
�����

� ���	�
����
����������
���

������� �"!$#&%('*),+.-0/1#$)2)"+�354�'6�7��+�),+��"�7'*31#&38),+.3:9 �;35<=�"+�'	��+�!8),�;�,+.35'*�
R3 ! +.3(3(+�3?> +�-6+��"38)

@ 3?<A>;+��;�B+�),�"'6C"D�/A> +E<=+ @ )"+F)EG?HI'6��4	+���<=+�3J<='6+.C,+�3LK	+�>;�,'*MN3 @ 3L# @ C,<(+�/(3(+.3JO @ �P��+�),+��"�7'Q�
3?# 3;)"+R9 �;3

n
��+�!8),�;�,+.3S'*�

Rn, T O�4UG89 �;3
n×n

��VL#$)"�,'6O�+.3WG;�P'*+EC2+P��+�),+��"�7'*31#&38),+P40+.�"<=+.3
4�'6� T +.3 @ ),O�+.3YX[Z(���7+�/(��)"/(+��;�,+�),'\C,D�/?+^] T +.�,-6+�> @ 3(> +.3 T +�'_-*'63(+.# �,+.3Y`^-6+�'\D�/ @ 3(>;C"C,abC2),+.�7+�3
@ 3?<Y<=+.�RK0+ECc)"'*�7� @ 3(>7<=+���'6389;+���C2+.3�VL#&),�"'Qdfe=C,%?g$)"+�� T +.'W<=+���hi'*>;+�3b40+.�2),),/(+.� �"'*+P9 �;3jhk3=�
<=�;�B�;�,%?/('6C,�7+�3 @ 3?<l# @(m +��"/?#&- T <=+���-*'63(+.# �,+.3onR-6> + T �"# T +�'p<=+.�j��38),+.�,>;�"# -*�"+.D�/(3 @ 3?>q'63
�7+�/(�"+��"+�3Y��+���g&31<=+��"-*'\D�/(+.3WG
r @ 31g D�/?C2)s+�'635%?#;#&�����;�,Z T +.�,-6+�> @ 3(> +.3Wt_VJ+EC,C,+�3:4�'*��'*�

R2 n T C2)"g&31<=+�# @ XR<='*+�Z T -6'6D�/?+Hu+�'\C2+;e0C,�b<?# m #&-\C,�5<=+��jn T C2)"#&31<I<=+.Cjv @ 3(!8),+EC x = (ξ1, ξ2)
9 �;�xw @ -6-*% @ 3(!8)�> +.�"#;<=+

|x|2 =
√

(ξ2
1 + ξ2

2)
'6C2).eyC2�S!;z 3(3?+�3A4�'*�^# @ D�/J# @ X�3?#&'69 +UHu+�'\C2+sO @7{ +sO.40+.'Wv @ 3?!;)"+�3 x, y<=+.3:��3(/?# -Q)

V (x, y)
<=+.CB9;� 35'6/(3(+.3|# @ X[> +.C,%?# 3(38),+�3:v�# �"# -*-6+�-6� >;�"# �7�7C��B'*)S<=+�3|hiD�! +.3

0, x, y, x + y T +.C2),'6�7�7+�3WG

x

y

x + y

n T(T '6-6< @ 3(>S}

VL# 3��"+.D�/(3?+F)�3?# D�/_t

V (x, y) = 2

(
1

2
(ξ1 + η1)(ξ2 + η2) −

1

2
ξ1ξ2 −

1

2
η1η2 − η1ξ2

)

= ξ1ξ2 + ξ1η2 + η1ξ2 + η1η2 − ξ1ξ2 − η1η2 − 2η1ξ2

= ξ1η2 − η1ξ2.

hk'63(+Ng /(3(-6'6D�/~> + T # @ ),+ e0# T +���!;� �7%(-6'*O.'*+.�2)"+��"+A�?� �"�7+�-�X[Z(�Y<(# C���� - @ �7+�3I<=+.Cj9 �;3�<=�"+�'
��+�!8)"� �"+�3s# @ X[> +EC2%?# 3(38),+.3��b%?#&),+.C
/?#&)2),+.3s4�'6�
'6����� �"!$#&%('*),+.- T +��"+�'*),>;+.C2),+.-*-*).G$�R38)"+���C @ D�/?+�34�'6�R<='*+U+ T +.3A> +�4	� 3?3(+�3(+p�(�;�,�7+.-W# @ X�Cc)"� @ !;) @ �"+�-6-*+phk'6> +.3?C,D�/1#$X�),+.3WG=hiC�>;+�-*),+.3Wt

