤
m→ +∞

±F�� 
F2
¬

�
 l� ´Q�,¤��,±F¯�§d d¡~¨�©|����³3��§l§�ë3�* l��Ã%�3�|¦U�6�

s(mε)
©Qµ,�<¢\�K��¡6 �¨�©r¢\¿|¤

m→ ±∞
±Q�K 

G,

�
 l� �K§l§d d´<�6 �¡6¨�©3���@³3��§l§�ë3�* l� ³3¯�§d·��

(s(mε))m∈Z

�|�|¤~¨�©3§dµ��<¢o�4�< d� Ì �|¤6½[�
∞
� ¯,¢o�K¾

ÕF�|� +£��¤6¢\�� d�|�K¤6�Ð�R�<�6¹K���n®� d¤ �R�|�n�< d�g±Q�y¡6¨�©3¤6 d��±F���|�g¸� ï�6�6� � ×° l§��<�|�3·3¾=Ä^ d¤ �K¤6¦R§�µ,¤~��� ¤6� �
¦R�|¤�¡( d½	¢\¿|¤

k = 0, 1, ...

s(2−(k+1)ε)
¡6�� �<�K¤8¸@ ï�6�6�K§l´|�3�|¦U�4½�¯[�

O = s(0)
�3�3�

s(2−kε).

���,�|�����3º�®°��·[����ñ�K���	� � ¾ � ���|¯���®Î�K�3�< d·�®� d�K�|��¤

s(m2−kε) = (τs(2−kε))
m(O)

¡6�� d���|�3�»®°��·��K��ñ���²�	� � ¾ � � �~¤6���6�K�»¢\¿|¤=½[��¤�¡6¨�©| d�K�|���|�£���,¤�¡��~��§d§l�|�3·���� �|��¤:Õi��©|§
m2−kε =

n2−jε
¦[�� d�|�%Ä^ ��<��¤�¡(´3¤6¿3¨�©3�%�,�<¢�¾Mí8§�¡(¯�¦����|� �	�,�

s
�,�<¢

ε Z
2N
,
�{¾ ©¾M�<��¤=¸����|·[���,§d§l�K¤Õi��©|§d���

�<�K¤4ª��K¡(�~�,§l�
εm
2k

�² ï�
m ∈ Z k ∈ N

¡(¯²��¤~¦R§dµ�¤6�K�¾
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³:¿|¤=¡6¯�§�¨�©|�ÎÕi��©|§l�K�»·� d§ï�=�|���|� �,�Q¨�©»�| l�%Â�¤~���3¡6§d�,�6 d¯��3¡6 l�R½��,¤~ ��,�|¹[¾��*���3��¹�®°�� UÕi��©|§d���
εm2−k�|�3�

εn2−j
§���¡~¡(�K�¶¡6 d¨�© �3�,�6¿|¤~§l �¨�©  l�²�²��¤�¡6¯��|��±Q�,�|�K�¬�|�,º�±F�� ��<�	¥£Ô<´F¯��|�K�[�~���Ð·�§d�� �¨�©

¡6 l�3�¬¡(¯<�|��ºr®� d¤»��§d¡6¯�¯�©|�|��+£��¤~§d�3¡���½[¯��¶í4§l§d·��K�²�� d�|©|�� l�0À��²¹�®°�� £¡(¯[§d¨�©3�²Õi��©|§l�K�¶��§d¡��² ï�
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τs(εm2−k)s(εn2−k) = τs(εm2−k)τs(εn2−k)s(0)

= (τs(ε2−k))
m(τs(ε2−k))

n(O)

= (τs(ε2−k))
m+n(O)

= s(ε(m+ n)2−k)

= s(εm2−k + εn2−k).
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½��K¤6®°���Q�<���~���ë

� s
 d¡(�4�,�|¢QÀ��y�<��� %�¼��U�6�K¤6½���§l§ '

[α, α+ ε] ∩ ε Z
2N

¯[¤~�<�R�|·U¡��~¤6�K�¬

�
�< l��¸@�K�|·��

s(ε Z
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)
§l d��·��8�< d¨�©U�8 d�

E .
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τs(ε)(E) = O,
�,§�¡6¯

O = τs(ε)(E) = τs(ε)(τs(ε)) = s(2ε).

