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Summary Based on general partitions of unity and standard numerical flux
functions, a class of mesh-free methods for conservation laws is derived. A Lax-
Wendroff type consistency analysis is carried out for the general case of moving
partition functions. The analysis leads to a set of conditions which are checked
for the finite volume particle method FVPM. As a by-product, classical finite
volume schemes are recovered in the approach for special choices of the partition
of unity.

1 Introduction

The need for mesh-free methods typically arises in connection with problems
posed in time depending or very complicated geometries where the handling of
mesh discretizations becomes technically complicated or very time consuming.
If interesting features in solutions should be captured with maximal compu-
tational speed and minimal memory requirements, dynamic adaption of the
resolution is necessary. In mesh-based methods, refinement or coarsening tech-
niques require programming of complicated data structures which reflect the
hierarchical connectivity relations in the refined mesh. If the mesh points are
allowed to move, as in Lagrangian methods, large deviations lead to degenerate
mesh cells and stability problems can occur because the neighborhood structure
may no longer reflect the actual relative positions of the nodes. Other examples
where usual mesh structures are not applicable are high dimensional problems
because of memory limitations. A typical example for this situation arises in
connection with the Boltzmann equation where particle methods are classically
used to construct approximate solutions [10]. In gas and fluid dynamics, the
SPH method [9] has been successfully applied to problems with free boundaries
and large deviations. For variants of the SPH method, we refer to [6,14]. A
detailed analysis can be found in [2] and [5,11]. Another classical application of
particle methods is the simulation of vortex dynamics in incompressible Euler
or Navier-Stokes flows [12,4,3]. Recent developments in the area of mesh-free
methods for hyperbolic problems include the finite mass method (FMM) [15,
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16] and the partition of unity method (PUM) [7] (see also the references therein
for mesh-free finite element methods and [1] for a general overview on mesh-free
methods).

In this article, we analyze the finite volume particle method (FVPM) [8]. In
fact, we are going to embed this method into a more general framework which
also includes classical finite volume schemes. Since we will use a modification of
the original approach in [8], let us briefly outline the construction for the case
of scalar conservation laws in one space dimension

ou n Of (u)

ot Ox

In standard finite difference discretizations of the Cauchy problem, approximate
values u; are calculated at regularly spaced points x; = ih, ¢ € Z with distance
h > 0. The value u; typically represents the integral average of u over a volume
(xi_%,xH_%] attached to x;. In terms of the indicator function ;(x) of that

=0, u(0,z) = u®(z) (1)

interval, we can write the cell average as
1 1
Ui =3 RMUClﬂE:Vi(U,%% Vi=(1,¢)

where (-,-) abbreviates z-integration. Note that {t; : i € Z} is a partition of
unity, i.e. > ;.7 i(x) =1 for all z € R.

As extension of this concept, we are going to introduce a particle method with
particle positions x; which may be irregularly spaced and moving. To each z; we
associate a function v;, the particle. As in the finite difference approach, {1; : i €
Z} will be a partition of unity but the supports of the functions v; may overlap.
More precisely, we assume that the particles 1; are smooth functions which
are localized around the particle positions z;(t) and satisfy » ., ¥i(t,z) = 1
for all z € R and t € RT = [0,00) (for details of the construction, we refer
to Section 4). The positions are supposed to move according to a differential
equation & = a(t,x) with a given field a. As we will see, this movement implies
that ; satisfies the relations

oY, o; . .
61]2 :Z(Fj‘_Fij)v a—%i:_Z(%Fji—iji‘) (2)

JEL JEL

where the function I5; is localized on the intersection of the supports of particle
i and particle j. Using (2), we find that 1); satisfies the transport equation

o . O o
B + T Oz _jgzz(x]_xl)ﬂj. (3)

Note that the left hand side in (3) describes the movement of the particle while
the right hand side is related to a deformation of ;. Deformations arise if
particles move relative to each other so that the function values have to change
in order to keep the property that the sum of all v; is equal to one. For the local
averages u; = (u, ;) /V; of the solution u of equation (1) we find

d ou OY; o; 0Y;
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and with (2), we get
d . .
Vi) = D (F(u) = du, D) — (f(u) — dju, Iij))
JEZ
For abbreviation, we introduce the Lagrangian flux
G(t,m,u) = f(’LL) - ua(t,a;)

which consists of the flux in (1) as well as a contribution ua due to the particle
movement with velocity a. Setting G; = G(t, x;,u;) and ~;; = (I3;,1), we have
approximately
d
E(Uivi) ~ Z (Givji — Gjig)
JEZ
since I7; are localized close to x; and x;. Now, we use the splitting ac — bd =

(a—b)(c+d)/2+ (a+b)(c —d)/2 which yields
1
> (G —Givig) = 5(Gi = G;)(vij +751)
JET JET
1
- 5 (Gi+ Gj)(ij =51
JEZ
Assuming G; ~ G for v;; + v # 0 (i.e. for nearby particles), we conclude

further p e
~ I DA
a(ul‘/z) ~ = ZJ: |ﬁl]| 9 Nij

where 3;; = vij—7;: and n;; = sign(;;). Note that %(Gi—FGj)nij is the numerical
flux function of central differencing. A more general approach is obtained if we
replace this particular expression by a general numerical flux function g;; =
g(t, xs,us, x5, uj, ) for G(t, z,u).

We end up with a system of ordinary differential equations

SV ==l wl0)= (. O) VO @)

Based on the solution w;(t) of (4) we construct an approximate solution 4 of
the original problem (1) by setting

1EL
Conservativity of the scheme follows from the property |3;;|gi; = —|5;i|g;; which
implies

d . d
7 (a,1) = 7 Zquz =— Z 1835194
iE€EZ 1,JEL

1
=3 Z (18i519i5 + 1Bjilgji) = 0.

1,JEL
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Remark 1 Choosing a = 0, x; = ih, v; as indicator functions of (x;_1,7, 1],

2 2
Biit+1 = 1, Bii-1 = —1, Bij = 0 otherwise, and n;; = sign(f;;), then (4) turns
into a usual finite difference scheme for (1) provided that the time derivative is
discretized by Euler’s method.

In [14,2] schemes of a structure similar to (4) are considered but the coeffi-
cients 3;; in this approach are of a very special form and do not exactly satisfy
the requirements that will be introduced here. Using overlapping particles 1;
and 3;; = 7i; — ;i as introduced above, the method turns into the finite volume
particle method which has been tested for scalar conservation laws like (1) and
for the system of Euler equations in [8].

