
�����

� ���	��
����
�����

����������� ���"!�#%$�!�#'&(�)�*�,+.-/�0��� 1
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K1

K2

K3

c2

c3

c1

kX$<3
yi(t)

4@�"�Slm-F$�� ��1/Q'-/1/�78K-%$�4/�)�on-/#/���"80�0�Y4@�)�.� �p3*�)1;+.-/�0���qi)-/�ZrU���j3
t,

4/801/1s����#%MK� 3
2 8K1E?LR0�"�0��1F4@��$m\@^'$<3�� 2 G�R015�t� uU������1P3��C8K�"�0�"�)�C!�#P-F1/�0��1]?Lv/�t4/� �

yi :

−y′′
1 = c1y1 − c2(y2 − y1)

−y′′
2 = c2(y2 − y1) − c3(y3 − y2)

−y′′
3 = c3(y3 − y2)
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y1(t) := ξ1

$�� 1
ωt, y2(t) := ξ2

$�� 1
ωt, y3(t) := ξ3

$<�"1
ωt.

[ �)�0��1
(
$<�"1

ωt)′′ = −ω2 $<�"1
ωt&�"�*4E-/1F$��)�t\'^@$<3�� 2 G0R�1J��� uU������1�3*�"80� ��� ���"!�#'-/1F�0�)1J4/8 2 � 3mv/IU�)��?Lv/#/��3m� 174/8�$m\'^@$X3*� 2

ξ1ω
2 $��"1

ωt =
(

(c1 + c2)ξ1 − c2ξ2

) $��"1
ωt

ξ2ω
2 $��"1

ωt =
(

− c2ξ1 + (c2 + c3)ξ2 − c3ξ3

) $��"1
ωt

ξ3ω
2 $��"1

ωt =
(

− c3ξ2 + c3ξ3

) $<�"1
ωt,

-/1F4{#/� �����"1:$�� 1%4{4@�"�El 2Yd �"� 3�-F4@��1
ξ1, ξ2, ξ3 | 1/�"!�#P3Y8K�"� �

= 0 } -/1F4~4@�"�ED/�*���P-/��1/i
ω
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c1 + c2 −c2 0
−c2 c2 + c3 −c3

0 −c3 c3
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ξ2

ξ3



 = λ





ξ1

ξ2

ξ3



 (λ = ω2.)
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x 6= 0,

4@���T4@-/��!�#x4@�"���0���0�)IU�)1F�(698K3��*�j�
A

�"1��)�"1���� ���j?h8�!�#/��$G0R�1�$<�C!�#�8KIF�0�)IF� �C4@�	3�&� ��4�V�&cR�I%���P80I%����4@����DF80QP3�R0�
λ

1/�"!�#P3�IU�)Q�801/1P3��C$X3ONO69801�1/��1/1P3�4/801/1
x

�)�"1/��1S�<�T�"�0��1@������QP3�R0�<�fV
λ

4@�)15i)-F�0�)#F`0�*� ���)1��<�T�"�0��1@� [ �)��3X�fN����4@���H�T�"�0��1P&(�)��3
λ = ω2 � �"�	?L���<3J� 1=4/� �O$<� 2�A ���"$ d �"�)���)�"1/�J�<�T�"�0�)1/?L���O��-F�)1/i	�94/��$E\@^��$<3�� 2 $�-/1F4~4@�)�Yi�-/�0��#/`0�*� ���]�T�"�0��1PG��)QP3�R��

x
� �"�	?L���<3S4@�"�Jl 2Yd � � 3�-%4@�)1�4@�)�S80-@?w3��*�	3*�)1F4@��1\@!�#'&�"1/�0-/1F�0�)1�N�����4@�5��1�3�$ d ���O!�#/�)1F4:4@�)�Slm��3�V�&�"�J&� �S4/8�$Y\@^'$<3�� 2 8K1F$<3�R�a0��1WV�8K-@?w3*���)�3���1F4@�,\@!�#'&�"1/�0-F1/��4@��$ � �O$�8 2 3�$<^@$<3�� 2 $Y������� I@3]$��"!�#�4@-F�*!�#��mIU�)�*�"80�0����-/1F�;4/� �O$<���S�T�j��0��1F$*!�#P&�"1/��-/1/�0��1WV�4WN #WN@�C$<380�"$���� 1/�O8K�*Q0R 2 I/�"1F8�3*� R�1]4@�"��$��)��8K-F$�4@� 2 �T�"�0�)1'&(�)��3 d �*R0IF� � 2�0��&cR�1/1/��1/�)15\'� 1'-F$<��-/1%4J801F8K�"R0���)�m�cR�$�� 1'-F$<�T�W`P$<-/1F�0�)154/80�*$<3���� �"IF8K�ON��-/�*!�#{4/� �HDF��4@����1;&�"�*4;#F� ���Z8K-@?m4@�"�H+.-/���)�"1;�)�"1/�H+.��8�?w3Z8K-%$<���)v/I@3OV�4@�"�]- 2 $�R9�0�*`0a��)��C$X3OV%�X�J�0�*`0a��)�Z4/� �Jlm-F$�� ��1/Q'-/1/�;8K-F$x4@�)�Sn-F#/�)�C8K���]�"$<3�Vq-/1%4:4/8�4@-/��!�#:4@�"�Elm-%$<�"�)1/Q'-/1F�
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$��)�"IF$X3�Q0R����*� ��� ���<3ON/�t�"��$���\@�j3*-F8�3*� R�1WVU4F8KaH4@�"���t1F4@����-/1F�H�)�"1/��� � �*`0a0�x8KI/#FM01/�0�"�SG0R�194@�)�� �*`0a0�($<��� I%$X3��C$X3OV��F1F4@��1Y\'�"�(� 1Y8K�"� ��1 A �������"!�#/��1Z�P-F8K1P3*�j3�8�3��"G0��1 A ��$*!�#/�*�)�"I%��1F$�-/1F4x#FMK-
�F��*��$�-/�j3*� ���<3m4/80�*80-F$(�)�"15�T� ���)1'&(�)��3 d �*R0I/�"� 2 N
[ �"� 2 8�!�#/�)1H4F8K��8K-F$c4@� ��?LR0�"�0��1F4@���t���F1/� 3��"R01WN

K
IU�)i��)�C!�#/�	3�&�"��4@���(4@�"�������)�"� ��1]R@4@�)��4@�"�Q0R 2Yd � �)�@�)19r 8K#/�"�)1�N

����������� �"!#�%$�&('*)�$+�(,-�.��/0�21��43�$+�(,-�.��5#�26�� !#14798�:<;>=@?-;>ACBD?�E.FGAHF�IKJ�L
=NMOAP:4M
f

=Q?9;>=NR
?-;>A

K
RTS-;VU�WKF�IXIVY
:ZA

U
L-;V=Q[\W�;>=@?]BD^�;VAH;>?-W

x ∈ U _ BD=a`
;V?�b�;>U�WcF�Iedgf4:4A _ BD=@`h;V?�iD;VIeWOd
λ ∈ K

b�FG?
f,

iD;V?
?
x 6= 0

:Z?�E
f(x) = λx.jk=l;BD=@`h;V?�bG;VU�WcFGI>;>?m:4?�EnBD=@`h;>?�io;>I WK;;V=Q?-;VIqprY
W(IX=as

A ∈ Kn×n
MO=Q?�Eut\vh;VIPE.;>?wE\:ZI x�L

x 7→ Ax
`h;X`
;Gvh;V?-;>?PBy?�E.F�AHFGIcJ�L\=QMzAH:4M+Eh;>M

Kn
;VIXU.^N{ZI WO|�E#} L~}

x ∈ Kn
=QM W _ By=a`
;V?�b�;>U-WKF�Iedof4:ZA _ By=a`
;V?�io;>I Wzd

λ ∈ K
E.;VI�pnYhW(IX=@s

A,
iD;V?
?

x 6= 0
:Z?�E

Ax = λx.

�KA�By?h`�^Q=QM�x�L-;>?PL-;>=@[h;V?nE4=�;>M>;+��;V`�IX=@��; _ ;>=a`
;V?�b�;�x WcFGI d�vZf4i�} _ ;V=@`h;>?-bTYZ^":2;Gd�}��tZI
α 6= 0

=QM Wo?#YhWztZIX^@="x�LHAq=�W
x

Yh:hx�L
αx

BD=a`
;V?�b�;>U�WcF�I�f�:ZA�M>;V^cv.;>?<BD=a`
;V?�iD;VIeWz}

[ �"��IU��$*!�#/��MK1/Q��)1.-/1F$�� 2 [ �)� 3�������1Z8K-@?F4/� � A ��#F8K1%4@� -F1/�tG�R01o�T�"�0��1P&(�)��3���1oi)-Z6,8�3��*�"i)�)1�N
kX$<3

λ
��� ���)1'&c���<3�i)-

A,
$<RHI%�O$<� 3�i)3�8K�C$�R]4@� � � � ���"!�#'-/1F�

Ax = λx
�)�"1/�Z1F�"!�#P3<3*���"G'�"80� ����`K�$�-/1/�FN���8�?Lv/�oQ�801/1 2 801s8K-%!�# | 2 � 3Z4@�)�.�T�"1/#/���j3�$ 2 8K3��*�j�

I } $�!�#F����� IU�)1WV
(A − λI)x = 0IU��$��j3*i	3t��� 1/�Z1/�"!�#P3�3��*� G'�C8K�"�.��`�$�-/1/�YR@4@�)�tQ0�)�

(A − λI) 6= 0.
�W�)3�i	3*�)�*��$�C$<3t8KIU�)�m��� ���"!�#'IU�	�4@��-@3���1F454/8 2 � 3�VF4/80aS4@�	3

(A − λI) = 0.[ �"�m#F8KIU�)154/8 2 � 3
�~� � �������]���2�������e�(!-��$�&N�m)O$k�",#�.��1 � ����7�BD=Q?-;8�YZL
^

λ
=QM W�`h;>?#Yh:�E2YZ?
?�BD=@`h;V?�iD;VIeW

f4:4IkprY
W(IX=as
A,

io;>?
?94@�	3
(A − λI) = 0,

:Z?�E+�T;�E.;>M
x 6= 0, x ∈

Q0���
(A − λI)

=NM�WDBy=a`
;V?#R
b�;>U�WcF�I�bGF�?

A
f4:ZA�BD=a`
;V?�iD;VIeW

λ.
E(A; λ) :=

Q0���
(A − λI)

L�;V=Q[\W _ BD=a`
;V?
I>Yh:4A�dyf4:ZA�BD=a`
;V?�iD;VIeW
λ.

��� �m���	3*�)� 2 �"1F801�3*�4@�)�T698K3��*�j�
(A−λI)

Q�`01/1F�)1�&� ��8KIU�)��1%80!�#Y4@�)1]\@MK3�i)��1�4/��$qG0R����"�0��1+o8 d �j3*�)�C$�I%�����O!�#/1/�)1�N
�y�.�*� � $0&N���h=@?�E9=Q?];>=@?-;>I

n × n
R"prYhW"Iz=@s

F
E4=�;HBD^l;>AH;V?�Wc;

ϕij � F�^a�
?-F�AH;=@?w;V=Q?-;>I
S#YGIX=lY
vG^�;V?

λ
:4?�E�L#Y
vh;V?%E�=l; � F�^a�
?-F�AH;�=Q?%E.;VI

j
ROWc;>?u�ZJ�YZ^"WK;;V=Q?-;V?]��I>Y.E

≤ γj , (j =
1, ..., n),

M>Fg=NM�W�E4=�;kj�;GWc;>IzAq=Q?#YG?�Wc; b�FG?
F

;>=@? � F�^a�
?-F�ACbGF�A¡��I>Y.E
≤ γ1 + γ2 + ... + γn=Q?

λ.

