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X ∈ g :

β(ηg(X)) = β(π(X) ∨ g) = βπ(X) ∨ β(g) = πβ(X) ∨ β(g) = ηβ(g)β(X).

* ³�Ó�<3>�/(³&noLM-*B@)�>�L@noL@7,).¨@H3#&¯
β(F )

Ì�'¬ÐJ%(<3�(±S)�K@LM9
ηβ(g)

'8>�).¨MB@+��?#&<X5�+��(�
F

Ì�'¬ÐJ%(<3�(±S)
K@L@�

ηg ,
>,LdH3#&¯A�(L&)~5�+��3H('*B�¶=+�'UHJ+$� �dK@L@-8<J)G'*LM�(+��CK@L@9j>�+.-*¶=+��,+�ÆS%2>,'*�3H´³

�

¿g'*+{>g¶=+.H(+�<J)G+�)�'8�3>�¶=+.>,L@�?HJ+�7G+@¨�H(#&¯v+�'8�(+
π
� !gL@�3B@7G<(+��(²

β
HJ'8+�>�'8�(B@<3-8½@7,+.��»0-8+�9�+��S),+�KML@�

π
5�'8+.HJ+.7�'8�C>,L@-Uk�1(+�·(¶=+�7,no·(1(7,).¨d#&-U>,L$n�#&-8-8>

π
1dÆd%?+.7,¶=L@-8'U>,k�1X'U>~){¨SH('*+gK@L@�

π
+�7G²�+�<3B&),+g!µ<(7,KM+

��� ),+.7.-g7GH(�S<3�(Bm#&-U> ­ #&�3²�+.>.¨3H¢³ 1´³?'*9�#&-8-*BM+�9�+�'8�(+.�C�('Uk�1S)|+�-8+�9�+.�M)~5�+�'U>,+@¨Jno+{>~)G-8½@¯&).³?Ì(+�7G�(+.7
K@+.7�)G7G½@B&)Å>,'8k�1

β
9A'*)F#&-8-*+.�§K@L@�

π
#@<Jn�7G+�B@<3-8½@7,+.� ­ +.7G#MHJ+��§LJHJ+.7ÅÇ0<3�(±S),+��Ï+�7G²�+.<(B&)G+��

� �dK@LM-*<J)G'*LM�(+��¾³
Ó�<?>|°J#4)G² � ³ /�noLM-*B@)��3#4)G·(7G-*'Uk�1v>,L&noLM7�){¨JH(#&¯�+�'8�(+

π
� !|LM�(B@7G<(+.�(²

β
Ñ~+{HJ+.>�Ç�LM-8#@7GHJ7G+�'8+.k�±�KML@�

π
5�'8+.HJ+.7�'8�m+.'*�CÇ�LM-8#@7GH(7,+.'*+{k�±�·(¶=+�7,no·(1(7,).¨d5�L@¶=+�'�>�'Uk�1m�(LJk�1ÅHJ'8+Î� �SKML@-8<J),'8L@�3+��m#&<(n�HJ+.>G>,+��

!$#&�S)G+��vB@+�9X½@¯�°J#&),² � ³ /3³ /3³M)G7G#@�3>�noL@7G9A'8+�7G+��¾³d¸|'*+.7�B@+.�S·3B&)�#&¶=+�7�>Gk�1(L@�vKd'*+.-¢5�+.�('8B@+�7{¨J<(9
β

#&-U>
π
� !gL@�3B@7G<(+��(²|no+.>�),².<(-*+.B@+.�´³

� � î"!�ð´ñ0/Ïó�ôXô`õ�ö
π

õ�ö8÷=õÅø�ù�úZû4üGöxý�þJý � �Sû2���
ABC

õ�ö8÷£ø�ù�úZû4ü"�@ü�õ�öoõ�	� *
Aö�ý�1 -�ù�úZû4ü�õ�÷�2 +|õ ��Jõ`÷3ô`õ�ö�ý�õ�÷
a, b, c

�&÷3� �dõ�÷ �Sû4ü`û���(�ö*÷3�G�2��öoõ�ü{ý�õ`÷3� ÷���ù4ú��3ý�öoù�÷=õ`÷
ηa, ηb, ηc.

>Îû&÷(÷¡ö8ô.ý$õ`ö*÷�õ
�$ù�ú8ú*ö8÷=õ�û(ý�öoù�÷

β
õ`ö*÷�õ

π � �$ù�÷��Sü"�dõ�÷������0õ�÷(÷ �(õ�ú�ý�õ�÷54
/ ÿ >Îû@ô�6�ö8ú����@ü�õ�öoõ�	� 
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τ := β−1πβ.

Õ��3>,+�7G+|ª�+�1?#&<(%J)G<(�(B�'U>�)�L&«�+�� �
¶3#@7�½��S<('8K�#@-*+.�S)P².<

τ = π,
5�#M>�5�'*7��d<(�2�3#Mk�1S5�+�'U>,+��´³

+�7,'8Kd'8#@-*+.7,5�+�'U>�+g'8>�)
τ2 =

'8H
,
>�LM9�'¬)

τ
+.'*�3+$Ç�LM-8#@7,'*)G½&).³

(|#Mk�1�&¥LM7G#@<3>G>�+�),²�<3�(BE'U>�)
π(β(A)) = β(a)

<(�?Hv>,L@9�'*)

τ(A) = β−1πβ(A) = β−1β(a) = a,

<(�3H´¨3H(#�#&�3#@-*LMB@+{>�no·37
B, C

B@'8-¬){¨('U>~)|#@-8>,L
ABC

+�'8�CÇ�LM-8#@7GHJ7G+�'8+.k�±�no·37
τ.°d+.'=�d<(�

X
+�'8�m¶=+�-8'*+.¶('8B@+�7PÇ0<3�(±S)P#@<Jn

a
¨
Xτ := τ(X)∨ a

>�+.'*�
τ
� ±ML@�4Ñ~<3B@'8+�7,),+�7{³M¿Î#&�3�Å'U>~)

τ(X) ∨ a = β−1πβ(X) ∨ a = β−1(πβ(X) ∨ β(a)) =
= β−1(ηβ(a)β(X)) = β−1(βηa(X)) = ηa(X).

Ó��?#&-8L@B$>,k�13-*'8+�¯@)�9X#@�Eno·37�HJ'8+ ­ +�7�#@HJ+
b

<(�3HA+�7G13½&-*).¨MH(#&¯
π

<(�3H
τ

#@<Jn�²�5�+�'(!$#&�S)G+��A+�'8�(+.>
B@+.9�+�'8�3>,#@9�+��ÅÇ�LM-8#@7GHJ7G+�'8+.k�±J>�#&<3k�1v�(LJk�12HJ'*+$>,+�-8¶?+.�C� �dKML@-8<J),'8L@�(+.�C+.7,².+�<(BM+��´³��|¶?+.7|°J#4)G²
* ³ �EnoL@-8B&)�H(#@�(�

τ = π.
Ó�-U>�L�'U>~)

β
+.'*�(+

π
� !gL@�(BM7,<(+.�(²@³

�

&¥L@�m>,%=+�²�'8+�-8-8+�9 � �M)G+�7G+.>G>�+�>,'*�?H�<(�S),+�7�HJ+��
π
� !|LM�(B@7G<(+.�(²�+.�AHJ'8+|°d%('8+�BM+�-8<(�(BM+����S#&<3>¥'81(�(+.�

5�+�7�HJ+��v5�'*7��?½&9�-*'Uk�12#&-8-*+
π
� !|LM�(B@7G<(+��3²�+��C+�7G²�+.<(B@+.�Å±@®M�(�(+.�´³

� � î"!	��ì�
§évêSë�ì�íoî{í�ï=ìÃð´ñUð�ó0ö8÷=õ � û4üB
mù4÷(öUôI	 � õ �2-�öoõB�(õ�ú �&÷��
σ

�öxý1%´õ`÷�ý�ü��2


Z
�@÷3�

� 	 � ô`õ z
öUô.ý �Jõ�÷=û�� �dû4÷(÷£õ�ö8÷=õ

π � �µù4÷��Mü��Sõ�÷��2�0�¥õ`÷(÷
(Z, z)

õ�ö8÷6ü`õF�G�&úZþ4ü�õ`ô -�ù4úUû&ü`õ�ôÎø¥ûMû4ü
��ù4÷

π
öUô�ýGÿ��~ô�ý;�@öoõ`ô9�dõ�ü�:=û4ú8ú �3ô`ù � õ�ö��3ý

σ
õ�ö8÷=õC�

π � �2-�öoõB�Jõ`ú��@÷��G��ÿ
!Aê#"EêSí%$@p

� ³
��t�eÎ @z=t�e�cSe�_�yJbdc
σ

��e�t0e�tZb=e
π
���Ah&bSc@^`y3e�bJ�����@+{HJ+ ­ +.7G#MHJ+

y ∈ Z
'U>~)�+�'8�(+

σ
� Ì�'*ÐJB@+ �

7G#MHJ+@³3¿Î#&�3��'8>�)
σπ(y) = πσ(y) = π(y),

>�LM9A'*)
π(y)

+�'8�
σ
� Ì�'*ÐJ%(<(�(±S)Î<(�3H2no·(7

ÉZn�#@>�)�ÊÎ#@-*-8+
y ∈ Z

>�LM9A'*)
π(y)

#&<(n�HJ+.7�Ó�k�13>�+
z

K@LM�
σ.

Ó��3HJ7G+�7�>,+�'*)G>µ-8'*+.B&)$5�+.B@+.�
y ∈ Z

>�),+�)G>
π(y)

#&<Jn
π(Z).

Ì3L@-8B@-8'8k�1A'U>~)
π(Z) = z,

H´³ 1´³J:=+��S)G7,<(9 <(�3HXÓ�k�13>,+�>�'8�3H
+�'8�C7G+�BM<(-8½@7,+{>�%?LM-8#@7,+{>�Ç¥#M#&7{³

X

X ′

y

z

Y

Z

s

S

Ó�¶(¶3'*-UHJ<(�(B � ³ �

� ³
(Z, z)

��e�t�e�tZb�^,e�c&yJ_*r&^,e���z3h4_*a&^,e��Åf�a@a4^F�4h4b
π :

Éx°d'8+�13+�Ó�¶(¶('8-UHJ<(�(B � ³ � Ê`³�°d+.'
X¶?+.-*'8+�¶('8B3¨

6= Z, 6∈ z,
no+.7,�3+�7

y := ZX,
5P#@>

z
'8�

S
>Gk�1(�(+.'8H(+@³3Ì3+�7G�(+�7�>,+�'

Y := π(y)HJ+�7µ²�<3B@+�13®@7G'*BM+EÇ�L@-�¨
s := π(S)

HJ'8+XÇ�LM-8#@7,+A<(�3H
X ′ = σ(X).

