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n

&('*),+.-0/*)1'32540687
9;:=<8>@?%AB<�CED�FGAB?IH�JLK5H5MGAB:=NEH5?IH

f : R
m ⊃ Ω → R

n, x 7→ f(x),

O ?I<B?IHP��?%QLH5:RAB:=NEHLSB>T?%<U?%:VD�F
Ω W <UK5H O SBXYABZ%[=:VD�F\?%:=H^]_?%>L:R?%AI`aCY[VS*Nb?%:=H5?�NEcT?IH5?dKLH O ZIKLSBCEef�e ?%H5F@XYH W ?%H O ?f�g?%H W ? O ?hS R

m
SB?%:ji@klS*A O ?%<nmo:=[ O >@?I<B?I:=D�F

R
`TSBNd<U? O ?IH�p�:=<0SBq@?IZ%:=?%[=[�CEKLD�F

r NsH tUuvMwCY[VCY<BxyK5H5MGAU:RNsH5?%Hvz
`{:VSlA�?I< O ?I<
R

n
e :RA

n > 1,
S*N|SBq5<U?ID�F5?IH�p�:=<�CEKLD�F r NEH}t r ?%MGAUNE<B�

p~?%<BAB: W ?%H{z_J5K5HLMsAU:RNsH5?%H1i9;:=<�SBD�FL<B?I:R>T?%H
x = (x1, ..., xm)T , f(x) = (f1(x), ..., fn(x))T

e :�A O ?%Hg��Nse q@NsH5?%HGAB?IH{xyK5H5MGAU:RNsH5?%H
fi(x) := fi(x1, ..., xm).��XEK{Q W :VSlA0?IS8KLH5?%<UF5?%>L[R:VD�F�`LNs>�e CEH x N O ?%< f(x)

CY[VS0�T?%:=[=?�N O ?%<�CE[=S_uvqLCE[�AU? O ?%H5MGAh`@K5H O
O CEH5H W ?%FL?%H!p�:R<8CEKLD�F�[VCw��ef:RA O ?I<8�8NYA�CwAU:RNsH�K5e�ik3e�J@CY[=[R?

m = 2, 3
SUD�F5<U?%:=>@?IHbp�:=<_F@XYK{Q W CYK@D�F f(x, y)

>5Z%p�i
f(x, y, z)

S*AUCYA*A
f(x1, x2)>5ZIp�i

f(x1, x2, x3).

�!�s�����y�I���@�.�������
f : R

m ⊃ Ω → R
n �V�%���Y�!�v����� �3��¡=¡¢� x0 ∈ Ω �E�=£��������5¤I�¢�
�h¥E�Y�%¦5§¨���L��
���
�R� �_©b�{���B�Rª A ∈ R

n×m «G�j¥5�l¦@�
¬5�G�w­

f(x) = f(x0) +A(x − x0) +R(x, x0),

§¨¬{¥{���¯®3°Y���{���g±0�
�I� R «G�R¡j�
[R:=e

x→x0

|R(x, x0)|

|x− x0|
= 0.

©b�Y���T�
�5� ���G�w�L� A �s�¢��²¢³´¥w¡y���j�*µY�5«�¶·¬·� f �Y�b�v�
�0� �3��¡=¡¢� x0 ¸ µY�¯�}�T¬v���¢�
�I���v�w®3°Y���5µ{¹lº

df(x0), f
′(x0)

¬5�v��� Df(x0).

f �V�I�a�R� Ω �E�=£��������5¤I�¢�
�h¥E�Y�%¦�§¨���L�g���8�w��»��h�v�
��� �¼�
¡R¡y� x0 ∈ Ω �E�=£¯�
�
�
�5¤%�y���·¥E�w���V�%�U½
k3e�CE[R[ W ?Ief?I:RHL?%H�J@CY[=[a:=S*A�CY[VS*N O :=? ¾�>5[=?%:RABK5H W CEH�?I:RH5?I<�uGAB?I[R[=? x0

?%:=H5?}��CwAU<B:R�¯` O :R?}SBN W i¿5À�Á Â�Ã@ÄR�3��CwAU<B:R�¯iv9;:R?�e}CYHgSB:R?n>T?%<U?ID�F5HL?�AI`{p~?%< O ?IH�p�:=<�?�Alp�CES�SBqLXwAU?%<�SB?%F5?IH�i
k3eÅJLCE[R[=?�?%:=H5?I<_uvMwCY[VCY<BxyK5H5MGAU:RNsH!:=H�?I:RH5?I<�Æ¨CE<B:VCY>5[=?%H1` O i F�i

m = n = 1
:=S*A O :=?�¾�>5[R?I:�AUK5H W?%:=H5?

1×1
��CYAB<U:��¯` O i F�iG?%:=H5?_�¯CYF5[@K5H O K5HLSB?%<U?��0?�QLHL:�AU:RNsH W ?%FGA�:=H O :=?�JLNE<Ue´K5[=:R?I<BKLH W O ?%<¾8>L[R?I:�AUK5H W HLCsD�F�u{CYABZ�J~i ÇEÈfÉ5>@?I<Iik3eÊJ@CY[=[R?~?%:=H5?%<¨uvMwCE[=CE<*xyK5HLMsAU:RNsH

f : R
m ⊃ Ω → R

:VS*A O :R?�¾8>L[R?I:�AUK5H W ?%:=H5? 1×m
�1��CYAB<U:��¯`

O i F�i¯?%:=H5?|�T?%:=[=?Ei¯��CYH�H5?%HLHsA�SB:R? O ?IH�tU]_<UC O :=?%HGAB?IHvz r NEH f K5H O H5NEAB:=?%<BA O CYxyÉ5< ∇f. �_CES�T?I:=D�F5?IH
∇
F5?%:=ËYA O ?I<otB��CY>L[=Cwzj�*Ì0q@?I<UCYABNs<Ii

�0:R?�xyNs<Be}CY[=?�Í8>T?%<U?%:=HLS*AB:=efe�K5H W K5HLSB?%<U?%<aCE[R[ W ?Ief?I:RHL?%H ��?%QLH5:RAB:=NEH O ?%<¨¾�>5[=?%:RABK5H W e :RA O ?%<J5Ns<Be�K5[=:R?I<BK5H W r NEHÎu{CYABZ|J~i ÇEÈ�?%<U[=CEK5>{A�?hS%`1CEKLD�FÏ?%:=H5?dÐ�?I:RFL? r NEHÎu{D�FL[RÉLSUSB?%H O :=<B?IMsA´CEK{xO ?IH�CE[R[ W ?Ie ?%:=H5?%H�JLCE[R[¯ZIK!ÉL>@?I<*AU<UC W ?%H1i

Ñ1Ò �IÓg�����VÔ(Õ �I� f : Ω → R
n �E�=£¯�
�
�
�5¤%�y���·¥E�w���=� x0

¦T��¬f�{µ5¹lº!�I�¼�w���R« �=� x0.

Ñ1Ò �IÓg�����=Ö �v�=�¯� f, g : Ω → R
n �E�=£¯�
�
�
�5¤%�y���·¥E�w�´�R� x0 × �j�_³�¥w¡y���j�*µY�{«5��� df(x0) =

F, dg(x0) = G, ®����U�T��� α, β ∈ R, ��¬f�V�I�~�{µ5¹lº h := αf + βg �E�R£��������L¤%�y���·¥E�w�8�=� x0 × ���³´¥Y¡¢�
���BµY�{« dh(x0) = αF + βG.

J5?I<BHL?%<�FLCE>@?IH!p�:=<
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Ñ1Ò �IÓg�����������g�s�I�I�v� �·�	!T�	"$# �{�R�¯� g : Ω → Ω′ ⊂ R
n, f : Ω′ → R

k �s�R£��������5¤I�¢�
�h¥s�w�I¦
�
¬b�5µ{¹lº h := f ◦ g : Ω → R

k µY�¯�Ï®3°Y� x0 ∈ Ω, y0 := g(x0) ∈ Ω′ «G�R¡j� × �j� G :=
dg(x0), F := df(y0)

�G�w�L�

dh(x0) = (df(y0))(dg(x0)) = FG.

�0:R?!mo?Ipo?I:=SB? r NsHPu{CwAUZd����i �gK5H O u{CYABZd�b�´i %gxyNs[ W ?%HÏAB<U: r :VCY[oCYKLS O ?%<f��?%QLH5:RAB:=NEH�` O :=?�n?�ABAB?IH5<B? W ?I[�>@?Ipo?I:=S*A|e}CYH^ef:RA W ?%HLCEK O ?IHLSB?%[=>@?IH;u5D�F5[RÉ@SBSB?%H^p�:R<d:RH.?%:=H5?I<|��:=e ?%HLSB:RNsH& u{:R?IF5?´u{CwAUZ�Joi 'EÈLi (
)¨:=H5: W ?
*f�G�,+.-����	"��������0/21 �R£��������L¤%�y���·¥E�w���B�R�¯�
3 ½54v¬·�@�%�¼�w� �¼�76�µY��4T���¢¬w�T��� 8 f : x 7→ f(x) = c. 9 ���V�I� df(x) = 0.: ½~¡R�=�T���Y�
�;61µY��4 ���y¬·� ����8@©g�������=�T��� (n×m) < ©b�{���B�Rª A �
��� f(x) := Ax.

1 �Y�5�g�V�%� f�E�R£��������L¤%�y���·¥E�w�nµY�¯� df(x0) = A.= 9 �o�=�I� f(x) = Ax = Ax0 +A(x−x0) = f(x0)+A(x−x0)+0 µY�@�L¥wº�>Y�{«s�R«d¶·¬w��v����� �3��¡=¡¢� x0.)�@?��
¤%�¢�w¡=®A>w¡=¡¢�0�B�R���d�w�3§��
B ½ A = eT

i
¦��@½ º1½ pi(x) := eT

i x = xi
�V�I���E�y�DC¨�
¬%»��E4 ���y¬·�b�5µY®��E�y� i < �3�DF�¬ × ?�¬·�T�
�T�3�

× �j�¨³´¥Y¡¢�
���BµY�{«
dpi(x) = eT

i ( G ���=¡y� ).
H ½�©g���o�
�R� � × C�µY��4 � x0 ∈ R

n ���
� kj : R → R
m : t 7→ x0 + tej × �����v�
�8³´¥w¡y���j�*µE�{«

dkj(t) = ej ( �@?��w¡j�¼� ).
= 9 ���V�I� kj(t) = x0 + t0ej + (t− t0)ej = kj(t0) + ej(t− t0) + 0. I1 �y�D61µY��4 ���y¬·� kj

¥w�=¡��v�w�
R
�{µY®8�E�¢�JC¨�w�
�w¡=¡y��¡y�_¤EµY� j < �3���KFn¬v¬·�I�E�=�@�{�3���@�{¹lºL�
���LµY�I¹lº

x0
�5¥{¦�§a¬5¥v�
� 0 �{µY® x0

«5��º �B½
klS*A´HvK5H

f : R
m ⊃ Ω → R

n, x 7→ (f1(x), ..., fn(x))T
O :RcT?I<B?IH5Z%:=?%<U>LCE<�e :�A ¾8>5[=?%:RABK5H W

Df,
S*N}:VSlA

pi ◦ f : Ω → R
O :R?�J5K5H5MGAU:RNsH

x 7→ fi(x),
CE[=SBN ?%:=H{x�CED�F O :=?

i
��AU?���Nse q@NsH5?%H{�

AB?IH{xyK5H5MGAU:RNsH�iLJ5?I<BHL?%<�:VSlA�xyÉ5<
x0 ∈ Ω

K5H O Mv[=?%:=H5?
t ∈ R

O CYH5H

ϕij := pi ◦ f ◦ kj = fi ◦ kj : R ⊃ (−δ,+δ) → R

O :=?L)¨:=HLSUD�F5<UXEH5MvK5H W r NEH fi

CEK{x O :R?NM�CE<UCE[R[=?%[=? O K5<�D�F
x0
Z%K5<

j
�jAB?IHÎ��NvNE< O :=HLCwAU?%HLCsD�FLSB?E`

O i F�i
ϕij(t) :=

(

pi ◦ f ◦ kj

)