���,�² ï�8 �¡(�
τ2s(ε) =

 d���|�3��¢\¯[§l·[§l �¨�©���§l§d·��K�²�� d�

s(α) =
 ��

(s(α)) = τs(ε)(s(α)) = s(α+ 2ε).
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s
´F��¤~ l¯<�< �¡6¨�©��² ï�*�|��¤�Ã��¤~ l¯<�<�

ω = 2ε
¾
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�	�,�
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π
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Q
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½�¯�¤~·��K·��K±Q�K�|���g¼��R½[¯�§d�<�6 d¯��
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g
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η
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p
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Z
´F��¤�¡(´F��¦U�6 d½ië

ϕ : p(X)
Z
¯̄∧ Q(X ′).
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η
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g
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η′ := ϕηϕ−1

¡6��§d±3¡���¼��R½�¯[§l�|�6 d¯����,�<¢
Q
�|�3��¹�®0�,¤0½[¯�� ¡6��§d±Q�K�@Â�îR´�®� l¤

η.)8�3��®0µ,©3§l�K��®� d¤

�
 l� ��§d§d l´<�~ d¡~¨�©|�K�D¯<�<��¤�©RîU´F��¤~±F¯�§d d¡~¨�©|���D³Q�,§d§Î¹K�Ç�<�K¤�·[��·��K±Q�K�|���n¼��R½[¯�§d�<�6 d¯��

η
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Ã%�|�|¦U�
G
�,§�¡��|��¡4ÕF�K�U�6¤~�|� ½�¯[�

η′ := ϕηϕ−1,

�
 l� ´Q�,¤��,±F¯�§d d¡~¨�©|����³3��§l§

G := ϕ(F ).

ÕF®°�� 8Ã��|�|¦U�6�
A1, A2

���<¢
p
¡( d�3�/�|���� l�r·[���3���O�|���|�^�� d�^Ã£����¤	½�¯��

η,
®°���|�

A′

1 :=
ϕ(A1), A

′

2 := ϕ(A2)
���<¢

Q
�� d� Ã�[�,¤�½�¯[�

ηG
¡( d�3�{¬

A′

1, A
′

2

�,§�¡(¯
G
� ¦[¯���À��3·� d��¤6�K¾£ÑIÍR d��©3�
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Q
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³� lÔ|¡��~¤~��©|§�¾3ÍR l�»�K¤6·[ l±<���K l�|� ×°  À���¦U�6 d¯���¹�®� �¡~¨�©|�����<���Ö×°¿3¡6¨�©3��§{�|�3�

R ∪ {∞}.

Ì ��©3¤6�K��®� d¤��|¯<¨�©��K l�3�²��§¹��3¤4ÍR¦��,§������<¢£�<��¤ Ì �|¤~½��
Q
¹��3¤6¿3¨�¦i¾

� ?<T
	�]=_ -�-ðaÎu	u�eqb
M ∈ Q, M ′

uqe�bdc
G
�XÞRh�cKáyx�k[b\e�wysteqw�Ý4x,c|Þis � τ e�bdcFe G � �|wq��c3u6jo�<sXb\hMc���»��c|cn}�bdjXz<e�c z�b\e*Ý8x,c|Þiste

(τ−1(M),M, τ(M),M ′)
e�bdcFeqc��F��w~pgh�c|b�u����FeqcD��x,w~���

�* l�y¡4 �¡����R�|¤4�K l�|���,�3�<�K¤6��³|¯�¤~���3§l d��¤~�|�|·g�<�y¡4 d�«ñ=���²�	� � ¾ � � �|�Q�«í8±3±| l§��<�|�3· � ¾ �K� ±F� �
©3���3�<��§l�6�K��Í<��¨�©R½��K¤6©Q�,§l�6�K¡K¬U®Î�y¡(©3��§l±�®� d¤8�<���@×°��®°�� �¡°¿|±Q�K¤6·[��©|�K�¾
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ÄÜµ,©3§ï�8�	�,��©| d��¤8¹K���|��¤4ÍR¦��,§��
s : M = s(α), τ = τs(β),

¡(¯² �¡��8�|���|�

τ(M) = τs(β)(s(α)) = s(α+ β),

�|�3���K�[��¡(´3¤6�y¨�©|���3�
τ−1(M) = s(α − β).