�;G
V (x, y)

'\Cc)Y-*'63(+E#&�Y'*3 { +E<=+��Y�k#&�"'\# T -6+�3We	<fG /WG V (u + v, y) = V (u, y) + V (v, y)@ 3?< V (αx, y) = αV (x, y).
nR3?# -*�;> +ECk> '6-*)	'63�<=+.�0O.40+.'Q)"+�3��k#&�"'6# T -*+.3WGb�P# m /('6+�� T +.'3(+�>8#$),'69 +	Hu+��,),+�X[Z(�

V
# @ X�),�"+F)"+�37! z;3(3(+ e&C,� -6-*),+R�b'6+�3('6D�/8)kC2),z �"+�3_G&K0+.'(<=+��0��+ @ ) @ 3?><=+.C���38),+.> ��#&-\C�#&-\C��
-\g D�/?+�3('63(/?# -Q)�'\Cc)�C,�$4	#;C { #S# @ D�/AC,D�/(�;3Y# @ X[> +�),�"+F)"+�3WG

� G��b'*31<
x @ 31< y

-6'63(+.# �0# T /?g&3(>;'*>1e C,��'6C2)
V (x, y) = 0.

`^+��;�7+F),�"'\C,D�/7'\Cc)�<='*+ECi!b-\#&�Ee <(#
<(#&3(3J<(#;C�v�#&��#&-6-*+.-*�;> ��#&�7���cO @ C"#&�7�7+�3(!b-\#&%(%=)2��Gy�b'*+U!;z 3(3?+�3A+.CR# T +.��# @ D�/Y'63J<=+��
�(� �"�7+�-f3?#;D�/(�"+.D�/(3(+.3WG

� GR�
Z?�R<='*+U!$# 3(� 3('\C"D�/(+�3�hk'*3?/(+�'*)"C,9 +.!;)"� �"+�3
ei

'6C2)
V (e1, e2) = 1.

�P'*+EC2+7<=�"+�'�hk'6> +�31C,D�/?#&X�),+.3N9 �;3
V (x, y)

4	+���<=+�3L4�'6�U#&-\C^`^� @ 3?<(-6# > +�<(+��U��+��?3('*),'6� 3u<=+��
�,��+�),+��"�7'*31#&38),+F�^3(+./(�7+�3WG

�I�f�=�W�1���,�R���0�=�_�R�������	�=�2�i�R�
�
����4	+�'*),+.�,+.3YC,+�'f4�'6+.<(+��

K = R
�=<=+��

K = C.
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�����������������! ��#"%$�&'�)(��+*-,/.0�1�2�)��3546���#&������7�#89 ���:	�)�-�;��<+=�>�?A@)B'@DC�E�F�G0HICKJML-NPO;@QER=	F5O�J
n
@DS'LMT�G-L�@DC)G�U'@QE�F'>V@DLME;@XWRY�YILZJ�B�>IE'U

∆ : Kn × Kn × ... × Kn

︸ ︷︷ ︸

n ma`

→ K : (x1, ..., xn) 7→ ∆(x1, ..., xn)

[ L�G\B'@DE^]�_`JZU'@QE	B7@DE�abLZU'@QE�TANPO;F5]cG9@QE�d
egf�d

∆
LhTiG�JMLZE;@iF5CjLMEk?A@)B7@ [ @DLME�l5@DJME;@DEmWnCoU�> [ @QE�GPp [ F5E^TKF5U�GrqhE�s�JMLME;@AFIC�t9u

eXv�dnw7LZE�B
(x1, ..., xn)

JMLZE�@AF5CkF�Y5O�x5E�U�LZU�p	TD_VLMT�G
∆(x1, ..., xn) = 0, [ F5E+TDF`U;Gnq�F5JyG9@QCoE�L�@AsCQ@QE	B�t9u

e{z�dj|}H~C{B~L
@��IFIE;_`E�LhTiNPO;@DE1abLZE�O;@DLyG�T��`@Q�;Gc_`CA@DE
ei

LMT�G
∆(e1, e2, ..., en) = 1.