(t) = fi(x0 + tej).��CsD�F O ?%<��n?�ABAB?IH5<B? W ?I[�:VSlA O :R?hS*?�Z%KLSUCYe e ?%H W ?ISB?�AUZ�AU?bJ5K5HLMsAU:RNsH CYH O ?%<�uGAB?I[R[=? t = 0O :RcT?I<B?IH5Z%:=?%<U>LCE<~KLH O�O :R?�¾�>5[=?%:RABK5H W :VS*A

ϕij(0) = D
(

pi◦f◦kj

)

(0) = Dpi(f(x0))Df(x0)Dkj(0) = eT
i Df(x0)ej =

(

Df(x0)
)

ij
,

O i F�i O :=?ISf:VSlA O CsSO)�[R?Ief?IHGA}CEH O ?I<PM�NsSB:�AU:RNsH
(i, j)

:RH O ?I< ¾�>5[=?%:RABK5H W S*e}CYAB<U:�� Df(x0).��CYABÉ5<U[=:=D�Fg:VSlA O :=?IS W [=?%:VD�F5Z%?I:�AU: W O :R? W ?%p5QEF5HL[R:VD�F5?´¾�>5[R?I:�AUK5H W O ?%<_J5K5H5MGAU:RNsH fi(x0 + tej)HLCsD�F
t
K5H O�O :=?nFLCwA8?I:RH5?IH�>@?hS*NsH O ?%<U?%H!��CEef?IH�R

�!�s�����y�I���@�.�����TS 6~°Y� f : R
m ⊃ Ω → R, x0 ∈ Ω º ���=­L���E�y�0³´¥w¡y���j�*µY�5«g�v���U61µY��4 ���y¬·�
ϕj(t) := f(x0 + tej)

�w�P�v����� �3��¡=¡¢� t = 0 �E�y�|²V?��Y�I���¢�
¡R¡y��³�¥w¡y���j�*µY�{«\¶w¬·� f �@�{¹lºÎ�v�
�NW@�Y�B�¢�5¥Y¡¢�
� xj ¸ ½ 9 ���B�=�¯��G�Y®3°Y��¶·�
�U�%¹lº5�y�h�v�
�T�UX8�
¤·����¹lº5� µY�{«5����«{�Y¥w�E>5µ{¹lº5¡=��¹lºb§a�¢�

∂jf(x0) := ∂xj
f(x0) :=

∂f

∂xj

(x0) := fxj
(x0) :=

d

dt

(

f(x0 + tej)
)∣

∣

t=0
.



1 �¢�_³�¥w¡¢�
���BµY�{« ������%

�TKLSUCYe e ?%H!e :�A O ?%H�NE>5: W ?IH!Í�>@?I<B[=? W K5H W ?%H!>@?IMENEe e ?%H!p�:=<�F5:R?I<UCEKLS

Ñ1Ò �IÓg�������(Õ �I� f : R
m ⊃ Ω → R

n, x 7→ (f1(x), ..., fn(x))T �R� x0 ∈ Ω �s�R£��������5¤I�¢�
� <¥E�Y�%¦Y�
¬8�B�R���n�E> × ��¡=��¹lºT� F�¬ × ?�¬w�T��� �3���5®3µY��4T���¢¬w�T��� fi
�R� x0

�@�{¹lºf�Y¡R¡y��� W@�w�U�V�L¥w¡y���;?1�w�h���y��¡=¡
�E�=£¯�
�
�
�5¤%�y���·¥E�Y�_µE�¯�}®3°Y���E�y� ¿5À�Á Â1ÃTÄ < ©��{���U�Rª Df(x0)

«G�R¡j�~�E�¢� 1 �w���I�¼��¡=¡jµY�{«

Df(x0) =

(

∂fi

∂xj

(x0)

)

n,m

.

1 �¢� ¿5À�Á Â�Ã@Ä < ©b�{���B�Rª���� ��º >w¡j���Y¡=�
¬|�R� G ���=¡y� i �%�3�·���_� µY� �E�y��³´¥w¡y���j�*µE�{«{�
�P�v�
�D6�µY��4T���¢¬w�
fi
µY��� �=���@?��Y¡��3� j �%�3�·�j��� µY�8³´¥w¡y���j�*µE�{«{�
�!�T�v¹lº��v��� W@�Y�B�¢�5¥w¡y��� xj .

�8HGAU?%<�?%:=H5?I<_p�:VD�FGAB: W ?IHÏ�TKLSUCwAUZ%>T? O :=H W K5H W M·CEH5H e CEH O :=?ISB?IS )�< W ?%>5H5:VS_K5e ME?IF5<B?IH�i 9;:R<?%<UFLCE[�AU?%H�CY[VS

Ñ1Ò �IÓg������� �*� Ò +�� Ò�� -��
	��w�y�h���·� ����
�� ���!���o���w�v��ÓE������� Ò ��	@�v�y� # 9 ª{�V�%���¢�
�
�
��¤sµ}�
� <�T�
�;61µY��4 ���y¬·� f : R
m ⊃ Ω → R

n �w��»��·�v����� �3��¡=¡¢� x0 ∈ Ω �E�y�7?1�w�h���y��¡=¡¢�
�b³´¥w¡y���j�*µE�{«{�
�
�v�
� F�¬ × ?�¬·�T�
� �¼���L®3µY��4 ���y¬·�T�
�bµY��� �B�R���d�E�y�
�
���5µY®�«{�w�5¤ Ω ����������� ¦{�
¬��V�%� f �5µY® Ω �s�R£�� <�����5¤I�¢�
�h¥E�Y��µY���|�E�y�8³�¥w¡¢�
���BµY�{« �=�I�o�E�¢� ¿5À�Á Â1ÃTÄ < ©b�{���B�Rª}�5µE���v��� ?��w�h���y��¡=¡¢�
�d³´¥Y¡¢�
���BµY�{«{�
�

Df(x0) =

(

∂fi

∂xj

(x0)

)

n,m

.

� Ò �w� � � !\�Ê�b�� "! ºL�T�P�E�y�2WT¬·�
�{µE�U�
�·��¤sµY�{« �v��� � �¼�w���R«�4v�
���d�=�I���E�y�Î¬{¥w�R«{��³´µE�B���·«5�
#%$'& �)(+* ½
9;:=<�p~?%< O ?%H O CYF5?I<´:=e 9 ?%:RAB?I<B?IHPS*AB?�A�S O :R?�uGAB?%AB: W ME?I:�A O ?%< ¾8>L[R?I:�AUK5H W ?IH\xyNE< O ?I<BH�i�9;:R<r ?I<UCE>5<U? O ?IH�CY[VS

*f�GÓs�v��,�-�� � � !\���b���/. 9 �=�T� 6�µY��4 ���¢¬w� f : R
m ⊃ Ω → R

n º ���=­v� r < × �Y¡0�I�¼�w���R«�E�=£¯�
�
�
�5¤%�y���·¥E�Y�%¦1§¨���L��� > × ��¡=��¹lºT� ?��Y�I���¢�
¡R¡y����³�¥w¡¢�
���BµY�{«5���P¥w�V�8¤sµY� ! �I�E� µY�{« r �5µY®�«v�Y�5¤
Ω �Uª{�=�I���y������� µY�¯�|�I�¼�w���R«}�B�=�¯�@½10��=���T¬v���¢�
�
�
�b�v�w®3°Y�

Cr(Ω,Rn) := {f : Ω → R
n

∣

∣ f �V�%� r < × �Y¡��%�3�·���R«g�E�=£¯�
�
�
�5¤%�y���·¥E�Y� }.
Õ × 6T�w¡=¡¢� n = 1 �%¹lº5�
�
�j¥5� × �Y�b�G�Y®3°Y�0�5µ{¹lº 4 µY�U¤ Cr(Ω)

Ì�c ?%HLSB:=D�FGAU[R:VD�F W :R[RA

Ñ1Ò �IÓg�������T�
Cr(Ω,Rn) �=�I�o���=���
�I��¡=¡¢�
� WT�E4 �¼¬w�B�
�{µ × ½

J5?I<BHL?%<�?%<UFLXE[�A�e}CYH!e :�A O ?Ie �0CYK5q{AUMv<B:RAB?I<B:=K5e [=?%:VD�FGA

Ñ1Ò �IÓg�������5Ô 9 �R� � 6�µY��4 ���¢¬w� f ∈ Cr(Ω,Rn) (r ≥ 1) �=�I���w�g»��h�v�
��� �¼�
¡R¡y� x0 ∈ Ω�E�=£¯�
�
�
�5¤%�y���·¥E�Y�~� × �{�R�5� ��¶·¬·� 1 �325�5�j���y¬·�g© 1 ½ 3 µY�¯���E�y�761µY��4 ���y¬·�
Df : Ω → R

n×m : x0 → Df(x0)

�V�%�¨�
��¡¼¥Y�I���I�¼�w���R«T½
k3e JLCE[R[=?�?I:RH5?I<�u{M·CE[=CE<*xyKLH5MGAB:=NEH

f : R
m ⊃ Ω → R

FLCYA*AB?IH|p�:=< O :=?0¾�>5[=?%:RABK5H W tB]_<�C O :R?IHsA*z
W ?IHLCYHLHsA�K5H O e :RA ∇f(x0)

>T?%Z%?I:=D�FLH5?�AhiL��CsD�F�u{CYABZ�����i 4 :VS*A O CYH5H

∇f(x0) =
(

∂1f(x0), ..., ∂mf(x0)
)

CY[VSBN O ?I< & � ?%:=[R?IH{��(oÆa?IMsAUNE<8CEKLS O ?%H�qLCE<*AU:R?I[R[=?%H�¾8>L[R?I:�AUK5H W ?IH�iÆaNEHÏuvMwCY[VCY<BxyK5H5MGAB:=NEHL?%HbÉL>@?I< O ?%e}S*?I[R>T?%H\]_?%>L:R?%AnMwCEH5Hbe}CYH65�:=H5?ICE<BMsNEe�>5:RH@CwAB:=NEHL?%Hg>5:=[��
O ?IH�` xy?%<UH5?%<nMwCYHLH�e}CYH S*:=? e´K5[RAB:=q5[=:RZI:R?I<B?IH�KLH O ��p~N O ?%<��8?IH5H5?I<

6= 0
:=S*An� O : r : O :=?%<U?%H�i

�_CwxyÉ5< W :R[RA
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Ñ1Ò �IÓg�������{Ö �v�R��� f, g ∈ C1(Ω), α, β ∈ R, �
¬b�B�=�¯�\�5µ{¹lº αf + βg , f · g µY��� f
g= �L¥·«{�����
ºT��� ¶·¬w���v�
���_���L�T���U� µY¡R¡V�I�¼��¡=¡y��� I �=� C1(Ω) µE�¯���
�~«{�
¡��3���

∇(αf + βg) = α∇f + β∇g,
∇(f · g) = f∇g + g∇f,

∇( f
g
) = g∇f−f∇g

g2 .

�TK5e *����´�v�,+0HvK{AUZ%?IH!p�:=< O :=?��n?�ABAB?%HL<B? W ?%[ K5H O!O :R?���:R[Rx�SlxyKLH5MGAB:=NEH5?IH

H1(u, v) : R2 → R : (u, v) 7→ αu+ βv,

H2(u, v) : R2 → R : (u, v) 7→ u · v,
H3(u, v) : R2 ⊃ {(u, v)

∣

∣v 6= 0} → R : (u, v) 7→ u
v
.

