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/(021436587:9<;�=?>A@CB�DE9:>F>A@CGIH�=J5"K+=J@�BL=JG�@M9<58@MGONQPSR�0I@

R2, R3 K+@M5UTV;,9<B?>A@CGVW<@M76>A3<5A@CGYXE@C>85�9<Z�D[>8@C>
R�G,K\K�9S]MR^�_9S>85A=L]M@CG`@M=LG�a6@�bdc�D,5F>fe[K+=J@gBL=JG�@M9<58@ghQX�X,=LBiK+R�G�a6@CG\=LG^K�=L@fjF@MG\NQP<R�0I@CG`Xk@MjAZ�D�5A@C=L�
Xk@CG�l�mn=J5QH�3<BJBL@MGoK�=L@fjpG[R,GoW6@C5�9SBJBLa6@C0I@C=JG�@M58G�l
q
c�5�K�9<jgmr@C=L>8@M58@Oj8@C=

K = R
3+K+@C5

K = C,
9SBij83oK+@M5�s#t658;k@C5gK+@C5�5A@C@MBLBJ@CGvuw9SD�BJ@CGx3+K+@C5

K+@M5gsyt<5A;E@M5yK+@M5y763<0I;�BJ@�z+@CG{uw9SD�BJ@CG$e
n, m, `

j8@C=J@CG|G,9:>Ac�58BJ=iZ�D�@Iuw9<D�BJ@CG_R�GEK
Kn, Km, ...j8@C=J@CG�K+=L@

K
�}14@M76>A3<5A5AP<R�0I@y9<R,jpK+@CG~9SBij�TV;,9<B?>A@CGoa<@MjAZ�D�5A=L@MXE@MG�@CG

n
�Ae+X,]CH�l

m
��>AR�;E@MBLG�W63<G

��BJ@C0I@CG[>A@CG~9SR,j
K

l��y9<G�@CXk@CG�Xk@�>A5A96Z�D6>A@CGoH�=L5Qj83<a6@CG,9<G�G[>8@
n × m

���_9S>85A=L]M@CG
A

c�XE@M5
K �

A := (αij)n,m :=











α11 α12 . . . α1m

α21 α22 . . . α2mlll lll lll
αn1 αn2 . . . αnm











0I=?>
αij ∈ K (i = 1, ..., n, j = 1, ..., m).

�#@M58@MG��g@MjA9S0�>8D�@M=?>
XE@M]C@C=iZ�D�G�@MG�H�=J5�0I=L>
Kn×m.

�o�6���
�d�M���E���
�����$�+�f�o�����n���S�� |¡+¢��8£J¤¦¥¨§
A = (aij)n,m © B = (βij)n,m ª §.«O¬V­S¡:®¯¡:��¥

γ ∈ K
¥¨�8­V®¯°:��¥�§x±4£L��­+²¦³�´
²:§k¥�§w¢(¥�§w±4¥¨£Jµ¨¥�« ª �M¶ ·

A + B := (αij + βij)n,m,

γ · A := (γ · αij)n,m

¥�£J§k¥U¸g«�«<£}¢�£d²¦§�¹:²¦§� x¡+¢��A£J¤¦¥�§ ª §.«�¥¨£L§k¥U  ª ®�¢�£ ´w®J£J­:¡�¢�£d²¦§�¹¦²:§Y x¡+¢��A£J¤¦¥�§�³I£�¢$¬V­S¡S®i¡S�¨¥¨§$º: ~£}¢
«<£d¥¨µ¨¥�§¼»4´�¥��¨¡+¢�£¯²:§k¥�§ ª §�«_«V¥��	½ ª ®L®J³`¡+¢��A£L¾

0 ¿ ¡:®J®d¥ αij = 0 À ¡S®Jµ#§k¥ ª ¢���¡S®¯¥¨³ÂÁ�®¯¥¨³^¥�§w¢"£iµC¢
Kn×m ¥�£J§

K Ã�Ä ¥�­w¢�²:�8�¨¡ ª ³�º
mn=J@O=LGvK+@MG{jAZ�D�36GxXk@�>A5A96Z�D6>A@�>A@CG{q
P<BLBJ@CG{76t<G�G�@MGxH�=J5�@M=LG�@^Åy;k@C5�9:>A=L36Gr�_9S>85A=?z