¿Î#&�3�
¶('8-UHJ+��"#&-U>,L
ZXSX ′ +�'8�(+��X13#@7,9�LM�('8>Gk�1(+.�El6<(7,n�#@<Jn

y.
l
+.'¬)G+�7�>,+�'8+��

x := π(X), x′ := π(X ′).¿g#@�(�C1?#&¶=+��25�'*7�H('*+�ª�+�².'*+.1d<(�(B@+.�

y(ZXSX ′)
σ

∧̄ y(ZX ′SX)
π

∧̄ Y (zx′sx),

y(ZXSX ′)
π

∧̄ Y (zxsx′)
σ

∧̄ Y (zx′sx),

5�#M>
σπ = πσ

².+�'8B&).³
�



��� * � ��� O��&RZO(QSQSO	�AO�

�gO����¢RZO(Y

»�>$>,+�'0H(#@7G#@��+.7,'8�(�(+.7�){¨´H(#&¯F°J#4)G² * ³ /��m·3¶?+.7�HJ'8+�H(7,+.'¥°J%('*+.B@+.-*<(�3B@+��I#&�6+�'8�(+.9 ¿|7G+�'8+.k�±
�3#&),·(7G-*'Uk�1m#&<?k�1Xno·(7

π
� °d%3'*+.B@+�-8<(�(BM+��m#@�m+�'8�(+�9 Ç�L@-U#&7�HJ7G+�'8+.k�±EB@'8-¬){¨SH¢³ 1´³dH(#@>�Ç07GLJHJ<(±S)�KML@�

²�5�+�'�>�LM-8k�13+��F+�7GB@'8¶J)gH('*+AHJ7,'*)�)G+@¨?no+�7G�(+�7Î±@LM9�9�<J)G'*+.7,+.�2>,'8+�<(�S),+.7,+.'*�?#&�3HJ+.7.³=¿|'8+��~H(+��S),'*)G½&)
<(�3H
HJ'8+AHJ7G+�'¥°d%('8+�BM+�-8<(�(BM+���#@�
HJ+.��%=L@-U#&7G+���Ç¥#@#@7,+.�F+�'8�(+.>gÇ�L@-U#&7�HJ7G+�'8+.k�±J>�-U#@>G>�+.�FL&«�+�� �
¶3#@7�H('*+{>�+{>�Ç�LM-8#@7GH(7,+.'*+{k�±
Ò3Ð�³�°J'*+F>,'*�3HÃ#@<3k�1[HJ'8+2+�'8�(²�'8B@+.�

π
� !gL@�(BM7,<(+.�(²�+.�º9�'¬)ÅH('*+{>�+.7

»0'8B@+.�3>,k�1?#4nZ).³J»�>�B@'8-¬)

� � î"!�ð´ñ���ó�ôXô`õ�ö
ABC


�öxý +|õF�Jõ�÷?ô�õ`öxý õ�÷
abc

õ�ö8÷[ø�ù4úUû&ü
�@ü�õ�öoõ�	� *���
π
�@÷3�

β
õ�ö8÷=õ

π ��$ù�÷��Sü"�Sõ`÷��2��(65@ü9�@öoõ
A, B

�&÷3�
C
:�ö���-0�&÷� =ý õµô,ö*÷3�=ÿ�>Îû&÷(÷FöUô�ý

β
�MöZõ.�F�dõ`÷�ý�ö�ý�þJýPù��Jõ�üÎõ`ö*÷=õ

�dõ`ü��@ü`õ`ö
π � ��-�öZõF�Jõ`ú��&÷��Jõ�÷

σA, σB , σC
û&÷ �Jõ�÷ -�ù4úUû&ü`õ`÷Cø0û@û&ü`õ`÷ �dõ�ô�ø�ù�úZû4ü"�@ü�õ�öoõ�	� Jô.ÿ

!Aê#"EêSí%$@p (|#Mk�12°(#4),² � ³ /A'U>~)
β

9�'¬)�HJ+.�vKML@�
π

#@<Jn�HJ+.��°d+�'*),+.�vHJ+{>PÇ�L@-U#&7�HJ7,+.'*+{k�±J>�'8�3HJ< �
²�'8+�7,),+.��� �dK@LM-*<(),'8L@�(+.�

ηa, ηb, ηc
K@+.7�)�#&<3>Gk�1d¶3#&7{³?ª�+�),7�#@k�1S),+.��5�'*7µ².<(�3½@k�1?>~)µ+�ÐJ+�9�%(-U#&7G'U>,k�1

ηc.
É�°d'*+.1(+�Ó�¶3¶('*-UHJ<(�3B � ³ � ³�Ê

A X B X ′

C

Y

Y ′

a
b

c

Ó�¶(¶3'*-UHJ<(�(B � ³ �

� ³
ηc

tU��w0e�_Z_�t z=w�tU���Gs �¢¿Î#&�(��¶=+.>,'¬)G²�)
ηc

+�'8�(+�13#@7,9�L@�3'8>Gk�1(+�¿g#@7G>�),+.-*-8<(�(B
(A, B), (X, X ′)HJ<(7�k�1A².5�+.'313#@7,9�LM�('8>Gk�1AB@+�)G7,+.�(�S),+�� �dK@LM-*<(),'8L@�3>,%3#@#@7,+M³4¿g#@¶?+.'?'U>~)�H(#@>¥<3�(B@+.L@7�HJ�(+�)G+

Ç�#M#&7
{X, X ′}

H(<(7Gk�1
(A, B)

+.'*�3H(+�<J)G'*BX¶=+.>�),'89�9�).³=¿g#&no·(7�13#@¶?+.�v5�'87

c(A, B; X, X ′)
ηc

∧̄ c(B, A; X ′, X)
β

∧̄ c(B, A; β(X ′), β(X))

c(A, B; X, X ′)
β

∧̄ c(A, B; β(X), β(X ′))
ηc

∧̄ c(B, A; ηcβ(X), ηcβ(X ′)).

¿g#��3#@k�1�&¥L@7�#&<3>G>�+�),².<(�(B
ηcβ = βηc

'U>~){¨S+.7,1?#&-*),+��Å5�'*7P'8�Å¶=+�'UHJ+��vÌ�½@-*-8+��vH(#@>G>,+�-8¶?+M¨
H¢³ 1¾³

ηcβ(X) = β(X ′), ηcβ(X ′) = β(X)
<(�3H$>,L@9�'¬)�'8>�)

(β(X), β(X ′))
+.'*�$� �dKML@-8<J),'8L@�3>,%3#M#&7�K@LM�

ηc,
H(#M>¢�3#@k�1$LM¶('8B@+�7�¸�+�7G-8+�' �

),<(�(B|K@L@��H(+�9
ηc

� Ç¥#M#&7
(A, B)

13#@7,9�L@�3'8>Gk�1µB@+�)G7,+.�(�S)¾5�'87GH¢³�Ì(LM-*BM-*'Uk�1µ'8>�)
{X, X ′} =

{β(X), β(X ′)}.

� ³
ηc

tU�`wgsdÄGz3e�^���h4_¬tU����s¡iAtZw���t��`z�yJbd�&w�e�b
X, X ′ �¥¿Î#&�(�£>,'8�3H

(A, B), (X, X ′)
5�'8+.HJ+.7

13#&7G9�L@�('U>,k�1CB@+�),7G+��(�S)�<(�3Hv5�'87�+�7G13#&-*),+.�

c(A, B; X, X ′)
ηc

∧̄ c(B, A; X, X ′)
β

∧̄ c(B, A; β(X), β(X ′))

c(A, B; X, X ′)
β

∧̄ c(A, B; β(X), β(X ′))
ηc

∧̄ c(B, A; ηcβ(X), ηcβ(X ′)).

l§'*+µ+�¶=+��vnoLM-*B@)
ηcβ(X) = β(X), ηcβ(X ′) = β(X ′)

<(�3HXH(#@9A'*)�>,'8�3H
β(X)

<(�3H
β(X ′)

H('*+|Ì�'*ÐJ%(<(�(±S),+gK@LM�
ηc,

#&-U>,L$5�'*+{HJ+�7
{X, X ′} =

{β(X), β(X ′)}.



�Fö�ý�õ�ö8÷=õ�ü�ø�ù4úUû&ü,ö�ý�þ(ý;�4õ�ü{ý�û��@ôI	 �3� û&ü`õ)�µù4ú*ú8ö*÷�õ�ûJýxöZù4÷=õ�÷ ���~�

°dLM9A'*)�13#@¶?+.�C5�'87.p
Õ��?#&¶(13½@�(B@'8BÅKML@9 +�ÆS%
K@LM�

ηc
13#@¶?+.��5�'87µ#@<Jn

c
²�5�+�'�²�<

(A, B)
13#&7G9�L@�('U>,k�1F-8'8+�B@+.�3HJ+

Ç0<(�3±M)G+
(X, X ′)

¨3>,LJH(#&¯
{X, X ′} = {β(X), β(X ′)}.

