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G ⊂ R×R
O�QSR4T2OVUVQBOXW'Y

f : G→ R, (x, y) 7→ f(x, y)
MCWZOVWKQ\[^]

_�`VR5Rba^OPQ\cFW

y′ = f(x, y) (1)

O�QSR^O2[5OXd9eXa5R5fSQEg7a^O%_�QShiOPjPOPR^WEQk`lfm[nfoOPQKg7aqplR5[rOPjsMCWZOPjutvjCwxRqplR+[q]
L9QSR^Ou`5plyzOPQ\RqO�{}|;R^W;O�j�~`VfSf

I ⊂ R
w�O��5R�QoOPjCW;O�plRiw4w��VjCW9MCWZOVWKQ\[4wxQ\h�O�jO�R���QBO�jXUx`VjO���plR5�qWEQo�VR

y : I → R, x 7→ y(x)
aqO�QSc�Wv�k��eVMCplR+[^��w�O�j%_�QShiOPjPOPR^WEQk`lfm[nfoOPQKg7aqplR5[�Y�d9O�R5R

� ] {(x, y(x))
∣
∣x ∈ I} ⊂ G

plRiw
� ]vy;�lj2`VfSfoO

x ∈ I
MCWZOXW�M

y′(x) = f(x, y(x))
QSMCW�]
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¢s���S��«V�l�n����¬+�)ª���«x��¢s���x�m�s�%��¢s�q���-®
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G ⊂ R × Rn

O�QSR°T2OVUVQBOXW'Y
f : G → Rn, (x, y) 7→ f(x, y)MCWZOXWEQm[q]

_�`VR5Rba^OPQ\cFW

y′ = f(x, y) (2)

O�QSR²±)³�M�W;O�{�~V�XR
n
[5OXd9eXa5R�f\QEg7a^O�R!_2QSh�O�jO�RqWKQo`Vf\[)fBO�QEg7aqplR+[+OPRbOPjsMCWZOPj�tvj�wxRqplR5[^]

L9QSR^O´��elM�pxR+[µQSMCWNO�QSR^O�~XOP�^W;�Xj�dzOPjCWEQm[5O��-plR5�qWKQB�XR

y : I → R
n, x 7→

(
y1(x), ..., yn(x)

)T ∈ R
n,

y;�ljbwxQBO¶dzQoOXw�O�jµM�Q\R�R+[+OP{µ·lc¸w)QoO¹QSR�_uO��5R�QEWEQo�VR�_ Tu] � [5O�RF`lR5RqWZO�R�º%O�wxQSR+[FpxR+[+OPR»[+OPfEW;O�R-]
¼u�X{�½��VR^O�RqW;O�RqdzOPQSMPO�`5pxM7[5OPM�g7a5jsQoOlU�OPRbU+O�w+OXp5W;OXWvwxQBOPM�Y^d9O�R5R¶wxQBO%�-plR5�qWKQB�XR

f
wxQoO%¼��V{�½��x¾

R^OPR^W;O�R5y;pxR5�qWKQB�XR^OPR
fi

aF`+Ws¿

y′1(x) = f1(x, y1(x), ..., yn(x)),

y′2(x) = f2(x, y1(x), ..., yn(x)),]]]
]]]

y′n(x) = fn(x, y1(x), ..., yn(x)).

À-�)�������G���S¢Á�x¤�ª��G�5Âx�5�C¢��²Ã2Ä5�S���\��¤5�5�)���Å�C¤�¥N���7�v�ÆÄ��S�¹��¤5¢4Ç�¢s +��¤5���
m,

�'�È�C�)���7�s���5�C�
���mq��¢s���n���k�l�S�x�S���kª���¤5�5�n����¨+�7�s��£��2£ ������¢�Ç�¢s +��¤5����É

<!=)>�?�@BAC@EDF?G<4H�ISÊËLNMÌM�OPQ
G ⊂ R×R

n × R
n × ...× R

n

︸ ︷︷ ︸

m

= R× (Rn)m
OPQ\R²T2OlUVQBOXWNpxRiw

f : G→ Rn, (x, y0, y1, ..., ym−1) 7→ f(x, y0, y1, ..., ym−1)
MCWZOVWKQ\[^]

_�`VR5Rba^OPQ\cFW

y(m) = f(x, y, y′, y′′, ..., y(m−1)) (3)

O�QSR²±)³�M�W;O�{�~V�XR
n
[5OXd9eXa5R�f\QEg7a^O�R!_2QSh�O�jO�RqWKQo`Vf\[)fBO�QEg7aqplR+[+OPR¹{r¾'WZO�j�tvjCwxRqplR+[q]

L9QSR^O´��elM�pxR+[µQSMCWNO�QSR^O�~XOP�^W;�Xj�dzOPjCWEQm[5O��-plR5�qWKQB�XR

y : I → R
n,

wxQBO�`+ply
I
{r¾K{µ`lf�M�W;OXWEQm[bwxQShiOPjPOPR5��QBO�jXUx`lj�QSMCW�plRiwµy;�ljuw)QoO�dzQBO�w�OPj2M'QSR5R+[5O�{r·VcÁwxQBO�Q\R4_uO��F¾

R5Q�WKQB�XR4_ Tu] � [5O�RF`lR5RqWZO�R!º%O�wxQSR+[FpxR+[+OPR¹[5O�f�WZO�R:]
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��7�����l¤+¦����S�²¬�¨+�7�s��£ «)�x�$#B£��\�F +�C�'���C���&%% +¢��C�-�´�\�C�Sª���¤5���x���!���v���\���C¢�Ç�¢s 5�n¤��5��®
')(�*,+.-/*10�02-�354�670�08*

n = 1,m > 1 9 (;:<-/=&>@?A3B67CEDGF)CH*1-�C�*1:JI�- KL*1:M*1C�?N-/670 OP08*1-/=&>@Q@CRO!3TS�?U*1:
VW:MX7CYQ@CRORZ
���mq��¢s���n���k�l�S�x�S���kª���¤5�5�)���[#K¤5�� r¬�¨+�'���C£ �G%��5Âx����¢s��¢ÌÇ�¢� +��¤5�5�´�S�)���������'�kª��µ�7�s����9�l�k�9¬�¨+�7�s��£
��¢��'����¢�Ç�¢� +��¤5�5�Á ��l¢��7�s���S�\�C��¥i�'�+ 5�P\¹���S¢´¤�����ÄF�C�z«��\�C�\�C��Ã2��§^��©n���C� �x¤+¦Ì +�S�B]Ì�C���l�F +�\¤��5�
«x�)�b¬+¨��'���C£����!��¢��7�s��¢�Ç�¢� +��¤5�5� ÄF����ª��5¢,^l��©x���Á©xÂ)�5�5���-®
_°�S¢%ÄF����ª���¢��C�\Ä^���b +�S�C���a`%�C +¤5©n�s�\�)�Á¦�"�¢����S�5���2�\q��¢s���n���k�l�S�x�S���kª���¤5�5�� +��¢�Ç�¢� +��¤5�5��£b®
�´���)��Ä^���4������ +�S���´�\�C�Sª���¤5���

y(m) = f(x, y, y′, y′′, ..., y(m−1))

¦�"5¢����S�5�T�5¤5�5©n�s�\�)�
y : I → R.

_°�S¢´¦�"5�5¢s���²�5�C¤5���5¤5�5©n�s�\�)�5���
y0, y1, ..., ym−1 : I → R���S�b¤5�� !Ä5�S�S 5���4 5�l£��\�2 5�x�%¬+¨��'���C£ «x�)�

n
�´�\�C�Sª���¤5���x���!��¢��'����¢�Ç�¢� +��¤5�5�FÉ

y′0 = y1

y′1 = y2®®®
(4)

y′m−2 = ym−1

y′m−1 = f(x, y0, y1, ..., ym−1).

b7�'�
y(x)

�C�\��� À-Â)��¤5�5�¸ +�C¢b�x���)��Ä^���5�C�0���mq��¢s���n���k�l�S�x�S���kª���¤5�5�
m
�����C¢4Ç�¢� +��¤5�5�F¥v���¸�k�7�

�lq����Ä��x¢
(
y0, y1, ..., ym−1

)
:=
(
y, y′, y′′, ..., y(m−1)

)

À�Ân�'¤��5�u +�C�v¬�¨+�7�s��£µ�
(4),

¤��� �¤5£��x�C©x����¢'�9���\��  ¦�"�¢�c7�C 5�2À�Ân�'¤5���� 5�C�N¬�¨+�'���C£��Ì +�S�ed2�)£��
§^�x�5�C�)�s���Lc7�v +�S�v���n�s��§5¢s�Cª��5�C�� +����Ã%Ä5�S���\��¤5���x����«x�)�

y0
¤5�� � 5�\���:�k�'�� 5�x�5��À-Â)��¤5�5�´ +��¢��x���

�x�CÄF�C�5���µ���mq��¢s���n�s�S�x�\�)�\�C�Sª���¤5�5�u +�C¢vÇ�¢� +��¤5�5�
m.

]Ì�C�S 5�%���x¢s�'���C�\�S¤5�5�)���µ�'�S�� ��l�k���´�)�\�C�Sª��5�
�v��¢����S��®
f2�l�v£µ�x�r�C�v«x�)�µ«x�)¢��5����¢s���S�µ£ �\�����S�5��£ ¬�¨+�'���C£ ��¤r�s¤5��¥+�������l�Ì£µ�l�Á�\�

(4)
���S�+¦K�xª��Á +�\�

yj

���n�s��§5¢s�Cª��5�C�� ¹«)��©n���)¢��v��¢����S���C¤b�\�n���C¢�§�¢������S��¢s����®
gz�7���� +�\�����\^�C¢��C�)�s�S�x�\�)�\�C�Sª���¤5���  +�������x¢�£��x���S�sª��5���4Ç´�'�C�\�S�k�V���)¢s�

y′′ = −c · y (c ∈ R)

���S¢s !�l�k�%¬�¨+�7�s��£ ��¤

y′0 = y1

y′1 = −c · y0.
���\�!¤5���xÄ5��^l���x�S�x�µ¡9�l¢s�k�lÄ5�S�Bh����S¢ ���V������� �'�S�

x
�x�C���l�5�n�Jh��S�'���5�\�C¢� +�S�ji^���\��¤5�F È���\¢

�sª��5¢��C�\Ä^���² 5�C�����l�SÄ
t
�7���V�'�

x.
gN�%�k�7�� 5�l���

y(t) = y0(t)
 +��¢uÇ�¢'��¥

y′(t) = y1(t)
 +�S���´��

�sª��n���S�� +�S�x©)���\�� 5�C�%�sª������\�5�)���� 5���k ²�x�s�'�C�5§5¤5��©)�s�C���C¤5¢Ai^���\�
t.
gN�%�S�'�%ÄF�C©V�l�5�n�C¥F 5�)\µ 5�)�

¬+ª������S�5�x�C�4���S�5�C�´�'�)�Sª������ Ç´�sª�S�\�k�V�s�x¢�����¢��'�´ 5�x�5�²���S�� +�C¤+���S�¹Ä^�C�'���S£�£����S�'�C¥q�v���5� ¬n�s�x¢'���
Ä^�C +�S�5�x¤��5�x�C�¶¦�"5¢�Ç�¢��´¤���  �´����ª������S�� +�S�x©)���\�C¥i�l�k�'�[_��C¢'�s� ¦�"5¢

y(t0), y
′(t0)

«)�x¢s�x���)��Ä^���
�v��¢� +����®
���\�����S�'����¤5�4 +�\���x�\�S�x�C£����S�Á¢s���S��«V�l�n�s��¬��\��¤F�V���S�x�-®

<!=)>�?�@BAC@EDF?G<4H�I8lnmpoÁ?�qUr5?ts�u1v�=RwXAxr�y�qUs�r@zN=Em{o}|~o��1�¶LNM�M�OPQ
G ⊂ R × Rn

OPQ\RGT2O¾
UVQBOXW'Y

f : G→ R
n, (x, y) → f(x, y)

MCWZOVWKQ\[�Y
(x0, η0) ∈ G._�`VR5RbR^OPR5RqWz{µ`lR¶w)QoO���plyk[�`�U�Ol¿

º%OPMCWKQS{�{rOuOPQ\RqO2��eVMCplR+[bw�OM%±)³�M�W;O�{µM�O�j�MCWZO�j�tvjCwxRqplR+[

y′ = f(x, y)



L��+QkM�W;O�R5�µplR�w�LNQ\Riw+OXp5WEQm[n��O�Q�W �������

{�QEW�w+O�R �%R5yK`lR+[nMCd9O�j�WZO�R
y(x0) = η0,

wxQBO��%R5yK`lR+[nMCd9O�j�W�`+pxyk[�`5U+O%y;�lj�wn`lM%±n³5MCWZOP{
y′ = f(x, y)

plR�w!w)QoO�±qWZ`Vj�W;dzOPjCW;O
(x0, η0).

�%�n�s��¢v¡z�x¢��l¤��s�'�����C¤5�5�x�C��¥) 5�\�����\¢v�5�+ª��r©x�C�5�5�C�5�\�C¢������µ�v��¢� +����¥n�k�7�� +�\�´Ã%�+¦K�x�5�)���v��¢��s�l¤5¦o�
�)�xÄF�´¦�"5¢��l�S�\��¬n���l¢��7�Ì�C¢'�s���C�\�� 5��¤+�s�\�µ�SÂ)��Ä��l¢�®

i^¤5�Y^xª����'��ÄF�C���l�� 5���S�!���S¢����S�kvJr@wV?�=n?���=Ru�� =�@/u
	�@E=���
g9�S� d2Â)¢�§^��¢´¦K�l�S�S�r�l¤����)¢���\x��¢af%Â)�5�µ�l�S�\�C�\��� ¤��)�s��¢� 5��£5g9�S����¤�\² +��¢��´¢��X«��m���V�s�\�)��®�¬����S�
Ã%ÄF�7���l��  ��¤�£ g9¢� +£��m�����C�\§5¤��5©n�N��¤5¢Wi^���\�

t
�����

y(t).
�t"5¢N�����S�5�}]v�C�sª��5�S��¤5�5�S�x¤��5���x�S�m�9���)ª��

 +�C£}�´¢��X«n�\�s�l���S�x�����x���'������£ �\�%���S�5�C¢ed2�)���7���l�n���C�
c > 0

y′′ = −c 1

y2
.

 4¤5�\���S§5�S�\©V�l���S�x�b£��m�
2y′

�S�S�¦B��¢��

2y′y′′ = 2c
−y′
y2

,

 i® ��®
d

dt

(
y′
)2

=
d

dt

(2c

y

)

¤5�� b���x£��\�
(
y′
)2

=
2c

y
+ α,

£��m�%�C�\�5�C¢}b;�n�����)¢s�l���S�x����©x�)���'�s�l�n�s���
α.

_ ¤5¢��C���S���S���5�C�Á�S�S�¦B��¢��

y′ = −
√

2c

y
+ α.

À-�)�������b���S¢� +�C�jd2Â)¢�§^��¢2«x�x�4 +�C¢Af2Âx�5�
R
�l¤F�2 +�C¢A`�¤5���u¦K�l�S�\�C��¥q�'�µ�k�7�´�l�k�'�

y(t0) = R,¤5�� 
y′(t0) = 0,

 �® ��®
α = −2c

R

¤5�� !���S¢���¢s���l�\���C�! 5�\�����mq��¢s���n�s�S�x�\�)�\�C�Sª���¤5�5�

y′ = −
√

2c

y
− 2c

R
= −

√
2c

√
1

y
− 1

R
. (6)

���\���9��¨+�'�S©»���x�l��¥: 5�P\¶�C��¦�"5¢Ac7�C 5��� i^���\��§5¤��5©n�
t0
���S�5�ÁÀ-Â)��¤5�5���x�SÄ+�C¥z +�S�Á +�C�¸�S�  +�S��

����£  4�)£����n�´�S�)�'¦K�l�S�S���� +�C�!d�Âx¢s§F�C¢�Ä^�C�sª��5¢s���SÄ+�C®i���\�r�´�S���kª���¤5�5�
(6)

���l�u�xÄF�C¢u�l¤�ª��  +�\�
©x�)���'�s�l�n�s�´À-Â)��¤5�5�

y(t) = R,
 +�S��Ä^�C�s�l�l��¥� 5�P\µ¤5������¢Ad�Âx¢s§^��¢����S�+¦K�xª��4�S£3Ã%Ä��'�s�x�� 

R
�C¤5£ g9¢s 5£ �\�'�s���S§5¤5�5©n����ª����v��Ä+��®

¬��S�µ���V�� 5�x�5�È�l¤�ª��  +�S�rÀ�Â)��¤5�5�F¥� +�S� �S�5�!h¶���x�x�C�¶���S¢ah²���S�5�����l�SÄF�¹¬���¤5�� 5�r��ª����v��Ä^���
¤5�� !�C¢s�'�% 5�l�5�b�C¤5¢}g9¢� +�´¦K�l�S�\�C�!��^)\x�
�����
�4@K=Rw���r5A���@K=To¹?tqUr5?�s�uxv�=Rw�A r�ytqNs�r@zN=Br��/u�D���@K=��E=�� �Yu y:?ts^=n? !"�^DF?#��=n?�=�? qUr�uCA�r��$�K=
	%�'&�uC@$(�r"�K@ u
)*�ny�?�u�@K?�?:@ s!u�@K?��,+
���\� gN¢�©���^l¢s¤5�5�b�\�S���x�� 5�l¢s�S��¥- 5�P\² +�\�Á�lÄ5�)���S���\����s�r�2�\q��¢s���n���k�l�S�x�S���kª���¤5�5�

(6)
 5�\�����x¢� +��

¢s¤5�5�x�C�! 5�C��¤5�n���C���'���������� +�C�kg9�\�F +��¤+�s�\�)©x�C�m�����s�V�s���C��?�@$)*�qAr=Rw7q.-/�0�BAx®
<!=)>�?�@BAC@EDF?G<4H�I21Hm4365�7�8:9�;65�<%=�>?��=���@K?tsYy�?ts;�!LÌMNMPO�Q

G ⊂ R×Rn, f : G → Rn
pxRiw

| | OPQ\R^OA@´�Vj�{ `5ply Rn. B `lR�M�`X[^W�¿)� f [+OPRq�V[FWq`+ply G O�QSR^O�j%C'D�EGFIH�D�JLKÁ�-Q ½iM�g7a5Q�WK�nU�OXwxQ\R5[FplR+[{�QEW�w+O�j%��Q ½iM�g7a5Q�WK���+�XR�MCW�`lRqWZO�R
L ≥ 0,

�2d9O�R5Rby;�lj2`lf\fBO
(x, y), (x, ỹ) ∈ G

[nQ\f�W7Y-wn`Vc

|f(x, y) − f(x, ỹ)| ≤ L · |y − ỹ|.

B `lRrMs`V[FW�¿5� f [+O�Rq�V[^W-`+ply G OPQ\R^OPj D�E:M�H�D�JLK²��Q ½iM�g7a5QEWE�)U+O�wxQSR+[^plR+[�{�Q�W9w�OPjv�-Q ½iM�g7a5Q�WK�C���XR^¾MCW�`VRqW;O�R
L ≥ 0,

�´d9O�R�R²OM%y;�lj%NO�w�OPRPO%plR5�qW
(x0, y0) ∈ G

OPQ\R^ORQ-{ [+OlU+plR+[
U
[nQ�U+W'Yq`5ply

w�OPj
f
O�QSR^OTSEw��Xj�W�[)fB�+Ux`lfoO?U��-Q ½�Mg7a5Q�WK�nU�OXwxQSR+[FplR5[¹OPj�y;�xf\f�W�]
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�´�x� g9¢�¦�"5�S�\�C� �C�\����¢9À��S§��sª��5�\����Ä^�C 5�\�5�)¤5�5���k�7�9��¤5���x�C¢s�) +�� 5�x���S�)�s��¢s�C�s���x�n���Wd�¢��\���C¢��S¤5£ ¦�"5¢
 +�S�u���S�� +�C¤+���S�x�uÀ�Ân�'ÄF�l¢s©x���\�� +��¢%Ã2�+¦K�l�5�n�'�v��¢��s�x¤+¦B�)�xÄF�)®
�´�lÄ^�����)�����S�5�n��£µ�x�!£��C�S�'�% +�\��À-�\§F��ª��5�\�����lÄ��sª���^l����¤��5� �x¤��� +�C£ ¦B�x�S�x�C�� +�C�

� r+A��4<4H�I��Ë|7MCW
G ⊂ R × Rn

�Xh�O�RÈpxRiw
f : G → Rn, (x, y) 7→ f(x, y)

U+O��)�V[)fSQKg7a w�OPj
�F`VjsQo`5UVfBO�R

y = (y1, ..., yn)
½�`Vj�WKQBO�fSf9w)Q\h�O�jO�R5�CQoOPj�U)`VjuplRiw¶wxQoO ��UVfBO�Q�W'plR5[ÁM�W;OXWEQm[¹QSR

x
pxRiw

y,
M���OPj�y;�lfSf�W

f
`+ply

G
O�QSR^O�fo�V�l`VfBO2�-Q ½�Mg7a5Q�WK�nU�OXwxQSR+[FplR5[^]

� =�v�=n@ uxÉW�t"5¢
n = 1

� ^x�5�S�������\¢���¤
(x0, y0) ∈ G

���S�5� `��Cª��n�s�Cª�©n�.�2£��x��Ä�¤5�5�
U :=

[x0 − δ, x0 + δ] × [y0 − η, y0 + η] ⊂ G.
���x¢s�x¤+¦9�S�'� ∂f

∂y

�7�s��s�\�Á¤5�� ¶���x£��\�´Ä^�C�sª��5¢,^l�5©n��¥
��7��� ∣

∣∂f
∂y

∣
∣ ≤ L.

���x�5�b�S�'��¦�"5¢
(x, y), (x, ỹ) ∈ U

���)ª��! +�C£  4�\�'�s���S�Ì�C¢'�����l���

|f(x, y) − f(x, ỹ)| =
∣
∣
∂f

∂y
(x, ŷ)(y − ỹ)

∣
∣ ≤ L · |y − ỹ|.

�t"5¢
n > 1

�l¢sÄF�C�m�s��%£µ�l�b���\�5���x��£B^P\�£��\�2 +��¢	�n�xª��xÄ5�\�U ¶�V��¢s��
r¤5�� b +��¢% 5���k 4�m�����C�\�v��¢��'�
�s�V�����C¢s����s�����F +���bÃ%Ä��sª���^l����¤��5� #K���\�C�5�u��7��� ¬5�V���� ¶��® �P��%P®

�

� r+A��4<4H�I�Hm��´@K?���=Ry:AC@ s�(^=�@BAxu u r+A��	�4LNM�MPO�Q
G ⊂ R×Rn

O�QSRÆT2OVUVQBOXW'Y
f : G → Rn

MPO�Q
MCWZOXWEQm[ÆplRiwÁ[+OPR^�l[+O�`5ply

G
fB�X�l`lfzOPQ\R^OPju��Q ½iMg7a�QEWE�)U+O�wxQSR+[FpxR+[^]i±�QSRiw¶w�`VR5R

ϕ, ψ : I → R
n

�xd9O�Q���eVMCplR+[5O�R�w�O�j%_�Q\h�O�jO�RqWEQk`lfm[nfoOPQKg7aqplR+[

y′ = f(x, y)

`+pxyzOPQ\R^OP{ |;RqWZOPjC~`VfSf
I ⊂ R

plR�w�QkMCW�y;�xj´O�QSR
x0 ∈ I

ϕ(x0) = ψ(x0),

MP��QkMCW
ϕ(x) = ψ(x)

`+ply:[�`lR5�
I.

_°�S¢N¦�"5��¢��C�¹ +��� ��=Rv�=�@/u%�n¤�¢9¦�"5¢� +���[���l�S�
n = 1.

����¢Ì£����5¢� +�S£ �C�����\�)���l�S�L���x�\�^«x�C¢���^l¤5¦o�
�l�F�l�S�x��¥+�'�s�l�'�%£��m�L]v����¢,^l�x�C�¹���l�%£µ�l�!���n�s��§5¢s�Cª��5�C�� ¹£��\���%�)¢�£����!��¤4�x¢�Ä^���\���C��®
Ã%¤5¦

I
�)���\���C�

ϕ(x) = ϕ(x0) +

∫ x

x0

f(t, ϕ(t))dt,

ψ(x) = ψ(x0) +

∫ x

x0

f(t, ψ(t))dt,

���x£��m���v���)���
ϕ(x0) = ψ(x0)

�x¤�ª��

|ϕ(x) − ψ(x)| = |
∫ x

x0

f(t, ϕ(t))dt−
∫ x

x0

f(t, ψ(t))dt |

≤ |
∫ x

x0

| f(t, ϕ(t)) − f(t, ψ(t))| dt |.

�´�
f
���S�5��¢Ì�\�)©X�x�\�C�rÀ��S§��sª��5�m�s��Ä^�C +�S�5�)¤5�5���)���	"5�l��¥x©V�l���µ£��x�¹ +�S�C�9¦�"5¢

x
�F�l�5�%Ä^���

x0
£��m�

���S�5�C¢%À��S§���ª����m�s��©x�)���'�s�l�n�s���
L
�v���\���C¢%�lÄ��sª���^V�s���C�Á�C¤

≤ |
∫ x

x0

L · |ϕ(t) − ψ(t)| dt ,

���� ��)\ ���\¢%�S�����x�����x£��

|ϕ(x) − ψ(x)| ≤ L|
∫ x

x0

|ϕ(t) − ψ(t)| dt|



L��+QkM�W;O�R5�µplR�w�LNQ\Riw+OXp5WEQm[n��O�Q�W �������

���xÄF�C��®
 4�\�

M(x) :=
��¤5§ {|ϕ(t) − ψ(t)|

∣
∣ |t − x0| ≤ |x − x0|}

���lÄ^���¶���\¢� 5�l���4¦�"5¢��l�S�\�
t,
¦�"5¢

 +�S� |t− x0| ≤ |x− x0|
�x�S�m��¥� +�S�uÃ%Ä��sª���^V�s��¤5���

|ϕ(t) − ψ(t)| ≤ L|t− x0|M(t) ≤ L|x− x0|M(x)

¤5�� b���x£��\���x¤�ª��
M(x) ≤ L|x− x0|M(x).

]v�C�sª��5¢,^l�5©)���µ���S¢v��¤5� |x− x0| ≤ δ
����¥+ 5�P\

L|x− x0| ≤ 1
2

�S�'�C¥5����¦B�)�\�x���x¤��� +��¢��S��s����C�
�%���x�S���kª��n¤��5�Á���l�7�v���� +�S��¥i 5�P\

M(x) = 0
¦�"5¢ |x − x0| ≤ δ,

���x�´Ä^�C +�C¤+������ 5�)\!�5�S��¢
ϕ¤5�� 

ψ
"5Ä^��¢s���S���'���S£�£ �C��®�b;����Ä^�C���x�� +�C¢��´�k�7� c7������2�x¤�ª��

ϕ(x0 + δ) = ψ(x0 + δ)
¤5�� Á£��m�

 +�S�C�����B_ ��¢����C� ���S�C 5��¢s�5�x�\�9£µ�l�r +�S�%�)�x�5����Ã2¢��)¤5£����n�s�l���S�x��¥l�v�x£��\�N£µ�l� h�£��m�v���S��§��x�x¢
i^¤��s�V�s�1"5Ä^��¢s�S���x¤��5�x�C� hÈ��ª����\�S�1\)�\�kª��ÈÄF�C©x�)£ £��C¥� 5�)\4¦�"�¢ �x�\�S�!¬n�s���S�\�C�

x ∈ I
 +�S�ÁÄ^���k +�C�

À�Ân�'¤��5�x�C�
ϕ
¤��� 

ψ
"5ÄF�C¢��C�\�F�7�s�\£�£�����®

�

�´�x���sª��5�x� ��Ä^���ÆÄ^����¤+�s������2£µ��ª��5¢s���SÄ^���È�l¤+¦����S�5�Bb;�n���C�x¢��l�S�x�S���kª���¤5�5�¹�S�S�¦B��¢����l¤Fª��  +�C�
i^¤5�n�l�5� ��¤�£ ]v���v���k�� +��¢}g 
��k�'�������u«x�x�bÀ�Ân�'¤��5�x�C��®

� r+A��4<4H�I�� m�����@/uCAC=�? � > y:?�� �´@K?��:=	y:AC@/s (F=�@KAxu uxr+A �T�^DF?���5 9	��
�� 3 5������������;�
LNM´M�OPQ

G ⊂ R × Rn
�VhiOPRiY

f : G → Rn
M�OPQ�MCWZOVWKQ\[¶plRiwr[5O�Rq�V[5O�`+ply

G
OPQ\R^OPj��-Q ½iM�g7a5Q�WK�X¾

U+O�wxQSR+[FpxR+[^]5_�`VR�R¹[5O�f�WZO�R
� ]���p NOXw�O�{

(x0, η0) ∈ G
[nQ�U5WÌOPM2O�QSR

δ > 0
plRiw�[+OPRF`+prO�QSR^O���elM�plR5[

ϕ(x) : [x0 − δ, x0 + δ] → R
n

w�O�j%_�Q\h�O�jO�RqWEQk`lfm[nfoOPQKg7aqplR+[

y′ = f(x, y)
{�Q�W

ϕ(x0) = η0.