í8§�¡6¯�·[ l§l�4�|�[¡

�rCQA�CQWIWX?<Ar]=_ - �ðâ�u�s zRe�w�Ý8x,c|Þis
(s(α))′ G

�XÞRh�cKáyx�kUboeqwKs��[x
s(α),

uqhÐ}�bdjXz<e�cD���,w0á�eyzRe�u
βz�b\e*Ý8x,c|Þis�e

(s(α− β), s(α), s(α + β), (s(α))′)
e�bdcFeqc��F��w~pgh�c|b�u����FeqcD��x,w~���
���,�² ï��¢\¯[§l·���®Î�K ï�~��¤

�rCQA�CQWIWX?<Ar]=_ - � f°�,w�z�boe
G
� � ç b\e~k<eqjIx�c<k σs(α)

�,c@zRe�cÐ}<e�bIzRe�c
G
�\Þ<hMcKáyx�kUboeqwKs�e�cgÝ4x,c|Þisteqc

s(α), (s(α))′
kUblj�s%u�s�eMs�u

σs(α)(s(α+ β)) = s(α− β).
�*boe�u�e

G
� � ç b\e~k|e�j�x,c<kgu ç boe�k<e�j�s%��j�u�h	z�b\e � Þ,��jo�²��c s(α)

bdc@u(bI������x,wy�<��Þ{�
í8§d§�< l�y¡8±|§d�� d±<���3���~¿|¤6§d �¨�©@±Q�K l� $ ±F��¤~·[���|·	½�¯[���<��¤ Ì �|¤~½�� �,�|¢£�| l�²ª���¤����<��¯<�<�K¤4 d���� d�
×°¿3¡~¨�©|��§{�K¤6©3��§ï�~���¾|�* d�K¡�±F�K�<�K�<�6���

� ?<T
	2�:E�S^é�P 	�PRGXJML:E���E:ND]=_ - ����x,wK���«z�b\e�fFe�u�s�u�e�sX�[x,c<k

δ(s(α), s(β)) := |α− β|

b�u�s��3}<e�w z�b\e � Þ,�,j��
s
e�bdc �«�,�Ç���,w¶z�b\eDv0w �M�<e m h�c

� e�k[pre�cisteqc � ��j�u�h � sXw�ey��Þ<e�c h|zReqw��bdc|ÞReqjlc/k|e~k<e,}Reqc �4� e�jI���Fequgblc m ��w~b��,cis�bduKsgx,cisteqw�zReqc^��x�k|e�� ��w6blk<eqc
� ç boe�k<eqjIx,c|k<e�c x�c{z�3w��,c3u(jo�<sIboh�cFe�c � zF� �=�|blc m ��w~b��,cisÎx,cis�e�w G � /»h�c<k[wyxUeqc|�Meqc=���bdw8u ç w�ey���ie�c�á�e4cQ�<��� �{å ç m hMc�eqblcie�w��\eqjljdb ç sXb�u����ie�c �I� � ç ��wq�|}<hMjdbdu����Fe�c � h|zReqw��d�[å ç eqwy}<hMjdb��u����Fe�c �«���F}Re�u�sIblp²p�x,c<k � �

¼�� ��§d§l d´<�6 �¡~¨�©|���g³Q�,§d§3 �¡����Q���6¿3¤6§d d¨�©	�<�K¤%¯�±3 l·[�8í8±3¡(�~���3�
δ
®Î�K·����	�<�K¤%Ã��¤~ l¯<�< d¹� l�~µ,���R�|¤£¢\¿|¤

%(¦U§d�� d�|� '»�* d¡(�~���|¹��K��¡6 l�3�U½[¯�§d§I¾|�* d� �4���~�, d§�¡8¡(�K l�K��¹K� $ ±|�|�3·�·[��§���¡~¡(�K�¾
¼�� /������A	2$�= � ���2� ���¶³3��§l§{ �¡(�0¹K��À��y�<��� Ã%�|�|¦U�

X (6= G)
���<¢

Q
¡(�6���~¡��<�K¤°Ã��|�|¦U�

G
¦�¯[��À�� �

·� d��¤6�K¾�)*��¨�© Ì ¯[¤6¯[§l§��,¤ � ¾ � � ¡6 l�3��©| d��¤8��§d¡6¯²¡��~���~¡

(s(α− β), s(α), s(α + β), G)