Here, our aim is to show the consistency of (4) with a Lax—Wendroff type
result: assuming that (5) is close in a suitable sense to some function u : R™ x
R — R, it already follows that u is a weak solution of the problem (1).

Definition 1 A function u € L} (RT, L} (R)) is called weak solution of the

loc loc

Cauchy problem (1) with u® € I} (R) if

loc

/OOO <u(t), %(t)> + <f(u(t)), %(t)> dt + (a0, 6(0)) = 0

for all ¢ € CP(RT x R). Here, ¢(t) and u(t) denote the functions x — ¢(t,z)
and x — u(t,x) respectively.

While the detailed consistency proof will be given in Section 3, we can already
outline the main steps. We start with the relation

ol du; O
()=o) S (wGe)
i€Z €L
i
_ —ZZ<‘ﬁij’gijVi’¢> (6)

i€Z jeL
Y V;
1€EZ
Using again the conservation property |3;;|g9;; = —|Bji|g;i, we can rewrite the
flux term as
Vi 1 Vi Y
—'ZE: <U%j“%ji§a¢ =:—'ZE: 515195 v, OV, ¢
i,JEZL i,jEZL

The consistency of the numerical flux and the fact that 3;; # 0 only for particles
i, j which are close to each other (i.e. x; = x; and u; = u;), implies that we can
approximate g;; by G;n;; for such pairs

P N 1L, (i Yy
Z <2’/61]‘ng <‘/’Z V7>7¢>N Z <G12ﬁ’lj <‘/Z V7 7¢ N
1,JEL 1,JEL
A crucial observation is that the right hand side is a weak derivative

1 (R B oy 00
Z <G15ﬁm <Vz - Vj) 7¢> =— <Z G;H;, 8x>

1,JEL i€Z
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where the functions {H; : i € Z} are constructed from (;; and {¢; : i € Z} and
form again a partition of unity. In the special case of finite difference schemes
(see Remark 1), the partitions {t;} and {H;} are depicted in Fig. 1.

W
1 I___ ___I 1/2 Hi
*——eo ° *——eo

Xi Xy Xi  Xin

Fig. 1. The partitions of unity in the case of finite difference schemes

Since the sum ),

flux G, we obtain

—ZZ<|ﬁijlgij%,¢> ~ <f(ﬂ)—aﬂ,%>. (7)

i€Z jEZ

G;H; can be viewed as an approximation of the Lagrangian

For the second sum in (6) we get with (3)

1€EZL 1EZ €L JEL

Here, the first term approximates (ua, d,¢) and the second one is related to the
change of shape of the functions ;. It turns out that this term is approximately

compensated by the contribution due to the volume change <uZVZ [Vii, ¢

in (6). Hence
2 v /98

Combining this result with (7) and (6), the term (at, d,¢) vanishes so that

(Gio)=(r@50). ©

If now @ converges in a suitable sense to a function u, the relation (8) is the
essential part in showing that u is a weak solution of the problem (1).

We conclude the introductory remarks with an outline of the article. In Sec-
tion 2, the general consistency result is presented together with some definitions
and the assumptions on the partition {1;}, the geometric coefficients f;;, and
the numerical flux function g;;. The proof of the main result is contained in
Section 3. Finally, we check that the finite volume particle method (FVPM)
satisfies all requirements and thus is consistent.

2 A Lax-Wendroff type result

Our aim is to derive a consistency result for the finite volume particle method
which has been introduced in the previous section. It turns out that the result
is largely independent of the form of the chosen partition of unity and the exact
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structure of the geometric coefficients 3;; and therefore, we base the proof on
general assumptions which are listed below. In setting up these conditions, we
have taken care that standard finite volume (resp. finite difference) methods
on fixed regular or irregular grids are also contained in the considerations. For
example, the choice of parameters mentioned in Remark 1 obviously satisfies all
the requirements.

Before listing the assumptions, we need the notion of locally finite families.

Definition 2 Let M(RT,L} (R)) be the set of strongly measurable functions
on R with values in L}, (R) and let

F={F, e MRT,L},.(R):icZ}.

For f € L}OC(R) let supp f be the complement of the largest open set on which
f wvanishes in the sense of distributions. We introduce

Ir(t,x):={i€Z:x €suppF;(t)}

which is the set of indices of those F; which are non-zero at (t,x). If we replace
t orx in Ix(t,x) by sets, this abbreviates the union

Ir(A,B) : = U U Ir(t,z) A,BCR.
teAxeB
The indices of the functions F; whose support is completely contained in an
interval Be(z) of radius € > 0 around x at time t are collected in
Ir(t,x,e):={i €Z:supp F;(t) C Be(x) }.

The set F s called locally finite if 17([0,T], K) is finite for any compact set
K CR and any T > 0.

2.1 The particle clouds

A set of functions ¥ = {1); : RT x R +— R :4 € Z} will be called a moving cloud
of particles if the following conditions are satisfied:
Regularity properties

— 1); is measurable on RT x R,

- T,Z)@ € Cl(R+’Llloc(R))7

— diamsupp ¢;(t) < S for some S > 0,
— Giltx) = 0 for all & ¢ supp vs(t),
Partition of unity properties

— ¥ is locally finite,
— 0 <y(t,x) <1lforallt>0andz€R,
— D ez i(t,x) =1forallt >0, z € R,

Position and volume properties

— for some o > 0, the volume V;(t) = (1,1;(t)) satisfies V;(t) > « for all i € Z
and ¢t > 0,
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— there exists a continuous function z; : RT — R such that z;(t) € supp;(t)
which is called the position of 1;,

Movement properties

— there exists a field a € CO(RT, C'(R)) such that with a;(t) = a(t, z;(t)), the
relation

;i ;i

ot o Ox

= 1%

holds for some v; € L (RT, L}(R)) satisfying

loc

sup [[v" () |iw) < Cr
0<t<T

in the sense of distributions on R (since ¢; € C'(R*,LL (R)) is compactly
supported, we can view ; as a differentiable mapping with values in the

space of compactly supported distributions &”’(R)).