Ó��?#&-8L@B£+.7,1?#&-*),+��Ï5�'*72#&<(nEHJ+�7F¿g7,+.'*+{k�±J>�+.'¬)G+
a

²�5�+�'µ²�<
(B, C)

13#&7G9�L@�('U>,k�1§-8'8+�B@+.�3HJ+
Ç0<(�3±M)G+

(Y, Y ′),
>�LJH(#@¯

{Y, Y ′} = {β(Y ), β(Y ′)}.
Éx°J'*+.1(+ÅÓ�¶3¶('*-UHJ<(�3B � ³ � Ê�³�¿g'*+ * Ç�<(�(±S),+

X, X ′, Y, Y ′ noL@7G9A+.�I+�'8�I#@-*-8B@+.9�+�'8�6-8'8+�B@+.�3HJ+{>
&|'8+�7G+.k�±Å<(�3H

β
¶('*-UHJ+�)|HJ+.>G>�+.�C»�k�±@+��v<(�S),+.7�+�'8�(+�9 HJ+�7PnoLM-*BM+��3H(+�� * Ì�½@-*-8+$#&¶´p

0 : (X, X ′; Y, Y ′) 7−→ (X, X ′; Y, Y ′)
1 : (X, X ′; Y, Y ′) 7−→ (X ′, X ; Y, Y ′)
2 : (X, X ′; Y, Y ′) 7−→ (X, X ′; Y ′, Y )
3 : (X, X ′; Y, Y ′) 7−→ (X ′, X ; Y ′, Y )

¿Î#@HJ<(7�k�1�'U>~)��3#@k�1EHJ+�9 Ì3<(�3H(#@9A+.�S)G#&-U>G#4),² * ³ � Ñ~+.H(+.>,9�#@-MBM+��3#@<�+�'8�(+�!|LM-*-8'*�3+.#4)G'*LM�
βi (i =

0, 1, 2, 3)
¶=+.>�),'89A9�).³3Ó|�3HJ7G+�7�>�+.'¬)�>P±@®M�(�(+��v5�'87�HJ'*+{>�+$Ì3L@7�HJ+�7G<(�(BM+��Å7G+.#@-*'U>,'*+.7,+.�CHJ<(7�k�1

β0 =
'8H

,

β1 = σA,

β2 = σC ,

β3 = σB ,

5�L@9�'¬)�<(�?>�+.7|°J#4)G² � ³ �E+.7,1?#&-*),+��v'U>~){³
�

»�>�>,+�'��(LJk�1£H(#&7�#&�"+.7,'8�(�(+.7�){¨�H3#&¯�+.'*�(+C7,+.B@<(-U½&7G+ ­ +.7G#MHJ+
u

<(�3Hº+.'*�[H(#&7�#&<Jn|>,'*),²�+.�3HJ+.7
7G+�B@<3-8½@7,+.7ÎÇ�<(�(±S)

S
>~)G+�)�>$+�'8�IÇ�LM-8#@7GH(7,+.'*+{k�±2no+.>�),-8+�B@+.�§É�>,'*+.1(+mÓ�¶(¶3'*-UHJ<(�(B � ³ /MÊ`¨´H3#@>$KML@�

À
u

<(�3H
S

+�7G²�+.<(B&)G+ÎÇ�LM-8#@7GHJ7G+�'8+.k�±MÁ`³

S

U

r

u

R

s

Ó�¶(¶3'*-UHJ<(�(B � ³ /

°d+.'¥�S<3�
β

+.'*�(+
π
� !|LM�(B@7G<(+.�(²@¨

u
+�'8�(+ ­ +�7�#@HJ+M¨

S ∈ u
+.'*�6Ç0<(�(±S)�H(#@7G#@<Jn~¨�no+�7G�(+.7

v :=
β(u), T := β(S),

5�LM9A'*)�H(#@�(�º#&<3k�1
T ∈ v

BM'*-*).³ (|#Mk�1"°(#4),² � ³ /F>�'8�3HºH(#@�(�
u

<(�?H
v¶(².5$³

S
<(�?H

T
Ñ~+�5�+�'8-8>�BM-*+.'8k�1(².+�'*),'8Bg7G+�BM<(-U½&7�LdH(+�70>,'*�(BM<(-U½&7�<(�3HA'*9 7,+.B@<(-U½&7G+���Ì?#&-8-*+P13#@¶?+.�

#&<?k�1mHJ'*+
π
� � �dKML@-8<J),'8L@�(+.�m#&<Jn

u
<(�3H

v
¶(²�5$³S'8�

S
<(�3H

T
Ñ~+�5�+�'8-8>�HJ+��Å>,+�-8¶=+��'+�Æd%´³@l6+��(�

5�'87E#&-U>,LF²�<"B@+.B@+.¶?+.�(+��"Ç¥#@#@7,+.�
S ∈ u

<(�3H
T ∈ v

+�'8�(+
π
� !|LM�(B@7G<(+��3²

β
>�<3k�13+��´¨�HJ'*+

β(u) = v, β(S) = T
-8+�'U>~)G+�){¨3>�L�13#@¶?+.�25�'*7�HJ'8+.>,+��F°J#Mk�1SKM+�7G13#&-*)P²�<2¶?+.7,·?k�±d>,'Uk�1M)G'*BM+��´³

°S)G<3HJ'8+�7G+��25�'*7�².<(�3½Mk�13>~)�².5�+.'¾°d%?+.²�'U#&-*n�½&-8-*+M³

� � î"!�ð´ñ�� / ÿ�ó�ôgô`õ�öoõ�÷
q

õ`ö*÷=õ +|õ�ü`ûD�dõ8� �Sû&ü�û��2(
S, T

���0õ�ö�ü`õF�G�&úZþ4ü�õgø��&÷  �ý õ��'�dõ�ü�õ�÷
π �� ÷��4ù�ú �(ý�öoù�÷�õ�÷ �4ù8
 ô`õ�ú � õ�÷ ���E-[ô�ö8÷3�?ÿ >µû4÷3÷"õ �döUô.ý�öoõ�ü{ý�õ`ö*÷�õ

π � �2-�öoõB�(õ�ú �&÷��
σ,

�@öoõ
qû4úUô):�ö �D�Jõ`ü�û��dõ � ûJý �&÷3� σ(S) = T

úZõ`ö8ô.ý�õ4ý,ÿ
A ÿ�ó�ô|ô`õ�ö

Q
õ`ö*÷Fø��@÷  �ý � �dûD���&ü"	 � s, t

�E�¥õ`ö¾ü�õB���&úUþ&ü`õC+|õ�ü`ûD�Jõ�÷3� �Jõ�ü�õ�÷
π � � ÷��4ù�ú �(ý�öoù�÷=õ`÷

��ù8
 ô�õ`ú � õ�÷ ���E-Iô�ö8÷3�?ÿG>Îû&÷(÷6õ �döUô.ý�öoõ�ü{ý�õ�ö8÷=õ
π � �2-�öoõB�Jõ`ú��@÷��

σ,
�@öZõ

Q
û&ú8ô :�ö���-0�&÷� =ý
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σZ

#@�
(Z, z)

'8>�)
π
� °d%3'*+.B@+�-8<(�(B?¨�13#4)

q#&-U>�Ì�'*Ð(>~)G7G#@1(-�<(�3HvK@+.7�)�#&<3>Gk�1S)
S

<(�?H
T

¨S-8+�'U>�),+�)|#@-8>,LXH(#@> ­ +.5�·(�3>Gk�1S),+@³
� ³

q
��e�t�^,e�c@yJ_*r4^��

ηq
��e�tÎsdÄGz3e�^��Gh&_�tU���GsÏiAtZw ��t��`z�yJbd�&w�e�b

F1, F2 :
¿g'*+{>�+6Ì�'*ÐJ%(<(�(±S)G+

>�'8�3HIHJ'8+Å°Jk�1(�('*)�)G%(<(�(±S),+XKML@�
q

9A'*)�HJ+.7�²�<
π

B@+�13®@7G+��3HJ+.�6!µ<37,KM+
Q.

¿Î#
S

<(�?H
T

� �dK@L@-8<J)G'*LM�(+��ºKML@9;>,+�-8¶?+.��+�Æd%£),7�#&B@+.�´¨¾-8'8+�B@+.�[>,'*+v+��S)~5�+.HJ+.7E¶=+�'UHJ+v'*9;� �3�(+�7G�
LdH(+�7�¶=+�'UHJ+$'*9���<3¯@+�7G�vK@L@�

Q,
HJ'8+$Ç¥#@#&7G+

(F1, F2)
<(�3H

(S, T )
)G7,+.�(�(+��F>,'8k�12#&-U>,L

�('8k�1S){³M¿Î#&�(�XBM'*¶J)�+.>�#@¶?+.7�+.'*�XÇ¥#@#@7
(Z, Z ′),

H(#@>¥¶=+�'UHJ+g13#&7G9�L@�('U>,k�1A)G7,+.�(�S).³M¿Î#&¶=+�'
>�'8�3H

(Z, Z ′)
#&¶=+�7µ+.'*�
Ç�#M#&7$HJ+.7Î� �dKML@-8<J),'8L@�

ηq
¨�H´³ 1´³¾+.>ÎB@+.1M)µ5�'8+.HJ+.7�HJ'*+AÇ�L@-U#&7G+

z := π(Z)
HJ<(7�k�1

Z ′ <3�3HF5�'8+�+�¶=+���noL@-8B&){¨=H(#@¯ÅHJ'8+A°d%3'*+.B@+�-8<(�(B
σZ

#&�
(Z, z)

H(#@>
­ +�5�·(�3>Gk�1S),+µ-8+�'U>~)G+�).³

/3³
q

��e�tP��tZbdc&yJ_8r4^ ��¿g#
S, T

7,+.B@<(-U½&7µ>,'*�3H´¨´>�'8�3H6>�'8+�K@+�7�>Gk�1('*+{HJ+��
K@LM�
HJ+.9 Ç�L@-
Q :=

π(q)
¨�H(+�7$Ñ�#"#@<Jn

q
-*'8+�B@).³�ª�+{>~)G'*9�9�+

Z
¨�>�LJH(#@¯

(S, T )
<(�?H

(Q, Z)
13#&7G9�L@�('U>Gk�1

B@+�)G7,+.�(�S)E>,'*�3H´³�¿Î#&�(�º'U>�)
Z

7,+.B@<(-U½&7{¨¾HJ'8+mÇ�L@-U#&7G+
z := π(Z)

B@+.1S)EHJ<(7�k�1
Q

<(�3H
H(#&9�'*)P-8+�'U>�),+�)|H('*+�°d%3'*+.B@+�-8<(�(B

σZ
#&�

(Z, z)
5�'*+{HJ+�7�H(#M> ­ +�5�·(�?>,k�1S),+M³

�

¿g'*+$¶('U>,1(+�7G'*BM+�� ��¶=+�7G-*+.B@<(�3B@+��v²�<
π
� !|LM�(B@7G<(+��3²�+��C±@®M�(�(+��v5�'87�²�<3>G#&9�9�+��Jn�#M>,>,+��C²�<

� � î"!�ð´ñ�� %'�Îõ`ö*÷=õ`ü¾ø�ù�úZû4üGö�ý�þJý
π

úZþ �?ý3ô,ö 	 � 7�õ8�dõ π � �µù4÷��Mü��Sõ�÷���û4úUô¢ø0ü�ù��G�  �ý ��ù4÷ ��� 	 � ô.ý�õ�÷?ô
�@ü�õ�ö