©3��¤6�²¯��3 d¡~¨�©¾R×Î���6¤���¨�©U�6�K�r®� d¤��,§d§l�y¡°���<¢��<�K¤�Ã%�|�|¦U�~¤6�K l©|�
p
�|�3��±Q�K¹��K d¨�©|�3����®� l¤��< d�»¹��|�

³: ïÔ<´|�3�|¦U�
F
·[��©��[¤6 d·��*´3�,¤��,±F¯�§d d¡~¨�©|��ÍR¦��,§���®� l�y�<��¤��² l�

s,
¡6¯² d¡(�4�,§�¡6¯�¡(�6���~¡

(s(α− β), s(α), s(α + β), F )

©3��¤6�²¯��3 d¡~¨�©¾
³:¿|¤8�< d� Ø8�²¦��K©|¤6¢\�|�|¦U�6 d¯��

ν := s−1 : p \ {F} → R

 �¡��£�|�,�3���,§�¡6¯8¢\¿|¤:�� d�|����©3��¤6�²¯��3 d¡~¨�©|����Ä �|¤6¢
(X,P, Y, F )

¬RÑX®Î¯[±Q�K 
F
�<��¤£���3¡(·[��¹K�� �¨�©|�|���~�

Ã%�|�3¦[�8 �¡(��� Ó

ν(P ) =
1

2
(ν(X) + ν(Y )).

�* l�y¡�§l d��¢\�K¤(�*�� l�*�<�K¤� l�«Í|���6¹ � ¾ � ��·���·[��±F���|�K� �Î©Q�,¤��,¦U�6�K¤6 �¡( d��¤~�|�|·²�<�K¤*ÅÇÆ�ÈQÉoÊ=Ë ��Ì ¯R¯�¤��<  �
�3�,�6���@�<�K�



�¶e�u6uqe�c x,c{z � Þ,��j\e�c ����ì �

� ?<T
	�]=_ - � �*b\e ç ��wq�|}<hMjdb�u����Fe � Þ,�,j�� s ��x F x,c{z^z[boeDÅÒÆ=ÈFÉoÊ=Ë
� /�hRhMwKz�bdcQ�<s�e�cO��x/zReqc
v0wyx,c{z ç x�c|Þiste�c O := s(0), E := s(1), F

u6bdc{z��[xUe�bdcQ�,c{zRe�w�bdc
m
eqw~uy�

×°���~¤~�[¨�©[�~���²®� d¤��|¯<¨�©g�< d�4©RîR´Q�K¤6±F¯�§d �¡6¨�©|���3�3�	�< d�4��§d§d l´<�~ d¡~¨�©|�*Í<¦M��§d�rÑX�,�|¢�� d�|��¤0ª���¤����<�K�QÓ
�|�U�6�K¤8�<���Öí4¡6´Q�K¦U�4�<��¤*ÅÒÆ=ÈFÉoÊ=Ë �tÌ ¯R¯�¤��< l�Q���6�K�¾
+£¯�¤~·��K·��K±Q�K��¡6�� �K l�|� ����/ ����	2$�= � ���2� ��G ����=��

h : R → E ,

�<�K¤6�K��%(Ä¶�K§ï� '
E
½[¯����<����Ã%�|�|¦U�6�

F−, F+
±Q�K·�¤~���|¹��°®� d¤~���|�3���< d�

Oh, Eh ∈ E
�,§�¡ )4�|§d§ �

±|¹K®�¾|¥% d�|©|�� l�~¡6´|�|�3¦[�8©Q���Kë
h(0) = Oh, h(1) = Eh.

���,�|�K±Q�K�O±F���~¤~�[¨�©U�6���Ò®� l¤�ÅÒÆ=ÈFÉoÊ=Ë �tÌ ¯R¯�¤��< d�3���~���
µ
¬%·[��±| d§��<���	¹��/�<�K�^ª�¤~�|�3�|´|�|�|¦U�6�K�

O := F−, E := Oh, F := F+.
¥Î¡� d¡(�8�|�,�² l�

µ(F−) = 0, µ(Oh) = 1, µ(F+) = ∞.