×
TV;,9<B?�

>8@MGVW<@C7[>A3<5p@C=JG+bdc�D�5A@CG$l
�o�6���
�d�M���E���Æ�¯ÇnÈ µM¢

A ∈ Kn×m, x ∈ Km © µ¨²�£JµM¢

Ax :=







α11 . . . α1mººº ººº
αn1 . . . αnm

















ξ1

ξ2ººº
ξm











:=







∑m
j=1 α1jξjººº

∑m
j=1 αnjξj






∈ Kn

ÉQ¥�¡+¶ ·k¢(¥�§�¬V£d¥:Ê�Ë	¡Sµ$Ì���²+« ª ­w¢, |¡+¢��8£L¾
×

¬S´�¡S®�¢(¥�§w¹¦¥¨­w¢�²¦�.£iµM¢�§ ª �
¥��A­V®i°S�M¢ © ±4¥¨§�§I«<£d¥4Í.¡:·�®�«V¥��
¬S´�¡S®�¢(¥�§r¹¦²:§

A Î Í.¡:·,®�«+¥���Ï	²:³�´
²:§k¥�§w¢�¥¨§|¹:²¦§
x
º+Ëg¡<µpÁ��FÐ�¥:Ñ:§,£Jµ�£iµC¢�¥�£J§�¬<´�¡:®}¢�¥¨§k¹:¥�­w¢�²:�

³I£�¢�µ¨²6¹¦£¯¥¨®�Ï	²:³�´
²:§k¥�§w¢�¥¨§ © ±4£¯¥
A

Í$¥�£J®¯¥¨§\·E¡�¢8º
�$�+�M�~�
���n�o�[�
�
�d�f���k�¼���JÒÔÓ[¥¦«V¥

n × m Ã  |¡�¢��A£?¾
A

¹:¥��A³I£�¢8¢�¥�®}¢U¥�£J§k¥y¸�Ñ,Ñ:£L®�« ª §�Ð
fA : Km → Kn : x 7→ fA(x) := Ax.

���S�Qµ8£¯¥#Ð[£L®}¢
fA(γx + γ′x′) = γfA(x) + γ′fA(x′). |¡S§oµ�¡¦Ðk¢8Ê

fA
£JµM¢�ÕU®J£L§k¥C¡:�fÖp²�«V¥¨�y¥�£J§xÕ¯×g²:³^²¦³^²¦�(´w·�£iµF³ ª µMÖ}º�y@C5�Ø��[Ù��V��Ú�=ij >	@C=JGxj8=L0I;�BJ@MjgÛ#96Z�D�5A@MZ�D�G�@MG_0I=?>8>8@MBJj	K+@M5g�_9S>85A=?z+0�R�B?>A=L;,BL=J7:9:>8=J3<G|R�G,K|j8@C=

9SBij�ÜQX,R�G�aOa<@MBJ96j8j8@CG$l
mn=J5�H�@C5�K+@MG`jF;,PS>8@M5�j8@CD�@MG�e+K�9SÝ�=LG\@C=JG�@C0ÆG�3+Z�D`]MR^;�5�PS]M=Jj8=J@C5A@CG,K+@MG^TV=JG�G�e+jF3#Þ @MK+@gBJ=LG�@f9S5A@
hQX,X�=LBiK+R�G,aO]CH�=ij8Z�D�@MG\@MG,K+BJ=JZ�DEK+=L0I@MG,jF=J3<GE9SBJ@CG�NQPSR�0I@MG�K,9S5Aa<@MjF>8@MBLBL>pHU@M5AK+@MG\7:9<G�G�l
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��@C]M@C=iZ�D�G�@CGIH�=J5�K+=J@#9SBij�TV;,9<B?>A@CGIW<36G
A

9<R+b¯>85A@�>A@CG,K�@CG`TV;,9<B?>A@CGVW<@M76>A3<5A@CG
∈ Kn K�@C5"N�@M=LD,@

G,96Z�Dv0Y=L>
a.1, ..., a.m,

jF3_@M58DEPSBL>�0O9SG 9<R,j�K+@M5Y�y@��EG�=?>A=L36G j83Sbd3<58>�bdc�5IK+=J@^7:9SG,3<G�=ij8Z�D,@CG
��=JG�D�@M=?>�jFW6@C7[>83658@MG

ej ∈ Km :

a.j = Aej = fA(ej) (i = 1, ..., m)K.l D�l
�������
���������� "!#�$ %�&�����(')�$�*�+��,-�+��,/.0�$ 21��3�$�4!#56�#76��86,9�3 �:

R�G,KoD�=J@C5�9SREj�bdc�5

x =







ξ1lll
ξm






=

m
∑

j=1

ξjej :

fA(x) = Ax = A(
m

∑

j=1

ξjej) =
m

∑

j=1

ξjAej =
m

∑

j=1

ξja.j .

