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@'ACB
D�EGFHEJIKD,L�MONQPSRUTWV�XYR Z�V�[]\JRJ^YV
RUT`_aRJb?V�Tc_d\Oe�Vgf?V
hiX`X�RkjJbcf�T9l�_dm4RonaprqWV�T�_dmSV�R=P1X9V�TWV�TsqWV�RktK\
uov e�waZ�V�[]\ORx^gRJ\zy9\|{x}�~?R�V�qWV�RktK\.l9V�TK�9f?V�e uo� wgjUjkRUTWVa�9\ORGwgT6{O��mSV�TcT�n<RGV v f�T`[]\zV�RUT v f�T`[]\�V�fdT�b
� V�e��?b9V�TQRkT � V�e��?b9V�T��cX?V�e|���dq`eH\<��XY_Cm.} uo� wge�e�V�j��9\ORGwgT6{O��m4V�T`T%n<RGV v f�T`[]\zV�RkT � V�e��?b9V�T
f�T�b � V�e��9b?V�T'RkT v fdT`[]\zV��cX9V�e�����q`e�\|}
�.�K���U�d���a���?�U�d�<���������S���� r�a�=��¡k¢?¡k���Y���a��£a¤�¡o¥�¦�§`�a�'£a¤��a¡��S¨c�`�=�|�a���d¨9©G�d�a©O��ªd���d�U¥.«¬�H���C­9�a� �
®S¯ �a�`�H� ��°8± �c­9�a� ¯ £H¤³²K£H¤�¡U¥�¦�§`�a� ®�¯ �H�`��¨c�c­´�S¨`�c�C�¬� ¯ �a�9©O�d�k�o¥¬���o¥.¡U�`£a¡o­9�a�c£��|���a¨c� ° ¡  r�H� �
�|¡U�d�c�a��²�µ��¶�k�a�|£����a��·K���U��¥|¡U�c­�¸9¦�§`�c¡¹�|�º¨`�K­�¸9¦�§`�H¡k�»¤�¡U�H­`�a�i�H¡k�`©O�d¦�§c¥<�|�!�S�|�d r�a�=�|¡U¢?¡¹���Y���a�
£a¤�¡o¥�¦�§`�a�¼�a¡U�`�H� ®S¯ �H�`��¨`�K­¼�a¡U�`�a�½£a¨¼¡k§c�s�`¡o¦�§C�s¡U�`£H¡U­9�H�=�|�a�¼�S¨c�`�=�H²�¾%¡k� ¯ �H¥�¦�§`�����`�C�a�
¨`�c¥8��¨9©�­9¡U� ° �a§c�d�c­9�U¨`�`�³¢C�d���S���� r�a�=��¡k¢?¡k���Y���a��£a¤�¡o¥�¦�§`�a� ®S¯ �a�c�a��²C¿1¡U�a�U�1­9�a�8� ¯ £H¨`�k�H¡¹���a� �
­9�H� ® �|�C� ¯ �`¡o¥�¥<��¡k�K¥ ¯ �H¥|�d�c­`�a����­9�H�S·`¨`�K­`�����a�=�����o¥|���|£��d�H�¹���a��¥<¡U�`�`�C�a����ª�© ± �S­9¡U�.���c­`�a���a�
¸?¡k�|¨c���|¡U�d�`�H��²
À �|¡U¢?¡U�d�k�H�|¤��a¡o¥<� ¯ ¡U�o­9�a��­`¡k���S�|�d r�a�=�|¡U¢?¡¹���Y���a���a¡U�`�H� ®S¯ �a�`�¬¡U��¥<¡o¦�§��a¡U�`��«¬�|¨`ÁcÁK��¨`�c­�­`�d�|¡U�
­9¡U��Â��d�U�k¡U�`���Y�|¡U�d�c�a���a¡U�`��Ã1�=�|�a���d��¨`Á`ÁW�d²?Ä¬���d�H�d�H�º¡o¥<��­`�C¥��S���9­9¨`�=�8¢C�d��£H¤8�H¡KÂ��d���|�H�U���|¡U� �
�`�H���a¡U�`��Â1�C�k�U¡U�`�H���|¡U�d��¨`�c­s r�H­9��Â��d�U�k¡U�`�H���|¡U�d���o��ªd��¥|¡U¦�§��d�U¥8�S���9­9¨`�=��¢C�d��£H¤8�H¡WÂ��d�����a�o� �
�|¡U�d�c�a�´­`����¥<�|�a�U�U�a��Å?¤�� ¯ �a¡������'�`�9¦�§'�a¡U�`�s­9�a� ¯ �a¡o­9�H� ¯ �a�U¡U� ¯ ¡U��¢d�C��¥�¦�§`���a¡ ¯ �H���Y���`��²
Æ6Ç�D�È�É`Ê�A=D]F�É`ËOÌ�É9F�Í'L�MoÎÐÏ�f�eaprqiZ�V�^gR�V�e v �d��e�V�Ñ v f�T`[]\�Ò v f�T`[]\GÓiw`b?V�e�Ñ � V�e��9b?V�Ò � V�Ô
e��?b?V�Ó�RUT��YjUjkl9V�Õ�V�RkTWV�e³Ö��gl`ViRUnH\�l9V�TK�9f�V�RUTWV � wgjUjkRUTWVa�9\ORGwgT��4X9V�_HR�V�q]f�T9l=nHmSV�Ron�V�bcf�eHprq,^gR�V�e
v �d��e�V�Ñ v f�T`[]\�Ò � V�e��9b?V�Ó.RUT×�YjUjkl9V�Õ�V�RkTWV�e.Ö��Yl9V1l9V�TK�9f�V�RkTWV � wYe|e�V�j��9\JR�wYT��JV�nH\Gl`V�jGV�lW\r�c����e
bdRGVibdRGV�n v �d��e�V¬V�RUTK�YT�b?V�e�_CfYl9VHwgeHbdTWVg\�V�e�PSjGV�Õ�V�T]\�V¬n<RUT�bK}
Ø ¨`� ° �H¤8�H¡U¥�­9¡k��¥<��¥º¸`�Y�|£H�H¥º¥r� ± �|£H�a�Ù¤�¡k�º¨`�c¥º��¨9© ® ¡k�C�a�c¥�¦�§c��©��|�a��¢d�d���S�|�d r�a�=�|¡U¢?¡¹���Y���a�
£a¤�¡o¥�¦�§`�a��«¬��¨`�c­9�C� ¯ ¡U�U­`�a�´�a��¥<�|�a�1¸?�|¨9©G�C²WÄ��a���a�=��¥�¦�§`�a¡o­9�H�c­9� Ø ¨c¥��������a�c§c���`��¤�¡U��­�§c�a� �
�d��¥r���a�U�¹��¢C�d�
Ú�A?Ê»Ê�É´L6MoÛÜÏ�RGV�PSRkTKn�prq`e�yYTc[WfdT9l�V�RkT]V�e v e�w�Z�V�[W\JRJ^gRx\xy`\�_Cm4RUnaprqWV�T!P1X9V�T]V�T��9f��SV�RUTWV � V�Ô
e��?b?V�Ño��jUn v f�T`[]\Oe�V�RUqWV�Ó¬w`b?V�e�V�RUTWV�T v fdT`[]\�Ño�Yjon.Ý¬�dnaprqWV�jkÓ�RUnH\�m4RGV�b?V�e�Þ]e�waZ�V�[]\ORx^9}
ßºACà�A=EJÌdá�® ¥º¥<�H¡k�H�

π
�a¡U�`��Â��d���|�H�U���|¡U�d�â£a¤�¡o¥|¦�§c�a� ®S¯ �a�`�H��Å

g
�a¡U�`�!«¬�H���C­9�dÅ

G = π(g)­9�H�|�H� ° ¡U�o­�²W�1¨c¥¬Ä1�aãc�`¡k�|¡U�d� � ² � ©G�C�k�d�¬­9¡U�|�H�=�HÅK­c��ª�­`� ¯ �H¡�¥|¡o¦�§
g
���o¥.��¨`�`�=�|���a¡U§`�i¨c�c­

G���o¥ °�± ¥�¦�§`�a� ¯ ¡  r�a�=�|¡U¢&�H�=��¥|Á`�|��¦�§`�a�6²�¾%¡k��§c� ¯ �a�»�d�U¥|�´�?¨`�s£H¨ä£a�a¡U�d�H��Å�­c��ª´§c�d�|���d�c¡U¥�¦�§`�
å �d�d���a��§c���k�|�H� ¯ �k�H¡ ¯ ��²CÄ�¡k��¥
¡U¥<��� ¯ �a�4� ¯ �H�9©O���U�o¥
�|��¡k¢?¡o���xÅ�­`��­9¡U��µ��`£a¡o­9�a�c£��|���a¨c��¥|¡o¦�§`�a�|�HÅ�­`�dª
π
�a¡U�'¢C�d�U�U¥<���d�c­9¡U�d��¥�¿�¡k�H�|��¦���¡k���H¡k��¢d�C�k�o¥<�����K­9¡k�C�H¥8¿1¡U�a��¥<�H¡¹� ± ¯ �H�<© ± §c�<��²
�.�K���U�d��¥|¦�§c�k¡U�aªd�������'© ± ��Â1�C�k�U¡k�c�H�Y��¡k�C�`�a�6Å ¯ £a¤³²`­9¡U� ± ¯ ��¡k�C�a��·
���U�k�C²

�

æ ¡U�a����¨K¥�©G�d�U���.¥<�d©G�d�|�
Ú�A?Ê»Ê�É´L6MUL�ç¬�9\�V�RUTWV � wgjUjkRUTWVa�9\ORGwgT

κ
V�RUTWV�e1P1X9V�TWVsRUT×n<RJprq&è�é�RkêdÞ
f�T`[]\�Viw`b?V�e³è�é�Rkê`Ô

l9V�e��9b?V�T!RkT���jkjkl9V�Õ�V�RkT]V�e�Ö��Yl9V��cn�wiRUnH\4n<RGVibdRGV�ë�b?V�T]\JRJ\zy9\|}

A

D

C

B

� ¯`¯ ¡k�o­9¨`�`� � ² �
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ßºACà�A=EJÌdá$# ¸9¡k�H§`�8� ¯`¯ ¡U�U­9¨c�`� � ² �&% Ä1¡U� °�± ¥�¦�§`�a�
A, B, C, D

¤8�H��­9�H�� r�a¤��a¡U�U¥���¨9©`¥|¡U¦�§³¥|�a� ¯ ¥r�
� ¯ �d� ¯ ¡k�o­9����ÅC¤��d��¡k��­c���`��¡U�c¥ ¯ ��¥<�C�c­9�H�|�¬­9¡k��­9���a¡W¢d�H��¥�¦�§`¡U�H­9�H�`�a��«¬�H���C­9�a�

AB
Å
AC
Å
AD·�¡('`¥<�|����§`�U�a�»¥|¡U�c­¼¨`�c­ä¤��a�C�a� å �H����� � ² )´­`���`�»­c�d¥ °�± ¥�¦�§`�H�

A
�?¨`�º��¨c¥�·�¡*'`¥r�����d§`�U�a�

¯ �H¥<�|�a§=��² ®S¯ �a�c¥|�ä¥|¦�§`�U¡U�aª��������Ù© ± ��­9¡U� °�± ¥�¦�§`�a�
B, C, D

²,+d��­9�a���S¨`�c�C���o��ªd��¥<¡o¦�§Q�d�U¥
¸9¦�§`�c¡¹�|�8¢d�C��£a¤��a¡]¸=�|����§`�U�a��¥|�d�o¦�§`�H� °�± ¥|¦�§c�a�9©G��¥r���k�H�d�a��¨`�c­���¨`ªi­`�d�º¡k�8¥|�a� ¯ ¥<��·�¡('9Á`¨c�`�=�
¥|�a¡U��²c�.�K���U�d��¥|¦�§`�U¡U�aª��������!© ± ��«¬�H���C­9�a�6²

�

Ä�¡k��¥��k¡U��©G�H�<��¨`�K¥.­9¡U� ® ¡k�K­9�a¨9��¡k�C�d�H¡¹��¥|�d¨c¥|¥����C��¡U� ·c¨`�c­`�d�º�H�=�����o¥��Y�|£ � ² � á
¸?¡U�c­!�c�����U¡U¦�§

π1
¨`�c­

π2
£H¤8�H¡�Â1�C�|���a�o�Y��¡k�C�`�a���9­9�H��£a¤��a¡�Â��d�U�k¡U�`�H���|¡U�d�`�H��£a¨�­9�H�'¥|�a� ¯ �H�

¢?¡k�H���4�C�����a��Å]¥<�'¡o¥r�
π−1

2 ◦ π1
�H¡k�c�ºÂ��d�U�k¡U�`���Y�|¡U�d��­`�a�³Ã.� ¯ ¡U�U­9� ¯ �H�`�º¡k�¼¥<¡o¦�§�Å]­9¡U��­`¡k�º¢?¡k�H�

«¬��¨`�c­ � �S¨`�`�=��� ¯ £a¤³² � «¬�H���C­9�a�����o¥.·�¡('9�H�k�H�º�H�=�|�s§c���H²!-��d¦�§ å �H����� � ² � ¡o¥r�¬���o¥<�
π−1

2 ◦
π1 =
¡o­

,
­�² §�²

π1 = π2.¾â�a�c­9�H��¤�¡U��¨`�c¥8�?¨`��­9�H� ® '9¡o¥r���a�`£a©G���d�d�.£H¨�²CÄ¬�i¥|¡o¦�§�Â1�C�k�U¡k�c�H�Y��¡k�C�`�a���d�U¥��S�|�9­9¨c�C���1¢C�d�
Â��d���|�H�U���|¡U�d�`�H��­c����¥r���a�U�k�H���U�C¥|¥|�a�6Å=�C�a� ± �d�8�H¥�­9¡U� ® '?¡o¥<�|�a�c£H��¨K¥|¥����C�.© ± ��Â��d���|�H�U���|¡U�d�`�H�º£H¨
¯ �a¤��a¡o¥<�H��²
® ¥�¥|�a¡U�a���d�U¥|�i£H¤8�H¡K�H¢d�a�=��¨`�a�U�K£H¨c¥��������a�9©O�d�k�U�a�c­`� ®S¯ �a�`�H�

E−

1

¨`�c­
E−

2

�C�a�d� ¯ �H��Å=¡k�
E−

1¢?¡k�H�8��¨`�`�=�|�
A, B, C, D

Å?¡k�
E−

2

¢?¡U�a��«¬�H���C­9�a�
a′, b′, c′, d′

Å� r�a¤��a¡U�U¥8¡U�����U�k�C�a���a¡U�`�H� å �d�d�C²
¾%¡U��¥|¨c¦�§`�H�»�a¡U�`��Â1�C�|���a�o�Y��¡k�C�

π
Å�© ± ��­`¡k�

(A, a′), (B, b′), (C, c′), (D, d′)
¥<¡o¦�§»�H�C��¥<Ác�|� �

¦�§`�H�c­9���4�d�����³¥<¡U�c­�²9¾%¡U�.�H�|�=���`£H�a�!­`¡k��¥<�³Ä¬�Y�|�H��£a¨`�c�C¦�§c¥<��¤�¡U�³¡U��� ¯`¯ ¡U�U­`¨`�`� � ² � ²

A R B

D

p

c

q

rQ

C

a

b

P

P ′

q′

A′

C ′

r′
c′B′

a′

p′

R′

b′

d′

Q′

� ¯`¯ ¡k�o­9¨`�`� � ² �

π
�a��£a�H¨`����­`���`�i�c�d¦�§ å �a����� � ² ).­9¨`��¦�§ ® ¡U�c¥�¦�§`���d�`�?¨`�`�1�d¨9© °�± ¥�¦�§`�a� ¯ £a¤³²��S¨`�`�=���|�H¡k§`�H�
­9¡U�³�a¡U�c­9¡U���a�c¥|¡k�C�c���U�a�'�S���� r�H�C��¡k¢?¡k�����|�a�

α : A(b, p, c) ∧̄ a′(B′, P ′, C ′)
β : B(c, q, a) ∧̄ b′(C ′, Q′, A′)
γ : C(a, r, b) ∧̄ c′(A′, R′, B′)
ρ : a(B, P, C) ∧̄ A′(b′, p′, c′)
σ : b(C, Q, A) ∧̄ B′(c′, q′, a′)
τ : c(A, R, B) ∧̄ C ′(a′, r′, b′)

Ä�¡k��¥<���S�|�d r�a�=�|¡U¢?¡¹���Y���a��¥|¡k�c­��c�d¦�§�­9�H�#·c¨`�c­`�d���a�=���d�U¥��Y��£s¡k� ® ¡U�c­9¡U���a�c¥|¡U�d�c�d�k�H�×¥|¦�§c�d�
­9¨`��¦�§&­`¡k�º§`¡U�a���`����¡k�H�<���a�â�S¨`�`�=���º¨c�c­â«¬�H���C­9�a�×�a¡U�c­9�a¨`�|¡U� ¯ �H¥<�|¡U���s��²�Ä�� ¯ �H¡4�d�a§c�a�

α¨`�c­
ρ
­9¨`��¦�§i¸9¦�§`�`¡k�<�/.�¸9¦�§c�a¡U� ¯ ¡k�o­9¨`�`����¨c¥|�a¡U�c���K­9�a��§`�H�|¢C�d��Å��a�=��¥|Á`���H¦�§`�H�c­

β
¨`�c­

σ, γ
¨`�K­

τ.
Ã.�c¥|�a� ° �a¤��a¡o¥S�o��¨9©���­`������¨`©]§c¡k�c�d¨c¥8£a¨�£H�a¡U�d�a�6ÅC­`�dªs¨`���d�H�d�a§c�<�8­`¡k��¥<���S�|�d r�a�=�|¡U¢?¡¹���Y���a�
­9¡U�sÂ1�C�|���a�o�Y��¡k�C�

π
¢�0d�U�U¡k��©G�H¥<�|�U�a�C�a��²`Ä�¡k�³£H�a�=�|�����U� ° �a£a¡U�a§?¨`�c� ¯ �H¥�¦�§`���a¡ ¯ �

Ú�A?Ê»Ê�É´L6M�1 2d} � V�q]V�T
x ∈ A, y ∈ B, z ∈ C

bcf�eHprq,V�RUTWV�T v fdT`[]\r�8n�w´jURGV�l9V�T bdRGV
Ý8RUjJb?V�e

X ′ := α(x), Y ′ := β(y), Z ′ := γ(z)



Ï³V�e.é�fdT�b=�YÕ�V�TW\z�Yjon��`\O_ ��� )

�9f��4V�RUTWV�e � V�e��9b?V�T6}
� }�Ö�RGV�l9V�T

X ∈ a, Y ∈ b, Z ∈ c
�`f��
V�RkTWV�e � V�e��?b?V�T��cn�w³l`V�qWV�T×bCR�V¬Ý�RUjOb?V�e

x′ := ρ(X), y′ := σ(Y ), z′ := τ(Z)
bcf�eHprq´V�RkTWV�T v f�T`[]\|}

� }�P�n�l9V�jJ\�V�T&bdRGV��6Õ�[?V�q`eHfdT9l9V�T6}

A c B

C

b

a

y
z

x

� ¯`¯ ¡k�o­9¨`�`� � ² )

ßºACà�A=EJÌdá$# ¸9¡k�H§`�¬� ¯`¯ ¡U�U­`¨`�`� � ² )`² % ¾%¡U�8£H�a¡U�d�a���=¨c� � ²=·�¡*'?¡U�a����­c��£a¨
z ∈ C, z 6= a, z 6= b.

z
¯ �a¤�¡U�|�=�.�a¡U�`���
�a��¥<ÁW�a�=��¡k¢?¡k���Y�

A(x) ¯̄∧ B(y)
¨`�c­�­`�d��¡¹�.�H¡k�`�³���|�d r�a�=�|¡U¢?¡¹���Y�

ω : a′(X ′, B′, C ′)
α−1

∧̄ A(x, b, c)
z
¯̄∧ B(y, a, c)

β

∧̄ b′(Y ′, A′, C ′).

C ′
���o¥!�d�a���H¡k�c¥������H�!�S¨c�`�=��¢C�d�

a′
¨`�K­

b′
�d�H§=��­`� ¯ �H¡�¡k��¥<¡o¦�§Ü¥|�a� ¯ ¥<� ± ¯ �a��Å�¥<�9­`�dª

ω : a′∧̄b′
�H¡k�c�´���H��¥|ÁW�a�=�|¡U¢?¡¹���Y��¡U¥<�H²8Ä��d�º¡k���C�a§`�H�Q�d�U¥|�ä­9¡k�´¿4�H� ¯ ¡k�c­`¨`�`�C¥|�d�H���C­9�a�Q¥<¡o¦�§

�a�=��¥<Á`���H¦�§c�a�c­9�H���S¨`�c�C����­`¨`��¦�§³�H¡k�c�a�³©G��¥r���a�s�S¨c�`�=�
Z̃
Å�­`�C¥ Ø �a�=�|��¨`��­9�a�����H��¥|ÁW�a�=�|¡U¢?¡¹���Y�H²

c′ = A′B′
¡U¥<���H¡k�c��¥|�d�o¦�§`��¿4�a� ¯ ¡k�K­9¨`�`�=¥<�C�a���d­9�CÅ=¥|�d��¡k���U¡U�a���

Z̃
��¨9©

c′
²`Ä��d�º¡k��§c� ¯ �a�!¤�¡k�

£a¨� r�H­9�H�
z ∈ C

�H¡k�
Z̃ ∈ c′

�a��§c�d�¹���a��ÅW¥<�9­`�dªcÅc¤��a�c�
x, y, z

­9¨`��¦�§´�a¡U�`�H���S¨`�`�=�¬�d�a§c�a��Å
­`�d�`�

X ′ := α(x), Y ′ := β(y)
¨c�c­

Z̃
��¨9©
�a¡U�`�H�1«¬�a���d­9�H�!�U¡k�H�d�H��²

Ä�¡k��¥<� ° �a£H¡k�H§?¨`�`�º�g�d�`����������¨c¦�§�¥<� ¯ �������C¦�§C���a� á

η : C(z)
x
¯̄∧ B(y)

β

∧̄ b′(Y ′)
X′

¯̄∧ c′(Z̃),

¤�� ¯ �a¡
¤�¡k��­9�a�
X ′ = α(x)

²6�1�U¥|�'¡U¥<��­`¡k��¥��a¡U�`�����|�d r�a�=�|¡U¢?¡¹���Y�HÅ�� ¯ �H�¬¨c�c� ¯ §K���`�C¡k�!¢d�d�
x
²

¾ ��§c�k�H�'¤�¡U�.¥|ÁK�H£a¡U�a�U�
x = p
Å`¥<���a���d¡ ¯ �.¥|¡U¦�§

η : C(z)
p

¯̄∧ B(y)
β

∧̄ b′(Y ′)
P ′

¯̄∧ c′(Z̃)

η : C(a, r, b)
p
¯̄∧ B(a, q, c)

β

∧̄ b′(A′, Q′, C ′)
P ′

¯̄∧ c′(A′, R′, B′).