� ]��nOXw�O�MP�XfEg7a^Oµ�SfB�X�l`lfoOV�%��eVMCplR+[ w�OPja�2R5yK`VR5[nMCdzOPjCWZ`+plyk[+`5U+O�fo·Vc�W�M�QKg7aÆ`+plyN[+O�R^`+pbOPQ\RqO
�rOPQSMPO �xp�OPQ\RqO�j���eVMCplR+[

ϕ : I → Rn
{�Q�W%{r`*�+QS{µ`lfoOP{ _uO���R5QEWEQo�VR�M�Q\RqWZOPjC~`lf\f

I =
(a, b) ⊂ R

yE�Xj�WEMPOXWE�XOPR-]V_´`ly;�lj�[+OPaqW:w�`VR5RÁw�O�j%T�jP`�½ia {(x, ϕ(x))
∣
∣ x ∈ I} �Z~X�XR��2`VR�w�xp��2`lRiw��EY�wF] a-]5y;�lj

x → a+
pxRiwry;�lj

x → b− RF·la^O�j�W9M'QEg7a (x, ϕ(x))
U�OPf\QBOVUVQ\[r[^p5W

w�O�{ ��`VRiw4~X�VR
G.

_°�S¢uÄF�C�Ì�C�S�������n¤�¢� +��� ��¢��7�s���"!-�C�\�z¤5�F � +�C�����S�C 5��¢´¦�"5¢
n = 1.

�2�)ª���¡z�)¢s�x¤��s�'������¤��5�
©xÂ)�5�5�C�Á���S¢����S�

r > 0
�W^l�5�S���-¥5�'�+ 5�P\

V := {(x, y)
∣
∣ |x− x0| ≤ r, |y − η0| ≤ r} ⊂ G

¤5�� 
f
�x¤+¦

V
���S�5��¢´À��S§��sª��5�m�s��Ä^�C +�S�5�)¤5�5�r£��\�����S�5�C¢Ad��x���'�s�x�)�s���

L
�)���	"5�l��®

V
�k�'�2©x�)£��

§��x©)��¥
f
�7�s��s�\�F¥:���x£��m���S�'��£��m�����S�5��¢Td2�)���7���l�n���C�

M
�l¤Fª�� |f(x, y)| ≤ M

�l¤+¦
V.

_°�S¢
������C���

δ :=
£��\� {r, r

M
} ¤5�F  I := [x0 − δ, x0 + δ].

¬n�s�l�'�¹ +�C¢rÃ%�+¦K�x�5�)���Ì�C¢'���l¤+¦B�n�lÄ^�
y′ = f(x, y)

¤5�F 
y(x0) = η0

ÄF����¢��xª��n���C�Á���S¢% +�S�$# C�?�*UO):&670 OP08*1-/=&>@Q@CRO

y(x) = η0 +

∫ x

x0

f(t, y(t))dt. (∗)

g9�S�5�rÀ�Ân�'¤��5�4 +��¢�Ã2�+¦K�l���)���Ì�C¢'���l¤+¦B�n�lÄ^���C¢'¦�"5�S�\�� +�\���'��b;�n���C�x¢��l�S�x�S���kª���¤5�5� #B���S�+¦K�)ª����S�n����
�x¢s�S��¢s��� � %�¤5�� ¶¤5£��x�C©x����¢'�2�k�'�����S�5���7�s��s�\�)��À�Ân�'¤��5�¹ +�C¢Ab;�n���C�x¢��l�S�x�S���kª���¤5�5�µ�l¤+�s�x£µ�V�s�S�sª��
�'����s�\�µ +�\q��¢s���5�C�\�C¢�Ä��x¢�¤5��  #K 5�mq��¢s���5�C�\�C¢��C� � %N�SÂ)�'�% +�S��Ã%�+¦K�x�5�)���Ì�C¢'���l¤+¦B�n�lÄ^�x®
i^¤5¢Tb;�n���C¢��)¢s�x�\�)�\�C�Sª���¤5�5�

(∗)  +������\�C¢��C�¸���S¢��C�\�5�k�5�)�\�)�Á«)�x� ��¤5�5©n���S�x����� ϕk : I → R¢s��©�¤5¢��'�S«r +¤5¢�ª��

ϕ0(x) := η0

ϕk+1(x) := η0 +

∫ x

x0

f(t, ϕk(t))dt, (∗∗)



������� ��� �����	�	
��
��������	����
�������������
��

«x�)�² +��¢´���S¢´�����5�C�²�v��¢� +����¥^ 5�)\!�'�S���)�\�C�Sª���£�^P\x�S�µ�x�C�x���4�C�\����À�Ân�'¤��5�Á +�C¢Lb;�n���C�x¢��l�S�x�S���\�
ª���¤5�5�

(∗) ©x�x��«)��¢s�x�S��¢��C®

��r"(iA  4��@:J670�08*
k
- 9 ? |ϕk(x) − η0| ≤ r, � �@: x ∈ [x0 − δ, x0 + δ] :���\���u�7�s�\£�£��u¦�"�¢
ϕ0.

¬n�s�\£�£������´¦�"5¢
ϕk,

���!�S�S���l�
(t, ϕk(t))

�\�
V
¦�"5¢

t ∈ I,
�'�)£��m�u�k�7�

 +�)¢'�
f(t, ϕk(t))

 5����5�S��¢��%¤5��  |f(t, ϕk(t))| ≤M.
Ã%�k�'�µ�k�7�

|ϕk+1(x) − η0| = |
∫ x

x0

f(t, ϕk(t))dt| ≤M |x− x0|

≤M · δ ≤M · r
M

= r.

��r"(iA  4��@:J670�08*
k
Q@C;X 670�08*

x ∈ I
OP-�0 ?

|ϕk+1(x) − ϕk(x)| ≤M · Lk |x− x0|k+1

(k + 1)!
:

k = 0 : |ϕ1(x) − ϕ0(x)| = |
∫ x

x0

f(t, η0)dt| ≤M · |x− x0|

k − 1 → k : |ϕk+1(x) − ϕk(x)| ≤ |
∫ x

x0

(
f(t, ϕk(t)) − f(t, ϕk−1(t))

)
dt|

≤ |
∫ x

x0

L · |ϕk(t) − ϕk−1(t)|dt|

≤ L ·M · Lk−1 1

k!
|
∫ x

x0

|t− x0|kdt|

= M · Lk |x− x0|k+1

(k + 1)!
.

�%¤��!�k�'�

ϕm(x) = ϕ0 +
m∑

k=1

(
ϕk(x) − ϕk−1(x)

)

¤5�� b +�S�C��� `����S�5�u���l�C¥5���S����Ä^���4�lÄ��x�C�sª���^l�����¥+�l¤+¦
I
 +�S��©x�x��«)��¢s�x���n�s�A ²�)c7�x¢��l�n���

M ·
∑

k=1

Lk · δk

k!
,

�k�7�2�x�S���µ�l¤+¦
I = [x0 − δ, x0 + δ]

�lÄF�'�)�\¤+�%�)�\�C�Sª���£�^P\x�S��©)�x��«x�C¢��)���n�C®����\���´¢s�����¦B¤5�5©n�s�\�)�
ϕ(x)

��¢�¦�"5�\�\�2 5�x�5�$#E�'�S�����
(∗∗) ¦�"�¢ k → ∞ %

ϕ(x) = η0 +

∫ x

x0

f(t, ϕ(t))dt

¤5�� !�k�7�2���x£��\�% +�\�u�)�C��¤�ª��n����À�Ân�'¤5����®
���\� g9�S�� +�C¤+���S�x©)���\�%��¢s�x�SÄ+�%�'�kª��b�l¤��� +�C£ «)�x¢s�5��¢s�x�C�5���� 5�´¬+�l���x®
���\���Ì�C�m�s��¢s��� ]v���v���k�'�����S�S�¶�'�C�\�C�n"5Ä^��¢s�)�l���x���-¥9¦�"5¢4¬�¨+�7�s��£��¶©V�x�5�°£µ�l�Å«)Âx�S�\�S�¸�l�F�l�S�x�
«x�)¢��)���5�C��®

�

� =��¸=�w*(�y�?�s <4H�I	� _�OPjµOlU�OPR0U+OXdzQBOPMPO�R^Oµ±�`+WK�!Ms`l{¹W2º%OVdzOPQSMuQkMCW�O�QSR ±l½�O��CQk`lf\yK`lf\f2w�OPM
��Q �x½�pxR5�qWEM�`+WK�VOPM�~V�XR�
A������Y���
_Æ�x��Ä^�C +�C¤+����� X7-/*��� 9 Q@CRO O�*,>	? DGF)C��A67C�X +.Q��A67C;X��



L9fBO�{¹O�RqWZ`VjO2��eVMCplR+[�M'{¹OXWEa^�5w�O�R �������

� ]Ì�C�S��§5�S����É
y′ = −2xy2, y(0) = 1.

¬+�V�s�r�´� ® �²�k�7��£ �\�
G = R × R

�x�n�v���F +Ä��l¢�®����\�!À�Â)��¤5�5�
y(x) = 1

1+x2

�k�7���x¤+¦
�)�l���

R
 +��F�5�\�C¢'��®

� ]Ì�C�S��§5�S����É
y′ = 1 + y2, y(0) = 0.

¬+�V�s�¹��� ® �4�k�'��£��m�
G = R × R

�x�n�v���F +Ä��l¢�®
�2�S��À�Ân�'¤��5�µ�S�'�

y(x) =
�s�x�

x
®^�2�C¢�!��l�5�)�������)���n�2�lÄ^��¢2¦�"5¢

x → ±π
2

�x���)��� ±∞.�2�S��À-Â)��¤5�5�u�k�7���l�k�'�u��¤5¢v�l¤+¦��C�\�5�C£ b;�)�s��¢s«V�l�S�F +�C¢ÌÀ�^x�5�x�
π
 +������\�C¢'�N¤��� µ�x�C�n�Ì�l£

`%�l�� Á�x�C�x�C� ±∞.

_°�S¢Á���l�'�s���Å�)ÄF�C�Å���S�5�¶���mq��¢s���n�s�S�x�\�)�\�C�Sª���¤5�5�
n
�E�s��¢bÇ�¢� +��¤5�5�»�x�S�¹���S�Ë¬�¨+�'����£ �C¢s�'���C¢

Ç�¢� +��¤5�5�� 5�x¢��)�C�'�����S�\�N¤5�� �¦�"�¢Ì�S��s����C¢��2�x�S�m�� +��¢ g 
+�S�'���C�5���¤5�� BgN�\�� 5��¤+�s�\�)©x���\�s�s�s�V���)®����x¢��
£�¤��\�S��¢��:£µ�l���\�5��¦�"5¢� 5�x�-¤5¢s��§5¢&"5�5�)�\�kª��5� �9¢s�xÄ��\�C£!¥X���%©x�)£ £��:£µ�l���l¤+¦+¦B�)�\�)���� +�Ì¡z��¢��'�S�x�-®

� r+A��4<4H�IKJ�� m�����@/uCAC=�? �L>ay�?�� ��@E?/��=	y-A�@/s (F=�@BA uxu r+A���q.-�wÁ<bH��E?
n
>�AC=Rw��Bw*��?y�?�s�

LNM�MPO�Q
G ⊂ R×Rn

�Xh�O�RiY
f : G → R

M�OPQiM�W;OXWKQ\[4plRiwrO�jsy;�lf\fBO2fo�V�l`Vf-O�QSR^O2��Q ½iMg7a�QEWE�)U+O�wxQSRF¾
[FpxR+[^]+_�`VR5R![5O�f�WZO�R
� ]���p�NOXw�O�{ �%R5yK`lR+[nMCd9O�j�W

(x0, η0, η1, ..., ηn−1) ∈ G
[nQ�U5W�OPM�O�QSR

δ > 0
plRiwb[5O�RF`5p

O�QSR^Ov��elM�plR5[
y(x) : [x0 −δ, x0 +δ] → R

w�OPjN_2QSh�O�jO�RqWKQo`Vf\[)fBO�QEg7aqplR+[
n
¾7W;O�j�tvjCwxRqplR+[

y(n) = f(x, y, y′, y′′, ..., y(n−1))

{ Q�W�w�OPRk�2R5yK`VR5[nMCdzOPjCW;O�R

y(x0) = η0, y
′(x0) = η1, ..., y

(n−1)(x0) = ηn−1.

� ]��nOXw�O�MP�XfEg7a^O´��elM�plR5[rfk·lc�WNM�QKg7a²`5ply�[+OPRF`+p¹O�QSR^O �¹O�QkMPO��xpÁOPQ\RqO�j���eVMCplR+[r{�Q�WN{r`*�+Qo¾
{µ`lfoOP{ _uO��5R5Q�WKQB�XRFMCU+O�jO�QEg7aÁyE�VjCW�M�OVWK�VO�R-]�±+QoO%[+OPaqW�dzQoOXw�O�ju~V�XR ��`VRiwµ�xp �2`lRiwF]

"	�7*�
 *-,Ì(���5*����N&�/2,26N&�
 *�(�����1%*-,
_°�S¢��'���C�\�S��� ��¤5�¶�C�\���T`��C�\��� «)�x� !Ì¨�§F�C��«)�x�¶���\^�C¢��C�)�s�S�x�\�)�\�C�Sª���¤5���x���¶«x�x¢�¥q +�\� ���S�5£µ�l�
 +�S�4��Ä^�����x�C�����S�l�s���°¬@^V�s���b� 
+�C£ §��\�\�����S��¢s����¤5�� G�x�� +¢s��¢��'�C�m�����)�C�sª��5�S�)�s�'�C�»�\Ân�'ÄF�l¢µ�'�S�� i®
g9�S�4¤5£ ¦K�x�s�'�C�� +���}_��C¢�©["5Ä^��¢A ²������� 5���4��¤�£ Ã%¤����F +���²�)�C�sª��5�S�)�s�'�C�5��¢�À�Ân�'¤5���x���b«)�x�
���mq��¢s���n���k�l�S�x�S���kª���¤5�5�)���Á�'�s�x£�£��%«x�)����������
 �
� =n@ u 	�@K=��9<4H�IKJ^J

I ⊂ R, g : I → R
MPO�Q�MCWZOVWKQ\[^]5_�QBO��%R5yK`lR+[nMCdzOPjCWZ`+plyk[+`5U+O

y′(x) = g(x), y(x0) = η0

O�jsy;�lfSfEW�w)QoO �^�Vj�`5pxM�MPOXWE�xplR5[+O�RÁ~X�VR�±5`5WK�%_ Tu] �5]l_�QoOv��eVMCplR+[rU�OP���V{ {ÁWq{µ`lR!w�pljCg7a ºvQSfKw�OPR
w�OPj2±qW�`l{ {�y;plR��^WEQo�VR

y(x) = η0 +

∫ x

x0

g(t)dt.

� =n@ u 	�@K=��9<4H�IKJ5¯Hm �lH!=nA1wV=�?:?qA�="! r@wV@/r�z��E=$#7�
I, J ⊂ R, g : I → R

M�OPQ�MCWZOXWEQm[FY
h : J →

R
M�OPQ�M�W;OXWKQ\[bwxQShiOPjPOPR5��QBO�jXUx`VjX]+_�QoO�� � �

y′(x) = g(x) · h(y), y(x0) = η0

O�jsy;�lfSfEW�w)QoO �^�Vj�`5pxM�MPOXWE�xplR5[+O�R�~X�VR!±5`5WK��_ Tu] ��YFM��V{�QEWNO �+QkM�WEQoOPjCW�[5O�RF`5pµOPQ\R^O´��eVMCplR+[q]
i^¤5¢e]v���7�s�\£�£�¤��5�����S�5��¢%À-Â)��¤5�5� ¦B�x¢� +��¢s�¹���S¢%�C¤��M^l���C�\�kª��

h(y) 6= 0
�x¤+¦

J.



����� � ��� �����	�	
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��

_°�S¢%Ä5�S�S +�C�

G(x) :=

∫ x

x0

g(t)dt, H(y) :=

∫ y

η0

dt

h(t)
.

_ ���x�C� ∂
∂y
H(y) = 1

h(y) 6= 0
©V�x�5�b£��x�! 5�\���´�S���kª���¤5�5�

H(y) −G(x) = 0

�S�µ���S�5��¢,�%£��x�CÄ5¤5�5�u«)�x�
(x0, η0)

���xª��
y
�x¤���Ân�'�C��¥x���x�z�C�\���L�5¤5��©)�s�\�)�

y = ϕ(x)
��¢s�x�SÄ+�C¥

¦�"5¢� 5�\����¤F +��£
ϕ(x0) = η0

�k�7��®� 4�\�� +��¢u�k�7�� ��l�5�
H(ϕ(x)) − G(x) = 0,

¦B�)�\�)�\�kª�� §F�C¢
Ã%Ä��\�C�m�s���

0 = H(ϕ(x))ϕ′(x) −G′(x) =
1

h(ϕ(x))
ϕ′(x) − g(x)

¤5�� Æ���x£��\�
ϕ
 +�S�rÀ�Ân�'¤5���Á¤5�F�'�C¢��C¢�Ã%�+¦K�x�5�)���Ì�C¢'���l¤+¦B�n�lÄ^�x®�t"5¢����mq��¢s���n�s�S�x�\�)�\�C�Sª���¤5�5�)���

£��m�%�)��s¢��C�5�n�����!¡9�l¢s�k�lÄ5�S���!���lÄ^���b���S¢%�l�k�'��¦B�x�S�x�C�� +���

�¹= �)= 	�A�<bH�IEJ�Ê ��plj%��eVMCplR+[4~X�VR

y′(x) = g(x) · h(y), y(x0) = η0

fBeVMPOuw)QoO T�fBO�QEg7aqplR+[
∫ y

η0

dt

h(t)
=

∫ x

x0

g(t)dt

RF`+g7a
y
`5plyvplRqWZO�j�w+O�j%º%O�wxQSR+[^plR+[�Yiw�`Vc

y(x0) = η0
QSMCW�]

| r@wV?y�?�s  ²�x�²�xª��n�����l¤+¦9 +�S� �2¤5�\�k�'�����S�S���4«x�)�
h(t). � Ä^��¢� 5�\�  5�l¢�¦� ��x�eb;�n�s���x¢��V�s�\�)���'��S�)�s��¢s«V�l�S�2?:@0)*�qA¶�5�S���Ì�C�x�x�C�5���-¥9�'�)���7�r©)Âx�5�����n�5�C�5�\�C¢¹�C�)���7�s���5�C��®2_ ���kª��5�²À-Â)��¤5�5�È���l�

¤5������¢s�uÃ%�+¦K�x�5�)���v��¢��s�l¤5¦B�)�lÄ^�x¥��v���5�
η0
�C�\�5� �2¤5�S�S�'���C�\�S�u«x�)�

h
�k�7���

d��x�5©�¢s�����¢s���l�\���C�Á���S¢���7����¦�"5¢2 +�S�uÃ�_¶Ã

y′ = −2xy2 £��m� y(x0) = η0 :

g(x) = −2x, h(y) = y2 £��m�2 +�C¢%���S�5�C�\�)��� �%¤5�S�S�'���C�\�S�
y = 0.

�´�V¦�"5¢%�k�'�2 5�l�5�

G(x) =

∫ x

x0

−2t dt = −(x2 − x2
0),

H(y) =

∫ y

η0

1

t2
dt = −

(1

y
− 1

η0

)
.

�´�lÄ^����£ "��������
y
¤5�F 

η0
ÄF�C�S 5�

< 0
�� 5��¢�Ä^���k +�

> 0
�����S� ���´�l�5�b�k�7����¤b�SÂ)�����

0 = H(y) −G(x) = −
(1

y
− 1

η0

)
+ (x2 − x2

0),

���x���l¤5¦

y =
1

x2 − x2
0 + 1

η0

¦�"5�5¢��C®

¬�§^���C�\�C�\�q¦�"5¢
g(x) ≡ 1

�'�S�� Á�5�S��¢s�\�b +�S�����x�)�����x�5�n���C�����l¤+�s�x�5�)£ �C�������mq��¢s���n���k�l�S�x�S���kª���¤5�+�
�x�C� �C�n�����x�m�s����¥z�S�� 5���5�C�� +�S�b¤5���xÄ5��^l���x�S�x�¹¡9�x¢��k�lÄ��\�!�5�kª��)�µ«)�x¢s©x�x£�£��C®z¬��\�4���\�F  �x�S���
 +¤5¢�ª���b;�)�s���)¢s�l���S�x�¹�SÂ)��Ä��x¢C®



L9fBO�{¹O�RqWZ`VjO2��eVMCplR+[�M'{¹OXWEa^�5w�O�R �������

� =n@ u 	�@K=��9<4H�IKJ	lnm��Ì@K?�=Rr�wX=�<Á@��N=RwV=n?qA�@/r"� s �E=�@$)*�y:?ts^=n?�=Rw7u�A�=�w��Bw �:?y�?�s�!��ply�OPQk¾
R^OP{ |;RqWZOPjC~`VfSf

I ⊂ R
MPO�QBO�R

a(x), b(x) : I → R
MCWZOXWEQm[q]+_´`lR5Rba^O�QSc�W

y′ = a(x) · y + b(x)

O�QSR^O��SfSQ\RqO`VjO�_�Q\h�O�jO�RqWEQk`lfm[nfoOPQKg7aqplR+[!OPjsMCWZOPj tvjCwxRqplR+[^��]F�Ì�xj
b = 0

a^OPQ\cFWÌM�QoO��Sa^�V{¹��[+OPR��EY
`VR�w�O�jsR5yK`VfSfkM´�SQSR5a^�V{r�X[+OPR���]
_�QoO �^�Vj�`5pxMsM�OVWK�xpxR+[+OPR»w�OM�±5`+WE�XOMµ~X�VR��A���Y�������
	 ������
�����²M�Q\R�w¶OPj�y;�xf\f�W7YÌwxQoOT� � � QkMCW
`VfkMP��OPQ\Riw+OXp5WEQm[rfBeVM�Ux`VjX]
���\���'��À-Â)��¤5�5� ©X�x�5�b£µ�l�!£ �\�'�s���k�2¬n���l£�£ ¦B¤5�5©n���S�x�5�C�² 5�l¢��'�����S�S����É

� r+A��4<4H�IKJ"1Ë_2QBO����T� �xplj�a^�V{¹��[+OPR^O�RÁf\QSR^O�`VjO�Rb_2QShiOPjPOPRqWKQo`Vf\[)fBO�QEg7a^pxR+[

y′ = a(x) · y, y(x0) = η0

QkM�WÌOPQ\Riw+OXp5WEQm[µfBeVM�Ux`VjCYiwxQBO2��eVMCplR+[µQkM�W

y(x) =
� 
�§ (∫ x

x0

a(t) dt

)

η0.

� =�v�=n@ uxÉ

y(x0) =
� 
�§ (∫ x0

x0

a(t) dt

)

η0 = 1 · η0 = η0,

y′(x) = a(x) · � 
+§
(∫ x

x0

a(t) dt

)

η0 = a(x) · y(x).

�

� = �)=�@$)*�:?y�?tsÈ<bH�IEJ � �²QSj�R^O�R5RqO�R

y(x) =
� 
+§ (∫ x

x0

a(t) dt

)

O�QSR^Oµ�k�-plRiwn`l{¹O�RqW�`lf\fBeVMCplR+[^��w�O�j�a^�V{r�X[+OPR^O�R¶_�QShiOPjPOPR^WEQk`lfm[nfoOPQKg7aqplR5[
y′ = a(x)y.

±+QoO�QkM�W
`VR NO�w+O�j�±qW;O�fSfoO 6= 0.

���\�Ì�\�5���x£��x�)���5�N���\^�C¢��C�)�s�S�x�\�)�\�C�Sª���¤5���%�\Ân�7��£µ�l��"5Ä^��¢� +�C�u¦B�x�S�x�C�� +����Ã%���s�V�s�x¥X +��¢:¤5�n����¢
 +�C£ �2�x£�����!ar�wX@ r+AC@EDF? ��=Rw��¹D^?tu�A r5?qAC=�?ÈÄ^��©V�l���)�%�k�'�C®
 4�\�����S�5�C¢J�5¤5�F 5�l£����n���l�S�\Ân�'¤5���

y0
 +��¢����x£��x�)���5�C�Æ�´�S���kª���¤5�5�4¤5�� Æ�C�\����¢��'�������S�² +�mq��

¢s���5�C�\�C¢�Ä��x¢��C�[��¤5�5©n���S�x�
c(x)

Ä5�S�S +�u£µ�x�

y(x) := y0(x) · c(x).
�´�l�5�b�k�7�

y′(x) = y′0(x)c(x) + y0(x)c
′(x)

= a(x)y0(x)c(x) + y0(x)c
′(x)

= a(x)y(x) + y0(x)c
′(x).

_ ^l���\�C�4���\¢%��¤5�4 +�S�J��¤5�5©n���S�x�
c
����¥� ��)\

y0(x)c
′(x) = b(x)

�S�'�C¥^�'�µ�k�'�%�lq����Ä��l¢
y
���S�5�

À�Ân�'¤��5�µ +��¢��S�5�5�)£ �)�x�C�5���b�´�\�C�Sª���¤5�5�F®5�2�S�C�%�x�C�sª��5�S���n�}"5Ä^��¢

c(x) =

∫ x

x0

(
y0(t)

)−1
b(t) dt.

�´�l£��m�%�F�lÄ^���b���\¢
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� r+A��4<4H�IKJ �Ë_2QBO���eVMCplR+[ w�OPj��%R5yK`lR+[nMCdzOPjCWZ`+plyk[+`5U+Ou�)pljuQSR5a^�X{¹�X[+O�RqO�R¶fSQSR^O`ljPOPR _�Q\yK¾
yEO�jO�RqWEQk`lfm[nfoOPQKg7aqplR+[

y′ = a(x)y + b(x), y(x0) = η0
fo`+p5W;OXW

y(x) =

(

η0 +

∫ x

x0

(
y0(t)

)−1
b(t) dt

)

· y0(x),
d9�+U+O�Q

y0(x) =
� 
+§ (∫ x

x0

a(t) dt

)

O�QSR^O´�-plRiwn`l{rOPRqW�`VfSfBeVMCplR+[!w�O�j�a^�V{¹��[+OPR^O�RÆT�fBO�QEg7a^pxR+[µQSMCW�]

� =n@ u 	�@K=��9<4H�IKJ �
y′ = 3x2y + x2 {�QEW

y(0) = η0.

g9�S�5���5¤��� 5�l£��C�)���l�S�\Ân�'¤��5���S�'�

y0(x) =
� 
+§ (∫ x

0

3t2 dt

)

= ex3

.

�´�l�5�u�k�7�-¦�"5¢- +�S�9�S�5�5�x£��)�x�����N�´�\�C�Sª���¤5�5�}"�ÄF�C¢�¡9�l¢s�S�l���S�x�u +�C¢�d2�)���'�s�l�n�s������¤�Ä^�C�'���S£ £��C�
∫ x

0

e−t3 t2 dt =
1

3

∫ x

0

e−t3
(
3t2
)
dt

= −1

3

∫ x

0

(
d

dt

(
e−t3

)
)

dt = −1

3

(
e−x3 − 1

)
.

�´�l£��m�%�k�'�

y(x) =

(

η0 −
1

3

(
e−x3 − 1

)
)

ex3

=
(
η0 +

1

3

)
ex3 − 1

3
À�Ân�'¤��5�µ +��¢��)Ä5�\�)���b�2�\q��¢s���n���k�l�S�x�S���kª���¤5�5� £ �\�2 +�C�bÃ2�+¦K�l���)���Ì�C¢'�s���

y(0) = η0. ����\���'�$ 4��s�5�+ +�¶ +�C¢¹¡9�l¢s�k�V���S�x�Å 5��¢[d��x�F�7���l�n���C���v��¢� +�C�����S¢¹Ä^���´�S�\�5���l¢s���0¬�¨+�'���C£ �C�
���S�C +�C¢%�l¤+¦B�)¢��C�m¦B�C��®

��$�,%* ��5*��Å$���* 5*-,Ì(5$ � �'6 �7*-$�� ��/2,26N&�&	��&)(+*�
 *
b;��Ã2��ÄF����¢��xª��n�´ +�C¢ !��V�����)ª��5�x¥^ 5�)\Á�\�  +����§5��¨+�'�S©V�l�S�S�sª��5���²Ã2���Ì�C�� +¤5�5�)���  +�\��Ä5�k�'�5�C¢

x�x�C���l���)�s��¤5���lÄ���^l�5�)�\�)��¡9�x¢��k�lÄ��\��£����k�7�% +�S� i^�C�m�%�k�7��¥+�5�l�s�\�C¢��C�b���\¢�©	"5�+¦o�s�\�
t
�7���V���

x.