¢£��/��2�"¤0z�¥t8�!�# 4/�)�9D/R�� 2 ����G�R01§¦y�
�l¨-	���© | \/8�3�i��xN ��� } �C$X394@�)3
F

��� 1/�{\'- 2�2 ��G�R01
ªT�*R@4@-/QP3���1WV��"1�4@��1/�)1 8K-F$]�X��4@����r �)�"� �~-/1F4��X�O4@�)��\ d 80�j3*�:�0��1F8K- ��� 1��T� � 2 �)1P3>G�R0���Q0R 2Y2 3�V'$�R'4F8KaZ4@��� � �O$�8 2 3����*8�4S$<R��"!�#F�)�DªT�*R@4@-/QP3���-/1F4H4/8 2 � 3�80-F!�#]4@�)�����	3���� 2 �"1F8K1P3*�
≤ γ1 + γ2 + ... + γn

�"$<3�N

���� ��698K3��*�j�
A − λI

#F8K3 2 � 3
A = (αij)

4/� ��DFR0� 2

A − λI =











α11 − λ α12 . . . α1n

α21 α22 − λ . . . α2nNNN NNN N N N NNN
αn1 αn2 . . . αnn − λ











,

4�N #WNF$*M 2 3��"�"!�#/�.G�R0�*Q0R 2Y2 �)1%4@�)1ªqR�� ^'1/R 2 �o$�� 1%4EG�R 2 � ��804
≤ 1

�"1
λ.��8 2 �j3m������� I/3$��C!�#
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�~� � �������]���2�������e�(!-��$�&��])���� � 1 � 6��e��1G�"¤��e�(¤	�	���.¤�
�!������!#�m7n8�:H;>=@?-;>I
n × n

prY4R
W(IX=@s

A
=QM W

χA(λ) :=
4@�	3

(A − λI);V=Q? � F�^a�h?�F�A¡bGF�A ��I>Y.E
n,

E2YZM _ x�L#YZIVYZU-WK;VIX=QM W(=NM�x�L-; � F�^a�
?-F�A<d�Eh;VI�prY
W(IX=as
A.�\;>=@?��+Yh: J�W"U.F.;��qf =l;>?-Wh=NM W

(−1)n,
E.;>I�?#{hx�L\M�WK;~=QM W~vG=NM~Yh:��#E.YZM�S-FGIzfG;V="x�L-;V?�E4=�;o��:ZAqAH;yE.;VI

jk=NYG`hF�?-YG^�;V^�;VAH;V?�Wc;�|>`h;>?#YG?
?�W _ �ZJ�:ZIed~bGF�? A,
YG^NMVF

(−1)n−1 $ d -/�
(A) := (−1)n−1

∑n
i=1 αii,E.;>I��0vZM>F�^�:
W(UhF.;��qf�=�;V?�W�=QM WT4@�)3

A.� L\?
^@="x�L-;+prY
W(IX=@fG;V?�L#Y
vh;V?�E2Y4MzM>;V^cvh;gx�L-YGI>YGU�Wc;>Iz=NM�W"=QM�x�L-; � FG^ �
?-FGA<}
¢£��/��2�"¤0z���� � � �*8�4/8K-%$�$*8K���Y?LR0�"�K3x80-F$x��� 2Y2 89�mN �/Vq4@�"�EIU�)�C4@��1{R0IU�)�*�)1:+�R'���Si)�"�)1P3*�)1�)�*#FM0�j3 2 8K1 d �)��+�RP���Si)�"�)1P3���1PG��)�*�0�"�)�C!�#,8K-%$o4@�)�0¦����! "�$#-�P� �T1P3X&�C!�QP�"-/1/� | 4F8 2 �j3�Q�801/1
2 8K1{80-F!�#�4@� �]801F4@������1>IU�)�*��!�#F1/�)1 } V�4@��1{lmIF$�R0�"-@3*Q0R'���Si)�"�)1P3*�)1;I%��Q0R 2�2 3 2 8K1{4@-/��!�#�T�"1F$��	3�i��)15G0R�1

λ = 0.�T�"1/��i�-
A

MK#/1/�"�C!�#/��698�3*��� �E#%8�3 2 �j3��)�"1/�)�m�"1'G0���<3*� ����IF80����1J6,8�3��*� �
S

4/� � � �O$X3�8K� 3
A′ =

S−1AS.
��8K?Lv/��"$<3t4/801/1

χA′(λ) :=
4@�	3

(A′ − λI) =
4/�	3

(S−1AS − λS−1IS) =
4@�	3

(S−1(A − λI)S)

=
4/�	3

(S−1)
4@�)3

(A − λI)
4@�)3

(S) =
4/�	3

(A − λI) = χA(λ).

����)19\@8�3*io-/1F45���T�F1/� 3��"R015�mN �xQ0`�1/1/�)1J&�"�1P-F1580-F!�#5$<R�?LR0� 2 -F� �"�)�*�)1Wz
%H!#1G!&�'� � 1$�&)(

λ
=NM�W�`h;V?-Yh:9E2YZ?
?*BD=@`h;>?-iD;VIeW�f�:9;V=Q?-;>I�prY
W(IX=as

A,
io;>?
?

λ * :4^@^NM�WK;V^Q^l;
E.;TM+x�L#YGI>YGU�Wc;>Iz=NM W(=NMTx�L-;>? � F�^a�
?-F�A M

χA(t)
=NM Wz}

��80$�ªqR�� ^'1/R 2 t2 + 1
I%�O$<� 3�i)3��"1

R
Q0�)�"1/�0¥t-/�"�"$<3���� �"�0VU&cR�#/��80I%���T�X�O4@��$kªqR0�"^P1FR 2 4@��$*$<��1� ��804>�)�"1/�S-/1/���)��804@�Hr 80#/���C$X3ON���8K�0���0��1sIU��$��j3*i	3Z�"1

C
�X��4@�O$o1/�C!�#�3*Q0R�1F$X3�8K1P3��qªqR0�"^'1/R 2�)�"1/� ¥t-/� �C$<3��)�"�"�0N��8 2 �j3m#%8KIU�)15&� �

�~� � ��$�&,+.-2;�E.;
n×n

R�prYhW"Iz=@s
A

vh;>Mz="W"f4WDt\vh;VI
C

Aq=@?�E.;>M Wc;>?\M ;V=Q?-;>?£By=a`
;V?�io;>I W
λ,

t\vh;VI
R

MO="x�L-;VI+E2YZ?
?r;V=Q?-;V?�BD=@`h;>?-iD;VIeW�|�iD;V?\?
n

;V=Q?-;�:Z?h`
;VI>Y.E.;+8�YZL
^�=QM Wz}
gm1P3*�)��$<-F!�#F�)1J&� �1'-/15�T�"�0��1PG��)QP3�R�����1WN
�y�.�*� � $0&0/ �h=@?�E

λ1, ..., λm

b�;>IXM�x�L
=�;eE.;>?-;�BD=a`
;V?�iD;VIeWc;�f4:
A,

:Z?�E
u1...., um

f4:G`
;VL14R
IX=a`
;�By=a`
;V?�b�;>U-WKF�IT;V?�|
M>F Mz=Q?�E<E4=l;TMV;k^Q=Q?-;TYZI+:4?#Y
vGL-{G?h`2=a`�}
¢£��/��2�"¤0z 2 �j3�ky1F4@-/QP3��"R01�N\'���

m = 1 :
lm�C$���� ���)1'G0��Q�3*R0���C$<3

u1 6= 0
-/1F4{4F8 2 �j3Y4@�"�HG0R�1;� # 2 80� �"�)�"1/�]���)I/�"�"4/�	3��DF8 2 � �"� �

(u1)
-/1F80I/#FMK1F�0�"�FN

m > 1 :
\'��� ��1]1'-/1

(u1...., um−1)
-F1F8KI/#%MK1/��� �%N [ �"�c-/1P3*�)��$<-F!�#F�)1S�)�"1/�.�W�"1/��80��Q�R 2 I/� 1%8��3��"R01

α1u1 + ... + αm−1um−1 + αmum = 0

2 �j3
αi ∈ K.

¥�80!�#567-/� 3�� d �"� Q�8�3*� R�1 2 � 3
λm

�C$X3m8K-%!�#
λmα1u1 + ... + λmαm−1um−1 + λmαmum = 0,

1F8�!�#Jlt1P&(�)1%4@�)1JG0R�1
A

80-@?q4/� �o���*$<3�� � �"�)�C!�#P-F1/�x�C$<3t8K-F!�#
α1Au1 + ... + αm−1Aum−1 + αmAum = 0.

��8
ui

�T�"�0��1'G0�)QP3*R0��i�- 2 �T�"�0�)1'&(�)��3
λi

�C$<3�Vq4�N #�N
Aui = λiui,

Q�`01/1/��1�&� �Y4@�"�E�"�	3*i	3*�� �"�)�C!�#P-F1/�S8K-F!�#5$�!�#F����� IU�)158K�C$
λ1α1u1 + ... + λm−1αm−1um−1 + λmαmum = 0.



����� � �������
	���
�����

\'-/I/3���8K#/�"�)�*�)1J&� �IU�)�C4@����� 1/�O8K�*Q0R 2 I/�"1F8�3*� R�1/�)1HG0R01F�)�"1F8K1F4/�)�OV'$�R�?LR0�"�K3
(λm − λ1)α1u1 + ... + (λm − λm−1)αm−1um−1 = 0-/1F4>4/8

(u1...., um−1)
-/1%8KI/#FM01/�0�"�5$<�"1F4s-/1F4

λm − λi 6= 0
?LvF�

i < m,
�"$<3o1/RK3X&(�)1%4@� �

α1 = ... = αm−1 = 0
-/1%4J4F8K1/158KIU�)�m80-F!�#

αm = 0,
&�80$�4@�"� A �)#F80- d 3*-/1/�Yi)��� �03�N

�lm�C$mDFR0�"�0�)�*-/1/���)�*#F80�j3*�)1J&� �
�~� � ��$�&�� ��;>Mz="W"f4WH;V=Q?-;rprYhW"Iz=@s

A
`h;V?-Yh:

n
bG;VIVMTx�L\=l;�E.;V?-;<BD=a`
;V?�iD;VIeWc;

λ1, ..., λn,
M>F

vG=Q^(Eh;V?�E4=�;kf4:G`
;VL1GIz=@`h;>?BD=@`h;V?�bG;VU�WcFGI>;>?
(u1...., un)

;V=Q?-;+��YZMz=QMkE.;TM
Kn.kX$<3(1'-/1

(u1...., un)
��� 1/� A 80$��"$�80-F$���� ���)1'G0��Q�3*R0�*�)1]i�-

A 2 �j3i)-F�0�)#F`0�*� ���)1S�T�"�0��1P&(�)��3���1
(λ1, ...λn),

$�RY�0�"�j3q�<8Y1F8�!�#J���T�F1F�j3*� R�1
Aui = λiui (i = 1, ..., n)-/1F4J1F8�!�#5\/8�3�i.-/1%4 A ��i)�)�C!�#/1'-/1/���ZN ���ZIU�)Q�R 2Y2 �)1J&� �m4F8 2 �j3

�~� � ��$�&�� ��=@^"E.;V?<E�=l;��ZJ�YG^�Wc;>?
(u1...., un)

E.;VI�prYhW"Iz=@s
S

;>=@?�;���YZMz=QMyY
:4MDBy=a`
;V?�b�;>U-WKF�IT;V?
b�FG?

A
f�:�By=a`
;V?�io;>I WK;V?

λ1, ..., λn,
M>F0=QM W

A
{GL\?
^@="x�L�;V=Q?-;VI�jk=NYG`hFG?#YG^QAYhW(IX=@s-|.`
;V?#Y
:2;VI

A′ := S−1AS =
4@�C8K�

(λ1, ..., λn) :=













λ1 } } } 0

0

} } }
λn













jk=l;+jk=NYG`hFG?#YG^�;V^�;VAH;V?�WK;�Mz=@?�E�E.Y
vh;V=�`h;>IVYhE.;gE4=l;kBy=a`
;V?�io;>I WK;G}hprYZ?�MVY�`-W�� _ A =NM�W�E4=lY�`
F�?#Y�R
^Q=QMz=l;>Iev�YGI�}ad
69801,�*��!�#/1/�)3�$�RK?LR��<3�1F80!�#WV 4/80aH#/�"�)�.8K-F!�#s4@� �Yg 2 Q��)#/�*-/1/�E�0�"�j3OV 4WN #WN �C$X3

A′ = S−1AS�)�"1/�S���"80�0R01%8K� 2 8K3��*�j��V�$�R5$��"1F4s4/� �H\ d 8K� 3��)1;G�R01
S

�)�"1/� A 80$��C$�80-F$.�T�"�0��1PG��)QP3�R�����1,G�R01
A.

