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Abstract

In the present paper the low Mach number limit of kinetic equations
is used to develop a discretization for the incompressible Euler equation.
The kinetic equation is discretized with a first and second order discretiza-
tion in space. The discretized equation is then considered in the limit of
low Mach and Knudsen number which gives rise to an interesting limiter
for the convective part in the incompressible Euler equation. Numerical
experiments are shown comparing different approaches.

Keywords. kinetic equations, asymptotic analysis, low Mach number limit,
second order upwind discretization, slope limiter, incompressible Euler equation

1 Introduction

Kinetic equations or discrete velocity models of kinetic equations yield in the
limit of small Knudsen and Mach numbers an approximation of macroscopic
equations like the incompressible Euler or Navier Stokes equations. Hence,
discretizations of kinetic models can be used in combination with the limiting
procedures to develop discretizations for the corresponding macroscopic limit
equation. For variants of this general approach, we refer to [16, 15, 4, 5, 11]
for kinetic schemes, [7, 2, 9, 6] for Lattice-Boltzmann methods, and [10, 13] for
relaxation schemes for diffusive limits.

In the present paper we start by recalling the scaling of kinetic equations which
leads to the incompressible Euler equation. Then, a natural discretization of
the kinetic equation is used to obtain in the limit a second order slope limiting
procedure for the convective term of the Euler equation. This slope limiter has
interesting algebraic properties like reflection and rotation invariance.

The paper is organized as follows: section 2 contains a short description of the
results of the asymptotic analysis leading from kinetic equations to the incom-
pressible Euler equation. In section 3 the asymptotic procedure is performed
for the discretized kinetic equations and a general limit discretization for the
incompressible Euler equation is derived. In section 4 we concentrate on the
derivation of the discretization of the convective part. A first and second order
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upwind discretization for the limit equation are presented. Whereas the first
order discretization is standard, the second order discretization includes a mul-
tidimensional slope limiting procedure which is analyzed further in section 5.
Finally, the new slope limiter is tested in several examples.

2 Kinetic equations and the incompressible Euler
equation

The incompressible Euler equation
Ou+u-Vu+ Vep =0, divyu=20 (2.1)

can be formally obtained as scaling limit of a Boltzmann type kinetic equation
(see [1, 3, 17])
Of+v-Vaof =J(f). (2.2)

Here, f = f(z,v,t) is a phase space density which we consider, for simplicity,
in the two dimensional case * = (z1,22) € R?, v = (v1,v2) € R% We will
not specify the complete structure of the collision operator J(f). Only those
properties which are important in the Euler limit will be listed below.

We follow the approach in [1] and use the scaled kinetic equation

Ouf + 10 Vaf = () (2.3

with ¢ > 1. Furthermore, we assume that f is only a small perturbation of the
Maxwellian velocity distribution M

Our precise assumption on the structure of f is
f =M1+ eq). (2.4)

In the next section, the formal asymptotic analysis is carried out in a slightly
more general situation where (2.3) is modified by adding a diffusive term Dy, (v) f
and replacing V, with an approximation Vg .

Let us now list some properties of J which will be needed for the analysis. First
(2.4) is inserted into (2.3) using a Taylor expansion of J(M + eMg.). We have

1 1
MJ(M +eMg.) = €eLge + 562Q(g€, ge) + egR(gE) (2.5)

where L involves the first and @ the second Frechet derivative of J at the point
M (see [1] for details). The exact structure of the remainder R is not relevant
in the limit. Note that the zero order term in (2.5) drops out because of the
equilibrium condition

J(M) = 0. (2.6)



Another important assumption is that the collision invariants of J are the func-
tions 1,v1,ve (for simplicity, we consider isothermal flows and suppress the
energy equation with corresponding collision invariant |v|?), which means in
terms of the weighted IL2 scalar product (g, h) = Jg2 ghM dv

1
(37w =0, ve Lo, (2.7)
Note that (2.7) implies together with (2.5) that also

(Lge; ) = (Q(ges ge)s ) = (R(ge), ) =0 (2.8)

for all collision invariants . Important assumptions on the operator L are
1) L is selfadjoint with respect to (-, -).