�0:R?hS*?�J5KLH5MGAB:=NEH5?IHfSB:RH O�O :Rc ?%<U?%H5ZI:R?I<B>LCE<�KLH O SBNEe :RA¨CYKLD�F O :R?�ZIKLSBCEe ef?IH W ?hS*?%ABZ%AB?%HfJ5K5HLMs�AB:=NEHL?%H
Hi(f, g),

O :=?�NYc ?%Hv>LCY< W ?%<�C O ? O :=?�Z%K >@?%AB<�CED�FGAB?IH O ?IHfJLK5H5MGAB:=NEH5?IH}S*:=H O iY�0CED�F O ?%<�n?�ABAB?IH5<B? W ?I[¯:=S*A

∇
(

Hi(f, g)
)

=
∂Hi

∂u
(f, g)∇f +

∂Hi

∂v
(f, g)∇g,

p~NEe :�A�e}CYHgSBNYxyNs<*A O :=?�>@?IFLCYK5q5AB?�AU?%Hg�_CY<�SlAU?%[=[RK5H W ?%H r ?I<B:RQLZI:R?I<*Ahi ��0?%<!]_<�C O :R?IHsA|?I:RHL?%<dJLK5H5MGAB:=NEH
f : R

m ⊃ Ω → R
FLCYA|?%:=H5?�p�:VD�FsAU: W ? W ?INEe ?�AU<B:VSBD�FL?m~? O ?IK{ABKLH W i )�S�SB?%: x0 ∈ Ω ⊂ R

m,
xy?I<BHL?%<

v ∈ R
m
?%:=H )�:RH5FL?%:RAUS r ?%MGAUNE<h`TCE[=SBN |v|2 = 1.�_CYH5H�:VSlA�xyÉ5<�FL:RH5<U?%:VD�F5?IH O Mv[=?%:=H5?

t ∈ R
O :R?�JLK5H5MGAB:=NEH

ϕ(t) := f(x0 + tv) (−δ,+δ) → R

O ?%QLH5:=?%<BA8K5H O SlAU?�AU: W O :RcT?I<B?IH5Z%:=?%<U>LCE<Ii{��CsD�F O ?%<��n?%A*AB?IH5<U? W ?I[ :=S*A

d

dt
ϕ
∣

∣

t=0
=

d

dt
f(x0 + tv)

∣

∣

t=0
= ∇f(x0)

d

dt
(x0 + tv)

∣

∣

t=0
= ∇f(x0)v,

p~NE>T?%:1<U?ID�FGA�S0�T?%:=[=?
×
uvqLCY[RAB? W ?%<U?ID�FLH5?�A8p�:=< O `@SBN O CYË|CY[VSBN}[R?%ABZ�AU[R:VD�F O CsS�uvMwCY[VCY<Uq5<UN O K5MGA

〈∇f(x0), v〉
Z%K�>5:=[ O ?%H�:=S*AIi

�!�s�����y�I���@�.�������	� 0��R�8� ���5�T�
�
d

dt
ϕ
∣

∣

t=0
=

d

dt
f(x0 + tv)

∣

∣

t=0

�E�y�_±���¹lºT�BµY�{«v�U�L¥w¡¢�
���BµY�{«�¶w¬·� f �=��±���¹lºT�BµY�{«g�v��� 9 �=�5ºT�
���j�%¶w�E4 �¼¬w�U� v, �@½ º1½ × �j� |v|2 = 1.Õ �I� f �=� x0
�E�=£¯�
�
�
�5¤%�y���·¥E�w�I¦s�
¬0�=�I�a�E�y��±���¹lº �*µY�5«G���5¥w¡y���j�*µY�5«��R�|±���¹lº �*µY�5« v «{�
���{�v��«s¡y����¹lº�v� × �w¥{���b�
�Bº@�Y¡��3���T�
�!³´µE�%�E�Iµ5¹ 4 〈∇f(x0), v〉.

�0:R?~Ð�:=D�FGAUK5H W SUCY>L[R?I:�AUK5H W :=H´Ð�:VD�FGABK5H W ?%:=H5?IS�MwCYH5NsH5:=SUD�F5?IH;)�:RH5FL?%:RAUS r ?%MGAUNE<�S�:VSlA�NYc ?%HLSB:=D�FGAB�[=:=D�F W ?I<UC O ? O :R?n?IHsA�S*qL<B?hD�F5?%H O ?_q@CY<BAB:=?%[=[R?�¾8>L[R?I:�AUK5H W i��CsD�F O ?I<���À��1Á �	��

� Á �	��À�
��wSUD�F5?%H �8H W [R?I:=D�FvK5H W0W :=[�A�>@?IZ%É W [R:VD�F O ?I<��7��� �sÄ��¯�¼��NE<Ue(xyÉ5<� ? O ?%H )¨:=H5F5?%:RAUS r ?IMGABNE< v :
|〈∇f(x0), v〉| ≤ |∇f(x0)|,p~NE>T?%:o]_[=?%:VD�F5F5?I:�A W ?%H@CYK O CYHLH\?%:=HsAU<B:RA*Ah`1p~?%H5H v = ±1

|∇f(x0)|∇f(x0)
:=S*AI` O i F�i�?I:RH )�:RH{�

F5?I:�A�S r ?%MGABNs<~:=HgÐ�:VD�FsAUK5H W O ?hS�]_<UC O :=?%HGAB?IH�i5��:=?IS�>T? O ?%K{AU?�A

Ñ1Ò �IÓg��������/ 1 �
�������{�E�y��� ��¤·���R«@���=� �E�¢�0±���¹lº �*µY�5«g�v�
���I�$>Y� 4{�I�¼���!³8�L�I���y�U«v��¶·¬w� f.
9;:=?!F@CwA*AU?%H O :=?�Ð8:=D�FGABKLH W SUCY>5[=?%:RABKLH W ?I<BFLCE[�AU?%H�`a:=H O ?Ie p�:=< O :R?gJ5KLH5MGAB:=NEH^[=XEH W S�?%:=H5?IS]_?%<�C O ?%HLS*ABÉLD�Ms?IS~>T?�AB<�CED�FGAU?�A�FLCwABAB?IH�iL�0:R?hS�M·CEH5H�e}CYH�CY[=[ W ?%e ?%:=H5?%<�e}CsD�F5?%H�i)¨:=H5?

C1 �¼JLK5H5MGAB:=NEH

α : I → R
m : t 7→ α(t) = (α1(t), ..., αm(t))T



1 �¢�_³�¥w¡¢�
���BµY�{« �����lÇ

CYK5x�?%:=H5?%e <U?%?I[R[=?%H|k3HGAU?%< r CE[R[ I H5?%H5HL?%Hdp�:=<~?%:=H5?%H C1 ��9�? W ivJ�É5< � ? O ?hS t0 ∈ I
[=:=?�xy?%<BA O :R?

¾8>L[R?I:�AUK5H W

α′(t) :=







α′
1(t)iii

α′
m(t)







O ?IH���CEH W ?IHGAB?%H r ?%MGABNs<¨CYH O ?IH|9 ? W CEH O ?%<�uGAB?I[R[=? α(t0).
& ]_?%NEe ?%AB<U:=SUD�F|S*:=H5H r Ns[R[L:=S*A O :=?IS

HvK5<h`{po?IH5H
α′(t0) 6= 0

:VSlAhi (
m~?%: O ?%<8�0?%K{AUK5H W r NEH t CE[=S0� ?%:RA8K5H O r NsH α(t)

CE[=S0Ì0<BA�:=S*A O CEH5H
α′(t)

O :R?�e Nsef?IHGAUCYHL?
]_?ISUD�Fvp�:RH O : W ME?I:�Ahiv�0:=?��n?�A*AU?%H5<U? W ?%[¯>T?ISUC W A O CYH5H!?%:=H{x�CED�F

Ñ1Ò �IÓg������� S Õ �%� f ∈ C1(Ω) µY��� α : I → Ω ���=� C1 < 0|��«L¦L�
¬´�=�I�
d

dt
(f(α(t))) = 〈(∇f)(a(t)), α′(t)〉.

uvNs< W A�e}CYH O CwxyÉ5<h` O CYË O :R?���CEH W ?IHsAU? α′(t)
� ?Ipo?I:R[VS O :R?_�8Ns<Be ��F@CwAI`{SBN�?%<UFLXE[�A~e CEH|F5:=?%<

?%:=H{x�CsD�F O :=?�Ð�:VD�FGABK5H W SBCE>5[=?%:RABK5H W :=H!Ð8:=D�FGABKLH W O ?%< � ?Ipo?I:R[=: W ?%H���CYH W ?%HGAB?si�0:R?hS*?I<�u{CwAUZ�FLCwA�?%:=H5?�Ð�?I:RFL?_HvÉ{AUZ%[=:=D�FL?%<8J5Ns[ W ?%<UK5H W ?%H�i

Ñ1Ò �IÓg��������� 9 �����
� f ∈ C1(Ω), α : [0, 1] → Ω ���=� C1 < 0|��«�µY�¯� a := α(0), b := α(1).1 �w�5���V�%�
f(b) − f(a) =

∫ 1

0

〈(∇f)(a(t)), α′(t)〉dt.

��CEH�H5?IH5HGA O :=?IS O ?IH!��:�ABAB?%[=p~?%<BAUSUCwABZ�:=H!k3HsAU? W <UCE[ ��J5NE<Ue�i
*f� ���G�,+ R���CsD�F O ?%e �0CYK5q5AUSUCwABZ�:VS*A

f(b) − f(a) = f(α(1)) − f(α(0)) =

∫ 1

0

d

dt

(

f(α(t))
)

dt

K5H O�O KL<UD�F )¨:=HLS*?%ABZI?%H!xyNE[ W A8e :RA0u{CwAUZn�b�´i=� ' O :=?�m~?%FLCEK5q{ABKLH W i �

�_CYe :�A8>T?%MsNEe e ?%H!p�:R<�?%:=H5? r :=?%[VSB?%:RAB: W ?I:RH@S*?%ABZ%>@CY<U?n¾�>LSUD�FLXwAUZ%K5H W i

Ñ1Ò �IÓg�������'� Õ �%� f ∈ C1(Ω) µY�¯�f�*�=�¯� a, b ∈ Ω ��¬v¦L�G�Y­��{µ{¹lº��s�¢� WT���·¥w�R���LµY�{«v�B�I�����h¹ 4{�
S := {a+ t(b− a)

∣

∣ t ∈ [0, 1]} ⊂ Ω,

�
¬��V�I�
|f(b) − f(a)| ≤M · |b− a|,

§¨¬{¥{��� M :=
e CY�

{|∇f(x)|
∣

∣x ∈ S}.

*f� ���G�,+ R��g:RA
α(t) := a+ t(b− a)

:=S*A
α′(t) = b− a

KLH O e :RA*AB?I[=S O ?I< �8H W [R?I:=D�FvK5H W r NsH��À��1Á �	��
 �¯Á�� ��À 
���xyNs[ W A�CYKLS O ?%e r NE<U: W ?%H�u5CwABZ

|f(b) − f(a)| = |

∫ 1

0

〈∇f)(a(t)), α′(t)〉dt | ≤

∫ 1

0

|〈∇f)(a(t)), α′(t)〉|dt

≤

∫ 1

0

|(∇f)(a(t))| · |b− a| dt ≤M · |b− a|.