ÕF�g�K l�3���Ï±F��§d l�K±| l·[����Ã%�|�|¦U�
A ∈ E

¡(�K 
τA
�< l� ����/�����	�$�= � ��������Â�¤��,�3¡6§d�,�6 d¯��	�² l�

τ(Oh) =
A.
í8§�¡»©UîR´F��¤~±Q¯[§l �¡~¨�©|�	Â=¤��,�3¡6§����6 d¯��¶©3��� ¡6 l�

O = F−

�|�Q�
F = F+

�,§�¡�³: ïÔ<´|�|�3¦[�~��¬ �¡(�
¡6¯��² ï�£½[¯��²�<��¤£ d��ñ=���²�	� � ¾ � �*±Q�K©3�,�3�|��§l�6���	í4¤(�y¾�í8§�¡(¯»·[ l§l�¢\¿|¤%±F��§d l�K±| l·[�0Ã%�|�|¦U�6�

X ∈ E

µ(τA(X)) = µ(A)µ(X).

ÍR���6¹��8�	�����R�|���² ï�4�|��¤8©RîR´Q�K¤6±F¯�§d �¡6¨�©|�K��ÍR¦���§d�
h :

A := h(α), B := h(β),

¡6¯� �¡(�£À(�
τA(B) = τh(α)(h(β)) = h(α+ β),

®0��¡�¡6¯,¢\¯�¤6���< l� ³3�|�|¦U�6 d¯��Q�,§d·�§d�� �¨�©U�3�|·

µ(h(α + β)) = µ(h(a)µ(h(β)))

§d l��¢\��¤6�K¾
���,�|�� �¡��8�3�,�6¿|¤~§d d¨�©�¢\¿|¤

n ∈ N

µ(h(n)) = µ(h(1 + 1 + ...+ 1)) = (µ(h(1)))n,

�{¾ ©¾|�² l�
a := µ(h(1)) = µ(Eh)

 �¡(�

µ(h(n)) = an

�|�3�	�| l�y¡��<�K©|�U�°¡6 d¨�© �U�² l�Î�<�K�r¡(�K§l±F���gÂ��K¨�©3�| l¦[���¬�®� l�8¯[±Q�K�g�,�|·[��®°���3�|��� �����<¢{±Q�K§l d��±3 l·[�
¤~����§d§d� Õ{�,©|§d�����,�3¡K¾|���,�² ï�8©Q�,±F����®� l¤

� ?<T
	�]=_ - � �*b\e��[å ç e�wM}<hMjdbdu����Fe � Þ,��jo� h x,cznz�boere�cisIu ç w�ey���Feqc{z�h|}Reqc/zU���[x�k<e � ���3jIs�e�cÅÇÆ�ÈFÉoÊ=Ë � /�hUh�w�z[blcQ�|steqc
µ
����c<k|e�c���x�u���p²pre�c �3}<e�w�z�b\e�fFh�w6preqjlc

µ(h(ξ)) = aξ (ξ ∈ R, a = µ(h(1))
}�� � � h−1(X) = γ

§l�
µ(X) (X ∈ E),

� h<}<e�b γ e�bdcFe4k|e�e�blk[cieMste /�hMc3uKs��,ciste8bduKs�� γ =
§d�
a
M�

��x,w����¶zU��u �»h ç|ç eqj m e�w~� ��j�sXc3bdu8�|x�u�k|eyz�wy�<��Þis:j��|x|ste�s0z�boe�u

h−1(X) = γ
§l�
DV (X,F−, Oh, F+),

� h<}<e�b F−, F+
z�b\e�f:b � ç x�c|Þiste	zRe�w»�[å ç eqwy}<hMjdbdu����Feqc � Þ,��jo�gu6blc{z x,c{z Oh zReqw #�x,jlj ç x,c3ÞFszReqw���å ç e�wM}Rh�jlb�u����Fe�c � Þ,��jo��bduKs6�
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¥% d�|� � � � ���
���� �%� ��������/ ����	2$�= � ���2� ���=G� ��= � �3�3�|���	®� d¤% l�g�|��¤ 38��§����6 d½R ï��µ���¡��~©|��¯[¤6 d��¾�ÍR�K  �
���

v, v1, v2
� ��� � � 	{¡6¨�©3�²ª��y¡6¨�©R®� d�3�< d·�¦��K ï�~���@¢\¿3¤ ×Î�K®Î�K·��|�3·����¶�,�<¢��K l�3��¤ ª���¤����<�K�¬

c�< d��ñ= d¨�©U�6·[�K¡~¨�©R®� l�3�| l·[¦��� l�K¾{¼��Ò�<��¤�¤6�K§d�,�6 d½U �¡(�6 �¡6¨�©|�K�D¸@�K¨�©Q�,�| d¦ %6���|�| l�K¤6�K�'r¡( �¨�©n¿|±F��¤~§d� �
·��K¤(�~� ª��K¡~¨�©U®� d�3�< d·�¦[�� l�6�K�r�3�[¨�©��<�K¤8³|¯[¤6�²��§

v =
v1 + v2

1 +
v1v2

c2

.