2) L satisfies a Fredholm alternative with a three dimensional kernel spanned
by the collision invariants.

Finally, we need a property of () which is a direct consequence of the relation
Q(h,h) = —Lh* forh=a+ (v (2.9)

(see [1] for the derivation). Using the fact that 1,v1, vy are in the kernel of L,
we conclude

—Q(h, h) = BiB; L(viv;). (2.10)
For convenience, we list some moments of the standard Maxwellian which will
be frequently used later

<1? ]-> = ]-7 <1avi> = 07 <viavj> = 5@_7 (211)
(vivj,vg) = 0, (vivj, vrvr) = 040k + didj1 + djx i

3 The discretized kinetic equation and derivation of
macroscopic discretization

We start with the kinetic equation (2.2) which is discretized using the method
of lines

Ohf +v-Vif—Dy)f=J(f)

In this section, we only assume that V = (9 ,9%,) and Dj,(v) are linear oper-
ators, that Vg is independent of v, and that the components of Vg commute. In
the next section we choose 35; as central difference approximations and Dy, (v)
as numerical viscosity term.

As in the previous section, we introduce a scaled version of the kinetic equation

(with ¢ > 1)
1 1
Ocf + —v- VEf— Dp(v)f = Fj(f)-
With the expansion (2.4) and (2.5), we then get

1

1 1 1
atgs + gv : vggs - Dh(v)ge = EqﬁLge + Q_EqQ(gagE) + é.q—_lR(gE)' (3‘1)



In our formal analysis, we will assume that g. converges in a suitable sense for
€ — 0 to some function gy and that all relevant operations behave continuously
for that particular sequence. Moreover, terms which are formally of order e
are assumed to vanish in the limit (see [1] for a more detailed investigation).
Upon multiplying (3.1) with €?*! we thus find that Lgg = lim, g Lge = 0 which
shows that gg € kerL, i.e.

go(v) = p+u-v, p€R, ueR? (3.2)

with parameters p, u which are yet undetermined. In order to get more informa-
tion about these parameters, we consider the mass and momentum conservation
equation related to (3.1) which are obtained by multiplying (3.1) with M and
Mwv and integrating over v

0. (g1) + + (v Vg 1) — (Du(w)ge, 1) = 0, (33
Oy (ge,v) + % (v Vige,v) = (Du(v)ge,v) = 0. (3.4)
Multiplying the equations by € and letting € tend to zero, we conclude
<v Vo, 1> =0, <v . Vﬁgo,vi> = 0. (3.5)
Using (3.2), the first condition can be reformulated

0 =y, (g0, vi) = 0y, {p + vjuj, vi)
= (1,v;) 821_,0 + (vj,v;) ajgiuj = 821_% =: diviu

where we have used moment relations from (2.11). Similarly, we find
0=l (vjgo,vi) = (v, vi) O, p + (vjok, vi) D u, = D p

so that (3.5) implies
divu = 0, Vhp =0 (3.6)

which has to be satisfied by the parameters p,u in (3.2). Since p is essentially
determined by the condition V/p = 0, it remains to find the time evolution of
u. First, we rewrite the second term in (3.4) as

1 1 1 1
E <U ’ Vgge,’l)j> - Eaa]cll <geavivj> = Eaa]cll <ge,’Uz‘Uj - 52]> + Eaa]clj <g67 1> :

Since QZ (ge, 1) — 8;‘],,0 = 0 for € — 0, we can assume that aﬁj (ge, 1) /€ con-
verges to agj p1 if we think of an expansion g. = g9 + €g1 + ... with corre-
sponding (ge,1) = p+ €p1 + .... Secondly, the function v;v; — J;; is orthogo-

nal to the kernel of L (which is easily checked with relations (2.11)). Hence,
ViV — 5@']’ = LL_l(UZ"Uj — 52J) and