��8 2 � 3m#F80I%��1J&�"�
�~� � ��$�&('
	wBy=@?-;

n × n
R"prYhW"Iz=@s

A
=QM Wo`
;V?#Y
:<E2YG?
?9E�=NYG`hF�?-YG^Q=QMz=l;>Iev�YGI |�iD;V?\?n;V=Q?-;���YZMz=QM

Yh:�M�BD=a`
;V?�b�;>U�WcF�IT;V?nb�FG?
A

;Vs.=NM W(=�;VIeWz}
A

=QM W Mz=(x�L�;VI�E2YG?
?*E4=NYG`hFG?#YG^Q=QMz=�;VI�v4YGI |~iD;V?
?
n

J�Y�YGIeio;>=QM>;£bG;VIVMTx�L
=�;eEh;V?-;kBD=@`h;>?�io;>I WK;qb�FG?
A

;Xsh=NM�W"=l;>I>;>?~}
g 2 67�C$�$�G0���*$<3*M01F4@1/�C$*$<��1,G0R���i�-/IU�)-/���)1WzW���)�C4@�)�Z$��"1F4>Q0�)�"1/�O$<&(�)�P$�80� �"�]698K3��*� i��)1�4@�C8K�0R0�1F80� �C$<�"�)�*IF80��N�T#/��&�"�q-/1P3��)��$�-F!�#/�)1�VO&(�)�C!�#/�c#FMKa�� �C!�#/�)1�698�3*���"i)��1x4@��1/1x$�R01%$X3q1/R@!�#x80-@?w3��*�	3*�)1WV���� 1 d 8080��mIU�)�*�"�)�0-F1/�0��1Ei�-/�mD/��8K���0V'&� � 2 801E�T�"�0��1'&c���<3*��-F1F4J�T� ���)1'G0��QP3�R0�*�)1EI%�����O!�#/1/�)3�NkX$<3

λ
�T� ���)1'&(�)��3�V@$<RY�C$X31F8�!�#J\@8K3�i.-/1F45���T�F1F�j3*� R�1E�mN ���X��4/��$

x 6= 0
80-F$�4@� 2 +.�)�*1HG0R�1

(A−λI)
i�-/�0��#/`0�*�"�0�)���T� ���)1'G0��QP3�R0�ON)���)1Z+.����1Zi)-�IU��$<3�� 2Y2 ��1�#/��� a03�8KIU�)���)�"1�#/R 2 R0�0��1/��$�"� 1/�O8K�*��$ � � ���"!�#'-/1F��$*$<^@$<3�� 2 i�-Z�"`�$��)1Z-F1F4Z4/8�$q$<R�� � 3��(�)�"�0��1�3*� �C!�#�Q��)�"10ªT�*R0I/�"� 2 2 ��#/��$<��� 1WN

|�� ���������������� �~	U� �T�"� 2 �"1F8�3*� R�1�� }��� 2 1F80!�#�IF�*80-F!�#/�)1;&�"�x80�"$�R]�X1'-/�<�Y1FR'!�#{4/� �]��� ���)1'&c���<3*�Si)-�IU��$<3�� 2Y2 ��1WNq��8K?Lv/�Z�"�)�03+�R0�*R0�"�"80�c�mN��Z?LR0�"�0��1F4@�)1 [ �)�S1F80#/�0z
���! #"%$�&('*),+-+�$/.0�1&32%45�!6��87!'�$96():&;'<):&92%45$>=@?!ACB! D?!+FE
 �.G";$�6%$%2;4H �$/.0$(&;&9$9 JIKE
A,AL&;'�$9A,AM$� �ND�v/�Z�P8K1/iHQP�"�)�"1/�

n
R@4@����?Lv/��$ d �)i�� ��� �"�HDqMK�"� �]?Lv/#/��3�4@�"��$x8K-F!�#�i�- 2 r � ���pN�k 2 80� �"�0� 2 �)� �1/��1H�C$X3m8KIU�)�$*!�#/R01E4@� � A ��$<3�� 2Y2 -/1/�Y4@�O$(!�#%8K��8KQP3������C$X3*�"$*!�#/��1 ª�R�� ^'1/R 2 $���� 1/� 2 v/#F$*8 2 �\@8�!�#/�9-/1F4=i)-/� A �)�*��!�#/1'-/1/�{$��)�"1/����¥t-/� �C$<3��)�"�"�)1��C$X3 2 8K1=80-@?�1'- 2 �)�*�"$*!�#/�,67�)3�#/R@4@��18K1F�0�)&�"��$��)1�N0�t�"��$cMK1F4/�)��3�$<�C!�#Y1/�"!�#P3 d ���"1/i)� d �"�)�"�pV�&c��1/1 2 8K1S8K1%4@�)�*�m67�	3*#/R@4@�)1SG��)��?LR0�"�K3ON

O-�1&-PQ$(&('<),+/+�$� R.S$96-TU)CVW$� �XY$�6('�$Z$9), D$96����!'<6()C[\):&;'])^N,�SN_ 5E
6`+-),'a 5E
+�$�6():&92;4b$9 #I/c�4b$9d
6(E
 WVe&(+`$9'f4b?8.S$9 �+�g�VSAL)^2;4bN
rU&(�)� A �)�C$ d � ��� ��z



��� �

¢£$0' � gm1P3����*$�-F!�#/��1E&�"�m4@�"��698�3*��� �

A =





−1 2 2
2 2 2
−3 −6 −6



 .

��80$!�#F80�*80Q�3*�)�*�"$<3��C$*!�#/��ªqR0�"^'1/R 2 �"80-@3��)3

χA(λ) =
4@�)3

(A − λI) =
4@�	3




−1 − λ 2 2
2 2 − λ 2
−3 −6 −6− λ



 .

\'-/I/3���8K#/�"�)�*�)1J&� �m4/� �o�"�	3*i	3��Z\ d 8K� 3��.G0R�1J4/�)�i)&(�)� 3���1WVF$�R�?LR0�"�K3

χA(λ) =
4@�)3




−(1 + λ) 0 2
2 −λ 2
−3 λ −6− λ



 .

�T1P3X&�C!�Q0�)�"1J1F80!�#54@�)�i�&c���j3*�)19\ d 80�j3*�.� �"�	?L���<3
χA(λ) = −λ(−(1 + λ)2 − 4) − λ((1 + λ)(6 + λ) + 6)

= −λ(λ2 + 5λ + 6) = −λ(λ + 2)(λ + 3).

��� 2 1F80!�#S#%8�3
A

4@� ��4@�*�)�FG��)��$�!�#F� �O4@�)1/��1Y�T� ���)1'&(�)��3��
λ1 = 0, λ2 = −2, λ3 = −3.

¥t8�!�#\@8K3�iZ�tN �HI/� �C4@��1s4@�"�Zi�-/�0��#/`0�*� ���)15�T�"�0��1PG��)QP3�R�����1
(u1, u2, u3)

��� 1F� A 80$��"$�4@��$
R3.

lm�C$�R�C$X3
A

4@�C8K��R01F80� �C$�� ����IF80��NrU-/� A ��$<3�� 2�2 -/1/�J4@�)���T�"�0�)1'G��)QP3�R�����1JIU�	3*�*8�!�#P3��)1,&� ��4/80$.\'^@$X3*� 2 (A − λI)x = 0
?Lv/�

λ = λ1
R@4@���

λ = λ2
R@4@���

λ = λ3,
4�N #WNF4@�"�Z\'^@$X3*� 2 �0z

λ1 = 0 :





−1 2 2
2 2 2
−3 −6 −6



x = 0 2 � 3t��� 1/���m�W`P$<-/1F�
x = u1 :=





0
1
−1



 ,

λ2 = −2 :





1 2 2
2 4 2
−3 −6 −4



x = 0 2 � 3t��� 1/���m�W`P$<-/1F�
x = u2 :=





2
−1
0



 ,

λ3 = −3 :





2 2 2
2 5 2
−3 −6 −3



x = 0 2 � 3t��� 1/���m�W`P$<-/1F�
x = u3 :=





1
0
−1



 .

��$IU�)i��)�C!�#/1/�
G

4@� � 2 � 3t4@�"��$��)15�T�"�0�)1'G��)QP3�R�����1E8K�C$m\ d 80�j3*�)1J�0��I/� �C4@�)3���698K3��*�j��z




0 2 1
1 −1 0
−1 0 −1



 .

��8S4@� �O$<�.��� 1/� A 8�$<�C$(I/� �C4@��1WV/�C$X3
G

� 1'G��)��3��"�)�*IF8K�ON2¥�80!�#7\@8�3*io�mN �x�C$<3t4/8K1/1

G−1AG =





λ1 0 0
0 λ2 0
0 0 λ3



 =: A′.

\'�"�oQ0`�1/1/�)154@�"��$T�<i)-5D/-/aK�.1%80!�#/�*��!�#/1F�)1HR@4@���1/R@!�# 2 8K�W$�RS$�!�#/�"�"�)a0��1Wz
¥t8�!�#J+�R01%$X3*��-/QP3*� R�1HG0R�1

G
�C$X3

ui = Gei (i = 1, 2, 3).
��8 2 � 3m�"$<3

G−1AGei = G−1Aui = G−1λiui = λiG
−1ui = λiG

−1Gei = λiei = A′ei.



����� � �������
	���
�����

¢£$�� � ky17\/8�3�i.�mN �YQ0`�1/1/��1E&�"�m1/�C!�#P380-@?�4@� �o��R��*80-F$*$<�)3�i)-F1/�xG��)�*i)�C!�#P3��)1�V'4F8KaY&� ��8K�C$+�`0� d ���(���)��804@�
C

#%8KIU�)1WV | �0��1F8K-/����V/4F8Ka��)�t80� ���)I/��8K�C$�!�#E8KI/����$*!�#/� RP$�$��)1H�"$<3 } z
�mIU�)�

R
IU��$�� 3�i	34@�"��6,8�3��*� �

A =

(

0 1
−1 0

) Q0��� 1/���T�"�0�)1'&(�)��3����P4@��1/1H�O$��C$<3�4/8�$c!�#%8K��8KQP�
3������C$<3��C$�!�#/�£ªqR0�"^'1/R 2 χA(λ) =

4@�	3
(A − λI) = λ2 + 1 6= 0

?Lv/��80� �"�
λ ∈ R.

�tI%����4@�)1Q0R 2Yd � �)�@�)1;r�8K#/�"�)1
C

#F8�3�4/80�0���0�)1
χA(λ)

4/� �YIU�)�C4@�)19¥m-/�"�C$X3*�)�"� ��1
±i

-/1%4s$�R 2 � 3���� 1/�
A 80$��"$�80-F$�T�"�0��1PG��)QP3�R�����1WN [ � ��$�� ��#P3t$<�"�o8K-F$�e
������	�
��������������������! "�����

����������� �"!#�%$�&('-'�By=@?-;+pnYhW(IX=@s�E.;VI ��;TM�WcYG^�W

J =





















λ1 1
λ1 1 0} } } } } }

} } }
1

0 λ1 1
λ1





















L-;>=@[#W _ ������� �~	�R$# YZM Wc;V?~d�f�:ZA�By=a`
;V?�io;>I W
λ1.\'��� 17!�#F80�*80Q�3*�)�*�"$<3��C$*!�#/��$yª�R�� ^'1/R 2 #F8K3mRKu �)1'IF8K�4@�"��$ d ��i)�"�)�"� ��DFR0� 2

χJ(λ) = (λ1 − λ)n.$�R'4F8Ka
λ1

4/�)��)�"1/i�� ������� ���)1'&c���<3�C$X3ON/�t���m�T�"�0��1/�*80- 2 i�-
λ1

IU��$<3�� 2�2 3t$<�C!�#Ji)-

E(A, λ1) =
Q0���

(J − λ1I) =
Q0���





















0 1
0 1 0N N N N N N

N N N
1

0 0 1
0





















-/1F4WVF4/8Y4@�"��698�3*��� �
J − λ1I

1FR'!�#54@��15nt8K1/�
n − 1

#F8�3OV/�C$X3
E(A, λ1) =

Q��)�
(J − λ1I) =

$ d 801
(e1),4�N #WNq�)�"1F4@� 2 �)1F$�� R�1F8K��NTrU-:4@�"��$��)��698�3*��� ���0�"I@3x�O$x80�"$�R | &c��1/1

n > 1 } Q0��� 1F� A 80$��"$�8K-F$�T�"�0��1PG��)QP3�R�����1WN@��8K?Lv/�m��� � 3m8KIU�)� 2 �j3t4/�)15Q�8K1/R�1/�"$*!�#/��1E�T�"1/#/���j3�$<G��)QP3�R�����1]?Lv/��8K�"� �
i
z

(J − λ1I)ei =

{

0 i = 1

ei−1 i > 1.��8 2 �j3m#%8KIU�)15&� ���� 1 A �)�C$ d � ��� ?Lv/�?LR�� ���)1F4@�
����������� �"!#�%$�&('
�u)&% � �('�� 5#�26�� !#1G�2�o7nBD=Q?-; �-YGAq=Q^@=�;

(x1, ..., xm)
bGF�?�S-;VU�WKF�IT;V?