<!=)>�?�@BAC@EDF?G<4H�IKJ �ÅLÌM´MPO�Q
I ⊂ R

OPQ\R¶|;R^W;O�j�~`VfSfKY^yEO�jsR^O�j�M�OPQoOPR
I 3 t 7→ A(t) ∈ Rn×n,

I 3 t 7→ b(t) ∈ R
n MCWZOXWEQm[5O���U5UVQSfKwFplR+[+OPRiY�wxQBO NOXw�O�ju±qW;O�fSfoO t ∈ I

O�QSR^O
n × n

¾ B `5WKjsQ �
A(t)

UV�xd%]FOPQ\RqO�R �^O��qWZ�Vj
b(t) ∈ Rn

�xpn�Vj�wxRqO�R-]+_�`VR5Rba^OPQ\cFW

y′ = A(t)y + b(t) (1)

O�QSRÈ�kf\QSR^O�`VjOPM2_�QShiOPjPOPR^WEQk`lfm[nfoOPQKg7aqplR5[nMsM;³�MCWZO�{ O�j�M�W;O�j�tvj�wxRqplR5[F�vy;�ljuOPQ\RqOu��pxR5�qWKQB�XR
y
{�QEW

�¹O�j�WZO�R
y(t) ∈ Rn.|;R w�O�j2R^��WEQoOPjCW;O�Rb�^�Xjs{ MZ½qjO�g7a^OPR�dzQSju~X�V{ �kQ\R5aq�X{¹��[5O�R^OPR��v±)³�MCWZOP{ÁYFyK`VfSfSM

b(t) ≡ 0
~V�X{

�ka^�X{¹��[5O�R^OPR��Z]
���\���'�È¬�¨+�7�s��£������S�� Å«)�x�°�x¢s�P\)��¢�]v�� +��¤+�s¤5�5���\�Ë +��¢��9��¨+�'�S©q¥� ��¸���Sª���¥v���S���C�\�5�n�l�5�n�
�x�C���C�\�x�C¥-���mq��¢s���n�s�S�x�\�)�\�C�Sª���¤5�5�)��� �+ +��¢��x¤�ª��È�2�\q��¢s���n���k�l�S�x�S���kª���¤5�5�)�s��¨��'���C£�� Ä^���S�S��Ä5�S�x�C¢
Ç�¢� +��¤5�5���'�����s�v�l�k�v¬�¨+�'���C£ �C¢s�'���C¢�Ç�¢� +��¤5�5���sª��5¢s���SÄF�C�r�k�x�s�'�C�µ¤5�� r 5�xÄF�C�i +�\�´À��S�5�C�x¢��\�&^l�
��¢s���x�m�s��� Ä5�\�C�\Ä5�C®	iq¤5£ �x�� +��¢s��� «x�C¢s��¤�ª��n�z£µ�l��c'�5¥l§��n¨+���\©V�x�\�k��ª���� �9¢s�x�C�C�s�'�)¥l�'�V�v���\�z�\¢s�x�C�� 
£�Âx�)�\�kª��["�ÄF�C¢��\�S�5�C�x¢��B#E�2�\^�C¢��C�n���k�l�\��%��´�\�C�Sª���¤5�5�)���!��¤bÄ^�C�sª��5¢��C�\Ä^���-®



��QSR^O�`VjO2_�QShiOPjPOPR^WEQk`lfm[nfoOPQKg7aqplR5[nMsM;³�MCWZO�{¹O �����s�)�

¬��S��  |A| ¤5��  |y| �\¢s�x�C�� ¹�C�Ì�C� �%�)¢�£����b�l¤5¦� +�C�  ²�V�s¢��S���C�Á¤5�F Á¡z�C©n���x¢s���-¥5�'�+ 5�P\� ��l£��m� +�S��Ã%Ä��sª���^l����¤��5�
|Ay| ≤ |A| · |y|
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f(t, y) := A(t)y + b(t)
 5�\��Ã2Ä���ª��Y^V���C¤5�5�

|f(t, y1) − f(t, y2)| = |A(t)y1 −A(t)y2| = |A(t)(y1 − y2)| ≤ |A(t)| · |y1 − y2|
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J ⊂ I
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|f(t, y1) − f(t, y2)| ≤ L · |y1 − y2|
£��m�

L :=
£µ� 

t∈J

|A(t)|.
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t0 ∈ I, η0 ∈ Rn
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y′ = A(t)y + b(t), y(t0) = η0
¤5�� b +�S�u��^)\l�%���Sª��!Ä5�k����¤5£ `%�l�F ¹¦B�)¢'���'�����C����®
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A, b
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y
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y′ = A(t)y

y(t0) = 0
`VR¹OPQ\R^OPjÌ±qW;O�fSfoO

t0 ∈ I,
MP��`VR NO�w�OPj�YFwF] a-]+wn`lR5R�QSMCW

y(t) ≡ 0,
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y
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y′ = A(t)y
plRiwÁQSMCW9{�QEW2w�O�j�L%pl��fSQKwxRq�Xjs{ |A(t)| ≤ L`+pxy

I,
M���[nQ\f�Wz{�QEW�w�OPj�L%pl��fSQKwxRq�Xjs{ y;�lj NOXw�OPM

t0 ∈ I
wxQBO���UlM�g7aF·5WK�xpxR+[

|y(t)| ≤ |y(t0)| · eL |t−t0|.
|;R�M�U�OM��VRiw�OPjPO�O �+QkM�WEQoOPjCWvwn`l{�QEW�wxQBO���elM�plR5[r`5ply�[+`VR5�

I.
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y(t) 6= 0,
¦B��¢s�5��¢��k�'� |y(t)|2 =

∑

i

(
yi(t)

)2  +�\^�C¢��C�5���S��¢sÄ��x¢C®+�´�V¦�"5¢%�)�\�\�
(
|y(t)|2

)′
= 2

∑

i

yi(t)y
′
i(t) ≤ 2 · |y(t)| · |y′(t)|

≤ 2 · |y(t)| · |A(t)| · |y(t)| ≤ 2 · L · |y(t)|2.
¬��)£ �\�%�k�7�2�x�S���

(
|y(t)|2

)′

|y(t)|2 ≤ 2 · L.
b;�n���C�x¢s�\�C¢'��£µ�l�b«x�)�

t0
Ä5�k�

t,
��� ¦B�x�S�l�

∣
∣
�\� (|y(t)|2)

∣
∣
∣
∣

t

t0

∣
∣ ≤ 2 · L · |t− t0|,

 i® ��®
|y(t)|2 ≤ |y(t0)|2 · e2·L·|t−t0|.
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y′ = A(t)y + b(t)

U+OPM�g7a5j�QBOVU+O�R:]�_´`l�xp4MPO�QBO�R
y1
plR�w

y2
�xd9O�QN��eVMCplR+[5O�RiYzwxQBO�M�QKg7aÈ`V{	±qW�`ljCWk½�plR5�qW

t0
R^pxj

d9O�R5Q\[4plRqWZO�j�M�g7a^O�QEw�O�R�YiwF] a:]
|y1(t0) − y2(t0)| ≤ δ.

_�`VR5RbQkM�W'YFM��Vfk`lR+[+O |A(t)| ≤ L
[)QSf�W7Y

|y1(t) − y2(t)| ≤ δ · eL |t−t0|.

� =�v�=n@ uxÉW�t"5¢2 +�S���5¤��5©n���S�x�
y(t) := y1(t) − y2(t)

�S�'�

y′(t) = y′1(t) − y′2(t)

=
(
A(t)y1(t) + b(t)

)
−
(
A(t)y2(t) + b(t)

)

= A(t)
(
y1(t) − y2(t)

)
= A(t)y(t)

¤5�� 

y(t0) = y1(t0) − y2(t0),
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y′ = A(t)y
"5Ä^��¢u +�C£ b;�)�s��¢s«V�l�S�

I
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t0 ∈ I

¤���  c7�C 5��£
η ∈ Rn

�x���F�l¤!���S�5��À�Ân�'¤5���
y(t; t0, η)

 5�C�%¬�¨+�'����£µ�C¥5 +�S�� +�\��Ã2�+¦K�l���)��ÄF�� +�\���x¤5�5�)���

y(t0; t0, η) = η
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y′ = A(t)y
UVQ\fEw�OPR O�QSR^O�R

n
¾;wxQS{¹O�R�M�QB�XRF`lfoOPR

f\QSR^O`ljPOPR �2`5pl{4]
� ]��Ì�xj NO�w�OM�yEOPMCWZO

t0 ∈ I
QSMCW

R
n 3 η 7→ y(t; t0, η)

O�QSRÁ|7MP�X{¹�Xj;½qa5QkM�{¹pxMv�xdzQkM�g7a^O�R�w�O�{
Rn

pxRiwbw�O�{}��eVMCplR+[�M'jP`+px{b]
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y1, y2
�k�'�b�x¤�ª�� c7�C 5� À-�\�5���l¢s©x�)£�Ä5�S���V�s�\�)�

α1y1 + α2y2À�Â)��¤5�5�� +�����5�x£��x�)���5�C�b¬+¨��'���C£µ��®
�5®Ai^¤

η1, η2 ∈ Rn, α1, α2 ∈ R
�k�7�

y(t) := α1y(t; t0, η1) + α2y(t; t0, η2)

���\�� +��¢��C�\�5�uÀ-Â)��¤5�5��¥�¦�"�¢% +�\�u�x^�C��Ä��l¢
y(t0) = α1η1 + α2η2

�S�'�C¥5���+ 5�)\µ�x�S���

y(t) = y(t0; t, α1η1 + α2η2).
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�-DI�/s^=Rw7y:?tsÆ<bH�Io¯�l
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y = α1y1 + ...+ αkyk

~X�XR!��elM�plR5[+O�R
yk

�xp
y′ = A(t)y

QSMCWzM�OPf�UxM�W9��eVMCplR+[^]
� ]v|7M�WvOPQ\RqO���elM�plR5[Á`VR�O�QSR^OPj�±qWZOPf\fBO

t0
[)fBO�QEg7aR@�plfSf SEwF] a:]�w�OPj @�pxf\f�~XOP�^W;�Xj4U�YqM���QS{�{rOPj�]

Sk±�QBO�a^O�±�`+WK�u_ Tu] ��� ] U
� ]���eVMCplR+[5O�R

y1, ..., yk

a^O�QSc�OPR°�SfSQSR^O`lj `5UlaF·VR+[nQm[^�KYÌdzOPR5R�OPM ¼u�nO�����QBO�RqWZOPR
α1, ..., αk[)QZU+W7Y�wxQBO K����
	�� H�D$D�J

= 0
M'QSRiw5YNMP�5wn`Vc

α1y1 + ... + αkyk = 0
QkM�W'YÌ`VRiw+O�jsR5yK`VfSfSM

�SfSQ\RqO`Vj�plR^`5UVaF·lR+[)Q\[F�Z]
�rO�[+O�R � ]XyE�Xf\[FW�wn`�U�OPQF`+pxM

α1y1(t)+ ...+αkyk(t) = 0
y;�ljvOPQ\RÁOPQ\R���Q\[+OPM

t
wxQBOPM9M�g7a^�VR

y;�lj2`VfSfoO
t
plRiwÁO�RqW�M�½qjO�g7aqO�Riw�y;�lj 6= 0.

 ]vLNM [)QZU+W
n
pxRF`5UVa^·VR+[nQm[5Oµ��elM�pxR+[+OPR

y1, ..., yn.
�nOXw�OPM�MP�XfEg7a^O¹±n³5MCWZOP{ R^OPR5RqW�{µ`lR

O�QSR ���´`+pC½zW�¾��+w+O�jb��plRiw�`V{¹O�RqW�`lfSM7³�M�W;O�{b�Z] ��pxMbOPQ\RqO�{ ��pxRiwn`V{¹OPR^WZ`VfkM;³�MCWZOP{ fo·VcFW
M'QEg7a NO�w�O���elM�pxR+[!`+pxy�[+O�R^`+pÁO�QSR^O �rOPQSMPO�`lfSM´��QSR^O`lj��+�X{!UVQ\R^`+WKQB�XRb{�Q�WN���VR�MCW�`VRqW;O�R
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y(t) = α1y1(t) + ...+ αnyn(t).

� ]��Ì�xj´O�QSR»U�OPf\QBOVUlQm[5OPM2±)³�MCWZOP{ ~V�XR
n
��eVMCplR+[5O�R

y1(t), .., yn(t)
�l`VR5R4{r`lR4`5pxM�w�OPR

n±l½�`Vf�WZOPRq~XO��qW;�XjO�R
(yi(t))

wxQBO��k��eVMCplR+[�Ms¾ B `+WEj�Q��i�

Y (t) :=
(
y1(t), ..., yn(t)

)

UVQ\fEw�OPR-]
_2QBO�M�½�O��CQoOPf\f��)pµOPQ\RqO�{ �-plRiwn`l{¹O�RqW�`lfSM7³�M�W;O�{ [5O�a^eVj�Q\[+O%��eVMCplR+[�M'{r`5WKjsQ �rR^OPR5RqW�{µ`lR
�k�-plRiwn`l{rOPRqW�`VfS{r`+WEj�Q��i��]^¼��V{�½��VR^O�RqWZOPRqdzOPQSMPOPM�_2QShiOPjPOPR5��QBO�jO�R��XOPQm[^W7Y�wn`Vcb��elM�pxR+[nM�¾
{µ`5WKjsQ\�VO�R�w�O�j B `+WKjsQ��5¾E_�Q\h�O�jO�RqWKQo`Vf\[)fBO�QEg7aqplR+[

Y ′(t) = A(t)Y (t)

[+O�Rq�V[5O�R-]
L9Q\RqO´M��VfKg7a^O B `5WKjsQ ��¾E��eVMCplR+[�QkM�W�w�pxj�g7a�wxQBO �^�Vj'[+`5U+O�O�QSR^O�j����%R5yK`lR+[nM�{r`+WEj�Q��i�

Y (t0) = H = (η1, ..., ηn)

U�OM�WEQ\{�{¹Ws]�|7MCW
H
Q\Rq~XOPjCWEQoOPj�U)`VjCY�wF] a-]FM�QSRiw²wxQBO �2R5yK`VR+[�M�d9O�j�WZO�y;�lj�wxQBO�QSR»w+O�R�±l½-`Vfo¾

WZO�R¸~X�XR
Y (t)

M�W;O�a^OPRiw�O�R ��elM�plR5[+O�R4fSQSR^O`lj�plRF`�UVaF·lR+[)Q\[�YqM��µQSMCWNRF`+g7a � ]
Y (t)

OPQ\R^O
��plRiw�`V{¹O�RqW�`lf\{r`5WKjsQ �²plR�wµMP�X{�Q�WzaF`+Wvwn`lR5R��:J���J���eVMCplR+[bwxQBO´_´`ljsMCWZOPf\f�plR+[

y(t) = Y (t) · c {�Q�WÌO�QSR^O�{3±l½�`lfEW;O�Rq~XOP�^W;�Xj c := (α1, ..., αn)T ∈ R
n.

� ] ��·Va5f�Wu{r`VR°M�½�O��CQoOPf\f´`VfkM �%R5yK`lR+[nM�{r`+WEj�Q��ÅwxQBO!L9QSR5a^OPQEW�M'{r`+WEj�Q��qY%wF] a-]
H := I,

MP�
O�jsaF·Vf�W�{r`VRÁOPQ\R^OuU�OM��VRiw�O�j�M2U+O��+pnOP{ �xpuaF`lRiwxaF`�U�OPRiw�O��-plRiwn`l{rOPRqW�`VfS{r`+WEj�Q��

X(t),y;�lj�wxQBO�`VfkM��
X ′(t) = A(t)X(t)

{�QEW
X(t0) = I

[)QSfEWs]+�Ì�xj%Q\a�jPO
i
¾7W;O´±l½�`Vf�WZO

xi(t)
QSMCWN`VfkM���{�QEW

ei,
w�OP{

i
¾7W;O�R!�l`VR^�VR5QSM�g7a^OPRÁL9QSR5a^OPQEW�Ms¾

~XO��qW;�Xj
x′i(t) = A(t)xi(t)

{�Q�W
xi(t0) = ei.
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B QEWÌwxQBOPMPO�{ MZ½�OP��QBO�fSfoOPRÁ�-plRiwn`l{rOPRqW�`VfkM7³5MCWZOP{ aF`+WÌwn`lR5R4wxQBO���eVMCplR+[ �xpl{ �2R5yK`VR5[nM�¾
dzOPjCW

η
w)QoO�_�`Vj�M�W;O�fSfEplR5[

y(t; t0, η) = X(t)η,
UV�xd%]n[nQ\f�WN`VfSfm[5O�{¹O�QSR!y;�lj NO�w�O´��eVMCplR+[�M'{r`+WEj�Q��

Y (t) = X(t)Y (t0).

� = �)=�@$)*�:?y�?tsÈ<bH�Io¯ 1 ��prO�QSR^O�j%��eVMCplR+[�M'{r`+WEj�Q��
Y (t)

a^O�QSc�W

Φ(t) :=
 +��

Y (t)
wxQBO���� ������� �t�o¾K_uOXW;O�js{�Q\RF`lRqWZOX��w+OPM���elM�pxR+[nMsM;³�MCWZOP{�M

Y (t) =
(
y1(t), ..., yn(t)

)
.
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Ç��5�5� ]v���v���k�������i�5�+ª��b«x�C¢�£���¢s©n�

� r+A��4<4H�Ik¯ � _2QBO � j�XRFM'��QEw�OXW;O�js{ QSRF`lR^W;O�OPj�y;�xf\f�W�wxQBO2_�QShiOPjPOPR^WEQk`lfm[nfoOPQKg7aqplR5[

Φ′(t) =
�'§5¤�¢ (

A(t)
)
· Φ(t) =

(
n∑

i=1

aii(t)
)
· Φ(t),

MP�+w�`Vc

Φ(t) = Φ(t0) ·
� 
+§ ( ∫ t

t0

(
n∑

i=1

aii(t)
)
dt
)
.

g9�5�2���\¢Ì¤5���z��¤5�r +�C�µ�\���5�x£��x�)���5�C�r¬�¨+�7�s��£����µ�C¤n�v���F +����¥)�'�C�F +�C¢ i^¤��s�l£�£����5�F�l�5��£��m�
 +�C£ du�l§��m�s���"5Ä^��¢Lf2�x£��x£��)¢�§5���S��£����¹����¢s�x�C�'���C�\�\�C®
��¤5¢sª��

L : y 7→ Ly
£��\� (

Ly
)
(t) := y′(t) − A(t)y(t)

�S�'�2���S�5��Ã2Ä5Ä5�S�S 5¤5�5�
C1(I,Rn) →

C0(I,Rn)
�x���)��Ä^����¥� +�S� �lq����Ä��l¢b�S�\���C�l¢�¥��l�k�'� ���S� f2�x£��x£��x¢s§5�5�k��£�¤��¹�����k��ª��5�C�Ë +�C�

Ä^���k +��� ��¤5�5©n���S�x�5�C�+�Z¡z��©n���)¢�¢,^l¤5£��C�  +�C¢¹�l¤+¦
I
�'�������S�» +�mq��¢s�������S��¢sÄ��l¢s����Ä5���u®Ì +��¢¹�x¤+¦

I
�7�s����S�x�C� �5¤5��©)�s�\�)�5���¸£ �\� _ ��¢����C�»�S£

R
n �k�'�C®z¬����S� d���¢s�È©x�C¢ (L)

Ä^�C�'�����n���l¤����l�S�\�C�
�5¤��5©n���S�x�5�C�

y,
 +�S�

Ly = 0
��¢�¦�"5�\�S���-¥� i® ��®+¦�"5¢% +�S�

(
Ly
)
(t) = y′(t) −A(t)y(t) = 0

¦�"5¢%�x�\�S�
t ∈ I

�x�S�\�C¥�¤5�� r 5�\���v���S��  c'���x���F�l¤¹ +�S��À-Â)��¤5�5�)���¹ +���N���x£��x�)���5�C�Á¬�¨+�7�s��£µ�C®�_°�S¢Ì�F�lÄ^���¹�)ÄF�C�
�x���'�C�5���-¥5 5�)\µ +�S�C����¢ed��C¢��Á�5�\�C¢% +�S���2�S£��������\�)�

n
���l�C®

b;�4 +�S�C����¢	�%�x�s�l���S�x�b��ª��5¢s���SÄ+�%���Sª��b 5�x���S�5�5�)£��x�x�C�5�u¬�¨+�7�s��£ �x�S�
(
Ly
)
(t) = b(t) (t ∈ I),

 i® ��®��C�!���x�� +���\�4�'�kª��Ë�x¤�ª��Å�5�S��¢!¤5£  +�S�ÆÀ�Â)��¤5�5�� +��¢!���n���'§5¢s�Cª������� +�C�Å�S�5�5�x£��)�x�������
�´�S���kª��n¤��5��®^���x£ �\�´¦B�x�S�l�´���l¦B�)¢'�´�l¤��� +���¶�x�\�S�x�C£����S�5��� � ÄF�C¢��S���)¤5�5�)���4��¤¶�\�S�5�C�x¢��C�¶�´�\�C�m�ª���¤5�5�)���b +��¢

� r+A��4<4H�Ik¯ � B `VR²O�jsaF·Vf�WzMs·l{¹WEf\QEg7a^O���elM�plR5[Áw�OPj�Q\R�a^�X{¹��[5O�R^OPR T�fBO�QEg7aqplR+[

y′ = A(t)y + b(t)
QSRiw�O�{ {r`VRbO�QSR^O���eVMCplR+[

yI

SKw�OPjÌQSR5a^�V{¹��[+OPR^O�R4T�fBO�QEg7aqplR+[ U�U�OM�WEQ\{�{ÁWNplRiw¹wn`V�)p�Ms·l{¹WZ¾
fSQKg7a^O ��eVMCplR+[5O�RÈ`+pxM�w+O�{

n
¾;wxQS{¹O�R�M�QB�XRF`lfoOPR ��eVMCplR+[nM�jP`+pl{ w+O�jua^�V{r�X[+OPR^O�R°T�fBO�QEg7a^pxR+[

`�w�wxQoOPjCWs]
|7MCW

yI

OPQ\RqO���elM�plR5[4w�O�j%QSR5a^�V{¹��[+OPR^O�R�Y
Y (t)

O�QSR²��plR�wn`V{¹O�RqWZ`VfkM;³�MCWZO�{!YFMP��M�Q\R�w4wxQoOu��el¾
MCplR+[+OPR¶w+O�j�QSR5a^�X{¹�X[+O�RqO�RÆT�foOPQKg7aqplR+[�[5O�RF`5pÁ~V�XR²w+O�j2�q�Xjs{

y(t) = yI(t) + Y (t)c
{�QEW�O�QSR^O�{3���VR�MCW�`VRqW;O�R �^O��qWZ�Vj

c = (α1, ..., αn)T ∈ Rn.
_�QBOPMPO�j �^OP�^W;�Xj

c
QSMCW�w�pljCg7a wxQBO

�^�Xj�[�`�U�O�~X�VR��2R5yK`VR5[nMCdzOPjCW;O�R
y(t0) = η

U+OPMCWKQS{ {ÁW�]



��QSR^O�`VjO2_�QShiOPjPOPR^WEQk`lfm[nfoOPQKg7aqplR5[nMsM;³�MCWZO�{¹O �����s� �

i^¤5¢2�´�C���\���n¤��5�����S�5��¢2À-Â)��¤5�5�� +��¢��S�5�5�)£��x�x�C�5���4�´�S���kª��n¤��5��ÄF�C�R"5�����C�b���\¢%���S�C 5��¢% 5�)�
�9¢s�\�����S§b 5��¢ ! r@wV@/r+A�@KD^? �:=Rw��ÁDF?tuCAxr5?qA�=n?Ì®
 4�\�Á�C�\�5�C¢r�5�+ª��°�x�C���S�x�5���¹��¤°Ä^�C�'���S£�£����� +�C�

C1 �U��¤5�5©n���S�x� c : I → Rn
¤5�� Å���S�5��£

�5¤��� 5�l£��C�)���l�k�'¨+�'���C£
Y (t)

�C¤4 +��¢��5�)£��x�x�C�5���b�´�\�C�Sª���¤5��������s���C�!���S¢%�l�

y(t) = Y (t) · c(t).
#/�t"5¢2©x�x�F�7���l�n�����

c
�k�7�2 +�S�C�%���xª��k�5�)�\�)��¢s¤5�5���´� ® � �F® ��À�Ân�'¤5���� 5��¢��5�)£ �)�x�C�5����® %

�´�l�5�b�k�7�

y′(t) = Y ′(t) · c(t) + Y (t) · c′(t)
= A(t) · Y (t) · c(t) + Y (t) · c′(t)
= A(t) · y(t) + Y (t) · c′(t).

]v�C�'���S£�£ �C�b���\¢���¤5�4 +�S� �5¤5�5©n�s�\�)�
c
����¥5 5�P\

Y (t) · c′(t) = b(t), (∗)
��� �k�'�%�lq�������Sª��n�s�\�kª��Á¤����'�C¢

y
���S�5��À-Â)��¤5�5�� +��¢��S�5�5�)£ �)�x�C�5���4�´�\�C�Sª���¤5����®

Ã%�k�e��¤5�� 5�x£ �C�n�s�l�S£µ�V�s¢���
¹�k�7�
Y (t)

#K�x�Tc7�C +�C¢�¬n���C�\�S�
t
%��S��«x��¢����S��¢sÄ��x¢C¥+���x£��m���k�7�

(∗) ^��)¤��m�«V�l�S���n����¤
c′(t) = Y −1(t) · b(t)

���x��¤5���

c(t) =

∫ t

t0

Y −1(τ) · b(τ) dτ
�S�\��¦B��¢��C®��´�l£��\�%�S�'�2 5�l���!�x�S���

y(t) := Y (t) ·
∫ t

t0

Y −1(τ) · b(τ) dτ (∗∗)

���S�5��À-Â)��¤5�5�� +��¢��S�5�5�)£ �)�x�C�5���4�´�\�C�Sª���¤5����®
� �9¢��)ÄF� ��É

y′(t) = Y ′(t) ·
∫ t

t0

Y −1(τ) · b(τ) dτ + Y (t) ·
(
Y −1(t) · b(t)

)

= A(t) · Y (t) ·
∫ t

t0

Y −1(τ) · b(τ) dτ + b(t)

= A(t) · y(t) + b(t),

���S�u�C�������S�!���x�S�m�s�x®
���\�%���\�C¢9ÄF���7�s�\£�£�����À-Â)��¤5�5�

(∗∗)  +�C¢9�S�5�5�x£��)�x�������r�´�\�C�Sª���¤5���u���V�9�x^�C�nÄF�l¢N +�C�������SÄF�C�������5�\���S�x�F�'Ä^��¢s���kª���¥N���S�
Y (t)

¤5�F 
b(t),

��^x£��\�kª��Å 5�x�¹«x�)�\�S�² +��£ �9¢s�xÄ��\�C£ �C¤5�x¢s¤5�� +�
�S�\�C�x���F +�ab;�)�s��¢s«V�l�S�

I._ ^l���\�C�u���\¢� 5�x����§^�����S���S�S�2�5¤5�F 5�l£����n���l�k�'¨+�'����£
X(t),

 5�)�iÄ^���
t = t0

 +�S� g9�S�5�5�C�m���'£µ�l��¢s� 

�k�7��¥��'���C¢����x�m�s���!���\¢% 5�\��À-Â)��¤5�5�� +��¢%Ã2�+¦K�l�5�n�'�v��¢��s�x¤+¦B�)�xÄF�

y′ = A(t)y + b(t), y(t0) = η

�l�k�

y(t) = X(t) ·
(
η +

∫ t

t0

X−1(τ) · b(τ) dτ
)
.



�����s� � ��� �����	�	
��
��������	����
�������������
��

g9�S�P��=�@/u
	�@K=��7®

y′(t) =

(
0 −1
1 0

)

y(t) +

(
0
t

)

.

f%�S��¢�¦�"5¢��k�7�

X(t) =

( ª�n�
t − ���\� t�'�S�
t

ª��)�
t

)

 +�S���5¤5�F 5�l£����n���l�S£��l��¢s� 
Á£ �\�
X(0) = I.

gN���k�7�

X−1(t) =

( ª�n�
t

���S�
t

− �'�S� t ª��)�
t

)

,

���x£��m�

X−1(τ)b(τ) =

( ª�n�
τ

���S�
τ

− �'�S� τ ª��)�
τ

)

·
(

0
τ

)

=

(
τ
�'�S�

τ
τ
ª�n�

τ

)

.

� Ä^��¢2§��l¢����S���S�\�ab;�n���C�x¢��V�s�\�)�¹Ä^�C�'���S£ £��%£µ�l�

∫ t

0

(
τ
���\�

τ
τ
ª��)�

τ

)

dτ =

(∫ t

0
τ
�'�S�

τ dτ
∫ t

0
τ
ª�n�

τ dτ

)

=

( �'�S�
t− t

ª�)�
tª�n�

t+ t
���\�n� −1

)

.

�´�l£��m�%�k�l¤5����2 5�\���x�\�S�x�C£ �C�\���´À-Â)��¤5�5�µ +��¢��S�5�5�)£��x�x�C�5���4�´�S���kª��n¤��5�

y(t) =

( ª��)�
t − ���S� t���\�
t

ª�n�
t

)

·
(

η1 +
�'�S�

t− t
ª�n�

t
η2 +

ª��)�
t+ t

���\�n� −1

)

=

( ª��)�
t − ���S� t���\�
t

ª�n�
t

)

·
(

η1
η2 − 1

)

+

(
−t
1

)

.