1 1 B
(g vivj = 8ij) = = (Lge, L™ (vi; = b35)) -

€



Using (3.1) after multiplication with €9, we find

1 1 _
111’1(1) <g€7UZ/U] 6zj> = _5 <Q(g,g),L l(vivj - 6Zj)>

€—

so that (2.10) implies

.1 U U
lim = (ge, viv; — dij) = ——

e—0 €

(L(vpvr), Lt (vivg = 6ij))
U
= % <?)k1)l,1)i?}j — 5U> .
In view of (2.11), we conclude

hma (ge,vlvj> o pl—l—(? (ugug).

Hence, in the limit € — 0, equation (3.4) turns into

Oruj + 8;2 (uin;) — (Dp(v)go, vj) + 8;‘1_ p1 =0, div "y = 0. (3.7)
Note that (3.7) reduces to the incompressible Euler equation (2.1) if we choose
V! = V, and Dj(v) = 0. Obviously, p; takes the role of the pressure and
O (uju;) — (Dn(v)go,v;) gives a discretization of the convective terms.

4 First and second order upwind schemes

To find expressions for V/ and the numerical viscosity Dy, (v) we consider the
linear transport part of the kinetic equation in two dimensions:

v-Vaf =010z, [ + 204, f. (4.1)

A first order discretization is given by

h h
v O f 4 w0 f — Cl a2 g2h C2 228 g (4.2)
with positive constants ¢, co and
o )iy = — 020 f);; = — 2
(0%, f)ij = ﬁ(fz‘ﬂj — fi—15), (02" f)ij = ﬁ(fz‘ﬂj —2fi; + fi—15),
1 1
(O f)ij = ﬁ(fijJrl — fij—1), (02" f)i; = ﬁ(fijJrl —2fi; + fij—1)

In view of (4.2), we define
h h
Dp(v)f = <01§6§;hf+0250§’2hf>
and obtain

h h ho ho;
Di(v)go = 102" p= +cQa2h2+cla2hu17+c02h ;’
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which yields with (2.11) the required expressions in (3.7)

h
(D (v)g0,v) = 5 (cﬁ%;"u + cﬁ%;”u) :

We may choose ¢; and ¢ constant proportional to the maximal flow velocity:
c1 = maxij{|2(u1)i|}, 2 = maxi;{|2(uz)s}-
Alternatively the local flow velocity can be used:

c1(i, j) = max{[2(u1 )i+ 15, [2(u1)i-15}, c2(d,j) = max{|2(uz2)ij+1], [2(u2)ij-1]}
giving rise to the expression
h . .
(Du()go,0),; = 5 (1@ DO W)y + 26, O w)5)  (43)

Note that (4.3) has the usual form of the numerical viscosity related to an
upwind discretization of divu ® u which is first order accurate.
A second order discretization of (4.1) is obtained by slope limiting

cl(i7j)
o <(1 —Pip 1) Ay = (- Soi—%j)Ai—%jf)

" % ((1 ~ Py By (1= ‘pijf%)Aijf%fﬂ

(v Vi)
(4.4)

where V! are again central differences, the f increments are defined by
A1 f = fivrj = figs Ajjrif = fij+1 = fijs

and
Pipl; = @(TH%]')’ Titls = Az‘f%jf/AH%jf’

- Aij—%f/Aij-i—%fy

with ¢(r) = max{0, min{r, 1}} being the minmod limiter. Using the definition
of o, one can write expressions like (1 — <pi+%j)Ai+%jf as qﬁ(Ai_%jf, AH_%jf)

Pij+l = o(rijp1); Tijyd

where ¢ is a continuous, piecewise linear function on R? defined according to
figure 1. Extracting the viscosity term in (4.4), we get

Dh(v)fij = % (gb(A@;%jf, AiJr%j ) - Qb(Az;%jfa A@;%jf))

(i, 4)
czzzhj <¢(Aij—%f7 Bijeyl) = 0By Aij_%f))]