�

J5?I<BHL?%<�>T?%MENse ef?IH�p�:=<

Ñ1Ò �IÓg�������' WT������¹lº §a�=�¯�v�·���{�������
�v�E�y��� �o�
�R�T�
� 61µY��4 ���y¬·� f �{µY®��
�R�T� × = ¤EµE��� × × ��� <º�>Y�{«{�
�¯�v����� I ���w¥Y�¢�w� Ω, ��¬´�V�%���{¬·�h� f 4v¬·�@�%�¼�w� �B½
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n

*f� ���G�,+ R~k3H|?I:RH5?Ie ]_?%>5:=?�A�[VCESUSB?%H|SB:=D�F � ?0Z%p~?%:�M�K5H5MGAB?
a, b

O K5<�D�Ff?I:RHL?%H|9 ? W α r ?I<B>L:RH{�O ?IH�`LSBN O CYËfe CEH�HLCED�Fgu{CwAUZ����´i=��� O :=?��_CY<�SlAU?%[=[RK5H W

f(b) − f(a) =

∫ 1

0

〈(∇f)(a(t)), α′(t)〉dt

FLCYAIivÆa?%<�SBD�Fvp�:=H O ?%A O ?I<�]_<�C O :R?IHsA�CYK{x
Ω,
S*N�:=S*A O CESok3HsAU? W <UCE[TS*AB?%AUS 0,

S*Nse :�A
f
MENsHLSlA�CYHGAIi

�

��� -����w��� � "��v�y� � � !T�G�
Ñ1Ò �IÓg�����VÔ . ���@�T���
	��
	�������������� # 6~°Y� f ∈ C2(Ω) �=�I��®3°Y�0�w¡=¡y� i, j :

∂

∂xi

∂

∂xj

f =
∂

∂xj

∂

∂xi

f,

�@½ º1½1¥{�����v���Ï²=«{� × �=�%¹lº �¼��� ¸ ¤E§¨���j�¼�
��³´¥w¡y���j�*µE�{«{�
� 4v¬ × × �o�
���5��¹lº �o�{µE®o�s�¢�n±_���=ºT���5®�¬w¡�«5��v�
� 1 �=£¯�
�
�
� ���¢�{���y¬·���Y�1½
©b�Y� ¥{���{¹lºT�3�h¦¯�G�Y­!�G�w¤sµ}�5µ{¹lº��s�¢�0¤s§a�
���3���g³´¥w¡y���j�*µE�{«{�
� ������� ��� ���
�R� × °E�B�
����½
J�É5<�>T?ISBNEH O ?I<US�:=HGAB?I<B?hSBSB:R?I<*AU? 51?ISB?%<8SB?%: O ?I<U*����´�v�,+nF5:R?I< O CY< W ?hSlAU?%[=[�A Ruv?I:�ZIK5HLXED�F@SlA

Ω
O CES )¨:=H5F5?%:RAUS��GKLC O <UCYA�:Re

R
2 K5H O f : (x, y) 7→ f(x, y)

Z%p~?%:=e}CY[�SlAU?�AB: WO :RcT?I<B?IH5Z%:=?%<U>LCE<Ii 9;:R<�>5:=[ O ?%H�Z%K!xy?hSlAU?%e
x
e :RA

|x| < 1
O :=?�J5KLH5MGAB:=NEH

Fx(y) := f(x, y) − f(0, y), (|y| < 1).

�_CYH5H�:VSlA

Fx(y) − Fx(0) =
(

f(x, y) − f(0, y)
)

−
(

f(x, 0) − f(0, 0)
)

= f(x, y) + f(0, 0)−
(

f(0, y) + f(x, 0)
)

.

��CsD�F O ?%e ��:�ABAB?%[=p~?%<BAUSUCwABZn:VSlA O :R?hS�CYKLD�F O CY<�S*AB?%[=[=>LCY<�CY[VS

Fx(y) − Fx(0) =
( d

dy
Fx(θy)

)

· y.

)�S�:VS*A
d

dy
Fx(θy) =

∂

∂y
f(x, θy) −

∂

∂y
f(0, θy)

K5H O p�:=? O ?I<�HLCED�F O ?Ie �g:RA*AU?%[=po?I<*A�SBCYABZ_xyNE<Ue�A�e}CYH O :=?IS�K5e Z%K

d

dy
Fx(θy) =

∂

∂x

∂

∂y
f(θ′x, θy) · x.

uvNsef:RA8:VSlA�xyÉ5<
(x, y) ∈ Ω

e :RA W ?Ip�:=SUS*?IH |θ|, |θ′| < 1

Fx(y) − Fx(0) =
∂

∂x

∂

∂y
f(θ′x, θy) · x · y.

Æ7Qs[R[=: W CEHLCY[=N W ?%<UFLXE[�A�e}CYH�xyÉ5<

Gy(x) := f(x, y) − f(x, 0), (|x| < 1).

O :=?��0CE<US*AB?I[R[=K5H W
Gy(x) −Gy(0) =

∂

∂y

∂

∂x
f(δ′x, δy) · x · y,

p~NE>T?%:
|δ|, |δ′| < 1.

�8KLH!:VS*A�CY>T?%<

Fx(y) − Fx(0) = Gy(x) −Gy(0)
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���BµY�{« ����� �

K5H O SBNEe :RA
∂

∂x

∂

∂y
f(θ′x, θy) · x · y =

∂

∂y

∂

∂x
f(δ′x, δy) · x · y

K5H O,O :=?ISdxyÉ5<!CE[R[=?
x, y

K5H O qLCESUS*?IH O ?
δ, δ′, θ, θ′.

9 ? W ?%H O ?%<guGAB?%AB: W ME?I:�A O ?%<!Z%p~?%:RAB?IH¾8>L[R?I:�AUK5H W ?IH�:=S*A O CYHLH!CEKLD�F

∂

∂x

∂

∂y
f(0, 0) =

∂

∂y

∂

∂x
f(0, 0).

�0?%HgCY[=[ W ?%e ?%:=H5?IH!J@CY[=[¯xyÉ5F5<BA8e}CYH O CY<�CYK{x�Z%K5<UÉLD�M `{:=H O ?%e e}CYH�S*?%ABZ�A

ϕ(u, v) := f(x0 + uei + vej).

�_CYH5H�:VSlA
∂ϕ

∂u
(u, v) = 〈∇f, ei〉 =

∂f

∂xi

∣

∣

x0+uei+vej

K5H O ?IHsA�S*qL<B?hD�F5?%H O
∂

∂v

∂

∂u
ϕ(u, v) =

∂

∂xj

∂

∂xi

f
∣

∣

x0+uei+vej
,

p~NE<�CYKLS~e}CYH O :=?�mo?IFLCYKLq{ABK5H W CE>5[=:R?hSlAhi �

*f�GÓs�v��,�-�� � � !\���b�¢Ô¯� G µb���=�T�
� C2(Ω) < 61µY��4 ���y¬·� f µY�¯�����=�T���´�¯�¼��¡=¡y� x0 ∈ Ω ºT���=­L�
�E�y�_©b�{���B�Rª

f ′′(x0) :=

(

∂

∂xi

∂

∂xj

f(x0)

)

�E�y� �O����� � < ©��{���U�Rªd¤Eµ f. �v�y�0�=�I�a�@�{¹lºb�v� × �5�5��¤ ¶·¬w� �¯Á�� ��À 
�� ��� × × �·���U�V��¹lº1½
�8e ?�Alp�C!?%:=H5?���À�� �vÂ 
@�$)¨HGAlp�:VD�Mv[RK5H W xyÉ5< Cr

�¼JLK5H5MGAB:=NEHL?%H
f
K5HGAU?%<�S*KLD�FL?%H Z%KÏM QsH5H5?%H1`

r ?I<Bp~?%H O ?%H�p�:=< O :=?´SUD�F5NEH�e ?%F5<Bx�CED�Fg>T?%HvK{AUZ�AU? ��?ID�F5H5:=M ` O :=?´JLK5H5MGAB:=NEH f HvK5<�CEK{x¨?%:=H5?I<]_?%<�C O ?%H O K5<�D�F O ?IHg¾8K{xyq5KLH5MGA
x0
ZIK!>T?�AU<UCsD�FGAB?%H1i

�TK
h ∈ R

m, 6= 0
>T?�AB<�CED�FGAU?%Hdp�:=<�CE[=SBN

ψ(t) := f(x0 + t · h)
xyÉ5<

|t| < 1.

	 Ω
?IHsAUFLXY[RA � C!ef:RA

x0
?I:RHL? W CYH5ZI?f�nK W ?%[aKLH O p�:=<�H5?IF5e ?%H\CYH�` O CYË x0 + h

:RH O :=?ISB?%<
�nK W ?%[~[R:=? W AIi 	 �_CYH5H :=S*AfH@CED�F O ?I<f�n?%A*AU?%H5<U? W ?%[ O :R?hS*?!J5K5HLMsAU:RNsH S*AB?%AB: W O :Rc ?%<U?%H5ZI:R?I<B>LCE<K5H O ?hS�:=S*A

d

dt
ψ(t) = 〈∇f(x0 + th), h〉 =

m
∑

i=1

∂

∂xi

f(x0 + th) · hi .

�8KLH!MwCEH5H�e CEH�HLNvD�FLe CE[ O :=?��n?�A*AU?%H5<U? W ?%[¯CYHvp~?%H O ?%H!K5H O ?%<UFLXY[RA

d2

dt2
ψ(t) =

d

dt

(

m
∑

i=1

∂

∂xi

f(x0 + th) · hi

)

=

m
∑

j=1

∂

∂xj

(

m
∑

i=1

∂

∂xi

f(x0 + th) · hi

)

· hj

=
∑

i,j

∂

∂xi

∂

∂xj

f(x0 + th) · hihj

= 〈h, f ′′(x0 + th)h〉,

p~NE>T?%:
f ′′ O :=?
�O����� �G�3��CwAU<B:R�|:=S*AIi)¨HGAUSBq5<U?ID�F5?IH O 	 ef:RA r :=?%[=?%Hbk3H O :=Z%?IS0N O ?%<0e :�A O ?%e ��?%H@S*Ns<*�3��CY[=MvÉ5[ 	 MwCYHLHbe}CYH�F�QEF5?%�<U?�¾8>L[R?I:�AUK5H W ?IH r NsH ψ O CY<�SlAU?%[=[R?IH�`TSBNYxy?I<BH O :R?f?%HGAUSBq5<U?ID�F5?IH O ?IHgqLCY<BAB:=?%[=[R?IHb¾8>L[R?I:�AUK5H W ?IH?��{:VSlAU:R?I<B?IH�KLH O SlAU?�AB: W S*:=H O i



�����%4 ��� � Ä����	��
���
��¯ÄVÀ���
��@Á���
���
��.Ä��
R

n

�8KLHbMwCYH5H�e}CYHbe :RA
ψ
O ?IH��g:RA*AU?%[=po?I<*A�SBCYABZ´N O ?I< O :R?f?%:=H{x�CED�F@SlAU?´p~?%:RAB?%<BxyÉ5F5<U?%H O ? �oÀ���


�vÂ�
@� )¨HGAlp�:=D�Mv[=K5H W CYKLS*xyÉ5F5<U?%H!K5H O ?I<BFLXE[�A

	 >T?%:=e ��:�ABAB?%[=p~?%<BAUSUCwABZ�R

ψ(1) = ψ(0) + ψ′(τ) · 1
ef:RA

0 < τ < 1,

	 >T?%: ��À�� �vÂ�
 R

ψ(1) = ψ(0) + ψ′(0) · 1 +
1

2
ψ′′(τ) · 1

ef:RA
0 < τ < 1.

uv?%ABZ�A8e}CEH O CY<U:RH O :=?_Ns>@?IH�>@?I<B?hD�F5H5?�AU?%H!9�?I<*AU?�?%:=H�`LSBN�?I<BF@XY[RA8e CEH

Ñ1Ò �IÓg�����VÔTÔ �l�����%�I�	" �´���h� + Ò �IÓ � � ������� �
	������ � �	" # 6~°Y� f : Ω → R
1, f ∈ C2(Ω),

x0 ∈ Ω µY�¯�0»��h�{�
� h ∈ Rm, ®3°Y�´�G�Y�n�s�¢� WT�
�h¥Y�R�¯�@µY�{«G�U�I�����h¹ 4v�´¶w¬·� x0
µE�¯� x0 + h «v�w�L¤�=� Ω ¡R�y�U«T�l¦5«5��¡j�¼�
� × �j�a«{�I���R«s�T�w�¼��� 0 < τ < 1

f(x0 + h) = f(x0) + 〈∇f(x0 + τh), h〉,

f(x0 + h) = f(x0) + 〈∇f(x0), h〉 +
1

2
〈h, f ′′(x0 + τh)h〉,

§¨¬{¥{��� f ′′ §a�y�h�v�
�n�E�¢� � �����.� < ©b�5���U��ªd�V�I�B½
�g:RA O :R?hS*?I<g�0CE<US*AB?I[R[=K5H W M QEHLH5?%H,p�:R<gCYK@D�F(p�:R? O ?%<�[=NEMwCY[=?K)a�vAB<U?%e}C D�F@CY<�CYMGAB?I<B:VS*:=?%<U?%H& r ?%< W [ji5u{CwAUZ�Joi � �	(
i

Ñ1Ò �IÓg�����VÔ@Ö 9 �8�
��� f ∈ C2(Ω), x0 ∈ Ω ½
3 ½�
0�{� f �=� x0

�
�R�;¡y¬ 4Y�Y¡¢���|©g�=�5� × µ × = ©b�wªv� × µ × I ¦~�
¬��=�I� ∇f(x0) = 0 µY���;�E�¢�
�O����� � < ©��{���U�Rª f ′′(x0)

�V�I��?�¬Y�*�j���j¶ = ¥w¤E§8½{� �U«v�5���j¶ I �
� × ���v�32L�5���U½: ½ 1 �y�
�
�DX8�·�E�R�5«@µY�{«5���b�B�=�¯��º5�=�5������¹lºT�����5¦���¬w®����U�\�E�y� � �����.� < ©b�5���U��ª��
¬h«v�Y�n�
�T�j�$?¯�
� <¹lºT���¯�!�v��25�5�j� = µY�¯�|�L��¹lº ��� µY�8��� × ���v��25�5�j� I �V�I�B½
*f� ���G�,+ R�J�É5<8?I:RH5?IH!xy?IS*AB?%H�Æa?IMsAUNE<

h
>T?�AU<UCsD�FsAU?np�:R? O ?%<

ψ(t) := f(x0 + th).