6= 0L-;>=@[#W _ #0;GWOWK;�b�F�? �+Yh: J�Wzb�;>U-WKF�IT;V?�d�f4:<Eh;VA BD=a`
;V?�iD;VIeW
λ

E.;>I�prYhW"Iz=@s
A,

iD;V?
? �Kt4IkYG^Q^l;
i = 1, ..., m

`�=Q^"W

(A − λI)xi =

{

0 i = 1

xi−1 i > 1,F
E.;VI�{*)h:Z="bTYZ^l;>?-W

Axi =

{

λxi i = 1

λxi + xi−1 i > 1.prYZ?�?-;>?
?�W�E2YG?
?
xi

Y
:hx�Lq;>=@?�;V? _ �+Yh: J�Wzb�;>U-WKF�I
i
R�WK;VID��WO:��";�dc} �kY
: J�WObG;VU�WcFGI>;>?,+ ROWc;>ID��WO: �";

Mz=@?�Eq`
;VI>Y.E.;gE4=�;�By=a`
;V?�b�;>U-WKF�IT;V?~}



������� �~	�M�x�L-; * FGIzAYG^,�"F�IXA �����

�~� � ��$�&('h�
+�}���M�W

xi

�kYh:eJ�WObG;VU�WcFGI
i
ROWc;>I���WO: �";�f4:ZA By=a`
;V?�io;>I W

λ
bGF�?

A,
M>F0=QM W

xi ∈
Q��)�

(A − λI)i Y
vh;VI
xi /∈

Q0���
(A − λI)i−1.

� }�BD=@?�; #0;�WOWK;0b�F�? �kY
: J�Wzb�;VU�WKF�IT;V?�=QM W�^@=Q?-;TYZIg:Z?#Y\vGL#{G?
`�=@`-}
¢£��/��2�"¤0z

��Nm698K1 d �*v@?w3m� ���"!�#P31F8�!�#WV/4/8Ka�?Lv/��8K�"� �
i, k

�0�"�j3

(A − λI)kxi =

{

0 i ≤ k

xi−k i > k.\ d ��i)�"�)�"��?Lv/�
k = i

I/i)&oN
k = i − 1

�)�*�0�"I@3t$��"!�#54@�"� A ��#F8K- d 3�-/1F�FN
�/N��$�C$X3

(0) ⊂
Q��)�

(A − λI)1 ⊂
Q0���

(A − λI)2 ⊂ . . . ⊂
Q0�)�

(A − λI)m
�)�"1/��8K-@?h$<3����j��0�)1%4@�x+.�)3<3���G0R�19gm1P3�������MK- 2 ��1WV%?Lv/�o4@� ��1F8�!�#{�0N�$<3��	3�$

xi ∈
Q0���

(A − λI)i,
80I%���

/∈
Q0���

(A−λI)i−1 �"� ���K3ONP��8K1/1 2 vF$*$��)1]8KIU�)��4@�"�
xi

1%80!�#H��� 2Y2 8��ZN �4��-/1F80I/#FMK1/��0�"��$��)�"1WN
�

�~� � ��$�&(' � B M�M>;V=
(x1, ..., xm)

;V=Q?-; #0;�WzWc;£bGF�? �kYh:eJ�WObG;VU�WcFGI>;>?�f�:ZA BD=a`
;V?�iD;VIeW
λ

E.;VI
n × n

R"prYhW"Iz=@s
A

:Z?�E
H :=

$ d 8K1
(x1, ..., xm).

j�YG?
?�`
;V^�Wc;V?
+�}

x ∈ H ⇒ Ax ∈ H,
E#} L~}

H
=QM W _ =Q?�bTYGIX=NYZ?-Wzd�:Z?�Wc;>I

A.
� }�j�=�; �kY
: J�WObG;VU�WcFGI>;>?
U.;GWOWK;

(x1, ..., xm)
=NM�WD��Y4MO=NM�b�FG?

H.
� }���M�W

(u1, ..., ur, x1, ..., xm, v1, ..., vs)
;>=@?�;���Y4MO=NM E.;>M

Kn,
ioF
v.;>=

(x1, ..., xm)
�kY
: J�W�R

b�;VU�WKF�IT;V?
Uh;�WOWK;�=NM W�|\M>F L-YhW
A

vh;Vf4tZ`�^Q=(x�LnE4=�;>M>;VI���YZMz=QM�;>=@?-;+j�YGIVM Wc;V^Q^�:Z?h`

A′ =





. . . 0 . . .

. . . J . . .

. . . 0 . . .





A£=�WkE.;VA �D�~��� �~	~R # Y4M�WK;V?<=@?uE.;V?uE.;VI � FGMz="W"=lFG?�E.;>I�#0;GWOWK;�=Q?*E.;>I���Y4MO=NM+;>?-W�M�J�I>;�R
x�L-;V?�Eh;V?��ZJ�YG^�Wc;>?~}

¢£��/��2�"¤0z��0NF� �"��$<3 2 80178K-F$���T�F1F�j3*� R�1J�tN ���x80IWN
�@NP�t�"�_��8K- d 3*G0��Q�3*R0�*Q0�)3<3���C$<3�-/1F80I/#FMK1F�0�"�o-/1F4S4/8 2 � 3 A 80$��C$T4@��$�G0R�1��"#/�(8K-@?L����$ d 8K1/1P3*�)1gm1P3*�)�*�*80- 2 ��$�N
�/N(�t�"��$H?LR0�"�K3E&� �O4@�)� 2 � 39\@8�3*i9-/1F4 A ��i)�)�C!�#/1'-/1/� �ZN ����8K-%$H4@���H�"1=�t���F1/� 3��"R01��tN ����0���0��I%��1/�)15��80�*$<3���� �"-/1/�%N

�67� 3��)�*#/�)I/�"�C!�# 2 �)#/��lm-/?L&(801F4�V�8K�C$�&� �q#/�"�)��3��*�)�"I%��1x&(R0�"�"�)1WVOI%��&c���"$<3 2 801x4@��1�?LR�� ���)1F4@��1\@8K3�i0VT4/�)�S1'-/��?Lv/�]4@��1~Q�R 2Yd �"�	�@�)1_DF8K�"��VT8K�C$<R;4/80$Slt��IU�)� 3���1~� 2 Cn
-/1/��� 1/����$*!�#/��MK1/QP3�*�"!�#P3��"���"$<3�z

�~� � �������]���2�������e�(!-��$�&('!( 8�:g�T;eE.;>IgU.F�A J�^�;Xs#;>?
n × n

R"prYhW"Iz=@s
A ∈ Cn×n

`�=cvhW�;>M
;V=Q?-;g8�;>Iz^�;X`-:Z?h`�E.;>M��kYh:ZAH;>M

C
n = H1 ⊕ H2 ⊕ ... ⊕ HkYG^NMkE4=QI>;>U-WK;+��:ZAqAH;�b�F�?��~?�Wc;>IzI>{h:4A;>?

Hi,
E4=l;��T;Gio;>=@^NM�;V=Q?-;�#0;�WzWc;0b�FG? �kY
: J�Wzb�;VU�WKF�IT;V?

YG^NM���YZMz=QM�vh;>Mz="W"f�;V?�} �k{G?
`#W-A YZ?qYZ^@^�;�E4=l;TMV;	��;V=Q^�v4Y4MV;>?£YZ?-;V=Q?#YG?�E.;VI |ZMVF+;V?�W"M Wc;>L�W�;>=@?�;D��YZMz=NM
E.;TM

C
n,

v.;>f4tG`2^@="x�L�E.;VI�E�=l;kprY
W(IX=as
A

E�=l;+j�YGIVM�WK;V^Q^":4?h`

A′ =







J1 } } }
Jk







L#Y
W�|~iDFhvh;V=�E4=�;
Ji

`
;VI>Y.E.;gE4=�;kf4:
Hi

`h;VL 1�IT;V?�E.;>?J�D�~��� �~	~R # {4M�WK;V?HMz=@?�E#}
prYZ?P?-;>?
?�W�E4=�;>M�E4=�; _ ������� �~	�M�x�L-; * F�IXAYG^,�"F�IXA<d�E.;VI�pnYhW(IX=@s

A.
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rU- 2 ¢£��/��2�"¤ � ��8�3 2 8K1���� 1F� A 80$��"$o4@�O$ � �O$�8 2 3���8K- 2 �O$)VW4/� �H80-F$��C8K-/3��)�x+.�	3<3*�)1�G�R01
�t80- d 3*G0�)QP3*R0�*�)19i�-F$�8 2Y2 ��1/�0�O$<�)3�i)3��C$X3OVU$�REIU�)Q�R 2Y2 3 2 8K1s4/� ��I%��#F8K- d 3��)3��Y698�3*��� �/4/8K���$<3��)�"�"-/1/��4@�"����QP3c8K-F$�4@� 2 G0R0�*�"�0�)1S\@8K3�i�mN"�9�%N���� �_��8K- d 3*8K�*IU�)� 3�$X3*��!�QP3�8K�C$<Ro� 2 ¥t80!�#'&(�)�C$4@������@�"$<3���1/i�$<R��"!�#F�)� A 80$��)1J-/1F454@�"��$�!�#/��1/Q0��1H&�"�-/1F$�N

���� � ������� �~	�$*!�#/�q¥mR�� 2 8K� ?LR0� 2 � �"�	?L���<3�-F1�3*�)�o8K1%4@�)�*� 2 4/�)1�\@!�#/�"vF$�$��)�qi�-/���W`P$<-/1F�EG�R01�"� 1/�O8K�*�)1_�t� uU������1P3��C8K�"�0�"�)�C!�#P-F1/��$*$<^@$<3�� 2 ��1{&�"�7�	3X&�8s4@� 2 �)�"1/�P8K1/�P$xIU�	3*�*8�!�#P3��	3*�)1WNT���"�lm-%$X?Lv/#F��-/1F� 2 -/aS8K-/?�$ d M�3*�)�G0���*$*!�#/R�I%��1H&(�)��4@�)1WN
��� �O$<�_�D�~��� �~	W$�!�#/��¥mR�� 2 80�j?LR�� 2 $��)�'?Lv/���)�"1��Z1/R@!�#����O!�#P3q$�� 2Yd �"��$�� A ���"$ d �"�)�@IU��$<3�� 2�2 3�N
¢£$+� � ��$m$��)�

A =





17 0 −25
0 3 0
9 0 −13





��80$!�#F80�*80Q�3*�)�*�"$<3��C$*!�#/��ªqR0�"^'1/R 2 �"80-@3��)3

χA(λ) =
4@�	3

(A − λI) =
4/�	3




17 − λ 0 −25
0 3 − λ 0
9 0 −13− λ





= (3 − λ)[−(17 − λ)(13 + λ) + 9 · 25] = (3 − λ)(λ − 2)2.

[ �"�m#F8KIU�)158K�C$�R�i�&c����G0���*$*!�#/�"��4@��1/����� ���)1'&c���<3*�
λ1 = 3, λ2 = 2.

(A − 3I)x = 0
IU��$�� 3�i	3m���)1F80-E��� 1F�o-/1F8KIF#FMK1/��� ������`�$�-/1/�%V@1FM 2 �"�"!�#

u1 = (0, 1, 0)T .D�v/�
(A − 2I)x =





15 0 −25
0 1 0
9 0 −15



x = 0

�	�@�C$X3*� ���<3�&c���0�)17�*�
(A − 2I) = 2

8K-F!�#71'-/���0��1F8K-7��� 1/�x-/1F80I/#FMK1F�0�"�0�Z��`�$�-/1/�FVF1FM 2 �"�"!�#
u2 = (5, 0, 3)T .

��8S8KIU�)�
u2 ∈

� 2 (A − 2I)
�"$<3�V/#%8�3m8K-F!�#54/8�$�� 1/#FR 2 R0���)1/��\'^@$<3�� 2

(A − 2I)x = u2,
4�N #WN





15 0 −25
0 1 0
9 0 −15



x =





5
0
3





�)�"1/����`�$�-/1/�FV'1FM 2 � �C!�#
u3 = ( 1

3 , 0, 0)T .
��8K1/15�C$X3

(A − 2I)u3 = u2 6= 0,
80I%���

(A − 2I)2u3 = (A − 2I)u2 = 0,

4�N #WN
u3

�C$X3Y�)�"1 �t80- d 3*G0�)QP3*R0��i)&(�)� 3��)�S\P3*-@?L�Ei�- 2 �T�"�0��1P&(�)��3
2

G0R�1
A.