�N@E?:=	r@wV=²<!@ �Ì=�wV=�?qAC@ r"�/sI�K=�@0) �y�?tsF=�?
n
>�AC=Rw���w ��?y:?ts

À��S�5���l¢s���2�\^�C¢��C�n���k�l�S�x�S���kª��n¤��5�x�C�4���S�5��¢uÇ�¢s +��¤5���
n > 1

�k�x�s�'�C�²�'�kª��4£��m�� +��£3���S�5�n�l�5�n�
 5�x¢��)�C�'�����S�\�����µ¡z�C¢'¦K�x�5¢s���¹�x�S��¬�¨+�7�s��£��´��¢��7�s��¢�Ç�¢� +��¤5�5����ª��5¢s���SÄ^����¥n�Ì�)ÄF�C�^ 5�\��À��S�5�C�x¢��\�&^l�
��¢s���x�m�s���rÄ5�S���SÄ+��®��´�l£��\�����S�� ¹���\�����S�x�C�)�s�\�kª��¹�sª��5�x�¹£ �\��Ä^���F�l�� +�C�m��®+�2�C�5�5�+ª��Á�����S���r�C�\���\�)�
���kª��)�s�\�)� ���l©n�s���b 5�l�C¤!����ª���£��x�i� 
+§5�S�\�C�m��¦B�)¢'�s£�¤5�S�\�C¢'��®

� = �)=�@$)*�:?y�?tsÈ<bH�Io¯�� ��pxy�O�QSR^OP{ |;R^W;O�j�~`VfSf
I ⊂ R

MPO�QBO�R
a0, a1, ..., an−1, β : I → Rw�OP�5R5QBO�j�W�plRiwrM�W;OXWEQm[q]+_´`lR5Rba^O�QSc�W

u(n) = a0(t)u+ a1(t)u
′ + ...+ an−1(t)u

(n−1) + β(t)

O�QSR^O!fSQSR^O`ljPOb_�QShiOPjPOPR^WEQk`lfm[nfoOPQKg7aqplR5[
n
¾7W;O�j tvjCwxRqplR+[»y;�xj²wxQBObjO�OPf\f�dzOPjCWEQm[5O!��plR��^WEQo�VR

u.�F`lf\fkM
β = 0

M�½qjO�g7aqO�R¶dzQSj�dzQoOXw�O�j�~V�XR²w+O�j�a^�X{¹�X[+O�RqO�R¶T�fBO�QEg7aqplR+[�Y�`lRiw�O�jsR5yK`lf\fkM´~X�XR²w�O�j
QSR5a^�X{¹�X[+O�RqO�R-]
 4�\�

G := I × Rn
�k�7�%�5�S��¢% 5��¢�¬+�l���u��� ®\��� �x���Ì�C�� +Ä��x¢v¤��� !���\¢�Ä^��©)�x£�£����

� r+A��4<4H�Ik¯ � _2QBO �2R5yK`VR5[nMCdzOPjCWZ`+plyk[+`5U+O��xplj�fSQ\R^O�`VjO�R�_�QShiOPjPOPR^WEQk`lfm[nfoOPQKg7aqplR5[
n
¾7W;O�j�tvj�w�¾

RqplR+[

u(n) = a0(t)u+ a1(t)u
′ + ...+ an−1(t)u

(n−1) + β(t)

u(t0) = η0, ..., u
(n−1)(t0) = ηn−1

QkM�W�y;�lj NOXw�OPM
t0 ∈ I

plRiwTNO�w�OPRG±�`+WK� ~X�VRE�2R5yK`VR+[�M�d9O�j�WZOPR
η := (η0, ..., ηn−1) ∈ Rn

O�QSRiw�OVp5WKQ\[rfBeVM�Ux`VjX] �nOXw�O���eVMCplR+[
u
fo·VcFW�M�QEg7ab`5ply-[+`VR5�

I
yE�VjCW�M�OVWK�XOPR-]



��QSR^O�`VjO2_�QShiOPjPOPR^WEQk`lfm[nfoOPQKg7aqplR5[nMsM;³�MCWZO�{¹O �����s� �

���\� � ÄF�C¢s����s��¤5�5���S�b���S�!�S�S�5�C�x¢�����¬+¨��'���C£ �C¢'¦B�)�\�x��£��\�'�s���k�

y(t) :=








u(t)
u′(t)®®®

u(n−1)(t)







, A(t) :=








0 1
0 1® ® ® ® ® ®

a0 a1 . . . an−1







, b(t) :=








0®®®
0
β(t)








�l¤5¦
y′ = A(t)y + b(t), y(t0) = η.

���\�vÀ�Â)��¤5�5�
u
 +�C¢����mq��¢s���n�s�S�x�\�)�\�C�Sª���¤5�5�

n
�����C¢�Ç�¢� +��¤5�5�%�k�'���l�k�������S�5�N¢s���C�\�S�Ì�C¢'�s�\�)� �5¤5��©)�

���S�x�
u : I → R1,

 +�S�µ���n���'§5¢s�Cª������� +�µÀ-Â)��¤5�5�4 +�C����¤5�)���5Â)¢��S�x�C�Æ¬�¨+�'���C£������S�5�µ«x�C©)�s�x¢��
�v��¢����S�x� �5¤5��©)�s�\�)�

y : I → Rn
¥N 5�\�²�x¤��

u
¤5�� G +�C¢��C��Ã2Ä5�S���\��¤5�5�)���°Ä^�C�'���C�)��® gN�µ�k�'�

 5�x�5��¢µ�'������µ�5Âx���S��¥9���Sª�� ÄF�C��¤�\l�r�C¤ £µ�xª�������¥z�)Ä £µ�l��«x�)��À-Â)��¤5�5�)���  5��¢¹�´�S���kª��n¤��5�
n
������¢�Ç�¢� +��¤5�5� �+ +��¢�«)�x�bÀ�Ân�'¤5���x���! +�C��¬�¨+�7�s��£µ��¢��� +���®
Ã%¤F�� +�\���'�C¢ � ÄF�C¢s����s��¤5����¤5�F Á +�C�¹¦�"�¢v�S�S�5�C�x¢��u¬�¨+�7�s��£��´�5�l�s�\�C¢'�s����gN¢��)��Ä5�5�k�s�'�C�¹Ä^��©x�)£ �£����b���S¢% +�\��¦B�)�\�)���� 5���bÃ%¤��s���x�x�C��®

� r+A��4<4H�ISÊ � �Ì�xj�wxQoO�fSQSR^O`ljPO2_2QSh�O�jO�RqWKQo`Vf\[)fBO�QEg7aqplR+[
n
¾7W;O�j�tvjCwxRqplR+[�[+OPfEW;O�R-¿

� ]�_2QBO���eVMCplR+[+OPR
u : I → R

w�OPjÌaq�X{¹��[5O�R^OPRbT�fBO�QEg7aqplR+[ÁUlQ\fEw�O�R4O�QSR^O�R
n
¾;wxQS{¹O�R�M�QB�XRF`)¾

foOPR �2`5pl{!Y�wxQBO���U+O�j�O�QSR^O�yEOM�W;O�±qWZOPf\fBO
t0 ∈ I

[5Os[5OVU+O�R^O ��pn�Vj�w)R^pxR+[

u 7→
(
u(t0), u

′(t0), ..., u
(n−1)(t0)

)

QSMCWNO�QSR!|7MP�X{¹�VjZ½qa�QSM�{¹pxMv�)dzQSM�g7a^O�R�w�OPRb��eVMCplR+[5O�R¶pxRiwbw�O�{
Rn.

� ]�±�Q\R�w
u1, ..., un

fSQ\R^O�`VjuplR^`5UVaF·lR+[)Q\[+O2��elM�pxR+[+OPR²w�OPj%a^�X{¹�X[+O�RqO�R�T�fBO�QEg7aqplR+[FY�M���QkM�W

u(t) := u1(t)c1 + ...+ un(t)cn

{ Q�W9¼u�XR�MCW�`lR^W;O�R
ci ∈ R

wxQBO´`VfSfm[5O�{¹O�QSR^O���elM�plR5[!w+O�j�a^�V{r�X[+OPR^O�R T�foOPQKg7aqplR+[q]
� ] B `VR!OPj�a^·Vf�WNwxQBO�`VfSfm[5O�{¹O�QSR^O���eVMCplR+[Áw�O�j�QSR5a^�X{¹�X[+O�RqO�R¶T�fBO�QEg7aqplR+[r`VfkMv±qpx{ {¹O´`+p)MO�QSR^O�j U�OPf\QBOVUVQ\[+OPR¶��elM�pxR+[²w�OPj�QSR5a^�V{r�X[+OPR^O�R»T�fBO�QEg7aqplR+[¶plR�w²w�O�ju`VfSf\[+O�{¹OPQ\R^OPR²��ex¾
M�plR5[!w+O�j�a^�V{r�X[+OPR^O�R-]

 ]vL9Q\Rµ±)³�MCWZO�{
(u1, ..., un)

`+pxM
n
plRF`5UlaF·VR+[nQm[5O�R���eVMCplR+[5O�Rµw�OPj9_2QSh�O�jO�RqWKQo`Vf\[)fBO�QEg7aqplR+[

n
¾7W;O�jutvj�wxRqplR5[ÁdzQSj�w�OlU�OPR5yK`VfSfkMv�-plRiwn`l{¹O�RqW�`lfSM7³�M�W;O�{ [+OPRF`VR�R^Ws]xLNQ\Rb��plR�wn`V{¹O�RqWZ`Vfo¾
M;³�MCWZO�{ QS{ ±�QSR5R^ObOPQ\R^OPjµ��plRiw�`V{¹O�RqW�`lf\{r`5WKjsQ �qY�dzQoO�U+O�Q2±)³�MCWZOP{rOPR U+O�Rqp5WE�xW'Y%dzQ\jCw
wn`VjP`+pxM�Y+Q\R�w�O�{ {µ`lRÁ�)p NO�w�OPj%��plR5�qWEQo�VR!Rq�+g7abQSa5jOL��UVfBO�Q�W'plR+[5O�Rba5QSR5�xpxR5Q\{�{ÁW�¿

(u1, ..., un) 7→ Y (t) :=








u1(t) u2(t) . . . un(t)
u′1(t) u′2(t) . . . u′n(t)]]] ]]] ] ] ] ]]]

u
(n−1)
1 (t) u

(n−1)
2 (t) . . . u

(n−1)
n (t)







.

_´`ly;�lj�[)QSfEWs¿
_2QBO´��elM�plR5[+O�R

(u1, ..., un)
M'QSRiw�[+OPRF`+pÁwn`VR�R!fSQSR^O`ljuplRF`5UlaF·VR+[nQm[FYF`VfkM���OPQ\R4��pxRiwn`x¾

{rOPRqW�`VfkM7³5MCWZOP{!Y:d9O�R5R²y;�xjuOPQ\R^O�±qWZOPf\fBO
t0 ∈ I

plRiw�wn`V{�Q�Wv`5p+g7a4y;�lj�NO�w�OM
t ∈ I

wxQoO
� ����� � �t�o¾K_uOXW;O�js{ QSRF`lR^W;O�R�QKg7aqW�~XOPjsM�g7aqdzQ\Riw+OXW7YqwF] a-]

Φ(t) =
 +��

Y (t) =
 5��








u1(t) u2(t) . . . un(t)
u′1(t) u′2(t) . . . u′n(t)]]]

]]] ] ] ] ]]]

u
(n−1)
1 (t) u

(n−1)
2 (t) . . . u

(n−1)
n (t)








6= 0.
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��

�´�x� �N¢��S�5���S§² +�C¢%¡9�l¢s�S�l���S�x�4 +�C¢Ld2�)���'�s�l�n�s���!��¤5¢´À�Â)��¤5�5�r 5��¢%�S�5�5�)£ �)�x�C�5���²�´�S���kª��n¤��5�
�x�S�\�%���V�&"5¢��S�kª��Á�v���\���C¢C¥5 +�+ª��!£�¤�\�£µ�l�!��¢��'�� 5�\�u�5�S��¢�¢s�kª��)�s�\�)� �5�x¢s£ ���F +����®
i^¤4�SÂ)�����b�k�7�LhÁ�'�S���5���xÄ^���

(∗) hÁ£��m�´���S�5��¢A�5¤5�� ��l£����n�s�x�\£µ�l��¢s� 
 Y (t)
 5�x�2�´�S���kª���¤5�5�n�7�

��¨��'���C£
Y (t)c′(t) = b(t)

¤5�� b +���������!À�Ân�'¤5��� �C¤Á�S�n���C�x¢s�\�C¢��C��®@ 4�m�2 5��£ �����x���v�x���5���5�C��� �5¤5��©)�s�\�)�5����«)��©n���)¢��
c(t)�k�7�2 5�x�5�

yI(t) := Y (t)c(t)
À�Ân�'¤��5�µ +�C���S�5�5�)£ �)�x�C�5���4¬�¨+�7�s��£µ�C®�f%�S��¢����l�%�n¤��

b(t)
 +�\����§^�����S���S�S���´�C�'�s�l�\�

b(t) =








0®®®
0
β(t)








¤5�� b�C�\�j��¤5�� 5�x£����n�s�x�S��¨+�7�s��£  5�\���)ÄF�C�4ÄF����ª���¢��S��Ä^���5�����x¢s£b¥��'�+ 5�P\r 5�x���´�\�C�Sª���¤5�5�n����¨n�
�'����£ �S�x¤+�����










u1(t) u2(t) . . . un(t)
u′1(t) u′2(t) . . . u′n(t)®®® ®®® ®®®

u
(n−2)
1 (t) u

(n−2)
2 (t) . . . u

(n−2)
n (t)

u
(n−1)
1 (t) u

(n−1)
2 (t) . . . u

(n−1)
n (t)



















c′1(t)
c′2(t)®®®
c′n−2(t)
c′n−1(t)










=










0
0®®®
0
β(t)










.

���\�����S�'����¤b�SÂ)�����!¤5�� b 5�l���!���S���xÄ^���b��¤!«x�C¢'¦K�x�5¢s����®

� =n@ u 	�@K=��9<4H�ISÊ-J°�v�lj
t > 0

U+OXWEj�`+g7a^W;OrwxQoO�fSQSR^O`ljPO�_�Q\h�O�jO�RqWKQo`Vf\[)fBO�QEg7aqplR+[ � ¾'WZOPj¹tvj�wn¾
RqplR+[

y′′ − 1

2t
y′ +

1

2t2
y = β(t).

i^�v���i¤5�F�lÄ5��^x�5�x�S�x��À�Ân�'¤��5�x�C�! +�C¢��5�x£��)�x�������!�´�S���kª���¤5�5�µ���\�� 

u1(t) := t, u2(t) :=
√
t.

¬��S��Ä5�\�k +�C�Æ�x�S���!���S�5�B]v�)�'�k�� +�C�uÀ-Â)��¤5�5�n�'¢��l¤5£�����®^�2�S�µ��¤5�)���5Â)¢��S�x�T�5¤5�F 5�l£����n���l�S£��l��¢s� 

�k�l¤+�s��

Y (t) =

(
u1(t) u2(t)
u′1(t) u′2(t)

)

=

(
t

√
t

1 1
2
√

t

)

.

�t"5¢�¡9�x¢��k�V�s�\�)�  5��¢ d��x�F�7���l�n���C���C¤5¢�À-Â)��¤5�5�4 +��¢��\���5�x£��x�)���5�C�Æ�´�S���kª���¤5�5�²�F�lÄ^���Æ���\¢
�l�k���

c(t) = (c1(t), c2(t))
T
��¤!Ä^�C�'���S£ £��C�²�l¤��

Y (t)c′(t) =

(
0
β(t)

)

,

 i® ��®��x¤��

t · c′1(t) +
√
t · c′2(t) = 0

1 · c′1(t) +
1

2
√
t
· c′2(t) = β(t)

£��m�2 5��¢%À�Ân�'¤��5�
c′1(t) = 2β(t), c′2(t) = −2β(t)

√
t.



��QSR^O�`VjO2_�QShiOPjPOPR^WEQk`lfm[nfoOPQKg7aqplR5[nMsM;³�MCWZO�{¹O �����s� �

gz�7����¦�"5¢
β(t) = 21t2

ÄF�C©x�)£ £��C�!���S¢

c′1(t) = 42t2, c′2(t) = −42t2
√
t.

���\��¬n���l£�£ ¦B¤5�5©n���S�x�����b�S�x¤+���C�

c1(t) = 14t3, c2(t) = −12t3
√
t

¤5�� b�x�S���C�\�5��À-Â)��¤5�5�� +��¢��S�5�5�)£��x�x�C�5���4�´�S���kª��n¤��5����¢s�x�SÄ+�%�'�kª��

yI(t) = u1(t)c1(t) + u2(t)c2(t)

= t · 14t3 −
√
t · 12t3

√
t = 2t4.

���\���x�\�S�x�C£ �C�\����À-Â)��¤5�5� �S�'�2 5�x£ �\�

y(t) = α1u1(t) + α2u2(t) + y(t)

= α1t+ α2

√
t+ 2t4.

�

�N@E?:=	r@wV=²<!@ �Ì=�wV=�?qAC@ r"�/sI�K=�@0) �y�?tsF=�? �»@BA�(FD^?�uCAxr5?qA�=�? �¹D�=�� �)@K=�?qAC=�?
]v�S���5�C¢N���xÄF�C�r���\¢Ì�5�+ª��µ©x�C�\�5�� 4��s�5�+ +�x¥n¤5£ ���S�5�L��¤5�� 5�x£����n�s�x�S��¨+�7�s��£ ¦�"5¢N�C�\���2�S�\�5���l¢s�
���mq��¢s���n���k�l�S�x�S���kª���¤5�5�Æ�+ +��¢¹���S�°�\�S�5�C�x¢����r¬�¨+�7�s��£ ��¤GÄ^�C�'���S£ £��C��¥Ì¤��� °�l�S�\�)��£����S�G� 
+�\�
�'���S��¢��v������7���x�v�l¤Fª�� #B�S���k +��¢<%z���Sª��n�C®+���\���W^l�� +�C¢'���'�kª���¥n�Ì�C�5�¹���S¢v«x�x¢��l¤F������s�����-¥x 5�)\  +�S�
��D �»D�s^=n?�=��´�S���kª���¤5�5�´�l¤+�s�x�5�)£ �k�'�C¥V i® ��®V 5�)\´ +��¢s���Jd���� �µ���S���n�s�����5�kª��n�:«)�x�� +�C¢:¤����lÄ+�
��^x�5�x�S�x�C��¡9�x¢��k�lÄ5�S�����lÄ���^l�5�)���Jh�§5��¨+�'�S©V�l�S�S�sª������7�v�´Ä^��� �9¢��)������������¥l 5�\���C���\��¤5���xÄ5��^x�5�x�S�
Ä^�C�sª��5¢��S��Ä^���!�v��¢� +���!©xÂ)�5�5���-®
]v��s¢s�)ª��)�s���Á���\¢��C¤5��^xª��F�7���S�\�5���l¢s�u�2�\^�C¢��C�n���k�l�S�x�S���kª��n¤��5�x�C�

n
������¢�Ç�¢� +��¤5�5�F®

� = �)=�@$)*�:?y�?tsÈ<bH�IkÊ^¯ ��p�¼���O�� �CQoOPRqWZO�R
a0, a1, ..., an−1 ∈ R

a^O�QSc�W

L(u) := u(n) − an−1u
(n−1) − ...− a1u

′ − a0u (1)

O�QSR°fSQ\R^O�`VjO�jr_�Q\h�O�jO�RqWEQk`lfo��½�OPj�`5WZ�Xj
n
¾'WZOPj�tvjCwxRqplR+[È{�QEW��+�XR�MCW�`lRqWZO�R°¼u��O�����QBO�RqWZOPR-]zLNM

a^OPQ\cFW�wn`V{�Q�W

L(u) =

{

0

β(t)

O�QSR^O¹a^�V{r�X[+OPR^O�UV�xd%]�QSR5a^�V{r�X[+OPR^O¹f\QSR^O`ljPO¹_�Q\h�O�jO�RqWKQo`Vf\[)fBO�QEg7aqplR+[ÆRF¾'WZO�j¶tvjCwxRqplR+[Æ{�QEW
���VR�MCW�`VRqW;O�RÁ¼u��O�����QBO�RqW;O�R-]+_�`lM�{�Q�W�wxQBOPMPO�Rb¼���O����CQoOPR^W;O�RÁ[+OlUVQ\fEw�OVWZO ON�Xfm³+Rq�X{

χ(λ) := λn − an−1λ
n−1 − ...− a1λ− a0 (2)

a^OPQ\cFW�g7aF`VjP`V�qWZOPj�QkMCWKQkMg7a^OM ON�Xfm³5R^�X{�w�OPM�_�Q\h�O�jO�RqWEQk`lfo��½�OPj�`5WZ�Xj�M
L.

 4�\��f%�S�m¦B�� +��¢ �2¤5�\�k�'�����S�S���Æ +�C��ª����x¢s�x©)�s��¢s�S�'���k�sª��5���R���x�S¨��5�x£µ��©xÂx���5�������\¢���¤5�� 5�\��À�Âx�
��¤5�5�x�C�! 5��¢��5�)£ �)�x�C�5���b�2�\q��¢s���n���k�l�S�x�S���kª���¤5�5� ÄF���7�s�\£�£�����®
i^¤5�Y^xª����'�����S�5����7���x�v����ª��5�5�k��ª����a���x¢s£�����É

�N= � � r4<bH�IkÊFÊ � ]��Ì�xj
k, q ∈ N

QSMCW

(
∂

∂t

)k
(
tqeλt

)
=

(
∂

∂λ

)q
(
λkeλt

)
.



������� � ��� �����	�	
��
��������	����
�������������
��

� ]��Ì�xj%w�OPR¹_2QSh�O�jO�RqWKQo`VfB�½�O�jP`+W;�Xj
L
`5pxMvº�OP�XOPQKg7a5RqplR5[�_�Tu] �l� plRiw�MPO�QSR4g7aF`lj�`l�^W;O�jsQSMCWKQo¾

Mg7a^OM,O9�Vf ³5R^�V{
χ
[+OPfEW;O�R!y;�lj

q ∈ N

L
(
tqeλt

)
=

(
∂

∂λ

)q
(
χ(λ)eλt

)
.

� =�v�=n@ uxÉ´�x®qÉR_°�\¢v¦K�)�������
tqeλt

�x�S� �5¤5��©)�s�\�)�r�S�Á +�C�¹���v���^¡9�l¢s�k�lÄ5�S���
t, λ

�x¤+¦7®@]v��©V�l�5�n���
�S�Sª��!�S�'�

tqeλt =

(
∂

∂λ

)q

eλt

¤5�� b���x£��\���F�xª��b +��£3¬+�V�s�u«x�x���;�����}�����
(
∂

∂t

)k
(
tqeλt

)
=

(
∂

∂t

)k((
∂

∂λ

)q

eλt

)

=

(
∂

∂λ

)q((
∂

∂t

)k

eλt

)

=

(
∂

∂λ

)q
(
λkeλt

)
.

�+®iÉF���x£ �\�%Ä^��©x�)£�£ �C�Á���S¢%£��\�
an := −1

L(tqeλt) =
n∑

k=0

(−ak)

(
∂

∂t

)k
(
tqeλt

)

=

(
∂

∂λ

)q( n∑

k=0

(−ak)λkeλt

)

=

(
∂

∂λ

)q
(
χ(λ)eλt

)
.

�

b7�'�%�n¤��
λ0
���S�!�x���F�l¤

n0
��¦K�xª��5� �%¤��\�k�7�s���S�\�� 5�C�%ª����x¢s�x©n����¢s�k�7�s�S�sª��5�������)�\¨��5�)£��C¥5��� �k�'�

χ(λ0) = χ′(λ0) = ... = χ(n0−1)(λ0) = 0,
¤5�� 

χ(n0)(λ0) 6= 0

¤5�� !h ���\�r£µ�x� "5ÄF�C¢� +�S���9¢s�+ +¤5©n��¢s���)���z¦�"�¢� 5�)���2�\q��¢s���5�C�\�C¢��C�È�\�C�Sª��n�����)ª��5¢s�Cª��5�5����h
�l¤Fª��

(
∂

∂λ

)q
(
χ(λ)eλt

)
∣
∣
∣
∣
λ=λ0

{

= 0
¦�"5¢

0 ≤ q < n0

6= 0
¦�"5¢

q = n0.
�´�����xª��bÀ��C£ £µ����� ® � �Lc'�

L(tqeλt) =

(
∂

∂λ

)q
(
χ(λ)eλt

)
∣
∣
∣
∣
λ=λ0

�k�7��¥5���lÄ^���!���S¢2 +�S�´�C¢s�'���uÃ2¤����s�l�)��«x�x�

� r+A��4<4H�ISÊYl LNMuM�OPQ
χ
wn`lM g7a^`VjP`V�qWZOPj�QkM�WEQSM�g7a^O O9�Vf ³5R^�V{ w�OMu_2QShiOPjPOPRqWKQo`VfB�½�O�jP`+WZ�VjsM

L._�`VR5R![+OPfEW;O�R
� ]v|7M�W

λ0
O�QSR^Or[+OPRF`+p

n0
¾KyK`�g7a^O @�plf\fkMCWZO�fSfBO¶w�OPM!g7aF`lj�`l�qWZO�jsQkM�WEQSM�g7a^O�R O9�Vf ³5R^�V{µM

χ,
MP�

M'QSRiw!wxQoO
n0
�-plR5�qWKQB�XRqO�R

uq(t) := tqeλ0t y;�lj
0 ≤ q < n0

Ms·l{¹WKfSQEg7aÁ��elM�pxR+[+OPR4w�O�j%_�QShiOPjPOPR^WEQk`lfm[nfoOPQKg7aqplR5[
L(u)(t) = 0.

±�QoO�M�Q\R�w fSQ\RqO`Vj´plRF`�Ux¾
aF·VR+[nQm[q]

� ]�±�Q\R�w
λ1, ..., λr

wxQBOvMs·l{¹WKfSQEg7a^O�R�½�`)`Vj�dzOPQSMPO�~VO�j�Mg7a�QoOXw�O�R^OPR�@�plf\fkMCWZO�fSfBO�R4~X�VR
χ,
NOÌ{�QEW

tvj�wxRqplR5[+O�R
n1, n2, ..., nr,

MP�¹UlQ\fEw�O�R wxQBO
n
��plR5�qWEQo�VR^O�R

uj,q(t) := tqeλjt y;�lj
1 ≤ j ≤ r, 0 ≤ q < nj

O�QSR!�-plRiwn`l{rOPRqW�`VfkM7³5MCWZOP{!Y�wF] a-]FO�QSR^O�º�`lM�QSM´w+OPM���elM�pxR+[nM�j�`5pl{¹OPM�~X�VR
L(u) = 0.



��QSR^O�`VjO2_�QShiOPjPOPR^WEQk`lfm[nfoOPQKg7aqplR5[nMsM;³�MCWZO�{¹O �������5�

f2�l� �x�S���¶ 5�)��ª����x¢s�x©)�s��¢s�S�'���k�sª��5�����x�S¨n���x£
n
§��x�x¢��v���k�'�µ«)��¢���ª����\�� +���5�r=�@E?�qUr")*��= �%¤5�S�m�

�'�����S�S���
λ1, ..., λn,

����Ä5�S�S +�C�4 +�\� ��¤5�5©n���S�x�5�C�

eλ1t, eλ2t, ..., eλnt

���S�5�B]��x���S�´ +���uÀ�Â)��¤5�5�n�'¢��l¤�£ ���%¤5�F�'�C¢��C¢´���x£��x�)���5�C�¶�2�\q��¢s���n���k�l�S�x�S���kª���¤5�5��®i���\���C¤5�x���
�5Â)¢��S�x�a�5¤5�F 5�l£����n���l�S£��l��¢s� 
Á���V�2 +�S���´�C�'�s�x�m�

Y (t) =








eλ1t eλ2t . . . eλnt

λ1e
λ1t λ2e

λ2t . . . λne
λnt®®® ®®® ®®®

λn−1
1 eλ1t λn−1

2 eλ2t . . . λn−1
n eλnt







,

 +�C¢��C� # � ������� �t�\��%'�2�����C¢�£��S���l�n����Ä5�k���x¤+¦� 5�\�Bg 
+§^�x�5�C�n���k�l�\¦K�l©n���)¢��C���)��¢��x +�µ +�S��� ��� �
��
�� � ����q��ª��5�u����s��¢s£ �S���x�)�s����¤4 +���

λ1, ..., λn

�k�7��¥5�l�k�'� 6= 0.�t"5¢ £ �C�5¢�¦K�xª��5� �2¤5�S�S�'���C�\�S��� ÄF�C�Ì�C�S�'��£µ�l�  +�\���%���xÄ5��^x�5�x�S�x©)���\�� +��¢��l���x���)��Ä^���5�C�»À�Âx�
��¤5�5�x�C�Á§^��¢Lb;�� +¤5©n���S�x�-®

� =n@ u 	�@K=��9<4H�ISÊ'1
�)®

y(4) − 5y′′ + 4y = 0.
���)��ª����l¢��l©n���C¢��k�'���k��ª��5� ���x�S¨n���x£ �k�l¤+�s��

χ(λ) = λ4 − 5λ2 + 4 = (λ2 − 4)(λ2 − 1)

£ �\�2 +�C�!«��S��¢����S�+¦K�)ª��5��� �%¤��\�k�7�s���S�\�C�

λ1 = −2, λ2 = +2, λ3 = −1, λ4 = +1.

¬��x£��\��Ä��\�k +���

u1(t) = e−2t, u2(t) = e2t, u3(t) = e−t, u4(t) = et

���S����¤5�� 5�x£ �C�n�s�l�k��¨��'���C£b®
�5®

y(4) − 8y′′ + 16y = 0.
���)��ª����l¢��l©n���C¢��k�'���k��ª��5� ���x�S¨n���x£ �k�l¤+�s��

χ(λ) = λ4 − 8λ2 + 16 = (λ2 − 4)2

£ �\�2 +�C�!Ä^���k +�C� c7�� 5�x§5§^���\���C� �2¤5�S�S�'���C�\�S���

λ1 = −2, λ2 = +2.

¬��x£��\���k�l¤5����2 ��x�}�5¤��� 5�l£��C�)���l�k�'¨+�'���C£

u1(t) = e−2t, u2(t) = te−2t, u3(t) = e2t, u4(t) = te2t.

��®
y(4) + 3y′′ − 4y = 0.

���)��ª����l¢��l©n���C¢��k�'���k��ª��5� ���x�S¨n���x£ �k�l¤+�s��

χ(λ) = λ4 + 3λ2 − 4 = (λ2 + 4)(λ2 − 1)
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£ �\�2 +�C�!«��S��¢����S�+¦K�)ª��5��� �%¤��\�k�7�s���S�\�C�

λ1 = −1, λ2 = +1, λ3 = −2i, λ4 = +2i.