A sequence ¥, = {¥}, : 0 < h < 1} of moving particle clouds is called uniformly
regular (or short “urp-sequence”) if the above assumptions hold for ¥ = ¥,
with S, @ and Cr replaced by Sy, h, ag, h and Cy, Th. Here, Sy, , oy, and Cy, 7
are assumed to be uniform constants for the sequence ¥,. In addition, we require
that

supsupsup |y, (t,x,7h)| < oo Vr > 0.
h>0 t>0 z€R

2.2 The geometric coefficients

Let ¥ = {¢; : i € Z} be a moving cloud of particles. A family of measurable
functions © = {8;; : R* — R :4,j € Z} is called ¥—admissible if

— |8i(t)| < Cforalli,j € Zand t >0,

— Bij = —Bjis

— there exists B > 0 such that 3;;(t) = 0 if |z;(t) — x;(t)| > B,
— Yjez Bij(t) =0for all i € Z and t > 0,

— for each t > 0 there exists Z € R such that

Yoo Bu=1

T; (t)Zf Tj (t)Zi

Let ¥, = {¥;, : 0 < h < 1} be a urp-sequence and O, = {O, : 0 < h < 1}
a sequence of families @), = {ﬁl-(]h) 14,7 € Z}. Then O, is called ¥,—admissible
sequence of geometric coefficients if each @, is ¥,—admissible with B replaced
by Be,h and ﬁl(]h) being uniformly bounded also in h.
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2.8 The numerical flux function

If a € CO(RT,CL(R)) is a given velocity field and f the Lipschitz continuous
flux of the conservation law, we first introduce the modified flux

G(t,z,u) = f(u) —ua(t,x).

We then assume that g(t,x1,u1,zo,us,n) with ¢ > 0, x1,z9,u1,u2 € R and
n € {—1,1} is a numerical flux function for G which satisfies
Consistency

— g(t,x,u,z,u,n) = G(t,z,u)n
Conservativity

- g(t7 r,u,y,v, _n) = _g(t7 Y,0,T,U, n)
Continuity

— |g(t,z,u,y,v,n)—g(t, z,u,y,0,n)| < L(|z—2|+|y—y|+|u—u|+|v—1|), where
L depends monotonically on ¢ and max{|ul|,|ul, |v], |v]}. Also, ¢ is assumed
to be continuous in ¢ € RT.

2.4 The particle method

Let ¥ = {1; : i € Z} be a moving particle cloud, g a numerical flux function sat-
isfying the assumptions of Section 2.3, and © = {8;; : i,j € Z} a ¥-admissible
family of geometric coefficients. Further let u® € L} (R). A set of functions

{u; € CYR*) : i € Z} is called solution of the (¥, O, g)-particle method (or
simply (¥, ©, g)-solution) if for all i € Z

L) ==Y Blag. wl0) = (w0, 0(0)) /Vi(0).

JEZ
where

95 () = g(t,zi(t), ui(t), z;(t), u;(t), ni;(t)), n;; = sign fB;;

and z; is the position of particle ;.
If ¥, is a urp-sequence, O, a W¥,—admissible sequence of geometric coeffi-
cients, then a sequence {ugh) € CY(R*) : i € Z}, h > 0 is called solution of

the (¥, O,,g)—particle method if for fixed h > 0 the set {ugh) ci € Z}is a
(P, O, g)-solution.

2.5 W,-convergence

The particle method presented in the previous section includes an approximation
of the initial value u’. We now study in which sense, for example, u® € L>°(R)
is approximated by 4(0,z) = > u;(0);(0, ) where u;(0) are the local averages
(u®,4;(0)) /V;(0). The resulting notion of ¥,-convergence will then be assumed
also for t > 0 to get the consistency result. We start with a preparatory remark.
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Lemma 1 Let ¥ = {4; : i € Z} be a moving particle cloud and {u; : RT — R :
i € Z} a family of measurable functions. Then,

u(t,z) = Z u; (t)i(t, x)
i€ly(t,x)

is measurable on R™ xR and can be identified with Y., uith; € M(RT, L}, .(R)).

loc

If lui(t)| < C(t) for some increasing function C : RT — R*, then u is contained
in LgO (RT,L>®°(R)). If u; € CY(RT) then u € CY(RT, L} (R)) with derivative

loc loc
ou du; ;i
ot —sz dt +Zu2 ot
€L €L

Proof The truncated series

n

Sn(t’x) = Z ui(t)ﬂ)l'(t,.’ﬁ)

i=—n

is clearly measurable on Rt x R and converges point-wise to

u(t,z) = Z u; (t)i(t, x)

i€ly (t,z)

which is therefore measurable. Since ¥ is locally finite, we have for any compact
K C R that |Iy(t,K)| < co. For any = € K it follows Iy(t,z) C Iy (t, K) which
leads to the estimate

u(t,x)| < max |u;(t i(t,r) < max  |u;(t
u(t o) < max| <>uaggkjw< )< max o)

for all z € K so that u(t) € LS (R) C L} (R) Because of point-wise convergence
Sy, — w and the uniform bound for z € K C R, it follows that S, () — u(t) in
L},.(R) for n — co. Hence, we can identify >, u;4; with the function w.
Under the condition |u;(t)| < C(t), we find immediately |u(t,z)| < C(t).
Finally, if u; € CY(R"), then u;y; € CHRT,LL (R)) still makes up a locally

finite family. Hence, if x is restricted to a given compact K C R and t € [0, 7],
we can replace u by a finite sum so that the result follows.

Proposition 1 Assume ¥, = {¥, : 0 < h < 1} is a urp-sequence and let
u € L2 (RT,L>®(R)) be given. Then, the coefficients

loc
W) = (e @,u)) VP, o ew,
are measurable on RY and, for a.e. t € RT,
satisfy [uf" (£)] < Ju(t) =) and

i(t) —u(t 0 h—0
ety 10~ WGP =0 a5 b

for a.e. x € R and all 7 > Sy,. If u € CLRT x R), we even find

max  |ui(t) —u(t,z)| < Ch vt > 0.
ieLph (t,x,rh)
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Proof Since u is strongly measurable, u(t) is the L} (R) limit of simple functions
sn(t). The product t — (;(t), s, (t)) is obviously measurable so that the same
holds for the limit, giving rise to measurability of u; (we suppress the index h
for ease of notation). The bound on wu; simply follows from

|ui(t)] < [Jw(t) e gy (i), 1) /Vilt) = llu@)|lLee )
To show the convergence, we pick x € R,t > 0 and » > Sy, For any ¢ €
Iy, (t,z,rh) the conditions diamsupp; < Sg,h and 0 < 9; < 1 then imply
that v;(¢) is bounded from above by the indicator function X'p ;) of a ball
with radius rh around z. Hence,

i (t) — u(t, z)| = —

A0 | (u(t) = ult, x), i(t)) |

2rh 1
< Wﬂ <’U(t) -

2 av(fult) — ult, 2), B (x)
g,

u<t’x)’7 XBrh($)>

where av(f, A = T4l A| i 4 f(y)dy is the averaging operator. It is known [13] that

for all Lebesgue points of u( ) (and thus a.e. in x) the average of |u(t,y) —u(t, x)|
over the ball y € B, (z) tends to zero for h — 0 which leads to the claimed
convergence. If u € C1(R* x R), uniform Lipschitz continuity yields at once

ui(t) — u(t, z)| = [ (Pi(t), u(t) —u(t, z)) |/ Vi(t)
< Ldiamsuppv; < LSy, h.