��� �J���)QP3�R�����1
(u1, u2, u3)

I/�"�"4/�)1_�)�"1/� A 8�$<�C$�G0R�1
R

3,
� 1�4@�)�

u2, u3
�)�"1/�7+.�	3�3��5I/�"�"4/�)1WNy¥�80!�#�\@8�3*i-/1F4����T�F1F�j3*� R�1_�tN �1�,IU�)Q�R 2Y2 �)1_&� �]4F8K1/1_?Lv/�

A
IU�)i�v/�0�"�"!�#�4@�"��$��)� A 80$��C$S$<R 2 � 3]4@�"�698K3��*�j�/4/80�*$<3���� �"-/1/�

A′ =





3 0 0
0 2 1
0 0 2





�"1Z�D�~��� ��	�$�!�#F�)��¥mR0� 2 8K� ?LR0� 2 N
A � �C4@��17\@� �o&�"�o� 1������Z4@�"��698K3��*�j�

G 2 � 3t4@�)1,\ d 8K� 3��)1
(u1, u2, u3),

4/801/15Q0`01F1/�)17\'�"�1F8�!�#/���O!�#/1/��1HR@4@�)�m801F8K�"R0��R0IU�)17$*!�#/�"� ��a0�)1�V'4F8Ka
A′ = G−1FG

�C$<3�N�mIU�)�*�"�)�0��1Y\@� � 2 8K��Vb&(80��- 2 �O$qQ0��� 1/��1�\'�"1/1Y#F8K3�Vb?Lv/�T4@��1x��� ���)1'&c���<3
3

�)�"1/�@�t8K- d 3�G��)QP3�R��i)-7$�-F!�#/��1%e [ R0��8K1JQb801/1 2 80174/80$$��)#/��1%e���)�H����QP3�R0�
u′

3 := (2, 0, 1)T
&(M0���780-F!�#��)�"1 �t80- d 3�G��)QP3�R��]�0��&c�O$<��1WVT4@��� 2 �j3

u2
���j�1/�5+.�	3�3��HIF� �C4@�	3ONq��$��0�"I@3�80�"$�R,i�-:4@� 2 ��� ���)1'G0��Q�3*R0�

u2
G0�)��$*!�#/� �O4@�)1F� | -/1%8KI/#FM01/�0�"�0� }�t80- d 3*G0�)QP3*R0�*�)1WV@4@�"� 2 8K15� 154@�"�o�0�O$<-F!�#P3*� A 8�$<�C$�8K-@?L1/��# 2 �)15Q�8K1/1�ND�v/#/�*�)17\'�"��4@� �.��� ���"!�#/��1E�tI%�����"�)��-/1/�0��1E1FR'!�# 2 80��8K-F$�V@1F80!�#%4@� 2 \@� �.�"1

A
4/8�$ 2 �j3�3��"�)�*��T�"� 2 �)1P3mG�R01

3
�"1

2
����M01F4@�)��3#F8KIU�)1�N



* FGIzAYZ^l;kprY
W(IX=@fG;V? ��� �

�����������!��� ���*����� �	�

k 2 Cn
#F80I%��1E&�"�t4/8�$m\P3*801F4/8K��4'�X\'Q�8K�C8K� d �*R'4/-/QP3

〈x, y〉 :=

n
∑

i=1

ξiηi

�)�"1/���	?Lv/#/��3�Vb4/8�$W&�"�F�X�)3�i	3qi)-x4@�)1���� ���)1'&c���<3*I%�)3���80!�#P3�-F1/�0��1�#F� 1/i�-/1/��# 2 �)1WNbky1Z���T�F1F�j3*� R�16�N �Z#F8�3�3��)15&�"�m$�!�#FR0154@� ��8�4b�X-/1/��� ���<3*�o698�3*��� �H�)�"1/���	?Lv/#/��3�z
����������� �"!#�%$�&(' +�8�: ;>=@?-;>I�prY
W(IX=as

A = (αij) ∈ Cn×m
L-;>=@[#W�E4=l;+pnYhW(IX=@s

A∗ := AH = (αH
ij ) ∈ C

m×n Aq=�W
αH

ij := αji

E4=�;Pf4:
A

L�;VIXA£=�Wc;TMTx�L]Y.EV�e:Z?h`�=�;VIeWc;�pnYhW(IX=@s�} �.=l;�;>?�W"M Wc;VL�W�YZ^QM>F2|D=Q?�E.;>A AYZ?
A

f�:2;VIVM W
W(I>YG?#M�J�F�?
=�;VIeW�:Z?�E<E2YZ?
?P?�Fhx�L�YG^Q^�;kBD^l;>AH;V?�Wc;kUhF�? �e:G`2=l;>I W�U.FGA J�^l;VsH?
=QAqAHWz}
lm-%$�4@���T� �)3�i)3��)1 A �O$�!�#F����� I/-F1/�.�)�*#FMK� 3 2 8K1]$�RK?LR0��3 | $��"�)#/�t80-F!�#]\@8�3*it6�N � } 4@�"�?LR�� ���)1F4@��1n�O!�#/�)1/�*�)���)�"1Wz
�~� � ��$�&('!/]B M�=QM W
+�}

(AH)H = A, IH = I,
� }

(AB)H = BHAH 
 �k;V=QL-;V? �"F�^@`h;�� 
� }

(αA + βB)H = αAH + βBH (α, β ∈ C).

��� �O$<�m698K3��*�j�@R d ���*8K3��"R01�I%��Q0R 2Y2 3T� #/�*� A ��4@��-@3�-F1/�ov/IU�)��4@��1ErU-F$*8 2Y2 �)1/#%8K1/� 2 �j3(4@� 2\'Q�8K�C8K� d �*R@4@-/QP3�N
�~� � ��$�&('
�wB M�=QM W

〈x, y〉 = xHy
YG^NM�prY
W(IX=as\R � I>F
E\:4U-WX}.�-;VIX?-;>I�=QM W

〈x, Ay〉 = 〈AHx, y〉

:Z?�E<E2YhE\:ZI x�LP=NM WoY
:hx�L
AH

�";TM�W(`h;V^�;X`-Wz}
¢£��/��2�"¤0z���� ���)��$X3*��lt-F$�$*8K���?LR0�"�K3�-/1 2 � 3<3*�)�"IF8K��8K-F$(4@��1E���T�F1/� 3��"R01F�)1WN@��8 2 �j3��)�*#F80�j3*�)1&�"�m4/8K1/1

〈x, Ay〉 = xH (Ay) = (xHA)y = (AHx)Hy = 〈AHx, y〉.

\'�)3�i	3 2 801E?LvF�
x, y

4@� �oQ�801/R01/�C$*!�#/�)1E�T� 1F#/�)� 3*$�G0��Q�3*R0�*�)1
ei, ej

�)�"1WV/$�RYI%��Q0R 2Y2 3 2 801
〈ei, Aej〉 = αij

〈AHei, ej〉 = αH
ji ,

$�R'4F8KaY4@� �o� 2 \/8�3�i.���)1F801/1P3�� A �)i)�"�)#'-/1F�Y80-F!�#54@� ��8�4b�X-/1/��� ���<3*�o698�3*��� �S?L��$<3��"�)�03�N
�

����������� �"!#�%$�&('
�wB M�MV;>=
A ∈ Cn×n

}
j�YG?\?�L�;V=Q[\W
� A

?-F�IXAYG^"|�iD;V?\?
AHA = AAH

:Z?�EMcJ�;>f�=�;V^Q^
� A

M>;V^cvZM�WcY.EX�e:4?h`�=�;VIeW�F
E.;VIkL-;VIXAq="WK;>M�x�L�|�iD;V?\?
AH = A

| 
 �(YZ^@^NM A
IT;�;V^Q^�McJ�IX=(x�L�WDAYZ?

b�F�?�MK�
AqAH;�W"Iz=NMTx�L��|
� A

:Z?
=�W�{GI |Nio;>?
?
AH = A−1 | 
 �(YZ^@^NM A

IT;�;V^Q^�McJ�Iz="x�L�W�A YZ?9b�F�?�F�IeW(L-F�`hFG?#YG^�e}
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698K3��*� i��)19G�R0194@�"��$�� 2��
^ d 3*8K-%!�#/�)19IU�)�qG'�"�)�"�)1 d #'^@$�� Q�8K�"�C$�!�#/��1�ªT�*R0I/�"� 2 �)1s8K-@?XVU?L�)�*1/����C$X3m�"#/�*����� ���)1'&c���<3�3�#/��R0�*� ���*��!�#P3v/I%���*$��C!�#�3*� �C!�#WN

A �)�C$ d � ��� �o$��)�"IF$X3�804b�X-F1/�0�"�)��3����m698�3*���"i)��1EQ�8K1F1 2 8015$��C!�#E1F8K3�v/�*�"�"!�#J3��*�"GP�C8K��I%8K-/��1WV@?L�)�*1/����)�*#FM0�j3 2 8K154@�"����QP3t8K-F$m4/�)�m���T�F1/� 3��"R01�V%4/80a���� 1F�Z698�3*��� �H���)1F80-J4/801/15-/1/� 3*M0�m�"$<3�VF&c��1/1�"#/����\ d 8K� 3��)15��� 1/������3�#FR01/R�� 2 8K�"IF8�$<�C$TI/�"�C4@�)1WN�T�"1]?Lv/�4/8�$�&(�)� 3�������&�"!�#P3*� ����$ A ���"$ d �"�)��$<��� I%$X3�804b�X-/1F�0�"�)��3��)�(698�3*���"i)��1H$�� 1F4E4@�"�tR0��3�#FR0�0R0�1F80� ��1PªT�*RK�X��QP3�R0�*�)1�z��$o$��)�
U ⊂ Cn

��� 1;gm1P3�������8K- 2 V�4/80���"1
(x1, ..., xm)

��� 1/���+¥ A N [ �"�.I/� �C4@��1>4@�"�
n × n698K3��*�j�

P :=

m
∑

i=1

xix
H
i | \ d 8K� 3�� 2 8K��rU��� �"�`� }

��$�C$<3t4/8K1/1E?Lv/���X�O4@��$
y ∈ Cn

Py =

m
∑

i=1

xix
H
i y =

m
∑

i=1

xi〈xi, y〉 =

m
∑

i=1

〈xi, y〉xi

-/1F454@�"��$��C$<3m1F80!�#7\@8�3*io�ZN �"���0���*8�4@�.4/80$�ªT�*Rb�@� 2 - 2 i�-
y

� 154@� 2 gm1P3�������8K- 2 U.

��=QI�?-;V?
?�;V?nE2YGL-;>I
P

E4=l;�prY
W(IX=as�E.;>I�FGI W"L-Fe`
F�?#YZ^l;>? � ITFT�T;VU�W"=lFG?PYh: �
U

F
E.;VI�U�:ZIzf�E.;>?
F�IeW(L�Fe`hFG?#YG^�;V? � I>F��T;VU�WcFGI�Yh: �

U.

�~� � ��$�&N��	 � I>F��T;VU�WcFGI>;>?�Mz=@?�E*M>;V^cvZM W�EX�e:Z?
`�=�;VIeW :Z?�E�=(Eh;VA J�FhWc;>?-WO|�E#} L~}
P H = P

:Z?�E
P 2 = P

:Z?�E<E\:ZI x�LnE4=l;TMV;kBy=a`
;V?\M�x�L#Y �KWK;V?nx�L#YGI>YGU�WK;VIX=QMz=l;>I WX}
¢£��/��2�"¤0z(��$�C$<3

P H =
∑

(xix
H
i )H =

∑

(xH
i )HxH

i =
∑

xix
H
i = P,

P 2 =
∑

ij

xix
H
i xjx

H
j =

∑

ij

〈xi, xj〉xix
H
j =

∑

ij

δijxix
H
j =

∑

i

xix
H
i = P.
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�~� � ��$�&N��'m��tZI
A ∈ Cn×n

`
;V^�Wc;>?
+�}

(
� 2 A)⊥ =

Q��)�
AH

|
� }

A
?-F�IXAYG^

⇒
Q0���

A =
Q0���

AH
|

� }
A

?-F�IXAYG^
⇒ Cn =

� 2 A ⊕
Q0���

A
}

¢£��/��2�"¤0zmrU- �0N"z
y ∈ (

� 2 A)⊥
I%�O4@�)-/3��	3OVT4/8Ka,?Lv/�S8K�"� �

x ∈ Cn
$<3��)3*$

0 = 〈y, Ax〉 =
〈AHy, x〉.

D�v/�
x = AHy

?LR0�"�K3(4F8K1/1E1/RK3X&(�)1F4/� �
AHy = 0,

80�"$�R
y ∈

Q0���
AH .