_°�\¢��C¢����x�m�s���b 5�x�}��¤5�� 5�x£����n�s�x�S��¨+�7�s��£

u1(t) = e−t, u2(t) = et, u3(t) = e−2it, u4(t) = e2it

f%�S��¢v�s�x¤�ª��5���!©x�)£�§5�\� 
+�Ì�C¢'�s�\�)��À�Ân�'¤��5�)�'¦B¤5�5©n���S�x�����Á�x¤+¦7¥5���x�v£µ�V�s�5��£µ�V�s�S�sª��¹©)���S�
�9¢��)Ä5�S��£b¥x +�C¢��C� §��n¨+���\©V�x�\�k��ª����W]v�� +��¤+�s¤5�5���xÄF�C¢z��¤5�Y^xª����'�9¤5�5©��k�l¢9�k�7��® �2¤5�µÄ5�S�S +�C�
�lÄ^��¢u�l¤�ª��Æ�&^l£��s�\�kª��5�µÀ��S�5���l¢s©x�x£�Ä5�S���V�s�\�)�5���¶ 5��¢u©x�)���'��¢s¤5�\�C¢'�s���ÆÀ�Ân�'¤5���x������Ä^���+�
¦K�l�S�S�����S�C +�C¢%À�Ân�'¤5���x���!¤5������¢s��¢����mq��¢s���n�s�S�x�\�)�\�C�Sª���¤5�5�F¥+�'�+ 5�P\ �x¤�ª��Á���7�v�

1

2

(
u4(t) + u3(t)

)
=

1

2

(
e2it + e−2it

)
=
ª�n�

2t

¤5�� 

1

2i

(
u4(t) − u3(t)

)
=

1

2i

(
e2it − e−2it

)
=
�'�S�

2t

À�Â)��¤5�5�)���!�'�S�� i®�#/g9�S���'�����C����¥"�N¢��)ÄF�u£µ�xª������ � %
_°�\¢�Ä^��©)�x£�£����!�5�\�C¢2�l�k�����S�

e−t, et,
ª�n�

2t,
���S�

2t

�s�V���M^)ª��5�S�Sª��Á«n�S��¢�¤����lÄ5�Y^l�5�)�\�)�´À-Â)��¤5�5�x�C��¥5�l�k�����C�\�5��]��)�'�k�� +�C�%À-Â)��¤5�5�n�'¢��l¤5£�����®

���\���'�C¢��\������s��¬+�xª���«)��¢s���l�\�v�)�\�\����¤5�4�l�S�\�)��£����S��É
]v���)�\�5�����Æ���\¢�£ �\���C�\�5�C¢����mq��¢s���n���k�l�S�x�S���kª���¤5�5�b£��m�TwV=n=��0�K=�?nd2��� ���C�\�C�n�����

aν ,
���4���l�

�l¤Fª��  5�)�9ª����x¢s�x©)�s��¢s�S�'���k�sª��5�A���x�S¨��5�x£ ¢��C���S�\�}d��n� �µ���S���n���C��¥V§��)\x�N�l�k�'�´��¤µ +�C£ ¦B�)�\�)���� +�C�

��r"(iAr<bH�IkÊ �Ë|7MCW
χ(λ)

O�QSR#ON�Xfm³+Rq�X{ {�Q�W%jO�O�fSfBO�RÆ¼���O����CQoOPR^W;O�RGplRiw4QkM�W
λ0 = α+ iβO�QSR^O�R5QKg7aqW:jPOCO�fSfoO @�plfSfSMCWZOPf\fBO´w�OPj9[5O�RF`5pnO�R¶tvjCwxRqplR+[

n0,
MP�´QkM�W�`+p+g7abw)QoO����XR N�pV[)QBO�j�W����V{r¾

½qfBO �FO �i`Va�f
λ0 = α− iβ

@�plf\fkMCWZO�fSfBO�~X�XR
χ
plRiwÁOVU+O�R�yK`VfSfSM�~V�XR�w�O�j�tvjCwxRqplR+[

n0.

i^¤��s�l£�£����!£��m��¬5�V������� ® � ��ÄF�C©x�)£ £��C�Á���S¢% 5�l¢��l¤F�

� r+A��4<4H�ISÊ �0LNM�MPO�Q
χ
wn`lM¹g7aF`VjP`V�qW;O�jsQSMCWKQkMg7aqO ON�Vf ³5R^�V{ w+OPM _2QShiOPjPOPRqWKQo`VfB�½�O�jP`+WZ�VjsM

L{�QEWz�+�XR�MCW�`lRqWZO�R!jO�O�fSfBO�Rb¼���O����CQoOPR^W;O�R-]
� ]v|7M�W

λ0 = α+ iβ (β 6= 0)
OPQ\R^O2R5QEg7aqWKjO�OPf\fBO @�plfSfSMCWZOPf\fBO�~X�XR

χ
w+O�jv[+OPRF`+pnOPR tvjCwxRqplR+[

n0,
MP��M�QSRiwbwxQoO

2n0
~�QBO�fBO�R4�-plR5�qWKQB�XR^OPR

tqeαt ª�n� βt, tqeαt �'�S� βt (0 ≤ q < n0)

plRF`5UlaF·VR+[nQm[5O%��eVMCplR+[5O�R¶~V�XR
L(u) = 0.

� ] ��`+W
χ
jO�OPf\fBO�plRiwÁO�g7aqW����V{�½qfoO?�FO @�plfSfSMCWZOPf\fBO�RiY^M��!UVQSfEw�O�R wxQBO�RF`�g7a4±5`5WK��_ Tu] �  �)p

w�O�R4jO�OPf\fBO�RP@�pxf\fkM�W;O�fSfoOPRb[+OlUVQ\fEw�OVWZO�RÈpxRiw4wxQBO´RF`�g7a � ]+�xpbw�OPR4���V{u½ifoO?��OPRP@�plfSfSMCWZOPfk¾
foOPR»[+OlUVQSfKw�OVWZOPR���eVMCplR+[+OPR»[5O�jP`�w�OÁO�QSR��-plRiwn`l{rOPRqW�`VfkM7³5MCWZOP{ y;�ljbwxQBOr_�QShiOPjPOPR^WEQk`lfk¾
[)fBO�QEg7a^pxR+[

L(u) = 0.

� =�v�=n@ uxÉ´�x®-É �2�xª��4¬+�l������� ® � �����S�� b +�\����¤5�5©n���S�x�����
(

tqe(α+iβ)t, tqe(α−iβ)t

∣
∣
∣
∣
0 ≤ q < n0

)



��QSR^O�`VjO2_�QShiOPjPOPR^WEQk`lfm[nfoOPQKg7aqplR5[nMsM;³�MCWZO�{¹O ������� �

¤5���xÄ5��^x�5�x�S�x�%À-Â)��¤5�5�x�C��®)Ã2¤���c7�2���S�5�C£ �z�)�l¢N�C¤5£ �'�C�\Ä^���
q
�C¢��Y^l�\�N£µ�l�¹�x�S�ÌÀ��S�5�C�x¢�©)�x£ �

Ä5�S���V�s�\�)�5���

1

2

(
tqe(α+iβ)t + tqe(α−iβ)t

)
= tqeαt 1

2

(
eiβt + e−iβt

)

= tqeαt ª�n� βt
Ä5���u®

1

2i

(
tqe(α+iβ)t − tqe(α−iβ)t

)
= tqeαt 1

2i

(
eiβt − e−iβt

)

= tqeαt ���\� βt

���\�u¢s�C�'���S�Sª������k]Ì�C�Ì�C�S�'���C�\�S�u�'�C�\�C�["�ÄF�C¢��n�l�5�)����®
�

�´�x��À��C£ £µ� �´� ® � ��©xÂ)�5�5�C�¸���S¢��x¤�ª��¸«)��¢s�Ì�C�� +�C��¥:¤�£ À�Ân�'¤5���x���  +��¢��S�5�5�x£��)�x�������
�´�S���kª��n¤��5�

L(u)(t) = β(t)
¦�"5¢9��§F�C���S���S�\� �'¢s�Cª��n����¬����\���C���

β(t)
��¤�Ä^��©x�)£�£ �C��®x¬��)�Sª�� ���S�5�Wb;�5�5�)£ �)�x�C�5�m�,^V��ÄF����ª���¢��C�\Ä+�

��7�������S�5�b«x�x�G�l¤�\x��� ���\¢s©x�C�� +� d�¢��V¦o�C¥z +�S�b��^l¤5���È�l�k��©x�x�F�7���l�n� �+ +�C¢µ�l�k��§F�C¢��S�+ +�S�sª��
�l���x�����x£�£����¹�v��¢� +�C�¹©V�l�5�-¥5���x�x���Á���\¢��x�S� � Ä^��¢s�k�l�x�C¢�¤��5��«)�x�Á���� +�S�kª��Á«��S���S�����Ì�n�'�S��¤��'�¬+ª������S�5�x¤5���x���-®@_°�\¢����xÄF�C�4 5�l�5�b�l�k��� ���7�v�����S�5���´�l¢��7�s���S�\¤��5�µ�l�k�

β(t) =

r∑

k=1

γke
ωkt £��\�

ωk ∈ C.

f2�l�%£µ�l�!�n¤��bÀ-Â)��¤5�5�)���
uk

��¤
L(uk)(t) = eωkt,

��� �k�'�%�lq����Ä��l¢

L(

r∑

k=1

γkuk) =

r∑

k=1

γkL(uk) = β

���S�5�µÀ�Ân�'¤��5�4 +��¢u�)���x�CÄF�C�5�����\���5�x£��x�)���5�C�Æ�´�S���kª���¤5�5�F®����x��¤ �\�S�¦B�C¢'�u¤5�����n¤�� À-��£�£µ�
��� ® � ��¦B�)�\�)���� 5�C�}`����'¤5�\�s�l�CÉ
� r+A��4<4H�ISÊ �ËLNMuM�OPQ

χ
wn`lM�g7aF`lj�`l�^W;O�jsQSMCWKQkM�g7a^O�ON�Xfm³5R^�X{ �)pl{ _�Q\h�O�jO�RqWEQk`lfo��½�OPj�`5WZ�Xj

L,yEO�jsR^OPj
ω ∈ C.

� ]v|7M�W
χ(ω) 6= 0,

MP��QSMCW

u0(t) :=
1

χ(ω)
eωt

��eVMCplR+[b~X�VR
L(u)(t) = eωt.

� ]v|7M�W
χ(ω) = 0

plRiw
ω
O�QSR^O%[+O�R^`+p

r
¾KyK`�g7aqO�@�plfSfSMCWZOPf\fBO�Y^M���QkM�W

u0(t) :=
1

χ(r)(ω)
treωt

��eVMCplR+[b~X�VR
L(u)(t) = eωt.

� ]v|7M�W
ω
O�QSR^O�[+OPRF`+p

r
¾KyK`�g7aqO @�plfSfSMCWZOPf\fBOÁ~X�VR

χ,
d9�+U+O�Q

r = 0
�)pV[+OPfk`xM�MPO�R�QSMCW7Y�M���U+O¾

���X{�{ÁW�{r`lR4OPQ\R^O´��eVMCplR+[b~X�VR

L(u)(t) = tseωt (s ∈ N)
��U�OPj�w�O�R �2R�Ms`5WK�

u0(t) = p(t)eωt

{ Q�WÌO�QSR^OP{ ON�Xfm³5R^�X{
p
~V�X{ T�jP`�w�O

r + s.



������� � ��� �����	�	
��
��������	����
�������������
��

� =�v�=n@ uxÉ´�x®SÉ ���xª��4¬+�V�s����� ® � �µ�k�7�

L
( 1

χ(ω)
eωt
)

=
1

χ(ω)
L
(
eωt
)

=
1

χ(ω)
· χ(ω)eωt = eωt.

�+®SÉ@_°�S¢%���lÄ^���b���)ª��!¬+�l������� ® � �

L
(
treωt

)
=

(
∂

∂λ

)r
(
χ(λ)eλt

)
∣
∣
∣
∣
λ=ω

.

�%¤��!�k�'�

(
∂

∂λ

)r
(
χ(λ)eλt

)
∣
∣
∣
∣
λ=ω

=

r∑

ρ=0

(
r

ρ

)

χ(ρ)(λ)

(
∂

∂λ

)r−ρ

eλt

∣
∣
∣
∣
λ=ω

=

r∑

ρ=0

(
r

ρ

)

χ(ρ)(ω)tr−ρeωt.

�´�
ω
���S�5�u�)�����x¤

r
�E¦K�)ª��5� �%¤5�S�k�7�s���S�\�u«)�x�

χ
�k�'�C¥5�)�\�\�

χ(ω) = χ′(ω) = ... = χ(r−1)(ω) = 0,

���� ��)\ �n¤�¢% +��¢%�S��s��s� !-�C¢�£ "�Ä5¢��S��Ä5�S���SÄ+�%¤5�� b 5�x£ �\�

(
∂

∂λ

)r
(
χ(λ)eλt

)
∣
∣
∣
∣
λ=ω

= χ(r)(ω)eωt,

�v�x¢��l¤��� +�S� ]Ì�C���l¤�§+��¤5���µ¤5�5£��m�����C�\Ä��x¢�¦B�x�S�l��®
����¢e]v���v���k��«x�)����®5�'�C��"5Ä^��¢s�)�l���x���-®

�

� =n@ u 	�@K=��9<4H�ISÊ �
���\�u�C¢s�'���u���mq��¢s���n���k�l�S�x�S���kª���¤5�5���l¤��}]v�C�S��§5�S������� ® � �

L(y) := y(4) − 5y′′ + 4y

���l�2 5�x��ª����x¢s�x©n����¢s�k�7�s�S�sª��5� ���x�S¨��5�x£
χ(λ) = (λ2 − 4)(λ2 − 1).�t"5¢

β(t) = e5t
�S�'�

ω = 5
©)���S�5� �2¤5�\�k�'�����S�S� «)�x�

χ,
�'�)£ �\�

u0(t) = 1
χ(5)e

5t
À�Ân�'¤5���¹ +��¢

�S�5�5�x£��)�x�������4�´�\�C�Sª���¤5�5�F®
�t"5¢

β(t) = e2t
�k�'�

ω = 2
�C�\���Á�C�\�+¦K�)ª��5� �%¤5�S�S�'���C�\�S�b«x�)�

χ,
���x£��m�

u0(t) = 1
χ′(2) te

2t

À�Ân�'¤��5�µ +��¢��S�5�5�)£ �)�x�C�5���b�´�\�C�Sª���¤5�5�F®
�

�N@E?:=	r@wV= � &�uCAC= �»= �»@BA�(FD^?�uCAxr�?qAC=�? �¹D-= � �)@K=�?qAC=�?
���\�2�x�\�S�x�C£����S�5�%À�Ân�'¤5���� +��¢9���x£��x�)���5�C���S�\���C�l¢s���µ���mq��¢s���n�s�S�x�\�)�\�C�Sª���¤5�5�

n
�����C¢vÇ�¢s 5�n¤��5�

£��m�%©)�x���'�s�x�n�����[d2��� �µ�C�\�C�)�s���Á©x�x���)�s���!���\¢�� 
�§��\�S���\�%�l�5�)��Ä^����¥5���l¦B�C¢��Á¤5���� +�S� �%¤5�S�S�'���C�m�
�S���b���S�5�C���S�5¢%�C¤5�x�C�5Âx¢s�S�x��� � ª��F�l¢��l©n���C¢��k�7�s�S�sª��5�C� � ���)�\¨��5�)£���Ä^��©V�x�5�n�%�v�x¢��C��®5�2�S�C��Ä��\�C�\Ä+�
�l¤Fª��b¦�"5¢u 5�x���l�S�\�)��£����S�5���S�\���C�l¢s� ¬+¨��'���C£3��¢��7�s��¢�Ç�¢� +��¤5�5�¹£ �\��©)�x���'�s�x�n�����jd���� �µ���S���5�
���C� ¢s�kª��)�s�\�F¥:�v�xÄ^�����5�S��¢µ +�S�kg9�S�x�����v��¢����)¥:�)�����x¤5��¢� +�S��� �����;���i��ª���� �%�)¢�£µ�l�\¦B�x¢s£  +��¢
¬�¨+�'����£�£µ�V�s¢���
¹���kª��n���S� ���S¢� i®
_°�S¢%¤5�n���C¢s��¤�ª��5�C�Á�l�k���

y′ = Ay
£��m�%�C�\����¢�©x�)���'�s�l�n�s���k ²�V�s¢���


A ∈ Rn×n.Ã%¤5¦� +�C� `%�l¤5£
Cn×n

 +��¢
n× n

�  ²�l��¢s�\�C���!£��m�%©)�x£�§5�S� 
+����g9�S��£����n���C�b�S�'�2 +¤5¢�ª��

|B| :=
(∑

ij

|bij |2
) 1

2

���S�5� �2�x¢s£ ��¢s©�� ^x¢'��¥)¦�"�¢2 +�S�´�C¤� +�C£ �x�S�\�



��QSR^O�`VjO2_�QShiOPjPOPR^WEQk`lfm[nfoOPQKg7aqplR5[nMsM;³�MCWZO�{¹O ������� �

�N= � � r4<bH�I l �

� ]
|A ·B| ≤ |A| · |B|,

� ]
|Ak| ≤ |A|k (k ∈ N).

� =�v�=n@ uxÉ´�x®SÉ

|A ·B|2 =
∑

ij

(
|
∑

k

aikbkj |2
)

�2�)ª��! 5��¢ �%���x�S���kª��n¤��5��«x�x���L���������� ��Y� �W������©)Âx�5�����!���\¢% +�S�C�2�lÄ��sª���^V�s���C�Á +¤5¢�ª��

≤
∑

ij

(∑

k

|aik |2
)(∑

k

|bkj |2
)

= |A|2 · |B|2.

�+®+Ä^���v���k�'�%£��x�Á�S�� +¤��5©n���S«¹£��m���x®
�

�%¤���ÄF����¢��xª��n���C�u���\¢:¦�"5¢:���S�5�9¦B���7�s�N©x�)£�§5�\� 
+�2 ²�V�s¢���

B ∈ Cn×n

 +�S� �{g 
+§F�)�5���n���k�l�S¢s���S�5���

∑

k
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B0 := I,

�l�k�'�� +�S� g9�S�5�5�C�m���'£µ�V�s¢���
��S�'�C®��´�l�C¤u�S�'�: +�S� �5�)�\�)�9�l¤��- +��� �z�l¢����k�l�k��¤5£�£ �C�

Sm :=
m∑

k

1

k!
Bk
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m > r

|Sm − Sr| = |
m∑

k=r+1

1

k!
Bk| ≤

m∑

k=r+1

1
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|Bk| ≤

m∑

k=r+1

1
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|B|k.
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eB :=
∞∑

k=0

1

k!
Bk.
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I
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e0 = I.
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B,C ∈ Cn×n
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BC = CB,

MP��QSMCW

eB+C = eB · eC .
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(
eB
)−1

= e−B .
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G
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eGBG−1

= GeBG−1.
� ]vLNM�[)QSf�WÌw)QoO���UlMg7a^·+WK�)plR+[

|eB | ≤ e|B|.
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eB+C =

∞∑

k=0

1
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(B + C)k.
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B2+2BC+C2.
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BC = CB
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BC = CB,
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(B + C)k =

k∑

s=0

(
k

s

)

BsCk−s.
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I = e0 = eB+(−B) = eB · e−B.
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eGBG−1

= I +
1

1!
GBG−1 +

1

2!
(GBG−1)(GBG−1)

+
1

3!
(GBG−1)(GBG−1)(GBG−1) + ...
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= G
(
I +

1
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B +

1

2!
B2 +

1

3!
B3 + ...

)
G−1

= GeBG−1.
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A ∈ Cn×n

 +�\����¤5�5©n���S�x�

Y (t) : R 3 t 7→ etA ∈ C
n×n.
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Y (t) = etA
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t ∈ R
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Y ′(t) = A · Y (t).
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|Y (t+ h) − Y (t) − h ·AY (t)| = |e(t+h)A − etA − hAetA|
#
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= |etA
(
ehA − I − hA

)
|

≤ |etA| ·
∣
∣

∞∑

k=2

1

k!
(hA)k

∣
∣

≤ |etA| · |hA|2 ·
∞∑

k=0

1

(k + 2)!
|(hA)k|

≤ |h|2|A|2e|tA|e|h| |A|.
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Y ′(t) = AY (t).�´�
Y
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Y (t) = etA
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y1(t), ..., yn(t),
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y′i(t) = Ayi(t),
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y′ = Ay.
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y′ = Ay

{�QEW¹w�O�j!���VR�M�WZ`VRqWZOPR
B `5WKjsQ � A ∈ Cn×n

QkM�W
Y (t) = etA
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Y (0) = I.
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A
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J = G−1AG,
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G
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A = GJG−1 ¤5�F µ 5�l£��\�
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Y (t) = etA = etGJG−1

= eG(tJ)G−1

= GetJG−1.
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Cr
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J2 =






C2
1 ® ® ®

C2
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 , ..., Jk =
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1 ® ® ®
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J
�'�C�\Ä��'�C®nÃ%�k�'�u�C¢��Y^l�\�N£µ�l�µ�l¤��Ì +��¢ `����S�5���F 5�l¢��7�s���S�\¤��5�

etJ =






etC1 ® ® ®
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C =










λ 1
λ 1® ® ® ® ® ®

λ 1
λ










=: λIm +Em.

�´�¹ +�S�Jg9�S�5�5�C�m���'£µ�l��¢s� 
b£��m� c7�C +�C¢A ²�l��¢s� 
b«x�C¢'���l¤��sª��n�C¥5�k�'�
et(λI+E) = etλI · etE .
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etλI =






etλ

® ® ®
etλ




 = etλI.
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etE
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m×m
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E
É

E =













0 1
0 1® ® ® ® ® ®

® ® ® ® ® ®
0 1

0













, E2 =












0 0 1
0 0 1® ® ® ® ® ® ® ® ®

0 0 1
0 0
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,

E3 =












0 0 0 1® ® ® ® ® ® ® ® ® ® ® ®
0 0 0 1

0 0 0
0 0
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0 . . . 0®®®
®®®

0 . . . 0
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eλE =

= I + tE +
1

2
t2E2 +

1

3!
t3E3 + ...+

1

(m− 1)!
tm−1Em−1 =













1 t t2

2!
t3

3! . . .

0 1 t t2

2!

® ® ®

0 0 1 t

® ® ®

0 0 0 1

® ® ®
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C = λIm +Em

etC = eλt













1 t t2

2!
t3

3! . . .

0 1 t t2
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® ® ®

0 0 1 t

® ® ®
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G
 +�C¢[]��x���k�7�s¢s�x���7¦B�)¢�£µ�l���\�)�E^x�5�5�S�Sª��°�C¤

��¢��l�F�7¦B�)¢�£��S��¢s����®l�´�x� gN¢��)��Ä5�5�k�z�k�7�v +�\�A�5¤5�� ��l£����n�s�x�\£µ�l��¢s� 

Y (t)

�C¤r +���rÃ2�+¦K�l�5�n�� ��V���C�
Y (0) = I. �

b7�'�v +�S�A ²�l��¢s� 

A
 5�S�x�x�x�F�l�S�S���\�C¢�ÄF�l¢�¥X�������\�F r +�S� � �����;���^��d ^x�'���C� �x�\�S�C�

1× 1
�  ²�V�s¢��S���C�
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� 	N= �x@/r��/qUr"�$�v<4H�I8lG1Å_�QoO B `+WKjsQ�� A M�OPQzwxQo`X[5�XRF`lf\QkM'QBO�jXUx`lj�YFwF] a:]

A = G ·  +�k�l� (λ1, ..., λn) ·G−1.
_�`VR5RbQkM�W

Y (t) := G ·  +�k�l� (eλ1t, ..., eλnt) ·G−1.
wn`xM���plRiw�`V{¹O�RqW�`lfSM7³�M�W;O�{ {�Q�W

Y (0) = I.

� =n@ u 	�@K=��9<4H�I8l � B Q�W

A :=





17 0 −25
0 3 0
9 0 −13





UVQSfKw+O�RÆdzQ\j�w�`lM%±)³�MCWZO�{
y′ = Ay.

�2�)ª���du�x§5�\�����g2¥�]v���k�'§5�S����] g � �k�7�

A = GJG−1,
�v�xÄ^���

G =





0 5 1
3

1 0 0
0 3 0



 , G−1 =





0 1 0
0 0 1

3
3 0 −5




¤5�� 

J =





3 0 0
0 2 1
0 0 2



 .

���\�� ²�l��¢s� 

J
���l�� ��lÄ^��� � �����;���q�U���x¢s£!®+�´�l£��\�%�S�'�

etJ =





e3t 0 0
0 e2t te2t

0 0 e2t



 ,

¤5�� b�x�S���

Y (t) = GetJG−1 =





(15t+ 1)e2t 0 −25te2t

0 e3t 0
9te2t 0 (−15t+ 1)e2t





�5¤��� 5�l£��C�)���l�S£µ�V��¢s��
¹£��m�
Y (0) = I.i^¤5¢6�N¢��)ÄF�a"5Ä^��¢s§5¢&"+¦B�u£µ�l��¥� ��)\��s�V���M^)ª��5�S�Sª��

Y ′(t) = AY (t)
�x�S�\�C®
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� �z,21���/�,213"4$76N*-,�� * 5(������� �7*�
 *

]v�S���5�C¢����l�'�s���²���S¢uÃ%�+¦K�x�5�)���Ì�C¢'���l¤+¦B�n�lÄ^���4Ä^��s¢s�)ª��)�s���¥^ i® ��®q£µ�l�²�S���x���C¤¶���S�5�C£ ¬n�s�x¢'���
���C�m�s§5¤5�5©n�N�x�\�S�C��¦B���7�9¤5�F  ���S���n�N 5�l����¥V�Ì��£µ�l� ��¤�¢ i^���\�

t
�CÄF�C���5�\���x��©)�x£�£���� �S�'�C®)�2�C�5©n�

£µ�l�°�l�  4�)�� ���"5�)�x¥9���Æ�S�'�r�C� ¦�"5¢¹���S�5���G«x�)£  4�)�� ¸�C¤5¢&"�ª�©:���\�C�x�C�� +���GÃ2�'��¢s�x�F�l¤+�s���
 +�+ª��¹�v�x���^«)�x�Á�x¢sÂP\x�C¢��C£ b;�n�s��¢s�C�s�'�)¥n���Sª�����¢s��¤��'���C�\�S����¥� 5�P\��C¢v���S¢s©n�S�kª��Á�l¤5¦: +��¢Wg9¢� +�u�l�5�
©x�)£�£��C¥��l�k���C¤¸���k�������-¥� 5�P\¶�����S�5�[���S¤5�xÄ��x�5�¸ +¤�¢sª��¸ 5�\�b¬n�s�x¢'�sÄF�� +�\���x¤5�5�)��� #E�l¤+¦´ +��£
 4�)�� �%v�v�x�5�k +��F�5�\�C¢'���k�7��®\®S® ���
gN���C¢��)�\Ä5�����kª��!�x�S��� ¦B�x�S�x���F +� �5¢��l�x���7�s���S�\¤��5��É
	 -�C (�> � 9 -�
�670 - 9 =,>�*1:� :MF +x* 9,9� *1:MX�* � �@: *.-�C�� *.-�?N-�C�?�*.:<D7670�0

x ∈ [a, b]
X)Q@:M=,>n*.-�C IJ- KL*1S

:M*1C�?N-/670 OP08*1-/=&>@Q@CRO 9,9 � 9 ?�*.3 y′ = f(x, y)
�,* 9 =,>	:<-/*��&*1C�Z�� 67C �,* 9 ?N-�3 3B* *1-�C�* �� 9 Q@CRO +1Q

� �L6)C�X � *.:<?�*.C����2XPZ >�Z2X)Q@:M=&>��YF7:NO�6��&*1C �,*1-
x = a ����� �&*1- x = b._°�S¢�ÄF����ª��5¢,^l��©x���¹¤5���v�\£ _��C�m�s��¢s���b�l¤+¦� +�\� �2�)�s��¢��'¤Fª��n¤��5���C�\�5�C¢%�2�\q��¢s���n���k�l�S�x�S���kª���¤5�5�

���v���\���C¢�Ç�¢s 5�n¤��5��®i���\�µ�5�)£��x�x�C�5�µ�´�\�C�Sª���¤5�5�b���l�����S�5��� ���v���k +�S£��������\�)���l�S���ÆÀ�Ân�'¤��5�)�'�
¢��l¤5£b¥5���� ��)\ ���\¢%�C�Ì�C��]v�C +�S�5�x¤��5�x�C� �7¦B¢��C� �´���lÄ^����®

� ]Ì�C��Ã%�+¦K�x�5�)���v��¢��s�l¤5¦B�)�lÄ^����É5¡z�x¢s�)�xÄF�´«x�)�
y(a)

¤5�F 
y′(a).

� ]Ì�C��`%�l�F +�Ì�C¢'���l¤+¦B�n�lÄ^����É+¡z�)¢��n�lÄ^��«)�x�
y(a)

¤5�� 
y(b)

�+ +��¢����S�u�C�����Sª��b�l�k��§5¢��l©n�
���k��ª��5�C¢��C¢��v���k�7��¥:¡z�)¢��n�lÄ^� c7�!���S�5��¢�À��S�5�C�x¢�©)�x£�Ä5�\�F�V���S�x�»�x¤��T�5¤5�5©n�s�\�)���'�v��¢���¤��� 
Ã%Ä5�S���\��¤5���r�l�b +��¢2¬n�s���S�\�

a
Ä5���u®5�x�b 5��¢2¬n�s���S�\�

b.

_°�S¢%ÄF�C���l�F +���S�!�x�S��� ¦B�x�S�x�C�� +� `%�l�F +�Ì�C¢'���l¤+¦B�n�lÄ^����É

<!=)>�?�@BAC@EDF?G<4H�I8l �°LÌM�M�OPQ
[a, b] ∈ R

OPQ\R!���V{u½-`V�qWZOMN|;RqWZOPjC~`lf\fEY
a0, a1, a2, f

M�OPQoOPRÁMCWZO¾
WKQ\[+OÌ�-plR5�qWKQB�XR^OPRr`+ply

[a, b],
wn`�U�OPQ

a2(x) 6= 0
`5ply

[a, b]
plRiw

α, α′, β, β′, γa, γb ∈ R,
wn`5U+O�Q

NOXd9O�QSfkM
(α, α′) 6= 0

plRiw
(β, β′) 6= 0.