The convergence result of Proposition 1 motivates the following definition of
v, —convergence.

Definition 3 Let ¥, = {W¥}, : 0 < h < 1} be a urp—sequence. A sequence of
families of measurable functions {ugh) Rt —R:i€Z},0<h <1, ¥,
converges to u : RT™ x R+ R if for a.e. t >0

(h) h—0
S () —u(t 0
ielqyr}fl(?,};,rh) fu () — ult 2)] —

for a.e. x € R and every r > Sy, .

2.6 The consistency result

Using the Definitions from above, we can now state

Theorem 1 Let ¥, = {¥}, : 0 < h < 1} be a urp-sequence, g a numerical fluz
function, and O, a Y,—admissible sequence of geometric coefficients. If {ugh) €
CYRY):i€Z},0< h <1 isasolution of the (s, Oy, g)-particle method which
satisfies the uniform bound |u§h) (t)| < C(t) for some function C : RT — RT and
W, —converges to some u : RT x R — R, then u is a weak solution of the Cauchy
problem, satisfies ||[u(t)||lLor) < C(t) and a =3, ugh)%(h) converges to u
in Lip(RY, Ljpe(R)).
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3 Proof of Theorem 1

We split the proof into several sub-steps. Since there is no danger of ambiguity,
the superscript h is dropped in all proofs for ease of notation.
In the first step, we show the bound on u and convergence in the space

(RF, Lo (R)).

loc

Ll

loc

Lemma 2 Under the conditions of Theorem 1, we have

M) = 7 )y h) in L. (RT, LL (R
u ZEZZU@ ¢z _h—:()_>u m loc( > loc( ))

and [[u(t)||Le @) < C(t). For t = 0, we find a™M(0) — u® in L}

loc

(R). More
generally, if A:RT x R x R+ R is continuous, we obtain

oA M), u” @)eM ¢ 2) = At @, u(t,2))

1E€EL
in LL (RT, L} _(R)).

Proof Let u be the ¥, limit and note that, according to Lemma 1, the index set
in the definition of @ can be replaced by Iy, (t,z). Using the relation Iy, (t,z) C
Iy, (t,z,rh) for r > Sy, as well as the partition of unity property, we find

[a(t,z) —u(t.o)l = | Y (wilt) = ult,@)i(t,z)
i€ly, (t,z,rh)

< i(t) — ul(t, 9
< ) —ulto)] )

which tends to zero as h — 0 for a.e. ¢ > 0 almost everywhere in z € R.
Assuming a bound on wu;, it is easy to see from the above estimate that u is
also bounded. In this case, we obtain from the Lebesgue theorem (t) — u(t) in
L} .(R) for a.e. t > 0 so that u is strongly measurable, i.e. u € M(R*,L] (R)).

Ulsoicng again the bound on u(t) and @(t), we conclude @ — w in L} (RT,L}, (R)).
Proposition 1 applied to the function u(t,z) = u®(x) shows that {u;(0) : i €
Z} W,-converges and is uniformly bounded. Hence, the above argument shows
that @(0,2) — u’(z) in L} (R). Repeating estimate (9) again for A(t,z) =

Y icz At i (t), ui(t))i(t, x), we find
’A(t’ $) - A(t7 T, u(t7 x))‘ <

max |A(t7$i(t)7ui(t)) —A(t,x,u(t,x))\
i€lg, (t,z,rh)

where z; is the position of the particle 1;. Note that, due to uniform continuity
of A in a neighborhood of (t,z,u(t,z)), we get convergence for a.e. t > 0 a.e.
in z € R. If x is restricted to a compact set and ¢t € [0,7], we conclude that
A(t,z,u(t,z)) and A(t, x;,u;) are bounded. Hence, with the same argument as

above, convergence in L} (RT,L} (R)) follows.
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Since the approximation @ of u is t-differentiable we just have to show con-
vergence of the flux terms to get consistency, as the following Lemma indicates.

Lemma 3 With the assumptions of Theorem 1, we find that u is a weak solution
of the Cauchy problem if the approzimation @\ satisfies

[ (5o} @t [7 (. 52) @
0 0 ox

for every ¢ € CP(RT x R).

Proof The convergence @ — u obtained in Lemma 2 implies at once

o o
/0 < >dt_;ll_)o/ prAGLs <E’¢> dt
[ee] 8’“‘
= — lim (a(0), (0)) —,{13%/0 <5—$7¢> dt.

Using Lemma 2 again, we get convergence of the initial value and with the
assumption for the second limit, it follows that u is a weak solution.

The result of Lemma 1 implies

_t - Z wz dt + : Ug
€L €L

ot

and with u; being a (¥}, O, g)-solution, we obtain

) 0 [ .i
= IBile ¥ 3w ( Ui —Zwi>. (10)

1,jEZ Z

In the next lemma, we consider convergence of the second term on the right
hand side of (10).

Lemma 4 Under the conditions of Theorem 1, we find for
¢ € CP(RT xR)

(h) 31/%@ V(h) o [ D¢
/<Z <6t h)w @) dt == /0<(9m>t

€L

Proof Using the assumption on the time derivatives of 1;, we get

o 0
> < 0 ,<75> > <uia(t,xi)¢z‘, 8_j> + ) (uivigi, ) (11)
i€z €L i€Z

In view of Lemma 2, the first term on the right hand side gives the desired limit

S wit)alt, zi ()it 2) =% ut, 2)alt, x)

€L
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in L} (RT,L} (R)). Hence, it suffices to show that the second term in (11)

loc loc .
vanishes in connection with the contribution due to V;/V;. We first observe that

. 02‘ 81‘
= (G 1) = —atta) (G2.1) + i)

where the first term on the right equals zero. It remains to show that

/OOOZW <(1/,~1/Ji,¢> — (wtbi, 1) <¢i’¢>> dt =0 0, (12)

Vi
i€Z ¢

Since ¢ is compactly supported, we first note that for a given ¢t > 0, the sum-
mation can be restricted to the indices Iy, (£,0, R) for R sufficiently large. The
number of indices in this set can be estimated by |Iy, (¢,0, R)| < C/h. Indeed,
this bound is obtained by covering (—R, R) with intervals of length (S, + 1)h
which requires a number of O(1/h) since the particle number in each of the
small intervals is bounded

I, (t,Z, (S, + 1)h)| < supsupsup |1y, (¢, z, (Sy, + 1)h)| < oo,
h>0 t>0 zeR

z eR.
Hence, convergence of (12) follows if we can bound each term in the sum by an

expression of order h?. Rearranging the bracket in (12), we get with Proposition
1 and the assumptions on v;

(Vi, 9)

‘<I/ﬂ/)l',¢ — v >‘ < ||VZH]Ll(]R)Ch < éhQ

Since u; are uniformly bounded in h, the result follows.