π � �2-�öoõB�(õ�ú �&÷��Jõ`÷ �dû4ü�ô�ý õ�ú8úZõ`÷¾ÿ3+|õ�÷?û��Sõ�ü �(õ�ú�ý�õ`÷
4
/ ÿ��dö*÷ �

u, v
ü`õF�G�&úZþ4ü�õ�+|õ�ü`ûD�dõ`÷3�

S ∈ u, T ∈ v
ü�õB�G�@úUþ&ü`õ¾ø��&÷� =ý õ���ô�ù �Sö � ý=õ`ô��(õ�÷?û�� �Sû4÷(÷

õ�ö8÷=õ
π � �$ù�÷��Sü"�Sõ`÷��

β
���MöZõ

β(u) = v, β(S) = T
ú*öoõF(xõ`ü.ý �0�0õ�÷3÷ �@öoõ

π � � ÷���ù4ú��(ýxöZù4÷=õ�÷
û��2(

u
�&÷3�

v � �E��ÿ
S
�&÷ �

T
7�õ8�0õ�ö8úUô���ù8
jô�õ`ú � õ�÷ ����-
ô,ö*÷3�=ÿ

A ÿ��¾÷�ý�õ`ü �dõ`÷§ö*÷ / ÿ��(õ�÷?û&÷(÷�ý�õ�÷ 6�õ8�@ö*÷��G�&÷��(õ�÷ �Mö � ýXõ`ô �(õ�÷?û�� �{öoõ�ü
π � �$ù�÷��Mü��Sõ�÷��4õ�÷

βi (i = 0, 1, 2, 3),
�MöZõ

u 7→ v, S 7→ T
û ��� ö8ú �Jõ�÷¾ÿ >µû � õ�ö�ö8ô.ý

β0
û&ú8ô$ø�ü`ù����  �ý9�4ù�÷

��� 	 � ô�ý õ�÷3ô ���0õ�ö
π � �2-¢öZõF�Jõ�ú �&÷��(õ�÷=�Sû&üGô.ý�õ`ú*ú � û4ü��&÷3� (65&ü i = 1, 2, 3 βi = σiβ0,

�0ù � õ�ö
{σ1, σ2, σ3}

�@öZõ;�@ü`õ`ö
π � �2-�öoõB�Jõ`ú��@÷��Jõ`÷$û&÷ �dõF
 ��ù4÷

v
�&÷ �

T
õ`ü �4õ8� �=ý�õ`÷Îø�ù4úUû&ü
�@ü�õ�öoõ�	� 

ô�ö8÷3�?ÿ

S

S′

Q

T

u

v

Ó�¶(¶3'*-UHJ<(�(B � ³ *

!Aê#"EêSí%$@pP¿g'*+E+�'8�(+E¼�'Uk�1S),<(�3BmK@LM� � ³(noLM-*B@)gHJ'87,+.±M)Î#&<3>Î°J#4)G² � ³ /(³=!|LM�3>~)G7,<3'*+.7,+.�C5�'87g#@-8>,L
+�'8�(+

π
� !gL@�(BM7,<(+.�(²@¨�HJ'*+

u 7→ v, S 7→ T
-*'8+�no+.7�)2É�>,'*+.1(+ÅÓ�¶3¶('*-UHJ<(�3B � ³ * ³�Ê�°d+.'

Q := uv.(|#Mk�1�°J#4)G² � ³	�d³ � ³JB@'8¶J)�+{>�+�'8�(+
π
� °d%('8+�B@+.-*<3�(B

σ′,
HJ'8+

σ′(Q) = Q
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û���(
f

÷=õ�÷3÷=õ�÷ �¥ö*ü,�  Jù�÷"7��2�Möoõ�ü{ý ���
+|õ�ü`ûD�Jõ�÷

u, v, 6= f
÷=õ`÷(÷=õ`÷ �¥ö*ü �  Jù�÷"7��2�Möoõ�ü{ý ��� �¥õ`÷(÷�ô,öZõ

f
ö8÷  Jù�÷"7�� �SöZõ`ü.ý õ�÷Ãø��&÷� =ý õ�÷

ô
	 � ÷=õ�ö��dõ`÷¾ÿ¢ó0ö8÷"ø��&÷  �ý
P ∈ f � õ�ö��3ý��Uø�ù�ú �µõ`ö*÷=õ`ü@+|õ�ü`ûD�Jõ�÷

p 6= f,
�0õ�÷(÷

p
���&ü"	 � �dõ�÷

���
P � õF�E5 �Mú8ö�	 � ρ

 dù4÷"7�� �SöZõ`ü.ý õ�÷Fø��&÷� =ý ��ù4÷
f
�Jõ � ý � �dõ`÷ ��	 � ÷(ö�ý�ý$-0�&÷  �ý�õ�ö8÷=õ�ü=+|õ�ü`ûD�dõ`÷

g 6= f

�öxý

f
÷=õ�÷(÷�õ�÷ �¥ö*ü��Jõ�÷*�$:�õ�üG÷E-0�&÷� =ý � �4ù�÷

g.
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	 � õ �2-�öoõB�Jõ`ú��@÷��
σ � õ�ö��dõ�õ�ö8÷=õ �Uó��  dú*ö��@öUôI	 � õ�2-�öoõB�Jõ`ú��@÷��G�����0õ�÷(÷ �Sû@ô;%´õ`÷=ýxü"��
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f
ú8öZõF�?ý��&÷ �C���¥û4ü �dõ`ü�ø�ù�ú �dõ�ü�� 	 � ô�õ z

ö8ô.ý,ÿ
A ÿ >|öoõ=��ù4÷ �dõ�÷Fó �  dú*ö��@öUôI	 � õ`÷ �2-�öoõB�(õ�ú �&÷��Jõ`÷
õ�üB��õ � �?ý õ=+Pü"�"-�-�õ

K � õ`ö �Jõ +Pü��"-�-�õ,�dõ�ü
�8ó��  Sú8ö��@ö8ô
	 � õ`÷ �$ù�÷��Sü"�dõ�÷��4õ�÷ ��ÿ
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�@ü`õ`ö¢ó��  dú8ö �@öUô
	 � õ�÷ �2-�öoõB�(õ�ú �&÷��(õ�÷ �Sû4ü�ô�ý õ�ú8úZõ`÷¾ÿ

A ÿ��dö*÷ �
u, v, 6= f

+|õ`ü�û��dõ�÷ �
S ∈ u, T ∈ v

ø��&÷� =ý õ
6∈ f

��ô`ù*�Mö � ýXõ`ô@�Jõ�÷=û�� ��öoõ�ü
ó��  dú*ö��@öUôI	 � õ �$ù�÷��Mü��Sõ�÷��4õ�÷

βi (i = 0, 1, 2, 3)
���@öoõ

u 7→ v, S 7→ T
û ��� ö8ú �dõ`÷¾ÿ

�~ô�ý
β0

õ`ö*÷�õÎô�ù4ú 	 � õ8�(ô�ùEô,ö*÷3�X÷=ù�	 �
β1 = σvβ0, β2 = σtβ0

�&÷3�
β3 = σvσtβ0 = σtσvβ0

õ � õ�÷�(�û&ú*úUô�ô`ù�ú�	 � õ,�µù4÷��Mü��Sõ�÷���õ�÷ �0�0ù � õ�ö σv
�@öZõ�ó��  dú*ö��@öUôI	 � õ �2-�öoõB�Jõ`ú��@÷�� 
�öxý � 	 ���ô�õ
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σt
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���&ü"	 � T
�Jõ � ý �@÷3� dù�÷�7�� �Möoõ�ü{ý �E�

v
ö8ô.ý,ÿ 1 �döoõ � õ�� ��� ö8ú ���@÷�� � ÿ � ÿ 2

Fv Ft

T

f

v t (Fv , Ft) ρ
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Ó�¶(¶3'*-UHJ<(�(B � ³ �
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σ := σvσt = σtσv
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σ
HJ'8+|À~Ç�<(�(±S)G>,%('8+�B@+.-*<3�(B4Á$HJ+�7�»0-8+�9�+.�M)�#&7GB@+.L@9�+�)G7,'8+@³
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B@+.7G#MHJ+��

f
K@+.7G>Gk�1('8+.HJ+.�(+�� ­ +�7�#@H(+��

g
¨S>�+.'3'89 noLM-*BM+��3H(+��

Fg
HJ+�7�Ì(+�7G�(%(<3�(±S).¨

Pg
HJ+�7�Ç�LM-x¨

#&-U>,LµH(+�70².<
Fg ρ

� ±@LM�4Ñ~<(B@'8+�7,),+PÇ0<3�(±S)�#&<Jn
f
³@Ì3+�7G�(+�70>,+�'

σg
HJ'*+EÉo»0<(±d-8'8H('8>Gk�1(+{Ê�°d%('8+�B@+.-*<3�(B

9�'¬)|Ó�k�1?>�+
g

<(�3H�:=+.�S),7G<(9
Pg

³3l§'*7�².+�'8B@+.�C².<(�3½@k�1?>~)

��ê���� � ð¢ñxò�# / ÿ �Jö*÷3�
a, b

ù�ü{ý � ù8�Jù�÷=û4úoõ�� �=ÿ � ÿ � õF�E5 �Mú8ö�	 � ρ
 dù4÷"7�� �SöZõ`ü.ý õ�� +|õ�ü`ûD�dõ`÷

���&ü"	 � õ�ö8÷=õ�÷"õ�ö �Jõ�÷�ýxú*ö�	 � õ�÷Fø �&÷  �ý
S
��ô`ù�öUô�ý

σaσb
�@öZõ � û4üB
Åù�÷(öUô
	 � õ �2-�öoõB�(õ�ú �&÷��vû&÷

(S, f)
ÿ

A ÿ��dö*÷ �
a, b, c

+|õ`ü�û��dõ�÷4���@ü
	 � õ�ö8÷=õ`÷mø��&÷  �ý
Z
�G�dõ�üPû���	 � û��2('�dõ�ü;:=õ�üG÷��(õ�ü`ûD�dõ`÷Eú8öZõF�Jõ`÷

�Sû4üB( �´ô�ù �Mö � ý|õ`ô=�dû ���*�0õ�ö�ý�õ�ü�õ@+|õ�ü`ûD�dõ`÷
d, d′

���&ü"	 � Z
�¾ô`ù��dû �

σbσa = σdσc
�@÷3�

σbσa = σcσd′ .
� ÿ�ó0ö*÷Ãø0ü�ù����  �ý ��ù4÷ �{öoõ�üXó �  dú*ö��@öUôI	 � õ`÷ �2-�öoõB�Jõ`ú��@÷��Jõ`÷[öUô�ý�ô
	 � ù4÷Ãû&ú8ôXø�ü`ù����  �ý �4ù�÷

���0õ�ö´ô`ù�ú�	 � õ�÷ �Sû4ü�ô�ý õ�ú8ú � û4ü�ÿ
� ÿ��dö*÷ �

u, v
õ`ö �(õ�÷�ý�ú8ö�	 � õ +|õ�ü`ûD�dõ`÷3�@ô�ù��Sö � ý�õ�ô�õ�ö8÷=õ�ó��  Sú8ö��@ö8ô
	 � õ �2-¢öZõF�Jõ�ú �&÷��

σ : u 7→ v.>µõ`ü ��	 � ÷(ö�ý�ý$-0�&÷  �ý
Q := uv

ö8ô.ý�:�ö ��-0�&÷  �ý)�4ù�÷
σ.