�v�lj´OPQ\R^O��-plR5�qWKQB�XR
y ∈ C2[a, b]

M�OPQ

L(y)(x) := a2(x)y
′′ + a1(x)y

′ + a0(x)y

O�QSRbf\QSR^O�`VjO�j�_2QSh�O�jO�RqWKQo`VfB�½�O�jP`+W;�Xj��xd9O�Q�WZOPjutvjCwxRqplR+[q]

Ra(y) := αy(a) + α′y′(a),

Rb(y) := βy(b) + β′y′(b)

d9O�jCw�O�R�� ��`VRiw���½�OPj�`5WZ�VjPOPR²�9[5O�RF`lR5RqW�]+_�`V{�QEWzaqO�QSc�W�wxQBO���plyk[+`5U+OV¿
±qp+g7aqO´OPQ\RqO´��eVMCplR+[

y ∈ C2[a, b]
~V�XR

L(y)(x) = f(x)
(
x ∈ (a, b)

)
,

Ra(y) = γa, Rb(y) = γb

O�QSR^O��kf\QSR^O�`VjO��2`lRiw�d9O�j�W�`5plyk[�`�U�O%�xd9O�Q�WZOPj�tvj�wxRqplR5[F�Z]
±�QSRiw

f = 0
plRiw

γa = γb = 0,
MP��a^O�QSc�WvwxQBO���pxyk[�`5U+O�� aq�X{¹��[5O�R��EY�M��VR�MCWÌ�kQSR5a^�X{¹�X[+O�R-��]

_ ���x�C�
a2(x) 6= 0

©xÂ)�5�n���C� ���S¢� 5��� ���x©n���x¢
a2
�5�C¢s�x¤��� 5�\«��k +�\�C¢��C�Æ¤5�� È 5�x£ �\� �x¤+¦% +�S�

Ä^��¢s���\�s�ÁÄF�C���l�� 5���\���!���x¢s£  +��¢!�2�\^�C¢��C�n���k�l�S�x�S���kª��n¤��5�»©x�)£�£ �C��®2b;�Ë +��£ c7��s��b��¤ÅÄ^��
��¢��xª��n�s���� +�C� i^¤��s�l£�£����5���x�5�4��¢s�v���k�7�����Sª��kc7�� +�+ª��» +�S�r��¤5�È�x�C� ^x�5�m�s�r���x¢s�'���C�\�S¤5�5���l�k�
���v�Cª�©�£B^)\)�\�)��¢�®
��¤5¢sª��b +�C�r¦B�x�S�x�C�� +�C�!���\£�§5�S��� !:¢��kª�©�©xÂx���5���!���\¢�¤5�F���\�ji^¤5©�¤5�+¦o��Ä^���� +�C��`2�l�� +Ä^�C 5�\�+�
�x¤��5�x�C�!�x¤+¦� 5���!�5�x£��x�)���5�C���F�l�S�iÄF����ª���¢&^x�5©x�C��É
_°�S¢��W^l�5�S���È�S¢��)���� Æ�C�\���

C2 ���5¤��5©n���S�x� ϕ,  5�\�! +�\�ÁÄF�C�S 5���»«)�x¢s�x���)��Ä^���5�C�$`2�l�� +Ä^�C 5�\�+��x¤��5�x�C��¥5�l�k�'�
Ra(ϕ) = γa, Rb(ϕ) = γb

��¢�¦�"5�\�\�C¥�¤5�� b�'�����C���

g(x) := L(ϕ)(x).



�2`lRiwn¾vplRiwµL9Q\[+OPRqdzOPjCWk½qjP�5UVfBO�{¹O �����.���

b7�'�2 5�l�5�
y
�C�\����À-Â)��¤5�5�µ +�C¢%Ã%¤+¦B�n�lÄ^�

L(y)(x) = f(x) − g(x)
(
x ∈ (a, b)

)
,

Ra(y) = 0, Rb(y) = 0,
��� �k�'�

L(y + ϕ)(x) = L(y)(x) + L(ϕ)(x) = f(x) − g(x) + g(x) = f(x),

Ra(y + ϕ) = Ra(y) +Ra(ϕ) = 0 + γa = γa,

Rb(y + ϕ) = Rb(y) +Rb(ϕ) = 0 + γb = γb,
�l�k���

y + ϕ
���S�5�uÀ�Â)��¤5�5�µ +�������S�x�C�)�s�\�kª��5�C� �9¢s�xÄ��\�C£��C®

]v��s¢s�)ª��)�s���Á���\¢%�x�S���µ +�\��Ã2¤+¦B�)�xÄF�

L(y)(x) = f(x)
(
x ∈ (a, b)

)
,

Ra(y) = 0, Rb(y) = 0.

gN�������
(y1, y2)

���S� �5¤��� 5�l£��C�)���l�k�'¨+�'���C£ «x�x�
L(y) = 0

¤5�� 
y0
���S�5���'§^���C�\�C�\�S��À�Â)��¤5�5�´ +��¢

�S�5�5�x£��)�x���������´�\�C�Sª���¤5���
L(y) = f.

���x�5�u���V�� +�\�Ì�l�S�\�)��£����S�5�9À�Ân�'¤��5�% +��¢-�\�5���x£��x�)���5�C�
�´�S���kª��n¤��5�µ +�\���´���7���l�\�

y(x) = y0(x) − c1y1(x) − c2y2(x)
£��m�

c1, c2 ∈ R.
���\���'��d2�)���'�s�l�n�s���²���\�� ¶��¤5�����¹�C¤¶�W^l�5�S����¥q 5�P\Á +�S�T`2�l�� +Ä^�C 5�\�5�)¤5�5�)���²�)���\�����-®�gÌ���k�'�
�l�k�����C¤!�SÂ)�����-É

0
!
= Ra(y) = Ra(y0) − c1Ra(y1) − c2Ra(y2), i® ��®

c1Ra(y1) + c2Ra(y2) = Ra(y0)¤5�� b�x���l�S�x�
c1Rb(y1) + c2Rb(y2) = Rb(y0).����¢Ld���� �µ���S���n���C��«x��©n�s�x¢

c = (c1, c2)
T
�F�V�2�l�k����¦B�)�\�)���� +���%�´�\�C�Sª���¤5���)�s�'¨+�'����£ ��¤!��¢�¦�"5�m�

�S����É
(
Ra(y1) Ra(y2)
Rb(y1) Rb(y2)

)(
c1
c2

)

=

(
Ra(y0)
Rb(y0)

)

.

���\��À-Â)��Ä��l¢s©x�C�m����^l���l����¤5�4�l�b +��¢2¬�¨+�'���C£ £µ�l��¢s� 
i¥+�x�C���l���)� �M`%�l�F +£µ�V��¢s��
 �

R(y1, y2) :=

(
Ra(y1) Ra(y2)
Rb(y1) Rb(y2)

)

=

(
αy1(a) + α′y′1(a) αy2(a) + α′y′2(a)
βy1(b) + β′y′1(b) βy2(b) + β′y′2(b)

)

���x�\���xÉ2gÌ�µ�S�'�¹¢s�
(R(y1, y2)) = 2 :

�´�l�5�G�k�7�! +�\�!`%�l�� 5�Ì�C¢'���l¤+¦B�n�lÄ^�b�'�����s�µ�C�\�F +��¤+�s�\�
�SÂ)��Ä��l¢�®
���x�\� �+É�gÌ�2�k�7��¢��

(R(y1, y2)) ≤ 1 :
f%�S��¢�©V�l�5�4¢s�

(R(y1, y2)) = 0
�5�kª��n���l¤5¦o��¢s����C��®������5�

�S�Æ 5�\���'�C£ ���x�\�z�W^l¢s�  ��l�5�Æ�S���'Ä^�C���x�F +��¢s�
Ra(y1) = Ra(y2) = 0,

�'�)£ �\�
(y1(a), y

′
1(a))¤5�� 

(y2(a), y
′
2(a))

�\�S�5���l¢��lÄ5��^x�5�x�S��¥����x��ÄF�C�v�C�\����£ �5¤��� 5�l£��C�)���l�k�'¨+�'���C£ ¤5�5£�Âx�)�\�kª��
�k�7��®
Ã%�k���ÁÄ5�S���SÄ+���S�  5�\���'�C£ ���x�\�z��¤5¢�¢s�

(R(y1, y2)) = 1,
 i® ��®i�v���5�$"5Ä^��¢s���l¤5§5���SÂ)��Ä��x¢C¥^���V�

 5�)�%¬�¨+�7�s��£ �C�\�����!���S�� +�S£ �C�����\�)���l�S���bÀ�Ân�'¤5���)��¢s�x¤5£b®
���\�����S�'����¤5�4 +��¢��C�\�)���n���S�Sª��!�S�)�s��¢s�C�s���x�n���a���l�S��¥� +���b���S¢��Ì�C�m�s��¢�¤5�n�s��¢��'¤�ª������!�Ì�)�\�S����®

� =n@ u 	�@K=��9<4H�I8l � ��ply
[a, b] := [0, π]

U+OXWEj�`+g7aqWZO

L(y) := y′′ + n2y, R0(y) := y(0), Rπ(y) := y(π),
plRiwbwn`l�xpÁwxQBO�a^�X{¹��[5O�R^O �2`lRiw�d9O�j�W�`+pxyk[�`5U+O

L(y)(x) = 0 (x ∈ (0, π)), R0(y) = Rπ(y) = 0.



�����.�R� ��� �����	�	
��
��������	����
�������������
��

g9�S� �5¤5�� ��l£����n�s�x�S��¨+�7�s��£ �k�'�

y1(x) =
ª��)�

nx, y2(x) =
�'�S�

nx

£��m�2 5��� `%�l�F +�Ì�C¢'�s���

R(y1, y2) =

(
y1(0) y2(0)
y1(π) y2(π)

)

=

(
1 0ª��)�
nπ

�'�S�
nπ

)

.

�´���F�l¤µ¦�"5¢
n ∈ Z

�k�7���'�S�
nπ = 0

¤5�F r 5�l£��\�v +�S�A`2�l�� +£µ�l��¢s� 
µ�'�S�5�)¤5� ^x¢C®nÃ%�k�'�����lÄ^���r���S¢

� # 9 ? n /∈ Z, 9 FB- 9 ?WX)-/* >�F73BF&O�*1C�* �L6)C�X � *1:<?�67Q � OR6 �,*

L(y)(x) = 0 (x ∈ (0, π)), R0(y) = Rπ(y) = 0.

C�Q@:�? :<-�D -/670�0 � 9 �,67:1Z
� # 9 ? n ∈ Z, 9 F �&* 9 -�?�+1? 9 -/*B*.-�C;*.C *1-�C�X)-�3�*1C 9 -/F7C;6708*1C �� 9 Q@CRO 9 :M67Q@3 � �,* 9 ?�*&>�*.C;Xk67Q 9670�08*1Ck4�Q@C�
)? -/F)C�*1C!XP*1:A4�F7:<3

y(x) = c · ���\� nx 3 -�?
c ∈ R.

�j6)C C;*.CYC�?a>@-/*.:
n2 *1-�C�*1C � 	 - OR*.C � *.:<? ��� ���\� nx X7-/* +1QPO�*,> �):<- O�* � 	 - O�*1C�0 � 9 Q@CRO �FxX�*.: � 	 - OR*1C � Q@C�
)?N-/F7C��AXP*1: �A67C�X � *.:<?�67Q � OR6 �,* Z � 'Y-/*,>�*T67Q�=,> IT*��2C�-�?N-/F7CkI��eZ��	��
PZ

<!@K= u ) �;vµ@E?�s^=�?/��= � r5@BA�=

y(t, x)
ÄF����ª��5¢s���SÄ^�v +�S��Ã%¤����S���5©�¤5�5���l¤F�� 5��¢ `�¤5�5�C�S�x�x�v���S�5��¢�Ä^���

x = 0
¤5�F 

x = π
���S�5�)��

��§��l�5�n�s���µ��ª������S�5�x�C�� +�C�µ¬5�l�\������¤�¢ i^���\�
t
�l£ Ç�¢'�

x.
_ ���5�r +�S�C����¬+�x�m�s�e ²�V�s�5��£µ�l���S©x��¢s�

¤5�� ��9��¨+���\©)��¢s�Á�v�x�5�S�x���'�)�5�5�C�r�S�'�C¥���¢�¦�"5�\�\�2���\�u +�S� ';=,> � -�C	O)Q@C	O 9 OP08*.-/=,>	Q@C	O

ytt = ρ2yxx

£��\�
ρ ∈ R, > 0,

�v�xÄ^����¥� 5�µ +�S��¬+�x�m�s���l�bÄF�C�S 5��� g9�� 5���4���S�5�)�C��§��l�5�n���k�7��¥F�'������
y(t, 0) = y(t, π) = 0

�k�7��®
_ ���\����¢v�'�C�\�C�µ��¤5¢}i^���\�

t = 0
 +�S�´�´¢sÂP\)�� +��¢vÃ%¤����\�C�5©�¤5�5��¤��� µ�S�5¢���2�� +�C¢�¤5���)���x�C�sª������\�5�

 +�S�x©)���\��Ä^��©V�x�5�n�C¥� i® ��®5«)�x¢s�x�C�x��Ä^���

y(0, x) = f(x), yt(0, x) = g(x),

�v�xÄ^���i���S�C +�C¢
f(0) = f(π) = 0, g(0) = g(π) = 0

�)���\�����!£J"F��������®
_°�S����ª������S�5�l�% +�S��¬+�l�\���)¥� i® ��®5���S�´�k�l¤5����

y(t, x)?i^¤5�Y^xª����'�ÌÄ^���)�R"��x���µ���S¢v¤5���� 5�l£��\�C¥n�5�kª��)����¢s�\«��k�l�S��À-Â)��¤5�5�x�C�µ��¤¹���� +�C��¥+ +�\���Ì�C�5�S�)�'�����F�
���S�5�C� !:���S�� +�C¢L`%�l�F +ÄF�� +�S�5�x¤5���x���!��¢�¦�"5�S�\�C��¥5��^x£��\�kª��!À-Â)��¤5�5�)���¹«)�x�

ytt = ρ2yxx

£��\�
y(t, 0) = y(t, π) = 0

¦�"5¢%�l�S�\�
t.

���\����£µ�xª��n��£��x�Á£��\�%���S�5��£ ��¬+��§��x¢s�l���S�x���s�l���s�V�s���PÉ

y(t, x) = ϕ(x)ψ(t).

�´�l�5�bÄ^��©x�)£�£ �C�Á���S¢

ytt(t, x) = ϕ(x) ���ψ(t)

yxx(t, x) = ϕ′′(x)ψ(t)

¤5�� b +�S��¬+ª������S�5�x¤5�F�'�)�\�C�Sª���¤5�5�����\¢� Á��¤

ϕ(x) ���ψ(t) = ρ2ϕ′′(x)ψ(t)



�2`lRiwn¾vplRiwµL9Q\[+OPRqdzOPjCWk½qjP�5UVfBO�{¹O �����.� �

Ä5�C�u®

� �ψ(t)

ρ2ψ(t)
=
ϕ′′(x)

ϕ(x)
=
ª�)���'�C®

=: −λ.
���\��¬+ª������S�5�x¤��5�)���x�S���kª���¤5�5���C��¢�¦/^l�S�m�%�x�S�����\�!���v�����)���vÂx�5���\�kª��5���2�\^�C¢��C�n���k�l�S�x�S���kª��n¤��5�x�C�

ϕ′′(x) = −λϕ(x)
¤5�� 

� �ψ(t) = −λρ2ψ(t),

�v�xÄ^�����l�S�S��¢� +�\���)�� +��¢ ���x¢s�x£�����C¢
λ
¤5��ÄF���7�s�\£�£��%�S�'�C®

�´�V¦�"5¢%«)��¢s�m�F���S��¢��v£µ�l�b +¤5¢�ª���g9�\�F�'�������C�² +�S��¦B�)�\�)���� 5��Ã2¤��s���x�x�

��r"(iAr<bH�I l � ±�QSRiw
ϕ, ψ ∈ C2[0, π]

MP��[+OVd�·la5fEW'Yiwn`Vc�{�Q�WÌO�QSR^O�{
λ ∈ R

[)QSf�W

���

ψ(t) + λρ2ψ(t) = 0,

ϕ′′(x) + λϕ(x) = 0,

MP� OPj�y;�xf\f�W

y(t, x) := ϕ(x)ψ(t)

wxQBO�±^g7aqdzQ\R5[FplR+[�M7[nfoOPQKg7aqplR5[

ytt = ρ2yxx.

|7MCWz�xp+w�OP{
ϕ(0) = ϕ(π) = 0,

MP��O�jsy;�lf\f�W
y
y;�lj�`lf\fBO

t
wxQBO��kL9Q\RFM�½�`lR5RiU�OXwxQSR+[FplR5[F�

y(t, 0) = y(t, π) = 0.

_°�S¢2�'¤Fª��5���b�l�k�'�Jhr�v�)�
ϕ
Ä^��s¢��\F�Wh¹���Sª��n�'�s¢��S«��S�x�\��À�Ân�'¤��5�x�C�Á«)�x�

ϕ′′ + λϕ = 0, ϕ(0) = ϕ(π) = 0

¤5�� ¸���xª��E]Ì�C�S��§5�S������� ® � �²�x�SÄ+���C�  +�S�C� �x�C���l¤È¦�"�¢
λ = λn := n2 (n ∈ Z)

£��m�µ +�C�
��¤��x����Âx¢s�\�)����gN�\�)���5�SÂ)��¤5�5�)���

ϕn(x) :=
�'�S�

nx.

�´���n�´£��x�� 5�x£��m�´�\�  +�\� �l�� 5��¢s���2�\q��¢s���n���k�l�S�x�S���kª���¤5�5�r«)�x� �F�l©n�´��� ® ��5¥q�'�¹ÄF�C©x�x£�£��
£µ�l�Á¦�"5¢ c7�� +�C�

n ∈ N
 +�S���´�\�C�Sª���¤5�5�

���ψ(t) = n2ρ2ψ(t)

£��m�2 5��¢%�l�S�S�x��£��C�\�5�C�!À-Â)��¤5�5�

ψn(t) := an

ª�n�
(ρnt) + bn

�'�S�
(ρnt) (an, bn ∈ R).

_°�S¢%���lÄ^���b���x£��m�

��r"(iAr<bH�I 1 � �v�lj NO�w+OPM
n ∈ N

QSMCW�{�QEW2U+O�fSQBOVUVQ\[+OPR
an, bn ∈ R

yn(t, x) :=
(
an

ª�n�
(ρnt) + bn

���\�
(ρnt)

) ���\�
nx

O�QSR^O´��eVMCplR+[!w�O�j2±^g7aqdzQSR+[FpxR+[nM'[)fBO�QEg7aqplR+[

ytt = ρ2yxx,

wxQBO�wxQBO ��`VRiwFU+O�w)Q\R+[^plR+[5O�R
y(t, 0) = y(t, π) = 0

y;�xj�`VfSfoO
t
O�jsy;�lfSfEWs]
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_ ^l���m�%£µ�l�!��¤5�4 +�S��d2��� �µ�C�\�C�)�s���
an, bn

�'�F¥5 5�)\µ +�S� `����S�5�
∑

n∈N

n2(|an| + |bn|)

©x�)��«x��¢s�x�S��¢��C¥������'���C�\�\�

y(t, x) :=
∑

n∈N

(
an

ª�n�
(ρnt) + bn

���\�
(ρnt)

) ���\�
nx

���S�5�4�C�Ì�C�\£µ�l�%�'�������S�» +�\^�C¢��C�5���S��¢sÄ��l¢s� �5¤5��©)�s�\�)�° 5�l¢�¥9 +��¢s���°Ã2Ä5�\�C�m�s¤5�5�)���°£µ�l�° +¤5¢�ª��
�x�S�S�C +�v���k�'���9���mq��¢s���5�C�\�C¢��C��ÄF�C©x�x£�£��N¤5�� µ +�S�� ��l£��m�Ì���\�� +��¢NÀ-Â)��¤5�5�� +�C¢v¬+ª������S�5�x¤��5�)�'�
�x�S���kª���¤5�5� ¤5�n���C¢2 +��¢}gN�\����§��x�5�+��`%�l�� 5ÄF�� +�\���x¤5�5���k�7��®
¬�§^���C�\�C�\��©)Âx�5�����!���\¢ c7������%����ª��4 +�S��¬n�s�x¢'�7�v��¢����u�x�5�x�C�5���

y(0, x) =
∑

n∈N

an

���\�
nx

!
= f(x)

yt(0, x) =
∑

n∈N

ρnbn
�'�S�

nx
!
= g(x).

�%¤�� �C�n�7���Sª�©��S� £µ�x�
f
¤5�� 

g
#B�x�C���l¤���¢� +�C¢��C��§^��¢s�\�+ +�k�sª��5�B�5�x¢��s����s��¤5���!�x�S��¤5���x��¢��x 5�

�5¤��5©n���S�x�5�C� � %��\��� �������
��F��`����S�5���u¤��� uÄ^��©x�)£�£��: 5�x¢s�x¤��� +�S� d���� �µ���S���n�s���
an, bn.

¬��S�� 
f, g

�x�k�V���v�)����¤5��¥������k�7���l¤�ª��! +�S���)ÄF�C�¹�5�x���S��¢����Ad��x��«)��¢s�x������Ä^�C +�S�5�x¤��5�u��¢�¦�"5�S�m��¤5�� ¹���\¢
���xÄF�C�b ��x� �9¢s�xÄ5�S��£  +��¢%�sª������\�5�)���� 5���4¬+�l�\����«x�)�\�k�'�&^l�F +�\� �x�C�\Ân�7��®
_°�S¢%���lÄ^���b�l�4 +�C£ ]v���k�'§��\�C���x���'�C�5����É
';=,> � -�C	O)Q@C	O 9 6)Q � O�6��&*1C � ��>@:M*.C � �,*1:k*1-�C�*1Cn'*U(�67:M6)? -/F)C 9 67C 9 67?�+ 6)Q � OR* � � >	CY0 -/=&>�*kI�- KL*1S:M*1C�?N-/670 OP08*1-/=&>@Q@CROR*.C 3 -�? �A67C�X)S 	 - OR*.C � *.:<?NS��AQ � O�6��,*.C Q@C;XT6)Q � X)-/* 	 CY? � -/= 
)0 Q@CROTC;6P=,> 	 -�SOR*.C � Q@C�
)? -/F)C�*1C�Z���\���%�'�C�i��¤5�b���S�4¬��M"�ª�©¹�x�\�S�x�C£����S�5��¢�Ä^���¢��xª��n�s��C®

<!@K=��%<���
	� �*3 5�
���,5�� � �u )*�:= �´@/s^=�?;v�=RwXAxr�ytqUsYr@zÌ=FI
g9�S�x�C�n�v��¢��������V�����C�Á���S¢N¦�"�¢e ²�V�s¢��S���C�r¤5�n���C¢s��¤�ª��n�v¤��� ¹ 5�xÄF�C�q¦B�x�S�x�C�� +�C� `����'¤5�\�s�l�v�C¢��F�l�\�
���C��É
# 9 ? 〈, 〉 *.-�C ' 
�67086):N(�:MF X7Q 
)? -�C Cn

Q@C�X�- 9 ? A ∈ Cn×n 9 *10 � 9 ?U6�X��<Q@CROP-/*1:<? � X�Z >�Z�OP-�0 ? � �@:J670�08*
x, y ∈ C

n 9 ?U*1? 9 〈Ax, y〉 = 〈x,Ay〉, 9 F 9 -�C�X 670�08* 	 - O�*1C � *1:<?�*BD7F7C A :M*,*.0�0 Q@C;X�X�*.:
C

n

�,* 9 -�?�+1?L*.-�C;*��A6 9 - 9 6)Q 9 	 - OR*.CYDG* 
)?UF):M*.C �AX7-/*a(�6�67: � *1- 9 *[F7:<?�>�F&O�F)C�6)0 Q@C�X[C�F):<3 -/*1:<? 9 -�C�X�Z
� *,XP* 9 	 08*.3B*1C�? X�* 9 Cn


�67CYCj3B67C$6)0 9 F C;6P=,> 	 - OR*1C�0 � 9 Q@C	O�*1C$*1C�? � -/= 
P*10 C�Z_°�S¢��Ì�C¢s +�C�Á�����5�C��¥5 5�P\����S¢��)�x�5��^x�5�5�S�Sª�����¡z�C¢���^x�m�s�5�k������Ä^���-¤5������¢s���[`2�l�� +�v��¢��s�x¤+¦B�)�l�
Ä^���b«x�)¢'���F +����®

<!=)>�?�@BAC@EDF?G<4H�I21�J � ]vLNM�MPO�QBO�R
p, q ∈ C[a, b],

wn`5U+O�Q
p
M�W;OXWKQ\[ wxQ\h�O�jO�R���QBO�jXUx`Vj plRiw

p(x) > 0
`+ply:[�`lR5�

[a, b].
_�`VR5Rba^OPQ\cFW

Ly := (py′)′ + qy = py′′ + p′y′ + qy
O�QSR �kyE�Xjs{r`Vf9MPO�fZUlMCW�`�w?N�plR+[)QBO�j�WZOPjC�u�5w�O�jµ� ���;��� � �
	 � �����t�����R
+M�g7a^O�j��%fSQ\R^O�`VjO�j�_�Q\h�O¾
jPOPR^WEQk`lfo��½�OPj�`5WZ�Vj SS�xd9O�Q�WZO�j�tvjCwxRqplR+[ U�]
B QEW �^OP�qWZ�XjO�R

(α, α′)T , (β, β′)T ∈ R2, 6= 0
aqO�QSc�O�R

Ra(y) := αy(a) + α′y′(a),

Rb(y) := βy(b) + β′y′(b)
wxQoO�� �Y���� � �
	2� ���������R�R
+Mg7aqO�R ��`VRiw���½�OPj�`5WZ�VjPOPR���plRiwbwxQBO´�^�Vj�w�OPjCpxR+[

Ra(y) = Rb(y) = 0
wxQoO�� �Y���� � �
	2� ���������R�R
+Mg7aqO�R ��`VRiwFU+O�w)Q\R+[^plR+[5O�R��Z]



�2`lRiwn¾vplRiwµL9Q\[+OPRqdzOPjCWk½qjP�5UVfBO�{¹O �����.� �

� ]v|7M�W
r ∈ C[a, b], r(x) > 0

`+ply:[�`lR5�
[a, b],

MP��a^O�QSc�W�wxQBO���pxyk[�`5U+OV¿
º�OM�WEQ\{�{¹O

λ ∈ C
plRiw»O�QSR^O!OX~�WKfZ]����X{�½qfBO �id9O�j�WKQ\[+O �-plR5�qWKQB�XR

y ∈ C2[a, b], 6= 0,M��5wn`lc

Ly + λry = 0
`+pxy

[a, b]

Ra(y) = Rb(y) = 0

[+O�f�WZOPRiY^wn`lM%� �Y���� � �
	 � ��� �������R
+M�g7a^O��2`lRiwn¾KL9Q\[+O�Rqd9O�j�WS½qj�+UlfoOP{ �xprw�O�j�T2OXdzQEg7aqWEM�¾
y;plR5�qWKQB�XR

r.
�

_°�S¢%���V�����u +�S�C���)ÄF�C�ÁÄ^��s¢s�)ª��n�����¦�"5¢
[a, b] := [0, π]

¤5�� 

Ly + λry := y′′ + λy,

R0(y) := y(0), Rπ(y) := y(π).

¡z��¢���¤�ª��5���°¬��S�x¥N���kª��� +�S�b¦B�x�S�x�C�� +�C� � ÄF�C¢��S���)¤5�5�x�C���'�����s�r�x�� 5�\���'�C£ ]v���k�'§��\�C��©n�k�l¢µ�C¤
£µ�xª��5�C� �

i^¤5¢ �%�n���C¢s��¤�ª���¤5�5�� +�S�C����¢ `2�l�� ��Ug9�S�x�C�n�v��¢��s�x¤+¦B�)�xÄF����¤+�s�����µ���S¢N +�C� `%�l¤�£
C2[a, b]

 +��¢
���v���S£µ�l���'�������S�� 5�mq��¢s���5�C�\�C¢�ÄF�l¢s���[��¤5�5©n���S�x�����4�l¤+¦z +�C£ ���S¢2¬�©V�l�k�l¢s§5¢��+ +¤�©)�s�

〈f, g〉 :=

∫ b

a

f(x)g(x)dx

¤5�� !£��\�2 +��¢��)Ä5�\�)���b�7�s�����§F�n�'�\���S«x�C�b�´�C���Sª��n���7¦B¤5��©)�s�\�)�
r

〈f, g〉r :=

∫ b

a

r(x)f(x)g(x)dx

���S�+¦�"5��¢��C��®��´�V¦�"5¢��)�\�\�%�lq����Ä��x¢

��r"(iAr<bH�I 1F¯0LNM�QkM�W
〈rf, g〉 = 〈f, rg〉 = 〈f, g〉r.