q
c�5"�_9S>85A=L]M@CG
A, B

e<H�3<Xk@C=�K�=L@ �
���������� <;=�>12�?5@8� 
A = A ���$�B�� <;=�>12�C5@8� B

=ij >fe<76t<G�G�@MG�H�=J5
@C=JGED�5A3VK�R�7[>Q@C5A7[BiPS5A@CG$l
�o�6���
�d�M���E���Æ�BFÔÍ ª A = (aij)n,m ∈ Kn×m, B = (βjk)m,` ∈ Km×` µ�¥¨£

AB ∈ Kn×`¥��A­V®i°S�M¢U« ª �M¶ ·
AB = (

m
∑

j=1

αijβjk)n,`

ÉQ¥�¡+¶ ·k¢(¥�§~¬V£d¥:Ê����S�
A ∈ Kn×m, B ∈ Kr×` £iµC¢p«V¡Sµ�Ì���²�« ª ­w¢

AB
Ð�¥�§E¡ ª «[¡S§�§r«V¥#G,§�£¯¥¨�M¢

±�¥�§�§
m = r ª §.«x®L£d¥#H�¥¨�M¢�«V¡:§�§¼¥¨£L§k¥

n × ` Ã  |¡+¢��8£L¾�º�Ë�¥���¥�§vÁ�®d¥�³^¥�§w¢y£L§ Í$¥�£J®¯¥
i ª §.«

¬S´�¡S®�¢(¥
k

¥¨�FÐ[£}Ñ�¢�µ8£�¶ ·�¡ ª µ#Í�¥�£J®d¥
i

¹¦²¦§
A ª §.«^¬S´$¡:®}¢�¥

k
¹:²¦§

B
º

hQREj"K+@M5"�#@3�,G�=L>8=J3<G`BJ=J@MjF>"0O9SGO9SR,Z�DIR�G,0Y=L>F>A@CBJX,9S5�K+=J@�bdc�5�T+;E@M]C=i9SBLb�PSBJBL@#jAZ�D�36GYXk@CDE9SR�;+>A@�>A@
q�36580I@MB

k
�}>8@�TV;,9<B?>A@�W<36G

(A · B) = A · (k
��>A@�T+;,9SBL>8@�W63<G

B I9SX$l
/ K+@MG6>A=J�E]C=J@C58>"0O9SG`TV;,9<B?>A@CGVW<@M76>A3<5A@CG

∈ Km 0I=L>U�_9:>A58=J]C@MG�e<K+=J@QGVR�5�@M=LG,@yTV;,9<B?>A@QXE@fjF=L>8]M@CG�e
K.l D�l

∈ Km×1,
jF3�a6@CD[>"=JG`K+=L@fjF@M0Æq,9SBJBJ@

(` = 1)
�y@��EG�=?>A=L36G^�vl K�=JG`�#@3�,G�=L>8=J3<G^�vlL�	c�Xk@C5fl

��@C=.K+@M5p�_R�B?>A=L;,BL=J7:9:>8=J3<G\W<360��_9:>A58=J]C@MG`a<=JX+>p@MjpjF36a,l6MFÛ#R�BJB?>A@C=JBL@M5NMCe+K.l D$lVK,9<jOD�5A3VK�R�7[>�W63<G
]CH�@C=V�_9S>85A=L]M@CG�7:9SG,G�K+=J@�Û#R�BJBL0O9:>A58=Lz�@C5Aa<@MXE@MG�ef3<XVHU36D�B<76@C=JG�@C5�K+@M5�qE9S7[>83658@MG�jF@MBLXEj >4j8Z�D,3<G
K+=J@�ÛQR�BJBJ0I9S>85A=?z\=JjF>Ml,q,@C5AG�@C5�=ijF>�K�=L@��~R,B?>A=L;�BJ=J7¦9S>8=J3<G�G�=iZ�D[>Q7<3<0I0�R+>A9S>8=JWke+K.l D�l�=J0 9<BLBJa,l+=ijF>
AB 6= BA

l
��=JGP�U@M=Jj8;�=J@CB�=ijF>p@C> H�9

(

1 −1
−1 1

) (

1 2
1 2

)

=

(

0 0
0 0

)

(

1 2
1 2

) (

1 −1
−1 1

)

=

(

−1 1
−1 1

)

�y=L@_Åy;E@M5A9S>8=J3<G � �_9:>A58=Lz
×

14@C7[>8365�763<G�G[>8@MG�H�=J5Y9<BJj�BL=JG�@M9<58@ohQX�X,=LBiK+R�G�a{K+@CR�>8@CG$l�m{9<j
Xk@MK+@MR+>8@C>yK�9<j0D"583+K+R�7[>�W<36Go�|9:>85A=J]C@CGCQ
�$�+�M�~�Æ�$R�¬E¥�£d¥�§