�dö*÷ �
S, T

õ�ö �Jõ`÷=ýxú*ö�	 � õ�ø��&÷� =ý õ��dô�ù �Sö � ý�õ�ô�õ�ö8÷=õ�ó��  Sú8ö��@ö8ô
	 � õ �2-¢öZõF�Jõ�ú �&÷��
σ : S 7→ T.>|öoõ��=õ�ü � ö8÷3���&÷��dô �(õ�ü`ûD�dõ

q := ST
öUô�ý�:�ö �?�(õ�ü`ûD�dõ ��ù4÷

σ.
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� ³PnoL@-8B&)�HJ'87,+.±M)�#@<3>�°J#4)G² * ³ /��3³
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f
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e := σbσa(c).
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eHJ<(7�k�1
Z
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Z
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σbσa
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σdσc
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Z
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Z
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Z
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σbσa = σdσc
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σaσb = σd′σc
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Z1 = Z2 =: Z :
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σ1σ2σ3σ4 = σ5σσσ6 = σ5σ6.
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+�'8�(+$!|LM�(B@7G<(+��3²@¨dHJ'*+

A
'8�

A′ #&¶(¶('8-UHJ+�){³(¿g#@9A'*)|>,'*�3H2HJ'8+�°S)G7,+{k�±@+��
AM

<(�3H
A′M

±@L@�3B@7G<(+��S).³

A

Gp

g

Gm P Am Q

q

M
G′

A′

m

Ó�¶(¶('8-UHJ<(�(B � ³ � �

°d+�'?�S<3�
G

+.'*�ÅK@L@�
A, A′ K@+.7G>Gk�1('8+.HJ+.�(+�7¥Ç�<(�(±S)�HJ+.7�!µ<(7GK@+

K
³d¿g#@�(�X'8>�)�HJ'8+ ­ +.7G# �

HJ+
g := GM

K@+�7�>Gk�1('*+{HJ+��ÅK@L@�vHJ+�7 ­ +.7G#MHJ+��
AM.

Ó�-U>,LA'U>�)
AGA′G′ +.'*�2!µ<(7GK@+.� �

KS'8+�7G+.k�±�¨¢9�'*)E+�'8�(+.7 (�+.¶?+.�(+.k�±M+
M

³�¿Î#&�3�"-*'8+�BM+��ºHJ'8+C#@�3HJ+�7G+��	(|+�¶=+��(+{k�±@+��
P, Q#&<Jn

m
<(�?H"HJ'*+'&¥+�7G¶('*�?HJ<(�(BM+��I9�'¬)

M
>,'*�?H6H('*+mÇ�LM-8#@7,+.�

q, p
³¾¿Î#&9�'*)E>�'8�3H

P, Q±@L@�&Ñ~<(B@'8+�7,)�¶3²�B@-�³@HJ+.7¥� �dK@L@-8<J)G'*LM�
η
³ (g#@k�1 &¥L@7�#&<3>G>�+�),².<(�(Bµ>�'8�3H�>�'8+�H(#&�3��#@<3k�1A±@L@� �

Ñ~<(B@'8+�7,)�¶3²�B@-�³&HJ+.7¥B@+�BM+�¶=+��(+.��Ç�L@-U#&7G'*)G½4)
π

¶3²�5$³4»0<(±d-8'8H('8>Gk�1E±ML@�4Ñ~<3B@'8+�7,)�<(�?H�noLM-*BM-*'Uk�1
>�'8�3HFHJ'8+A°d%3'*+.B@+�-8<(�(BM+���#@��HJ+���Ç¥#M#&7G+��

(P, p)
LJHJ+.7

(Q, q)
!gL@�3B@7G<(+��(².+��v<(�3>,+�7G+�7

­ +�L@9�+�),7G'*+M³�Ó�<3>vÓ�¶3¶('*-UHJ<(�3B � ³ � � -8'8+.>�)C9X#&�Í#@¶´¨�H(#@¯º+�)~5P#"HJ'8+6°d%3'*+.B@+�-8<(�(Bº#@�
(Q, q)

BM+�7�#@HJ+
G 7→ A, M 7→ M

¶?+.5�'*7G±S).¨05P#@>m²�+�'8B&){¨�H(#@¯"°d),7G+.k�±@+
(AM)

<3�3H
°S),7G+.k�±M+

(GM)
±@LM�(B@7G<(+��S){³

¿g#AÑ~+{HJ+�7�Ç�<(�(±S)A#@<Jn�+.'*�3+�7 ­ +.7G#MHJ+��"HJ<(7�k�1
M

-8'8+�B&)�<3�3HI+.>�#@<Jn�Ñ~+.HJ+.7 ­ +�7�#@H(+��
HJ<(7�k�1

M
B@+.�3#&<C²�5�+�'=Ç0<(�(±S)G+ÎBM'*¶().¨(HJ'8+g+.'*�3+��mno+{>~)G+��2Ó�¶3>�)G#@�3HmKML@�

M
13#&¶=+��´¨d'U>~)

H(#&�(�2#&<?k�1CBM+�²�+.'*B@).¨(H(#@¯XHJ'*+{>�+$!µ<(7GK@+Î<(�3>,+�7�!µ7G+�'U>P'U>~){³

� ³��µ�`�`w a4b=�4�,�4yJ^`�4e�b �¢� 9 e�_Z_�t z�wxtU����s(e�b
<(�?HÅ'89�sJÄGz(e�^���h4_�tU����s(e�b ��a4_Z_�13#&¶=+��v5�'87�H(#&9�'*)
#&<3k�1�>Gk�1(LM��HJ'8+�Ó|¶3>~)�#&�3H3>�±d<(7GK@+�K@L@�

m
BM+�no<(�?HJ+��´³4ª�+�BM'*�3�(+�9�'*)

m
<(�?H�HJ+.9

π
� Ç�L@-

M
<3�3H�±@LM�3>~)G7,<3'*+.7,+�5�'8+�L@¶=+��mH('*+Î!µ<(7,KM+

K
³ �M+.HJ+�+.'*BM+��S),-8'Uk�1(+ ­ +�7�#@HJ+

g
HJ<(7�k�1

M<(�3Hµ+�'8�(+.�Î+.'*BM+��S),-8'Uk�1(+��µÇ0<(�3±M)
G

'8>�)�È´L@)¾#&<Jn
m

¨.>,LdH3#&¯P5�'*7¾5�'*+{HJ+�7¾Ó|¶(¶('8-8H(<(�(B � ³ � �
K@+�7G5�+��3HJ+.�m±@®M�(�(+.�´³J¿|'8+µ°J%('*+.B@+.-*<(�3BA#@�

(Q, q),
5�'8+µL@¶=+��Å±ML@�3>�),7G<('8+�7,).¨S'8>�)�5�'*+{HJ+�7



ó0ú8ú*ö -�ýxö8ô
	 � õ�� � �E-�õ�ü � ù4ú*öUô
	 � õC�&÷3�Xó��  dú8ö �@öUô
	 � õ,+|õ�ù8
Åõ4ý�üGöZõ ����� /

M

A′ AAm

G′ Gm

G

Q

π
� !µ<37,KM+

m

g

Ó�¶(¶('8-UHJ<(�(B � ³ � /

+�'8�(+X!|LM�(B@7G<(+��3²@¨�<(�3H6·(¶=+�7,no·(1(7,)
G 7→ A, Gm 7→ Am

¨¾>,LdH3#&¯2#&-U>�L2HJ'8+Å°S),7G+.k�±M+��
AAm

<(�3H
GGm

±@LM�(B@7G<(+.�M){³
� 9 sdÄGz3e�^���h4_¬tU����s(e�b ��a4_Z_¢5�'87GH

M
½@<(¯@+.7,+.7¥Ç0<(�(±S)�<3�3HX+.>�+��S)G>�),+.1S) � LM1(�(+|H(#@¯$5�'*7

#&�
H(+�7�Ó�7GB@<39A+.�S)G#4)G'*LM��+�)~5P#@>µ½@�3HJ+�7G��9E·(¯&)G+�� � H(#@>Î'8�6Ó|¶(¶('8-8H(<(�(B � ³ � /vH(#&7GB@+ �
>~)G+�-8-¬)G+µª�'8-8H´³

a

a′

m

g d

Am

A′

G A

Gm

G′

M

F

Ó�¶(¶('8-UHJ<(�(B � ³ � *

¿|+.7E\�yM�4_¬t��4tU���Gs3e �¾a&_Z_�'U>�)�'*�"Ó�¶3¶('*-UHJ<(�3B � ³ � * H(#&7GB@+{>~)G+�-8-¬){³¢»�>�>,+�'
M

H(+�7�Ç�L@-�¨
FHJ+�7ÎÌ(+�7G�(%(<3�(±S)ÎKML@�

m
¨
a = AF

HJ'8+�Ç¥#@7G#@-*-8+�-8+�HJ<(7�k�1
A

²�<
m

<(�3H
a′ HJ'*+�HJ<(7�k�1

°d%('8+�B@+.-*<3�(BF#&�
(M, m)