���\��]v���C���kª��5��¤5�5� � ¦B�)¢�£µ�x���'�C�\Ä��'�s�) Gc7¤5�5�)�\�C¢'� �+��¢s©�� ^x¢'���'�kª��4�l¤��v¦B�)�\�)���� 5��£ ¬+�)ª���«x��¢s���x�m��®

� r+A��4<4H�I21FÊ ±�Q\R�w
u, v ∈ C2[a, b]

plRiw O�jsy;�lf\fBO�R M�QBO�wxQBO �Y���� � �
	2� ���������R�R
+Mg7aqO�R
�2`lRiwFU+O�wxQSR+[FpxR+[+OPRiY:MP�µ[nQ\f�W�y;�lj NOXw�O�RÆyE�Vj�{r`Vf9MPO�fZUlMCW�`+w N�plR+[nQoOPjCW;O�RÆ_2QShiOPjPOPRqWKQo`VfB�½�O�jP`+WZ�Vj
L
wxQBO ��O�fo`+WEQo�VR

〈Lu, v〉 = 〈u, Lv〉.
� =�v�=n@ uxÉ

〈Lu, v〉 − 〈u, Lv〉 =

∫ b

a

([
(pu′)′ + qu

]
v −

[
(pv′)′ + qv

]
u
)
dx

=

∫ b

a

(
(pu′)′v − u(pv′)′

)
dx

=

∫ b

a

([
(pu′)′v + pu′v′

]
−
[
u(pv′)′ + u′pv′

)
dx

=

∫ b

a

(
(pu′v)′ − (upv′)′

)
dx

= p
(
u′v − uv′

)∣
∣
b

a
= −p  +���

(
u v
u′ v′

) ∣
∣
∣
∣

b

a

.
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�´�
u
¤��� 

v
 +�S��`2�l�� +Ä^�C 5�\�5�)¤5�5�)��� ��¢�¦�"5�\�S���-¥i�S�'�

(α, α′)
�x¢����5�)�x�x�F�l���l¤+¦

(u(a), u′(a))¤5�� ��l¤5¦
(v(a), v′(a)),

���� ��)\� 5�\���'�!ÄF�C�S 5���¸¡z�C©n���x¢s��� �\�S�5���l¢��lÄ5��^x�5�x�S�����S�� »¤5�F »�S�5¢��
������C¢�£��S���V�s�� 5�l����¢�«x�C¢s�sª������\�� 5��C®@gÌ���S�'�2�l�k�'�

 +��� (u(a) v(a)
u(a)′ v′(a)

)

= 0

¤5�� b�x���l�S�x� ÄF�C�
b.
¬��)£��m�%�k�7�

〈Lu, v〉 − 〈u, Lv〉 = 0.

�

��¤5¢sª��[ 4¤5�\���S§5�\�S©V�V�s�\�)�Á£��\�v�C�\�5�C¢Ì§F�x�s�'�C�� +���[�5¤5�5©n�s�\�)�
r
©V�l�5�Á£µ�l��c7�� +���Á�\�S�5���l¢s���¹���m¦o�

¦B��¢s���n�s�S�x�\�)§F�C¢s�l���x¢N���v���\����¢�Ç�¢s 5�n¤��5����¤Á���S�5��£ �����SÄ��'�s�x 7c7¤5�5�x�S��¢����C�r£µ�xª��5�C��¥n�Ì�)ÄF�C�^�xÄF�C¢
 5�x�5�4 +�\���'� ��¤5�5©n���S�x�

r
�S�4 +��£ g9�S�x�����v��¢���§5¢s�xÄ��\�C£ ��¤bÄF�C¢M"Fª�©����kª��)�s�\�)���Á�S�'�C®

� r+A��4<4H�I21�l LNM%MPO�Q
a2 ∈ C1[a, b], > 0, a1, a0 ∈ C[a, b]

pxRiw
Ly := a2y

′′ + a1y
′ + a0.LNM%MPO�QiyEOPj�RqO�j

s
±iW�`V{�{�y;plR5�qWEQo�VR!�)p a1−a′

2

a2

plRiw
r(x) := es(x)._�`VR5RbQkM�W

r(x) > 0
plRiw

(rL)y = (ra2)y
′′ + (ra1y

′) + (ra0)y

yE�Xjs{r`Vf�MPO�fZUlMCW�`�w?N�plR+[)QBO�j�W�]
_�QoO�L9Q\[+OPRqdzOPjCWZ`+plyk[+`5U+O

Ly + λy = 0, Ra(y) = Rb(y) = 0

[+O�aqWvwn`lR5R��FU�OPj%Q\R wxQBO �Y���� � � 	2� ���������R��
+M�g7a^O%L9Q\[+O�Rqd9O�j�W�`5plyk[�`�U�O%{�QEW%T2OVdzQKg7aqW
r

(rL)y + λry = 0, Ra(y) = Rb(y) = 0.

� =�v�=n@ uxÉ gN���k�'�
ra2(x) > 0

¤5��  #K���xª��5¢s�Cª����5��� � %

(ra2)
′(x) = (ra1)(x),

���x���x�C¢s�) +�� +�\��¬��C�\ÄF�7���x Gc7¤5���x�S��¢����5�C�m�%Ä^�C +�C¤+�����C®
�

]v�����x�� +�C�\�b���S¢��n¤��b 5�\� �Y���� � �
	2� ���������R�R
+��ª�����gN�\�)�����Ì�C¢'���l¤+¦B�n�lÄ^��£��\���´�����kª��n�
r
�S�

 +�C¢e�5�x¢s£
Ly + λry = 0, Ra(y) = Rb(y) = 0,

�v�xÄ^���i���S¢�§5¢��S�5�C�\§5�S���S�-�x¤�ª��Á©)�x£�§5�S� 
+�v��¢����S�x�A��¤5�5©n���S�x�����4�l�k��À�Ân�'¤5���x���!��¤��S�)��������®

� r+A��4<4H�I21I1 �%fSfoO2L9Q\[+OPR^d9O�j�WZO�M�Q\R�w�jO�OPf\fZ]
� =�v�=n@ uxÉ�¬��C�

y = u+ iv 6= 0
�C�\�5���C«n����®l©x�)£ §��\� 
���À-Â)��¤5�5�� +��¢9Ã2¤+¦B�)�xÄF���C¤5£ g9�S�x�C���Ì�C¢'�

λ = ρ+ iσ.
�´�l���Á�k�7�2�x�S���

0 = Ly + λry = L(u+ iv) + (ρ+ iσ)r(u + iv),

���x£��m�
0 = Lu+ (ρu− σv)r

¤5�� 
0 = Lv + (σu+ ρv)r

¦B��¢s�5�C¢
0 = Ra(u+ iv) = Ra(u) + iRa(v),



�2`lRiwn¾vplRiwµL9Q\[+OPRqdzOPjCWk½qjP�5UVfBO�{¹O �����.���

���� ��)\
0 = Ra(u) = Ra(v)

¤5�� b�x���l�S�x�
0 = Rb(u) = Rb(v).

gN���C¢'¦�"5�S�S���Æ�l�k�'�b +�S� ¢s���C�\�S�B�5¤5��©)�s�\�)�5���
u
¤5�� 

v
�'�C�\ÄF�7�� +�S�B`%�l�� 5ÄF�� +�\���x¤5�5�)����®��´�l���

�k�7�%£��\�2 +��£ «x�x¢s�S�x���!¬+�V�s�

0 = 〈Lu, v〉 − 〈u, Lv〉
= 〈(σv − ρu)r, v〉 + 〈u, (σu+ ρv)r〉
Fakt DG.52

= 〈(σv − ρu), v〉r + 〈u, (σu+ ρv)〉r
= σ

(
〈v, v〉r + 〈u, u〉r

)
.

����¢B_ ��¢��µ 5��¢ d��k�l£�£���¢��S�'�µ§F�n�'�\���S«q¥9�'�)£��m�µ�k�7�
σ = 0

¤5�� G 5�x£��m�r +�C¢TgN�\�)�����Ì�C¢'�
λ¢s�����S��®
�

Ã%�k�2���x�S�x�C¢�¤5���´�C¢��)�\Ä5�Ì�'�kª���¥x ��)\� 5�x�5�r�l¤�ª��B`����l�\�-¤5�� �b;£µ�x�x�S��^l¢����C�\�5�C�\����¢9�C«)�s�E®)©x�)£ §��\���

+����g9�S�x�����\Ân�'¤5���������SÄ��'�eg9�S�x�����\Ân�'¤5�����k�7��¥5���S¢%�l�k�'��«xÂ)�\�S�S���S£ `��C���S�\�C�bÄ5�\�C�\Ä^���b©)Âx�5�5�C��®

� r+A��4<4H�I21 �ËL9Qm[5O�R5fBeVMCplR+[5O�RÁ�xp!~XO�j�M�g7a5QoOXw�O�RqO�RrL9Q\[+OPRqdzOPjCW;O�RbM'QSRiw¹�Xj�WKa^�X[+�XR^`Vf�U�OP�x�V[+¾
fSQKg7a 〈 , 〉r.
� =�v�=n@ uxÉ g9¢�¦�"5�S�\�C�

u
¤5�� 

v
 +�S� `%�l�� 5ÄF�� +�\���x¤5�5�)���b¤5�� !�k�7�

Lu+ λru = 0
¤5�F 

Lv + µrv = 0,

��� �k�'�J#B£µ�l�!ÄF���xª��n��� �F�l©n�2�´� ® �P��%

0 = 〈Lu, v〉 − 〈u, Lv〉 = 〈−λru, v〉 + 〈u, µrv〉 = (µ− λ)〈u, v〉r .
_ ���x�C�

µ 6= λ
¦B�x�S�l�2 +�S� ]Ì�C���l¤�§+��¤5����®

�

�5�C¢�����¢z�S�\��¦B��¢s�� 5�\���C�\�5�n�l�5�n�z�l�5�)�C�'���C�\�\���C� � ÄF�C¢��S���)¤5�5�x�C����¤5¢9À-Â)��Ä��l¢s©x�C�m�z +�C�2`%�l�� 5�Ì�C¢'���§5¢s�xÄ5�S��£µ�

� r+A��4<4H�I21 � ��p NOXw�O�{ L9Q\[+O�Rqd9O�j�W�QSMCW�w�O�j�LNQm[5O�R5jP`+pl{3O�QSRiwxQS{rOPR�M�Qo�VRF`VfZ]
�5�C¢�����¢��x�S�\�

� r+A��4<4H�I21 � _2QBO�L9Q\[+O�Rqd9O�j�WZO2M'QSRiwµRF`+g7a�plRqW;O�RÈU�OMg7a�j�·lR5�qW�]
_°�S¢%¦�"5�5¢s���� +��� � =Rv�=�@/uu��¤5¢2¦�"5¢A`2�l�� +�)§F�C¢s�l���)¢��C�!«)�x�² +�C£}��§^�����S���S�S��� !Ì¨�§

Ra(y) =
y(a), Rb(y) = y(b).gN�%�������x�S���

Lu+ λru = 0, u(a) = u(b) = 0.
�´�l�5�b�k�7�

0 = 〈Lu+ λru, u〉 = 〈Lu, u〉 + 〈λru, u〉

=

∫ b

a

(
pu′
)′
udx+

∫ b

a

(q + λr)u2dx

=
(
pu′
)
u
∣
∣
b

a
−
∫ b

a

(
pu′
)
u′dx+

∫ b

a

(q + λr)u2dx

����¢%�l¤F�'�S�n�����)¢��S��¢���� !:���S�i¦/^l�S�m�%�v���)���! +��¢L`2�l�� +Ä^�C 5�\�5�)¤5�5���v����¥5���x£��\���S�'�

∫ b

a

(q + λr)u2dx =

∫ b

a

p
(
u′
)2
dx.



�����.� � ��� �����	�	
��
��������	����
�������������
��

_ ���x�C�
p > 0

�k�'�u ��x��¢���ª��)�����'���C�5���F +�Jb;�n���C�x¢��l� ≥ 0
¤5�� � 5�

r(x) > 0
�l¤+¦

[a, b]
¤5�� 

q�'����s�\���k�7��¥5� 
+�k�7�s�\�C¢'���C�\�
λ0,

���+ 5�)\
(q + λ0r)(x) < 0

�x¤+¦
[a, b]

¤5�F ! ��l£��m�

∫ b

a

(q + λr)u2dx < 0
¦�"�¢

λ < λ0.

�5�)�\�)�\�kª��!©X�x�5�b�'�)�Sª��!���S�
λ
�5�kª��)��£�����¢eg9�S�x�����v��¢��������S��®

�

_°�S¢r�5�l�s�\�C¢��C�$c7������¹�5�+ª��G���S�5�S�x� g9¢s�x�CÄ5�5�k�����!¦�"5¢ �Y���� � �
	2� ���������R�R
+��ª����[g9�S�x�C���Ì�C¢'���
�l¤5¦B�)�lÄ^���-¥F +�C¢��C�k]v�C�Ì�C�S��£��\�´ +�C��c7��s����C¤5¢2¡z�C¢'¦�"��x¤5�5�r�'���C�5���F +���  ²�m�������S�4�5�+ª��4�5�kª��n�
£�Âx�)�\�kª��Á�k�'�C¥5 +�S�u£µ�l�4�lÄ^��¢%�x�! +�C£ �)ÄF�C�ÁÄ^�����x�� +�C�m�s��� ]v���k�'§5�S���

y′′ + λy = 0, y(0) = y(π) = 0

¤5�5£��\�'�s���SÄ��l¢%�F�xª���«x�)�\�S���S���5�C�r©V�l�5�-®

� r+A��4<4H�I21 � _2QBO¹L9Qm[5O�Rqd9O�j�WZO4w�O�j �Y���� � �
	2� ���������R�R
+Mg7aqO�R»L9Q\[+OPRqdzOPjCWZ`+plyk[+`5U+O�{�QEW
T2OXdzQEg7aqWEM�y;plR5�qWKQB�XR�UVQSfKw�OPRÈOPQ\RqOµplRqO�RiwxfSQEg7a^O��^�Xf\[+O

λ0 < λ1 < λ2 < ...,
wxQBO�[5Os[5O�R

+∞dz·�g7a�MCW�]

� r+A��4<4H�I�� � ±�Q\R�w
(λn, ϕn)

wxQoOÁLNQm[5O�RqdzOPjCW;O4pxRiwÈ�xpV[5O�a^eVj�Q\[+OPR»L9Q\[+O�R�y;plR5�qWKQB�XR^OPRiYÌMP�
aF`5W

ϕn

Q\{ �Xh�O�R^OPR¶|;RqWZOPjC~`VfSf
(a, b)

[5O�RF`5p
n
@�plfSfSMCWZOPf\fBO�R:]i_2QBOPMPO�M'QSRiw4Ms·l{¹WKfSQEg7aÆO�QSR5yK`+g7a

plRiwµ�)dzQSM�g7a^O�R NO��xd9O�QBO�R ~X�VR
ϕn+1

f\QBOs[^WÌO�QSR^O�~X�XR
ϕn.

�´�)\u +�S� �2¤5�S�S�'���C�\�S�������S�+¦K�)ª�� ���\�F i¥X¦B�x�S�l�9�l¤F�z +��¢9�x�\�S�x�C£ �C�\���v���mq��¢s���n�s�S�x�\�)�\�C�Sª���¤5�5�n�7�s�5���x�
¢s�\�)¥9 5�ÆÄF�C�%���S�5�C¢µ�5�x£��x�)���5�C�����\^�C¢��C�)�s�S�x�\�)�\�C�Sª���¤5�����C�Ì�C�m�s��¢ÁÇ�¢� +��¤5�5�Æ��¤5¢r +�S� �%¤5�S�m�
À�Ân�'¤��5�����S�5�u +�x§5§^���\��� �2¤5�S�S�'���C�\�S�u���lÄ^���b©V�l����®

b;£ ]v�C�S��§5�S���� +�C¢%��ª������S�5�x�C�� +���4¬+�x�m�s�´�F�V�'�s���b���S¢%�l�k�Wg9�\�)���5�SÂ)��¤5�5�)���b +�S���5¤5�5©n�s�\�)�5���

ϕn(x) =
�'�S�

(n+ 1)x (x ∈ (0, π), n = 0, 1, 2, ...)

Ä^��©x�)£�£ �C�Æ¤5�� Æ 5�l�F�xª��Æ©V�l�5�Æ£µ�l��c'�b«��S� � �������
��F�U`%���S�5��� ¢���ª��n���l�S�\�)��£����S�5�B�5¤5��©)�
���S�x�����b���n�7���kª�©x���S��®
���\�����x�C�)���5�S��¢%�x���l�S�x�F®
�2�)ª��¹¬+�V�s�2��� ® � �u�'�S�� r +�S�eg9�S�x�C�5�SÂ)��¤5�5�x�C����¤µ«x�C¢s�sª��5�S�C +�C�5����g9�S�x�C���Ì�C¢'�s�����x¢����5�)�x�)���l��®
_°�S¢%©xÂ)�5�5���!�'�S�� 5�x�5�!�x¤�ª��!�5�+ª��b�x�S�����x¢s£ �S��¢����l�5�5�����5£����-¥� i® ��®+¦B�x¢� +�C¢���É

�-DYw �:=Rw7y�?�sÈ<4H�I��-JGLNM�M�OPQ 〈ϕn, ϕm〉r = δnm,
w^] a-]

∫ b

a

r(x)ϕn(x)ϕm(x)dx =

{

0
y;�lj

n 6= m,

1
y;�lj

n = m,

¤5��  `��C�\�����5�C�)�7���kª�©��\¤��5�x�C� ���)ª��� 5�\���'�
ϕn

¤5�n����¢���¤�ª��5���-®e#�g9¢s�\���5��¢s�Å¬��\�)¥9���x� ���\¢¹�\£
du�l§��m�s���b "5ÄF�C¢ � �������
��F��`����S�5�C�!�)�C�s�l�x�v���xÄF�C��® %

� r+A��4<4H�I��q¯Ë_2QBO ��O�QSa^O

f(x) =
∞∑

n=0

cnϕn(x)

���VRq~XO�j�[)QBO�jONM���YFwn`lcu{r`VR²W;O�js{¹d9O�QkM�OvQSRqWZO�[)jsQoOPjPOPRÁw�`VjsyZY�`VfkMP��OXW;dz`´[)fBO�QEg7a5{r·Vc)Qm[�`5ply
[a, b]._�`VR5R![)QSf�W�y;�xjuwxQBO´¼���O����CQoOPR^W;O�R

ck =

∫ b

a

r(x)f(x)ϕk(x)dx = 〈f, ϕk〉r.



�T�
�
��iMg7aqO2�-plR5�qWKQB�XRqO�R �����.� �

� =�v�=n@ uxÉ gN���k�'�

〈f, ϕk〉r =

∫ b

a

r(x)
(

∞∑

n=0

cnϕn(x)
)
ϕk(x)dx =

∞∑

n=0

cn

∫ b

a

r(x)ϕn(x)ϕk(x)dx = ck

�

| r@wV?y�?�s/ �AQ�=,> � *.CYC 3B67C!6)0�08* � Fx*�� +1-/*1C�?�*.C

ck = 〈f, ϕk〉r
�,*.:&*&=,>	C;*.C�
�67CYC � �.:&67Q�=,>	? X)-/* �L*1-8>�* � *&X�*.:�D7*.:<C �@C � ?N- OJ+1Q 
�F7C�D7*1: O)-/*1:M*1C � C�F =,> � *.CYC 9 -/*
�F7C�D7*1: O)-/*1:<? � 67C��1*&X�*.:a'�?U*10�08*�O�*UOR*.C

f(x)
+1Q O�*,>�*1C�Z

�´�x��£µ�V�s�5��£µ�V�s�S�sª����C�\�C�)�x�)�s�C�'���)¥��v����� �x¤�ª������Sª��n�z¤5��ÄF�� +�S�5�l��¦�"5¢9 +�C���N�n¨+���\©)��¢�Ä5¢��l¤�ª��5�
Ä��x¢s�'��� `����'¤5�\�s�l���S�'�

� r+A��4<4H�I��^Ê �Ì�xjINO�w+OuUV��[)fZ]
r
�+p)`�w)j�`5WKQkMg7a�QSR^W;Os[nj�QBO�jXUx`VjOv��pxR5�qWKQB�XR

f
���VR^~VO�j�[)QBO�j�W�wxQoO

��OPQ\a^O
∑

〈f, ϕk〉r · ϕk

QS{ �+p)`�w)j�`5WKQkMg7a^OPR B Q�WZOPfi[+O�[+OPR f, wF] a-]

|f −
n∑

k=0

〈f, ϕk〉r · ϕk| → 0,

d9�+U+O�Q |g|2 = 〈g, g〉r.
�´�V¦�"5¢2�s�l�x�v£µ�x�b�x¤�ª���É
IJ-/* 	 - OR*.C � Q@C�
)? -/F)C�*1C �.-�0 XP*1CH*1-�C DGF)0�0 9 ?��)C�X7- OR* 9 '�� 9 ?U*13 � �@:BX7-/*��.Q�6�X7:M6)? - 9 =,> -�C�?�*UO):<-/*1:<S
�,67:M*1C 4Q@C 
7?N-/F7C;*.C;Z f��V�b£µ�l�Ë�'�&^x¢�©)��¢s�²¡z�x¢��l¤F������s��¤5�5�)��� "�ÄF�C¢b 5�\� �5¤5��©)�s�\�)�

f,
���

Ä^��©x�)£�£���£µ�l�b��7���

� r+A��4<4H�I��Yl |7M�W
f
`5ply

[a, b]
MCWZOVWKQ\[ÅwxQShiOPjPOPR5��QBO�jXUx`lj¶plRiw°O�jsy;�lf\f�WrOPM4w)QoO4a^�X{¹��[5O�R^OPR

�2`lRiwFU+O�wxQSR+[FpxR+[+OPRiY�M���QkM�W�w)QoO ��OPQ\aqO

∑

〈f, ϕk〉r · ϕk(x)

`+pxy
[a, b]

`5UxM��VfEp5W�[nfoOPQKg7a5{r·lcxQ\[����VRq~XO�j�[+OPRqWNplRiwbwxQBO T�jO�R5�Cy;plR5�qWKQB�XRbQkM�W
f.

�	��
�
� & � �%*��%/2,28v(+$��N,%*:,
_°�S¢%ÄF�C���l�F +���S�Á����ª��b©�¤5¢s�u +�\�u���x�)�����x�5�n��� �T�
�
��i�sª��5����¤5�5©n���S�x��¥F +�\�

� «x�x��§5¢��l©n���k��ª�����£ b;�n���C¢��������Ì�k�'�C¥l�v���S�+�'�S�� +�\���)�C�sª��5�S�)�s�'�C�5�Ì�´�l¢��7�s���S�\¤��5�´ 5��¢9À�Ân�'¤��5�
«x�x��`%�l�F +�Ì�C¢'���l¤+¦B�n�lÄ^���!��¢s�S�x¤5Ä+���

� «x�x�²���5�C�x¢s����k�sª��5��£ b;�n���C¢����������k�'�C¥i�v���S�z£ �\�u�\��¢��C¢af2�\�\¦B�µ +��¢Ji^¤��)�l���¹��¤�£ ]v���v���k�
 +��¢���¤��\������z�5�x���S��¢����C��¬@^l���C� "5Ä^��¢ gN�\�)�����Ì�C¢'�s�Ì¤��� JgN�\�)���+¦B¤5��©)�s�\�)�5��� «x�)� �Y���� � �
	2� ���������R��
+�sª��5�C��g9�S�x�C�n�v��¢��s�x¤+¦B�)�xÄF�C�¹�)���x�CÄF�C�Á���S¢� ��

� �Ì�C�\�q 5�x�N�x�S���kª��5�´�´¢s¤5�� 5©x�x������§5�v�l¤Fª���¦�"5¢}`%�l�� 5�Ì�C¢'���l¤+¦B�n�lÄ^���µÄ^���q§��l¢����S���S�S���¹���m¦o�¦B��¢s���n���k�l�S�x�S���kª���¤5�5�x�C�µ�s�x¤5�l��®
i^¤5�Y^xª����'�����S�5��¡z�x¢&"5ÄF�C¢��S���)¤5�5����¤�¢e 4�l�s�\«V�V�s�\�)��É
_°�S¢zÄF����¢��xª��n���C� �x¤+¦^ +�C£ ©)�x£�§��l©n�s���Jb;�n�s��¢s«X�x�\�

I = [a, b] ⊂ R
 +���µ���mq��¢s���n�s�S�x�\�)§F�C¢s�l���x¢

������C¢�Ç�¢s 5�n¤��5��¥��x�C�x�CÄF�C�! +¤�¢sª��
(
L1y

)
(x) := y′(x).
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i^¤Å�C�\����¢b�l¤+¦
I
�7�s��s�\�)��� ��¤5�5©n���S�x�

f
���\�F Å +�S��À�Ân�'¤��5�x�C�

y
«)�x� (

L1y
)
(x) := f(x)�lq����Ä��x¢��x���F�l¤b +�\��¬��s�l£�£ ¦B¤5�5©n�s�\�)�5���b«x�)�

f
¤5�� !���S�5�����x�kª��5�´ÄF�C©x�x£�£��%£��x�["�ÄF�C¢

y(x) :=

∫ x

a

f(ξ)dξ =

∫ b

a

χ(x, ξ)f(ξ)dξ,

�v�xÄ^���� +�S���5¤5��©)�s�\�)�
χ
�C¢�©���^l¢����S�'�% +¤5¢�ª��

χ : [a, b] × [a, b] → R; χ(x, ξ) =

{

1 a ≤ ξ ≤ x ≤ b

0 a ≤ x < ξ ≤ b.

���\� i^¤��x¢� +��¤5�5�
f 7→ y

�)�C�sª��5�\�C�n���x�S���  5¤5¢sª��!���S�5�C� �{b;�n�����)¢s�x�\�)§F�C¢s�l���)¢ ��£��m�2 +�C¢ �{d��C¢��5�
¦B¤5�5©n�s�\�)���

χ
¤5�F ! 5�\���'�C¢����V�%�5�S��¢%�x¤+¦z +��¢ ���2�k�l�)�x���x�\�C���

x = ξ
���S�5� �2���7�s��s�\�)©x���\�C®

Ã%�F�l�S�x�x���v�x���n����¤5�!¦�"5¢%¤5�F�'�C¢����S�\�5���l¢s���!�2�\^�C¢��C�n���k�l�S�x§^��¢��V���)¢��C�¹�C�Ì�C�m�s��¢�Ç�¢� +��¤5�5��®
_°�S¢´Ä^��s¢s�)ª��n�������l¤+¦v���S�5��£ ©)�x£�§��l©n�s���jb;�n���C¢�«V�x�\�

I = [a, b] ⊂ R
 +���Æ�2�\q��¢s���n���k�l�S�x§^��

¢��V���)¢
(
Ly
)
(x) := a2(x)y

′′ + a1(x)y
′ + a0(x)y,

�v�xÄ^���� +�S��d2��� ���C�\�C�n�����b�'����s�\��¤5�F 
a2 6= 0

�x¤+¦
I.