Before we focus on the convergence of the flux terms in (10), we need some
auxiliary result which covers a central argument in the consistency proof.

Lemma 5 Let ¥ = {1; : i € Z} be a moving particle cloud and {B;; : i,j € Z}
a Y—admissible family of geometric coefficients. The functions

_1s Coilts) it s) o
M) = gag(o) [ Sl B ez

form a locally finite family of x—differentiable functions which satisfy |I11;;(t, x)| <
sup; jez |Bij(t)|. Moreover I1;;(t,x) # O implies i,j € Ily(t,x, D) where D =
35S + B is related to the maximal diameter S of the supports of 1; as well as
the constant B characterizing the indices i,j for which (3;; = 0. Based on II;;,
another locally finite family of functions

Hi(t, .Z') = Z Hz‘j(t, x)
JEL
can be defined which is a partition of unity

Y Hit,z)=1 Vt=0z€R
1€EZ
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FEach H; satisfies a bound

’Hi(tvm)’ < sup ’ﬁlj(t)‘ ‘I@(i,l’,D”.
1,JEL

Proof According to the definition, I7;; is a function with compact support in the
convex hull of the supports of ¢; and ;. Indeed, if we denote this convex hull
by [a,b], we see that for z < a the integrand is identically zero and for = > b,

we have
sz(tm__61]</ ¢zt5 / %ts ):0

Moreover, we have the bound ]Uij] < ],6%\/2 since

Ty T / i
I A A Lds < 1.
= /Oovj AR §

Since x; is contained in supp;, we have x;, x; € [a,b] and since the support of
1; has a diameter less than S, we find (with z; < x;) that [a,b] C [x;—S,z;+5].
Since f;; is different from zero only for |z; —z;| < B, the condition I1;;(t, z) # 0
implies that |b—a| < 25+B as wellas z € [a,b] C z+[—(25+B), 25+ B]. In other
words, i,j € Iy(t,z, D) with D = 35 + B. To show that £ := {Il;; : i,j € Z} is
locally finite, we take T > 0 and K C R compact. For a ball K which contains
K in such a way that the boundaries have at least a distance D, we know that
Iy([0,T], K) is finite and if i ¢ Iy ([0,T], K') then the support of II;;(t) does not
intersect K for any j € Z and t € [0, 7. Hence, |1.([0,T], K)| can be estimated
by Iy ([0, T], K)| sup;so sup,eg [Tz (t, 2, D)|. Based on the locally finite family
L, we now introduce H : = {H; : i € Z} according to

x) ::ZHij(t,x), i € Z.
JEZ
With the same argument as above, one can show that
1[0, T, K)| < 1([0,7], )|

so that H is also locally finite. Moreover, each H; satisfies the bound |H;(t, z)| <
sup;; |Bi5] [1w(t, , D)| since the sum involves at every point at most |Iy (¢, z, D)|
many terms. For the space derivative of the sum of all H;, we find

e =g (1) - XA

1€Z 1€EZ JEL 1€Z JEL

Since, by assumption, ZjeZ Bij = 0, we conclude that ), , H; is a constant
¢ € R. To determine ¢, we need the assumption on the geometric coefficients
that >, -, ij>gz Bi; = 1 for some T € R. The idea is to pick a test function

¢ € C§°(R) which satisfies 0 < ¢ < 1, (1,¢) = 1 and which is supported
sufficiently far to the right of Z, say a : = inf supp ¢ > z + 2D. We then have
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because for x; < T, the support of H; is disjoint with the one of ¢. Introducing

the function
/ o(s) ds, rzeR

we conclude that @ = —¢ and (1,¢) = 1 implies that &(z) =1 for = € (—o0, al.
Integration by parts yields

c:<z Hg,¢>:<228$j,¢>.

2> T ¢ >T jEL

Note that for index pairs (4,7) with x; > Z, ; < T and 3;; # 0, the function
II;; must be supported close to Z so that, by construction, it is supported in
x € (—00,a| where ¢ = 1. Hence, the corresponding integrals (0,1I;;,®) vanish

and <ZZ ﬁu<% w3>7@>:<z Zﬁia‘%7@>-

Ti>T x;>T Ti>T T;>T

Finally, our construction assures that for indices ¢ with (¢;, ®) < V;, x; is close
to the support of ¢ and thus sufficiently far from Z to assure that all j € Z with

Bij # 0 satisfy x; > Z. Using Zjez Bij = 0, we get

i,@
Zﬁijzoz ZﬁijW)W )

Tj>T ;2T

For indices ¢ with (¢;, ®) = V;, we also have

Z Bij = Z Bij w%@

:L‘jZi‘ :L‘J'Zi

CZZZB@':L

T;>T Tj >

and hence

Now, we can conclude the proof of Theorem 1 by showing the convergence of
the flux terms in (10).