H(#@7G#@<3>µ1(+.7,KML@7GB@+�13+��3HJ+ ­ +.7G#MHJ+@³´Ì�·(7
G ∈ a

¶('8-8H(+
d

#&-U>
DF'¬),),+.-8>,+��(±d7G+.k�1S),+�#@<Jn´HJ+�7 ­ +�7�#@HJ+.�

AG
³d°d%3'*+.B@+�-8<(�(B�#@�

(F, d)
-8'8+�no+�7,)�<(�?>05�'8+.HJ+.7.¨

H(#&¯�H('*+$°S),7G+.k�±M+��
AAm

<(�3H
GGm

±ML@�(BM7,<3+��S)�>,'*�3H´³MÇ0<3�(±S),+ÎK@L@�
a′ >,%('8+�B@+.-*+|9�#@�

+�7�>~)�#&�
(M, m)

�3#Mk�1
a

<(�3HvK@+.7�n�#@1(7,+µH(#@�(�25�'*+µ+�¶=+��¾³
�

!Aê �£ê ������ì �"ð´ñ�. � � ÷4�dõ`ü�õ�ú8ú*ö -�ýxö8ô
	 � õ�÷ +|õ.ù8
Åõ�ýxü,öoõ  &û4÷(÷ �dõ`ü �3ù�÷ �dõ�üB(�û4ú8ú?õ�ö8÷�ý�ü�õ�ý�õ`÷3���Sû2�
A
�&÷ �

M
 dù4÷"7�� �Möoõ�ü{ý � ����ÿ

A
�&÷3�

m
-�ù�úZû4ü�ô,ö8÷3�?ÿ >µû4÷(÷ �4õ�ü�ôGû �?ý�ù � ö �Jõ`ü�6�õ8�0õ�öUô.ÿ3>$õ�ü

��õ�ô�õ`ü)
 � �Jõ|ô`õ�ú � ô�ý � õ�ü`û��@ô��(÷3�dõ`÷3� �¥öoõ9�dû4÷(÷*�@öoõµõ�÷�ýxô -�ü�õ�	 � õ`÷3�dõ�÷4� �&ü���õ`÷2û��@ô,ô`õ � õ�÷¾ÿ

l§'87v1?#&¶=+��ÏH(+��Ï!µ7G+�'U>v#&-U>CÓ|¶3>~)�#&�3H3>�-8'*�3'*+"HJ+�Ò3�('8+�7,).³P»�>v-*'8+�B@)v�?#&1(+6+�'8�(+ ­ +�7�#@HJ+6#&-U>
��yJ^,�GsJi�e�����e�^X².<
¶=+�².+�'Uk�1(�(+��¾¨=5�+��3�
>,'*+XHJ<(7�k�1
H(+��
D�'¬),),+�-8%(<(�3±M)�H(+.>µ!µ7,+.'8>,+.>gB@+.1S).³�� �
HJ+.7E»0<3±S-8'UHJ'8>Gk�1(+.� ­ +�LM9�+�),7G'8+ÅnoLM-*B@)AH(#@7G#@<3>�>,L&noLM7�)�HJ'*+v¶=+�±4#&�(�S)G+v!gL@�3>�),7G<(±S),'8L@�"7G+.k�1S) �
5�'8�(±@+.-*'8B@+.7P¿g7G+�'8+.k�±@+$HJ<37Gk�12HJ+��



����� * � ��� O��&RZO(QSQSO	�AO�

�gO����¢RZO(Y

� � î"!	
�ê $�� � � �xê $Åð¢ñ$. ��� 
 �����xí 
�í $�����ê �vêdï �ºêSî �4í�ê	�vó�ô�ô�õ`ö
K

õ�ö8÷ �µü�õ�öUô�
�ö�ý �Fö�ý�ý�õ`ú �-0�&÷� =ý
M

�&÷3�
a

õ`ö*÷ >,�&ü"	 � 
Åõ`ôGô�õ`ü
�3�dõ`ü
K

ö8÷
A
�&÷3�

A′ ô
	 � ÷=õ�ö��dõ&ÿ�>Îû&÷(÷ �Mö8úxý�(65@ü 7�õ��dõ`÷
�µü�õ�öUô -0�@÷  �ý

G :
>göZõ=+|õ`ü�û��dõ�÷

AG
�&÷3�

A′G � ö8ú �dõ`÷�õ�ö8÷=õ�÷2ü�õ�	 � ý�õ`÷ <�ö8÷  dõ`ú�ÿ
!Aê#"EêSí%$@pPª�+��d<J)G²�+EÓ|¶(¶('8-8H(<(�(B � ³ � � ³=¿g#Å5�'*7g'*9�»0<(±d-8'8H('8>Gk�1(+��
>�'8�3H¢¨='8>�)

m
HJ'8+EÌ3+�7G�(B@+ �

7�#@HJ+µ9�'¬)|H(+�7�#&¶?>�LM-*<J)G+��v� �dK@L@-8<J)G'*LM�´¨(HJ'8+µH(<(7Gk�1�°Jk�13+�'8�S¶3'*-UHJ<(�(B�'8�AÑ~+.HJ+.9©Ç0<(�3±M)|H('*+µno·(7
HJ'8+�l§'8�(±@+.-*9�+{>,>,<(�(Bm².<3>�)G½&�?HJ'*BM+�� �dK@LM-*<J)G'*LM�F+�7G²�+.<(B&){³�(|#Mk�1�Ó�¶(¶3'*-UHJ<(�(B � ³ � � BM+�1(+.��HJ'8+
­ +�7�#@H(+��

AG
<(�3H

A′G
HJ<37Gk�1�±ML@�4Ñ~<3B@'8+�7,),+�Ç�<(�(±S),+

Q, P
#@<Jn

m
¨4>�'8�3H�#@-8>,L|LM7�)G1(L@BML@�3#@-x³

�

l§'8�(±@+.-8>,<(9�9�+E<(�?H�Ó�¶3>�)G#@�3H(>,±d<(7,KM+���BM+�¶=+���<3�3>µ#&<3k�1�H(+��6:=<3BM#&�3Bm²�<(9 ��_*rM�Gs3e�b?i�a�¦
K@LM��HJ<(7�k�1 ­ +.7G#MHJ+��3>�),·?k�±@+��$¶=+�BM7,+.�(²�)G+���Ì�'8B@<(7G+��¾³�°dLM-8k�13+�Ì�'*BM<(7G+���±M®@�(�(+.�$5�'*7¥#@<3>¾¿g7,+.' �
+.k�±M+��2#&<Jno¶?#&<(+.�´¨(>�LJH(#@¯AH('*+{>�HJ'8+$1('*+.7�+��S)G>Gk�1(+.'8HJ+.�3HJ+$Ì�'*BM<(7�'U>~){³
Ó��2+.'*�FÌ�-8½Mk�1(+��39�#@¯vÉxÓ�7G+.#SÊ�>�),+.-*-8+��25�'87�HJ'8+µnoL@-8B@+��?HJ+��

�¾ï � 
�ê � ��ì �=êdì�ð¢ñ$. �
/ ÿ �µù4÷��Mü��Sõ�÷�ý õ):�ö ���&ü�õ�÷ � û � õ�÷*�Sû@ô,ô`õ�ú � õ :�úZþD	 � õ`÷�
mû �
A ÿ,<�ö*ü"�mõ`ö*÷�õ :�ö �G�@ü

F
ö8÷1�E�¥õ`ö ��õ�ö8úZõ

F1, F2
�4õ�üGúZõF�?ý �3ô`ù�ö8ô.ý

�|ü`õ�û
(F ) =

��ü�õ�û
(F1) +

��ü�õ�û
(F2)

� 9W»0<(±d-8'8HJ'U>Gk�1(+���Ì?#&-8-M-8'8+�no+�7,)¥HJ'*+�¶?+.±4#&�(�S),+�Ì(LM7,9�+�- 1
2×

É ­ 7,<3�3HJ-8'*�('8+
×

¸|®@1(+�Ê¢+�'8��>,L@-Uk�1(+.>
D�#@¯Eno·37g¿g7,+.'*+{k�±@+@³(Ó|�3HJ+.7G>�-8'8+�B@+.�FHJ'*+ &¥+.7,1?½&-*),�('U>,>,+$'8�2H(+��F¶=+�'UHJ+��F#&�?HJ+�7G+�� ­ +�LM9�+�),7G' �
+��¾³?¸�'8+�7|13½&�(B@)gHJ+.7|Ì�-8½Mk�1(+��('8�(13#@-¬)�+.'*�3+.>|¿g7G+�'8+.k�±J>P9�'¬)µHJ+�9 ��¶=+�7�>,k�1d<(¯FÉ�»¥Ð(k�+.>G>�ÊP¶(²�5$³
Õ��S)G+�7�>,k�1d<(¯2É�¿g+�no+{k`)�Ê�HJ+�7�l§'8�(±@+.-8>,<(9�9�+$²�<

π
²�<3>G#&9�9�+��´³

!Aê?!Mêdí�����ì ��ì��£ð¢ñ$. � >|öoõ9<�ö*÷  Jõ�úUô
��
=
Åõ�õ�ö8÷=õ`ô'>|ü�õ�öoõ�	� Jô
4

ô`õ�öE
�öxý < �
(4) � õH��õ�ö�	 � ÷=õ4ý,ÿ

� � î"!�ð´ñ0/ � � ÷ �dõ`ü�õ`ú*ú8ö -�ý�öUôI	 � õ�÷�ù��Jõ�ü � ��-�õ�ü � ù�ú8ö8ô
	 � õ�÷*+|õ�ù 
mõ4ý�üGöZõ�öUô�ý0(65&ü|õ�ö8÷4>|ü�õ�öoõ�	� 
4ô.ý�õ�ý�ô

��ü�õ�û
(4) = λ|π −

< �
(4)|.