Ä¬����¡¹�.¡o¥<�
η = γ
�d�U¥|����¨c¦�§

Z̃ = Z ′
²c¸?�C�º¡k�1¥|¡k�c­

X ′, Y ′
¨`�c­

Z ′
�d�C�k�U¡k�c�H����²

Ä�¡k�³���H¥<�|�U¡U¦�§c�a��� ¯ �a���k�H�d¨`�`�C�a�'�d�H§`�a�����c�d�k�C�c²
�

-.¨c�'¡o¥<�.�a¡U�d�a�=���k¡o¦�§!�?�o����Å?¤�¡k�³¤�¡U�.­9¡U�³�d�H¥|¨c¦�§=�|��Â��d���|�H�U���|¡U�d�
π
�d�H¤�¡k�`�c�a��²

� ².· ± ��«¬�a���d­9�H�i¡U��­`�a� °�± ¥|¦�§c�a�U�
A, B
�?­`�a�

C
¥<�H¡

π
­9¨c��¦�§�­9¡U�����|�d r�a�=�|¡U¢?¡¹���Y�|�H�

α, β¯ £a¤³²
γ
�a���?�U�d�<��ÅW�d�c���U�d��© ± �³�S¨`�c�C������¨9©�­9�a�ä«¬�a���d­`�a�

a, b
�9­9�a�

c
�H�=��¥|Á`�|��¦�§`�a�K­

­9¨`��¦�§
ρ, σ
¯ £a¤³²

τ
²
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� ² ® ¡k�»�d�k�U�d�H���a¡U�â�U¡U�a�d�H�c­9�H�³�S¨`�`�=�
U
�C�d���|��¥<ÁW�d�c­`¡k�H�<���a¡U�c­9�H¨9�|¡U��£a¨»­`�a�ä­9���a¡S¡U�

U£a�a�=���|¡U�a�|�|�H�'¸=�����d§`�k�H�
AU, BU, CU

Å`­9�a�c�a��­9¡k�s­`�|�H¡��S¨`�`�=�|�

U ′

a := α(AU), U ′

b := β(BU), U ′

c := γ(CU)

£a¨`�C�a�d��­9�`�a��¥|¡U�c­�Åc­9¡U���c�d¦�§ å �H����� � ² ����¨`©��H¡k�`�H�1«¬�a���d­9�H�
u′
�U¡k�H�d�H��²

¾%¡k�.¥|����£a�a�
π(U) := u′

²
)c² ® ¡k�c�×���U�k�C�a���a¡U�`�×«¬�H���C­9�

v
�C�d���|��¥<ÁW�d�c­`¡k�H�<���a¡U�c­9�H¨9�|¡U�ä£a¨ ­`�a� ­9���a¡��d�d�U�U¡k�`�������a�

¸9¦�§`�`¡k�<� � �S¨c�`�=�|�a�
av, bv, cv,

­9�a�c�a�´­9¡U��­`�|�H¡�«¬�a���d­9�H�

v′A := ρ(av), v′

B := σ(bv) v′

C := τ(cv)

£a¨`�C�a�d��­9�`�a��¥|¡U�c­�Åc­9¡U���c�d¦�§ å �H����� � ² ��­9¨`��¦�§��a¡U�`�a�'�S¨`�c�C�
V ′
�C�a§`�H��²

¾%¡k�.¥|����£a�a�
π(v) := V ′

²
Ä¬����¡¹�³¡o¥r���a¡U�`� ° ¡  r�H�C��¡k�C�

π
£H¤�¡U¥�¦�§`�H�&­9�H� ¯ �a¡o­9�a� ®S¯ �a�`�H�

E−

1

¨`�c­
E−

2

�C�a�C� ¯ �a��Å]­9¡U�
�S¨`�c�C���³¡k��«¬�H���C­9�a�'¨`�c­´«¬�a���d­`�a�'¡k���S¨`�c�C��� ± ¯ �a�|© ± §`�|�H²
Ã.� ­9¡U��µ��c£a¡o­9�a�`£a�|���a¨`��£a¨³£a�H¡k�C�a��Å ¯ �a�|���d¦�§=�|�H�³¤�¡k���a¡U�`�S©G��¥r���8«¬�a���d­`�

v
¨`�K­³�U�C¥|¥|�a�s­c������¨9©

�a¡U�`�H�'��¨`�`�=�
U
¢g�d�|¡U¡U�a���a��² # ¸9¡k�H§`�s� ¯`¯ ¡k�o­9¨`�`� � ² � ² %

A B

C

Vc c

yU

U
xA

a

Va
b

Vb

yB

v

xU

� ¯`¯ ¡k�o­9¨`�`� � ² �

Ä¬���`��¡o¥r�
u′ := π(U)

­`¡k�³¿4�H� ¯ ¡U�c­9¨c�`�C¥|�d�H���C­9��¢C�d�

X ′ := π(xU ) := α(xU )
¨`�c­

Y ′ := π(yU ) := β(yU )

·`�H�|�c�a��¡o¥r�
V ′ := π(v)

­9�a�1¸`¦�§`�`¡k�<�|Ác¨`�`�=�1¢d�C�

π(Va) := ρ(Va)
¨c�c­

π(Vb) := σ(Vb),

¤�� ¯ �a¡�¥|¡U¦�§�­`����¥<�|�a�U�U�a�

ρ(Va)
�d�U¥�¿4�H� ¯ ¡U�c­9¨c�`��¢d�d�

A′
¨`�c­

α(xA),

σ(Vb)
�d�U¥�¿4�H� ¯ ¡k�c­`¨`�`��¢d�C�

B′
¨`�c­

β(yB).
¸?�C�º¡k�.¡o¥r�

V ′
­9�a��¸`¦�§`�`¡k�<�|Ác¨`�`�=�1­9�a��¿4�H� ¯ ¡k�c­`¨`�`�C¥|�d�H���C­9�a�!¢d�C�

A′
��¡¹�

α(xA)
¨`�c­

B′
��¡¹�

β(yB).

�.�K­9�|�H��¥|�a¡k��¥�¢C�a����¡¹�|�|�a�k�.­9�a����¨9©
v
�U�d¨9©G�a�K­9�³�S¨`�`�=�

U
�a¡U�`���
�a��¥<ÁW�a�=�|¡U¢?¡¹���Y�

A(xU )
v
¯̄∧ B(yU ),



v wgj��Ye�RJ\zy9\�V�T ��� �

­9¡U�³�a¡U�`���S���� r�a�=��¡k¢?¡k���Y�

a′(X ′, α(xA), B′, C ′)
α−1

∧̄ A(xU , xA, b, c)
v
¯̄∧ B(yU , a, yB , c)

β

∧̄ b′(Y ′, A′, β(yB), C ′)

¥<�|¡k©��|����ÅK­9¡U� � ¥|¡k�H§`�
C ′
� ¥|�a� ¯ ¥r��ÁW�a��¥<ÁW�a�=��¡k¢!¡U¥<�H²

¸?�C�º¡k���C�a§`�H�s­9¡U��¿4�a� ¯ ¡U�c­9¨`�c�C¥|�d�a���d­`�a��¢d�C�
X ′
��¡k�

Y ′
Å
α(xA)

�º¡k�
A′
¨`�c­

B′
��¡k�

β(yB)­9¨`��¦�§i�H¡k�c�a�i��¨`�`�=�H²�Ä��a�
¡o¥r�4­`���c�i�`�d�r¤8�H�c­9¡U�
V ′ = π(v)

¨`�c­�Å�­c��­9¡U���a��¥r����«¬�a���d­`�8� ¯ �H�
π(U)
¡o¥r��ÅK§c� ¯ �H��¤�¡U��­9¡U�iµ��`£H¡U­`�a�`£a�|���a¨`���d�a£H�a¡U���.¨`�K­×­`�d�º¡k�¬­`�a�×·c¨`�c­`�d�º�H�=�����o¥��Y�|£ � ² �

¯ �a¤�¡U�H¥|�a��²
�

����:r2
*��r7���79)6/
Ä�¡k�³¡U�'Â³�dÁ`¡k�|�a� � ¯ �a§c�d�c­9�a�k�|� Ø ¨`�d��­9�?¨`�`��¢d�d�!�
�d��¨`�c­'�
�d�o�����������H¡k�c�a�.Â�¨`��¢d�¬£a¤��a¡k�|�H�
� ��­9�?¨`�`��¡o¥<���H¡k� ° �a¡o¥<Ác¡k�H��© ± �³�a¡U�`�ºÂ��d�����a�o�Y�|¡U�d�

π
¡k�c�`�a��§c��� ¯	��

�����¬®S¯ �H�`�dÅ�­`¡k��£a¨K­9�a�

�`�9¦�§'¡k�?¢d�C�k¨`�|�d��¡o¥|¦�§!¡U¥<�HÅc­�² §�²
π2 =
¡o­'�a�|© ± �k�k�H²c¾%¡k��¢C�a�����U�k�C�a���a¡U�`�a��� á

@'ACB
D�EGFHEJIKD,L�M��ÐPSRUTWV�RkT]^Ywgjxf`\zwYe|Ron�prq]V � wge�e�V�jo�`\ORGwgT
π
RUT�V�RUTWV�e�P1X9V�T]V�qWV�RUtc\ uov wYjo��e|Rx\xy`\<{J�

RUq`e�V�V�RkTW�YT�b?V�e�V�T]\xnxÞ]e�V�prq]V�T�b?V�T v f�T`[]\zV¬fdT�b � V�e��?b?V�T u Þ
wgj��Ye�{O�`XY_Cm.} uov wgjx{�f�T�b uov wgj��Ye�Vg{z}
Ã.�K� ¯ §c�d�`�d¡U��¢C�d�×Â�¨c�|¢C�a��£H¤8�H¡¹���a� � ��­`�=¨c�`���Y���c�×�����â­9¡k� ® '9¡o¥r���a�`£�¢d�C���
�d�o����¡¹���Y���a�
��¨K¥�­9�a�#·`¨`�c­c�����a�=���d�U¥��Y��£³­9¡k���a�=� ¯ �a�d�C���º�H��²

ßºA=ÍCA?E�����D�Ç�D��äL6M
� P�RkT´Ï�e�V�R�Vgpr[
ABC
Õ�Rx\ � V�l`V�Tcn�V�Rx\zV�T

abc
qWV�RUtc\ uov wgj��YeHbde�V�RGV�pr[]{4����e

V�RUTWV � wge�e�V�jo�`\ORGwgT
π
�6mSV�TcT

π(A) = a, π(B) = b, π(C) = c.

� É9FHÍ´L�M��ÜÝ.V�n|RJ\J_d\8V�RUTWV � wge�e�V�jo�`\ORGwgT
π
V�RUT v wYjo��eabCe�V�R�Vgpr[K�9n�wsRonH\Sn<RGV�V�RUTWV v wgj��Ye�RJ\zy9\|}

¾%¡U�.¤8�H��­`�a�!¥|Ác���|�a�.¥|�a§c�a��Åc­c��ª���¨c¦�§�­9¡U�sÃ.���d�H§`�|¨c�`���d¡U�¹��²

A B

C

X ′

Xx

x′

c

b

a

� ¯`¯ ¡k�o­9¨`�`� � ² �

ßºACà�A=EJÌdá ¸?¡U�a§`��� ¯`¯ ¡U�o­9¨`�`� � ² �`²cÄ¬�d¥.Ä��|�H¡k��¦��
ABC
�º¡k�¬«¬�H�d�a�K¥<�H¡¹���a�

a, b, c
¥|�a¡����C�U�d� �

­9���a¡U�H¦���© ± �
π.Ä�¡k�³µ��`£H¡U­`�a�`£a�|���a¨`��¢d�C�

π
�U¡k�a©G�a�|�.£a¨`�c�C¦�§c¥<�

π(a) = π(BC) = π(B)π(C) = bc = A

¨`�c­×���c�d�k�C�
π(b) = B, π(c) = C.

¸?�H¡��?¨`�
X ∈ a, x := π(X) ∈ A.

Ä¬���`�×¡U¥<� # ¥<¡U�a§`�
� ¯c¯ ¡k�o­9¨`�c� � ² � %

π(x′) = π(AX) = π(A)π(X) = ax = X ′.
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Ä¬����¡¹� ¯ �a�C�d�����a�'¤�¡k��­9¡k�³�d¨c¥
π
� ¯ �d�H�k�H¡¹�������a�'�S�|�d r�a�=�|¡U¢?¡¹���Y���a�

α1 : A(x′, b, c)
π

∧̄ a(X ′, B, C)
Schein

¯̄∧ A(x, c, b),

α2 : a(X, B, C)
π

∧̄ A(x, b, c)
Schnitt

¯̄∧ a(X ′, C, B),

­9¡U�s���o¥<� ¯ �a¡o­9�³µ��?¢d�d�U¨9��¡k�C�`�a��¥<¡U�c­�ÅK¥<�9­`�dªº�d¨c¦�§
α1(x) = x′

¨`�c­
α2(X

′) = X.· ± ���a¡U�
x′ ∈ A

¡o¥r�1­`�d�`��¨`�=�|�H�
π2 á

π2 : A(x′)
π

∧̄ a(X ′)
π

∧̄ A(x′′).

Ä¬�
X ′ = ax

¡o¥r��Å`¡U¥<�.� ¯ �a�

π(X ′) = π(ax) = π(a)π(x) = α1(x) = x′.

�.�o¥|�º¡o¥<�
π2(x) = x

¥|��©G�H�|�
x ∈ A.�.�K���U�d���a��§c���k�������'¡k�´­9�H���d�c­9�H�|�H� °�± ¥�¦�§`�a�U�

B, C
¯ £H¤³²`��¨9©4­9�a�´Â³�d�C���a�

b, c
µ��?¢d�C�k¨ �

�|¡U�d�c�a��Å`¤��d����¨K¥8­`�d�`� ± ¯ �a�.­9¡U�³µ��`£a¡o­9�H�`£����|�H¨`�s���U�k�C�a���a¡U�
π2 =
¡o­!©G�d�U���H²

�

� ¡o¦�§=�|���s���d�&¡U� ·c¨`�c­`�d���a�=���d�U¥��Y��£�­`¡k��Ä¬�Y�|�H�¼�a�=��¥|Á`���H¦�§`�H�c­×�H¡k�6Å6¥<���H�|§c�d�¹�s���d�â�d�U¥|�
�
�d�o����¡¹���Y���a��Å`­�² §�²

� É9FHÍ´L�M��ÐPSRUT v wgj��YeHbde�V�RGV�pr[ºf�T�bsV�RUT�mSV�Rx\zV�e�V�n
�YjUjkl9V�Õ�V�RkTWV�n v �C�Ye�X?V�na\JRkÕ�Õ�V�T�l9V�TK�9f¬V�RkT]V
v wgj��Ye�RJ\zy9\�}
¸=��¨c­9¡U�a���a��¤�¡k���
�C�U�d�|¡k�����|�a�!�d�H�c��¨`�H�H²

� É9FHÍ´L�MON��Ü~9RkT�b
(P, p)

f�T�b
(Q, q)

Z�VYm4V�Rkjon¬Þ
wgj��Ye'XY_�l=jx}4V�RUTWV�e v wgj��Ye�RJ\zy9\
π
�Sn�w�n|RkT�b

Pf�T�b
q
l9V�TK�9f�b=�YT`T�RUT`_aRJb?V�TW\<�6mSV�T`T

Q
fdT�b

p
V�n�n<RUT�bK}

ßºACà�A=EJÌdá
P
��¨9©

q
¡o¥r�1���C¨c¡k¢Y���U�a�=��£a¨

π(P ) = p
­9¨`��¦�§

π(q) = Q. �

ßºA=ÍCA?E�����D�Ç�D��äL6MJNKN
(P, p)

f�T�b
(Q, q)

n�V�RGV�T�Z�VgmSV�RUjon.Þ�wYjo��e�f�T]\zV�e
π
}6Ö�RGV�lW\

P
�9fd�

q
Ô

f�T�b&b=�YTcTâ�9f`prq
Q
�9fd�

p
Ô1�]n�w�q]V�RUt?V�T

P
f�T�b

Q
n�wCm4RGV

p
f�T�b

q
u [9wgTHZ�fYl=R�V�eH\|{³XY_�l=jx}

π
}

Ö�RGV�lW\
P
�`f��

p
�Wn�wiqWV�Rkt9V�T

P
f�T�b

p
u n<RUT9lWf�joy�eH{J�`n�wYTcnH\ u e�V�lKfdjoy�eH{z}

Ä�¡k�×¥|¡U�`�d¨`�o�����a� ® �U�a���a�=���´£a¨%�a¡U�`�H�����C�U�d�|¡k�����
π
¥|�a¡U�a�,�?¨`�,¤��a¡k�|�a��¨`�=�|�a��¥|¨c¦�§=�H² -��d¦�§

Ä���ãc�`¡k�|¡U�d���d�H§C�
­9¨`��¦�§s�a¡U�`�H�i¥<¡U�`�C¨`�U�d�|�H�s�S¨`�c�C�
P
�a¡U�`��¥<¡U�`�C¨`�U�d�|��«¬�a���d­9�CÅa�c�d�º�U¡o¦�§i¥<�H¡k�c�

�
�d�o�����
p
Åd­9¡k�|�i�k¡U�a�d����¨9©��a¡U�`�H��¥<¡U�`�C¨`�U�d�|�H��«¬�H���C­9�a�

p
�a¡U��¥<¡U�`�C¨`�U�d�|�H�4�S¨`�`�=��Åd�c�d�º�U¡o¦�§º¡U§`�

�
�d�
P
²cÄ�¡U�H¥.¥|¡k�K­!� ¯ �H�
 r�a¤��a¡U�U¥.�d¨c¦�§�¥|¦�§`�C�!�d�k�U� á

� É9FHÍ´L�MON`Î Ï�f�eHprq�V�RUTWV�T»n|RkT`lKf�j�yYe�V�T v f�T`[]\
P
lCRzX9\�V�n�l9V�TK�9f×V�RUTWVºn|RkT`lKf�j�yYe�V � V�e��?b?Vg�

bdRGV v wgj��Ye�V
p
��f�T�b!�9fd�SV�RkT]V�e1n|RkT`lKf�j�yYe�V�T � V�e��?b9V�T

p
jkRGV�lW\4l9V�TK�9f�V�RkT�n|RkT`lKf�j�yYe�V�e v fdT`[]\r�

b?V�e v wYj
P
}

ßºACà�A=EJÌdá�® ¥8¥<�H¡
(P, p)
�H¡k��¥|¡k�c�d¨`�o�����H¥
�4�d�d�S¨`�c­

Q 6= P
Å=��¨9©

p
Åd� ¯ �H�9©O���U�o¥�¥|¡k�`�C¨`�o����²dÄ1¡U�

�
�d�o�����
q
�d�H§=�i­9¨`��¦�§

Q
Å�­`�´¥|¡U�`�d¨`�o���
	W©G�a���`�a�s­`¨`��¦�§

P
Å6­`�

Q
��¨9©

p
²�Ä¬���c�â¤�������� ¯ �a�

q = QP = p.
¾%¡o­9�H��¥|Á`��¨c¦�§�²

�

�
��� 
������������ � ��������� � � �!���#"�� �$���&%(' ���)��% ���&*

� É9FHÍ´L�MON9Û,+?V�b9V v wYjo��e|Rx\xy`\
π
RkT�bKf�_aRGV�e�\s�9f��³V�RUTWV�e�����e�n|R�V�e�V�lWf�joy�e�V�T � V�e��?b9V�T

g
V�RkTWV

ë�T]^gwYjJf`\JR�wYT�[?wgT�Z�fYlCRGV�e�\zV�e v f�T`[]\zVg��b9V�e�V�T´é�R¹êdÞ
f�Tc[W\�V¬l`V�TK�`f!bCR�V�n|RUT9lKf�j�yYe�V�T v f�Tc[W\�V�^YwgT
g
n|RkT�bW}`h.TK��j�wgl9V�n�l=Rkjx\4����e�bdRGV�e�V�lKfdjoy�e�V�T v f�Tc[W\�V��Yjon�Ý¬�dn�prq]V�jz}



v wgj��Ye�RJ\zy9\�V�T �����

X X ′

x = π(X)

G

g

� ¯`¯ ¡k�o­9¨`�`� � ² �

ßºACà�A=EJÌdá$# ¸9¡k�H§`�s� ¯`¯ ¡k�o­9¨`�`� � ² � ² %
g
¥|�a¡����a�C¨`�o������«¬�H���C­9���º¡k�.�
�d�

G
² ° �������C¦�§=�|�

γ : g(X)
π

∧̄ G(x)
Schnitt

¯̄∧ g(X ′).
Ä¬�

g
���a�d¨c�U�d�4¡U¥<�HÅ=�k¡U�a�d�

G
�`¡U¦�§=���d¨9©

g
²=Ä���© ± �

X ∈ g
¥<�|�a��¥

π(X) ∈ G
¡U¥<�HÅC¡U¥<�8­`�d�`����¨c¦�§

¥<�|����¥
π(X) 6= g

ÅK¥<�9­`�dª
γ
¤��d§`�o­9��ãK�`¡k�H�<��¡o¥r��Åc���o¥|�ºÁc�|�d r�a�=�|¡U¢]² ® ¥�¡U¥<�

γ(X) = X ′ = gπ(X),
¥|�d��¡¹�

π(X ′) = π(gπ(X)) = Gπ2(X) = GX,­�² §�²
π(X ′)