_l’_
In order to calculate (Dp(v)go,v;), we note that
Aiy1i90 = (AiJr%ju) v

because p satisfies V2p = 0. Hence, a typical term appearing in (Dj,(v)go,v)
has the form

L((Sh (52) = <¢((51 -, (52 . ?)), U) (51, 52 S RQ (4.5)



S

Figure 1: Piecewise linear definition of ¢(z,y) in the sets So, S1, .52

and we find the numerical viscosity for the second order discretization

_alijg)
(Dn(v)go,v);; = 12T (L(A

+ 250 (ua

We remark that row-wise application of the minmod limiter in the discretization
of divu ®u gives rise to a numerical viscosity of the same form with L replaced

by L, where
> ¢(611,021) di1
L(61,02) = , 0; = . 4.6
(91,02) <¢(5127522) ! iz (4.6)
In the next section, we study properties of the function L and compare it to
the row-wise minmod limiter L.

A )~ DA, s A )

[

v Ay ) = LA, _su, Ay 1),

Zj—§ 1,

5 The kinetic limiter

o1 512>
T =
(521 022
we can rewrite (4.5) as L(61,92) = (¢(Tv),v). Note that ¢ is linear in each

of the convex sets Sy, S1, 52 (see figure 1). With the unit vectors e; = (1,0),
ez = (0,1) and

S(a,b) = ST(a,b) US (a,b),  SE(a,b) = {£(M1a + Xab) : A1, Ao > 0},

Introducing the linear map

we can describe these sets as
So 25(61,61—|—62), S1 = (61+62,62), Sy :S(eg,—el).
Assuming that T is invertible, we conclude that ¢ o T is linear on each of the

sets S; = T71S;. Since S(a,b) = ¢S(a,b) for all ¢ # 0, we have S; = T(S;)

where

5 1 022 b2\ _ o1 sl
T = (detT)T _<_521 51y = (=63 &).



V2

Figure 2: Angles a, 3 characterizing the cone S (a,b)

Hence,
So=S8(=05,01 —05), Si=S5(61—065,01), Sy=S5(6i,69).

Taking into account that ¢ vanishes on Sy, we find

(p(Tv),v) = /S (62 v — 91 - v)vM(v) dv + /S (62 - v)vM (v) dv

or with the help of the matrix valued function

I(a,b):/s( b)v@vM(v)dv

that
L(01,05) = I(6i — 65,07 ) (62 — 61) + I(61, 05 )do.

(5.7)

(5.8)

Next, we derive an explicit formula for the function I. Using the symmetry of

M (v) and v ® v, we find

I(a,b) :2/s+( b)v@vM(v)dv.

To parameterize the cone S*(a,b) which has some opening angle 0 < 8 < 7
around the ray in direction « (see figure 2), we go over to polar coordinates and

find

a+B8/2 cos? sin 1) cos ¥ o2 2
I(a,b)zQ/a < sin? 4 >dw/0 3¢ 2 rdr.

—8/2 sin v cos ¥

After some straight forward calculations we get

I(a,b) = % <ﬁ+sin5 (cos(Qa) sin(2a) ))

sin(2a)  — cos(2a)



In terms of a, b, the angles o and (3 are given by
a b
a=g ——1——,61)7 B = <(a,b).
<\a! |b]

We remark that an efficient implementation of (5.8) requires the evaluation of
scalar products and square roots and only one arccos call per evaluation of I
to find the angle .

Up to now, we have assumed that the arguments d1,62 of L are linearly inde-
pendent. If this is not the case, one can either slightly modify &1, d2 in order to
make them independent (note that L is continuous), or one can use the relation

L(vie,v2€) = o(y1,72)e, 1,72 € R, e € R%, (5.9)

To prove (5.9), we go back to (4.5) which yields together with the homogeneity
of ¢ and (2.11)

L(mie,v2e) = (9(11,72)(e - v),v) = d(11,72) (L, v @ v) e = p(71,72)e-

Note that we also have

Enene) = (570 20) = one) () = Lone o)

so that the standard minmod limiter L coincides with L in the case of linearly
dependent arguments. We summarize our results in the following Lemma.