��� �O$cQ�801/1
2 8K158K�"� �O$�- 2 4@�*�)#/��1WNrU-��@N"z@��$�C$<3

〈Ax, Ax〉 = 〈AHAx, x〉 ��	�
���
�

= 〈AAHx, x〉 = 〈(AH)HAHx, x〉 = 〈AHx, AHx〉,

8K�C$�R
Ax = 0

�0��1F8K-J&(�)1/1
AHx = 0.rU- �/N"z@��$�C$<3$<3��)3*$

Cn =
� 2 A ⊕ (

� 2 A)⊥
1,2
=

� 2 A ⊕
Q0�)�

A. �

A �	3*�*8�!�#�3*�)1E&� �1'-/15�T�"�0��1P&(�)��3��.G�R01<¥mR0� 2 8K�"�)1J698�3*���"i)��1WN
�~� � ��$�&N�-�]B M�MV;>=

F ∈ Cn×n
?-FGIzAYZ^(|

λ ∈ C.
j�YG?
?P`h;>^"WK;V?

+�}
(F − λI)H = F H − λI

:Z?�E
(F − λI)

=NM�Wo?�F�IXA YZ^�}
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W(IX=@fG;V? ���*���

� }
Fx = λx ⇔ F Hx = λx,

=@?\Mevh;>M>F�?�E.;>I>;gL#Y
vh;V?
F

:Z?�E
F H

E4=l;TMV;>^�vh;V?rBD=a`
;V?�b�;>U
R
WcF�IT;V?�}

� }�BD=a`
;V?�b�;>U�WcF�IT;V?Pf4:�b�;>IXM�x�L
=�;eE.;>?-;V?PBD=a`
;V?�iD;VIeWc;V?<Mz=@?�EPFGI W"L-Fe`
F�?#YZ^�}
¢£��/��2�"¤0z��0N"zF��� �O$����O!�#/1/�)3 2 801 2 � 3�\@8�3*io�mN"� �x8K-F$�N
�@N"z
¥t8�!�#5\/8�3�io�tN �/��#%8KIU�)1

(F − λI)
-/1F4

(F − λI)H
4@�)1F$��)�"IU�)17+.�)�*1WN

�/N"zF\'�"1F4
λ 6= λ′

�T� ���)1'&(�)��3���i)-
F 2 � 3m�T�"�0�)1'G��)QP3�R�����1

x, x′,
$�RY�"$<3

λ〈x′, x〉 = 〈x′, λx〉 = 〈x′, Fx〉 = 〈F Hx′, x〉 = 〈λ′x′, x〉 = λ′〈x′, x〉,

&(R0��8K-F$(&(�)�0��1
λ 6= λ′

1/R03X&c��1F4@�"�
〈x′, x〉 = 0

?LR0�"�K3
�

��8 2 �j3(�)�*#F8K� 3���1]&�"�c4@��1]i)��1�3*�*80� ��1H\@8�3*itv/IU�)��4@�"�t�T�"�0��1'&c���<3*�m1/R0� 2 8K�"�)��6,8�3��*�"i)�)1�VP4@��1$�R0�FN/\ d �)QP3*�*80�"$*8�3*i0z
�~� � ��$�&N�#��) � ' ��6�� 1 � �(¤ � � �.7���tZIk;V=Q?-;kU.FGA J�^l;Vs#;

n × n
RoprY
W(IX=as

F
MO=Q?�EH{�)h:Z=�bTYG^�;V?�W��

+�}
F

=NM�Wo?-FGIzAYZ^�}
� }�ByMk;Xsh=NM�W"=l;>I Wy;>=@?-;���IeW(L-FG?-F�IXAYG^cv4YZMz=NM�Y
:4M�BD=@`h;V?�bG;VU�WcFGI>;>?rb�FG?

F.
� }�ByM�`�=cvhWyF�IeW(L�Fe`hFG?#YG^�; � I>F��T;VU�WcFGI>;>?

Pj

:Z?�EH8�YGL
^�;V?
λj , (j = 1, ..., m),

MVF
E2YZ[

 Y� PiPj = 0 (i 6= j)

|

 v  ∑m

i=1 Pi = I,

 x  ∑m

i=1 λiPi = F.
��;�W"f4WK;VIT;>M�?-;>?
?�W�AYZ?nE�=l;��ZJ�;VU�W"IVYZ^(E2YZIXM Wc;>^@^�:Z?h`<b�FG?

F.

¢£��/��2�"¤0z��0N
⇒

�@N"zT��$H$<��� ��1
λ1, ..., λm

$*M 2 3��"�"!�#/�5G��)��$�!�#/�"��4/�)1/��1~�T�"�0��1'&c���<3*�7G0R01
F

| 1%80!�#7\@8�3*i��tN ���0�"I@3��$(&(�)�C!�#/� } V/4/8Ki�-Z�X��&c��� �C$
Ei :=

Q��)�
(F − λiI)

4/� �.�)1P3�$ d �*��!�#F�)1F4@��1�T�"�0��1/�*M0- 2 �0N�ky1��X��4/� 2 $<R��"!�#/��1x��� ���)1/��8K- 2 &(M0#/� ��1Y&� ����� 1/�R��<3*#/R01FR0� 2 �"�)��3�� A 80$��"$�NK��8�T�"�0��1/�*M0- 2 �.i)-5G0���*$*!�#/�"��4@��1/�)1E�T� ���)1'&(�)��3��)1JR0��3�#FR0�0R�1F8K� $�� 1F4WV/I/�"�"4@��178K�"� �o4@�"��$�� A 80$��)1i)-%$�8 2�2 ��1��)�"1 �+¥�\
(x1, ..., xr)

�"1
Cn

V�4/80$E�)�"1/��1 gm1P3*�)�*�*80- 2 U :=
$ d (x1, ..., xr)8K-/?h$ d 801/1P3�N

kX$<3
U = Cn

$�RY#F8KIU�)15&�"��)�"1/� �+¥ A 4@��$
Cn

8K-F$���� ���)1'G0��Q�3*R0�*�)1E�0�	?L-F1F4@�)1�N
¥m��# 2 �)1;&�"�Z8K�C$<R58K1�VW��$o$��)�

U 6= Cn
N����"�

(x1, ..., xr)
$<�"1F4;8K-F!�#>�T�"�0��1PG��)QP3�R�����1,G�R01

F H
-/1%4J4F8 2 �j3�C$X3m�"1F$�I%�O$<R�1F4@�����

F HU ⊂ U.
��8K1/15�C$X3?Lv/�

u ∈ U, v ∈ U⊥
z

〈u, Fv〉 = 〈F Hu, v〉 = 0,

4/8��<8
F Hu ∈ U

-/1F4
v ⊥ U.

���"��$�IU��4/�)-@3*�	3x80I%����V�4F8KaJ?Lv/�
v ∈ U⊥

8K-F!�#
Fv ∈ U⊥�C$X3OVF$<R 2 �j3

FU⊥ ⊂ U⊥.
lm�C$�RSI/� �C4@�)3

F
80-F!�#51/R@!�#J4/�)19nm80- 2 U⊥

�"17$<�C!�#78KI5-/1F4 2 -/a4/80#/�)�m��� 1F�)17�T�"�0��1PG��)QP3�R��
y ∈ U⊥ I%�O$<� 3�i��)1WNUlm�"� ����� ���)1'G0��Q�3*R0�*�)1J&(80����178KIU�)�t$*!�#/R015�"1

U,
$<R@4/80a

y ∈ U ∩U⊥ = (0)
$<��� 1 2 v/aK3*�0V�&(8�$�1/�C!�#�3T���)#P3�NPD/R�� ��� �C!�#Y�"$<3c-/1%$<�����mlt1/1F8K# 2 �?h8K�C$*!�#WV/4�N #WNF$*!�#/R01J�)�"1/� �+¥ A �0�	?L-F1F4@�)1�N

�@N
⇒

�FN z \'�"1F4
Ei (i = 1, ..., m)

4@�"���T�"�0��1/�*M0- 2 ��i)-s4@�)17G��)��$�!�#/�"��4/�)1/��1/�o�T�"�0�)1'&(�)��3���1
λi

G�R01
F,

$<R]&�MK#F� � 2 80198K�C$
Pi

4@��17R0��3�#/R��0R�1F8K�"�)1<ªT�*RK�X��Q�3*R0�t80-@?T4@�)1,�T� ���)1/��8K- 2 Pi.kX$<3
(xi1, ..., ximi

)
��� 1/���+¥ A � 2 �T�"�0��1/�*80- 2 Ei,

$�RY�"$<3m8K�C$<R

Pi =

mi
∑

k=1

xikxH
ik.

D�v/�
i 6= j

$�� 1F4
〈xik , xjk′ 〉 = 0,

8K�C$<R

PiPj =
∑

k,k′

xikxH
ikxjk′xH

jk′ =
∑

k,k′

〈xik , xjk′ 〉xikxH
jk′ = 0.
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D/����1F�)��C$X3?Lv/�IU�)�"�"�)I/�"�0�O$
y ∈ Cn

∑

i

Piy =
∑

i

∑

k

xik〈xik , y〉 = y,

4/8Y8K�"�"�
xik

i�-F$*8 2Y2 �)1J�)�"1/���+¥ A G�R01
Cn

IF� �C4@�)1�N
\@!�#/�"�"�)a0�"�C!�#E�C$X3

∑

i

λiPiy =
∑

i

∑

k

λi〈xik , y〉xik =
∑

i

∑

k

〈λixik , y〉xik

=
∑

i

∑

k

〈F Hxik , y〉xik =
∑

i

∑

k

〈xik , F y〉xik = Fy,

&(R 2 �j3��FN/�0��i)�)�"�K3��C$X3ON
�/N

⇒
�0N@�*��!�#/1/�)3 2 801 2 � 3�\@8K3�i.�mN"� �Z1F80!�#�N

�

rU- 2 IU��$*$<������1������*$<3*M01F4@1/�C$T4@�"��$���$(\@8�3*i)�O$T$<R�� � 3���1H\'�"�t$<�C!�#Y-/1'I%�O4@�"1/�K3c4/� �?LR�� ���)1F4/�tlm-@?w���80I%�.G�R0�*1/�)# 2 ��1��
� ���c, ��� ��$�&N� � ��=�;qM>;VL-;>?�E�=l; � ITFT�T;>U�WcF�IT;V? Pi

Yh:4M�|yiD;V?
?mE4=�;£��YZMz=QMVR(BD=a`
;V?�b�;>U�WcF�IT;V?
xik

MX{ZAHW"^@="x�LPUZYZ?-F�?
=NM�x�L-;�BD=@?\L-;V=�W"M b�;>U-WKF�IT;V?<MO=Q?�E��

A �	3*�*8�!�#�3*�)1E&� �1/R@!�#74@�"��\ d ��i)�C8K� ?hMK�"� ��$��)�"IF$<3*8�4b�X-/1/��� ���<3*�)��I/i)&oNF-/1/� 3*MK�*�)�m6,8�3��*�"i)�)1�N

�~� � ��$�&N�(
+�} ��^Q^l;�BD=@`h;V?�iD;VIeWc;k;V=Q?-;VI�MV;>^�v4M�WcY.EX�e:Z?
`�=�;VIeWc;V? 
 McJ�;>f�=�;V^Q^�MK�
AqAH;�W(IX=NMTx�L-;>? �pnYhW(IX=@s Mz=Q?�E

I>; ;V^Q^�}
� }����
A£AH;GW(IX=QM�x�L-; 
 E4=�;�Mz=@?�EPYG^NMVF0IT;�;V^Q^��prYhW"Iz=Qf�;>?9vh;>Mz=�W(f�;>?n;V=Q?-; � * � Yh:�M�BD=a`
;V?�b�;>U
R

WcF�IT;V?<=QA
Rn,

Mz=@?�EPYG^NMVF£Aq=�WOWK;V^NM�;>=@?-;>I 
 I>; ;V^Q^l;>? �F�IeW(L�Fe`hFG?#YG^�;V?<prY
W(IX=as�Yh: �ojk=NYG`hF4R
?#YG^,�"F�IXA¡W(I>YG?#M �"FGIzAq=�;VI�v4YGI�}

¢£��/��2�"¤0z��0N"z/kX$<3
Fx = λx,

-F1F4
F H = F,

$<RY�C$X3
λ〈x, x〉 = 〈x, Fx〉 = 〈F Hx, x〉 = 〈Fx, x〉 = 〈λx, x〉 = λ〈x, x〉,

$�R 2 �j3�C$X3
λ = λ

80�"$�RY�����)�"�pN
�@N"z��t���o�T�"�0�)1F�*80- 2 i)-s�)�"1/� 2 ��� ���)1'&c���<3

λ
�C$X3�4@���.+.����1>4@�)�.�*�)��� �"�)1>698�3*��� �

F − λI,#F8K3($�R 2 �j3�8K-F!�#S��� 1F�t�*�)�)�"�"� �+¥ A N����"��$��t�*�)�)�"�"�)1
�

�)�"� I%80$��)1SQ�8K1/1 2 801]i)-%$�8 2�2 ��1F$<�)3�i��)1-/1F4J����#FM0�j3��� 1/�o�*�)��� �"� �+¥ A 80-F$��T�"�0��1PG��)QP3�R�����1WN
�

�~� � ��$�&N�&+wB M�MV;>=
F ∈ Cn×n

F
E.;VI
F ∈ Rn×n.