�* l�y¡(��³|¯�¤~�²��§F©3���0�� d�|��¡( d�²´|§l���4�K�<�6�3�|·�¿3±Q�K¤0�| l�*©UîR´F��¤~±Q¯[§l �¡~¨�©|�*ÍR¦��,§������<¢�� d�|�K¤0ª��K¤~� �
�<�K�

p
ë

�* l�¶Ã%�|�|¦U�6�¶½�¯[�
p
�<���|�6���ð®� l¤��,§�¡�ª��K¡~¨�©R®� l�Q�< l·[¦��K ï�~���¬��| l�� d�ð�<�K��� ��� � � 	{¡6¨�©3���

×°��¯[±3��¨�©U�6�K¤ � ÍRî<¡(�6��� ·��K���y¡6¡6���3���»Ä¶�K¤(�~�
v, v1, v2

�,§�¡�< d�%¹K�|·��K©���¤~ l·[����ÅÇÆ�ÈQÉoÊ=Ë ��Ì ¯R¯�¤��<  �
�3�,�6���=¾ )4�|� ±| d§d�|��� ®� d¤:�| l�Î©UîR´F��¤~±Q¯[§l �¡~¨�©|�ÎÍR¦��,§���¹K���<����³� lÔ<´|�|�|¦U�~���

F−, F+
±F�� 

−c,+c,�|�3��®°µ�©|§l�K���,§�¡
O
�| l��Ñ 3��|©3� � Ó(ª��K¡~¨�©R®� l�Q�< l·[¦��K ï�*�|�K¡�×Î�K¯�±3�[¨�©U�6��¤�¡K¾|³|��¤~�|�K¤4¯�¤��<�|�K�@®� l¤

À��K�|��¤������ � � 	 � ª��K¡~¨�©R®� l�3�| l·[¦��� l�
v
�< d� ¡(¯[·3¾ ���9�2/'�!���	�),�� �

h−1(v) := γ
§l�
DV (v,−c, 0, c)

¹��=¾=ÑX�*��¤�·[���3���|�»Ä¶�K¤(�4�<�K¤ Ì ¯[�3¡(�~�,�U�~���
γ
 �¡(�8©| l�K¤��| �¨�©[�8®°�� l�6�K¤�®� d¨�©U�~ l·Q¾ Ó

�* l�y¡(� 38��´| ��< ï��µ��= �¡(���,§�¡(¯0�K l�<¢X�[¨�©��<��¤Ä ��¤6���<�y¡
v
� Ã%�3�|¦U�6�K¡��,�<¢<�<�K¤©RîU´F��¤~±F¯�§d d¡~¨�©|��� ÍR¦���§d�3¾

)8�3� %6���3�< l�K¤6�K�'*®� d¤4ª��K¡~¨�©R®� l�3�| l·[¦��� l�6�K��¿3±Q�K¤8�< l� 34�,´| ��< l�~µ��~���¬Q�{¾ ©=¾|®� l¤��K¤6¦R§�µ,¤~���

v = v1 ⊕ v2
�<�|¤�¨�©

h−1(v) = h−1(v1) + h−1(v2).

�* l�y¡�±Q�y�<���|�6���y¬3�|��º

DV (v,−c, 0, c) = DV (v1,−c, 0, c) ·DV (v2,−c, 0, c)��§d¡6¯

v + c
v − c : 0 + c

0 − c =
(

v1 + c
v1 − c : 0 + c

0 − c

)

·
(

v2 + c
v2 − c : 0 + c

0 − c

)

¯<�<�K¤

−v + c
v − c = v1 + c

v1 − c ·
v2 + c
v2 − c .