A ∈ Kn×m, B ∈ Km×`  |¡+¢��8£J¤¦¥¨§ © fA : Km → Kn © fB : K` → Km«<£d¥g¤ ª Ð+¥�·%S¦�A£?Ð�¥�§^®J£J§k¥�¡S�¨¥¨§�¸�Ñ�Ñ:£J®�« ª §+Ð+¥¨§$º,Ë	¡:§,§~£JµM¢
AB ∈ Kn×` © fAB : K` → Kn ª §.«

¥¨µ�Ð[£L®}¢8Ê
fAB = fA ◦ fB«Eº ·$º+«V¡Sµ� |¡�¢��A£?¾<´w��²�« ª ­w¢�Ñ+¥¨µC¶ ·��¨¥¨£}Ñ�¢�«[¡Sµ�×#£L§w¢(¥���¥�£J§E¡:§.«+¥��¨¡ ª µ9H(�S·���¥�§\«V¥��U¤ ª «V¥¨§` |¡+¢��8£L¾ Ã�E¡S­w¢�²¦��¥�§\Ð+¥¨·CS¦��¥�§�«V¥�§o¸�Ñ�Ñ:£J®�« ª §+Ð�¥�§$º



»4´�¥��¨¡+¢�£d²¦§w¥�§^³I£}¢" |¡�¢��A£L¤:¥�§ �����

ØY�6Ù��[��Ú � TV@M=L@MG
b.1, ..., b.1

K+=L@	TV;,9<B?>A@CG`W63<G
B

e
x =

∑`
k=1 ξkek ∈ K` XE@MBL=J@CX,=La�a<@CHpPSD,B?>fl

�g9SG�G�D,9<XE@MG\H�=J5
(fA ◦ fB)(x) = fA(fB(x)) = fA(Bx) = fA(

∑

ξkb.k) =
∑

ξkAb.k

=
∑

ξk(AB)ek = (AB)x = fAB(x).

�_9<G\Xk@M96Z�D6>A@<e�K�9<Ý
Ab.k

K+=L@
k
�}>8@�T+;,9SBL>8@	W<36G

AB
=JjF>Ml

��y=L@fjF@M5#T+9:>A]�BL=J@�bd@M5F>�R�G,j#9SR,Z�D�e�K,9SÝOK+=J@	�_R�B?>A=L;,BL=J7:9:>8=J3<G~W63<Go�_9:>A58=J]C@MGo96j8j83+Z�=i9:>8=JWO=ij > �
�$�+�M�~�Æ��� ¬E¥�£

A ∈ Kn×m © B ∈ Km×` © C ∈ K`×r º�Ë	¡:§�§�µ8£L§�«r«6£¯¥�Ì���²�« ª ­w¢�¥
AB ©

(AB)C © BC © A(BC)
«V¥ G�§�£d¥��f¢ ª §.«\¥¨µ�Ð[£L®}¢

(AB)C Î A(BC)
º

ØY�6Ù��[��Ú � ukR�5U14@C5A@C=JG+b�9<Z�DVR�G,a	K�@C5�T�Z�D�58@M=LXVH�@C=ijF@�j8@C=,K�=L@
k
��>A@yTV;,9<B?>A@Q@C=JG�@C5"�|9:>85A=Lz

G
0I=?>

G.k
Xk@C]M@C=iZ�D�G�@C>Ml,�g9SG�GoD,9<XE@MGoH�=J5 �

((AB)C).k = (AB)(C.k)
M.5
= A(BC.k) = A(BC).k = (A(BC)).k

�T+Z�D�36G_=J0 1436587:9<;�=?>A@CB
D,9:>8>8@MG_H�=L5	K+R�5�Z�D|h#R,j >�9SR,jAZ�D�@MG~W<3<G{uk@C=JBL@MG_R�G,KxTV;,9SBL>8@MGxK+=J@�]MR
@C=JG�@M5�a<@Ca6@CXk@CG�@MGo�|9:>85A=Lz

A
>85�9SG,j8;k3<G�=J@C58>8@	�_9:>A58=Lz

AT @C5A7[BiPS58>Ml
�o�6���
�d�M���E���Æ���nÈ µM¢

A = (αij)n,m ∈ Kn×m,µ¨²�·w¥�£��,¢
AT = (αT

ij)m,n ∈ Km×n ³I£�¢
αT

ij := αji, ¿ H(�S�y¡S®L®d¥
i, j À ©«<£d¥�Õ}¢���¡S§,µ�´
²:§�£¯¥¨�M¢(¥¦Ö� |¡�¢��A£?¾�º