>µû � õ�ö´öUô�ý
λ ∈ R

õ�ö8÷=õg÷=ù�üB
�öZõ`ü`õ`÷3�dõ�ø0ü�ùI-�ù�ü{ý�öoù�÷?û&ú*ö�ý�þ(ýxô  dù�÷?ô�ý�û4÷�ý�õ&ÿ
!Aê#"EêSí%$@p�l§'87|B@+.1(+��2².<(7,·?k�±Å#&<Jn¥HJ+.��ª�+.5�+.'8>�H(+.>g°(#4),².+.>P·(¶=+�7ÎHJ'8+$l§'*�(±M+�-U>�<39A9�+�<3�3H
¶=+�),7�#@k�1S)G+���'8�
Ó|¶(¶('8-8HJ<3�(B � ³ �@� >,%?+.²�'8+�-8-¥H(#@>.&|'8+�7G+.k�±

ABB0A0
³¢¿|'8+X¿|7G+�'8+.k�±M+

AA0Mb<(�3H
CDMb

¶(².5$³
BB0Ma

<(�3H
CDMa

13#&)�)G+��X5�'87�#&-U>¥±@LM�(B@7G<(+.�M)¥�3#Mk�1(B@+.5�'*+{>�+.�´³ (g#@k�1
<(�3>,+�7G+��2Ì(LM7GH(+�7G<(�(B@+.�Å'U>~)|>,L@9�'*)

Ó|7,+{#
(ABB0A0) =

Ó|7,+{#
(4(ABC))

Ì(+.7,�3+�7�'U>~)
l�°

(ABB0A0) =
l�°

(4(ABC)) + π.
(�<3�mHJ+��(±M+���5�'87�<(�3>�Ó�¶(¶('8-UHJ<(�(B � ³ �@� +�7GBM½@�(²�)0HJ<(7�k�1XHJ'8+|Ó�¶3>�)G#@�3H(>,±d<(7,KM+

K
².<

g
HJ<(7�k�1

C
³�l§'87m13#@-¬)G+��§HJ'8+F»�k�±@+.�

A, B
no+{>~)m<(�?HÃ-8#M>,>,+��

C
#@<Jn

K
K4#&7G'*'8+�7G+��¾³0¿g#@¶?+.'�¶?+.5�+.B&)

>,'8k�12�3#&),·(7G-*'Uk�1FH(#@>|È´L&)
s

K@LM�
C

#&<(n
g

9�'*)|<(�3H2+.�S)G>,%(7,+{k�1(+��?HvH('*+$Ç0<3�(±S),+
D, Ma, Mb.��¶=+�7XÈ¾+�9�9X# � ³ / � ²�+�'8B&)A9X#&�£#@¶?+.7.¨�H(#&¯6H(#&¶=+�'PHJ'8+CÇ�<(�(±S),+

Ma, Mb
HJ'8+CD�'¬),),+��¡HJ+�7

°d+.'¬)G+��
AC

¶(².5$³
BC

¶(-*+.'*¶=+��£<(�3H"HJ'8+mB@+{>,#@9�)G+mÓ�¶(¶('8-UHJ<(�(B � ³ �@� %(7G'*�3²�'8%('*+.-*-�+�7G13#&-*),+.�
¶(-8+�'8¶J).¨M5�LM¶?+.'3#&¶=+�70H3#@> &g'*+.7,+{k�±

ABB0A0
>�),+�)G>�Ò3ÐA¶(-8+�'8¶J){³#(|#Mk�1AH(+��X+�¶=+��m#@¶(B@+.-*+.'¬)G+�)G+��

Ì(LM7,9�+.-*�v13#&¶=+��25�'87�#&-U>�L?p
� ��� �Ea4� �?e�^����GsJt�e.��e�b£�@e�^$\����Me

C
a4y����@e�^ �µ���`w�a&b=���,�&yJ^`��e

K
r4b��@e�^`wga4bº�@e�i ��^,e�t�e��G�

ABC
��eG�Me�^ �0_8r@��s(eEb=h{�Gs§qCtZbJ�@e�_��`yJiAi�e{�

¿g'*+{>�¶?+{HJ+�<(),+�)�'8�3>,¶?+{>�LM�3HJ+.7,+Mp
� �����¾yÍe�tZb=e�i;cSe�cMe{��e�b�e�b ��^Ge�t�e����

ABC
c&t���wme`��e�tZb ��^,e�t�eG���

ABC ′ iAtZwA�Me�^���e�_*��e�b
��_*r@��s(eEyJb��"qvtZbd�Me�_��`yJiAi�e�����e�t��Me�^��&t�e� �e�tZw�e

AC ′ e�tZb�eE��h&^xcMe�cSe.��e�b=e
	¾r&bScSeÎs3a4w �



ó0ú8ú*ö -�ýxö8ô
	 � õ�� � �E-�õ�ü � ù4ú*öUô
	 � õC�&÷3�Xó��  dú8ö �@öUô
	 � õ,+|õ�ù8
Åõ4ý�üGöZõ �����@�

� � �2ª�+�),7�#@k�1S),+.�"5�'*7E�(LJk�1º+�'8�(+v>�%=+�².'*+.-*-8+C°d'*),<3#&),'8L@�´p0:=5�+�'P¿|7G+�'8+.k�±M+
ABC

<(�3H
ABC ′

9�®@BM+��v-*'8+�BM+��´¨J5�'8+$'*�2Ó�¶3¶('*-UHJ<(�3B � ³ �{� >�±d'8²�².'*+.7�){³(¿g#@�(�C'U>�)��3#@k�1 &¥L@7�#&<3>G>,+�),².<(�(B
Ó|7,+{#

(ABC) =
Ó�7G+.#

(ABC ′) +
Ó|7,+{#

(AC ′C),

<(�3HCno+.7,�(+.7

π −
l�°

(ABC) = π − (α + γ + δ)
= π − (α′ + (α − α′) + γ + (ε + γ′ − π) + δ′)
= (π − (α′ + γ′ + δ′)) + (π − ((α − α′) + γ + ε))
= π −

l�°
(ABC ′) + π −

l�°
(AC ′C)H¢³ 1´³

π −
l�°

(ABC) = (π −
l�°

(ABC ′)) + (π −
l�°

(AC ′C)).

(|#Mk�1º°J#4)G² � ³ /��2>�'8�3H"HJ'8+.>,+X²�<3-*+�),²�)��3L&),'8+�7,),+.� ­ 7,®M¯@+��I'89 +.-*-8'*%(),'U>,k�1(+.�ºÌ3#@-*-�#@-*-8+
< 0

¨
'89 1SÆd%=+�7G¶?LM-*'U>Gk�1(+��ÅÌ?#&-8-´#&-8-*+

> 0
¨d>,LJH(#&¯E>�'Uk�1C#@-8>,L�'8��Ñ~+{HJ+�9©Ì?#&-8-¢HJ'*+µª�+�)G7G½@B@+g#MH(HJ'8+�7G+��´³

¿g'*+�Ó�7G+.# � Ì3<(�(±S),'8L@�
<(�3H�H(+�7$ª�+�),7�#&BCHJ+.>Î»¥Ð(k�+{>,>,+.>Î¶(².5$³¢¿|+�no+.k`)G+.>µHJ+.7Îl§'8�(±M+�-U>�<(9�9�+@¨
+�7,no·(-8-*+.�F>�LM9A'*)�HJ'8+�>�+.-*¶=+Î),7G'*Kd'U#&-8+µÌ3<(�(±S),'8L@�?#&-8B@-8+�'Uk�1S<3�(B3³

A B

C

C ′

α

ε

γ

α′

γ′

δ = δ′

Ó�¶(¶('8-UHJ<(�(B � ³ ���

(�<3�Í>�+.'*+.�¡².5�+.'�¶=+�-8'*+.¶('*BM+�¿|7G+�'8+.k�±M+
ABC

<(�3H
A1B1C1

BM+�BM+�¶=+��´¨05�L@¶=+�'|L@1(�(+F»�'*� �
>Gk�1(7G½@�(±d<(�(B$Ó�7G+.#

(ABC) >
Ó�7G+.#

(A1B1C1)
B@+.-¬)G+@³@l§'87�9�LJHJ'*Ò3²�'8+�7G+��

A1B1C1
'8�X9�+�1 �

7G+�7G+��v°(k�1(7,'*)�)G+��´¨dLM1(�(+$H(#&¶=+�'´Ì�-U½@k�1(+ÎLJHJ+�7Pl§'8�(±@+.-8>,<(9�9�+µ²�<C½@�3HJ+.7,�´¨d¶('U>�HJ'8+�°d'¬)G<3#4)G'*LM�
K@LM�vÓ|¶(¶('8-8H(<(�(B � ³ �{� +�7G+�'Uk�1S)�'8>�).p

É�#SÊC»07G>,+�)G²�+µ�3#Mk�16É � ÊPHJ'8+µ»�k�±@+
B1

HJ<(7�k�1C+.'*�
B′

1

¨3>,LJH(#&¯
AB

±ML@�(BM7,<(+.�S)�²�<
A1B

′
1

³
Éo¶=Ê2DF'¬)�+�'8�(+.7�!gL@�3B@7G<(+��(²{#&¶(¶3'*-UHJ<(�(B|-*+.B@+PHJ'*+{>�+�±@LM�(B@7G<(+.�M)G+��E°J+�'*),+���#&<(no+�'8�3#&�3H(+�7{¨�H´³ 1´³

5�'*7�±M®@�(�(+.�
A = A1, B = B′

1

#@�(�(+.1(9�+��´³(¿Î#&¶=+�'´5�+�7�HJ+
C

²�<
C ′

1

³
É�k{Ê�&¥+�7�>,k�1('8+�¶=+µ�3#@k�1IÉ � Ê�HJ+��2Ç0<(�3±M)

C ′
1

¨(¶('U>P+�7|#@<Jn�H(+�7 ­ +�7�#@H(+��
BC

-8'8+�B&){³
»0�S)~5�+{HJ+�70'U>�)��d<(�m+�'8�(+{>�HJ+.7�¿|7G+�'8+.k�±M+�'*9 #@�3HJ+�7G+���+.�M)G13#&-*),+.�´¨@LJHJ+.7�>,'*+|-*'8+�BM+���À�#@<Jn
K@+�7�>Gk�1('*+{HJ+��3+��Å°d+.'¬)G+��dÁ|KML@�

AB
³J¿g#@�(�C>,%('8+�B@+.-*+

ABC ′
1

#@�CHJ+.7 ­ +.7G#MHJ+��
AB

<(�?H
5�'*+{HJ+�7G1(L@-8+�É�k{Ê`³�¿g#

ABC
HJ'8+mBM7,®M¯@+�7G+XÌ�-8½Mk�1(+m13#&).¨¾9E<(¯£Éx>�%3½&),+{>~)G+��3>�Ê�Ñ~+�)G²�)�HJ'*+

°d'¬)G<3#4)G'*LM�CKML@�2Ó�¶(¶3'*-UHJ<(�(B � ³ ��� +.7,+.'8k�1S)�>,+�'8�´³
l§'87�13#&¶=+��2>,L@9�'¬)