�KA ;VIVM Wc;V?<�#YZ^@^�YZIevh;V=�Wc;>?nio=QI�=@A �kYh:ZA
Cn,

=QA�f�io;>="WK;V?�=@A
Rn.

j+YZ?
?�MO=Q?�E{�)h:Z=�bTYG^�;V?�W��
+�}

F
=NM Wy:Z?
=�W�{ZI+vZf4i�}hF�IeW(L-F�`hF�?-YG^"|hE#} L�}

F H = F−1 
 vh;V= C
+vGf�i�}

F T = F−1 
 vh;V= R).
� }�j�=�;��ZJ�YZ^"WK;V?�b�F�?

F
vG=@^"E.;>?�;>=@?�; � * ��}

� }���M�W
(x1, ..., xn)

;V=Q?-;�� * �k|#M>F�Y
:hx�L
(Fx1, ..., Fxn).

� }�ByM�=NM�WoM Wc;�W�M
〈Fx, Fy〉 = 〈x, y〉.

� }
F

=NM�Wo=NMVFGAH;�W(IX=NMTx�L�|�E#} L~}#;TM�=NM�W
|Fx| = |x|

�KtZI�YZ^@^�;
x.

	 }
F

=NM�Wo?-FGIzAYZ^�:4?�EHYG^Q^l;kBD=@`h;>?�io;>I WK;�L#Y\v.;>?�E.;V?���;�W"IVYG` +�}
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¢£��/��2�"¤0z [ �"�Si)�)�"�0��1{1'-/�OVq4F8Ka>-/1/� 3*MK�*�5698�3*���"i)��1:8K�"� �54@�"�5�0�)1%8K1/1P3���1{�T�"�0��1F$�!�#%8�?w3���1#F80I%��1WzD�v/�
x, y ∈ Cn

I/i)&oN
Rn

�"$<3
〈Fx, Fy〉 = 〈F HFx, y〉 = 〈x, y〉.

��� �O$ci��)�"�K3�4@� �*�)QP3 �FNP-/1F4]?Lv/�
x = y

8K-F!�#J�@N N/\'� 1%4
x

-/1F4
y

R��<3*#/R0��R01F80�pVP$<R�4/8 2 � 3�80-F!�#
Fx

-/1F4
Fy,

&�80$ �/NU� �"�	?L���<3ONU��8H4/� �xQb801/R01F�"$*!�#/�)17��� 1/#F�)� 3*$�G0�)QP3*R0�*�)19��� 1/� �+¥ A I/�"�"4/�)1WV#F80I%��1J&�"�m8K-%!�#<�/NF\@!�#/�"� ��a0�"�"!�#E?LR0�"�K3 �/N/80-F$ �@N/?Lv/��T�"�0�)1'G��)QP3�R�����1Hv/IU�)�
|x| = |Fx| = |λx| = |λ||x|,

$�R'4F8Ka�1/RK3X&(�)1F4/� �
|λ| = 1

�"$<3�N
�

A �	3*�*8�!�#�3*�)1E&� �m4@�"�oR0��3�#FR0�0R�1F8K�"�)1E698�3*���"i)��1E1/R@!�#5�	3X&�80$(���)1F80-/�)�Oz
1�� �/z ��� �E�)��$X3*�E\ d 80�j3*�HG0R�1

F
Q0`01F1/�)1�&�"�x$*!�#/�*�)�"I%��1{8K�C$ ( !)R�$

ϕ$�� 1
ϕ

)

.
��801/1 2 -Fa,4@�"�

i)&(�)� 3��.1/R03X&c��1F4@�"�S4@� � � �O$X3�8K� 3
±

(

−
$��"1

ϕ!)R�$
ϕ

) #F80I%��1WVF$�R'4F8Ka��)1P3X&c�O4@�)�

F =

( !)R�$
ϕ −

$��"1
ϕ$�� 1

ϕ
!	RP$

ϕ

)

2 �j3
det F = +1,

R@4@�)�
F =

( !	RP$
ϕ

$�� 1
ϕ$<�"1

ϕ −
!	RP$

ϕ

)

2 � 3
det F = −1

�C$X3ONPk 2 ���*$<3���1HDF80� � �C$X3
F

4@�"�t��I%��1/�.�t�*�)#'-/1/��- 2 4@��1 [ �"1/Q0���
ϕ,

4/8�$c!�#%8K��8KQP3������C$X3*�"$*!�#/�
ªqR0�"^'1/R 2 �C$<3

χF (λ) = (
!)R�$

ϕ − λ)2 +
$<�"1 2 ϕ

2 �j3t4/�)15I%���"4/�)17�W`P$<-/1F�0�)1
λ1,2 =

!	RP$
ϕ ± i

$<�"1
ϕ = e±iϕ.

k 2 i�&c���j3*�)15DF80� �W#%8�3
F

4F80$!�#F80�*80Q�3*�)�*�"$<3��C$*!�#/��ªqR0�"^'1/R 2
χF (λ) = λ2 −

!)R�$ 2 ϕ −
$<�"1 2 ϕ = λ2 − 1

2 �j3m4@��1EIU�)�C4@��1J��� ���)1'&c���<3*�)1
λ1,2 = ±1.
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8K154@����¥m-/�"� d -/1/QP3*$��0���*8�4@�)1J� 17n�C!�#P3�-/1F�Y4/��$�T�"�0��1'G0�)QP3*R0��$ ( !)R�$ (ϕ

2

)

$��"1 (ϕ
2

)

) i�-
λ1 = +1.
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∈ {±1}
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���cªT-/1FQ�3�$X� �TIU�)1/��V/�)�"1/��� ���cªT-/1/QP3*$<� � �)��804@��1HR@4@�)�m4/� �gªT-F1/QP3*$ d � ���0��� -/1F�Y8 2 ¥t-/� � d -/1FQ�3ONlm1%4@�)�*1@?h8K�"�C$c�C$<3����)1F80-H��� 1E�T� ���)1'&(�)��3(�*�)��� ��V@8K�C$<R

∈ {±1}
-/1%4E4@�"�.8K1F4@������1HIU�)�C4@�)15$�� 1F4Q0R�1��X-/��� ���<3mQ�R 2Yd �"�	�EG�R0174@����D/R�� 2 λ1,2 = e±iϕ.

kX$<3
a

4@�)�m�*�)��� �"���T�"�0��1'G0�)QP3*R0�i)-94/� 2�*�)�)�"�"�)1J�T� ���)1'&(�)��3�V
E ⊂ R3 4/� ��4/80i)-JR0��3�#/R��0R�1F8K�"����I%��1/�0VF$�RS�C$X3

E = (
$ d 8K1

(a))⊥
-F1F4

F 2 -/a]4@�"��$��o�TIU�)1/�o&�"��4/�)�m�"17$<�C!�#7$<��� IF$<3t8KIFI/� �C4@��1WV/&(R0IU�)��4@�"�oQ0R�1��X-/��� ���<3Q0R 2Yd � �)�@�)1�T�"�0��1P&(�)��3��
e±iϕ
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2 8K1J� 174@�"��$�� 2 DF80� �

F
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F ∼= F ′ =





±1 !)R�$
ϕ −

$��"1
ϕ$�� 1

ϕ
!)R�$

ϕ.
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F�?#YZ^l;>?�pnYhW(IX=@s
F ∈ Rn×n

`�=cvhW�;TM�;>=@?�; � * �
(x1, ..., xn)=Q?

Rn,
v.;>f4tG`2^@="x�LrEh;VI

F
E4=l; �"FG^a`
;V?�E.;£��;TM�WcYG^�W

F ′
L#YhW

F ′ =



































1 } } }
1

−1 } } }
−1
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j�YGIX=@?<MO=Q?�E<E4=�;
Rj

�T;�iD;V=Q^QM
2 × 2

j�IT;VL\A Y
W(IX=@fG;V?~}
� 1G� ' 'y�.�%5#!-��� � � 1G�(�4�.�
lm174@�"��$��)�t\'3��)�"�"�o�"$<3m��$$�� 1F1PG�R0�"��8K-@?q�)�"1/�"�0� � ��- d/d ��15G0R015lmIFI/� �C4@-/1F�0�)15��� 1/i�-/�0��#/�)1�z
����������� �"!#�%$�&N���wBy=@?-; �-;>=@^QAH;V?h`
;

G ⊂ Cn×n
FhEh;VI

⊂ Rn×n
L-;>=@[#W�prY
W(IX=as\Rz��I : J\J�;�|

iD;V?
?P`h;>^"WK;V?
+�}�A£=�W

A, B ∈ G
=QM WDYh:hx�L

A · B ∈ G
|

� }
I ∈ G,

� }�YG^Q^l;kprY
W(IX=@fG;V?�=@?
G

Mz=Q?�E£=Q?�b�;>I W"=l;>Iev4YZI�:Z?�E<E4=�;��K?�bG;VIVMV;�=QM W ;Gvh;V? �(YG^Q^QM�=Q?
G.

¢£�2�"¤ '��(� �"�
+�}�j�=�; ��=Q?-;TYZI>;0��Ie: J
J�;

GL(n)
vh;>M Wc;>L-WyY
:4M�YG^Q^�;V?�=@?�b�;>I W"=l;>Iev�YGIT;V?

n × n
RoprY
W(IX=@fG;V?~}

� }�j�=�;�:Z?
=�W�{ZI>;���Ie: J
J�;
Un

vh;>M Wc;>L�WyYh:4M�YZ^@^�;V?�:Z?
=�W�{ZI>;>?
n × n

RoprY
W(IX=@fG;V?~}
� }�j�=�;gF�IeW(L-F�`hFG?#YG^�;g��Ie: J
J�;

On

vh;>M Wc;VL�WyY
:4M�YG^Q^l;>?�FGI W"L-Fe`
F�?#YZ^l;>?
n × n

R�prYhW"Iz=Qf�;>?~}
� }�j�=�;McJ�;Vf�=�;V^Q^�;q^Q=@?-;�YGIT;���Ie: J
J�;

SL(n)
|�McJ�;>f�=�;V^Q^l;�:Z?
=�W�{ZI>;���I :eJ
J�;

SUn

|oMcJ�;Vf�=�;V^Q^�;
F�IeW(L-F�`hF�?-YG^�;���I : J\J�;

SOn

v.;TM�WK;VL�W��T;Gio;>=@^NMqYh:4MqYG^Q^l;>?m;V?�W�M�J�IT;ex�L�;V?�E.;>?uprY
W(IX=@fG;V?
A£=�WDjg;�Wc;>IzAq=Q?#YG?�WK;

= +1.
� }�j�=�; #�I>;>=QMO`�Ie: J
J�;0v.;TM�WK;VL�WyYh:4M�YZ^@^�;V?<prY
W(IX=@fG;V?nE.;VI���F�IXA

eitI
Aq=�W

t ∈ R.

� ��� � � �*���	� ��� �	��
�� ���� � � � ����� ��� ��� � ���
67� 3m�)�"1/�)�m$��)�"IF$<3*8�4b�X-/1/��� ���<3*�)15698�3*��� �

A
�C$X3?Lv/�m80� �"�

x

〈x, Ax〉 = 〈AHx, x〉 = 〈Ax, x〉 = 〈x, Ax〉

-/1F45$�R 2 � 3��*�)��� ��NFlt�"$�RY�"$<3m4@� �.?LR�� ���)1F4/�.���T�%1/�j3*� R�17$<�"1/1'G0R�� ��z
����������� �"!#�%$�&N����)O�P�2�����(��7njk=l;�prY
W(IX=as

A ∈ Cn×n
M>;V=
M>;V^cvZM W�YhEX�e:Z?h`2=l;>I WO|

U ⊂ Cn
M>;V=

;V=Q? �~?�Wc;>IzI>Yh:4A<}.j�YG?
?<L-;>=@[#W
� A

Yh: �
U _ J�FGMz="W"="bHE.;��\?
="Wzd(|#`h;>?#Yh:�io;>?
? �KtZI+YZ^@^�;

x ∈ U, x 6= 0
E2Y4M��.UZYG^lYGIKJ�I>F
E\:4U-W

〈x, Ax〉 > 0
=QM Wz}

� A
Y
: �

U _ ?�;X`.Y
W(=�bqE.;��\?
="Wzd(|h`
;V?#Y
:HiD;V?
? �KtZI�YZ^@^�;
x ∈ U, x 6= 0

E2Y4M��.UZYG^lYGIKJ�I>F
E\:4U-W
〈x, Ax〉 < 0

=QM Wz}
� ��{G[#W�AYG?