���S�Y­V²¦³�´w®d¥A¾E¥I x¡+¢��A£J¤¦¥�§v£iµM¢	¥¨µYµ8£L§�§w¹:²¦®J®�§k²�¶ ·�¤ ª µA°�¢�¤C®J£�¶ · ÑV¥¨£	��¥¦«V¥�³ Á�®d¥�³^¥¨§k¢
α

¤ ª ³­V²:§
� ª Ð[£¯¥¨�M¢
­V²:³�´.®¯¥�¾,¥¨§
α

�,ÑV¥¨�8¤ ª Ð+¥¨·k¥�§�º+Ë#£d¥¨µ�®J£d¥#H�¥��f¢
A∗ = (α∗

ij)m,n ∈ Km×n ³I£}¢
α∗

ij := αji, ¿ H(�<�y¡:®J®¯¥
i, j À ,

«<£d¥�Õ¯¡+«�� ª §+Ð[£¯¥¨�M¢(¥¦Ö" x¡+¢��A£L¾.º
�y=L@�>8=J@�bd@C5A@ ��@MK�@CR+>AR�G�a^K+=J@Mj8@C5�Åy;E@M5A9S>8=J3<G�@MG�HU@M5AK+@MG~H�=L5y@C5�j >gjF;,PS>8@M5#jF@MD�@CG$l
�Q=J@C5gjF@M=L@MG
G�3+Z�Do@C=JG�=La6@�N�@MZ�D�@MG�5A@Ca<@MBLGoG�3<>8=J@C58>Ml
�$�+�M�~�Æ�������S�#¤ ª µ�¡:³I³^¥�§6´$¡SµAµ�¥¨§.«V¥# |¡+¢��8£J¤¦¥¨§\£iµC¢

(A · B)T = BT · AT , (A · B)∗ = B∗ · A∗ � ¥�£J·k¥¨§�H�²¦®LÐ+¥������

���S�#¬S´�¡S®�¢(¥�§w¹¦¥¨­w¢�²¦��¥�§
x, y

®i°��,¢4µ8£�¶ ·x«[¡SµQ¬+­:¡S®i¡S��´.�¨²�« ª ­w¢�«[¡S�AµM¢�¥¨®L®d¥�§�¡:®iµ
〈x, y〉 = xT · y ¿ ��¥C¥�®J® À © Ñ:¤6±Qº

〈x, y〉 = x∗ · y ¿ ­V²:³�´.®¯¥�¾ À ©
 ~£}¢p«V¥�§�­S¡:§w²¦§�£iµ�¶ ·w¥�§^Á"£L§�·w¥�£}¢�µM¹¦¥�­w¢(²¦��¥�§

ei
£iµM¢

A · ej = a.j = j Ã ¢(¥	¬S´�¡:®}¢�¥�¹:²¦§
A, eT

i · A = ai. = i Ã ¢�¥	Í�¥�£J®d¥�¹:²¦§
A.

ØY�6Ù��[��Ú � �"j�=ijF>
(

(AB)T
)

ij
= (AB)ji =

∑

k

αjkβki =
∑

k

βT
ikαT

kj =
(

BT AT
)

ij
.

�y=L@�5A@MjF>8BJ=JZ�D,@CG�hQR,jAj89<a<@MG^Xk@CH�@C=ij >Q0O9SG�9SGE9SBJ3<a,e+j8=L@�j8@C=J@CG�9SBij�ÜQX,R�G�aOa<@MBJ96j8j8@CG$l
�
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	��
�����6�+�$% �
mn=J5OHU36BLBJ@CG¼G[R,G R�G[>8@M5Aj8R,Z�D�@MG�e�H�=L@MHU@M=?>O0O9SG�K+=J@o�|9:>85A=Lz[�(�~R�BL>8=J;�BJ=L7:9S>8=J3<G MFR�0I7<@MD�5A@CG
�
7:9SG�G$e,K.l D�l�H�=J5�R�G[>8@C5�j8R,Z�D�@CG\bd3<BJa<@MG,K+@fj
���:�������
�����#¥AÐ+¥SÑV¥¨§� |¡+¢��8£J¤¦¥¨§

A ∈ Kn×m © B ∈ Kn×k º��p£}Ñ�¢g¥¨µ`«[¡:¤ ª ¥�£J§k¥O |¡�¢��A£?¾
X ∈ Km×k µ�²O«[¡ �
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Â(r) ª §.«

B̂(r) º |¡:§vÑ+¥�¡V¶ ·w¢(¥ © «[¡��Y£J§xÍ�¥¨£L®d¥
r + 1

¹¦²:§
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