�C�a§=�.­9¨`��¦�§
X
¨`�c­�­`�d��¡¹�.¡o¥r�

γ(X ′) = X.
�.�o¥<��¡o¥r�

γ
�H¡k�c�³µ��=¢C�d�U¨9�|¡U�d�6²

µr¥<�
Y ∈ g

·�¡*'9Á`¨`�`�=��¢d�C�
γ
Å4¥|�×�C�a§=�

π(Y )
­`¨`��¦�§

Y = Y ′,
���o¥<�×¡U¥<�

Y
¥|¡k�`�C¨`�o����²6µr¥<�

¨`���d�H�d�H§`�<�
Y ∈ g

¥<¡U�`�C¨`�U�d�HÅW¥<�!�d�H§C�
π(Y )
­`¨`��¦�§

Y
¨`�c­&¥<�C��¡¹�¬¡U¥<�

γ(Y ) = Y,
­�² §�²

Y¡o¥r�1·�¡*'?Ác¨`�`�=�H²
�

�.�o¥4µ��?¢d�C�k¨`�|¡U�d�º¡U¥<�
γ
�H�C�r¤��H­`�a�4�a�U�U¡kÁ9��¡U¥�¦�§�Åd­�² §�²d�d§`�`�.·�¡*'9Á`¨`�`�=�|�CÅd�9­9�a��§��?ÁW�a� ¯ �C�k¡o¥�¦�§�Å�­�² §

��¡¹���d�H�c��¨ � ·�¡*'9Á`¨`�`�=���a��Å]�9­9�a��­9¡U�i¨`�c�a¡U�d�a�=���k¡o¦�§`�sµ��?¢d�C�k¨`�|¡U�d�
γ =
¡o­

.
å ����£��|�H�|��¥.�Y���c�

 r�H­`�?¦�§��`¡o¦�§=���a¡U�C���|�a�|�H��Å`­9�a�c�'��¥��d¡U�k�
� É9FHÍ´L�MON?L +?V�b9Vºe�V�lKf�j�yYe�V � V�e��?b9V

g
\Je�yYlK\¬V�TW\�mSV�b9V�ei[9V�RUTWV�TÙw`b?V�eil`V�TK�`f�_dmSV�R�n<RUT9lKf=Ô

j�yYe�V v f�T`[]\zVg�1bdRGV!ë�T]^gwgjxf`\JR�wYTÙ[9wgTHZ�fYl=R�V�eH\�V�e v f�Tc[W\�V'Rona\i��jUn�w¼V�T]\�m4Vgb?V�e!V�jkjUR Þ
\ORon�prqÐw`b?V�e
q��CÞ�V�e�X9wgjURUnaprq6}9h1TK�YjGw�l`V�n8lCRUjJ\
����e�Ý��Cn�prqWV�jx}

H

G

g

h

� ¯`¯ ¡k�o­9¨`�`� � ² �

ßºACà�A=EJÌdá$# ¸9¡k�H§`�´� ¯`¯ ¡U�o­9¨`�`� � ² � ² % ® ¥��C�a� ± �d��£a¨Q£a�H¡k�C�a��Å
­`�dª&­9¡U�!µr­`�a�=�|¡k�������c¡U¦�§=�����o¥
¡U�c­9¨`£H¡k�H�<���8µ��?¢d�C�k¨`�|¡U�d�i�d¨9©��|�������a�i�Y�d�`��ÅY¨`�c­�­`��ª�¥|�d��¡¹�
�`¡o¦�§=�
�d�k�U���S¨c�`�=�|��¢d�C�

g
¥<¡U�`�d¨c�U�d�

¥|�a¡U�â� 0d�`�c�a��²�¾%¡U�s�`�H§`���a�»�d��Å�© ± �s�H¡k�ä���a�C¨`�o�����H¥¬�4�d���
(G, g)

¥<�H¡� r�H­`�a�s�S¨c�`�=�i¢d�C�
g¥|¡k�`�C¨`�o����²�Ä��d�º¡k�s©G�C�k�d� á���� % ��� �!����"��

H 6∈ g

 � � � ��� ��� � �	� ­9�H�`�ä¤��d�|�

H 6∈ g
¥<¡U�`�C¨`�U�d�HÅ

¥|��¤��d�|����¨c¦�§�¥|�a¡U�`�i�
�C�U�d�|�
h
¥<¡U�`�C¨`�U�d�.¨`�c­��|� ± �d�i¡k�

H
¨`�c­�­9�H� ­`��£H¨�¢d�H��¥�¦�§`¡U�H­9�H�`�a�

¸9¦�§`�c¡¹�|�|Á`¨`�c�C����¡k�
g
£a¤��a¡]¥|¡k�`�C¨`�o�����1�S¨`�c�C���dÅ?¤��d¥8�c�d¦�§!¸`�Y�|£ � ² �&� ¨`�`� 0d�C�k¡o¦�§�¡o¥r��²9Ä��d�`�

¡o¥r�.� ¯ �a�.�d¨c¦�§s r��­9�i«¬�a���d­`�
h 6∈ G

���a�C¨`�o����² -1¨`��¤��d§`�k�
h 6∈ G, 6= g.

® ¥�¡U¥<���|�H�d¨`�o����¨`�c­
§c���
��¡k�

g
�d�H�c��¨��a¡U�`�a�º�S¨`�`�=�S�C�a���a¡U�c¥���� ¨`�c­�­9�H�4¡U¥<�S­9�a�4�H¡k�c£a¡U�d��¥<¡U�`�d¨c�U�d�|���S¨`�`�=�S¢C�d�

h
²KÄ�¡k��¥�¡U¥<�1¤��a�C�a��¸9�Y��£ � ² � )º¨`�`� 0C�d�U¡U¦�§�ÅK­`��µ��?¢d�d�U¨9��¡k�C�`�a����¡¹���d�a�K��¨��a¡U�`�a� ·�¡('9Á`¨c�`�=�
�`¡o¦�§=�.�/'9¡U¥<�|¡U�a���a�6²

�
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-.¨c�'� 0d�`�c�a�'¤�¡k�.­9�H��¸9�Y��£ � ² �º± ¯ �a��­`�d¥��
�d�o����­9���a¡U�H¦���¨`���d�H§`���a��²
� É9FHÍ´L�MON
1 +?V�b9V v wYjo��e|Rx\xy`\�X9V�n|Rx\O_d\8V�RkT v wgj��YeHbde�V�RGV�pr[�}

A B

C

ab

c

� ¯`¯ ¡k�o­9¨`�`� � ² �

ßºACà�A=EJÌdá$# ¸9¡k�H§`��� ¯`¯ ¡U�o­9¨`�`� � ² � ² % -1�C¦�§â¸9���|£ � ² �&� �d¡ ¯ �¬��¥��a¡U�`�a�&�|�H�d¨`�o�����a�×�S¨`�`�=�
A
²

¸?�H¡k�`���
�d�o�����
a
�d�a§=���`¡o¦�§=��­9¨c��¦�§

A
ÅC¡o¥<��¥|�a� ¯ ¥<���|�H�d¨`�o���8¨`�c­������d���8¥|�d��¡k�8�c�C¦�§!¸9���|£ � ² �H�

��¡k�K­9�H¥<�|�H�c¥��a¡U�`�H�Ù���a�C¨`�U�d�|�H���S¨c�`�=�
B
Å�­9��¥|¥|�a�Q�
�d�o�����

b
­`���c�,­`¨`��¦�§

A,
� ¯ �H���`¡o¦�§C�

­9¨`��¦�§
B
�d�H§=�H²�Ä�¡U�H¥³¤�¡U��­ä­`¨`��¦�§

C := ab
¨c�c­

π(C) = π(ab) = AB =: c
£a¨ä�H¡k�`�H�

�
�d�o����­9���a¡U�H¦���¢d�H�|¢C�d�U�U¥<���d�c­9¡U���H²
�

-1�C¦�§�¸9�Y��£ � ² � ¨c�c­�¸9���|£ � ² � ��¡o¥r���a¡U�`�1Â��d���|�H�U���|¡U�d�
π
�d�H�c��¨�­`�d�`���H¡k�`�1���C�U�d�|¡k�����HÅC¤8�H�`�

¥|¡k�³�H¡k�'�
�d�o����­9�|�H¡k��¦�� ¯ ��¥<¡k�|£a�H²!-��d¦�§´­9�H� ·`¨c�c­`�����H�C�����o¥|���|£�¡o¥r�1­`�d�`�´� ¯ �a��¡U���º�H���`�9¦�§
­9¡U�´¿4�d���C� ¯ ���a¡U�`��¥�¤8�H¡¹���a���a�Q�
�C�����H¥

(D, d)
�`���r¤��a�c­`¡k�¼¨`�

π
�H¡k�c­`�a¨9��¡k�¼©G��¥r��£a¨`�U�a�C�a��²

æ ¡U�a� ¯ �a¡��H�C��¥|¦�§c�a¡o­9���.¥|¡U¦�§���¨c¦�§'� ¯
π
¥<¡U�`�d¨c�U�d�|� ® �U�a���a�=��� ¯ ��¥<¡k�|£a�.�?­`�a���`¡o¦�§=�H²

@'ACB
D�EGFHEJIKD,Ç�D�È � É9F�Í'L�MON��ÜPSRUTWV v wgj��Ye�RJ\zy9\]Õ�RJ\�n<RUT9lKfdjoy�e�V�T�PSjGV�Õ�V�TW\�V�T�qWV�RktK\ u q��CÞ
V�e�Ô
X9wgjURUnaprq�{J�WV�RUTWV�wgq`TWV¬n|RUT9lKf�j�yYe�V.PSj�V�Õ�V�T]\zV u V�jUjkR Þ
\JRUnaprq�{z}9Ý�V�ROb9V�� �CÞ�V�T�[?wgÕ�Õ�V�Tâ^gwYe�}

Q′

A

R′ R B

C

P

P ′

d

a b

D

Q

c
P ′

A

Q

a
b

R

C

D P

B

c

Q′

d

R′

� ¯`¯ ¡k�o­9¨`�`� � ² �

µr¥<�8�a¡U�`�����C�U�d�|¡k�����
π
­9¨c��¦�§��H¡k�����C�U�d��­`�|�H¡k��¦��i¨`�c­��a¡U��¤8�H¡¹���a���H¥��
�C���

(D, d)
�d�a�C� ¯ �a��Å?¥|�

�Y���`������������­9�H� å ���C��¢d�d�
(D, d)

£H¨`� �
�C�U�d��­9���a¡U�H¦���­9�H� À �?Á'¢d�d�
π
� ¯ �U�H¥|�a��²

µ���� ¯`¯ ¡U�U­`¨`�`� � ² �1¥|¡k�c­i£a¤��a¡=� 0d�d�U¡o¦�§`� å �d�d�H�s�d�H£a�a¡o¦�§`�`�a�H²gÄ1¡U���S¨`�`�=�|�
A, B, C

�|�H¡k�U�a�º­9¡k�
«¬�a���d­`�a�

c, a, b
 r�a¤��a¡U�o¥.¡U�'£H¤8�H¡�¸?�H�d���a�=�|�CÅc­`�C¥�¤8�H¡¹���a���³�4�d���

(D, d)
�a��£a�H¨`���1­`¡k�³�4�d�d�|�

�d�C�Y r¨`�C¡k�H�<���a���S¨`�c�C���
(P, P ′), (Q, Q′)

¨`�c­
(R, R′)

²Wµ���­9�H�.�k¡U�`�C�a��·�¡k�C¨`�.�U¡k�H�d�H�
P
¨c�c­

P ′
¥|�Y¤�¡k�

R
¨`�c­

R′
¡k� ¥|�a� ¯ �a��¥<�C�U¦�§`�H�'¸?�H�d���a�=��Å?­c���d�H�d�H�

Q
¨`�K­

Q′
¡k�'¢d�H��¥�¦�§`¡U�H­9�H�`�a�



v wgj��Ye�RJ\zy9\�V�T ��� �

¸?�H�d���a�=�|�H��²=µ���­9�a���|��¦�§=�|�a��·�¡U�d¨`�8�d�H§
0d���a��¥<�|����¥
P
¨c�c­

P ′
Å
Q
¨`�K­

Q′
Å
R
¨`�c­

R′
 r�1£H¨

¢d�H��¥�¦�§`¡U�H­9�H�`�a�'¸?�a�C�º�H�=�|�a�6²=µ�� �U¡U�`�d�H�!·c�d�k��¥|¡k�K­�­9¡U��µ��=¢C�d�U¨9�|¡U�d�c�a���C�d�Y r¨`�C¡k�H�<���a�8�S¨`�`�=�|�
��¨`©

a
¨`�c­

c
�d�U¥|�� r�a¤��a¡U�U¥i§ �=ÁW�a� ¯ �d�U¡U¥�¦�§�Å6­9¡U���d¨9©

b
¡U¥<��­`�d�d�a�C�a�¼�a�U�U¡kÁ9��¡U¥�¦�§�²�µ��½���H¦�§=�|�H�

·c�d�k��¥<¡U�c­'���U�k���a�U�U¡kÁ9��¡U¥�¦�§�²
Ä�¡U¥|�?¨9�|¡U�a�|�³���d�â�d�k�U��� 0d�d�U¡o¦�§`�a� å ���C�a�â­9¨`��¦�§�Å�¥<��£a�H¡k�d�s¥<¡o¦�§�Å�­`��ª'�d�H�c��¨¼­9¡U�H¥|� ¯ �H¡U­9�H�
­`�d�|�C�H¥<�|�a�U�k�|�a�ä·
���U�U����¨9©����|�a�|�a� � �c�Y� ± �|�U¡o¦�§ä�=¨c� ¯ ¡o¥i��¨`©�Ã1� ¯ �a�`�H�`�?¨`�`�c² # Ã1�¶­`¡k��¥i��¨K¥
­9�H��� '9¡k�C�º�H�!£H¨��|��¦�§C�|©G�a�|�|¡U�d�H��Å9¥<¡U�a§`��� �����"
!� Å9�S�|�d r�a�=�|¡U¢d�s«¬�H�d�������|¡U�d² %
À �|¡k�<� ¯ �H¡K�H¡k�`�H���
�d�o����¡k���Y�8�a¡U�`�1§ �?ÁK�H� ¯ �d�U¡o¥|¦�§`��µ��?¢C�d�U¨9�|¡U�d���d¨9©rÅ=¥|�s§c���8¥|¡k���c�d¦�§�¸9���|£ � ² � )
¥|¡k�`�C¨`�o����� ® �k�H���a�=�|�CÅc¡o¥r�����o¥<��¥|�a� ¯ ¥<�1§ �=ÁW�a� ¯ �d�U¡U¥�¦�§�² ® ¥1�d¡U�¹�¬� ¯ �a���d¨c¦�§�­9¡U�iÃ.���C�a§`��¨`�`� á
µr¥<���K�����k¡o¦�§

D
�a¡U�¼¥<¡U�`�d¨c�U�d�|�H���S¨c�`�=�HÅ6¥|�!�C�a§=�³¥<�H¡k�`���
�d�o�����

d
 <��­9¨`��¦�§

D
¥|�a� ¯ ¥r�³¨`�K­

�Y���`��©G�C�k�C�k¡o¦�§��`¡o¦�§C��¤�¡k�s¡U��� ¯c¯ ¡k�o­9¨`�c� � ² �`Å`���H¦�§=��¥aÅ`�U¡U�a�d�H��²W¸9¡k�c­´�d�U¥|�����U�U�³µ��=¢C�d�U¨9�|¡U�d�c�a�
��¨`©.�a¡U�`�a�¶�
�d�o����­9���a¡U�H¦��×�H�k�U¡UÁ9�|¡o¥|¦�§6Å�¥|�×¡o¥r��­9¡U���
�d�o����¡¹���Y��¥|�a� ¯ ¥<���H�k�U¡kÁ`�|¡o¥|¦�§�²�¾%¡U��§c� ¯ �H�
­`�d�º¡k�
� É9FHÍ´L�MON � Ï�RGV�bcfdeaprqäV�RUT�mSV�Rx\zV�e�V�n�Þ
wgj��Ye�V�n v �C�Ye³�9f���b9V�Tâ~KV�Rx\zV�TäV�RUTWV�n v wgj��YeHbde�V�RGV�pr[9n
RUT�bcf�_HR�V�eH\�V�T�ë�T]^gwgjxf`\JR�wYTWV�TâX?V�na\JRkÕ�Õ�V�T¼b?V�T � �CÞ�b?V�e v wgj��Ye�Rx\xy9\��
PST]\�mSV�b?V�e�n|RkT�b�_dmSV�R]ë�T]^gwYjJfc\ORGwgTWV�T�q �CÞ
V�egX?wYjkRonaprq�f�T�b!bdR�V³bde�RJ\|\zV¬V�jUjkR Þ
\JRUnaprq��]b=�YTcT�Rona\8bdRGV
v wgj��Ye�RJ\zy9\¬n�V�jxX�nH\¬q �CÞ
V�egX?wYjkRonaprq��Sw`b?V�e��YjUj�V´bde�V�R�ë�TW^Ywgjxf`\ORGwgT]V�T�n|RkT�b»V�jkjUR Þ4\ORon�prq���b=��T`T�RonH\
�9f`prq×bdRGV v wgj��Ye�RJ\zy9\
n�V�jxXdna\8V�jkjUR Þ4\ORon�prq6}
Ä�¡k���H�k�U¡UÁ9�|¡o¥|¦�§c�a�¼�
�d�o����¡¹���Y�|�H�&�o�d¥�¥|�a�â¤�¡k�s£H¨`�c�C¦�§c¥r� ¯ �a¡o¥<�H¡¹����¨`�c­â¨`�=���a��¥<¨c¦�§c�a�â�d�a�K��¨`�H�
­`�C¥.«¬� ¯ ¡U�U­`�s��¨c¥�­9�H�'¥|¡U�`�d¨`�o�����a�!�S¨`�`�=���a�´¨`�c­�«¬�a���d­`�a�'�a¡U�`�a��§ �?ÁK�H� ¯ �d�U¡o¥|¦�§`�H�!�
�C�U�d�|¡ �
�����HÅ`¤��d¥�¥|¡U¦�§����o¥�Â�¨`��¢d��£a¤��a¡k�|�H� � ��­`�=¨c�`���H�|¤��a¡o¥|�a��¤�¡U��­�²
�
	�� % ����� � � � % 
������ ��
 ����������
 � ��� ����
 �������

π
��

��������������� ��� 
 ������� ����� � � 
 ����� ��� %

Q
% 
��

� � �#� � % ��� � 

� � ��� � � � � �!���#"�� �
*

� É9FHÍ´L�MON�� 2d}
P
n�V�Rce�V�lWf�joy�e�V�e v f�T`[]\|}?Ï��YT`T!V�ê9RUnH\ORGV�e�\�V�RUT���RGV�e�V�pr[

ABCD
RkT

Q
�C_Cf

b?V�Õ
P � V�X?V�TWV�pr[9V1RUnH\|}

� }�+=Vgb?V�n � VYX9V�T�bde�V�RGV�pr[�_df�V�RUTWV�Õ���RGV�e�V�pr[
ABCD

RkT
Q
Rona\ v wgj��YeHbde�V�RGV�pr[�����e

π.
� }�Ï¬�dn � VYX9V�T�bde�V�Ron�V�Rx\���T b=��n���R�V�e�n�V�Rx\º�`fdn�b9V�T v wYjo��e�V�T abcd

_Cf,V�RUTWV�Õ���RGV�e�V�pr[
ABCD

RUT
Q
nH\ORUÕ�Õ�\4Õ�Rx\�b?V�Õ � VYX9V�T�bde�V�R�Vgpr[�_df ABCD

�cX9V�e�V�RUT6}

P

S

A D

T

C

B

s t

u

v

p

D
A

B
C

P

� ¯`¯ ¡U�o­9¨`�`� � ² ���
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ßºACà�A=EJÌdá
� ²

P
¥<�H¡
�|�H�d¨`�o����¨`�c­×�|�����d���a¡U�`� ������� ��� ��� 
 � � � � ¸=�|����§`�U�a�c¡k�?¢d�C�k¨`�|¡U�d��Å]­�² §�²�­9¨`��¦�§

P�d�a§c�a�×£H¤8�H¡S¥<¡U�`�C¨`�U�d�|��«¬�a���d­9�H�
s, t
² # ¸?¡U�a§`��� ¯c¯ ¡k�o­9¨`�c� � ² � � ² % Ä1�H�|�H�&�
�d�U��¥<�H¡k�H�

S ∈ s, T ∈ t.
�.¨c¥�µ��`£H¡U­`�a�`£a�|���a¨`�'¡U¥<��­`���`�

p := ST = π(P ).
® ¡U� ¯ �H�k¡U� ¯ ¡U�d�H�

¸=�|����§`�
u ∈ S, 6= s, 6= p,

¡U¥<�����a�C¨`�o����Å��|�����d��¡U�
S
�a¡U�`�a��¥|¡k�`�C¨`�o�����a�³�S¨`�c�C��Åd���o¥|�1�c�C¦�§

¸9�Y��£ � ² �a� �c�?¦�§´�C�a�c�d¨´�a¡U�`�a�×¤8�H¡¹���a���a��¥|¡k�`�C¨`�o�����a�´�S¨`�c�C�
A
² ® ¥�¡U¥<�¬­c���`�

PA 6=
s, 6= t,

�d�U¥|�³�|�H�d¨`�o���
¨`�K­º�|�������4� ¯ �H�9©O���U�U¥��a¡U�`�a��¤��a¡k�|�H�|�H��¥|¡U�`�d¨`�o�����a�º�S¨`�c�C� ° ² ® ¡k�
¤8�H¡¹���a���a��¸=�|����§`�

v
­9¨`��¦�§

S
Å9�c¡U¦�§=��­9¨`��¦�§

A
�9­9�a�

B
�k¡U��©G�H�<�.���K���U�d�s�H¡k�`�H�!¤��a¡k�|�H�|�H�

Q
� �S¨`�`�=�

C
¨`�c­��d¨9©�­9�a��¿4�a� ¯ ¡k�K­9¨`�`�s��¡k�

P
ãK�c­9�a��¤�¡U���H¡k�c�a��¢?¡k�H�<���a��¥<¡U�`�C¨`�U�d�|�H�

�S¨`�`�=�
D
²KÄ¬����¡¹�¬¡U¥<�

ABCD
�H¡k�´¿�¡k�H�|��¦��!¡U�

Q
¢C�d�´­9�H�#�K�d¦�§´Â1�C�c¥<�|��¨`�=�|¡U�d�

P�a¡U�`� -.� ¯ �a�c�H¦��d��¡o¥r��²
µ��¶�d�c­9�H�|�H�¼·K���U�8¡o¥<�

P
���a�d¨c�U�d�s��¡¹� ��� � 
 � � 
 ��� � ��� ¸=�����d§`�U�a�`¡U�?¢d�d�U¨9��¡k�C��Å��d�U¥|�´�d§`�c�

¥<¡U�`�d¨c�U�d�|��«¬�H���C­9�a��²
Ä¬���`�»¤���§c�k�
A
¯ �a�U¡k� ¯ ¡U�&¥|¡k�`�C¨`�o����² # ¸?¡k�H§`��� ¯`¯ ¡U�U­9¨c�`� � ² ��� ² %

�.¨9©
AP
�/'9¡U¥<�|¡U�a�|�s­`���c�â�H¡k�¼¤��a¡k�|�H�|�H��¥|¡U�`�d¨`�o�����a���S¨c�`�=�

B.
�1¨`ªd�H�|§c�d� ¯ ¢d�C�

AP�d¡ ¯ ���H¥��c�?¦�§,�H¡k�`�H�%¤8�H¡¹���a���a�%¥|¡k�`�C¨`�o�����a�Q�S¨`�`�=�
C

# ¸`�Y�|£ � ² � � % ¨`�K­,¤�¡k��� ¯ �H�
­`���`���a¡U�`�a��¤��a¡k�|�H�|�H��¥<¡U�`�C¨`�U�d�|�H���S¨`�`�=�

D
��¨`©

PC
²C¾%¡U�H­9�H�8¡o¥<�8�a¡U��¿�¡k�H�|��¦���¡U�

Q�d��©G¨c�c­9�a�6Å`­`�d¥
P
���o¥ -.� ¯ �H�`�H¦��C�¬§K�Y�H²

� ²1¸?�a¡8�=¨c�ä�a¡U�»¿1¡U�a���H¦��
ABCD

�d¨c¥i¥|¡U�`�d¨`�o�����a� ® �U�a���H�C���a�ä�C�a�d� ¯ �H��Å6��¡k� -1� ¯ �a� �
­9�|�H¡k��¦��

PQR.
Ä¬���c�Q¥|¡k�K­ # ¥<¡U�a§c��� ¯`¯ ¡U�U­`¨`�`� � ² �d� %

AB
¨c�c­

PM
§c�d�|���d�c¡U¥�¦�§

�d�����|�H�`�=�HÅK� ¯ �a�c¥|�
CD
¨`�c­

PN.
Ä¬�

A, B, C, D
¥<¡U�`�d¨c�U�d��¥|¡k�c­�ÅW¥|¡k�K­×���o¥|�

P
¨`�c­

M
¯ £H¤³²

P
¨`�c­

N
�d�C�Y r¨`�d¡U�a�|��¨`�c­�­`�d�º¡k�

p := MN = QR
­9¡U�³�
�d�o������¢C�d�

P
²

P

A C
Q

NR
M

B

D

� ¯`¯ ¡U�o­9¨`�`� � ² �C�

)c²
AB
�d�H§=��­9¨`��¦�§

P
Å=¥<�C��¡¹��¥�¦�§`�`�H¡U­9�H��¥<¡o¦�§

a = π(A)
¨`�c­

b = π(B)
�d¨9©

π(P ) = p����¦d²
�

Ä�¡k��¥<�º�.¨c¥�¥|�d�d�H�´�a��¡k�`�c�a�������U�k�i¥<���d�|������­c�d¥.£H¨`�¬���C�U�d�|¡k�����1�����H¡k�c�a��Â�¨c�|¢C� �g� �|�a� � ��­ �
�?¨`�`��«¬��¥|�d�����S¨`�c­¬���Y��¥��d¦�§c�k¡o¦�§³¤8�H��­`�a�³¤�¡U�6�d�U�a¡o¦�§³¥<�H§`�a�6Å�­`�dª.­`�d¥�¸?¡U�`�d¨`�o����¡k���Y���a�`�C� ¯ ¡U�o­9�
Q
�a¡U�`�s¥|�d�o¦�§`�³Â�¨`��¢d�¬¡U¥<�H²

� É9FHÍ´L�MON��Ü~9RkT�b
A, B, C

n|RkT9lWf�j�yYe�V v f�Tc[W\�V��
p
V�RUTWV�e�V�lKf�j�yYe�V � V�e��9b?V��4[9wgTHZ�fYl=R�V�eH\¬_df

AB,
n�w�\Je|R � \

p
bCR�V � V�e��?b9V�T

AC
fdT�b

BC
RkT'[?wYTHZ�fYlCRGV�e�\zV�T v f�T`[]\zV�T

Q
XY_Cm.}

R.

ßºACà�A=EJÌdá Ä¬�
p
�|�H�d¨`�o���8¨`�c­��d�d�� r¨`�d¡U�a�|�8£H¨

AB
¡U¥<�HÅ?¡o¥r��¡U§`�����C�

P
��¨9©

AB
¨c�c­����a�C¨`�U�d�H²

� ²1«¬�a§=�
p
­9¨`��¦�§

C,
¥<��¡o¥r�

Q = R = C
¨`�c­�­9¡U�H¥|�a�1�S¨`�`�=���d�U¥.¥|¡U�`�d¨`�o�����a���S¨c�`�=�1£a¨

¥<¡o¦�§'¥|�a� ¯ ¥<���d�d�� r¨`�d¨`¡U�a�|�H² # � ¯`¯ ¡k�o­9¨`�`� � ² � � ���H¦�§=��¥a² %



��V�TW\Je���j�V � wgjUjkRUTWV��`\ORGwgTWV�T �����d�

Q

C

A

x
D

P = π(p)

B

R

a
b

y

A

C

c

Bp

Pp
s

� ¯`¯ ¡U�o­9¨`�`� � ² � �

� ²
p
�C�a§`���`¡o¦�§=��­9¨`��¦�§

C :
# ¸?¡k�H§`��� ¯c¯ ¡k�o­9¨`�c� � ² �&� �k¡U�`�9¥H² % Ä¬���`�Q¡o¥r��­9¡U�×«¬�a���d­`�

CP
���a�d¨c�U�d�H²`Ä��a�`�&¥<�C�c¥r�.¤������³¥<¡U�s�H¡k�`�s¥|¡U�`�d¨`�o�����i«¬�a���d­`��­`¨`��¦�§�­`�a�´¥<¡U�`�C¨`�U�d�|�H�

�S¨`�`�=�
C,
­c����¡¹�

CP = π(C),
¤8�C�c�d¦�§

P
�d¨9©

π(C)
�U�d�d�CÅ����o¥<�

p = π(P )
­9�9¦�§

­9¨`��¦�§
C
�d¡U�`�d�C²6¸?�d��¡k���C¡ ¯ ����¥³��¨9©

CP
�`� ¯ �H�

C
�`�9¦�§â�d�H�c��¨&�a¡U�`�a�¼¥<¡U�`�C¨`�U�d�|�H�

�S¨`�`�=�
D.

ABCD
¯ ¡U�U­9�H�!�?¨`�!�a¡U�!¿�¡k�H�|��¦�����¨c¥�¥|¡k�`�C¨`�o�����a���S¨c�`�=�|�dÅ9£H¨!­9�H�

P
�H¡k�`� -1� ¯ �a� �

�H¦��d�º¡o¥r��² -1�C¦�§¼¸9���|£ � ² � � ² � ²]¡U¥<�i­`�d¥�£H¨`�d�H§
0d��¡U�d� -1� ¯ �a�c­`�|�H¡k��¦��
PQR
�a¡U�¼�
�d�o��� �

­9�|�H¡k��¦��×£H¨
π,
¥|�d��¡k�i�k¡U�a�C�a�

Q
¨`�c­

R
�d¨9©.­9�a� -.� ¯ �a�K¥<�H¡¹���

p = π(P )
¨`�K­»¥<¡U�c­

�d�d�� r¨`�d¡U�a�|��¨c�C���a�
π. �

� É9FHÍ´L�MoÎ � P8n6n�V�RGV�T
A, B
_dmSV�RC�JV�nH\Gl9VYm
y�q`jx\zV�n|RkT9lWf�j�yYe�V v f�T`[]\zVg��Õ�Rx\ v wgj��Ye�V�T

a, b,
�JV�e�TWV�e

C
V�RkT»^���e|R��`XYjGV�e�n<RUT9lKfdjoy�e�V�e v f�Tc[W\�}�~cV�R

x := AC, y := BC.
Ï��YT`T&RUnH\.bdRGV���f=wgeHbdT]f�T9l

A(x) 7→ B(y)
Þ]e�waZ�V�[]\ORx^��cX?V�e�T`ROprq]\6Þ
V�e�nxÞ
V�[]\JRJ^9}

ßºACà�A=EJÌdá$# ¸9¡k�H§`�¬� ¯`¯ ¡U�U­`¨`�`� � ² � ��% ® ¡k�`� ¯ �a�U¡k� ¯ ¡k�iã
'9¡k�H�<���¬«¬�H���C­9�
p
­`¨`��¦�§!­9�a�!¸`¦�§`�`¡k�<� �

Á`¨`�c�C��­`�a�
�
�d�o�����a�
a, b
¥�¦�§`�`�a¡o­9�a�
�K�d¦�§º¸`�Y�|£ � ² � ��­9¡U�.«¬�a���d­9�H�

x
¨`�K­

y
¡k�º�d�C�Y r¨`�d¡U�a�|�|�H�

�S¨`�c�C���a��ÅW­9¡U�s���o¥<���a¡U���4�d����­9�H�
π
� µ��=¢C�d�U¨9�|¡U�d�'��¨9©

p
¯ ¡U�U­9�H��²cÄ¬���`��§c� ¯ �H��¤�¡k�1­`¡k�³�S��� �

 r�a�=��¡k¢?¡k���Y� á

A(x)
Schnitt

¯̄∧ p(Q)
Invo`.

∧̄ p(R)
Schein

¯̄∧ B(y).
¾ �����1­9¡U�H¥8�a¡U�`�����H��¥|ÁW�a�=�|¡U¢?¡¹���Y�HÅ?¥|�s¤ ± ��­9��­9�H�8�C�a���a¡U�c¥�������¸=�����d§`�

s := AB
¥<¡o¦�§�¥<�H� ¯ ¥r�

�a�=��¥<Á`���H¦�§c�a��Å
¤��d�c�C¦�§Ù­`�d�`�Q­`�a��¸9¦�§`�`¡k�<��Á`¨`�`�=�
S
��¡¹�

p
·�¡('9Á`¨`�c�C��­9�H�

π
� µ��?¢C�d�U¨9�|¡U�d��Å

���o¥|��¥<¡U�`�C¨`�U�d�1¤������d²cÄ¬���c��¤��d�|�H��� ¯ �a�
A, B
¨`�c­

S
­9�|�H¡�¥|¡U�`�d¨`�o�����³�S¨`�c�C���º�d¨9©

s
ÅK¤��d¥

¨`�`� 0C�d�U¡U¦�§'¡U¥<�H²
�

Ä�¡k��¥<�����|�d r�a�=�|¡U¢?¡¹���Y���a��£a�H¨`�����d�U¥|�ä�a¡U�`�×Â�¨c�|¢C� �Y� ���a� � ��­9�?¨`�`�K²SÄ1¨c��¦�§Ð¸9¦�§c�a¡U�%�a��§c���k�
�����Ð�d¨c¥'­9�a��Â�¨`��¢d�×­`�C¥��=���`£H�â¸=�����d§`�k�H� ¯ ± ¥�¦�§`�a�

A
¨`�c­Ü��¨9©� r��­9�a� ¥|�d�o¦�§`�H�Ð¸=�|����§`�

�d¡ ¯ �1��¥.�H¡k�`�H��¢d�C�
A
¢d�H��¥�¦�§`¡U�H­9�H�`�a�´¥|¡k�c�d¨`�o�����a���S¨`�c�C�

C,
­9�H�1�c�C¦�§�Â1�C�c¥<�|��¨`�=�|¡U�d��­9�a�

Â�¨`��¢d�H�`Á`¨`�`�=�.¥|�a¡U�!��¨`ªc²
Ä¬����¡¹�.§K� ¯ �a��¤�¡k�
� É9FHÍ´L�MoÎ�NQÏ�RGV¬n<RUT9lKfdjoy�e�V�T v fdT`[]\zVºf�T�b � V�e��9b?V�T×V�RkTWV�e�q��dÞ
V�egX9wgjURUnaprqWV�T v wgj��Ye�RJ\zy9\�XYRUjoÔ
b?V�T!l`V�TK�`f�V�RkT]V � fdeH^YV � Ôr\�V�e���eHbdT]f�T9lW}

�³)6/87?*c2
:<)�� �8:<: �|/.)�2�7 � �8/.)6/
-1�C¦�§â­`�a�½·c¨`�c­`�d���a�=���d�U¥��Y��£ ¯ �H¥<�|¡U�����a�¼£a¤��a¡�¥|¡o¦�§&�H�C��¥<Ác�|��¦�§`�a�c­`���`¡o¦�§=�i��¨c¥|�d�����|�|�a�|�
¿1¡U�a���H¦��C�

ABCD
¨c�c­

A′B′C ′D′
�d�H�c��¨��a¡U�`��Â��d�U�U¡k�`���Y��¡k�C�

κ
ÅH­9¡U��­`�C¥��a¡U�`�S¡U�i­`�C¥����K­9�a���

± ¯ �a�|© ± §`�|�H²K¾ ��§`�U�a��¤�¡U�.§`¡U�a�
A = A′, B = B′, C = C ′,

©G�H�|�c�a�
D 6= D′

ÅK� ¯ �H�
A, D, D′�d�C�k�U¡U�`�H�d�HÅ � ­`� ¯ �H¡�­ ± �<©G�H�

D, D′
�c¡U¦�§=�º�d¨9©�­9�H�Ù¸?�H¡¹���a��­9��¥�Ä����a¡U�H¦��9¥

ABC
�U¡k�H�d�a� � Å
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¥|��¥<¡U�c­´���o¥|�
A, B, C

·�¡('9Á`¨`�c�C���i¨`�K­´­9¡k�º¸?�a¡k�|�H�
AB, BC, CA

·�¡*'`¥r�����d§`�U�a��²c·c�a���`�a�1¡U¥<�
��¨K¦�§

AD = AD′
·�¡*'`¥r�����d§`�J²9Ä¬����¡k���H�=�|§c�d�¹�.­`�C¥ °�± ¥�¦�§`�H�

A
­9���a¡�·�¡*'9¥<�|����§c�k�H��Å9���o¥<� � ���

·�¡('`¥<�|����§`�U�a�6Å=¡o¥<�1���o¥<�º�a¡U��� � 
�� � � � � �#��� � � 	#��� � ������*`® �C��¥<Ác�|��¦�§`�a�c­!�a�=��§c���k�.­9¡k�s«¬�H���C­9�
BC�?¨`�.·�¡('9Á`¨c�`�=�|�dÅc¡U¥<�1���o¥<�º�a¡U�`��� � 
�� �&����"�� � ���)��% ����* # ¸?¡U�a§c�s� ¯`¯ ¡U�o­9¨`�`� � ² � )`² %

A

B C

D

D′

� ¯`¯ ¡U�o­9¨`�`� � ² � )

� É9FHÍ´Ç�D�È%@'A=B�D�EGF�EOIWDÙL�MoÎWÎÐPSRUTWV � wgjUjkRUTWV��`\ORGwgT
κ
�6bdRGVsV�RUT�é�R¹ê`nH\Oe��Yq`jGV�T�X9�Cn�prqWV�j

Z
X9V�Ô

n|RJ\J_d\r�³X9V�n|RJ\J_d\º�`f9prqÜV�RUTWV�é�RkêdÞ
f�T`[]\Ol9V�e��?b9V
z
f�T�bÜf�Õºl9V�[9V�q`e�\|}�~cwgjJprqWV � wgjUjURkTWVa�9\JR�wYTWV�T

qWV�Rkt9V�T u _YV�T]\Oe��Yjx{ºw`b?V�e u �gê9R��Yjx{O�
Z
q]V�RUtc\ºb=��n u ��V�TW\JeHfdÕ'{J�

z
bdRGV u h¬prqcn�Vg{�^gwgT

κ
}4Ö�RGV�lK\

b=�dn ��V�T]\JeHf�Õ �9fd�ib?V�e!h¬prqcn�V���n�wânzÞ]e�ROprq]\³Õ��YTÐ�`f9prq�^gwgT u PSj��9\ORGwgT6{O����T�b?V�e|T`�O��jkjon´^YwgT
u ç¬wgÕ�wYj�wglCRGVg{z}
ßºACà�A=EJÌdá

κ
¥|�a¡��a¡U�`�¼Â1�C�k�U¡k�c�H�Y��¡k�C� ��¡¹��·�¡*'9¥<�|����§c�k�H� ¯ ± ¥|¦�§c�a�

Z.
® ¥´¥|�a¡U�a�

u, v, w
­9���a¡

¸=�����d§`�k�H��­9��¥º·�¡*'`¥r�����d§`�k�H� ¯ ± ¥�¦�§`�a�o¥
Z
¨`�c­

A
��¨`©

u, B
��¨9©

v
¨`�c­

C
��¨`©

w
­9���a¡ ¯ � �

�U¡k� ¯ ¡k�C���S¨`�`�=���
6= Z,
� ¯ �H�s�`¡o¦�§C�s�C�d�U�k¡U�`������²�¾&�H�d�a�ä­9�H�sµ��`£H¡U­9�H�`£����|�H¨`���U¡k�H�d�H�¼­`¡k� ° ¡U� �

­9�H�
A′, B′, C ′

¤�¡k��­9�a���d¨9©
u, v, w

ÅS¥|¡k�K­
6= Z
¨`�c­Q�`¡o¦�§=���d�C�k�U¡k�c�H����²4�.�o¥<�¼§c� ¯ �H�Ù¤�¡U�

­9¡U� ¯ �a¡o­9�a��¡U�
Z
£H�a�=�|��¡k�H�<���a�´Ä��|�H¡k��¦��d�

ABC
¨`�c­

A′B′C ′
ÅW­9�a���a��¸?�H¡¹���a�c¥�¦�§`�`¡k�<��Á`¨`�`�=�|�

P := aa′, Q := bb′, R := cc′
�c�d¦�§´­9�H� ¸`�Y�|£i¢d�d��Ä��H¥������d¨c�H¥.�d¨9©4�a¡U�`�a��«¬�a���d­9�H�

z
�k¡U� �

�d�H��²	� 
�� ��� �!���#"�� � � 

�&% ��� � � ����
 � � 
 ��� � 
�� �&���#"�� �
��� �
κ :
Ä��d£a¨ ¯ �a�|���d¦�§=�|�H�!¤�¡U�����r¤��

­9�H��¸=�����d§`�
p := PZ.

�1�U¥8¸=�|����§`�?¢C�d�
Z
¡o¥r�4�H�S·�¡*'`¥r�����d§`�xÅH©G�H�|�c�a�4¡o¥r�
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«¬�a���d­9���d�U¥���¦�§c¥|� � ²
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� }�~?RkT�b

κ1
f�T�b

κ2
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� ².Ä1¡U�H¥�©G�C�k�d�s��¡¹�º¸`�Y�|£ � ² �Y� ­9¡U�|�H�C�i�d¨c¥s­9�H� À �Y��¥��d¦�§c�dÅ�­`�dª

κ
¨`�c­

κ−1
­9¡U��¥|�a� ¯ �H�

·�¡*'9�d�H���C­9�a�!¨`�c­�·�¡('9Á`¨`�c�C���³§c� ¯ �a�6²
� ²�¾%¡k�¬��0C�`�`�a�&���`�`�H§`���a��Å�­`�dª

κ1, κ2
¨`�c­

κ2κ1
���U�U�

6=
¡U­&¥<¡U�c­�²]Ä1¡U���S¨`�`�=����¢C�d�

z
¥|¡k�c­&¥|�d�s���k¡o¦�§×·�¡('9Á`¨c�`�=�|� ¯ �H¡
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® ¥�¥<�H¡k�H�
Z1, Z2

¨`�c­
Z
­9¡U� Ø �a�=�|���a�'¢d�C�

κ1, κ2
¯ £a¤³²

κ2κ1.
¾%¡k���`�H§`���a������Å`¥|¡U�
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u := Z1Z2, v := Z2Z, w := ZZ1.
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u, v, w.
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v
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σ
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σ(B) = A, σ(D) = C.
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·`�a���`�H��¥<�H¡

z
­9¡U�

Z�d�a�C�a� ± ¯ �a���k¡U�a�C�a�c­`��-.� ¯ �H�c¥|�a¡k�|�dÅK���o¥<�
z = QR.

¾%¡U��£a�H¡k�C�a�'�=¨c� á
σ
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Z
��� % 
 ���#� �

z.Ø ¨`�c�C¦�§c¥r��©G�d�U����Åc­`�dª
u := AB

·�¡('9�d�H���C­9�¬¡U¥<�HÅc­c�

σ(u) = σ(AB) = σ(A)σ(B) = BA = u.