Lemma 5.1 Let 61,00 € R2. If 61,02 are linearly dependent, i.e. §; = ~y;e for
some e € R?, ~; € R, then L(yie,v2€) = ¢(v1,7v2)e. If 81,02 are independent,
then

L(81,82) = 1(3i — 657,07) (02 — 61) + (87", 63')

where (61,62)L = (eq,—¢€1),
I(a,b):/ v®@vM(v)dv, a,b € R?,
S(a,b)

and S(a, b) = {)\1@ 4+ Aab: A, A € R}.

Using the representation of L, we can deduce the following symmetry properties:

Proposition 5.2 Let 61,0, € R%2. Then, for any A € R, we have L(\61, \d2) =
AL(81,62). If B € R?*2 s any rotation or reflection matriz, then L(Bd1, Bés) =
BL(61,02). If 61 = 62 then L(61,d2) =0 (no limiting).

Proof: Using (4.5) and the homogeneity of ¢, the relation L(\d1, \d2) =
AL(d1,62) follows at once. Also, in the case of linearly dependent vectors d1, 62,
we get

L(B(me), B(y2¢)) = ¢(11,72)Be = BL(1€,72€)

which is even true for any matrix B € R?*2. Let us therefore assume that &1, 52
are linearly independent. Since BT = B! for reflections and rotations, we



conclude that also BJ; are independent and we can use relation (5.8). we first
investigate the function I. Applying the change of variables v = B~'w = BTw
in (5.7), we have in view of |det B| =1

I(a,b) = /S ( b)v@vM(v) dv = /B ) b)(BTw)®(BTw)M(BTw) dw.

Since B is an isometry, we find |B‘w| = |w| so that M (BTw) = B(w). Due to
the definition of S(a,b) we also get BS(a,b) = S(Ba, Bb) and finally

(B"w) ® (BTw)e = ((BTw) - ¢) BTw = B! (w- (Be)) w = B~ (w @ w)e
implies together with the other remarks that
BI(a,b) = I(Ba, Bb)B. (5.10)

Writing the |-operation in terms of a matrix A

et = Ae = <_01 é) e,

it is easy to check that A commutes with all rotation matrices (in fact, A itself is
a rotation matrix and rotations commute in 2D). For a reflection matrix B, we
find, on the other hand, AB = —BA. Using the relation S(—a,—b) = S(a,b),
we thus have

I((Ba)t, (Bb)t) = I(Bat, BbY). (5.11)

Combining (5.10) and (5.11), we conclude L(Bd1, Bdy) = BL(61,92). Finally,
in the case §; = d2) we have L(01,02) = ¢(1,1)d; = 0 because ¢(1,1) =0. =

We conclude with the remark that the row-wise minmod limiter L defined
in (4.6) also has the homogeneity property and coincides with L for linearly
dependent arguments. The rotation and reflection invariance, however, is not
shared by L as is easily checked with the rotation and reflection matrices

=3 (% e B (3 a)

6 Numerical results

Since the new feature in the discretization of the incompressible Euler equation
is the limiter L for the convective term, we separate effects and just study
the behavior of the nonlinear part. As first test case, we take the stationary
equation

Vz(u®u) =0 + boundary conditions

and compare the scheme based on L with the second order scheme described
in [14]. The test example is taken from [8]: Consider (z1,2) in [0,1]2. The
domain of computation is divided into two subdomains which give a step profile
as sketched below.
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(0,1) (1,1)
(1 —tanf)/2
lul =2
T
— Jul cosf
=1 sing
0
lul =1
(1 —tan6)/2
(0,0) X1 (1,0)

Boundary values are chosen according to the respective domain. The solution
domain is discretized using a 41 x 41 regular mesh for different flow angles 6.
The resulting nonlinear system is solved by a GMRES-based solver described
by Kelley [12]. The results are plotted in the following figures. They show
% for both the velocity components u;
and us. In the figures we make a comparison of the first order kinetic method
(which is equivalent to the usual upwind method), the second order approach by
Kurganov and Tadmor [14] and the kinetic minmod approach developed here.

the computed profile at the line z

3D lllustration of Step Profile

We always use the local flow velocity to determine ¢1 and co.