abLME;@^|�>IE���G-L�_`E
∆ [ LyGkegf�>~E	B/eXv�O�@DLM��G�qhe�@`Gc@DC [ LZE�FIE�G9@DE�]c>IE���G-L�_`E�t�p}ToL
@1O�@DLM��G�qhE;_`CQs

[ L
@QC�Got-p��b@DE�E�l�>~TDx'G-l�JZL�NPO�E;_�NPO�e�zkU�LMJ�GKu
e�L
@X�n@)B�LZE'U;>IE'U�e�f�Y'@)B'@`>�Gc@`GjB2F�Y7@QL-p�B2F5��]cHIC�FIJZJ�@

i = 1, ..., n
U�LMJ�G

∆(x1, ..., xi−1, αx + βy, xi+1, ..., xn) = α∆(x1, ..., xi−1, x, xi+1, ..., xn)

+ β∆(x1, ..., xi−1, y, xi+1, ..., xn).

r @ � K	+�4	+�'\C�O.+�'6> +�3S4�'6�iO @ 3?g;D�/?Cc)0+�'63j# @ D�/�C,%?g&),+��kX[Z(�	<?# Ci���7> +�/?+�3S�7'Q)���+�),+.�,�7'63?#&3=�
),+.3A38Z(),O�-6'\D�/(+.Cj�_+��7�S#(t
���7464/&m��*
�%|rHICn@DLME;@nWRY�Y5LMJ�B�>IE'U

∆ : (Kn)n → K [ L�G}B7@DE�abL�U�@DE�TiNPO�FI]cG9@DE�e�fk>~E	B
e{vgU'@DJyG9@QE
f�u\WXB�B~L�@DC)G [ F5E1l~>V@DLME;@ [ W�C0U;> [ @DE�G�@QLZE/�#L�@DJM]-F7NPO;@ATn@DLME;@QTjF5E�B7@DCA@DE�W�C0U;> [ @DE�G9@ATAp�TQ_
x5E	B7@QC�G�ToL-NPO+B7@QC���@QC�G\B7@QCne{@5G9@QC [ LME�F5E�G9@QE�]c>IE���G�L
_5E�E�L-NPO�GPp	B;u O�u

∀i6=j∀λ∈K ∆(x1, ..., xi−1, xi, xi+1, ..., xn) = ∆(x1, ..., xi−1, xi+λxj , xi+1, ..., xn).

v�u\��>IJyG-L���JZLMliL�@DC)G [ FIE�@DLME��ME�L�NPO;G}U�J�@DL�NPO+FIJZJ�@5� �{W�C0U;> [ @DE�G [ LyGj@QLZE�@ [ |�FI��G9_`C
λ ∈ K,TD_ [ >~J�G�L ��JMLMliL�@DC)G�ToL�NPO+B'@DC���@DC)G\B7@DCne�@`Gc@DC [ LME�FIE;Gc@DE�]c>~E���G-L�_`E [ L�G λ

p�B�u O�u

∀i∀λ∈K ∆(x1, ..., xi−1, λxi, xi+1, ..., xn) = λ∆(x1, ..., xi−1, xi, xi+1, ..., xn).

z�ug�;@DC)GyF'>�TANPO�G [ F5E�l~�b@DL�WnCoU�> [ @DE�Gc@)p	TD_ [ >IJyG-L���JMLZl�L
@QC�G\T0L�NPO�B7@QC���@DC)GnB'@DC{e{@5G9@DC [ Lhs
E�F5E�G9@QE�]c>IE���G�L
_5E [ LyG −1,

B�u O�u

∀i6=j ∆(..., xi, ..., xj , ...) = (−1)∆(..., xj , ..., xi, ...).

�����g�2��� tRr @ � G6t(w�#;D�/Y���U'\Cc)

∆(..., xj , ..., xi + λxj , ...) = ∆(..., xj , ..., xi, ...) + λ∆(..., xj , ..., xj , ...).