®S¯ �H�c¥|��£a�a¡U�������d��ÅH­`�dª
v := CD

·�¡('9�d�H���C­9�
¡U¥<�6¨`�K­³¥<�C�º¡k�
Z := uv

�a¡U�³·�¡*'9Á`¨`�`�=��²
-.¨`��¡o¥r�

σ(AC) = σ(A)σ(C) = BD

σ(BD) = σ(B)σ(D) = AC.
Ä1¡U�H¥|�.¿1¡U�a���H¦��9¥|�a¡k�|�H�º�C�a§`�H�����o¥<�³¨c�C���a�

σ
¡U���H¡k�c�d�c­9�H� ± ¯ �a��Å=¥|�d��¡k��¡U¥<��¡U§`��¸`¦�§`�`¡k�<� �

Á`¨`�`�=�
Q
�H¡k��·�¡*'9Á`¨`�`�=�H²]�.�K���U�d��¥|¦�§c�k¡U�aªd�1������ÅW­`��ª�­`¡k�i­`�|¡k�<��� -.� ¯ �H�`�H¦��C�

R
�a¡U�

·�¡*'9Á`¨`�`�=��¡o¥r��²8�1�U¥|�ä¡U¥<�
z := QR

�H¡k�c��·�¡*'9�d�H���C­9��¨`�c­,­`����¡k�!¥|¡k�c­,�d¨c¦�§Ù�c�?¦�§
M := zu

¨`�c­
N := zv

¤8�H¡¹���a����·�¡*'9Á`¨`�`�=������¨9©
z.
�.�o¥<��¡o¥r�

z
¥|�d�=���³·�¡('9Á`¨`�c�C� �

�d�a���d­`�dÅ9©G�C�k�C�k¡o¦�§
σ
£H�a�=�|�������º¡k�³��¦�§c¥<�

z
ÅW¨`�c­�­c����¡¹���`�d�r¤8�H�c­9¡U�

Z
�d�U¥¬·�¡('9Á`¨`�c�C�

6∈ z
­`�d¥ Ø �a�=�|��¨`��²`�.¨c¥�­`�a� ¿�¡k�H�|��¦��

QCRD
¥|¡k�H§C��������¥|��©G�d�|�HÅ9­`�dª

{A, B}
¢C�d�

{Z, M}
§c�d�|���C�`¡U¥�¦�§��C�����|�H�`�=��¤��a��­9�H��Å`���o¥<�

σ
§c�������d�`¡o¥|¦�§c��¸?Ác¡k�H�d�a�U¨`�`��¡o¥r��²

�

� ¡k� ¯ �a¤�¡U�H¥|�a��§c� ¯ �H�'¤�¡U�
��I �YIKËJËOÉ ��L�MoÎ �ÜPSRUTWV � wYjkjURkT]V��9\JR�wYT���bdR�V'V�RUT%�YjUj¹l`V�Õ�V�RUTWV�n ��RGV�e�V�pr[

ABCD
RkT

BADC�cX9V�e�����q`e�\r�?RUnH\
V�RkT]V�qK��e|Õ�wgTcRUnaprqWV�~�Þ]RGV�l`V�jxf�T9l]}dÏ���n ��V�T]\Oe�f�Õ5RUnH\SbCR�V � VYX9V�T]V�pr[?V.�9f�� ABf�T�b
CD,
bdR�V¬h¬prqKn�VsbdRGV.l9V�l`V�T]�cX9V�e�jkRGV�l`V�T�b9V � VYX9V�Tcn�V�Rx\zV�}

ßºA=Ê�A�����Ç�D �âL�MoÎ ����RUe�qK�Yjx\zV�T!�JV�na\<��b=�Yt�V�n�RUT&b?V�e�P1X9V�T]V.[9V�RUTWV1RkT]^Ywgjxf`\zwYe|Ron�prq]V�T � wgj�Ô
jURkTWVa�9\JR�wYTWV�T�wgq`T]V¬é�RkêdÞ
f�T`[]\�V��W��jUn�w�^YwgÕ#V�jkjUR Þ
\ORon�prq]V�T � �CÞ�lCRzX9\|}
Ø ¨ä�H¡k�`�H� Ä����a¡U�H¦��

ABC
��¡¹��«¬�a�d�H�c¥|�a¡k�|�a�

a, b, c
�d�H§
0d���a�¼��¨9©��c��� ± ���U¡U¦�§`��¾â�a¡o¥|��­9���a¡

¸?Á`¡U�a�C�a�U¨`�`�C�a�
σA, σB , σC ,

� ¯ �H�&­9¡U�i£H¨&­9�H���4�d�d�|�H�
(A, a), (B, b) (C, c)

�d�U¥ Ø �H�C���|¨c�
¯ £H¤³²=��¦�§c¥|�d²=Ä1¡U�H¥|�1­9���a¡]¸?Á`¡U�a�C�a�U¨`�`�d�H��¥<¡U�c­�� ¯ �H���`¡o¦�§=�����a§`�8¨`�c� ¯ §c���c�d¡U�s¢d�C�`�a¡U�c���K­9�a��²
® ¥��C¡k�k�
� É9FHÍ´L�MUÛ&�Ðé���e�bCR�Vibde�V�R6~dÞ]R�V�l9V�jJf�T`l9V�T

σA, σB , σC

��T�V�RkT]V�Õ Ï�e�V�R�Vgpr[�l9V�jJ\�V�T
2C}

σAσBσC =
¡o­

f�T�b�b=�YÕ�Rx\S�9f9prq
σAσB = σC

� }
σAσB = σBσA

ßºACà�A=EJÌdá
� ² +d��­9��­9�a�³­9���a¡ ® ¦��C�a�

A, B, C
¡U¥<�³© ± �� r��­9��­9�a�s­`�|�H¡�¸?Á`¡U�a�d�H�k¨c�`�d�H�&�H�C�r¤��H­`�a�³­`�d¥

Ø �a�=�|��¨`�½�?­`�a�s�H¡k�¼�S¨`�c�C��­9�a����¦�§c¥<�CÅ6���o¥|�� r��­9�a�`©O���U�U¥i�a¡U�¼·�¡*'9Á`¨`�`�=�H²
¸?�d��¡k�i§c���
β := σAσBσC

­9¡U�!­9���a¡�·�¡*'?Ác¨`�`�=�|�
A, B, C

¨c�c­»�o��ªd�º­`�d�º¡k����¨c¦�§�­`¡k��Â³���=�|�H�
a, b, c
©G�H¥<�H²K¸?�H¡��?¨`�

A, X, B, X ′
�a¡U�'§c�������d�`¡o¥|¦�§c�a��¾&¨`�|©4��¨9©

c
²`Ä��d�`�'§c� ¯ �a�'¤�¡k�

c(AXBX ′)
σC

∧̄ c(AXBX ′)
σB

∧̄ c(AX ′BX)
σA

∧̄ c(AXBX ′).

�.�o¥<��¡o¥r�
c
�a¡U�`��·�¡('9Á`¨c�`�=�|�d�H���C­9�4¢d�C�

β.
· ± ���a¡U�`�a�³§K�����º�C�`¡o¥|¦�§`�H��¾â¨`�|©

C, Y, B, Y ′��¨9©
a
¥�¦�§`�U¡k�Hª������d�'�d�c���U�d�s¨c�c­��H�|§K���k����¨K¦�§

a
���o¥�·�¡('9Á`¨`�c�C���d�H���C­9�1¢C�d�

β.
Ä¬���c�
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¯ ��¥<¡k�|£a�1� ¯ �a�
β
¢?¡U�a�.·�¡('9Á`¨c�`�=�|�s¡U�´���U�k�C�a���a¡U�`�a� å ���C�¬¨c�c­�¡U¥<�1­9�H�º�K�d¦�§´­9¡U�³µr­9�a� �

�|¡k���Y��²
Ä��

σC = (σC)−1
¡o¥r�1­`�d�`����¨c¦�§

σAσB = σC

¯ �H¤�¡k��¥<�H��²
� ².Ä1¡U�H¥�©G�C�k�d�1­9¡k���a�=�.��¨K¥ � ²�Åc­`�º��¥
 <�º�`¡U¦�§=�1�d¨9©�­9¡U� ° �a£H�a¡o¦�§`�?¨`�`�����`�C�d���s��²

�

� � �S*c0 �</.2�79)6/ �</ 01)�*����³)6/1)
µ��&Â³�dÁ`¡k�|�a� )�§c�Y�|�|�a�â¤�¡U�¬�d¨9©�«¬�a���d­`�a�×�d�U¥¬�S¨`�c�C���|�H¡k§c�a��Å ¯ £H¤³²]�d�c���U�d�!¡k�&�S¨`�`�=���a�¼���o¥
¸=�����d§`�k�H� ¯ ± ¥�¦�§`�a�U��£a¨c�c�d¦�§c¥<����� �����
	�� Â��=�C��­`¡k�c���|�H�´�a¡U�`�d�a© ± §`�|��¨`�c­&­`������¨K¥.§`�C�º�C�d�H�`�
Â��=�C��­`¡k�c���|�H���d�H¤8�C�`�`�H��²9Ä1¡U�H¥.¥|�a¡��?¨`�´�d¨9©
­`¡k� ®S¯ �a�`�i�a��¤8�H¡¹���a�|�H²


���A?D�A��³Ç�D ��F�� �!I�I	�YÈ�EOD�É9FHA?D
Ø ¨`�K�d¦�§c¥<� ¯ �H§c���c­`�a�U�'¤�¡U��� ¯ �a�c�³�S¨`�`�=� � Â��=�C��­`¡k�c���|�H� á

A Ec Xc B

Eb

Xb

C

Xa

Ea
X

E a

b

c

� ¯`¯ ¡U�o­9¨`�`� � ² �
�

¾%¡U�1�U�a�d�H���a¡U� # � ¯ �a�`��¥.�S¨c�`�=� ��% Â��=�C��­`¡k�c���|�H�c¥��9¥<�|�H� ©G�H¥<��­9¨`��¦�§�¢?¡k�H�.�S¨`�`�=���
A,B,C,E¡U�'�d�k�U�d�H�º�H¡k�c�a� å ���C�d²

A, B, C
¯ �a�|���d¦�§=�|�H��¤�¡U�����o¥�­`¡k� ® ¦��d�H���H¡k�`��¥ � � � � � % 

�&��� ����� � � ��
��

� � "���� ��¡k��«¬�H�d�a�K¥<�H¡¹���a�
a, b, c
²
E
¤�¡k���=���d�U¥ � � 

� � ��
 ��� �&����"�� ��* Ä�¡k�'¿4�a� ¯ ¡U�c­9¨`�c�d�a�Ù¢d�C�

E
�º¡k�´­9�a� ® ¦��d�H�Ü¥�¦�§`�`�H¡U­9�H�Ü­9¡U�»«¬�a�C�a�c¥|�a¡k�|�H� ¡k���S¨`�c�C���a�

Ea, Eb, Ec.
Ä1¡U�H¥'¡o¥r�´¡U�

� ¯c¯ ¡k�o­9¨`�c� � ² � � ­`�����d��¥r���a�U�¹��²
�.¨`©s r�H­9�H�&­9�H�â­`�|�H¡�Ä��|�H¡k��¦��?¥�¥|�a¡k�|�a�

s
§c� ¯ �H� ¤�¡k�â�?¨`� £H¤8�H¡�Ä��|�H¡k��¦��?¥|�H¦��C�a�

P, Q ∈
{A, B, C}

¨`�c­ ­9�H���H�=��¥|Á`�|��¦�§`�a�K­9�a��� ® ¡k�c§`�a¡k��¥|Á`¨`�`�=���
Es.
Ä¬�d­`¨`��¦�§�¥|¡k�c­���� �����
	��

Â��=�C��­`¡k�c���|�H�
µPQ

��¨`©
s
©G��¥r���d�H�k�H���HÅ?© ± �1­9¡U�

µPQ(P ) = 0, µPQ(Q) = ∞, µPQ(Es) = 1

¡o¥r��²`µ��´¦��d�K¦������|�º¡o¥r�1�d�U¥|���a�r¤��

µAB(A) = 0, µAB(B) = ∞, µAB(Ec) = 1
µBA(A) = ∞, µBA(B) = 0, µBA(Ec) = 1.



� w=wYeabCRkTK�`\zV�T�RUT&b9V�e�P1X9V�TWV ����� �

@'ACB
D�EGFHEJIKD,L�MUÛ6NÙP�RkT � w=wYeabCRkTK�`\zV�TKÔOÏ�e�V�RGV�pr[
ABC
Õ�Rx\�PSRkTcqWV�Rx\JnzÞ
f�T`[]\

E
f�T�b�b?V�T�m4R�V

VYX9V�T�V�e�[=j�yYe�\zV�T%n�Vgprqcn�~��cnH\zV�Õ�V�T ^gwYT ��� �����
	�� � w=wYeabCRkTK�`\zV�T%�`f���b?V�T Ï1e�V�RGV�pr[9n�n�V�RJ\�V�T
qWV�RktK\ u V�X?V�TWV�n v fdT`[]\xÔ � w?wgeHbdRUTK�9\�V�Tcn �cna\�V�Õ�{z}
® ¡U�`�a� ¯ �a�U¡k� ¯ ¡U�d�a���S¨c�`�=�

X
� 0d�`�`�H�!¤�¡U�.­`�d�º¡k��©G�d�U�d�H�c­9�H�|����ªC�a� �r���H¥�¥|�a� � á

Ä�¨`��¦�§º�S���� r�H�C��¡k�C��¢C�d�
X
�d¨c¥4­9�a� ® ¦��C�a����¨9©�­9¡U��«¬�H�d�H�c¥<�H¡¹���a�º�a��§c���k�|�H��¤�¡U�S­9¡U���S¨`�`�=�|�

Xa, Xb,
¯ £a¤³²

Xc.
# Ä¬�g¢d�C�Ù¥|¡k�c­,¥<�|�a��¥���¡k�K­9�H¥<�|�H�c¥�£a¤��a¡�¤��d§`�o­9�aãc�`¡U�a�|�º¨`�K­Q�d�k�U��­9�|�H¡JÅ

¥|��©G�a���
X
�d�a¡U�`��­9�a�³­9���a¡ ® ¦��d�a�

A, B, C
¡U¥<�H² % �.�o¥���¨`�`�=�|��­9�H��Ä����a¡U�H¦��9¥|¥|�a¡k�|�H�×� 0d�`�`�H�

¤�¡U��­`�a���a�ÜÂ��?�d��­9¡U�c�Y���a� ¯ �a£ ± �d�U¡U¦�§�­9�a���a�=��¥<Á`���H¦�§c�a�c­9�H� ��� �����
	�� Â1�?�C��­9¡U�c���|�a�
µPQ©G�H¥<��¥<�|�H�k�U�a��¨`�K­!�H�|§K���k�|�a��­9�H� ��� �����
	�� �S¨`�c�C� � Â��?�d��­9¡U�c�Y���a�`¢C�a�=�|�C�

µ(X) := (µAB(Xc), µBC(Xa), µCA(Xb), µBA(Xc), µAC(Xb), µCB(Xa))

· ± �.¥|�a¡U�`�sÂ1�C��ÁK�C�`�a�=�|�H���`�d�|¡U�a���a�'¤�¡k����¨c¦�§�� ¯ � ± ��£a�H�c­

µAB(X) := µAB(Xc)
����¦d²

¨`�c­'�`�H�`�`�H��­`¡k��¥ � � � � ��� 	 � � �
� �)% 

�&��� � ��� �
X
�����

AB
� ²

Ä�¡k� ®S¯ �a�`��§c�����?¨`�
∞2
¢?¡U�a�U����¨`�`�=�|�CÅ`¥<�9­`�dª�­9¡U�³¥<��¦�§c¥8Â��d��ÁW�d�`�H�=�|�a��¢d�d�

µ(X)
�`¡o¦�§C�

¨`�c� ¯ §c�d�`�d¡U�º¥|�a¡U�'��0d�c�`�a��² ® ¥.� ± ¥�¥<�H�'�d�U¥|� � �a�o�Y��¡k�C�`�a�!£a¤�¡o¥|¦�§`�H�!¡U§`�`�H� ¯ �H¥<�|�H§`�a�6²cÄ1¡U�H¥
¥|¡k�c­�­9¡U�¬©G�d�U�d�H�c­9�a� á
Ú�A?Ê»Ê�É´L6MoÛWÎ 2C}�é���e

P, Q ∈ {A, B, C}
RUnH\

µPQ(X) · µQP (X) = 1.

� }
µAB(X) · µBC(X) · µCA(X) = 1.

µAC(X) · µCB(X) · µBA(X) = 1.

� }�é8�de6Z�V�b?V v V�e�Õ�fc\x�9\JR�wYT
(P, Q, R)

^YwgT
(A, B, C)

RonH\

µPQ(X)

µPR(X)
= µRQ(X).

A c Z = Xc B

C

Xb

Xa

X

b

a

z

� ¯`¯ ¡U�o­9¨`�`� � ² � �
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ßºACà�A=EJÌdá � ²8¤�¨`��­9��¥|¦�§c�d�,¡k� å �a������)`² � � � ¯ �d�a�U�a¡k�|�a�HÅ )c²4©G�d�U����­c����¡¹�'­9¡k���a�=���d¨c¥ � ²
° �k�H¡ ¯ �1���o¥<� � ²`£H¨ ¯ �a¤��a¡o¥|�a��² # ¸?¡U�a§`�s� ¯`¯ ¡U�U­9¨c�`� � ² � � ² %
Ø ¨`� ° �a¤��a¡o¥8¢C�d�

µAB(X) · µBC(X) · µCA(X) = 1

ã
'9¡U�a���º�H¡k�c�a�â�S¨`�`�=�
Z
�d¨9©

c
¨`�c­ ¯ ���|���d¦�§=�����H¡k�`�H�ä��¨9©

z := CZ
¢Y����¡k¡U�a���a�K­9�a�&�S¨`�`�=�

X
Å?© ± ��­9�a��­`���c�'�K�Y� ± �|�U¡U¦�§

Xc = Z
¡U¥<�HÅ`¥|�d��¡k�

µAB(X) = µAB(Xc) = µAB(Z).

-.¨c� ¯ �������C¦�§C���8­9¡U���S�|�d r�a�=�|¡U¢?¡¹���Y�
π
£a¤�¡o¥�¦�§`�a�º­9�a���S¨`�`�=�|���a¡U§`�H�

a
¨`�c­

b
Åg�d�H�d� ¯ �a�º­9¨`��¦�§

π : a(B, C, Xa)
A
¯̄∧ z(Z, C, X)

B
¯̄∧ b(A, C, Xb).

° �a£ ± �d�U¡U¦�§�­9�H��� � � ���
	�� Â��?�d��­9¡k�K�Y�|�H�
µAC

¯ £a¤³²
µBC

��¨9©
b
¯ £a¤³²

a
¤�¡U��­

π
­`���`���c�C¦�§

¸9���|£ )`² ��� ­`�d�|�C�H¥<�|�a�U�k��¡U�´­9�a�.·c�d���

µAC(Xb) =
α · µBC(Xa) + β

γ · µBC(Xa) + δ

¨`�c­ ® ¡U�c¥|����£a�a�´­9�H�.¥<ÁW�a£H¡k�H�k�U�a���S¨c�`�=�|�³�U¡k�a©G�a�|�
β = γ = 0, δ = 1,

­�² §�²

µAC(Xb) = α · µBC(Xa),

�9­9�a�
α · µBC(X) · µCA(X) = 1.

Ä��a�.·c�d�=�|�d�
α
¡o¥r�1�d�k�U�a¡U�!­`¨`��¦�§�­9¡U���S�|�d r�a�=�|¡U¢?¡¹���Y�

π,
­�² §�²`­9¨`��¦�§�­9¡k��¾¼��§`��­`�a�1«¬�a���d­`�a�

z
©G�H¥<�|�C�a�U�a�d�HÅ`­9¡U�³¤�¡k��­9�a��¨`� ­`¨`��¦�§

µAB(Z) = µAB(Xc) = µAB(X)

¯ �H¥<�|¡U�º�i�.¡U¥<�H²K�.�o¥<��¡o¥r�
α = α(µAB(X))

¨c�c­�­`����¡k�

α(µAB(X)) · µBC(X) · µCA(X) = 1.

Ä�¡k�s¥|�a� ¯ � � ¯ �H�|�U�a�C¨`�`����¡¹�.£ �?�=�U¡o¥|¦�§`�H��¿4�a�|����¨K¥|¦�§?¨`�`�º�U¡k�a©G�a�|�

µAB(X) · α′(µBC(X)) · µCA(X) = 1,

¥|�?­c��ª���¨c¦�§
α(µAB(X))

µAB(X)
=

α′(µBC(X))

µBC(X)
© ± �����U�U�

X
�C¡k�k�H²9Ä�¡k��¥<� ¯ �a¡o­9�a��Â1�?�C��­9¡U�c���|�a��� 0d�`�c�a��� ¯ �H�8¨`�K� ¯ §c�d�`�d¡U�i¢Y�d�|¡U¡k�H�|�H��²9¸?�d��¡k�

� ± ¥|¥|�a� ¯ �a¡o­9�i¸?�a¡k�|�H�´�d�C�c¥r�����=��¥<�H¡k��ÅK­�² §6²c�H¥.¡U¥<�
α(µAB(X)) = α · µAB(X)

��¡¹���a¡k�c�a�
�d�C�c¥<�����=���a�

α.
Ä�¡U�³� ¯ �a�'§`�a���d�H�k�H¡¹�����|�s«¬�U�a¡o¦�§?¨`�`��¤�¡k��­'���o¥<��£a¨

α · µAB(X) · µBC(X) · µCA(X) = 1

¨`�c­,�d¨c¥�­9�a� ® ¡k�c§`�a¡k��¥|Á`¨`�`�=�
E
�a���d¡ ¯ ��¥<¡o¦�§

α = 1,
¤��d��¡¹��­9¡U���a¡U�`�´·`�C�|���a��¢C�d� � ²

¯ �a¤�¡U�H¥|�a��¡U¥<�H²`Ä�¡U�s���c­9�H�|�¬©G�C�k�d��­c������¨c¥�­9¨c��¦�§�Ã.� ¯ �H£a�a¡o¦�§`�`�H��²
�

� ¡k�s­9¡k��¥<�H� � �a�d�H�k�&��0C�`�`�a�&¤�¡k���?¨`�¼­9¡U��¥|�H¦�§K¥���� �����
	�� �S¨`�c�C� � Â��?�d��­9¡U�c�Y���a�&�d¨9©8­9���a¡
§`�C�º�C�d�H�`�¬Â��?�d��­9¡U�c�Y���a���C�d��Á`��¡k��¡U�a���a� á



� w=wYeabCRkTK�`\zV�T�RUT&b9V�e�P1X9V�TWV ����� �

� É9FHÍ´L�MUÛWÛÐé���e6Z�Vgb?V�T v fdT`[]\
X
b9V�e�P1X9V�TWV�jkRGV��JV�eH\�bdRGV ��f=wYeabdT]f�T`l

X 7→ σ(X)
ÕºRx\

σ(X) := (ξA : ξB : ξC) := (1 : µAB(X) : µAC(X))

qWwYÕ�wgl9V�TWV uov f�Tc[W\zÔ � w?wgeHbdRUTK�9\�V�T�{4����e
X
Õ�Rx\�b?V�e.n|R�VsprqK��e���[]\zV�e�Ron<RGV�e�V�T�b9V�T�PSRkl9V�Tcn�prqW�Y��\r�

b=��tº���de1�YjUj�V
X
�K��jkjGV

Q, P ∈ {A, B, C} , Q 6= P

ξQ

ξP

= µPQ(X).

Ï�R�V � wgÕsÞ
wgTWV�T]\zV�T,^YwgT
σ(X)
n|RUT�b�T]f�e�XYRon��`f��1V�RUTWV�T¼l`V�Õ�V�RUTcn��YÕ�V�TäéK��[]\zwge

6= 0
X9V�Ô

nH\ORUÕºÕ!\r�
(0 : 0 : 0)

[?wYÕ�Õ�\
T`RJprqW\�^Ywgeg}
ßºACà�A=EJÌdá
� ² ® ¥�¡U¥<� ξB

ξA
= µAB(X), ξC

ξA
= µAC(X), ξC

ξB
= µAC (X)

µAB(X) = µBC(X),
����¦�²

� ²1¸?�a¡
(ξA, ξB , ξC) 6= (0, 0, 0)

�C�a�C� ¯ �a��Å4­`� ¯ �H¡.���o¥<�×�a�r¤��
ξA 6= 0.