Lemma 6 With the assumptions of Theorem 1, we find for any ¢ € CH(RT xR)

/ < S8 >dt 129, /Ooo<f(u)—au,%> dt.

i,JEZL
Proof We first note that the double sum is actually finite since both indices can
be restricted to Iy, ([0,7], K) for T'> 0 and K C R sufficiently large so that
supp ¢ is well contained in the compact set [0,7] x K.
We then exploit the relation nj; = sign(f8;;) = —sign(83;;) = —ni; together with
the conservativity of g which leads to |3i;|gi; = —|8ji|gji- This allows us to write

1 i
> \ﬁzg\gzg =) 516ij19:5 (% 1&)

i,jEZ i,jEZ
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According to Lemma 5, we have

Ly (8 - ) - 2

29\ v, "V, )T s

so that with integration by parts
o o
(& o¢
/ <— > |Bij|gij#a¢ dt = > gignig T, 9z ) @
0 i,j€Z g 0 i,j€Z
Using consistency of g, we write
gijNij = G; + Rija Gz(t) = G(t, I‘i(t), ul(t)) (13)

The remainder R;; = g(t, x4, ui, T4, Ui, nij)Nij — gijnij can be estimated with the
help of Lipschitz continuity of g
[ Rij| < L(lui — uj| + |2; — ).
Defining
9¢
R(t, $) = Z Rij(t)Hij(t, .Z')a—x(t, 37)
1,jEZ
and using the fact that II;;(¢,z) # 0 only if i,j € Iy, (t,x, Dy, h) with Dy, =
35Sy, + By, , we have the estimate

|R(t,2)| < > sup |G (£) | L(|ui (t) — u;(t)]

i,j€lg, (to,Dg,h) 7
+ |2i(t) — 2;())[020(t, )|

Due to the uniform bound on |3;;|, u; and u as well as the estimate |z; — z;| <
2Dy, h and the assumed ¥,—convergence, we conclude

/ (R, 1) dt 2= 0.
0

In view of (13), it remains to show that

* 2 h—o [ )
/0 <%GH%> dt———»/o <G,a—m>dt (14)

where G = G(t,x,u(t,z)) and H; is defined as in Lemma 5. Using the fact that
H; is a partition of unity, (14) reduces to the condition

o0 0 —

/ <§ (G; — G)H;, —¢> at =% 0. (15)

0 N 8$
1EZL

The Lipschitz continuity of G leads to the estimate

|G; — G| < L(Ju; — u| + |x; — x]).
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Since H;(t,z) # 0 implies i € Iy, (t,x, Dy, h)

> L(lui — u| + |2 — @) Hidpo(t, 7))
i€EZ

< L|l, (t,x, Dy, h))| iehhr@gﬁ)w)(!uz‘ —ul+ |z — 2|)|Hi0z o (t, )|

so that (15) follows with the uniform bounds on u;,
|Hi|, |1y, (t,z, Dy, h)| and the assumed convergence of u;.

In view of (10), Lemma 4 and Lemma 6 show that the assumption of Lemma 3
is satisfied which completes the proof of Theorem 1.

4 The finite volume particle method

Based on a given set of particle positions x; which move according to &; =
a(t,z;), we construct a partition of unity {¢;} and geometric coefficients 3;;.
Together with (4) this defines the finite volume particle method (FVPM). For
suitable sequences of particle positions and the associated partitions and co-
efficients we then check the conditions of Section 2. Applying Theorem 1, we
conclude that FVPM is consistent to (1).

4.1 Point clouds

In order to obtain reasonable approximation properties with a cloud of points
C={x; € R:i€eZ}, it is clear that some regularity of C' has to be assumed.
To quantify gaps in the cloud C', we introduce the functional

C):=supinf |z —
7(C) xegpecl pl

and to control the clustering of points, we use

N(r,C):=sup{peC:|z—pl<r} r>0
zeR

where | - | is the counting measure. Obviously, N(r,C) is the largest number of
points p € C' in an interval of radius r around any x € R.

Definition 4 The set C = {z; € R : i1 € Z} is called a regular point cloud, if
v(C) < o0 and N(r,C) < oo for all v > 0.

If we study families of point clouds we will assume a certain uniformity.

Definition 5 A family {C}, : h > 0} is called uniformly regular if

supy(Ch/h) < 00 and sup N(r,Ch/h) < oo Vr > 0.
h>0 h>0
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Note that 7(C}/h) < oo assures that the maximal distance between neighboring
points in (Y, is of order h. Indeed, if we assume the points x; of a cloud C to be
ordered according to x; < x;41, we can write

1
v(C) = 3 sup |zit1 — x (16)
1E€EZ

so that v(Cp/h) < « implies |z;+1 — x;| < 2ah for all ¢ € Z.
It is a simple matter to check that

N(rh,Cy) = N(r,Cp/h)

so that the second condition in Definition 4 assures that in an interval of radius
rh the points from C}, cannot cluster in such a way that their number becomes
infinite as h — 0.

4.2 Moving point clouds

In the next step, we consider point clouds which move along a prescribed velocity
field a € CO(RT, C(R)). If C = C(0) is the initial point configuration, we define
C(t) = X(t;C,0), where X(t;x,7) is the solution at time ¢ of the problem
T =a(t,x), z(r) = .

Lemma 7 Let a € C°(R*,C1(R)) and C(0) be a regular cloud of points. Then,
for any T > 0 there exists K > 0 such that

[ X(tp,7) = X(tq,7)| < Klp—ql  VE7€[0,T], p.geR.
For 0 <t <T, the set C(t)X(t;C(0),0) is a reqular cloud with
v(C(t)) < Ky(C(0)) and N(r,C(t)) < N(rK,C(0)) ¥r>0.

Proof Due to our smoothness assumptions on a, the flow map X is well defined
and the constant K is obtained with a standard Gronwall estimate. Assuming
that z; < x;41 for all z; € C(0), we note that the ordering is not changed in the
evolution. According to (16), we have

YC([{)) = %SZ-EE [ X (t;zi41,0) — X (t;24,0)| < Kv(C(0))

With a similar argument for the backward movement, we conclude with the
relation p = X (0; X (¢;p,0),¢) that

|X(0;2,t) — p| = | X(0;2,t) — X(0; X(¢;p,0), 1) < K|z — X(¢;p,0)].

Hence |z — X(t;p,0)| < r implies | X (0;x,t) — p| < Kr so that N(r,C(t)) <
N(rK,C(0)).

Mainly to avoid working with finite time intervals, we introduce the notion of
fields with finite strain.
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Definition 6
A function a is called field of finite strain if a € CO(RT,CY(R)) gives rise to a
flow map X which satisfies for some K >0

| X(t;p,7)— X(t;q,7)| < Klp—q| Vt,7eRY, pgeR

Corollary 1 Let a be a field of finite strain and {Cp(0) : h > 0} a uniformly
reqular family of point clouds. Then { Cp(t) : h > 0} is uniformly regular and

supsup v(Cy(t)/h) < oo
teR h>0

supsup N(r,Cy(t)/h) < oo Vr > 0.
teR h>0

Proof We just note that the assumptions on the field a guarantee existence of
solutions to & = a(t,x), z(0) = z for all times. The uniform regularity follows
immediately from Lemma 7.