��CYA0HvK5H
f
CEH

x0
?%:=Hb�g:=H5:Re�K5e >5Z%p�i ��CY�v:=e´KLe!` SBN|FLCwA_?%HGAUSBq5<U?ID�F5?IH O

ψ
?I:RHbSBNE[VD�F5?hS

)a�vAB<U?%e�K5e CEH O ?%<�uGAU?%[=[R?
t = 0

K5H O HLCsD�F�u5CwABZ�J~i � � W :=[�A

ψ′(0) = 0
KLH O

ψ′′(0) ≥ 0
>5Z%p�i

≤ 0

�0:R?hS�>@? O ?%K5AB?�A�CE>@?I<�HLCED�F O ?Ie ?%>T?%Hg�_CY< W ?hSlAU?%[=[�AU?%H�` O CEË

ψ′(0) = 〈∇f(x0), h〉 = 0,

ψ′′(0) = 〈h, f ′′(x0)h〉 ≥ 0
>5Z%p�i

≤ 0

:VSlAhiG�_C�F5:=?%<
h
>T?%[=:=?%>5: W´W ?%p�XYF5[RA¨po?I< O ?%H}MwCYH5H1`sF5?I:RËEA O :=?IS W ?I<UC O ?E` O CYË ∇f(x0) = 0

K5H O
O CEË O :R?
� �����.�G�3��CYAB<U:��dSB?%e : O ?�QLHL:�A8:VSlAhi
klS*A O :=? � �����.�G�3��CYAB<U:��

f ′′(x0)
SBN W CY< O ?%QLH5:RAI`aSBN�:=S*AfxyÉ5<fCE[R[=? h 6= 0

O CEH5H
ψ′′(0) > 0>5ZIp�i@S*AB?�A�S

ψ′′(0) < 0
K5H O e :RAnu{CYABZ�J~i � � xyNE[ W Ah` O CEË}>@?I: ψ K5H OgO CYe :RA0CYKLD�F�>T?%: f ?I:RH�g:=H5:=e´K5e >5Z%p�iL�bCw�{:Re�K5e r NE<U[R:=? W AIi �



Õ × ? ¡=�R¤I���3�;6�µY��4 ���¢¬w�T��� �������

�����_/*'���'l2{)
	84�6��o25'�
�68)16
m~?%: O ?I<�mo?IFLCYH O [RKLH W r NEH J5K5HLMsAU:RNsH5?%H :=H�?I:RH5?I<�Æ¨CY<U:=CE>5[=?%HbF@CwA*AU?%H p�:R<nxy?hSlA W S*AB?I[R[RAI` O CEË?%:=H5? O :Rc ?%<U?%H5ZI:R?I<B>LCE<B? J5KLH5MGAB:=NEH

f
& [RNsM·CE[0(0?I:RH5? O :�c ?%<U?%H5ZI:R?I<B>@CY<U? ��efMs?%F5<BxyK5H5MGAU:RNsH

f−1>T?ISB:�AUZ�AI`5SBNYxy?I<BH�:RFL<B?�¾8>L[R?I:�AUK5H W H5:VD�FsA r ?%<�SBD�Fvp�:=H O ?�AhiG�0:=?ISB?�u{:�AUKLCwAU:RNsH!SB?%:¯HvK5H!:Re ef?IF5<B�O :=e ?%HLSB:RNsHLCY[=?%H�JLCE[R[1>@?%AB<�CED�FGAB?%AI`{p~NfSB:R?�:=H�K5HGAB?I<USUD�F5:=? O [=:=D�FL?%<�J5Ns<Be CEK{x¢AB<U:RA*AIi
�TK5H@XED�FLS*A�?%<Upo?I:�AU?%<UHdp�:=< O :R?�m~?IZ%?%:VD�F5HvK5H W ����i=�IÈfZ%K

�!�s�����y�I���@�.�����VÔ�� 9 �R� �!³´¥5¥w�=¡��LµY�{« f : U → V ¤E§a�V�%¹lºT��� ���w¥w�y�·�3��� U, V ⊂ R
n

ºT�
�R­@�n���=� Cr < 1 �=£¯�I¬ × ¬·��? º5�V� × µE� = ¤E§a�V��¹lº ��� U µE�¯� V I ¦�§a�
�5�;�E�y��� × 4v��ºL���L¥5¥w�=¡��LµE�{«
f−1 : V → U ��ªv�V�I���y���h�8µY�¯�Ï¥v�
���v��³´¥5¥Y�R¡��LµY�{«5��� f µY�¯� f−1 »��w§a�
�R¡V� Cr < ³�¥5¥w�=¡��@µY�{«{�
��B�R�¯�T½ 1 �L¥v�
���V�%�a�I�¼�·�j� r ≥ 1 ¶·¬w���5µE�l«5�
�
�·��¤E�B½
�0:R? É5>5[=:=D�F5?I<Bp~?%:VSB? :=H O ?I< M¨F��{S*:=M r NE< W ?IH5NEe e ?%HL?%H ��NvNE< O :=HLCwAU?%H{� ��<UCEHLSlxyNs<Be}CYAB:=NEH5?IHSB:RH O 	 >T?%: ?%Alp~CsS�ÆaNs<USB:=D�FGAh` O i F�iv>T?%:¯m~?ISUD�F5<UXEH5MvK5H W CEK{x W ?%?%: W HL?�AB?��1?I:R[=>T?%<U?%:VD�F5? 	 SBXEe�AB�[=:=D�F���:Rc ?%NEe Ns<Bq5FL:=SBe ?%H�e ?%:VSlA�SBN W CY<~ef:RA r = ∞.

*f�G�,+.-����	"¨�Ê�b�¢Ô�/ ������"���������� 	 �d�1��������� Ò �I�v� #

f :





r

ϕ

z



 7→





x

y

z



 :=





r
D%NsS

ϕ

r
SB:RH

ϕ

z



 .

0 >wºL¡�� × �Y�!ºL�¢�
�_�·�3§a� U = {(r, ϕ, z)T
∣

∣ r > 0, 0 < ϕ < 2π}, ��¬!¥{�E4{¬ × × � × �Y���
�R� ���
C∞ < 1 �=£��%¬ × ¬w� ? ºL�=� × µE�0¤E§a�V�%¹lºT��� U µE�¯���{� × R

3 ¬·ºL�T�|�E�¢�JC8µE��4 �¼�d�v�
��² 
0�Y¡j¥{�w¥{��� � ¸
{(x, y, z)T

∣

∣x ≥ 0, y = 0}.
¾8K@S O ?%<8�n?%A*AU?%H5<U? W ?%[ & u{CYABZ�����i ��(oxyNE[ W A�SBNYxyNs<*A
Ñ1Ò �IÓg�����VÔ�S Õ �%� f : U → V �
�R� Cr < 1 �=£¯�I¬ × ¬·��? º5�V� × µE�%¦G�
¬0«s�=¡j��®3°Y�¯»��h�v���¯�¼��¡=¡y� u ∈ UµY�¯� v = f(u) ∈ V :

d
(

f−1
)

(v) =
(

df(u)
)−1

,

�@½ º1½5�w��¤EµE��� × × ���5«{��º��·�U��«5���d� �3��¡=¡¢�
�!�B�R���d�E�y�0³´¥w¡y���j�*µY�5«{�����@½ º1½@�E�y� ¿LÀ¯Á Â�Ã@Ä < ©b�5���U�R¤w����v�
�8³´¥5¥w�=¡��LµY�{« f µY�¯�}�=º5�
�
��� × 4v�
º5���L¥5¥w�=¡��@µY�{« f−1 ¤Eµv���=�@�w�¯�{�����=�T¶w��������©b�5���U�R¤w���1½
J�É5< O :=?����v[R:=H O ?I<*�3�0NGNs< O :RHLCYAB?IH|FLCY>T?%H�p�:=<

df =





D�NGS
ϕ −r

S*:=H
ϕ 0S*:=H

ϕ r
D%NsS

ϕ 0
0 0 1



 .

�0?%<U?%H!k3H r ?%<�S*?_:VSlA

(

df
)−1

=





D�NsS
ϕ

S*:=H
ϕ 0

− 1
r

S*:=H
ϕ 1

r

D�NsS
ϕ 0

0 0 1



 =
1

r2





r2
D�NGS

ϕ r2
SB:RH

ϕ 0
−r
SB:RH

ϕ r
D%NsS

ϕ 0
0 0 r2



 .

�8KLH!:VS*A
r =

√

x2 + y2,
D�NGS

ϕ = x
r
,
SB:=H

ϕ = y
r
,
SBNEe :�A

(

df
)−1

=
1

x2 + y2





x
√

x2 + y2 y
√

x2 + y2 0
−y x 0
0 0 x2 + y2



 .

�0:R?´¾�>5[=?%:RABK5H W CEH�?%:=H5?%<0uvAB?%[=[=? u0
:VS*A � C}?%:=H5?�[=:RH5?hCY<U?�¾8>5>5:=[ O K5H W ` O :=?�:RH O ?%<��0XYF5? r NEH

u0
O :=?nJ5K5H5MGAU:RNsH

f
SB?%F5< W K{A�CEq5q5<UN·�{:Re :=?%<BAIism~:VS�CYK{x1?I:RHL?%Hft W ?I<B:=H W ?%Hvz�J5?IF5[=?%<�MwCYH5H�e CEHCY[VSBN�:=H O ?%<8�0XYF5? r NEH u0

O :=?�J5K5HLMsAU:RNsH

ϕ : u 7→ f(u) − f(u0)
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n

?%<�SB?�ABZI?%H O K5<�D�F O :R?�[=:RHL?ICY<U?n¾8>5>5:=[ O K5H W

u 7→
(

df(u0)
)

(u− u0)

K5H OdO :R?hS*?_¾8>5>L:R[ O K5H W :VSlA~K5e ME?%FL<B>LCE<I`GS*NExy?%<UH O :=?0��CYAB<U:�� df(u0)
:RH r ?I<*AU:R?I<B>@CY<¨:VSlAhiG�0:=?ISB?