1.6

Pure convection of a Step Profile, 8 = W4, =0

Pure convection of a Step Profile, 8 = 174, = 0

1.5

exact
— — Upwind
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x__Kinetic

14r

1.2r

11r
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0.8F

SRR
* -

, 4

1.6

141

131

12

11r

09r

0.8

L+ KT

exact
— — Upwind

*__Kinetic

Sk ARRA KRR A KA
* -

11



Pure convection of a Step Profile, 8 =35°e=0 Pure convection of a Step Profile, 8 = 35°,e =0
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0.8 i | ; h . . . . . 05 . . . . . . . . .
0 01 02 03 04 05 06 07 08 09 1 0O 01 02 03 04 05 06 07 08 09 1
y y
Pure convection of a Step Profile, 8 = 25°e = 0
Pure convection of a Step Profile, 8 = 25°e =0 0.9 T T T T T T T T
2 T T T T T T T T T exact
exact — — Upwind
— — Upwind + KT e e
+ KT x__Kinetic ** -
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* * 7
7 /
* 7/ /
/ /
*
1.6 ’ 1 :
*/ o7l ,
/ - 1
// !
> 1
S 14F /;r b %
A /
, 06F /
/ 1
1.2 / b !
;) * I %
; /
/ /
/o 05f /
1t / e ;o*
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7o "
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Sk AR AR H K H KK
0.8 . . . . . . . . . 0.4 . . . . . . . . .
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y y

Obviously, all methods coincide within plotting accuracy. The reason for this
behavior is probably related to the fact that the solution is constant in large
subregions so that velocities u in neighboring cells are linearly dependent. As we
have seen in the previous section, at least the kinetic and the row-wise minmod
approach coincide in this situation.

In our second example, we therefore study a problem with a solution that
exhibits a more complicated structure. We consider the Cauchy problem for
the pressure-less Euler equation in the unit square with periodic boundary
conditions

Ou+ div,u @ u =0, u(0, ) = up(x).

The initial condition is piecewise constant with velocity directions as shown in
figure 3. The speed is zero in the corner cells, /2 in the center, and one in the
remaining cells. Because of the strong diagonal movement, the solution develops
a jet-like structure (see figure 4 for isolines of |u| at time ¢ = 0.5 obtained on a
fine grid). For a 50 x 50 grid, we compare the standard minmod limiter with
the new kinetic limiter by considering the solution |u| along several y-sections.
Note that, due to symmetry of the solution, similar results are obtained for
z-sections. Both algorithms are used with a second order Runge Kutta time
discretization and a CFL number 0.5 based on the maximal velocity. Because

12



Figure 3: Initial condition

4 2
— - minmod — - minmod
35 —— Kinetic —— Kinetic

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 5: |u| at y = 0.12 Figure 6: |u| at y = 0.52

of its complexity, the kinetic limiter requires more computational time than
the minmod approach. However, the factor two for the increase in runtime
is still moderate (since a corresponding three dimensional approach has not
been implemented, we do not know the increase in computational complexity
in that case). In many of the y-sections, the two results are almost identical (see
figure 5 and 7) but in general, the kinetic limiter (solid line without symbols)
yields higher extrema. In figure 8, the ratio of the maxima of |u| in each
y-section is shown. Typically, the maxima obtained with the kinetic limiter
exceed those of the minmod limiter by 2%. In other words, the kinetic limiter
better works out the details of the solution. One can also see from the results
that, at certain points, the kinetic limiter is considerably less diffusive than the
minmod approach (see figure 6).
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1 : 1.25
09/ " Vinetc. |
1.15
11
1.05
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“0 02 04 06 08 1 %% 02 04 06 o8 1