4.8 Construction of particles

To explain the construction of particles, we first restrict to the case of a single,
non-moving point cloud C. Taking a Lipschitz continuous function W : R +— R™
which is strictly positive for |z| < A = ~(C), say W(z) > omin > 0, and which
vanishes for x| > kA with some k > 1, we define

Wi()

Yi(z) = o) o(x) = ZWZ(l'), Wi(z) =W(x —x;), i€Z.
1€Z

In Fig. 2, this construction is visualized. The symbols on the z-axis indicate the
particle positions. Around each position z;, the function W; is plotted.

T T T T

1 -

1 1 1 1

4 -2 0 2 4
X

Fig. 2. Irregular particle positions x; and functions W;

The sum o of all the functions W; is shown in Fig. 3.

3 T T T T

1

0 1 1 L L
-2 0 2 4
X

Fig. 3. The function ¢ corresponding to Fig. 2

After dividing W; by o, we get the partition functions v; which, in contrast to
W;, may be non-symmetric and of different height (see Fig. 4).
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Fig. 4. The partition of unity corresponding to Fig. 2

We remark that the sum defining o is finite at each = € R because it involves
only those points z; € C' with |z; — 2| < kA which are at most N(x\, C') many.
We also know that ¢ > oy because the biggest gap in the particle cloud is of
length A = v(C') but the functions W; are bigger than o,;, over intervals of at
least that length. Hence the maximal possible gap is still covered by at least one
of the W;.

If the regular cloud is moving along a field of finite strain, the same construc-
tion is carried out with A\ = sup;~q~y(C(¢)) and

diltr) = 20D o) SOWi ), Wil ) = Wie - mi()  (17)
o(t, ) i€Z

Finally, for a moving, uniformly regular family {C}, : h > 0} we introduce
particles using A\ = supyqsup;>q7(Cr(t)/h) and

W (t, ) =W (”“Tx(t))

giving rise to w§h) and o™ as in (17).

Proposition 2 Let ¥, = {¥, : 0 < h < 1} be a family of particle clouds

v, = {%(h) 1 € Z '} which are constructed based on a uniformly regular family
of point clouds moving along a field of finite strain. Then, each Wy, is locally
finite with

supsupsup |ly, (t,z,rh)| < oo Vr >0
h>0 t>0 zeR

and
p” e CORT, W (R)) N C'(RT, L' (R)).
Further, there exists Sy, > 0 such that
diam supp wgh) (t) < Sy h VieZ,h>0
and o, > 0 such that
Vi) = (v (1),1) = aw.h

for allt > 0 and h > 0. The derivatives of wz(h) are given by

oy B ()
ox :Z<Fji _Fij >’

JET

ol

N
ot (@
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where ")
) _ o oW
U g
We also have ")
o0y AOLL S OMO)
Tor T Ty TV
where I/i(h) € L (RT,LY(R)) allows the estimate
sup ||1/ ( Nriw) < Cw, Th Vh > 0.
0<t<T

Proof We assume that ¥y, is based on a moving point cloud Cj(t). Due to our
construction of 1; (we suppress the superscript h), the support is contained in a
ball of radius kAh, giving rise to Sy, = 2kA. Since the number of points in a ball
of radius rh certainly dominates the number of particles which are completely
contained in that ball, we also conclude that |Iy, (¢, z,7h)| < N(rh,Cp(t)) which
is uniformly bounded by assumption. Since for any compact K C R, we can find
R > 0 such that K is contained in a ball of radius Rh around the origin, we get
at once

Iy, (t, K)| < |Ig, (t,0, Rh)| < N(Rh,Cy(t)) < N(KRh,Cy(0))

where the last inequality follows from Lemma 7.
Altogether, |Iy, ([0,7], K)| is uniformly bounded for any 7" > 0 which shows
that ¥, (and thus also Wy, : = {W; :i € Z }) is locally finite.
The estimate on the diameter of the supports also implies
Iy, (t,x) C Iy, (t,z, Sy, h), giving rise to a uniform bound

o(t,x) < supsup\[wh(t x, Sy, h)]max W(z) =: omax-
t>0 z€

Since W (x/h) > omin on |z| < Ah, we obtain

Yilt,r) > B jz] < A

Um ax

Consequently, the volume can be estimated from below

Viz [ wdez P
|z|<Ah Omax
and we set aw, = 2A0min/Tmax-
To show smoothness properties of ¥;, we continue with the observation that
the support of W;(t) stays in a compact set K C R if ¢ varies in a compact
interval [0,7]. Hence, we can replace o by

= Wit,z),  I=1Iy,(0,T],K)
icl
which is only a finite sum. Since Lipschitz continuity implies differentiability
almost everywhere, we immediately get

O LOWi Wil OWy

or & Or G 64—~ Or
kel

(18)
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At this point, we remark that 1; € CO(RT, WH(R)). Indeed, a small change
in time leads to a little translation of the participating functions Wy, which is a
continuous operation in L!(R).

Multiplying equation (18) by v;, summing over all j and replacing ¢ again
by o, we arrive at

I 1 ow; oW,
_ BN 1
or o Z <¢J Ox —v Ox ) (19)
JEZ
Using the fact that 0;W; = —;0,.W;, we obtain in an analogous way

Y . OW;
Vi =——Z< ﬂpj a xjwia_gcﬂ). (20)

Considering W; as an L' (R) valued function on R*, we have W; € C1(R*,L!(R))
where continuity of the first derivative is again due to the continuity of the
translation operator in L' (R). A straight forward estimate of difference quotients
shows that also ¥; € C1(R*,L!(R)). Combining (19) and (20), we end up with

8wi .8¢,‘_ 1 . 6W
ot Tl U%(m]—x) oz

Vi (21)

Introducing

JET

with (; being the indicator function of a ball of radius kKAh around z;(t), the right
hand side in (21) can also be written as v;1;. To estimate the L'-norm of v;(t),
we note that o > o, and, since the velocity field a(t) is uniformly bounded
in CY(R) if ¢ ranges in a compact interval, we get |i; — @;| < L(t)|z; — ;.
Note that this estimate is only needed if (;0,W; # 0 which may happen if
|z; — x;] < 2kAh (otherwise the supports are disjoint). The number of involved
points z; is estimated by N(2kAh,Ch(t)) < N(2KkAh,Cy(0)) according to
Lemma 7 so that

oW (-/h)

2kMh.
ox w

1Oy < LEONQErAR, Cy (0)) H
Li(R)

With the change of variables y = x/h, we find that |0, W (-/h)||L1(w)
= [|0:W{|L1(w) for all h > 0 so that the result follows with

Cy,(T):= sup sup2kAL(t)N(2KrAh,C(0)).
0<t<T h>0
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4.4 Geometric coefficients