O K5<�D�F O :R?_:RH r ?%<�S*?��bCwAB<U:R� W ? W ?%>T?%H5?_¾8>5>L:R[ O K5H W e}CED�FGA O CYe :RA O :=?_9;:R<UMvK5H W r NEH f >@?I:��HLCEF5?�p�:=? O ?I<o<UÉLD�M W XEH W : W i ��HGAB?%<�SBKLD�FGAoe}CYH O :R?hS W ?%HLCEK5?%<h`sSBN´?I<BFLXE[�Aoe CEH O ?IH|Z%?IHGAB<�CY[=?%H

Ñ1Ò �IÓg�����VÔ � ���@�T�
������� � 	@�/-�� Ò � ���A" � � � !�# 9 �´���
� f : R
n ⊃ Ω → R

n ���=�T� Cr <³´¥L¥w�R¡��LµY�5« = r ≥ 1 I ¦T�v�������|³�¥w¡y���j�*µY�{« df(u0)
�w���
�R�T�
���¯�¼��¡=¡y� u0

�=�T¶w���h���y���·¥E�w�¨�
���¼½ 1 �Y�5�
«s�¼¥{�´�
� � × «5�w¥{µE�{«{�
� U µY�¯� V : u0 ∈ U ⊂ Ω, f(u0) ∈ V ⊂ R

n, �
¬5�G�w­ f �
�R�T�
�
Cr < 1 �R£��%¬ × ¬w� ?¯º5�=� × µs� U → V ¥{�·§a�=� 4 �U½Õ �I� f : Ω → Ω′ ¥w� »��E4 ���j¶ µY�¯�´�I�¼�w��� df(u) �=� ¶·�
�I���¢�
�h¥E�Y�%¦E�
¬_�V�%���{µ{¹lº��E�y� � × 4{��º5�U®3µY��4 ���¢¬w�
f−1 : Ω′ → Ω �
�R� Cr < 1 �=£¯�I¬ × ¬·��? º5�V� × µE�h½
�0:R?hS*?I<_u{CYABZ�[=:R?%xy?%<BA0?%:=H5e}CY[1?%:=Hb�n<B:RAB?I<B:=K5e�`5p�CYH5H O KL<UD�Fg?I:RH5?�¾8>5>5:=[ O K5H W f : R

n → R
np~?%H5: W S*AB?IHLSa[=NEMwCY[@?%:=H|Mv<BK5e e [=:RH5: W ?hS¨�0NGNs< O :RHLCYAB?IHLS��{S*AB?Ie W ? W ?%>T?%H}:VS*AIi )�:RH5? r :R?I[@p�:VD�FGAB:R�

W ?I<B?�¾8Hvp~?%H O K5H W :=S*A¨CY>T?%<¨SB?%:=HJ)¨:=HLSUCwABZ�>T?%:=e ¾�K���QsSB?%H r NsH´H5:VD�FGAB[=:RHL?ICY<U?%H ]_[R?I:=D�FvK5H W ?%H1i
*f�G�,+.-����	"¨�Ê�b�¢Ô�� 9 �����
�����=�T� Cr < 6�µY��4 ���¢¬w� f : R

2 → R
«5�U«{�Y¥v�
� × ��� f(0, 0) = 0,�·�3§a� f(x, y) =

S*:=H
(xex+y + πy). 6L���w«{� 8�F��w�5� × �w�g�=�\�v�
� �;>wºT�}¶·¬·� (0, 0) �@�v¹lº �v�
�¤E§¨���j�¼�
� W@�w�U�V�L¥w¡y�����{µ����w�
���¯¦��T½ º1½L«s�¼¥{�~���_�
�R�T�f²�� �w�IµY�{«G�B®3µY��4 ���¢¬w� ¸ y = ϕ(x), �T½ º1½T�w¡V��¬���=�T�U6�µY��4 ���¢¬w� ϕ : R ⊃ U(0) → R, × ���o�v�
�0§¨���5�R«G�I�¼�
�L�¨¡y¬ 4Y�Y¡ = �w¡V��¬_�=���
�R� ��� � × «{�w¥5µY�{«

U(0) I «G�R¡j�
f(x, ϕ(x)) = 0 ( µE�¯� ϕ(0) = 0.)

�_CYZ%K�>5:=[ O ?%H�p�:=< O :R?
Cr
�¼¾�>5>5:=[ O K5H W

F : R
2 → R

2 :

(

x

y

)

7→

(

x

f(x, y)

)

.

�8:=?%<�:VS*A
F (0, 0) = (0, 0)T

K5H O `LSBNYxy?I<BH!?IS O :R? ��efMs?%F5<�CY>L>5:R[ O K5H W

G : R
2 → R

2 :

(

u

v

)

7→

(

ψ1(u, v)
ψ2(u, v)

)

W :=>{Ah`5:=S*A
(

u

v

)

= F (G(u, v)) =

(

ψ1(u, v)
f(ψ1(u, v), ψ2(u, v))

)

.

�_CYe :�A�:VSlA O CEH5H
ψ1(u, v) = u

K5H O
v = f(u, ψ2(u, v)).

u{?�ABZI?%H�p�:R<nF5:=?%<U:RH
v := 0

K5H O
O CEH5H

ϕ(u) := ψ2(u, 0),
SBN :VS*AdNYc ?%Hv>LCE<

0 = f(u, ϕ(u)),
O i F1i O :=? W ?ISBKLD�FGAB? 5�QsSBK5H W

W ?%xyK5H O ?IH�i�8e F5:=?%< O ?%H u{CYABZ�ÉL>@?I< O :=? �8e Ms?%F5<�CY>5>L:R[ O K5H W CEHvpo?IH O ?%H;ZIK;M QsH5H5?%H1`¨e´ÉLSUSB?%H.p�:R<Z%?I: W ?%H�` O CYË O :=?´¿5À�Á Â1ÃTÄR�¼�bCwAB<U:R� r NEH F :=H r ?I<*AU:R?I<B>LCE<o:VS*AIiL��K5H�:=S*A

dF =

(

1 0
∂xf ∂yf

)

,

O i F�i
dF

:VS*AfÉ5>T?%<�CY[=[ O NE<BA�:=H r ?%<BAB:=?%<U>LCE<I`�poN O :R?�qLCY<BAB:=?%[=[=?!¾�>5[R?I:�AUK5H W ∂yf 6= 0
:VS*AIia�0C

M QsH5H5?IHgp�:R< O ?%H�u5CwABZ�É5>T?%< O :R? �8e ME?IF5<UCE>5>5:=[ O K5H W CEHGp~?%H O ?%HgK5H O�O ?%HbNE>5: W ?IHbu{D�F5[=K5ËO K5<�D�F{xyÉ5FL<B?IH�i
�0:R?hS*? Í8>T?%<U[R? W K5H W [VXYËEA_SB:=D�F S*NExyNE<BA_CYK5x O ?%H CY[=[ W ?%e ?%:=H5?IH�JLCE[R[ r ?%<�CY[=[ W ?%e ?%:=H5?%<UH�`5p~NE>T?%:O CEH5H

x
K5H O

y
� ?Ipo?I:R[VS�ZIpo?I: MaCYMs?�AB? r NEH p >5ZIp�i m r :=?%[=?%H\Æ¨CE<B:VCY>5[=?%HÎSB:=H O `�CE[=SBN x :=

(x1, ..., xp), y := (y1, ..., ym)
K5H O ?%HGAUSBq5<U?ID�F5?IH O

f : R
p+m ⊃ Ω → R

m



Õ × ? ¡=�R¤I���3�;6�µY��4 ���¢¬w�T��� �����U�s�

?%:=H5?
Cr
�¼¾�>5>5:=[ O KLH W i@uvAUCwABA ∂yf 6= 0

e´K5Ë O CYH5H O :=?�?%HGAUSBq5<U?ID�F5?IH O ? ��?%:=[Re}CwAU<B:R� O ?I<0¿5À�

Á Â1ÃTÄR�3��CwAU<B:R� r NEH f :=H r ?%<BAB:=?%<U>LCY<oS*?I:RH�iG�0CEH5H W ?%FGA~CE[R[=?IS r QE[=[=: W CEHLCY[=N W K5H O p�:R<~?%<UFLCE[�AU?%HO ?IH

Ñ1Ò �IÓg�����VÔ  � � �����d� � - "���ÓE���I� � � � 	¯�h���T���v� # 9 �����
�

f : R
p+m ⊃ Ω → R

m, (x, y) 7→ f(x, y)

���=�T� Cr < ³�¥5¥w�=¡��@µY�{« × �j� r ≥ 1. ³�� ���=�T�
�0� �¼�
¡R¡y� (x0, y0) ∈ Ω �
��� f(x0, y0) = 0 µE�¯�!�
�«{�
¡��3���E�¢�´²¢³�µ ���w�
� < X8�h�E�=�{«@µE�{« ¸
O ?�A ( ∂fi

∂yk

)

i,k=1,..,m

6= 0.

1 �w�5�!«s�¼¥{���
� � × «{�Y¥{µY�{«5��� x0 ∈ U ⊂ R
p ¦ y0 ∈ V ⊂ R

m, �
¬{�v�w­

U × V := {(x, y)
∣

∣x ∈ U, y ∈ V } ⊂ Ω

µY�¯���E�y� ��¡y����¹lºTµE�{« f(x, y) = 0 �R� U × V ���=�¯�v�·µL���R«|�@�v¹lº y �{µ����w�h¥E�w���V�%�*¦��@½ º1½T���~«s�¼¥{�«{�
�@�{µ|���=�T� Cr < ³´¥L¥w�R¡��LµY�5« ϕ : U → V, ��¬5�G�Y­

f(x, y) = 0 ⇔ y = ϕ(x) ®3°Y� (x, y) ∈ U × V.

6T�
�B� ���0���B«s�¼¥{�a�B��¹lº��LµY�I¹lº 1 �=£¯�
�
�
�T���V�5���y¬·� �v�
� Õ �v��� ���j�$>5�

0 = f(x, ϕ(x))

× �����{��� � �
�R¡ × �{���B�=¤·�
�b�v�
���s�{¹
¬5¥w� × �5���U��ª�¶w¬·� f :

Dxf :=

(

∂fi

∂xj

)

i=1,..,m;j=1,...,p

µY�¯� Dyf :=

(

∂fi

∂yk

)

i=1,..,m;j=1,...,m

0 = Dxf(x, y)
∣

∣

y=ϕ(x)
+Dyf(x, y)

∣

∣

y=ϕ(x)
·Dϕ

∣

∣

ϕ(x)

§¨¬·�
�{µE� × �w� × �����v�
�n²V³´µ����Y���Y¥v�·�E�R�5«@µY�{« ¸ �E�y� 1 �w���%�3��¡=¡�µY�5«

Dϕ
∣

∣

ϕ(x)
= −

(

Dyf(x, y)
∣

∣

y=ϕ(x)

)−1
·Dxf(x, y)

∣

∣

y=ϕ(x)

���Uº�>Y¡��U½
¾8K5x O ?IH xyNs<Be}CY[=?%H,mo?Ipo?I:=S r ?%<UZ%:VD�FsAU?%H(p�:=<hi��bCYH >T?ICsD�FGAB?E` O CEË e}CEH Z%p�CY<!e :�A O :=?��
SB?%e�u{CwAUZ~CEK{x O :=? )¨�v:VS*AB?%HLZo?I:RH5?I<�?IHGAUSBq5<B?hD�F5?%H O�O :RcT?I<B?IH5Z%:=?%<U>LCY<U?%H�t 5�QGS*KLH W S*�¼¾�>5>5:=[ O K5H W zSUD�F5[R:=?%Ës?%H�` O :R?hS*?�CY>T?%<�HvK5<�:=Hg¾8KLSBHLCEF5e ?�x�XY[=[=?%H!?��{q5[=:RZI:�A�CEH W ? W ?%>T?%H!p~?%< O ?%H!MwCYH5H�i
�TK5<8¾�Hvpo?IH O K5H W O :=?ISB?IS8u5CwABZI?IS�SB?%:=?%H�H5N{D�F!?%:=H!q@CECY<���:RHvp~?%:VS*? W ? W ?I>@?IH�i

� ��XYK5Q W S*Ns[R[�e}CYH�?%:=H M¨<UNE>5[=?%e O ?%<_J5Ns<Be g(x, y) = c
H@CED�F O ?Ie Æ¨CE<B:VCY>5[=?%H@SBCYABZ

yCYK���QGS*?IH�i{�8:=?%<�SB?�AUZ�A�e}CYH�?%:=H{x�CsD�F

f(x, y) := g(x, y) − c.

J�ÉL< O :R?�¾�K���QGS*?I>@? O :RH W K5H W MwCYHLH�e}CYH O :=<U?%MGA�ef:RA g CE<B>T?%:RAB?IH�` O C � CfxyÉ5<8CY[=[=? i, k
∂fi

∂yk

=
∂gi

∂yk

.
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n

� uv?�AUZ%?%Hgp�:=<�CEK{x O ?%e R
2 ?%:=H5e}CY[ g(x, y) := x2 + 2y2,

S*N}:VSlA8?I:RH5x�CED�F O :=?�qLCE<*AU:R?I[R[=?
¾8>5[=?%:RABK5H W HLCED�F y Z%K�É5>T?%<Uq5<UÉ{xy?%H1` O i F1i O :=?�¾8K���QGS*?I>@? O :=H W K5H W [VCYK5AB?�A8FL:R?I<

∂g

∂y
= 4y

!