¾ ��§`�U�
Xc

���o¥
�S¨`�`�=���d¨9©

AB
�º¡k�

µAB(Xc) = ξB

ξA
;
¤���§`�U�

Xb

���o¥��S¨`�c�C�4��¨`©
AC
��¡¹�

µAC(Xb) =
ξC

ξA
.
Ä��C­9¨`��¦�§³¡U¥<� # ¥|¡U�a§`��� ¯`¯ ¡U�U­`¨`�`� � ² � � % �C�a�c�d¨¬�H¡k�³��¨`�`�=�

X
©G��¥r���d�a�U�a�d�HÅa­`�a� % 
�� ���

� � � ���
	�� Â��?�d��­9¡k�K�Y�|�H��§c���H² � ¯ �H� å �H�º��� � ² ) � ¡o¥r�.­`�d�`�

µBC(X) =
µAC(X)

µAB(X)
=

ξC

ξA

·
ξA

ξB

=
ξC

ξB

,

¥<�9­`�dªº�d�U¥|�
σ(X) := (ξA : ξB : ξC)

¡U¥<�H²
�

� �d�!�H�|§c�d�¹��© ± ��­9¡k�³��¨`�`�=�|�s­9��¥.Â��=�C��­`¡k�c���|�H�c¥��9¥<�|�H��¥ á

σ(A) = (1 : 0 : 0)
σ(B) = (0 : 1 : 0)
σ(C) = (0 : 0 : 1)
σ(E) = (1 : 1 : 1).


���A?D�A��'A �YÉ`È�A=D
� �!I�I �gÈ�EOD�É9F�A=D
Ä�¡k� � ¯ �a���k�H�d¨`�`�C�a�´£H¨�­9�a����¨`�`�=� � Â1�?�C��­9¡U�c���|�a���o�d¥�¥<�H�´¥<¡o¦�§´� ¯ �a�×­`¨c���U¡U¥|¡U�a���a��²K¾%¡k���a� �
§c�d�¹���a�ä­`����¡k�i§`�C�º�C�d�H�`��Â1�?�d��­9¡U�c�Y���a�&© ± ��«¬�H���C­9�a�¼¡U�»­9�a� ®�¯ �H�`�d²�Ä1¡U��¤��H¥|�a�=�|�U¡U¦�§c�a�
¸9¦�§`��¡k�<�|�!¥<�H¡k�H�»�?¨`�|£��a���U�d¨9�|�H�<��² # � ¯`¯ ¡U�U­9¨c�`� � ² � � % µ��»�H¡k�c�a� ¸=�|����§c�k�H� ¯ ± ¥|¦�§c�a�

F
�U�a�C�a�

F

p

e

x

q

� ¯`¯ ¡U�o­9¨`�`� � ² � �
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­9¡U�i¸=�|����§c�k�H�
p, q, e

��� �����
	�� Â��=�C��­`¡k�c���|�H�
µpq

©G�H¥<�.��¡¹�

µpq(p) = 0, µpq(q) = ∞, µpq(e) = 1.

Ä¬�Y© ± �.¡o¥<��¤�¡U�H­`�a�
µpq(x) · µqp(x) = 1.

¿1¡U�a�º«¬�H���C­9�a�
a, b, c, e

¡U�»���U�k�C�a���a¡U�`�H� å ���C���k�H�d�a�¼�H¡k�»«¬�a���d­`�a� � Â1�?�C��­9¡U�c���|�a�K¥��9¥<�|�a�

C

A

B

xC

eC

b

x

e

a

xA
xB

eB

eA

c

� ¯`¯ ¡U�o­9¨`�`� � ² � �

©G�H¥<�H²
a, b, c
¯ �a�|���d¦�§=�|�H�&¤�¡U�s���o¥³­9¡U��¸9�a¡k�|�a�¼�H¡k�`��¥ � � � � �)% 

� ��� � � � � � ��
 ��� 
 � ��� �º¡k��«¬�a�C�a� �

�H¦��C�a�
A, B, C.

Ä��d�|¡U��¤�¡U���C�
e
���o¥ � � 

��� ��
 � � � ���)� % � ��* Ä�¡k�s¸9¦�§`�c¡¹�|�|Á`¨`�c�C����¢d�d�

e
�º¡k�.­9�a�

¸?�H¡¹���a��¢C�a� ¯ ¡U�c­9�a�Ù¥<¡o¦�§»��¡¹��­9�H�Ù«¬�a�C�a�`��¦��d�H�»£a¨Ù«¬�H���C­9�a�
eA, eB , eC .

# ¸9¡k�H§`�'� ¯`¯ ¡U� �
­9¨`�c� � ² � �`² % µ��º r�H­9�H�.Ä1���a¡o¥<�H¡¹���H¦��C��¥|¡U�c­�­`����¡k�1­9�|�H¡6«¬�a���d­9�H��©G��¥r���d�H�k�H���HÅc���r¤���¡U�

A
­9¡U�

«¬�a���d­`�a�
b, c
¨`�K­

eA,
­9¡U��­`����¡k� � � �����
	 � Â1�?�d��­9¡U�c�Y���a�

µbc

¯ £a¤³²
µcb

¡k� °�± ¥�¦�§`�a�
A¯ �H¥<�|¡U�º���H��²`¾%¡U�s­9¡k� ® ¡k�`§c�a¡k��¥|�d�a���d­`�

e
�k¡U��©G�H�<�.��¨K¦�§i r��­9� ¯ �H�k¡U� ¯ ¡k�C�³«¬�H���C­9�

x
¡k�º r��­9�a�

­9¡U�H¥|�a� °�± ¥|¦�§c�a���a¡U�`��«¬�H���C­9�
xA, xB

¯ £H¤³²
xC

¨c�c­�¤�¡U� ¯ �H�d�d�����a�Q���c�d�k�C�×­9¡U�'¥|�H¦�§K¥
� � �����
	 � Â1�?�d��­9¡U�c�Y���a� � ¾â�a�|�|�

µ(x) = (µab(xC), µbc(xA), µca(xB), µba(xC), µac(xB), µcb(xA)).

¾%¡U�.�`����¡k�H�|�H�!¤�¡U�H­`�a�.� ¯ � ± �|£H�a�c­ á

µab(x) := µab(xC)
�a��¦d²

¿ 0C�k�U¡U���d�c���U�d�º£a¨�� ¯ �H� ¯ �a¤��a¡o¥r�.���d�'­`��© ± �
Ú�A?Ê»Ê�É´L6MoÛcL 2C}�é���e

p, q ∈ {a, b, c}
Rona\

µab(x) · µba(x) = 1.

� }�P�n�l9V�jJ\�V�T&bdRGV���V�j��9\JR�wYTWV�T

µab(x) · µbc(x) · µca(x) = 1
µba(x) · µac(x) · µcb(x) = 1.

� }�é8�de6Z�V�b?V v V�e�Õ�fc\x�9\JR�wYT
(p, q, r)

^gwgT
(a, b, c)

Rona\

µpq(x)

µpr(x)
= µrq(x).

Ä¬��� ± ¯ �H���a��§c���k�|�H�!¤�¡U��¤�¡U�H­9�H��§`�d���d�C�a�`� � ' ���)� % � � ��� �
� � % 

�&��� ����� �



� w=wYeabCRkTK�`\zV�T�RUT&b9V�e�P1X9V�TWV �����9�

� É9FHÍ´L�MUÛ�1 é���e6Z�Vgb?V � V�e��?b9V
x
b9V�e�P1X9V�TWV�jkRGV��JV�eH\�bdRGV ��f=wYeabdT]f�T`l

x 7→ σ(x)
Õ�Rx\

σ(x) := (ξa : ξb : ξc) = (1 : µab(x) : µac(x))

qWwYÕ�wgl9V�TWV � V�e��?b9V�TKÔ � w?wYeabdRUTK�`\zV�T�����e
x
�?Õ�Rx\�b?V�e�n<RGV¬prqW�Ye��Y[]\zV�e|Ron<RGV�e�V�T�b?V�T�PSRkl9V�Tcn�prqW�Y��\r�

b=��tº���de1�YjUj�V
x
�W�YjUj�V

p, q ∈ {a, b, c} , p 6= q

ξq

ξp

= µpq(x).

� �d�!�H�|§c�d�¹��© ± ��­9¡k�i«¬�H���C­9�a��­9��¥�Â1�?�d��­9¡U�c�Y���a�c¥ �9¥r���a��¥ á

σ(a) = (1 : 0 : 0)
σ(b) = (0 : 1 : 0)
σ(c) = (0 : 0 : 1)
σ(e) = (1 : 1 : 1).

�³Ç�D ��F�� �'A �YÉ`È�A?D
� �!I�I	�YÈ�EOD�É9FHA?D
Â��=�C��­`¡k�c���|�H� ¥<¡U�c­ £H¨`� � ��¦�§`�`�H�Ü­`��¨`�c­�­9¡k�â�a¡U�9©O�C¦�§c¥r��� ° �H£a¡U�a§?¨`�`�KÅ�­9¡U�â�H¥���¨c¥|£a¨ �
­9� ± ¦��d�H���d¡U�k�HÅ?¡U¥<��­9¡k��µ��`£H¡U­`�a�`£¬¢d�C���S¨`�`�=��¨`�c­�«¬�a���d­`�d²=¾%¡k�³­9¡U�H¥�¡U�!·`�C�|���H�k�'��¨c¥�¥<¡U�a§=��Å
§c�d�`�����c��� ± ���k¡o¦�§´­`�g¢d�C�!� ¯ Å`¤�¡U�s¥<¡o¦�§'­`¡k�i¸ �9¥<�|�H�º�³£H¨`� � �H¥�¥<�H�'¢C�d�'�S¨`�`�=���a�´¨`�c­'¢C�d�
«¬�a���d­`�a�â£a¨`�H¡k�c�d�c­9�H�¬¢C�a��§c���k�|�H��²�Ä�¡k���H¡k�9©O�C¦�§c¥<�|��·`�C�|���a�4�H�|§K���k�����d��Å�¤8�H�`�â���d�¼¢d�d�
¥|�a� ¯ �H�iÄ1���a¡ � ® ¦��!.�¸?�H¡¹��© ± � ¯ �a¡o­9��¸ �9¥r���a���8�d¨c¥|�d�a§=��¨`�c­ ® ¡U�`§`�H¡¹��¥<Ác¨`�`�=�

E
¯ £a¤³² ® ¡U�`§`�H¡¹��¥ �

�d�H���C­9�
e
­`��£H¨ � � � � 
 � ��
 ��� � � ¤��d§`�k�H² Ø ¨`�¬Â��o����¨`�`�KÅc¤��d¥�­`����¡k���d�H���a¡U�C�¬¡U¥<�HÅ ¯ ����¨c¦�§c�a�

¤�¡U��©G�d�U�d�a�K­9�H¥
Ú�A?Ê»Ê�É´L6MoÛ � � V�l`VYX9V�T×n�V�RSV�RUT&Ï�e�V�RGV�pr[

ABC
ÕºRx\ � V�l9V�Tcn�V�Rx\zV�T

a, b, c,
�9fd��bdR�V�n�V�TºZ�V

_dmSV�R v f�Tc[W\�V
+Ea,−Ea

�9XY_Cm.}
+Eb,−Eb

XY_dm.}
+Ec,−Ec

�?bdRGV�bKf�eaprq�bdR�V�Ï�e�V�R�Vgpr[?n�V�pr[9V�T
Z�V�qK��e|Õ�wgTcRUnaprq�l`Vg\Oe�V�TcTW\�mSV�eHb?V�T�}9Ï¬��T`T'lCRUjJ\��
� V�q]V�TÜbdR�V �WV�e�XYRUT�bcfdT9l=n<l9V�e��9b?V�T ^YwgT

A
fdT�b

+Ea

XY_dm.}�^YwgT
B
fdT�b

+Eb

XY_dm.}�^YwgT
C
f�T�b

+Ec

bcf�eHprq»V�RkT]V�T v f�T`[]\
E
��n�w!jURGV�l9V�T�bCR�V v f�T`[]\zV

−Ea,−Eb,−Ec

�9f��1V�RUTWV�e
� V�e��?b9V�T

e
f�T�b´f�Õºl9V�[?V�q`eH\�}

ßºA=ÍCA?E�����D�Ç�D��äL6MoÛ�� ë�Täb?V�e¬~?Rx\<fC�`\ORGwgT»^YwgT�Ö
V�Õ�Õ���è`} ��� TWV�T`TWV�T»m4Rkeib=��n v �d�Ye
(E, e)u qK�Ye�Õ�wgT`Ron�prq6{�X9V�_C�YlCjURJprq´b?V�n8l`V�l9V�X?V�TWV�T!Ï1e�V�RGV�pr[9n�w9b9V�e�TK�?prq ���	� ��
�� 

� u \Je|RUjkRUTWVa�Ye�Þ
w�Ô

j��Ye�{x}

A

C

b a

+Ea

−Ea

E

+Ec −Ec
c

−Eb

+Eb

B

e

� ¯`¯ ¡U�o­9¨`�`� � ² � �
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ßºACà�A=EJÌdá$# £H¨ å �a����� � ² ) � ÅK¥|¡U�a§`��� ¯`¯ ¡k�o­9¨`�`� � ² � � % � ¡k�³­9�a� ¿�¡k�H�|��¦��
B
Å
+Ec

Å
E
Å
+Ea�a��£a�H¨`�d��­9�a�!§c�������d�`¡o¥|¦�§c�a��¾â¨`�<©

(C, +Eb, A,−Eb)
² � ¡k��­9�H� ¿1¡U�a���H¦��

C
Å
+Ea

Å
E
Å
+Eb�a��£a�H¨`�d��­9�H�!§c�d�|���C�`¡U¥�¦�§`�H��¾&¨c�<©

(A, +Ec, B,−Ec)
²9�S�|�d r¡k£H¡k�H�|��­9¡U�H¥|�a�'¾&¨c�<©
��¨c¥

−Eb��¨`©�­9¡U�¼¸?�H¡¹���
a = CB

².Ä�¡U�H¥'�a���d¡ ¯ ���a¡U�`�a�Ü§c�������d�`¡o¥|¦�§c�a� ¾â¨`�|©i��¡¹��­9�H�Ð�S¨`�c�C���a�
C, +Ea, B

¨`�c­�­`�d��¡¹���i¨cª�­`�a��¢?¡k�H�<�����S¨`�`�=�
−Ea

� ¯ �a�'��¡¹�
−Eb

¨`�c­
−Ec

�C�d�U�k¡U�`�H�d�
¥|�a¡U��²c�.�K���U�d��¥|¦�§`�U¡U�aª��������'¡U��­`¡k�s�d�c­9�a��� � ¡o¦�§C��¨`�`�K²

�

@'ACB
D�EGFHEJIKD,L�MUÛ�� P�RkT�Ï1e�V�R�ÔOP�pr[?Ò=~cV�RJ\ºÕ�RJ\!V�RkTWV�Õ b=�Y_CfÙqW�Ye�Õ�wYT`Ron�prq jURGV�l9V�T�b?V�T v �d��e
(E, e)

^gwYT u P�RkT`q]V�Rx\Jn�Ô v fdT`[]\<{�f�T�b u PSRUT`qWV�RJ\xn�Ô � V�e��?b9Vg{�TWV�TcTWV�T m4RUe�V�RkT u qK��e|Õ�wYT`RUnaprqWV�n
v f�Tc[W\zÔ � V�e��9b?V�TWÔ � w?wgeHbdRkTW�9\zV�Tcn �`nH\zV�Õ Ñ v Ô � ÔJ~��`nH\zV�ÕºÓ.RkTâb?V�e�P1X?V�TWVY}
ßºA=Ê�A�����Ç�D �âL�MUÛ&�ÐÏ�f�eHprq,V�RUT�qW�Ye�Õ�wYT`Ron�prqWV�n v Ô � Ôx~��cna\�V�Õ Rona\sV�RUTWV'V�jUjkR Þ
\ORonaprqWV v wYjo�CÔ
e�RJ\zy9\�X9V�nH\ORUÕ�Õ�\r������e�bCR�V&b?��n � w?wgeHbdRkTW�9\zV�TKÔJÏ1e�V�RGV�pr[ÙV�RkT v wgj��YeHbde�V�RGV�pr[ fdT�b

(E, e)
V�RUT

mSV�Rx\zV�e�V�n v �C�Ye�RUnH\|}
� ��� � � � � � � 
 � ��
 ������� � �!����"�� � ' � �)��% ����� ��� � � � 
 � � ��
���� % ��� � ��
 � ��� ����� � ��� � ��� ��� � � ����� �
� � ���&% � � ��� ��� ��*
® �=��¥|Á`���H¦�§`�H�c­»­9�H�º·c�H¥<�|�U�a�C¨`�`�d�H� ¯ �a¡�­9�a�¶�S¨c�`�=� � ¯ £a¤³²S«¬�H���C­9�a� � ¸ �9¥<�|�a� §c� ¯ �H�»¤�¡k�
­`�d�`�
Ú�A?Ê»Ê�É´L6MUL&��Ý.V�_YV�RJprq`TWV�T

+Ea, +Eb, +Ec

bdRGV
(+1)
Ô v f�Tc[W\�V���XY_dm.}

−Ea,−Eb,−EcbdRGV
(−1)
Ô v f�T`[]\�V³RUÕ v Ôx~��cna\�V�Õ¶f�T�b´�YTK��j�wgl

+eA, +eB, +eC

bdRGV
(+1)
Ô � V�e��?b9V�T��
XY_dm.}

−eA,−eB ,−eC

bdR�V
(−1)
Ô � V�e��?b9V�T�RUÕ � Ôx~��cnH\zV�Õ'�cn�wsl9V�jx\zV�T �

2C}
+Ec

f�T�b
−eC

n<RUT�b�RkT`_HROb9V�T]\r��bCRJ\�w
−Ec

f�T�b
+eC

}
� }�ërna\

X
V�RUT´��jkjkl9V�Õ�V�RUTWV�e v f�Tc[W\<�

xC := CX
��b=�YT`T�Rona\

µAB(X) = −µba(xC)
}

ërna\
x
V�RUTWV���jkjkl9V�Õ�V�RkT]V � V�e��9b?V��

Xc := cx
��b=��T`T�RUnH\

µab(x) = −µBA(Xc)
}

~?RUT`T9l`V�Õ�yYtºlCRUjx\8bCR�V�n1�9f9prq'����e�bdRGV��YT�b?V�e�V�T'P�pr[?V�T&fdT�b � �YT]\zV�T6}

A

C

b a

+Ec −Ec
B

e

+eC

xC

Xc

c
E

X

−eC

� ¯`¯ ¡U�o­9¨`�`� � ² �`�

ßºACà�A=EJÌdá ¾%¡U�×�`�d�|¡U�a���a���?¨`�×­9�H��¤��H¥|�a�=���k¡o¦�§`�a� ¸9¦�§c�|¡k�<��Å1¥<¡U�a§c�»� ¯`¯ ¡U�o­9¨`�`� � ² �`� ²��
�a�
¸9¦�§`�H¡k���H�|§c�d�¹���a�'¤�¡k�.­`¡k���S���� r�H�C��¡k¢?¡k�����

c(A, B, Xc, +Ec) ∧̄ C(b, a, xC ,−eC),

¤��d����¨c¥i���d� ± ¯ �a��­9¡U�'Ä¬����¥r���a�U�k¨c�`�&�d�U¥i�d� ¯ �|�9¦�§`�H�ä�k¡U�`�H�d�|�'·`¨`�c�C��¡k�C�Ù¥|��©G�C�<��­`¡k�'�a��¥r���
° �a§c�d¨`Á9��¨`�`��¢d�C� � ²`� ¯ �U¡k��¥r��²

�



� w=wYeabCRkTK�`\zV�T�RUT&b9V�e�P1X9V�TWV ����� )

Ä¬����¡¹��©G�C�k�d���=¨c�
� É9FHÍ´L�MkL�NQÝ.V�_d�Yl=jkRJprqÙV�RUTWV�n�qK��e|Õ�wgTcRUnaprqWV�T � w?wgeHbdRUTK�9\�V�Tcn �cna\�V�Õ�n³qK�cX?V!V�RUT v f�Tc[W\

XbdRGV�qWwgÕ�wgl9V�T]V�T � w?wgeHbdRUTK�9\�V�T
σ(X) = (ξA : ξB : ξC)

fdT�b�V�RkT]V � V�e��?b?V
y
bdRGViqWwgÕ�w�Ô

l9V�TWV�T � w?wgeHbdRUTK�9\�V�T
σ(y) = (ηa : ηb : ηc)

}WÏ��YT`T�n|RkT�b
X
f�T�b

y
l`V�TK�`f�b=�YTcT´RkT`_HROb9V�T]\r�

mSV�T`T
ξA · ηa + ξB · ηb + ξC · ηc = 0Rona\�}

C

b

a

Ya

Xa

B

Xb

A

Yb

y

Yc

X

c

� ¯`¯ ¡U�o­9¨`�`� � ² � �

ßºACà�A=EJÌdá$# ¸9¡k�H§`��� ¯c¯ ¡k�o­9¨`�c� � ² ��� ² % ® ¡U���d¨9©
y
¤����c­9�H�|�K­9�a�³�S¨c�`�=�

X
¢C�a����¡¹�|�|�a�k�i�H¡k�`�

�S���� r�H�C��¡k¢?¡k������£H¤�¡U¥�¦�§`�H�'­9�H���S¨`�`�=�|���a¡U§`�H�
a, b
± ¯ �a�

a(Xa)
A
¯̄∧ y(X)

B
¯̄∧ b(Xb).

Ä¬�Y© ± �.�C¡k�k���d�H�c��¨`�H�

a(B, C, Ya, Xa)
A
¯̄∧ y(Yc, Yb, Ya, X)

B
¯̄∧ b(A, Yb, C, Xb).

µ���­9�a�Ü�S¨`�`�=� � Â��=�C��­`¡k�c���|�H�
µBC

��¨9©
a
¯ £a¤³²

µAC

��¨9©
b
¤�¡U��­Ü­9¡k��¥<�¼�S���� r�H�=�|¡U¢=¡k�����

­`�d�|�C�H¥<�|�a�U�k��­9¨c��¦�§��a¡U�`�³·`¨c�`�=�|¡U�d�´­9�a�.·c�d���

µAC(Xb) =
α · µBC(Xa) + β

γ · µBC(Xa) + δ
.