Motivated by the derivation of the method in Section 1, we define the coefficients
800 = (r§ ) - riPw,1) (22)

where Fi(jh) are taken from Proposition 2

h (h)
M oW

3

Ly~ = och) Oz

Proposition 3 The coefficients /BZ(]h) are uniformly bounded and satisfy ﬁz(jh) =
—Bj(»?) as well as ZjeZ ﬂl(]h) = 0 for all © € Z. There exists a constant B > 0
such that |$§h) (t) — x§h)(t)| > Bh implies ﬁl(]h) (t) = 0. Finally, for every T € R,

we have
Sy Pm=1 vizo0h>o0
2™ )2z 2 (1) 2z

Proof We again suppress the superscript h in the proof. ;From the definition
(22) of B, the skew symmetry follows at once.
Since |¢;/0| < 1/0min, we find

1
/ ITy(t,2)| da < /
R Omin JR

which is a uniform bound giving rise to |ﬂz(jh) )] < 2(0:W{|L1(r)/Omin. Taking
into account that diamsuppv; < Sy, h, we conclude that for |z;(t) — z;(t)| >
2Sy, h, the supports of W} and 1); are disjoint and hence 3;; = 0. The remaining
two properties are shown based on a useful reformulation of the formula for 3;;

8 .
Bij =2 <1/1i7 %> : (23)

Equation (23) follows immediately from

% _ laWj _wlaa
= b

ox o Ox o Or

(Iij,1) = <¢z‘, %> + <¢i7/)j’ (g%) /0>

It implies that

aw;i/h)‘dx: 1 /R

%—Vj(y)' dy

Omin

so that

and

0
> By =2<¢z‘,%z¢j> =0

JEZ. JEZ.
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and with ¥z (t,z) : = Zmizf Yi(t,x),

_olw Qg N2 (D) g
Z Z Bz] - 2<¢maxwm71> - <axlpx71> - lpﬂ’c{mzfoo .

T;>T T; >

Note that Wz(t,z) = 0 for x — —oo since all ¥;(t,x) with z; > Z vanish for
r < Z — Bh. On the other hand, for > & + Bh, the function ¥z (¢, x) coincides
with ) ;.7 i(t,x) = 1, so that W%‘z;iooo =1.

5 Conclusion

We have presented a consistency result for a general class of conservative, mesh-
free methods based on partitions of unity. Apart from the partition and a stan-
dard numerical flux function, the schemes are characterized by the parameters
Bi; which contain geometrical information about relative position of particles
and the amount of overlap. For example, in classical finite volume methods,
which are recovered in the approach for a special choice of the partition of
unity, the coefficients 3;; are related to the surface area of the cell faces (in
the multi-dimensional case) and the corresponding normal directions. In the fi-
nite volume particle method (FVPM), which can be viewed as a generalization
of classical finite volume methods to the case of overlapping and moving grid
cells, the coefficients are calculated based on the partition functions according
to Bij = 2 (14, 021);). Since the proof of the consistency result requires only little
regularity of the partition of unity functions and is mainly based on some gen-
eral assumptions on the coefficients (3;;, it applies at the same time to FVPM
and standard finite volume methods.

The advantage of FVPM to work for general distributions of particle positions
and overlapping partition functions has to be paid with the calculation of V;
and (3;; which involve integration over ; and 0,¢;. The goal is to discretize
the integrals in such a way that the evaluation becomes fast without violating
the consistency conditions presented here (note that for consistency, the specific
form B;; = 2 (1, 01;) is not necessary). Since additional restrictions on ;;
may arise from stability considerations, a convergence analysis is naturally the
next step in the investigation of the method. Apart from that, the treatment of
bounded domains is most important, because the main applications of particle
methods will be in complicated and time depending geometries.

References

1. T. BELYTSCHKO, Y. KRONGAUZ, D. ORGAN, M. FLEMING, P. KRYSL, Meshless methods:
An overview and recent developments., Comput. Methods Appl. Mech. Eng., 139 (1996)
3-47; Special Issue on Meshless Methods

2. B. BEN Moussa, J.P. ViLa, Convergence of SPH Method for Scalar Nonlinear Conser-
vation Laws, SIAM J. Numer. Anal., 37, (2000) 863-887

3. G.H. Cottet, S. Mas-Gallic, P.A. RaviartVortex methods for the incompressible Euler
and Navier-Stokes equationsin Computational Fluid Dynamic and Reacting Gas Flows,
Springer-Verlag, Berlin (1988)

4. A. CHORIN, Numerical study of slightly viscous flow, J. Fluid Mech., 57 (1973) 785-796



Consistency analysis of mesh-free methods for conservation laws 25

10.

11.

12.

13.
14.

15.
16.

R. D1 Lisio, E. GRENIER AND M. PULVIRENTI, The Convergence of the SPH method,
Computers and Mathematics with Applications, 35 (1998) 95-102

G.A. Dirts, Mowving-Least-Squares-particle hydrodynamics. I: Consistency and stability,
Int. J. Numer. Methods Eng., 44 (1999) 1115-1155

M. GRIEBEL, M.A. SCHWEITZER, A Particle-Partition of Unity Method for the Solution
of Elliptic, Parabolic and Hyperbolic PDEs, STAM Journal on Scientific Computing, to
appear

D. HieTEL, K. STEINER, J. STRUCKMEIER, A Finite- Volume Particle Method for Com-
pressible Flows, Math. Models Methods Appl. Sci, to appear

J.J. MONAGHAN, Smoothed Particle Hydrodynamics, Annu. Rev. Astron. Astrophys., 30
(1992) 543-574

H. NEUNZERT, J. STRUCKMEIER, Particle Methods for the Boltzmann Equation, Acta
Numerica, (1995) 417-457

K. OELSCHLAGER, On the connection between Hamiltonian Many Particle Systems and
the Hydrodynamical Equations, Arch. Rat. Mech. Anal., 115 (1991) 297-310

L. ROSENHEAD, The point vortex approximation of a vortex sheet, Proc. Roy. Soc. London
Ser. A, 134 (1932) 170-192

W. RUDIN, Real and Complex Analysis, McGraw-Hill, 1987

J.P. VILA, On particle weighted methods and smooth particle hydrodynamics, Math. Models
Methods Appl. Sci., 9 (1999) 161-209

H. YSERENTANT, A new class of particle methods, Numer. Math., 76 (1997) 87-109

H. YSERENTANT, Entropy generation and shock resolution in the particle model of com-
pressible fluids, Numer. Math., 82 (1999) 161-177