6= 0.

��:=?IS�:VSlA�xyÉL<
y 6= 0

?I<*xyÉ5[=[RAIi
���������
	���
�������	����������������� �!#"

g(x, y) = −1
!$���%"#��!&	'�(!*)����

y
)� �+�,'��-�)���.

k3e�u{CwAUZ�p�:=< O W ?hSBC W Ah` O CEË�p�:=<n:RH O ?%< ��e W ?%>5KLH W ?I:RHL?%<�uGAB?I[R[=? (x0, y0)
CYK���QsSB?%H

M QEHLH5?%H�`@poN
f(x0, y0) = 0

:VS*AI` O i F�i@FL:R?I<_CE[=SBN
x2

0 + 2y2
0 = −1

:=S*AIi�uvN|?I:RHL? uGAU?%[=[R?
W :=>{A_?hS_É5>@?I<BF@CYK5q{A�H5:VD�FGAI`�CE[=SBNdHvÉ{AUZ�A O :=? W CYH5ZI?�m~? O :RH W K5H W É5>T?%< O :=?}¾8>5[=?%:RABK5H WH5:=D�FGA�S%i

� �8?%FLef?IH p�:R< g(x, y) = +1,
S*NnQLH O ?%H p�:=< & r :=?%[=? (�qLCsSBSB?%H O ?8uGAB?I[R[=?%H (x0, y0).

¾8>T?%<
:RH O ?%< �8e W ?I>5K5H W r NEH y0 = 0

:VS*A O :=?0¾�K���QGS*?I>@? O :RH W K5H W H5:VD�FsA�?%<BxyÉ5[=[�Ah`GSBN O CYË´p�:R<H5:=D�FGA_HLCED�F
y
CYK ��QsSB?%H�M�QEH5HL?%H�iTÍ8>T?%<U[R? W ?%H uv:R? SB?%[=>LSlAh` O CYË -������ ?%:=H5? ¾8K���QGS*KLH WHLCED�F O ?%<�Æ¨CE<B:VCY>L[R?IH

x
e Q W [R:VD�Fd:VS*AIi

9;:=< W ?I>@?IH�H5N{D�F!Z%p~?%:�SBq@?IZ%:=?%[=[R?�¾�Hvpo?IH O K5H W ?%H�i

/g���T� Ò�� 	 � � �10 � Ò �����v� �I�v� "��������v�^�����=Ö .
f : R

2 ⊃ Ω → R
���
�o���=�T� C1 < 61µY��4 ���y¬·�1½6~°Y� c ∈ R

ºT���=­v�
Nc := {(x, y) ∈ Ω

∣

∣ f(x, y) = c}

���=�T� ����¶w���{µ × �
�{«{��¶·¬w� f. Nc
4Y�w�L��®3°Y�8«{�·§a�V�U��� c ¡¢�I���8�
���=�1½Õ �I� Nc 6= ∅ µE�¯� ∇f(x, y) 6= (0, 0) �{µE® Nc,

�
¬ 4Y�w�5� × �w�Ï¡y¬ 4Y�w¡8�E�¢� ����¶w���5µw«s¡y����¹lº µY�{«
f(x, y) = c �@�{¹lº x ¬5�v���f�@�{¹lº y �{µ����Y���
�¯¦��@½ º1½ × �Y�.�
�Bº�>Y¡������=�T�NX8�
�%¹lº5�
�
�j¥5µY�{«Î�v�
��8�j¶·�%�{µ × �
�{«{�
���Y¡=� C1 < 0d�U«5�

t 7→ (t, y(t)) ¬5�v��� t 7→ (x(t), t).

©b�Y�����h�v�w���G�wº �����{µ5¹lºb¶·¬w� ����¶w���5µY¡R�=�5�y���1½
9 �=� C1 < 0|��« ψ : I → Ω, �v�
�U���
� � �w�5«{��� �3��� ¶·� 4T�3¬·� ψ′(t) �I�¼�w��� 6= 0 �V�I��µY�¯���w�}»��h�{���� �3��¡=¡¢�0�=�g±���¹lº �BµY�{«��v�
� ���
�v�s�¢�
�T�3��� ¶·¬w� f ¤·���R«@�

ψ′(t) = λ(t) ·
(

∇f
)

(ψ(t)) 6= 0 × �j� λ(t) > 0

ºT�
�R­@� �����{�E�¢�
� �¼���L¡R�=�5�y�w½
J�É5< O :=?ISB? 5�:=H5:=?%H W :=[�A

Ñ1Ò �IÓg�����=Ö1� �����{�E�¢�
� �¼��� < µY�¯� �8�j¶·�%�{µY¡=�R�L�¢�
�!�%¹lº5�T�
���v�
�!�B��¹lº!�I�¼�w���8�
����4v���h¹lº �B½�v�y�P4 �·�5� ���(�v� × ���_¡y¬ 4Y�w¡8�w¡V���
�·¹lºT�3§a�=��4{��¡=��«5�
�D4v�hµ × × ¡R�=�5�R«{�
� F�¬G¬w�%�s�R�@�5�¼�
�L���L�I�¼� × ¶w��� <§¨���¯�v�w��§a�
�%�{���1½
*f� ���G�,+ R~klS*A

s 7→ ϕ(s) = (s, y(s))
?I:RH5?���: r ?ICYKL[R:=H5:=?E`LSBN :=S*A f(ϕ(s)) = c,

SBNEe :�A

0 =
d

ds

(

f(ϕ(s))
)

=
∂f

∂x

ds

ds
+
∂f

∂y

dy

ds
= 〈

(

∇f
)

(ϕ(s)), ϕ′(s)〉.

¾8e u{D�F5H5:RA*AUq5K5H5MGA
(x0, y0)

r NEHg]_<�C O :=?%HGAB?IH{�¨K5H O ��: r ?ICYKL[R:=H5:=?_:VS*A O CYH5H

(

∇f
)

(ϕ(s)) =
(

∇f
)

(x0, y0) =
(

∇f
)

(ψ(t)) =
1

λ(t)
ψ′(t),

p~NE<�CYKLS O :=?�mo?IFLCYKLq{ABK5H W K5H5e :�ABAB?I[R>LCE<�xyNE[ W Ahi �



Õ × ? ¡=�R¤I���3�;6�µY��4 ���¢¬w�T��� �����U� %

���¯�.�w� �ÎÒ � � �I��� /g�����v� ��������� ! � � !T�v�
)a�vAB<U?%e}S*AB?I[R[=?%HÏ?%:=H5?I<´J5K5HLMsAU:RNsH

f : R
m ⊃ Ω → R,

O :R?}:=e�k3H5HL?%<UH O ?IS��0?�QLHL:�AU:RNsHLS W ?��>5:=?�AU?IS
Ω
[R:=? W ?%H�`�FLCwABAB?IHPp�:=<fSUD�F5NEH\:=e �TKLSUCYe e ?%H5F@CYH W e :RA O ?%<fef?IF5< O :Re ?IHLS*:=NEH@CY[=?%H

�oÀ � �GÂ 
@�$)�HsAlp�:VD�Mv[RKLH W >T?%FLCEH O ?I[�A & u{CYABZg����i � %�(�i��_CYe :RA}[=CsSBSB?%H^S*:VD�F CE>@?I< ¾�K{x W CE>@?IHp�:=? O :R?_xyNs[ W ?%H O ?nHvK5<8SUD�Fvpo?I<~>T?ICE<B>T?%:RAB?IH�R� � � � ��
 
 � 	�)'��� )�����
  �
	� �
	 ����� ��!$��
  �
�
 	 ���
�  �!���� ����!
g(x, y, z) := x2 + y2 + z2

 �!$� ���(	���!�� �
-���!&-���	���!#"  �!#"#��!

f1(x, y, z) := x2 + 2y2 + 3z2 − 1 = 0,

f2(x, y, z) := x+ y − z = 0.

�0:R?�¾�>5>5:=[ O KLH W
f : R

3 → R
2 : (x, y, z) 7→

(

f1(x, y, z)
f2(x, y, z)

)

>T?ISUD�F5<B?I:R>5A O CY>T?%:aÉ5>T?%< O :=?}J5Ns< O ?I<BKLH W f = 0
SBN W ?IHLCYHLHsAU?ntB�8?I>@?IHv>@? O :RH W K5H W ?%Hvz
i¯�8:=?%<p�XY<U?8CY[VS*N O CES��bCw�{:Re�K5e N O ?%<o��:RH5:=e´KLe O ?%<oJLK5H5MGAB:=NEH

g
Z%K�S*KLD�FL?%H}K5HGAB?I< O ?%<o��?%>T?%H{�

>T? O :=H W KLH W ` O CYË|SB:=?´HvK5<0CEK{x O ?Ie �0K5<�D�FLSBD�FLH5:�ABA O ?hS7)�[R[=:Rq@S*Ns: O S f1 = 0
e :�A O ?%< )¨>T?%H5?

f2 = 0
>T?�AU<UCsD�FGAB?�A�p~?%< O ?%H�SBNE[=[�i

�0:R?´¿LÀ¯Á Â�Ã@ÄR�3��CYAB<U:�� r NEH f [VCYK{AU?�A

df =

(

2x 4y 6z
1 1 −1

)

.

uv:=?�:=S*A|CYK{x O ?%< )¨>T?%H5?
f2 = 0

CY> W ?ISB?%F5?IH r NEH O ?%e M¨KLH5MGA
(0, 0, 0),

O ?%<|CE>@?I<fHL:=D�FGA
:=H{xy<UC W ?�MENEe e´AI`�SlAU?�AUS r NEe Ð8CYH W �{` O i F�i f = 0

M·CEH5HPS*AB?%AUSf[RNsMwCY[�CYK{x W ?%[TQsS*A�p~?%< O ?%H�i�0:R?hS*?´¾�K���QGS*K5H W MwCYH5H�e}CEHg:RH g ?%:=HLSB?�ABZI?%HgK5H O�O :=?�?%HGAUS*AB?IF5?%H O ?J)a�vAU<B?Ie´p~?%<BAUCYK5x W CY>T?:=H!?I:RHL?%<�Æ¨CY<U:VCY>5[=?%H![�QGS*?IH�i
k3HbKLHLS*?I<B?IeÅmo?I:=SBq5:=?%[�:=S*A O :R?hS*?I<09 ? W!W ?I<UC O ?�H5N{D�F�e Q W [=:=D�F�`T:=e CY[=[ W ?%e ?%:=H5?%H�JLCY[=[�p�:R< Oe}CYH O CsSaH5:VD�FsAoq5<UCEMGAB:VSBD�F CYKLS*xyÉ5F5<U?%H M�QEH5H5?IH�i@)�S W :=>{AoCY>T?%<�?%:=H5?%H r :R?I[L?I:RH{x�CsD�F5?%<U?%Hf9 ? W im~?�AU<UCsD�FsAU?%H�p�:R< W [R?I:=D�F O :=?�CY[=[ W ?%e ?%:=H5?�uv:RABKLCYAB:=NEH�i

���U«5�w¥{���g�
���y��� C1 < 6�µY��4 ���¢¬w�T��� g, f1, ..., fm : R
n ⊃ Ω → R

1, §¨¬{¥{��� m < n. 9 �8�
���
N := {x ∈ Ω

∣

∣ f1(x) = ... = fm(x) = 0}.

0��=���%µ5¹lºT���!¡¢¬ 4Y�w¡y� 9 ª ���
� × �d¶w¬·� g �{µY® N, �@½ º1½ C�µY��4 �¼� x0 ∈ N, �
¬{�v�w­

g(x0) ≤ g(x) ¥Y¤E§8½ g(x0) ≥ g(x)

®3°Y�0�Y¡R¡y� x ∈ U(x0) ∩N.�L¬w¡�¹lºT� C8µY��4 �3�8º ���=­v���d¡¢¬ 4w�Y¡¢���o©��R�5� × µ × ¥w¤E§8½G¡y¬ 4Y�w¡y�
�~©b�·ª{� × µ × µY� �3���_�v��� �_�Y¥v�
� ¥{� <�E�=�{«@µE�{«{�
� f1 = ... = fm = 0.