����-*+�),OF)"+�3��
+��"� C,'*31<�O.40+.'1n��,> @ �7+�38),+�>;-*+.'6D�/We&# -6C,��<='6+
n
nR�"> @ �7+�38)"+�-*'63(+.# �i# T /?g&3(>;'*>1eC,�b<?# m +���3?#;D�/Y� � 9 +.�"C"D�/b4�'*3?<(+F).G

r @ � G6t(�P'*+EC�'6C2)�+�'63L�b%1+.O�'\#&-*X #&-6-W9 �;3���� G
r @ � G6t(VJ'*)�<=+�� + T +�3A> +.O�+.'*> ),+�3�'6C2)

∆(..., xi, ..., xj , ...) = ∆(..., xi − xj , ..., xj , ...)

= ∆(..., xi − xj , ..., xj + (xi − xj), ...)

= ∆(..., xi − xj , ..., xi, ...)

= ∆(...,−xj , ..., xi, ...)

= −∆(..., xj , ..., xi, ...).

�



e�@`G9@QC [ LME�F5E�Gc@DE�]c>IE��;G�L
_5E;@DE ��� �

r @ 31g D�/?C2) O.+�'6> +.3�4�'6�k<='6+	hi'*3?<(+ @ )"'*>;! +�'*)i<=+.��3(� �"�7'*+.�2)"+�3��P+F)"+��"�7'*3?# 38),+�3(X @ 3(!8),'6� 3WG��R'6+��,�O @ O.+�'6> +�3Y4�'6��+F)c4�# C�#&-6-*>;+��7+�'63(+.�

$�&'��(m�+*�� w7LME	B
∆
>IE	B

∆′ l���@QL�e{@5G9@DC [ LZE;F5E�G9@QE�]c>IE���G-L�_`E�@DE�F'>I]�B7@ [ Kn >IE	B{LMT�G�B2F�Y'@DL
∆
E�_`C [ L�@DC)GPp�TQ_�@KS'LhTiG�L
@QC�G�@DLME;@���_`E�T�GyFIE;Gc@ c,

TD_�B2FI�g]cH~C�F5JMJ
@
x1, ..., xn ∈ Kn

U2LZJyG

∆′(x1, ..., xn) = c∆(x1, ..., xn).

�^# +�'63(+L3(�;�,�7'6+��,),+J�P+F),+.�,�7'63?#&38)"+�3=X @ 3?!;)"'*�;3o# @ X�<=+.3I!$#&3(�;3('6C"D�/(+.3�hi'*3(/?+�'*)"C,9 +�!8)"� �"+�3
<=+.3YHu+��,)

1
#&3(3?'*�7��)Ee=X[� -6>&)R<(# �"# @ C�C2� X[� �,)

����35���	�-&'3��+*�
 WR>I]jB7@ [ Kn
U�L9Y'G\@ATnO
��NPO�T�G9@QE�T{@QLZE�@XE;_`C [ L
@QC�Gc@{e�@`G9@QC [ LME�F5E�Gc@DE�]c>IE��'s

G-L�_`E#u

�=#&),O���G � '6�7%(-6'*O.'*+.�2)�# -6C,��<='6+U+�'63(>;# 3(>;C T +�/?# @ %=)"+F),+shk'*31<=+ @ )"'*>;! +.'Q)P<(+��R3(�;�,�7'6+��,),+.3A�P+F�
),+.�,�7'63?#&38)"+�3=X @ 3?!;)"'*�;3WG
�����g�2��� t��[9;� 3 �=#$)"OS�sG ��� HI'6��C2+�),O�+.3

c := ∆′(e1, ..., en) @ 3?<uO�+�'6> +.3Wef<(# m �7'Q)s<('*+EC2+.�
�P� 3?C2)"# 3;)"+�3Y<='*+s`^-6+�'\D�/ @ 3(>

∆′(y1, ..., yn) = c∆(y1, ..., yn)

X[Z(� T +�-6'6+ T '6> +UnR�"> @ �B+.38),+
(y1, ..., yn) ∈ (Kn)n

> '6-Q)EG
�
�,'69b'6# -*+.�,4	+�'\C2+P> '6-Q)�C,'6+^31#$),Z?�,-6'6D�/�X[Z(��<('*+Uhk'63(/(+.'Q)�C29;+�!8),�;�,+.3WG
�b+.'W3 @ 3 (y1, ..., yn) ∈ (Kn)n

> +.> + T +�3_G=�cCc)�<='6+.C,+U�?# �B'6-6'*+U-6'*3?+.#&�R# T /?g 3(> '6>?e=C,�B'\C2)