Ä¬� ¯ �a¡��H�C��¥<Ác�|��¦�§`�a��¥<¡o¦�§�­9¡k�³Â��?�d��­9¡k�K�Y�|�H�?¤8�H�<���.©G�d�U�d�H�c­9�H�|����ªC�a� á

µBC(B) = 0 7→ µAC(A) = 0
µBC(C) = ∞ 7→ µAC(Yb)
µBC(Ya) 7→ µAC(C) = ∞
µBC(Xa) 7→ µAC(Xb).

�.¨K¥ å �H�º��� � ² � � ©G�d�U���.£H¨c­9�H�

µBC(Ya) = −µcb(y)
µAC(Yb) = −µca(y),



�����Y� � �����	��

�	��������������

�������	

����� 
!�"


©G�a���`�H��¡U¥<�.�c�d¦�§�Ä���ãc�`¡k�|¡U�d�

µBC(Xa) = µBC(X)
µAC(Xb) = µAC(X).

Ä¬������¨c¥��a���d¡ ¯ �.¥|¡U¦�§

α = −µca(y), β = 0, γ = 1, δ = +µcb(y),

­�² §�²
µAC(X) =

−µca(y) · µBC(X)

µBC(X) + µcb(y)
.

® ¡U�c¥|���|£H�a�´­9�H��§`�d���d�C�a�`�H�'Â��?�d��­9¡U�c�Y���a�

µAC(X) = ξC

ξA
, µBC(X) = ξC

ξB

µca(y) = ηa

ηc
, µcb(y) = ηb

ηc�U¡k�a©G�a�|�
ξA · ηa + ξB · ηb + ξC · ηc = 0,¤��d��¡¹�.­9¡U�³�a¡U�`� � ¡o¦�§=�|¨`�c� ¯ �a¤�¡U�H¥|�a�'¡o¥r��²

· ± ��­9¡U��Ã.���d�H§`��¨`�`�¬ã
'9¡k�H�|�H��¤�¡k�4£H¨`�c�d¦�§K¥r�S­9¡U�1«¬�a���d­9�
y
��¡k�S§`�d���C�d�a�c�a��Â1�?�d��­9¡U�c�Y���a�

(ηa : ηb : ηc).
Ä1�H�|�H�'¸9¦�§c�`¡¹�|�|Á`¨c�`�=�|�³��¡¹�

a, b
¥<�H¡k�H��¤�¡U�H­9�H�

Ya, Yb,
© ± ��­9�H�|�H�!Â��=�C��­`¡k�c� �

�|�H�´­`���`�'¤�¡U�H­9�H�.­9¡k�³� ¯ �H�'� ¯ �d�H�k�H¡¹�������a� ° �H£a¡U�a§?¨`�`�C�a�'�d�H�¹���a��²
-1¨`� ¯ �a�|���d¦�§=�|�H�!¤�¡U�.­9¡U�
�S���� r�H�C��¡k¢?¡k�����

ϕ : a(Xa) ∧̄ b(Xb),
­9¡U��¢d�H�|��¡k�<�|�H�¹�.¤�¡U��­�¢C�d��­9�a�.·c�d���º�H�

µAC(Xb) =
µAC(Yb) · µBC(Xa)

µBC(Xa) − µBC(Ya)
.

� �d�!���H¦�§`�c���.¥<�d©G�d�|���c�d¦�§ á
«¬¡U�¹��© ± �1�a¡U�`�a���S¨`�c�C�

X
­9¡U�i«¬�k�H¡U¦�§?¨`�c�

ξA · ηa + ξB · ηb + ξC · ηc = 0,

¥|��¥|¡U�c­�¥<�H¡k�`���S���� r�H�=�|¡U�d�c¥|Á`¨`�`�=���
Xa, Xb

�H¡k���4�d�d��¢C�d�
ϕ.-.¨c�!¡o¥r�

ϕ(B) = A,
¥|�d��¡k���U¡k�H���.­9�H��¸9¦�§c�`¡¹�|�|Á`¨c�`�=�

X
­9�a�.«¬�H���C­9�a�

AXa

¨c�c­
BXb

�d¨9©
­9�H��Â��|�H¨`£a�U¡U�`¡k��¢C�d�

ϕ.
Ä1¡U�.�d�H§=�4� ¯ �H��­9¨`��¦�§�­9�a� ° ¡k�o­ � ¨c�c­�­9�a��Ã.� ¯ ¡U�U­`Á`¨`�`�=�8­9��¥

a
¨`�K­

b
�d�H���a¡U�c¥|�d���a�¼�S¨`�`�=���H¥

C,
­�² §�²�­`¨`��¦�§ä­9¡U����¨`�`�=�|�

ϕ(C) = Yb

¨`�K­
ϕ−1(C) = Ya.·`�C�k�C�k¡o¦�§'¡U¥<�1­9¡U�H¥|��Â����a¨c£a�U¡k�`¡U���d�H���C­9��¨c�c¥<�H�

y
¨`�c­�­`�d��¡¹�

X
��¨9©

y. �

æ �C���d�d�H�`��Â��?�d��­9¡k�K�Y�|�H�»¥<¡U�c­����C¨c¡k¢Y���U�a�c£a�?�U�C¥|¥|�a�ä¢C�d�»¿4�H�=�|�d���a�
x = (ξ1, ξ2, ξ3)

��¨K¥
­9�H�

R
3,
¤8� ¯ �H¡? r�H­9�H�.¥<�C�U¦�§`��¿4�H�C���d�

6= 0
­`¡k�³Â��o�d¥�¥<�

(ξ1 : ξ2 : ξ3) := {λx | λ ∈ R, 6= 0}

�a��£a�H¨`����²
¾%¡U�³¤8�H��­9�H���`¡o¦�§=�³¥���¨ ¯ �H�¬£H¤�¡U¥�¦�§`�H�&­9�H�×§`�C�º�C�d�H�`�a�&¿4�a�=�|�C�|�H��Å�­�² §6²�­9�a�����=¨`¢Y���U�a�`£ �
�?�U�C¥|¥|�a�'¨`�c­´­`�a��¥|¡k�³�H�|£H�a¨`�C�a�c­9�H� � �aÁ`���d¥|�a�=���d�=�|�a�

x ∈ R
3
¨`�=�|�H��¥�¦�§`�H¡U­9�H��² æ ¡U�a� ¯ �a¡6¡o¥<�

 r�H­`�?¦�§ ¯ �a¡�«¬�U�a¡o¦�§?¨`�`�d�H�'­c��������£H¨´­9�a�`�C�a��Å`­c��ª�­9¡k�i«¬�U�a¡o¦�§`§`�H¡¹�.­9�H�.Â��U�C¥|¥|�a�'�?¨`�����=¨`¡ �
¢Y���U�a�`£CÅ6���o¥|�´¡J² �`²��c¡U¦�§=��«¬�U�a¡o¦�§`§`�a¡k�s© ± ��­9¡k� � �aÁ`���d¥|�a�=�����=�|�H� ¯ �H­9�H¨9�|�a�H²�Ä1�H�`�`�9¦�§ä¡U¥<�s�H¥
��©�� ¯ � �=¨`�a� ��¡k� � �aÁ`���d¥|�a�=�����=�|�H�´£a¨×���H¦�§c�`�a��Å]­`�!������§`¡U�a�³­9¡U��¸?Á`���d¦�§`�i­`�a���k¡U�`�������a�
�.�U�d� ¯ ����¢d�H�|¤��a�c­`�a�´�Y���`�6² ° �H£a�a¡o¦�§`�`�H��¤�¡U����¡k�

〈 , 〉
­`�d¥ # ± ¯ �k¡o¦�§`� % ¸?�Y���o����Á`���9­9¨`�=�

¡U�
R

3,
¥<���Y���`�'������¸9���|£ � ² �c� ­`����¡k�.�`����¡k�H�|�H�'�d�U¥

��I �YIKËJËOÉ ��L�MkL�ÎÐPSRUT v f�T`[]\
X
fdT�b!V�RUTWV � V�e��?b?V

y
n|RkT�b�RUT`_HROb?V�T]\
l9V�TW�9f9��mSV�T`T

〈σ(X), σ(y)〉 = 0.



� w=wYeabCRkTK�`\zV�T�b=�Ye�nH\zV�jUjxf�T9l!^YwgT v e�waZ�V�[]\ORx^gRJ\zy9\�V�T ����� �

æ ¡U�a�s¥|¡U�c­&­c���`�â�c�Y� ± ���k¡o¦�§
σ(X), σ(y)

���o¥ � �aÁ`���d¥|�a�=�����=�|�H�×£a¨â�U�H¥|�a��Å�¤�� ¯ �a¡4��¥����W�H� �
¥|¡U¦�§=�|�U¡o¦�§!�`¡o¦�§=�.­`������¨9©
���`�C�d���s��Å9¤8�H�U¦�§c� � �aÁ`���d¥|�a�=���d�=�|�a�!�d�H¤��d§`�¹��¥|¡k�c­�²
¾â�a�c­9�H��¤�¡k�.­9¡U�H¥1�����

� É9FHÍ´L�MkL]Û 2d} ��mSV�R v f�T`[]\zV¼Ñk_Cm4V�R � V�e��9b?V�T9Óºn<RUT�b�l`V�TK�`f&b?�YT`T ^YV�e�n�prqcR�Vgb?V�T��8m4V�T`T
Rkq`e�V1qWwgÕ�wgl9V�T]V�T � w?wgeHbdRUTK�9\�V�T�jURUTWV���e³f�TK�`X�qKyYT9l=R¹l�n|RkT�bW}

� }�~?RkT�b
X1
f�T�b

X2
^YV�e�n�prq`RGV�b9V�TWV v f�T`[]\zVg�9n�wºbKf�eaprqcjo�`f��JV�T´bCR�V v f�T`[]\zV

Y
Õ�Rx\ � w?wge�Ô

bdRkTW�9\zV�T
σ(Y ) = λσ(X1) + µσ(X2) (λ, µ) ∈ R

2, 6= (0, 0)
l9V�TW�9f�bCR�V �WV�e�XYRUT�bcfdT9l=n<l9V�e��9b?VY}
h.TK��j�wgl9V�n�����e�Ý��Cn�prqWV�jx}

ßºACà�A=EJÌdá · ± �1­9¡U�³¿4�a� ¯ ¡U�c­9¨`�c�C¥|�d�a���d­`�
y := X1X2

�C¡k�k�.�c�C¦�§'Â��d���d�U�U�d� � ² ���

〈σ(y), σ(Xi)〉 = 0 (i = 1, 2),

¤��?­`¨`��¦�§
σ(y)

# �d�U¥�Â��U�C¥|¥|� % �a¡U�c­9�a¨`�|¡U� ¯ ��¥r��¡k���i��¡o¥r�
	=­`�a� � �H¥<�8­9�H� ° �a§K��¨`Á9��¨`�`�C�a��©G�d�U���
­`�d�`��¤�¡k��­9�a����¡k�1Â1�C�|�C�k�o��� � ² � � ��¨c¥�­`�a���U¡k�`�������a���.�U�d� ¯ ���c²

�

� � �S*c0 �</.2�79)6/�0.2
*c;C79)6:<:|-1/�� � ��/ �&* ���=)���7 � � ��7���79)6/
� É9FHÍ´L�MkLWLÜÝ.V�_d�Yl=jkRJprq�V�RkT]V�n4qK��e|Õ�wYT`RUnaprqWV�T � w=wYeabCRkTK�`\zV�Tcn �cnH\zV�Õ�n�RUT�b?V�e4P1X9V�T]V¬m4V�eab9V�T
v e�w�Z�V�[W\JRJ^gRx\xy`\zV�T�ÑkRUT�b?V�e�P1X9V�T]V�Ó
l9V�TK�9f³bKf�eaprqie�V�lKf�j�yYe�V

3×3
Ô �×�9\Je|RU_gV�T�b=�Ye|l9V�na\�V�jUjJ\�} ��mSV�R

n�wgjJprqWV �×�`\Oe�Rk_YV�TsnH\zV�jUjGV�T�l9V�TK�9f�b?�YT`T�bCR�VSn�V�jxX9V v e�w�Z�V�[W\JRJ^gRx\xy`\�b=��ea�=m4V�T`Tsn<RGV�X�RUn��9f��KV�RkTWV�T
~?[��Yj��Ye��O�Y[]\�wge

6= 0
�cX9V�e�V�RUTcnH\ORUÕºÕ�V�T6} � V�TK�`f=V�e8lCRUjJ\
Ô4V�n¬X?V�_gV�RJprq`TWV

AT bdRGV�\Je���TcnzÞ�wYT`R�V�eH\�V
�×�`\Oe�R¹ê'Ô
2C}�PSRkT]V � wYjkjURkT]V��9\JR�wYT

α : X 7→ X ′, y 7→ y′
m4RUeab'b=��e<l`V�nH\zV�jUjx\8bKf�eaprq

σ(X ′) = Aσ(X)

σ(y′) = (A−1)T σ(y).

� }�PSRkT]V � wYe|e�V�j��9\JR�wYT
π : X 7→ x′, y 7→ Y ′

m4RUeab'b=��e<l`V�nH\zV�jUjx\�bcfdeaprq

σ(x′) = Aσ(X)

σ(Y ′) = (A−1)T σ(y).

� }�~cw�V�e�qKyYjx\
Õ���T�l`V�TK�`f���jkjGV v e�w�Z�V�[]\JRJ^gRx\xy9\�V�T6}
èc}�Ï1RGV�RkT]^YV�e�n�V�T �×�`\Oe�Rk_YV�T¼X?V�n�prq`e�V�RzX9V�T�V�T]\JnzÞ]e�V�prqWV�T�b!bCR�V�RUT]^gV�e�n�V�T v e�waZ�V�[]\ORx^gRJ\zy9\zV�T6}

ßºA=Ê�A�����Ç�D �âL�MkL�1 � wgjUjkRUTWVa�9\ORGwgT]V�T´f�T�b � wYe|e�V�j��9\JR�wYTWV�T'b=��e<l`V�nH\zV�jUjx\S�cX9V�e � w?wgeHbdRUTK�9\�V�T
f�T]\zV�e�naprqWV�ROb?V�T'n|RJprq���jUn�w³T]f�e�bKf�eaprqâbdRGV1ë�T]\zV�e�Þ]e�Vg\z�9\ORGwgT&b?V�e.Ý8RUjJbc^gV�[W\�wge�V�T6}
�×��T×[��YT`T]\zViÔ�Õ!f�t´�`X9V�e�T`RJprqW\�Ô v f�T`[]\�VinH\zVY\Jn³�Yjon³~�Þ���jJ\�V�T�� � V�e��?b9V�T×nH\zVY\Jns�Yjon ��V�RUj�V�T
TWw9\ORGV�e�V�T��Sf�T�b�V�e|q`RGV�jx\zV�V�RkTWV�T×l=j�V�ROprq]mSV�e�\ORkl9V�TâVg\�m4��n³�YT�b?V�e�V�TâéWwge�Õ��YjURUn|Õ�fCnH}]ç.RGV�e�m4yYe�V
b=��T`TäX?V�R4b?V�e � wge�e�V�j��9\ORGwgT�TWw`prq´V�RkT u �`e��YTcnzÞ
wgT`RGV�e�V�T�{8V�RkTc_dfdnaprq`RGVYX9V�T6}
ßºACà�A=EJÌdá$# ¿4�C��¸9�Y��£ � ² �d� %
� %

A
¥|�a¡��H¡k�c�³�|�H�d¨`�o�����

3 × 3
� � ���|��¡('�²9Ä¬���`�´¥|¡k�c­'­9¡U�³­9¨`��¦�§

A
¯ £H¤³²

(A−1)T
�H�|�?�o��� �

�|�a��� ¯c¯ ¡k�o­9¨`�c�d�a� ¯ ¡  r�a�=��¡k¢]Å9¤�� ¯ �a¡? r�a¤��a¡U�o¥�Ã.�=�|�H�|����¨`������¨9©
Ã.�=�|�H�|����¨c�º�¬�d�U�a¡o¦�§`�H�
Ä1¡U���a�c¥|¡k�C��� ¯ �d� ¯ ¡k�o­9����¤8�H��­`�a��²?Ä��d��¡¹��¢d�H�|��¡k�<�|�H�¹��­9¡U��·c�d���º�H�K¢C�d� � ²d���Y��¥|�C¦�§`�k¡o¦�§
�a¡U�`��� ¯`¯ ¡U�U­9¨c�`�i¢C�d���S¨c�`�=�|�a�'��¨9©���¨`�`�=�|�¬¨`�c­�¢d�d��«¬�H���C­9�a���d¨9©�«¬�H���C­9�a��Å ¯ £a¤³²
­9¡k�8¢d�C� � ²g�a�=��¥<Á`���H¦�§c�a�c­ ± ¯ �a�4Â����a¨`£C²�Ä�¡U�H¥|�8� ¯c¯ ¡k�o­9¨`�c�¬¡o¥<��¡U�`£a¡o­9�a�c£��|���a¨6²gÄ��a�c�i�H¥
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¥<¡U�c­!�c�d¦�§�Â1�C�|�C�k�o��� � ² � �
X
¨`�c­

y
�d�H�c��¨�­`�d�`�!¡U�`£H¡k�H�C��Å`¤8�H�`�

〈σ(X), σ(y)〉 = 0.Ä��d�º¡k��©G�d�U���.­9¡U�³µ��`£H¡U­9�H�`£����|�H¨`� ¯ �H¡ � ² # © ± �1Â��d�U�k¡U�`���Y�|¡U�d�c�a� % ��¨K¥

〈σ(X ′), σ(y′)〉 = 〈(Aσ(X), (A−1)T σ(y)〉 = 〈A−1Aσ(X), σ(y), 〉 = 〈σ(X), σ(y)〉,
¯ £a¤³²`�d�c���U�d� ¯ �H¡ � ²?© ± �1Â1�C�|���a�o�Y��¡k�C�`�a�6²
� �a�C¨`�U�d�|� � �Y���|¡U£a�H���a��£a�H¨`�d�H�!�d�U¥|���d¨9©�­9¡U�H¥|�¬¾&�H¡U¥|�¬Â��d�U�U¡k�`���Y��¡k�C�`�a��¨c�c­!Â��d�����a�o� �
�|¡U�d�`�H��²

¯ % � � % � � �)� � � "�� 
 � 
 ����� � ��� �!� 
 � �(��� % � � � � ��� � �����]® ¥¬¥|�a¡U�a�
(Xi, X

′

i) (i = 1, ..., 4)
¢?¡U�a�

�S¨`�`�=�|� � �4�C�����dÅ�­9¡U��­9�H���.�9©G�C��­`�a��¨`�`�d�H��­9�H¥8·`¨`�c­c�����a�=���d�U¥��Y��£.�d�H� ± �d�H�º¨c�c­�­`� �
�º¡k���d�a�K��¨´�a¡U�`��Â1�C�k�U¡U�`�H���|¡U�d�'©G�H¥<�|�U�a�C�a��² # · ± ��Â��d���|�H�U���|¡U�d�`�H�'�C�a§=�¬�d�k�U�H¥����c�d�k�C�c² %
Ä1¡U�s�S¨`�c�C���

Xi

¥<¡U�c­�¡U�×���U�k�C�a���a¡U�`�H� å �d�d�dÅK£a¨`�C�a§
0C�|¡U�d�³Â��?�d��­9¡k�K�Y�|�H�?¢d�a�=���d���a�
xi���o¥<�³£H¨s r��­`�|�H¡k�H���k¡U�`�H�d�8¨c�c� ¯ §K���`�C¡k�K²C¸?�d��¡k��� '9¡U¥<�|¡U�a���a���H¡k�c­`�a¨9��¡k� ¯ ��¥r��¡k���s�����4� �

���d�º�a�|�H�
λi

Åc¥<�9­`�dª

x4 = λ1x1 + λ2x2 + λ3x3,
¤8� ¯ �H¡ ��� � �

λi 6= 0.