í8��� �[¡6�����3��¨�©
v
�K¤6·[ l±<�

v =
v1 + v2

1 +
v1v2

c2

,

�{¾ ©¾{�< d���,�Q¡*�<�K¤*Ã�©Uî<¡6 l¦�±F��¦��,�3�[�~��³3¯�¤~���K§I¾i�* l��©RîU´F��¤~±F¯�§d d¡~¨�©|��ÍR¦���§d�g�6¤~ ï�6�»��§d¡6¯g d�«�<��¤
3��K§d�,�6 d½U l�~µ,�~¡(�6©|�K¯�¤~ l��·[���|¹»�3���~¿|¤~§l �¨�©����<¢�¾
³:¿|¤��< d� ��=	= � /'�3� ������� G� ��=��

e
�,�<¢0�� d�|�K¤�ª���¤����<�K�

p
§���¡~¡(�K� ¡6 d¨�©nµ�©|�|§d d¨�©|�	í4�3¡6¡~�,·[��� ®� l�

�< d�* d��Í<�,�6¹ � ¾ � ��·[��®� d�|�|�K�¬U�| l�� l�Ï®°�K¡6���U�~§l �¨�©|�����|�,¤��,�<¢{©| d�3���3¡(§��,�|¢\���¬<�|��º��< d�K¡6��¤�Í<���~¹
�,�Q¨�©D l� ��§d§l d´<�6 �¡~¨�©|���O³3�,§d§0·� d§ï�y¬®Î�K�|�Ç®� d¤��R�|¤	�< d��×°�[¡( �¡

a
¦[¯��²´|§d��Ôn®0µ,©|§d���Ò±|¹�®�¾ d�

�<�K¤����,¤�¡��~��§d§l�|�3·��<�|¤�¨�©D�|��¡ �*¯�´3´Q�K§l½[��¤~©3µ,§l�6�| �¡�¢\¿3¤
F−, F+

�< d�g¦�¯[��À��|·� d��¤6� ¦�¯[�²´|§l��Ô<���
³: ïÔ<´|�3�|¦U�6� �<�K¤8�< l��Í<¦M��§d��¤~��·[ l�K¤6�K�3�<������§d§l d´<�~ d¡~¨�©|����¼��R½�¯[§l�|�6 d¯��

η
½��K¤6®°���3�|���ë

³:¿|¤��| l�y¡(���K§l§d d´<�6 �¡6¨�©3��¼��R½�¯�§d�<�~ l¯[�
η
¡6�� d���^�< d�«Ã%�|�3¦[�~�

Oe := e(0)
�|�3�

Ee := e(π2 )¦�¯[��À��|·[ l�K¤(�y¬
(E−, E+)

¡(�K *�K l�^®°�� l�6�K¤6�y¡r�|��¹��^©3��¤6�²¯[�| d¡~¨�©/§l d��·[���3�|�K¡g¼��R½[¯�§d�<�6 d¯��3¡6´3�[�,¤
½�¯[�

η
¾3���,¹K��±F���~¤~�[¨�©U�6����®� d¤8�< l��ÅÒÆ=ÈFÉoÊ=Ë �tÌ ¯R¯�¤��< d�3���~���r�² l�4�<���@ª�¤~�|�3�<´|�3�|¦U�6���

O := Oe, E := E+, F := Ee.

$ ±F��¤*ñ���²�	� � ¾ � ����¤~·� d±<�8¡( �¨�©��|�,�|��¢\¿|¤
η
�< d� �*��¤~¡(�6�K§l§d�|�|·

µ(η(X)) = −
1

µ(X)



�¶e�u6uqe�c x,c{z � Þ,��j\e�c �����|�

�|�3��¢\¿|¤*�< l�»¹K�|·��K©���¤~ l·[������§d§l d´<�6 �¡~¨�©|���@Â�¤~���3¡(§����~ l¯[�
τA
ë

µ(τA(B)) =
µ(A) + µ(B)

1 − µ(A)µ(B)
.

í8�Q¡8�<��¤8Â�¤��,�3¡6§d�,�6 d¯��3¡6 d�U½���¤6 ��,�|¹*�<��¤8�K§l§d d´<�6 �¡6¨�©3���@ÍR¦��,§��
e
¢\¯�§d·,�8�|���� l��¢\¿|¤

α, β ∈ R

µ(e(α + β)) =
µ(e(α)) + µ(e(β))

1 − µ(e(α))µ(e(β))
.