∆′(y1, ..., yn) = 0 = c · 0 = c∆(y1, ..., yn)

@ 3?<A<='6+��(�;�,�7+.-f> '6-Q)EG
�b+.' # -6C,�

(y1, ..., yn) ∈ (Kn)n
-6'*3(+E#&� @ 3?# T /1g&3(>;'*>1G1�P'*+BVL#$)"�,'*d

Y,
<('*+B<='*+

yi

# -6Cpry+�'6-*+.3
/?#&).e?'\C2)^<(# 3(3J'*3b9;+��,),'6+�� T #&�Ee='*/?�,+�� �����������#������� ���(�;�,� '\C2)P<(#&�7'*)^<='6+�hk'63(/(+.'Q)�C2�S#&),�"'Qd
In,

<='*+�> +���# <(+�<('*+�hk'63(/(+.'Q)�C29;+�!8),�;�,+.3
ei

#&-\C0ry+�'6-6+�37/?#$)EG;�P'*+�� ��� �������#������� ���(�;�,��-\g m )C,'6D�/A# T +��R# @ C Y
/(+���Cc)"+�-6-*+.3J< @ ��D�/�+.'*3(+U�?� -6> +p9 �;3"!P%y+���#$)"'*�;3(+�3Y9 �;3�X[� -6> +.3?<=+.� �0a8%_t

# n�<(<='6+��"+^O @ +.'*3?+��^ry+.'*-6+p+�'63A��'6+�-*X # D�/(+EC�+�'63(+��R# 3?<=+��"+�3_G

# V @ -*),'6%(-*'6O�'6+��"+p+�'63(+�ry+.'*-6+p�B'*)R+�'63(+.� �?# !8),� �
λ.

# ��+��,)"# @ C,D�/(+^O�4	+�'
r +�'6-*+.3WG
�P'*+ECRC2'63?<Y# T +���>;+���# <=+p<='6+U'*3m�W+.�7�7#7��G � T +.C"D�/(�"'*+ T +.3(+�3$!P%y+���#$),'6� 3?+�3We(C,�=<(# m C2'\D�/

# T +.'_<=+���+.�"C2),+.3 ∆(y1, ..., yn) @ 3?< ∆′(y1, ..., yn) T +.'6<=+U3?'6D�/8)Rg&3?<(+��"3We

# T +.'b<(+�3�# 3?<=+.�,+.3 T +.'6<(+�3%!P%y+���#$)"'*�;3(+�3 ∆(y1, ..., yn) @ 3?< ∆′(y1, ..., yn) { +�4	+�'6-6C @ �<=+�3?C,+�- T +�3A�?#&!8)"� �
6= 0

g 3?<=+��"3WG
nR� hi3?<=+^40+.�"<=+.3

∆(e1, ..., en) T O�4UG
∆′(e1, ..., en)

+��"�,+.'6D�/8)Ee;4	�&X[Z(�	<='6+p`^-6+�'\D�/ @ 3(>s>;'*-*).G
�^#&3(3A� @?m # T +.�RC,D�/?� 3 ∆′(y1, ..., yn) = c∆(y1, ..., yn)

>;+�4	+.C,+�3AC2+.'*3WG
�

���-�"���;���i��3` #:	������� �7���#�23������)�23`4/�-��&'���7��8y ��#:	���-�;�
� Z(�

n = 1
'6C2)

(K1)1 = K @ 3?<

∆1 : (K1)1 → K : x := (ξ) 7→ ξ

'\Cc)�<='6+p3(� �"�7'*+.�2)"+U��+�),+��"�7'*31#&38),+.3=X @ 3(!8),'6� 3_G
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� Z(�
n = 2

C2+.'
xj =

(
ξ1j

ξ2j

)

, j = 1, 2 @ 3?<

∆2 : (K2)2 → K : (x1, x2) :=

(
ξ11 ξ12

ξ21 ξ22

)

7→ ξ11ξ22 − ξ12ξ21

'\Cc)�<='6+p3(� �"�7'*+.�2)"+U��+�),+��"�7'*31#&38),+.3=X @ 3(!8),'6� 3_G��� 3q/('6+��U# @ C^!;� 3?C2),� @ '6+��"+�3L4�'6�p3 @ 3N�"+�! @ ��C2'69YX[Z(� { +.<=+EC n ∈ N
+�'63(+�3?� �"�B'6+��,),+B��+�),+.�2�

�7'*31#&38),+.3=X @ 3(!8),'6� 3 ∆n.HI'6�R9 +.�"# T �,+E<=+�3�X[� -6> +�31<=+
���2(��7�����#�	 �������*�� =�>

x ∈ Kn
>IE�B

1 ≤ i ≤ n
Y7@Ql`@DL�NPO�E;@

x(i) ∈ Kn−1 B7@DE B�>IC�NPO
w�G�CQ@QL-NPO;@QE�B'@DC

i
sPGc@DE"��_ [ ��_5E;@DE�Gc@�@QE;GyTiGc@DO;@QE	B7@QE �;@Q��G9_`C`u

�^#&�7'Q)R>;'*-*).t
$�&'��(m�+*	� |rHIC�?A@)B'@QT

n > 1
>IE	B�?A@`B7@QT

i : 1 ≤ i ≤ n
Y5l��nui?A@)B'@QT

j : 1 ≤ j ≤ n
LhTiG

∆n(x1, ..., xn) : =
n∑

j=1

(−1)i+jξij∆n−1(x
(i)
1 , ..., x

(i)
j−1, x

(i)
j+1, ..., x

(i)
n )

=
n∑

i=1

(−1)i+jξij∆n−1(x
(i)
1 , ..., x

(i)
j−1, x

(i)
j+1, ..., x

(i)
n )

B~L�@jE�_`C [ L�@DC)G9@ne{@5G9@QC [ LME�F5E�G9@QE�]c>IE���G�L
_5E�l~>~Cre�L [ @QE�T0L�_`E n
p�B;u O�u;B�L
@{B�>IC�NPO B~L�@nw�> [�[ @QE
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π : {1, ..., n} → {1, ..., n}.
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9b'*+.-*+�hk-6+��7+�38),+;Gy�P+�3?3q<=+.3LHq+.�2)PX[Z(�
π(1)

!$#&3(3L�S# 3L�&M +�3 T # �RX[�"+�' @ 38),+��^#&-6-*+.3
n
hk-6+F�

�7+�38),+.3o9 �;3
{1, ..., n}

4	g /(-6+�3WG ��#&)��S#&3o<='6+.C�> +�)"# 3We0C,�:C2),+�/?+�3IX[Z(�
π(2)

3(�=D�/l<='6+
�"+.C2),-6'6D�/(+.3

(n − 1)
9b'6+�-6+�3YHq+.�2)"+UO @ ����+.�2X[Z(> @ 3(> @ G C�G 4UG



e�@`G9@QC [ LME�F5E�Gc@DE�>IE	B 
 @DC [ >�G9F'G�L
_5E;@DE ���"�;�

K	+.C,� 3?<(+���C�+�'63=X # D�/(+�v�+.�,� @ )"#&),'6� 3(+.3BC,'*31<S<='*+RC,� >1G��0�
��#&3?C,%1�8C2'*),'6� 3?+�3b�
τij ,

<='6+�> +�31# @ <='6+
T +�'\<=+�3Y9 +.�"C"D�/('6+.<=+.3(+�3Shk-6+��7+.3;)"+

i, j
�B'*)

1 ≤ i < j ≤ n
9 +��,)"# @ C"D�/(+�3 @ 31<j#&-6-6+^# 3?<=+��"+�3

hk-6+��7+�38)"+pX[+.C2)R-6#;C,C,+�3WG=h0C�'6C2)R#&-\C2�

τij(k) =







j k = i

i k = j

k k 6= i, j

, (1 ≤ k ≤ n).
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π′ := τmn ◦ π.
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π′(n) = τmn(π(n)) = τmn(m) = n.
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Pσ◦π = PσPπ ,
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(σ ◦ π) =
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(σ) ·
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(π).
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(PσPπ)·j = (PσPπ)ej = Pσ(Pπej)

= Pσeπ(j) = e(σ◦π)(j) = (Pσ◦π)·j .
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(a·1, ..., a·n)
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ai11ei1 ,
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ainnein
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=
∑
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(π) · aπ(1),1 · ... · aπ(n),n.