�_CwxyÉ5< W :R[RA O :=?nxyNE[ W ?%H O ?nH5NYAlp~?%H O : W ?_m~? O :RH W K5H W ` O :R?�F@XYK{Q W O :=?��g?IH W ? O ?I<�e Q W [=:=D�FL?%H)a�vAB<U?%e}C�S*N�?%:=H W <U?%H5Z%AI` O CYË�e CEH O :=?´A�CwA�SBXsD�F5[R:VD�F r Ns<BF@CYH O ?IH5?%H���:RH5:=e}C|K5H O ��CY�v:=e}CO :=<B?IMGA�?I<BMs?%H5HL?%H!M·CEH5H�i

Ñ1Ò �IÓg�����=Ö Ô 9 �a���
� N �E�y� � �w�IµY�{«v� × ���5«{��¶w¬·� f1 = ... = fm = 0 µE�¯� g º@�L¥v�¨�=� x0 ∈
N ���=��¡y¬ 4Y�w¡y�
� 9 ª¯���
� × µ × ½�6T�
�B� �����
���y��� �Y� x0

�E�y� ���
�v�s�¢�
�T�3��� ∇f1(x0), ...,∇fm(x0)¡=�R�T�%�w��µY�T�5¥wº�>Y�{«s�R«T½1 �w�5�,«s�¼¥{�d�
�b�
�R�¯�{�·µ5����«Ê¥{�
�I��� × × �¼� G �Yº5¡y��� λ1, ..., λm ∈ R, �s�¢� �
¬h« ½�� À���
 À�
 ��� <©\µY¡j���V? ¡=��4Y�5�¼¬·������¦@��¬5�G�Y­
∇g(x0) =

m
∑

i=1

λi∇fi(x0).
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n

*f� ���G�,+ R�J�É5< O :=?|¾8>L>5:R[ O K5H W f : R
n ⊃ Ω → R

m : x 7→ (f1(x), ..., fm(x))
?%<U[=CEK5>@?IH

O :=?8ÆaNE<�CYK@SBSB?�AUZ%K5H W ?%H�` O :R?�]_[=?%:VD�FvK5H W f(x) = 0
:=H O ?%< �8e W ?I>5K5H W � ? O ?%< )¨�GAU<B?Ie}CY[VSlAU?%[=[R?

x0
H@CED�F

m
Æ¨CY<U:=CE>5[R?IH�CEK{xyZ%K5[TQsSB?%H1ivm~?I:¯qLCESUS*?IH O ?I<���K5e e ?%<U:R?I<BK5H W >T?%MsNEe e ?%H�p�:R<8CE[=SBNe :�A

p := n−m
O CYHLH

C1 �3J5KLH5MGAB:=NEH5?IH ϕ1(u), ..., ϕm(u),
poNs>@?I:

u := (u1, . . . , up) ∈ R
p,O :=?�[=NEMwCY[T:=H|?%:=H5?%< �8e W ?%>5K5H W Ω′ r NEH u0 := (x01, ..., x0p) ∈ R

p
O ?%QLH5:=?%<BA~SB:RH O K5H O�O NE<BA

0 = f(u1, ..., up, ϕ1(u), ..., ϕm(u))

?%<BxyÉ5[=[R?IH�iL�g:RA O ?I<8¾8>5>5:=[ O K5H W Φ :

Φ(u) := (u1, ..., up, ϕ1(u), ..., ϕm(u))

W :=[RA O CYH5H�CY[VSBNf:=H!?%:=H5?%< ��e W ?%>5KLH W r NsH u0 ∈ R
p

0 = f(Φ(u))

K5H O�O CEe :�A�CEKLD�F
0 =

(

df
)

(x0)
(

dΦ
)

(u0).
5�?%ABZ%AB?%<U?IS�:VS*A W [=?%:VD�FG>T? O ?%K{AU?%H O!O CYe :RAI` O CYË

0 = 〈∇fi, ∂kΦ〉
xyÉ5<

i = 1, ...,m; k = 1, ..., p

:VSlAh` O i F�i O CYË O ?%<�]_<UC O :=?%HGA
∇fi

� ? O ?%<8t*m~? O :RH W K5H W SlxyKLH5MGAB:=NEHvz�SB?%H5Mv<U?ID�FGA0CEK{x O ?Ie �8H{�
AB?I<B<�CYKLe

U
S*AB?IFsAh` O ?%< r NEH O ?%HguvqLCY[RAB?IH r NEH dΦ CEK{x W ?hS*q@CYH5HGA�p�:R< O i5�0:R?hS*?I< ��HGAB?%<U<�CYK5eFLCYA8po? W ?%H O ?%<8SBqT?%Z%:=?%[=[=?%H�]_?IS*AUCE[�A O ?I<�uvqLCE[�AU?%H r NsH dΦ O :=?���:=e ?%HLSB:=NEH p.¾8H�?I:RH5?I< )a�vAB<U?%e}SlAU?%[=[R?

x0 (∈ N)
FLCYA O :R?�JLK5H5MGAB:=NEH

u 7→
(

g ◦Φ
)

(u)
?I:RH![RNsMwCY[=?IS5)a�vAB<U?��

e´KLe!`@S*Nsef:RA r ?I<USUD�Fvp�:RH O ?�A O ?%<0]_<�C O :R?IHsAh` O i F�i5?IS�:VS*A

0 = ∇(g ◦ Φ) = ∇g · dΦ,

p�CES�p�:=? O ?I< W [=?%:VD�FG>T? O ?%K{AU?%H O!O CYe :RA8:=S*AI` O CYË

0 = 〈∇g, ∂kΦ〉
xyÉ5<8CE[R[=?

k = 1, ..., p,

SBN O CYË CYKLD�F
∇g ∈ U⊥.¾8[VSBN�S*:=H O�O :=?
m+1 r :=?%[=?%H�Æa?IMGABNE<U?%H ∇g,∇f1, ...,∇fm

& � ?Ipo?I:R[VS1CEH O ?%< )a�vAB<U?%e}SlAU?%[=[R?
x0
(

SUXYe�AU[R:VD�F�:Re NE<BABFLN W NsHLCY[=?%H��0NEe q5[=?%e ?%HGA O ?hS p � O :=e ?%HLSB:RNsHLCY[=?%H �8HGAU?%<U<UCEK5e ?IS U ⊂ R
n
`

p�CESnp~? W ?IH p + m = n
>@? O ?%K{AU?�Ah` O CEË�S*:=?}[R:=H5?hCY<�CY>LFLXYH W : W SB:RH O i��_C O :=?�]_<UC O :=?%HGAB?IH

∇fi

HLCsD�F�ÆaNs<UCEKLSBSB?�AUZ%K5H W K5H@CY>5FLXEH W : W S*:=H O `{xyNs[ W A O :R?�m~?IFLCYK5q5ABK5H W i �

*f� � ����	 � � ! �����=ÖTÖ G µ × X8�
�I��� × × ���.��¬w¡�¹lºT�
� 9 ª¯����� × �w¡V?�µY��4 �3� (x01, ..., x0n) º@�5�
× �w�g�w¡V��¬´®3°Y���E�¢� n+m ¶·�y��¡y��� �1�¯¥{�E4Y�w�L�T�3��� x1, ..., xn, λ1, ..., λm

�E�y� ��¡¢�
��¹lº µY�5«{���

fi(x1, ..., xn) = 0 (i = 1, ...,m),

∂kg(x1, ..., xn) =

m
∑

i=1

λi∂kfi(x1, .., xn)

¤Eµ ¡ �w�
���1½
�_CES~xyNE[ W ?IH O ?�m~?%:VS*qL:R?I[�?%HGABF@XY[RA O :R? M¨<UNE>L[R?Ie S*AB?I[R[=K5H W :=H�?�Alp�CES r ?I<Bp�:VSBD�FGAU?%<�J5Ns<Be�i
*f�G�,+.-����	"¨�Ê�b�VÖ�� 9 �8�
���

g(x, y, z) := x2 + 2xy −
2

3
z3,

f(x, y, z) := x2 +
1

2
y2 +

1

2
z2.

©b�Y� ¥{�
�I��� × × �´���=�!©b�wª{� × µ × ¶w¬·� g µY� �¼���n�{��� �_�Y¥v�
�¯¥v�·�E�R�5«@µY�{« f ≤ 1.



Õ × ? ¡=�R¤I���3�;6�µY��4 ���¢¬w�T��� �����U�·Ç

�0?%<�mo?I<B?I:=D�F1`sCYK5x O ?%e
f ≤ 1

:VSlAh`G:VS*AoNYc ?%Hv>LCE<¨MENse qLCYMGAI`GS*N O CEË�?%:=Hd��CY�{:Re�K5e & K5H O ?%:=H
�g:=H5:=e´K5eL(0?��{:VSlAU:R?I<*Ahi �0:=?f��?%>T?%Hv>@? O :=H W K5H W F@CwA�CY>T?%<_Z%K5HLXsD�FLS*A_H5:VD�FGA O :R? W ?Ip�É5HLSUD�FsAU?J5Ns<Be�i{9;:=<8Z%?I<B[=? W ?%H O ?ISBFLCY[=> O :R?�¾�K{x W CE>@?�:=H�Z%p~?%: ��?%:=[R?�R
� mo?hSlAU:Re e ?���Cw�{:=e}C�:=e k3HLH5?%<UH�` O i F�i{xyÉ5< f < 1

K5H O

� ��Cw�{:=e CfCYK5x O ?Ie Ð8CEH O ` O i F�i{xyÉL< f = 1.

�TK5e ?%<�SlAU?%H�R
)�S´:=S*A

∇g(x, y, z) = (2x + 2y, 2x,−2z2).
��:=?|?I:RH5ZI: W ?�uGAU?%[=[R?s`1p~N O :R?hS r ?%<�SBD�Fvp�:=H O ?�Ah`:VSlA

(0, 0, 0),
p�CES�ZIp~CE<

f(0, 0, 0) < 1
?%<BxyÉ5[R[RAI`TCY>T?%<�SB:VD�F5?%<8Ms?%:=H���Cw�{:=e´K5e r NsH g :=S*AIi@k3HO :=?ISB?%e k3H5H5?%H5�¼m~?%<U?%:VD�Fd[=:=? W A8CE[=SBN ME?%:=H���Cw�{:=e´K5e�i

¾8K5x O ?Ie Ð8CEH O R
)�S1:=S*A

∇f(x, y, z) = (2x, y, z).
u{NEe :�A1SB:=H O HLCED�F�m~?%e ?I<BMvK5H W ����i % %�9 ?%<BAB?axyÉ5< x, y, z, λSBNfZIK�>@?hSlAU:Re e ?%H�` O CYË W :=[RA

0 = f(x, y, z)− 1 = x2 +
1

2
y2 +

1

2
z2 − 1

K5H O

(2x+ 2y, 2x,−2z2) = λ(2x, y, z)

)�S�:VS*A�CY[VS*N O CES~xyNs[ W ?%H O ?_HL:=D�FGAB[=:=H5?ICE<B?�]_[=?%:VD�FGKLH W SUS��{S*AB?Ie Z%K�[�QGS*?IH�R

x2 +
1

2
y2 +

1

2
z2 − 1 = 0,

2x+ 2y = λ2x,

2x = λy,

−2z2 = λz.

�0:R?hS�[R:=?�xy?I<*A8?IH O [=:=D�F r :=?%[=?�uvAB?%[=[=?%H (x, y, z)
K5H O HvK5<8CYH O ?IH5?%H�MwCYHLH�?I:RHg��CY�v:=e´KLe r NsH

g
KLHsAU?%< O ?%<~�8?I>@?IHG>T? O :RH W K5H W f = 1 r NE<U[=:R? W ?%H1iE¾8H|p~?%[VD�F5?IH AUCwA�SBXsD�F5[=:=D�F}?I:RH|��CY�{:Re�K5er Ns<B[=:=? W Ah`vFLCwA8e}CYH!?%:=H5ZI?%[=H O K5<UD�FLZ%K5q5<UÉ{xy?IH�iJ�É5F5<U?%H�uv:=? O CES�CEKLS��
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