�* l�y¡� d¡(�8�< d� ³|�|�|¦U�~ l¯[�3�,§d·�§d�� �¨�©R�|�|·²�<�K¡8Â:�,�3·����Q¡�¾3ÕF�3¡~�,�²�²�����² ï���<��¤ )4¯�¤~�� d��¤~�|�|·

µ(e(
π

2
)) = µ(Ee) = ∞

¢\¯�§d·,�8�|���² ï�

� ?<T
	�]=_��  �*b\e�eqjljdb ç sXb�u����ie � Þ��,j�� e x,cz z[boe²e�cis�u ç w�ey���ie�c{z�h<}<e�c¶k<e � ���3jIs�e�cÐÅÒÆ=ÈFÉoÊ=Ë��/�hUh�w�z[blcQ�|steqc
µ
����c<k|e�c���x�u���p²pre�cÐ�3}<e�w»z�b\e�fFh�w6preqjlc

µ(e(ξ)) = tan ξ −π
2 < ξ ≤ π

2}�� � � e−1(X) = arctanµ(X) X ∈ p.

Ø8�U�~��¤�×°�K�U�|�6¹��3�|·D�<�K¡r¼��	�,·� d�3µ�¤6�K�O¦����|�/�²���Ü�|��¢\¿3¤r�� d�|�«�|��� ©UîR´F��¤~±Q¯[§l �¡~¨�©|���^³3��§l§
½��[§l§d d·����3�,§d¯�·[�����,¤�¡��~��§d§l�3�|·²·���±F���=ë
í8�Q¡r�<�K¤ Ì ¯R¯[¤~�< d�3�,�6���Q�|�,¤�¡��~��§d§l�3�|· �|��¤g¼��R½�¯[§l�|�6 d¯��

η
�K¤6¤~�K¨�©3�|���/¡( �¨�©/¹�®°�� �³� lÔ<´|�|�|¦U�~�

F−, F+
�² ï���<���@ d�	�,·[ l�3µ�¤6�K� Ì ¯R¯�¤��< d�3���~���

+i
�3�3�

−i.
ÍR���6¹����	�,�«�< d�K¡4 l�¶�< l��³|¯[¤6�²��§

¢\¿|¤4�3��¡��*¯�´|´F��§d½��K¤6©3µ�§ï�~�| �¡Î�K l�=¬3¡(¯²�K¤6©3µ�§ï���	�,�@�< d� ª�¤ �[º��

δ(X) := DV (X,F−, O, F+) = −
µ(X) + i

µ(X) − i
.

���
µ(X)

¤6�K��§d§{ d¡(�K¬3 d¡(�4�< d�K¡0�� d�|��Õi��©|§{½�¯[� ×°���~¤~��· � ¬<©3���4��§d¡6¯��| l� ���,¤�¡��~��§d§l�3�|·

δ(X) = exp(iϕ)
�¾ ©¾

ϕ =
1

i
`og δ(X),

®°¯�¤��,�3¡0¡6 d¨�©

tanϕ =
2µ(X)

1 − µ2(X)
��¤~¤~�K¨�©|�|���K¾<¸@ l�

X = e(ξ)
�|�3�

µ(e(ξ)) = tan ξ
�3��¨�©@Í<���~¹ � ¾ ���  d¡(�8�|�,�² l�

tanϕ = tan2ξ

�{¾ ©¾

e−1(X) =
1

2i
`og δ(X) =

1

2i
`ogDV (X,F−, 0, F+),

®°¯��² ï� � ¹K�|�3µ�¨�©Q¡�� ¢\¯[¤6�	��§ � ½ ��§d§l d·�� $ ±F��¤~�� d�3¡��~ l�²���|�|·��² l�²�<�K� ©RîR´F��¤~±Q¯[§l �¡6¨�©3���D³3��§l§
��¤~¤~�� �¨�©[�g �¡(�K¾Î�*�|¤�¨�©^�� d�|���Üí4�3¡6±3�,�Ü�<�K¤r¼��	�,·[ l�Qµ,¤6�6©|�K¯�¤~ l��¦��,�|�^�	���Ü�< l�y¡(�K�Ü³|¯[¤6�²��§d�
�,�Q¨�©��< d¤~��¦U���� d�|����·��K¯��²���~¤6 �¡~¨�©|����¼��|©3�,§l�8·��K±Q�K�¾|�* l�y¡�®�¿|¤��<�»©| l�K¤�¹���®°�� l��¢\¿|©|¤~���¾
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