Ä��d�`���Y���`�&�����&� ¯ �H���C�k�H¡U¦�§
λixi

¥<�����<�
xi

���o¥ � �HÁ`���d¥|�a�=���d�C���a�´¤���§`�U�a�6ÅK¤��d��¡k�
¥<¡o¦�§'­c���`�

x4 = x1 + x2 + x3�a���d¡ ¯ �H² ®S¯ �a�c¥|�Ù�Y�d�`� ����� ¯ �H¡�­`�a� ° ¡U�U­9¢C�a�=�|�C�|�H� ¢d�H�<©O�d§`���a�%¨`�c­Ð�a��§c���k�!�K�d¦�§
�|¡o¦�§=�|¡U�d�a� -.�C�|��¡U�a��¨`�`�

x
′

4 = x
′

1 + x
′

2 + x
′

3.Ä��d�`�!� '9¡U¥<�|¡U�a�|�.�a¡U�`���a¡U�c­9�H¨9�|¡U� ¯ ��¥r��¡k���i�|� � ���|��¡('
A
��¡k�

Axi = x
′

i (i = 1, 2, 3).
¸?¡k��¡o¥r�.���a�C¨`�o����¨`�c­'�a�|© ± �U�¹�����|¡U¢?¡U�d�k�H�|¤��a¡o¥|����¨K¦�§

Ax4 = x
′

4.¸?¡k�³¥<�|�H�k�k�1­`���c��­`¡k���d��¥<¨K¦�§C���³Â1�C�k�U¡k�c�H�Y��¡k�C�!­`�d�H²
Ä�¡k�s�1¨c¥|¥����C� ± ¯ �H�1­9¡U�³µ��=¢C�a��¥<�H�!¥|�a¡��d�U¥ � ¯ ¨`�`���C�a�o�d¥�¥<�H��²

�

@'É �YÌaF�A=ËJËOÇ�D �¼Ì���A?ÍdEJA=ËJËOA � � �YI���A ��FHE���EGF��`FHA?D
· ± ���a¡U�`���
�C�U�d�|¡k�����

π
¡o¥r�� <�

π2 =
¡o­�¨`�c­!­9¡U��µr­9�H�=�|¡k���Y��¤�¡U��­�­c�����d�H¥<�|�H�k�k�8­9¨c��¦�§

A = λI
Å

¤�� ¯ �a¡
I
­9¡U� ® ¡k�c§`�a¡k��¥|���Y�|��¡*'�¡o¥<�¬¨`�K­

λ ∈ R, 6= 0
²�-1�C¦�§&¸9���|£ � ² �C� §c� ¯ �H�×¤�¡U�1© ± �¬�a¡U�`�

£a¤��a¡k©O�d¦�§����c�d�a¤��a�K­9�����¬Â��d���|�H�U���|¡U�d�
π
á

X
π
7→ y

π
7→ Z

σ(X) 7→ Aσ(X) 7→ (A−1)T Aσ(X)¯ £H¤³²
x

π
7→ Y

π
7→ z

σ(x) 7→ (A−1)T σ(x) 7→ A(A−1)T σ(x),¥|�?­c��ªº¤�¡k� ¯ �a�C�d�����a� á
Ä�¡k� � �Y���|¡*'

A
¥r���a�U�¹�¬¡k� ¸?¡U�`�`��¢d�C�´¸`�Y�|£ � ² �d� ² � ²`�a¡U�`�s�
�d�o����¡k���Y�¬­`����Åc¤��a�`�´��¡k�

λ, λ′ ∈
R, 6= 0

�d¡U�¹� á
(A−1)T A = λI, A(A−1)T = λ′I.Ä�¡k��¥�¡U¥<�.� �=¨`¡U¢Y���U�a�=��£a¨

A = λAT ¯ £a¤³² A = λ′AT ,¤��d¥ ¯ �a¡W­9�a��§`¡U�a��¢d�d���U¡k�H�d�a�K­9�a�
3×3
� � �Y�|��¡U£a�a�i�d�a�K��¨º© ± �

λ = λ′ = 1
�*0=¥ ¯ ���4¡o¥r��²CÄ¬����¡¹�

§c� ¯ �H�'¤�¡U�



� w=wYeabCRkTK�`\zV�T�b=�Ye�nH\zV�jUjxf�T9l!^YwgT v e�waZ�V�[]\ORx^gRJ\zy9\�V�T �������

� É9FHÍ´L�MkL � ë�Õ ~?RUT`TWV³^gwYT�~`�9\J_�è`} èdèc} � }9m4V�eab9V�T v wgj��Ye�RJ\zy9\�V�T�RkT�b?V�e8P1X?V�TWV�l9V�TW�9f�bcf�eHprq
n �9Õ�Õ�Vg\Je|RonaprqWV1e�V�lKf�j�yYe�V

3 × 3
Ô �×�9\Je|RU_gV�T�b=��e<l`V�nH\zV�jUjx\|}

� ¯ �a��­9¡k��µ��`£H¡U­`�a�`£H�|�H�U���|¡U�d�'¢d�d��Â��d���d�U�U�d� � ² � � �H�|§c�d�¹��������­`�d�º¡k�
� É9FHÍ´L�MkL � Ï�RGV1n|RUT9lKf�j�yYe�V�T v f�T`[]\�V³V�RUTWV�e�bcfdeaprq×bdR�V1e�V�lWf�joy�e�V.n �`Õ�Õ�Vg\Je|Ron�prq]V �×�`\Oe�R¹ê

Ab=��e<l`V�nH\zV�jUjx\zV�T v wgj��Ye�RJ\zy9\�V�e�����jUj�V�T&bCR�V � jGV�RJprqWfdT9l�_dmSV�Rx\zV�T � e��?b?V�n �

〈σ(X), Aσ(X)〉 = 0,

n|RkT�b���jUn�w � V�l9V�jUnaprq`T`Rx\<\�VY}
® ¡U�`���a�=��¥|Á`���H¦�§`�H�c­×¸9���|£ � ² �d� ² � ­9¨`��¦�§&­9¡U� � �Y�|��¡*'

A
­`�d�|�C�H¥<�|�H�k�k�|��Â1�C�k�U¡U�`�H���|¡U�d�

α
§c�Y�

� �]�a� ¯ �d���C�a�c�d¨×­`�d�`�&­9�H�×�S¨c�`�=�
X0
£a¨`� ·�¡*'?Ác¨`�`�=�HÅ�¤��a�`�&��¡¹���a¡U�`�a� ·K���=�|�C�

µ 6= 0© ± �1¥|�a¡U�`�H�'Â��?�d��­9¡k�K�Y�|�H�?¢d�a�=���d�
x0
�C¡k�k�

µ · x0 = Ax0,

­�² §�²c¤��a�c�
x0
® ¡k�C�a�?¢d�H�=�|�d��¢C�d�

A
²WÄ1¡U�H¥1¡U¥<�.¤�¡k��­9�a�1�a¡U�`� ® ¡U�d�a�K¥|¦�§c��©��HÅW­9¡k�s­`�a�.�H�C��¥<Ác�|� �

¦�§`�H�c­9�a� ���=¨`¡U¢g�d�k�H�`£a�?�o�d¥�¥<�¬£a¨c�d�d���i�HÅ`���o¥|��­`�a��§`�d���C�d�a�c�a�!Â��?�d��­9¡U�c�Y���a��¢C�d�
X0
²

æ ¡U�a����¨K¥��d�a¤�¡U�`�=�������'�k�H¡U¦�§=�1­9�H�!©G�C�k�C�a�c­`�a�
� É9FHÍ´L�MkL �ÐÏ�RGV � wgjUjkRUTWVa�9\ORGwgT

α
n�V�RsV�T]\JnzÞ]e�V�prqWV�T�bÙ~`�`\O_äè`} èdè`}�2âbcf�eHprq bdRGV �×�9\Je|Rkê

Ab=��e<l`V�nH\zV�jUjx\|}9Ï��YT`T!l9V�jJ\�V�T �
2C}�PSRkT v f�T`[]\

X
RUnH\4l`V�TK�`f!b?�YT`T´é�R¹êdÞ
fdT`[]\.^gwYT

α
��mSV�TcT

σ(X)
PSRkl9V�TW^YV�[]\zwYe³^gwYT

ARUnH\|}
� }�PSRkT]V � V�e��?b?V

y
RUnH\�l`V�TK�`f&b?�YT`T»é�Rkê=l`V�e��?b?V�^YwgT

α
��m4V�T`T

σ(y)
PSRkl9V�TW^YV�[]\zwYe�^gwYT

(A−1)T RUnH\|}
� }�é�RkêdÞ
f�T`[]\Ol9V�e��?b9V�T�V�T]\JnzÞ]e�VgprqWV�T �Yjon v f�Tc[W\Je�V�Rkq]V�T�_dmSV�RJbdRUÕ�V�Tcn|R�wYTK�YjGV�TÜPSR¹l`V�T`e�y9f=Ô
Õ�V�TÙ^YwgT

A
�6é�Rkê9nH\Oe��Yqcj�V�T]X`�dn�prq]V�j�V�T]\JnzÞ]e�V�prqWV�T Ñ��Yjon � V�e��?b?V�T9l9V�XYRkjJb?V�Ó�_Cm4V�RObCRkÕ�V�TWÔ

n<RGwgTK��j�V�T�PSRkl9V�T`e�y9f�Õ�V�Tâ^gwYT
(A−1)T

}
æ ¡U�a����¡¹�¬�U�C¥|¥|�a�´¥|¡U¦�§ ¯ �a¡o¥|Á`¡k�H�U¥|¤��a¡o¥<�s­9¡U� � ��� � �)����� � � ��� � 

� � ��� 
�� ����� Å ¯ �a¡�­`�a�`�H�×­`�d¥ Ø �a� �
�|��¨`���`¡o¦�§=����¨9©`­9�H����¦�§c¥|�S�U¡k�H����ÅH­`�C­9¨`��¦�§s¦�§c�������=�|�H�|¡o¥|¡k�H�|�H��Å�­`��ª1­`¡k��­c����¥r���a�U�k�H�c­9� � ���|��¡('
�a¡U�`�H���a¡U�9©O�d¦�§c�a��¨`�K­��a¡U�`�H�×­9�dÁcÁK�H�¹���a� ® ¡U�d�H�?¤8�H�<� # ��¡¹� �g� ­9¡U���a�c¥|¡k�C�c���U�a� ® ¡U�d�a�c���d¨`� %
¯ �H¥|¡¹��£��H²
·`�H�|�c�a���H�|§K���k�8����� ± ¯ �H��­9¡U��+C�d��­`�d�c¥|¦�§c� -.�d�������k©G�d��� �H¡k�`�H�8�H¡k�c�1µ��?¢d�C�k¨9��¡k�C�

α
­c����¥r���a� �

�U�a�c­9� � ���|��¡('�Å9­`�dªº­9¡U�H¥|�³­9¡o���d�C�c���U¡o¥<¡U�a� ¯ ����¥<�H¡k�'�i¨cª�¨`�K­!­`�dªº© ± ��­9�a���a� ® ¡U�d�a�?¤��a�|�|�
λi�d¡U�k� á

λ2
1 = λ2

2 = λ2
3 > 0.

æ ¡U�a����¨K¥ ¯ �H�|��¦�§`�`�a�1�����´�U�a¡o¦�§C��ÅK­`�dª
α
�H�=�r¤8��­9�a�1­`¡k�sµr­`�a�=�|¡k�����1�9­9�a���a¡U�`�s§c�d�|���d�c¡U¥�¦�§`�

¸?Á`¡U�a�C�a�U¨`�`��¥|�a¡U�!��¨`ªcÅ`¤��d¥�¤�¡U�
 <��¥|¦�§c�d��¥��?�=�|§`�a�|¡o¥|¦�§'�c�C¦�§`�d�H¤�¡k��¥<�H��§c���<�|�H��²
� ËJË��WA?Ê»A?EOD�A �³Ç�D ��F�� �'A �YÉ`È�A?D
� �!I�I	�YÈ�EOD�É9FHA?D%EJDQÈ�A � 
���A?D�AWM
Ø ¨`�#� ¯ ¥�¦�§`�U¨`ª�¥|�a¡U�a���`�9¦�§´­9¡k�s·c���d�d�H�'­9�H�1Â��=�C��­`¡k�c���|�H�C�����d�c¥<©G�d�������|¡U�d��¨`�K­´­9�a��µ��`£H¡ �
­9�H�`£a���a�o�Y��¡k�C� ¯ �a¡6�d�k�U�d�H���a¡U�`�a� å �d�d��­9�a��Â1�?�d��­9¡U�c�Y���a�c¥ �9¥r���a��� ¯ �a§K���c­9�H�¹��²
Ø ¨`���H��¥<�|�H�'·c���d�d� ¯ �a�|���d¦�§=�|�H�!¤�¡U�.£H¤8�H¡�§c�������d�`¡o¥|¦�§c���S¨c�`�=� � «¬�a���d­9�H� � ¸ �?¥<�|�H��� á
Ä¬�d¥��H��¥<�|��§c� ¯ �����o¥�«¬��¨`�c­c­9�|�H¡k��¦��

ABC
��¡¹�4«¬�a�d�H�c¥|�a¡k�|�a�

abc,
­`��£H¨s­`�d¥��|��¡k�U¡U�`�H�d��ÁK�C�U�d�|�

® ¡U�`§`�H¡¹���a�`Ác�C���
(E, e).

Ä�¡k��­c�������¼�d�H¤8�C�`�`�a�c�a�â§`�d���d�C�a�`�H�äÂ1�?�d��­9¡U�c�Y���a�¼¥<�H¡k�H�
σ(X)¯ £H¤³²

σ(y).
�.�c�d�k�C��¥|�a¡]­`�d¥8£a¤��a¡k�|�¬�d�H�d� ¯ �a��­`¨`��¦�§

A′B′C ′, a′b′c′
¨c�c­ ® ¡U�`§`�H¡¹���a�

E′, e′.Ä�¡k�³£H¨`�d�H§
0d��¡k�C�a�'Â1�?�d��­9¡U�c�Y���a�'¥<�H¡k�H�
σ′(X)

¯ £a¤³²
σ′(y).-1�C¦�§â­`�a�½·c¨`�c­`�d���a�=���d�U¥��Y��£��C¡ ¯ �s��¥��d�H�c��¨&�a¡U�`��Â1�C�k�U¡U�`�H���|¡U�d�

α,
­9¡U��­`�d¥³�d�k�U�d�H���a¡U�`�

¿1¡U�a���H¦��
ABCE

�a�=��¥|Á`���H¦�§`�H�c­�¡U�
A′B′C ′E′

± ¯ �a�|© ± §`�|�H²`¾â�a�C�a��­9�a��µ��`£H¡U­`�a�`£a�|���a¨`���d¡U�k�
­`�d�`�»¨`�=�|�H�

α
��¨K¦�§

a 7→ a′, b 7→ b′, c 7→ c′.
·c�a���`�a�º�a�=��¥r���a§=�º­9¡U�����|¡U�U¡k�`���������
�d�o�����
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e
��¨c¥

E
¨`�K­

ABC
­9¨`��¦�§�§c�d�|���d�c¡U¥�¦�§`��¸?Ác¡k�H�d�a�U¨`�`�!¨`�c­&�.�c�d�k�C�d�H¥1�d¡U�¹��© ± �

e′,
¥|�9­`��ªKÅ

­`�´§K�����º�C�`¡o¥|¦�§`� å ���d��¨c�C���a�i­`�a��Â��d�U�U¡k�`���Y��¡k�C�
α
�a��§c���k�|�H� ¯ �k�H¡ ¯ �HÅ��d¨c¦�§ä�`�9¦�§

e 7→ e′�d¡U�k�H²�Ä�¡k��¡U�=¢C�a��¥<�ºÂ1�C�k�U¡U�`�H���|¡U�d�
β := α−1 ± ¯ �a�|© ± §`�|�i­`����¡k�¬¡U�c¥ ¯ ��¥<�C�c­9�a����­`�d¥¬¿1¡U�a��¥|�a¡k�

a′b′c′e′
¡U��­`�d¥.¿1¡U�a��¥<�H¡¹�

abce.
-��d¦�§�¸9�Y��£ � ² �d� �C¡ ¯ ���H¥1­c��£a¨����a�C¨`�U�d�|�

3 × 3
� � �Y�|��¡U£a�a�

M, N,
��¡¹�1­9�H�`�a�'© ± ����¨`�`�=�|�

X
¨`�c­´«¬�H���C­9�a�

y
�d�H�¹���a�

σ(α(X)) = M σ(X),

σ′(β(y)) = N σ′(y).

Ä�¡k�³Â��=�C��­`¡k�c���|�H�c� ¯`¯ ¡k�o­9¨`�`� ¯ �H�|¨`§=�.��¨`©�§c�d�|���d�c¡U¥�¦�§`�a� å �d�d�dÅ9­9¡U�¬¨`�=�|�a�.Â��d�U�U¡k�`���Y��¡k�C�`�a�
�a��§c�d�¹���a� ¯ �U�a¡ ¯ � # ¥|¡k�H§`�¬¸9���|£ )`² � � % ²dÄ¬����¡¹� ¯ �a�d�C���º�H��¤�¡k�8© ± � ¯ �H�k¡U� ¯ ¡k�C�1�S¨`�c�C���

X
¨c�c­

«¬�a���d­`�a�
y

σ′(α(X)) = σ(X),

σ(β(y)) = σ′(y).

¸?�a�|£a�H��¤�¡k�.­9¡U�H¥�¡U�´­9¡U�³¢d�d��¡U�d��Ä��d��¥<�|�H�k�U¨`�`�º�a¡U��Åc¥|�º©G�d�U�d�a�

σ(α(X)) = M σ′(α(X)),

σ′(β(y)) = N σ(β(y)).

Ä¬�
α, β
¯ ¡  r�H�C��¡k¢'¥<¡U�c­�Åc��0d�c�`�a�'¤�¡k��¨c� ¯ �a£a�H¡U¦�§c�`�a�'¨`�c­'�a��§c�d�¹���a�

� É9FHÍ´L�MkL � ��RJ\�b?V�T�V�T]\xnxÞ]e�V�prq]V�T�b�~`�9\J_�èc} èCèi�9fCn1b9V�T � w?wgeHbdRUTK�9\�V�T´b?V�e � eHf�T�b�Þ
f�T`[]\�V
XY_Cm.}`Ô�l`V�e��?b?V�T´b?V�e³X9V�RJb?V�T � w?wgeHbdRkTW�9\zV�Tcn �`nH\zV�Õ�V�[?wYTcna\JeHfdR�V�eH\�V�T �&�9\Oe�RU_gV�T

M, N
l9V�jx\zV�T

����eiX9V�jURGVYXYRkl9V v f�Tc[W\�V
X
f�T�b � V�e��?b?V�T

y
bdR�V�é]wge�Õ�V�jkT

σ(X) = M σ′(X),

σ′(y) = N σ(y).

Ï��`X9V�R�Rona\
N = MT .

Ä�¡k���U���|£a�|� ° �a£H¡k�H§=¨c�`�i©G�C�k�d�.¥<� á -��d¦�§�¸9�Y��£ � ² �C� �C¡k�k��© ± �
α
�`� ¯ �a�

σ(α(X)) = M σ(X),��¨K¦�§
σ(α(y)) = (M−1)T σ(y),

¥|�d��¡¹�.¤��a�C�a�
β = α−1

MT σ(y) = σ(β(y)) = σ′(y).

�Ä�¡k��Â1�?�C��­9¡U�c���|�a�=�����d�c¥r©G�C�|�����|¡U�d�1¤�¡U��­s���o¥<�1¡k�º­9�a�s§c�d���d�C�a�`�H�iÂ1�?�C��­9¡U�c���|�a�³­9¨c��¦�§s�H¡k�c�
�U¡k�`������� À �����c¥<©G�d�����Y��¡k�C� ¯ ��¥|¦�§c�|¡U� ¯ �a��²

Ä¬����¡¹��� 0d�`�`�H�»¤�¡U�º�?¨`�,��¨K¦�§�­9¡U��·c�d�����a�8© ± ��­9¡U�!µ��`£H¡U­`�a�`£�¢d�C�»�S¨`�c�C��¨`�K­Q«¬�H���C­9�
���c�d� ¯ �a�6Å4¤8�H�`�Q­`¡k�´�S¨c�`�=� � Â1�?�d��­9¡U�c�Y���a�

σ(X)
£a¨ «¬��¨`�c­9Ác¨`�`�=�|�H�

ABC, E
¨`�K­Q­`¡k�

«¬�a���d­`�a� � Â1�?�C��­9¡U�c���|�a�
σ′(y)
­`�g¢d�C�&¨`�K� ¯ §c�d�`�d¡U��£a¨�«¬��¨`�c­9�C�a���d­9�H�

a′b′c′, e′
�C�a¤���§`�k�

¥|¡k�c­�²K¾%¡U���H�|�=���`£H�a� ¯ �a¡o­9�º¸ �9¥<�|�H�º�. r�a¤��a¡U�U¥�£a¨��H¡k�c�a� §c�������d�`¡o¥�¦�§`�a���S¨`�c�C� � «¬�H���C­9�a� �
¸ �9¥<�|�a� ¨`�K­ ¯ ¡U�U­`�a�×£H¨c¥��Y�|£H�k¡o¦�§�­9¡U��«¬�H���C­9�a� � Â��?�d��­9¡k�K�Y�|�H�!£H¨×­9�H� ��¨c¥

A, B, C, ...
�d� �

¤��d�`�`�H�`�a��¸ �?¥<�|�H� ¨`�c­�­9¡U�1��¨`�`�=� � Â1�?�C��­9¡U�c���|�a�
σ′(X)

£a¨�­`�a� ��¨c¥
a′, b′, c′, ...

�d�H¤8�C� �
�`�H�`�a��¸ �9¥<�|�a��²�Ä¬�Y© ± ���d�a�k�|�H�º­c���`���a¡U�`�����`­`¡k� ° �a£H¡k�H§?¨`�`�d�H�i¢C�d��¸9�Y��£ � ² � �`Åg©G�H�|�`�H�
¤�¡k��­
¡U�`�`�a��§c�d� ¯  r��­9�H¥�­9�a��¸ �9¥r���a����­`¡k��µ��`£a¡o­9�a�c£1¢d�C���S¨`�`�=�

X
¨`�c­!«¬�H���C­9�

y
�c�d¦�§�Â��d���d�U�U�d�

� ² � � ¯ �H¥�¦�§`�|¡U� ¯ �a�´­9¨c��¦�§

0 = 〈σ(X), σ(y)〉 = 〈σ′(X), σ′(y)〉.

¸?�a�|£��.���d��­`¡k��¥�¡k�`�H¡k�K���c­9�H���a¡U��Åc¥|���a���d¡ ¯ �.¥<¡o¦�§



� w=wYeabCRkTK�`\zV�T�b=�Ye�nH\zV�jUjxf�T9l!^YwgT v e�waZ�V�[]\ORx^gRJ\zy9\�V�T ����� �

� É9FHÍ´L�M�1 � P8nSn�V�R�V�T
σ(X)
qWwYÕ�wgl9V�TWV v f�T`[]\xÔ � w=wYeabCRkTK�`\zV�T��

σ′(y)
qWwgÕ�wgl9V�T]V � V�e��9b?V�TKÔ

� w=wYeabCRkTK�`\zV�T6}Hé���e�bCR�V�_df�l9V�q �ge�R¹l`V�TsqK��e|Õ�wYT`RUnaprqWV�T v f�Tc[W\zÔ � V�e��9b?V�TWÔJ~��cnH\zV�Õ�V4l9V�jJ\�V�T!bdRGV
éWwYe|Õ�V�jkT´�9fdn.~c�9\O_ièc} è��=} �´Rx\�b?V�Tâb?wYeH\S�`f���\Oe�Vg\�V�T�b?V�T �×�9\Je|RU_gV�T

M, N
l=Rkjx\�b=�YT`T��

PSRUT v f�T`[]\
X
f�T�b!V�RUTWV � V�e��?b9V

y
n<RUT�b�l9V�TK�9f!b=�YTcT!RUT`_aRJb?V�T]\<�6m4V�T`T

〈σ(X), N−1σ′(y)〉 = 0
w`b?V�e

〈M−1σ(X), σ′(y)〉 = 0.

��V�l9V�T
M = NT n<RUT�b�X?V�ROb9V¬éWwge�Õ�V�jUT�y��9f�RJ^���j�V�TW\�}

® ¥³¥|�a¡ ¯ �a���a���=�HÅ�­`�dª'© ± �
M−1 ¯ £H¤³² N−1

§`¡U�a� � � % � �|�H�d¨`�o�����
3 × 3
� � �Y���|¡*'���¨9©����|�a�|�H�

�Y���`�6²
�.�U�U�H¥�§`¡U�a�.Ä¬�����d��¥r���a�U�¹�����d¡U�¹���i¨`���Y��¡U¥.�i¨9�����c­9¡o¥�� ¯ �a�K¥<��¡U�'§!0d§`�H�|�H�'Ä�¡k���H�c¥<¡U�d�c�a��²



��� ) � � �����	��

�	��������������

�������	

����� 
!�"