<!=)>�?�@BAC@EDF?G<4H�I��'1°LNQ\R^O�`5ply
I×I M�W;OXWEQm[5ON�-plR5�qWKQB�XR G(x, ξ)

a^OPQ\cFW �T�
�
��iMg7aqON�-plR5�5¾
WKQB�XRb�)p

L,
dzOPR5RbM'QBO

� dzOPR5Qm[�M�W;O�R�Mvy;�lj
x 6= ξ

�xd9O�QS{µ`lfiRF`�g7a
x
wxQShiOPjPOPR5��QBO�jXUx`ljvQkMCW7Y

� wxQoOA��UVfoOPQEW�plR+[5O�R
Gx, Gxx

y;�lj
x 6= ξ

MCWZOVWKQ\[¹M'QSRiwbplRiw
� y;�lj NO�w�O�`5ply I M�W;OXWEQm[5O2�-plR5�qWKQB�XR f w)QoO´�-plR5�qWKQB�XR

y(x) :=

∫ b

a

G(x, ξ)f(ξ)dξ

��eVMCplR+[b~X�VR (
Ly
)
(x) = f(x)

`+ply:[�`lR5�
I
QSMCW�]

_uO�R w�pljCg7a
f 7→ y

[+O�[+OlU�OPR^O�RÈtz½�OPj�`5WZ�VjvRqO�R5RqWz{r`VR�w�O�R$�T�
�
��iM�g7a^O�R!|;RqWZOs[nj�`lfo��½�OPj�`5WZ�Vj�]
_°�S¢v�v��¢� +�C�¹�'�C�5���-¥� ��)\� 5�\�´��7���x�Ì«x�)¢s���Sª��n�s�\�)�e�5�x¢s£�¤��\�S��¢s¤5�5�  +��¢��2�\q��¢s���5�C�\�C¢�Ä��x¢�©)���\�s�'�
¤5�� �¬n�������S�x©x�C�m���'�C�\�)�����sª����l¦o�����4�C�\����¢����
�
��i�sª��5���!�5¤5�5©n�s�\�)�¶�l¤��� +��¢ �2�l��¤5¢´ +�C��¬+�)ª��5�
�����SÄ��7��©)�x£�£�����®F¬5ª��5Âx�!�x�k�V�����T�T�
�
�����ª��5� ��¤5�5©n���S�x�5�C�b�x�SÄ+���C���5�kª��n�
�
���\�Tg 
+�S�'���C�5���'�)�Sª��5�C¢J���
�
��i�sª��5��¢��5¤5��©)�s�\�)�5������¢s�x�SÄ+�u�'�kª��¶�l¤F�� +�C£ �9¢s�\�5�C�\§  +��¢´¡9�V�
¢s�S�l���S�x�b +��¢ed��x���'�s�x�n�����-É
¬��S�� ²�Y^l£��\�kª��

u1(x), u2(x)
���v����¤5���lÄ���^l�5�)�\�)��À-Â)��¤5�5�x�C�²«x�)� (

Ly
)
(x) = 0,

���Á�C¢��Y^l�\�
£µ�l�!���S�5��À�Ân�'¤��5�µ +��¢��S�5�5�)£ �)�x�C�5���b�´�\�C�Sª���¤5�5� (

Ly
)
(x) = f(x)

�\�b +��¢´�´�C�'�s�l�\�

y(x) = u1(x)c1(x) + u2(x)c2(x),

�v�xÄ^����hr«��S� ¡9�l¢s�k�V���S�x�b +�C¢ed2�)���7���l�n���C�Bh¹ +�S�
ci
«x�)�! 5��¢e�5�)¢�£

ci(x) =

∫ x

a

γi(ξ)f(ξ)dξ (1)

£��m�%�)���C�\�)�5��s���b�7�s����S�x�C����¤5�5©n���S�x�����
γi

�'�S�� i®5�´�l�5�b�k�7�%�CÄF�C�!¦�"5¢

G1(x, ξ) :=

{

G`
1(x, ξ) := 0 x < ξ

Gr
1(x, ξ) := u1(x)γ1(ξ) + u2(x)γ2(ξ) x ≥ ξ

(2)



�T�
�
��iMg7aqO2�-plR5�qWKQB�XRqO�R �������F�

∫ b

a

G1(x, ξ)f(ξ)dξ =

∫ x

a

(
u1(x)γ1(ξ) + u2(x)γ2(ξ)

)
f(ξ)dξ

= u1(x)c1(x) + u2(x)c2(x) = y(x)

 +�S�u�xÄ^���!�5�l�s�\�C¢'�s�uÀ�Â)��¤5�5�µ +�C¢��\���5�x£��x�)���5�C�b�´�S���kª���¤5�5�F®

���\� �T�
�
�����ª��5���5¤5��©)�s�\�)�r�k�7���5�kª��)�v���S�� +�C¤+���S��Ä^�C�'���S£�£����� 5���5�!�'�S�� 
δ1(ξ), δ2(ξ)

�'����s�\�
¤5�� b���x���'��ÄF�C�\�S��Ä��\�µ¤5�F !����s���C�Á���S¢

d(x, ξ) := u1(x)δ1(ξ) + u2(x)δ2(ξ),
�'���k�7�

∫ b

a

(
G1(x, ξ) + d(x, ξ)

)
f(ξ)dξ =

∫ b

a

G1(x, ξ)f(ξ)dξ +

2∑

i=1

ui(x)

∫ b

a

δi(ξ)f(ξ)dξ

= y(x) + α1u1(x) + α2u2(x)

��Ä^���5¦K�l�S�S�%À-Â)��¤5�5�� +��¢��S�5�5�)£��x�x�C�5���4�´�S���kª��n¤��5��®�¬��)£��m�%�k�7�%�x¤�ª��

G(x, ξ) := G1(x, ξ) + d(x, ξ)

���S�5���T�
�
��i�sª��5� �5¤5�5©n�s�\�)��®

� r+A��4<4H�I�� �
� ]vL9Q\RqO��T�
�
��iMg7aqOu��pxR5�qWKQB�XR

G
�xpl{�_�Q\h�O�jO�RqWEQk`lfo��½�OPj�`5WZ�Xj

L
aF`+WÌyE�Xf\[+OPRiw�O�LNQm[5O�RF¾

Mg7aF`ly;WZOPR-¿
Sk` U4|;R NOXw�O�{ w�O�j�U+O�QEw�OPRb_�jO�QBO�g7��O

D` := {(x, ξ) ∈ I × I
∣
∣ x ≤ ξ} plRiw

Dr := {(x, ξ) ∈ I × I
∣
∣ x ≥ ξ}

QSMCW
G(x, ξ)

�xd9O�QS{r`VfqRF`+g7a
x
wxQSh�O�jO�R5�CQoOPj�Ux`lj�plRiw

G,Gx, Gxx

M'QSRiwµM�W;OXWEQm[rQSR
xplRiw

ξ.SZU*U²�Ì�xj�yEOPMCWZOPM
ξ
plR�w

x 6= ξ
QkMCW

uξ(x) := G(x, ξ)

��eVMCplR+[b~X�VR
Lu = 0.SKg4U

G
QkM�W9MCWZOVWKQ\[µ{ Q�W��o¼�R5QKg7�q�Ì`5plyÌw�O�j%_�Qk`V[+�VRF`VfBO�RiYqwF] a-]FOM�QkM�W

Gr(x, ξ)
∣
∣
x=ξ

− G`(x, ξ)
∣
∣
x=ξ

= 0

∂xG
r(x, ξ)

∣
∣
x=ξ

− ∂xG
`(x, ξ)

∣
∣
x=ξ

=
1

a2(x)

_´`�U�OPQ-M'QSRiw
Gr := G

∣
∣
Dr , G

` := G
∣
∣
D`

plRiw
a2
w�O�j �´`+pC½�WE����O����CQoOPR^W�~V�XR

L.
� ]��nOXw�OÌ��plR5�qWEQo�VR

G,
w)QoO2wxQBOPMPO%wxjO�Q5º%O�wxQSR+[^plR+[+OPRµOPj�y;�lfSf�W7YlQkM�W:OPQ\R^O��T�
�
��iM�g7a^OÌ��plR5�5¾

WKQB�XR!�xp
L.

� ] B QEW-w�O�j9O�QSR+[+`VR+[�M����VR�MCWKj�plQoOPjCW;O�RT�T�
�
��iMg7aqO�R��-plR5�qWKQB�XR G1(x, ξ)
QSMCW-w)QoO9��plR5�qWEQo�VR

G(x, ξ) := G1(x, ξ)+d(x, ξ)
[5O�RF`5p´wn`VR5R�OPQ\RqOL�T�
�
��iM�g7a^O��-plR5�qWKQB�XRiY�d9O�R5R´[+OPfEW;O�R

� wxQoO���pxR5�qWKQB�XR
d
QkM�W�`+ply

I × I
�xd9O�QS{µ`lfNw)Q\h�O�jO�R5�CQoOPj�U)`Vj�U+O��)�V[)fSQEg7a

x,
wxQBO���Ux¾

foOPQEW�plR+[+OPR4M'QSRiwµM�W;OXWKQ\[rQSR
x
pxRiw

ξ;
� OPMrQkMCW (

L(x)d
)
(x, ξ) = 0

y;�lj NO�w�OM
ξ,
wF] a-]

d
QkM�W!U�OP�x�V[nf\QEg7a

x
��eVMCplR+[°w�OPj

a^�X{¹��[5O�R^OPRÁ_�Q\h�O�jO�RqWEQk`lfm[nfoOPQKg7aqplR+[q]
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� =�v�=n@ uxÉ´�x®SÉ�i^¤���^xª����'��ÄF����¢��xª��n���C�Á���S¢%��¤5¢% +�S�u�xÄ^���4 +�����5�S��¢������T�
�
��i�sª��5���5¤5��©)�s�\�)�
G1 :

�t"5¢����\�µ���\�F H#E��%´¤5�F H#KÄY%´�s¢��S«��S�x�E¥ #Eªx%�¦B�x�S�l���x¤��u +�C� ���x¢s£����S�  +�C¢�¡9�l¢s�k�V���S�x�  +��¢
d��x���'�s�x�)�s����É

u1(x)c
′
1(x) + u2(x)c

′
2(x) = 0

u′1(x)c
′
1(x) + u′2(x)c

′
2(x) =

1

a2(x)
f(x),

�v���5�!£µ�l� #7�G%� +�mq��¢s�������S��¢���¤��� !�\�4 +�S� �5�x¢s£����S�k"5ÄF�C¢
G1
���S����������C®

�+®SÉ@b7�'�%�n¤��
G
���S�5� �5¤��5©n���S�x��¥� 5�\�� +�S�C���u +¢s����]v�C +�S�5�)¤5�5�x�C�Á�C¢'¦�"��\�\�C¥������S�'� c7�C +�C�+¦K�l�S�k�

y(x) :=

∫ b

a

G(x, ξ)f(ξ)dξ =

∫ x

a

G(x, ξ)f(ξ)dξ +

∫ b

x

G(x, ξ)f(ξ)dξ

¤5��  c7�C +���� +�C¢�Ä^���k +���»¢s�Cª��n�����'���������� +�C� b;�n�����)¢s�x�\�µ�k�'�����v���S£µ�l�N�'�������S�� +�\q��¢s���5�C�\�C¢�Ä��x¢
#B�F�xª��

x
%�¤5�F ["�ÄF�C¢% +�\��`%���x�C�

d

dx

∫ v(x)

u(x)

ϕ(x, ξ)dξ = ϕ(x, v(x))v′(x) − ϕ(x, u(x))u′(x) +

∫ v(x)

u(x)

ϕx(x, ξ)dξ

��¢s��^x�m��£µ�l�

y′(x) =

∫ x

a

Gr
x(x, ξ)f(ξ)dξ +

∫ b

x

G`
x(x, ξ)f(ξ)dξ

y′′(x) =
[
Gr

x(x, x) −G`
x(x, x)

]
f(x) +

∫ x

a

Gr
xx(x, ξ)f(ξ)dξ +

∫ b

x

G`
xx(x, ξ)f(ξ)dξ.

�´�l£��m�%�k�'�

(
Ly
)
(x) =

∫ x

a

(
L(x)G

r
)
(x, ξ)f(ξ)dξ +

∫ b

x

(
L(x)G

`
)
(x, ξ)f(ξ)dξ

+ a2(x)
[
Gr

x(x, x) −G`
x(x, x)

]
f(x) = f(x)

���)ª��[#BÄ�%-¤��� [#Eªx%®�#�gN�zÄ^�C 5��¤+�s��z���\�� +��¢
L(x),

 5�P\
L
Ä^���1"��x�S�Sª��  +��¢z���mq��¢s���n���k�V�s�\�)���F�xª��

 +�C¢
x
�Z¡9�l¢s�S�xÄ5�\�C�Á«)��¢s�Ì�C�� +�������S¢� i® %

�5®SÉ
G1
��¢�¦�"5�S�m�% +�S� ]Ì�� +�S�5�x¤5���x���Á«x�)�¶�x®@f��V�

d
 +�S�´�)�����x�5�n���C��g9�S�x�C����ª��F�V¦o���C��¥5�����C¢'¦�"5�S�m�

�l¤Fª��
G
 +�S�C���a]v�� +�\���x¤5�5�)���!¤5�� !�k�7�2 5�x£��m� �T�
�
��i�sª��5� �5¤5�5©n�s�\�)��®

¬��C�F��¤5�
G
���S�5�2Ä^���S�\�CÄ5�S�x�����
�
��i�sª��5�L��¤5�5©n���S�x�Á¤5�� 

d := G−G1.
�´�l�5�!�'�S�� �¦�"5¢�c7�C 5�

�'����s�\�)� �5¤5�5©n�s�\�)�
f

y(x) =

∫ b

a

G(x, ξ)f(ξ)dξ
¤��� 

y1(x) =

∫ b

a

G1(x, ξ)f(ξ)dξ

À�Ân�'¤��5�x�C�»«x�)� (
Lu
)
(x) = f(x),

���x£��m���S�5¢��b���mq��¢s���5�!���S�5�bÀ�Ân�'¤5���� +�C¢ ���x£��x�)���5�C�
�´�S���kª��n¤��5��¥5���+ 5�)\

L(x)

(∫ b

a

(
G(x, ξ) −G1(x, ξ)

)
f(ξ)dξ

)

= L(x)

(∫ b

a

d(x, ξ)f(ξ)dξ

)

= 0.

_°�S¢t"�ÄF�C¢��)���5�C�� +�C� �2�)ª����Ì�C�S�C¥� ��)\
d
 5�\�v�x�C���l�5�n�s�������\^�C¢��C�5���S��¢sÄ��l¢s©x�C�m���'�C�\�)�����sª����V¦o�s���

���l�C®i¬���s�����¶���\¢´ +�\���2«)�x¢��l¤��C¥5���r©xÂ)�5�5���4���S¢� +���¶���\^�C¢��C�)�s�S�x�\�)§F�C¢s�l���)¢
L(x)

¤5�n����¢� 5�)�
b;�n���C�x¢��l�q���S���5�C�b¤5�� !ÄF�C©x�)£ £��C�¹¦�"5¢ c7�C +���

f

0 =

∫ b

a

(
L(x)d

)
(x, ξ)f(ξ)dξ,



�T�
�
��iMg7aqO2�-plR5�qWKQB�XRqO�R �������:�

���x����¤5¢�£�Âx�)�\�kª��¹�k�7��¥5�v���5�!¦�"5¢ c7�� +�C�
ξ
�'������ (

L(x)d
)
(x, ξ) = 0

�k�7��®

� Ä^��¢´ +�S���'�µ�C¢����x�m�s���5���´�l¢��'�����S�S¤5�5� G = G1 + d,
�Ì�)ÄF�C�

d
 5�\�u�S� �5®5�)�����x�5�n���C��gN�\�)���+�

�sª����V¦o�s���!���V��¥+¦B�x�S�l�% 5�x�5��¥� 5�P\µ�l¤�ª��
G
�����SÄ��'�2 +�\��]v�� +�\���x¤5�5�)���!«x�)�¶�x®���¢�¦�"5�\�\�C®

�

b;����ÄF���'�)�� +�C¢������xÄF�C�Á���S¢%�l�k�

�-DI�/s^=Rw7y:?tsÆ<bH�I� � B Q�W9w�OPjN�xpxRF·�g7a�MCWi���VR�MCWKj�plQoOPjCW;O�R��T�
�
��iMg7aqO�Rr��pxR5�qWKQB�XR G1,
plRF¾

`5UlaF·VR+[nQm[5O�R4��elM�pxR+[+OPR
u1, u2

~X�XR
Lu = 0

plR�w�U�OPf\QBOVUlQm[5O�R²MCWZOXWEQm[5O�R¶�-plR5�qWKQB�XRqO�R
η1, η2aF`5W�NO�w�O �T�
�
��iMg7aqO2�-plR5�qWKQB�XR wxQBO T2OPMCW�`lfEW

G(x, ξ) = G1(x, ξ) + u1(x)η1(ξ) + u2(x)η2(ξ).

�������5�S��¢s���)ª��´Ä^���n +��¢��´�C�'�s�x�m�s¤5�5�%�C�\�5�C¢ �T�
�
��i��ª��������5¤��5©n���S�x�u«x�)¢��F�l�� +�C�5��� ��¢��C�\¢��l¤5£
©xÂ)�5�5�C�¹���S¢v��¤+�s���C��¥+¤5£ ���x�n�l¢N����ª���`%�l�F +ÄF�� +�S�5�x¤5���x���Á��¤!ÄF�C¢M"Fª�©����kª��)�s�\�)����®�i^¤5�Y^xª����'�

�N= � � r4<bH�I� � ±�QSRiw

Ra(y) = αy(a) + α′y′(a)

Rb(y) = βy(b) + β′y′(b)

wxQBO%M�g7a^�VR!�+U+O�RÆU�OVWKjP`�g7aqWZOVWZOPR �2`VR�w��½�O�jP`+W;�XjO�R4plRiw�QkM�W�y;�lj2O�QSR^OB�T�
�
��iM�g7a^O2��plR��^WEQo�VR
G
y;�lj/NO�w+OPM

ξ

Ra

(
G`(·, ξ)

)
= 0

plRiw
Rb

(
Gr(·, ξ)

)
= 0,

MP� OPj�y;�xf\f�W

y(x) :=

∫ b

a

G(x, ξ)f(ξ)dξ

wxQBO�a^�X{¹�X[+O�RqO�R ��`VRiwFU+O�w)Q\R+[^plR+[5O�R

Ra(y) = Rb(y) = 0.

� =�v�=n@ uxÉ gN���k�'�

y(a) =

∫ b

a

G(a, ξ)f(ξ)dξ =

∫ b

a

G`(a, ξ)f(ξ)dξ,

y′(a) =
d

dx

∫ b

a

G(x, ξ)f(ξ)dξ
∣
∣
x=a

=

∫ b

a

Gx(x, ξ)f(ξ)dξ
∣
∣
x=a

=

∫ b

a

G`
x(a, ξ)f(ξ)dξ.

�´�l£��m�%�k�'�

Ra(y) = αy(a) + α′y′(a) =

∫ b

a

Ra

(

G`(·, ξ)
)

f(ξ)dξ = 0

¤5�� b�x���l�S�x�

Rb(y) = βy(b) + β′y′(b) =

∫ b

a

Rb

(

Gr(·, ξ)
)

f(ξ)dξ = 0.

�

���\���'�´¡z�x¢��l¤��s������C¤5�5�F¥x 5�)\
G
 +�S�A`%�x�� +Ä^�C +�S�5�)¤5�5�x�C�¹�C¢'¦�"5�S�S�x¥n©xÂx���5���r���S¢v�n¤�� "5ÄF�C¢� +�\�
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� r+A�� y�?/� � = �x=�@$)*��?y:?tsÈ<4H�I�� �0|7MCWvwxQBO�a^�X{¹��[5O�R^O �2`lRiw�d9O�j�W�`+pxyk[�`5U+O
Ly = 0, Ra(y) = Rb(y) = 0

O�QSRiw�OVp5WKQ\[rfBeVM�Ux`VjCY5M���QkM�WvwxQBO�Q\R�a^�X{¹��[5O�R^O��2`lRiw�d9O�j�W�`5plyk[�`�U�O

Ly = f,Ra(y) = Rb(y) = 0
MCWZOXW�MvOPQ\Riw+OXp5WEQm[�fBeVM�Ux`Vj2plRiw OPMvO �+QSMCWKQBO�j�W:O�QSR^O�SBO�QSRiw�OVp5WKQ\[ÁU+OPMCWKQS{ {ÁWZO?UA�T�
�
��iM�g7a^Ov��plR��+¾
WKQB�XR

G,
w)QoO�wxQBO´��elM�plR5[�fSQBO�yEO�j�W�] B QEWzQSa5j%QkM�W�wn`lR5R!�xp [+O�[+OVU+O�RqO�{ f

wxQoO´�-plR5�qWKQB�XR

y(x) =

∫ b

a

G(x, ξ)f(ξ)dξ
w)QoO´��eVMCplR+[��xp

Ly = f,Ra(y) = Rb(y) = 0.

�²QSj�R^OPR5R^OPRÅwxQBOPMPO$�T�
�
��iM�g7a^Oµ�-plR5�qWKQB�XR0wxQoO4�<�T�
�
��iMg7aqO���plR��^WEQo�VR¸�)p
L
pxRiw¸w�OPR

�2`lRiw��½�O�jP`+W;�XjO�R
Ra, Rb.
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� =�v�=n@ uxÉW 4�\�� 5��¢��sª��5�)�È£ �C�5¢�¦K�xª��»Ä^����¤+�s����� �T�
�
��i�sª��5�C� �5¤5��©)�s�\�)�

G1
�'�������C�È���\¢

���)ª������x�S�x��¢s¤5�5����� ® �����x�

G(x, ξ) = G1(x, ξ) + u1(x)η1(ξ) + u2(x)η2(ξ).
���\�k�5�)¢s +�C¢�¤��5��¥� 5�)\

G
 +�S�[`%�x�� +Ä^�C +�S�5�x¤��5�x�C�¸��¢�¦�"5�S�\�ÁÄF�� +��¤5�����¥9 5�)\²¦�"5¢µ�l�S�\��_ ��¢����

«x�)�
ξ, a ≤ ξ ≤ b

�)���\���

0
!
= Ra

(
G`(·, ξ)

)
= Ra

(
G`

1(·, ξ)
)

+ η1(ξ)Ra(u1) + η2(ξ)Ra(u2)

¤5�� 

0
!
= Rb

(
Gr(·, ξ)

)
= Rb

(
Gr

1(·, ξ)
)

+ η1(ξ)Rb(u1) + η2(ξ)Rb(u2).
���\�����k�7���C�\�¸�´�S���kª���¤5�5�)�s��¨��'���C£ ¦�"5¢� 5�\�

η1(ξ), η2(ξ)
£ �\�� +�C¢����)ª���¡z�)¢s�x¤�������s��¤5���!�S�+�

«x�C¢'�s�\�C¢�ÄF�l¢s���Á¬�¨+�'���C£ £µ�l��¢s� 


R(u1, u2) =

(
Ra(u1) Ra(u2)
Rb(u1) Rb(u2)

)

,

�v�x¢��l¤���£µ�x�4£ �\�´À-��£�£µ�r��� ® � �r +�S�Jg 
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Ä^��©x�)£�£��C®5���S� g9�\�F +��¤+�s�\�)©x�C�m�����x¤����s�l�)�´�����"�ÄF�C¢��n�l�5�)����®

�

_ ^l���\�C� ���S¢���¤5�Æ�S�Æ 5��¢��CÄF�C� Ä^�C�sª��5¢s�\�CÄF�C�5���»¬��\��¤F�V���S�x�È +�S�rÀ�Ân�'¤��5�x�C�
u1, u2
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���\�}c7�����S�5�J`%�x�� +Ä^�C +�S�5�)¤5�5�r�C¢'¦�"5�S�S����¥q�'�µ�C¢��)�\Ä5���'�kª��4���S�5���C�\�5¦K�xª��5���´�l¢��'�����S�S¤5�5�µ¦�"5¢´ +�S�
��¤��x����Âx¢s�\�)�J�T�
�
��i�sª��5� �5¤5�5©n�s�\�)��®

� r+A��4<4H�I� � _2QBO�a^�X{¹�X[+O�RqO��2`lRiw�d9O�j�W�`5plyk[�`�U�O

Ly = 0, Ra(y) = Rb(y) = 0
MPO�Q:O�QSRiw�OVp5WKQ\[rfBeVM�Ux`VjCY+yEO�jsR^O�j%MPO�QBO�R

u1, u2
R5QEg7a^W�WKjsQE~XQo`VfBO%��eVMCplR+[5O�R ~X�XR

Ly = 0
{ Q�W

Ra(u1) = 0,
plRiw

Rb(u2) = 0.
_�`VR5R4M�Q\Riw

u1, u2
fSQ\R^O�`Vj�plRF`�UVaF·lR+[)Q\[�Y

N(x) :=
 +�� ∣∣
∣
∣

u1(x) u2(x)
u′1(x) u′2(x)

∣
∣
∣
∣
6= 0

plRiw

G(x, ξ) :=







G`(x, ξ) :=
u1(x)u2(ξ)
a2(ξ)N(ξ)

x ≤ ξ

Gr(x, ξ) :=
u1(ξ)u2(x)
a2(ξ)N(ξ)

ξ ≤ x

QkM�W�wxQBO �T�
�
���Mg7a^O��-plR5�qWKQB�XRb�xp
L,Ra, Rb.
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� =�v�=n@ uxÉ _ ^l¢s���� +�\�Ì�5�kª��)����¢s�\«��k�l�S����À-Â)��¤5�5�x�C�
u1, u2

�lÄ���^l�5�)�\�F¥����%� ^x¢��N£ �\�:�C�\����¢�d��x�5�
�'�s�l�n�s���

c 6= 0
 5�l���

u1(x) = c · u2(x)
¤5�� 

u1
�}"�¢s +�� 5�x�5�¹�l¤Fª��r�5�+ª��¹ +�S��`2�l�� +Ä^�C 5�\�+�

�x¤��5��ÄF�C�
b
�C¢'¦�"��\�S����¥�� ^x¢����l�k�'�µ +�+ª��b +�S����¢s�\«��k�l�S�´À-Â)��¤5�5��®
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G
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�
��^�

�sª��5� �5¤5�5©n�s�\�)�!�k�'�C®

� #K��%
G`
¤5�F 

Gr
�'�S��  c7���v���S�k�����v���S£��x���7�s��s�\�µ +�\^�C¢��C�5���S��¢sÄ��x¢C®

� #BÄY%W�t"5¢
x 6= ξ

�k�7�
uξ(x) := G(x, ξ)

À�Â)��¤5�5� «x�)�
Lu = 0.

� #Kªx%
∂xG

r(x, ξ)

∣
∣
∣
∣
x=ξ

− ∂xG
`(x, ξ)

∣
∣
∣
∣
x=ξ

=
u′2(x)u1(x) − u′1(x)u2(x)

a2(x)N(x)
= 1
a2(x)

.

�2�)ª��b¬5�V������� ® � �5¥ ���S�'�2 5�l£��\�
G
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�
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���\�u¡z�)¢s�x¤�������s��¤5���
Ra(u1) = 0, Rb(u2) = 0

���Sª��5�C¢��-¥5 5�)\�£µ�l�b�l¤+¦
G
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�l���v���� 5���!©X�x�5��¥+���x���x�\�S�C��Ä^���v���k�7��®
�

� =n@ u 	�@K=��9<4H�I��J

Ly := y′′, [a, b] := [0, π], Ra(y) := y(0), Rb(y) := y(π).

�´�x���S�4¬5�V������� ® � � ÄF�C�5Âl�s�\�x��� �5¤��� 5�l£��C�)���l�k�'¨+�'���C£ �k�7�

u1(x) = x, u2(x) = x− π.

�´�l£��m�%�k�'�

N(x) =
 5�� ∣∣
∣
∣

x x− π
1 1

∣
∣
∣
∣
= x− (x− π) = π,

¦B��¢s�5�C¢��S�'�
a2(x) = 1

¤5�F !���x£��\�

G(x, ξ) =

{

G`(x, ξ) = x(ξ−π)
π

x ≤ ξ

Gr(x, ξ) = ξ(x−π)
π

x ≥ ξ

�t"5¢
f(x) =

���S�
x
��¢s���l�\���C�Á���S¢% 5�l���!�x�S��À-Â)��¤5�5�

y
��¤

Ly = f, Ra(y) = Rb(y) = 0 :

πy(x) = π

∫ π

0

G(x, ξ)
�'�S�

ξdξ

= π

∫ x

0

Gr(x, ξ)
���\�

ξdξ + π

∫ π

x

G`(x, ξ)
�'�S�

ξdξ

=

∫ x

0

(x − π)ξ
���S�

ξdξ +

∫ π

x

x(ξ − π)
���S�

ξdξ

= (x− π)

∫ x

0

ξ
���\�

ξdξ + x

[ ∫ π

x

ξ
�'�S�

ξdξ − π

∫ π

x

�'�S�
ξdξ

]

= x

∫ π

0

ξ
�'�S�

ξdξ − π

∫ x

0

ξ
���\�

ξdξ − πx

∫ π

x

���\�
ξdξ

_��C�x��� ∫ t
ξ
���\�

ξdξ = −t ª��)� t+ ���S� t �S�'�%�l�k�'�

πy(x) = x
[
− t
ª��)�

t+
�'�S�

t
]∣
∣
π

0
− π

[
− t
ª�)�

t+
���\�

t
]∣
∣
x

0
+ πx

ª��)�
t
∣
∣
π

x

= xπ − π(−x ª��)� x+
���\�

x) + πx(−1 − ª��)� x)
= −π �'�S� x.

���\�u�)�C��¤�ª��n����À�Â)��¤5�5���k�7�2���x£��\�

y(x) = − �'�S� x.
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G(x, ξ) = G(ξ, x).
���\���2�)�\�\�

��¤5�!¦�"5¢ c7�C 5���4�'�C�\ÄF�7���x +¤5���x�S��¢������b���mq��¢s���n���k�l�S�x§^��¢��V�s�x¢
L :

� r+A��4<4H�I�^¯0|7M�Wqw�OPj-_�Q\h�O�jO�RqWKQo`VfB�½�O�jP`+W;�Xj
L
yE�Xjs{r`VfxMPO�fZUlMCW�`+w N�plR+[nQoOPjCW'YCM��NQkM�W�wxQoOL���
�
���¾

M�g7a^O���plR5�qWEQo�VR
G
�xp

L
pxRiw�w+O�R �2`VRiw+�½�O�jP`+WZ�VjPOPR

Ra, Rb

M7³+{�{¹OXWEj�QkM�g7aiYzwF] a-]qy;�lj�`VfSfBO
x, ξ

[nQ\f�W
G(x, ξ) = G(ξ, x).

� =�v�=n@ uxÉ �2�)ª��Ë¬+�l���¶��� ® � �»�)�\�\�¹¦�"5¢b�����SÄ��7���x Gc7¤��5�x�S��¢���� Ç�§^��¢��V�s�x¢s���
L
¤5�F 0�l�S�S�¶ +�S�

`%�x�� +Ä^�C +�S�5�x¤��5�x�C�Á�C¢'¦�"5�S�S���� +�C�
C2 ���5¤5��©)�s�\�)�5��� u, v :

〈Lu, v〉 = 〈u, Lv〉.
�t"5¢�Ä^���S�\�CÄ5�\�)���7�s��s�\�)�a��¤5�5©n���S�x�����

f, g
��¢�¦�"5�S�\�C�4 +�\����¤5�5©n���S�x�����

u(x) :=

∫ b

a

G(x, ξ)f(ξ)dξ

¤5�� 

v(x) :=

∫ b

a

G(x, ξ)g(ξ)dξ

Ä^���k +�� +�S��`%�l�� 5ÄF�� +�\���x¤5�5�)����®5�´�l£��\�%�S�'�C¥F 5�Ac'�
Lu = f, Lv = g :

〈Lu, v〉 =

∫ b

a

f(x)v(x)dx =

∫ b

a

∫ b

a

G(x, ξ)f(x)g(ξ)dξdx

〈u, Lv〉 =

∫ b

a

u(ξ)g(ξ)dξ =

∫ b

a

∫ b

a

G(ξ, x)f(x)g(ξ)dξdx

�´��ÄF�C�S +� "�ÄF�C¢��C�\���'���S£�£����b�S�'�%�'�)£��m��¦�"5¢%�x�\�S���'����s�\�)���
f
¤5�F 

g

∫ b

a

∫ b

a

[
G(x, ξ) −G(ξ, x)

]
f(x)g(ξ)dξdx = 0,

�v�x¢��l¤������l¦B�x¢��v¦�"5¢2�l�S�S�
x
¤��� 

ξ

G(x, ξ) = G(ξ, x)
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