Figure 7: |u| at y = 0.6 Figure 8: Ratio of maxima

Conclusion

Starting from special discretizations of the Boltzmann equation we have ob-
tained corresponding discretizations of the incompressible Euler equation in the
limit of low Mach and Knudsen numbers. In particular, a second order slope
limiting approach on the kinetic level gives rise to a limiter for the nonlinear
term in the Euler equation which exhibits an interesting structure. From simple
numerical tests one can conclude that the new scheme yields results which are
comparable or better than those obtained by other second order methods. A
test of the new limiter in more complicated flow situations with strongly locally
varying velocity fields is in preparation.

References

[1] C. Bardos, F. Golse, and D. Levermore. Fluid dynamic limits of kinetic
equations: Formal derivations. J. Stat. Phys., 63:323-344, 1991.

[2] S. Chen and G.D. Doolen. Lattice Boltzmann method for fluid flows. Ann.
Rev. Fluid Mech., 30:329-364, 1998.

[3] A. De Masi, R. Esposito, and J.L. Lebowitz. Incompressible Navier Stokes
and Euler limits of the Boltzmann equation. CPAM, 42:1189, 1989.

[4] S.M. Deshpande. A second order accurate kinetic theory based method for
inviscid compressible flows. Tec. Paper, NASA-Langley Research Center,
2613, 1986.

[5] S.M. Deshpande. Kinetic Flux Splitting Schemes. Computational Fluid
Dynamics Review 1995 : A state-of-the-art reference to the latest develop-
ments in CFD, (eds.) M.M. Hafez and K. Oshima, 1995.

14



[6]

[15]

[16]

[17]

B. Elton, C. Levermore, and G. Rodrigue. Convergence of convective dif-
fusive lattice Boltzmann methods. SIAM J. Numer. Anal., 32:1327-1354,
1995.

U. Frisch, D. d’Humieres, B. Hasslacher, P. Lallemand, Y. Pomeau, and
J.P. Rivet. Lattice gas hydrodynamics in two and three dimensions. Com-
plex Systems, 1:649-707, 1987.

P.H. Gaskell and A.K.C. Lau. Curvature-compensated convective trans-
port: Smart, a new boundedness-preserving transport algorithm. Int. J.
Num. Meth. in Fluids, 8:617-641, 1988.

T. Inamuro, M. Yoshino, and F. Ogino. Accuracy of the lattice Boltzmann
method for small Knudsen number with finite Reynolds number. Phys.
Fluids, 9:3535-3542, 1997.

S. Jin, L. Pareschi, and G. Toscani. Diffusive relaxation schemes for
discrete-velocity kinetic equations. SIAM J. Num. Anal., 35:2405-2439,
1998.

M. Junk. Kinetic schemes in the case of low Mach numbers. J. Comp.
Phys., 151:947-968, 1999.

C.T. Kelley. Iterative methods for linear and nonlinear equations. STAM,
Philadelphia, 1995.

A. Klar. Relaxation schemes for a Lattice Boltzmann type discrete velocity
model and numerical Navier Stokes limit. J. Comp. Phys., 148:1-17, 1999.

A. Kurganov and E. Tadmor. New high-resolution central schemes for
nonlinear conservation laws and convection-diffusion equations. J. Comp.
Phys., 160:241-282, 2000.

B. Perthame. Boltzmann type schemes for gas dynamics and the entropy
property. SIAM J. Numer. Anal., 27:1405-1421, 1990.

B. Perthame. Second-order Boltzmann schemes for compressible Euler
equations in one and two space dimensions. SIAM J. Numer. Anal., 29:1,
1992.

Y. Sone. Asymptotic theory of a steady flow of a rarefied gas past bodies
for small Knudsen numbers. In R. Gatignol and Soubbaramayer, editors,
Advances in Kinetic Theory and Continuum Mechanics, Proceedings of a
Symposium Held in Honour of Henri Cabannes (Paris), Springer, pages
19-31, 1990.

15