Ó�7G+.#
(ABC) >

Ó�7G+.#
(ABC ′) =

Ó|7,+{#
(A1B1C1)

<(�3Hv�3#Mk�1vH(+��	��¶=+�7G-*+.B@<(�3B@+��v²�<IÉ�/SÊ�B@-8+�'Uk�1(²�+.'¬)G'*B

|π −
l�°

(ABC)| > |π −
l�°

(ABC ′)| = |π −
l�°

(A1B1C1)|



����� � � ��� O��&RZO(QSQSO	�AO�

�gO����¢RZO(Y

¿g'*+ÅÌ�-U½@k�1(+mÓ|7,+{#
(ABC)

'U>~)A#&-U>�L2+�'8�(+m9�LM�(L&)GL@�65�#Mk�13>�+.�3HJ+mÌ3<(�(±S),'8L@�
f

K@LM9 ª�+�)G7G#@B
|π −

l�°
(ABC)|

HJ+.>Î»¥Ð(k�+{>,>,+.>Î¶(².5$³¢¿|+�no+.k`)G+.>$HJ+.7µl§'*�(±M+�-U>�<39A9�+M¨´HJ'*+A�3#Mk�1[É�/SÊ��3Ldk�1
HJ+.7P),7G'*Kd'U#&-8+��2Ì(<(�(±S)G'*LM�3#&-8B@-8+�'Uk�1d<(�(B

f(x1 + x2) = f(x1) + f(x2)

B@+.�d·(B&){¨(>�LM9A'*)�K@LM�vHJ+.7�Ì(LM7,9
f(x) = λx

9�'*)�+�'8�(+�9
λ ∈ R

'U>~){¨J5�#M>

Ó�7G+.#
(ABC) = λ|π −

l�°
(ABC)|

¶=+.HJ+.<J),+�).³
¿g+��ºÌ3#@±S),L@7

λ
¶=+.>�),'89�9�)�9X#&�"�?#4),·37,-8'8k�1"#@<3>�HJ+.7�l§'8�(±@+.-8>,<(9�9�+m+�'8�(+.>E¿|7G+�'8+.k�±J>.¨¾H(#M>

9X#&�v5�'*-8-8±S·37,-8'8k�12#&-U>�Ì�'*BM<(7�9�'¬)PÀ~»0'8�(1(+.'¬)�>~Ô=½@k�1(+�ÁÎ#&<3>,B@+.5�½@1(-*)�13#&).³
�

»0'8�v#@<3>�HJ+�7�°Jk�1d<(-8B@+�LM9�+�),7G'8+�¶?+.±4#&�(�S),+.7�°J#4)G²@¨JHJ+�7�'8�C#&-8-8+��ÅHJ7G+�' ­ +.L@9�+�)G7,'8+��mBM'*-*).¨d9�®@BM+
HJ'8+.>,+$ª�+�),7�#@k�1S),<3�(B@+.�C#&¶?>,k�1(-8'8+�¯@+.�´³´Éx°J'*+.1(+�Ó�¶(¶3'*-UHJ<(�(B � ³ � �(³�Ê

� � î"!�ð´ñ0/�ò[ó�ô�ô�õ`ö
ABC

õ�ö8÷ >gü�õ�öoõ�	� 
�öxý �?õ�ö�ý�õ�÷�
Aö�ý�ý õ�ú -0�&÷  �ý õ�÷
Ma, Mb, Mc

�&÷3� �Fö�ý �ý�õ`ú8ô`õ�÷� Sü�õ�	 � ý õ�÷ ma, mb, mc
ÿ�>Îû&÷(÷ �Jõ�ú�ý�õ`÷Cö8÷ 7�õ��dõ`ü��dõ�ü �@ü`õ`ö +|õ�ù 
mõ4ý�üGöZõ`÷

/ ÿ >|öoõ �Fö�ý�ý�õ`ú8ô`õ�÷� Sü�õ�	 � ý õ�÷1�Jõ � õ�÷ ���&ü"	 � õ`ö*÷=õ`÷2ø��&÷  �ý
S.A ÿ��döZõgô,ö*÷ � �MöZõ � �8� õ`÷Cö8÷*�dõF
 >|ü�õ�öoõ�	� 

MaMbMc,
� ÿ >|öoõ �?õ�ö�ý�õ�÷ ��ù4÷

ABC
�&÷3� ��ù4÷

MaMbMc � õ`ô,ö�ý ��õ`÷Iõ`÷=ý�ô -¢ü`õ8	 � õ�÷3� -´û@û&ü"�0õ�öUô`õ �Jõ �
mõ`ö*÷?ôGû2
mõ 
µù�üB
Xû&úZõ`÷¾ÿ3+|õ�÷=û��Aö 
jó��  dú*ö��@öUôI	 � õ�÷Fô�ö8÷3�Xô�öoõ -´ûMû4ü��¥õ`ö8ô`õ -´û&ü�û&ú*úoõ�ú�ÿ

A

C

b

P = Pmb

S

B ma

p

PmcPma
P ′

a

c

s

M

Mcmc

Ma

Ó�¶(¶('8-UHJ<(�(B � ³ � �

!Aê#"EêSí%$@p
� ³�»�>�>,+�'

S := mamc
H(#@²�<

s
HJ'8+ÅÇ�L@-U#&7G+X¶(².5$³�Ì3+�7G�(B@+.7G#MHJ+X9�'¬)�HJ+�7

π
� � �dK@LM-*<(),'8L@�

¶(²�5$³´#@¶3>�LM-*<(),+��
� �dK@L@-8<J)G'*LM�
η.

Ì�·(7�HJ'8+AÇ�LM-*+XHJ+.7µD�'¬),),+�-U>,+��(±d7G+.k�1S),+.�
BM'*-*)
Pma

=
as, Pmc

= cs.
°J+�),².+

P := bs, P ′ := η(P ), p := P ′S.
¿Î#&�(��'U>�)

P
HJ+.7gÇ�LM-�KML@�

p
<(�3H�5�+.B@+��

P
#&<(n

s
'U>�)

p
H3#@>|È¾L&)µHJ<(7�k�1

S
#&<Jn

b
³�¿g+�7µÌ(<(¯M%(<(�(±S)Î>,+�'

M
³?l§'87

²�+�'8B@+.�´¨&H(#@¯
M

HJ'8+�À�DF'*)�)G+`ÁPK@L@�
AC

¨&H¢³ 1´³
p

HJ'8+�DF'*)�),+.-8>,+��3±S7G+.k�1S)G+�'U>�).³M°d%3'*+.B@+�-8<(�(B
#&�

mc
-*'8+�no+.7�)ÎHJ'*+E!|LM�(B@7G<(+��3²µH(+�7g°S)G7,+{k�±@+.�

AS
<3�3H

BS
¨�°d%('8+�BM+�-8<(�(Bm#&�

ma
HJ'8+

HJ+�7$°S),7G+.k�±M+��
BS

<(�3H
CS

³´°dL@9�'*)$-*'8+�BM+���HJ'8+AÇ0<(�(±S),+
ABC

#@<Jn�+�'8�(+.9 !µ7,+.'8>
K<(9

S
<(�3HA�3#Mk�1�°(#4),² � ³ / � +�7G²�+�<3B&)

K
#&<(n

s
HJ'*+�KML@7GB@+.B@+�¶=+��3+�� �dK@LM-*<(),'8L@�

η
³
P

<(�3H
P ′ >�'8�3H

η
� ±@LM�4Ñ~<(BM'*+.7�){¨=>,L@9�'*)$#@<3k�1�±ML@�4Ñ~<3B@'8+�7,)Î¶(².B@-�³¢HJ+�7$KML@�

K
#@<Jn

s
+�7G²�+�<3B&),+.�

� �SKML@-8<J),'8L@�£<(�3H¢¨0H(#
P ∈ s, p = P ′S

>,'*�3H´¨�#@<3k�1
(P, p) K

� ±ML@�4Ñ~<3B@'8+�7,).³¥¿g#@9�'¬)
-*'8+�BM+��§#&¶=+�7

(P, M)
<3�3H

(A, C)
13#@7,9�LM�('8>Gk�1¡B@+�)G7,+.�(�S).¨�H´³ 1´³

M
'U>�)ÅHJ'*+
DF'¬),),+M³

¿|'8+.>P-8'*+�no+�7,) � ³



ó0ú8ú*ö -�ýxö8ô
	 � õ�� � �E-�õ�ü � ù4ú*öUô
	 � õC�&÷3�Xó��  dú8ö �@öUô
	 � õ,+|õ�ù8
Åõ4ý�üGöZõ ����� �

� ³�¿|'8+�Ç�L@-8+
Pma

, Pmb
, Pmc

-*'8+�BM+��X#&<Jn´HJ+.7 ­ +�7�#@H(+��
s
¨4no+�7G�(+�7�>�'8�3H�+�)~5P#

CMaBPma<(�3H
AMcBPmc

1?#&7G9ALM�('U>,k�1(+|l§·(7�no+M¨ML@«=+.�d¶3#&7�%?+.7G>,%?+.±S),'8K�#@<3>
Pmb

³S¿Î#&9�'*)P>,'8�3H
Pmb

, Ma, Mc
±@LM-*-8'8�(+.#@7.³S¿|'8+.>P¶=+.HJ+.<J),+�).¨(H(#@¯AH(+�7�Ç�LM-

Pmb

H(+�7�DF'*)�),+.-8>,+��3±S7G+.k�1S)G+��
mb

#@<Jn�HJ+.7 ­ +�7�#@HJ+.�
MaMc

-8'*+.B&){¨(HJ'*+{>�+Î¶=+�'UHJ+�� ­ +�7�#@HJ+.�C#@-8>,LA>,+��3±S7G+.k�1S)P#&<Jno+.'*� �
#&�3HJ+.7�>~)G+�1(+.�´³3¿g'*+{>�-*'8+�no+.7�) � ³*¨J5�L@7�#&<?>�/3³J<(�(9�'*)�),+.-*¶?#&7PnoL@-8B&){³

�



����� � � ��� O��&RZO(QSQSO	�AO�

�gO����¢RZO(Y


