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Valued Fields

Exercise Sheet 7
Ordered Abelian Groups and Valued Fields

Exercise 7.1. (4 points)
Let G be an ordered abelian group.

(a) Let v be defined as in Lecture 9, Proposition 3.5. Show that v is a valuation on G, i.e.
that (G, v) is a valued Z-module.

(b) Let x € G \ {0}. Show that
G =({C'| C is a convex subgroup of G and = € C'}

and
Goy = J{C | C is a convex subgroup of G and = ¢ C'}.

Conclude that B, = B(G,v(z)) and that B, is an Archimedean.

Exercise 7.2. (4 points)
Let [I', {B(7) | v € I'}] be an ordered family of Archimedean ordered abelian groups. Let
G = B0
~vel

and define a relation <o, on G by

0 <iex 9 :¢= (9 # 0 A g(Umin(g)) > 0).
(a) Show that (G, <jex) is an ordered abelian group.

(b) Show that vy, and the natural valuation v on G are equivalent.



Exercise 7.3. (4 points)
Let K = R((X)).

(a) Consider the map vpin: K — Z U {oo} defined by

f= Zaka > Umin i=
keZ

min{k € Z | a, # 0} if f #0,
00 if f=0.
Show that (K, v, ) is a valued field and determine its value group G,,_. and its residue
field K.

Umin *

Umin

(b) Consider K as an ordered field with the ordering induced by X < |r| for any r € R\ {0}.
Let v be the natural valuation on K. Determine the value group G, and the residue field
K,.

(c) Show that
v: G

is an order-preserving isomorphism of groups and that

Umin — GU?”D’HD(:C) — U(:C)
w: Kvmin — KU? a/Umil’l — av

is an order-preserving isomorphism of fields.

Definition.

Let K be a field. A positive cone of K is a subset P C K that satisfies all of the following
conditions:

e P+P={p1+p2|p,ps€ P} CP,
o PP ={pip2|p1,p2 € P} CP,

{a*|a€e K} C P,
. _1¢P,

e —PUP =K, where —P={—p|pe P}

Exercise 7.4. (4 points)

(a) Prove the following:

(i) If (K, <) is an ordered field, then the subset P := {a € K | a > 0} is a positive
cone of K.



(ii) If P is a positive cone of a field K, then the relation
a<b & b—acP
defines an ordering on K such that (K, <) is an ordered field.

(b) Deduce that, for any field K, there is a bijective correspondence between sets of orderings
on K and the set of positive cones of K .60kj

Submission:
Please hand in your solutions by Tuesday, 9 June 2026, 10:00h (postbox 17).
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