≥ 0
vGf4i�}

≤ 0
f�:h|�M>F�McJ�Iz="x�L�W�AYG?]b�FG? _ J�FGMz="W"="b9vGf�i�}�?-;V`.YhW"="b�MV;>Aq=�R

E.;��
?\="Wzd�}
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?
=�W(L�;V=�W�:Z?�E )h:�Y.E�IVY
W(=NMTx�L-;��-FGIzAH;>? ���*�1�

��M WoU.;V=Q? �~?�Wc;>IzI>Yh:ZA�M�J�;Vf = �
f =l;>I WO|\MVF0=NM�W
U = Cn

`
;VAH;V=Q?�Wz}
����������� �"!#�%$�&Q�D	�) � �",#� � �e�~147��.=Q?�E

U+, U−, U0
E4=�; �~?�WK;VIXIV{
:ZAH;e|DE4=�;�bGF�?�YG^Q^l;>?�BD=NR

`h;>?�b�;VU�WKF�IT;V?�f�:<MV{GAPW(^Q=(x�L�;V?�J�FGMz=�W(=�b�;V?�|�MX{ZAHW"^@="x�L-;V?n?-;X`hYhW"="bG;V?�BD=a`
;V?�iD;VIeWc;V?mvGf4i�}�f4:ZA
BD=@`h;>?-iD;VIeW * :4^@^g;V=Q?-;VIHM>;V^cvZM W�YhEX�e:Z?h`2=l;>I WK;V?%prYhW"Iz=@s

A
Y
: �N`h;TM�J~YG?
?�Wqio;>I�Eh;V?�| M>Fn?-;>?
?�W

AYG?%E2Y4M �~: J�;V^
(k+, k−, k0)

Yh:�M E.;>I>;>?*j�=QAH;V?\Mz=lFG?-;V?wE4=l;�.=a`2?#YhWz:ZIHbGF�?
A. 
 �-YG^Q^QMq;>M

U.;>=@?�;£;>?�W"McJ�I>;�x�L-;V?�E.;V?�BD=@`h;V?�iD;VIeWc; `�=cvhWO|yb�;>I iD;V?�Eh;gAYG?u;>?-W�M�J�I>;�x�L-;V?�EnE.;V? * :Z^@^QI>Yh:ZA
(0).
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U+
I/i)&oN

U−

�C$X3
A

R0uU��1'IF8K� d R�$��j3*� GJI/i�&oN/1/�)�P8�3*� GJ4@�T�F1F�j3ON � �)1%8K-/����0�"� 3
�~� � ��$�&Q�~'���M W

A
J�FGMz="W"="b<E.; �
?
=�W�Y
: �

U,
M>F£=QM W�4@� 2 U ≤

4@� 2 U+ = k+,
=QM W

A
J�FGMz="W"="b

M>;VAq=NR�E.; �
?
=�WyYh: �
U,

M>F0=QM W�4@� 2 U ≤
4@� 2 (U+ + U0) = k+ + k0.��?-YG^�Fe`h;TM �KtZI�?-;V`.YhW"="b 
 M>;VAq=NR �Eh;��
?
=�Wz}

prYZ?�vh;TYhx�L-WK;e|�E.YG[9AYG? E4=l; �0:4MXMXYG`h; �������	� f4:
U ⊂ U+

vGf4i�}
U ⊂ U+ + U0

;GW�xe}
b�;>IXM�x�L#{ZI �";>?UZYG?
?~}
¢£��/��2�"¤0z(kX$<3

A d R�$��j3*� G_$<� 2 �C4@���F1/� 3J8K-/?
U,

$<R��C$X3
〈u, Au〉 ≥ 0

?LvF�E8K�"�"�
u ∈ U.

kX$<3
x ∈ U−, 6= 0,

$�Rt�C$X3
〈u, Au〉 < 0.

D/R�� ��� �C!�#��C$X3
U∩U− = 0

-/1F4�4/8 2 � 3�4@� 2 U +
4@� 2 U− ≤

n = k0 + k+ + k−,
80�"$�RS4@� 2 U ≤ k0 + k+.

�t���tn��$<3�0��#�3t801F8K�"R0�%N
���� �9\'�"�01F8K3�-/�Y#FM01/�K3S8K1_4@�)1~�T�"�0�)1'&(�)��3���1WV�MK1F4@���<3S$��"!�#_8K�C$<Rs1/�"!�#P3SIU�)���m#F1/� �C!�#/Q��)� 3*$<�3���8K1%$X?LR�� 2 8�3*� R�1/�)1�NP�c$�0�"�j3m$�R0�P8K���	3X&�80$ 2 �)#/�OV/1FM 2 � �C!�#J4/�)��?LR0�"�0��1F4@�

�~� � ��$�&Q���u)�
y1�
,���2�(� ¤e¤ � � �<5#!-��������������������7���M W
A ∈ Cn×n

M>;V^cvZM W�YhEX�e:Z?h`2=l;>I W�:4?�E
G ∈ Cn×n

=Q?�b�;VIeW(=�;VI�v4YZI�|�M>F =QM W�Y
:hx�L
GHAG

M>;V^cvZM W�YhEX�e:Z?h`2=l;>I W :Z?�E�L-YhW E4=l;TMV;>^�vh;k�.=a`2?#Y4R
WO:4I io=l;
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��$<3�?Lv/� d R�$��j3*� GH4/�T�F1/� 3m3�8K-/�034F80$(?LR0�"�0��1F4@�o+.�*�j3*�)�*� - 2 z
�~� � ��$�&Q�-�wBy=@?-;MV;>^�v4M�WcY.EX�e:Z?
`�=�;VIeWc;qprY
W(IX=as

A
=NM W�`h;>?#Yh:9E2YZ?
?nJ�FGMz="W"="bnE.; �
?
=�W�|�io;>?
?

YG^Q^�; �+Yh: JoW�R �~?�Wc;>I�E.;GWc;>IzAq=Q?#YG?�Wc;>?rEh;VI��-FGIzA
4@�	3

Ak :=
4@�)3 (

αij

)

k,k
(k = 1, ..., n)

J�FGMz="W"="b£MO=Q?�E
|\Mz=l;k=NM W�`
;V?#Y
:HE.YG?
?<?-;V`.YhW"="bqEh;��
?
=�W�|�io;>?
?
(−1)k 4@�	3

Ak > 0
�KtZI�YZ^@^�;

k.�K?\Mev.;TMVFG?�E.;>I>;kMz=@?�E�E2YZA£=�W~J�FGMz="W"="b FhEh;VI�?-;V`.YhW"="bqEh;��
?
=�Wc;+pnYhW(IX=Qf�;V?�Yh:
x�LP=Q?�b�;VIeW(=�;VI�v4YZIe}
¢£��/��2�"¤0z(kX$<3

A d R�$�� 3��"G_4@���F1/� 3�V$�R{$<�"1F4�80� �"�9�T�"�0��1P&(�)��3��
> 0

-/1F4=4/8 2 � 3J8K-%!�#�4@� ����	3���� 2 �"1F8K1P3*��8K�C$�ªT�*R'4/-/QP3�8K�"� ���m�T�"�0��1P&(�)��3�� | $<�"�)#F���t�C8K��R01F80�j?LR�� 2 G�R01
A } N%DF�)�*1/�)�m�C$<3

2 �j3
x =







ξ1NNN
ξn







z

〈x, Ax〉 =

n
∑

ij

αijξiξj .

kX$<3c�X�)3�i	3
Uk :=

$ d (e1, ..., ek),
$�RH�C$<3�?Lv/�

x ∈ Uk

8K�C$<R
ξk+1 = ... = ξn = 0

-/1F4,4F8 2 �j3?Lv/�t$�R0�C!�#/�
x

〈x, Ax〉 =

k
∑

ij

αijξiξj .

D/R�� ��� �C!�#��C$X3
A d RP$<� 3��"G�4@�T�%1/�j3�8K-/?

Uk,
�0��1F8K-Z&c��1/1x4@������1P3*$ d ���O!�#/�)1%4@�c67�"1/R��

Ak d R�$��j3*� G4@���F1/� 3t8K-@?
Ck

�C$<3�N
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kX$<3x1'-/1
A d RP$<� 3��"G�4@�T�F1F�j3OVq$�R,80-@?��X��4@� 2 Uk

-/1%4:4/8 2 � 3x�C$<3t�X��4/�)�Y67� 1FR0�
Ak d R�$��j3*� G4@���F1/� 3o80-@?

Ck
-/1F4s#F8�3�4/8 2 �j3 d RP$<� 3��"G0�Y���	3���� 2 �"1F8K1P3*�0NW��� �O$�i��)�"�K3o4@�"����� 1F��n�C!�#P3�-/1F�4@�O$�\@8�3*i)�O$)NKD�v/��4/� �m801F4@�)�*�I/��8K-F!�#P3 2 8K1��)�"1/�m$�-/I@3��"�"�tlm1'&(�)1F4@-F1/�.G0R01]\@8K3�i��mN �/��N [ � �v/IU�)�*�0��#/�)154@�"���t�)3*8K�"�C$)ND�v/�c4/� �m�"�	3*i	3*� A �)#F80- d 3�-F1/�oI%�O80!�#P3�� 2 801WV�4/80a

A
�0��1F8K-S4/801/1 d R�$��j3*� GY4@�T�%1/�j3c�"$<3�V�&c��1/14@�"��698�3*��� �

−A
1/�)�P8�3*� GH4/�T�F1/� 3m�C$X3ON

��T�"15#/� 1F�����"!�#/��1F4@�O$+.��� 3������"- 2 ?Lv/���t���F1/� 3�#/���j3m��1�3*#FMK� 3
�~� � ��$�&Q�&� B M�M>;V=

A
M>;V^cvZM W�YhEX�e:Z?h`2=l;>I W�Aq="W _ t\vh;VIeio=�;X`h;>?�E.;>I��kYh:eJ�W�E4=lY�`
F�?#YZ^l;Gd(|�E-} L �KtZI

YG^Q^�;
k

M>;V=
akk >

∑

j 6=k

|akj |.

j�YG?
?<=NM�W
A

J�FGMz="W"="bHE.;��
?\="WX}
¢£��/��2�"¤0z\'���

λ
�T� ���)1'&(�)��3 2 �j3S�T�"�0��1'G0�)QP3*R0�

x
-F1F4~4F8K�*� 1

ξk

��� 1/�5+�R 2Yd R�1/�)1P3*� 2 �j3�0�*`0a03�� 2 A �)3���8K�%N'��8K1F1J�C$<3m&c���0�)1
Ax = λx

�"1F$�I%�O$<R�1F4@�����
(λ − akk)ξk =

∑

j 6=k

akjξj ,
4�N #WN

|λ − akk | |ξk| ≤
∑

j 6=k

|akj | |ξj | ≤
(

∑

j 6=k

|akj |
)

|ξk| < |akk| |ξk |.

D/R�� ��� �C!�#5� �"�)�03
λ

� 2 ky1/1/����194/��$t+.�*�)�C$���$- 2 akk 2 � 3�4@� 2 nm8�4@�"-F$
|akk |

-/1F47�C$X3�4/8 2 � 3
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�

� ���c, ��� ��$�&Q� ( �+YhW E�=l;prYhW"Iz=@s
F ∈ Cm×n

E.;>? ��YG?
`
n (≤ m),

MVF�=QM W E�=l;
n × nprY
W(IX=as

F HF
J�FGMz=�W(=�bE.; �
?
=�W�:Z?�E<E2YGAq=�Wo=@?�bG;VIeW(=�;VI�v4YGI�}

[ �"��G��)�*&c��1F4@�)1o4@�"��$��c�tI%�����"�)��-/1/���)1o1/R@!�#�i�-/��+.�C80$*$<�@�FQ�8�3*� R�1�4@�)��+.-/�*G0�)1oIFi)&oNbD��CM0!�#F�)1i)&(�)� 3���1 � ��804/��$�� 2 Rn.
�t������178K�"� ��� 2 �)�"1/� � � ���"!�#'-/1F���C8K-/3��	3

n
∑

i=1

αiiξ
2
i + 2

∑

i<j

αijξiξj + 2

n
∑

i=1

βiξi + γ = 0,

&(R0IU�)�
αij , βi, γ ∈ R.D�v/�

n = 2
�"�"�	?L�)��3�4@�"��$.4@�"�Y$�R0���)1F801/1P3���1E�<+.���0���"$*!�#/1/� 3<3*�f�fV%?LvF�

n ≥ 3
4@�"�o����-F8�4@���"Q0��1'��0��1F8K1F1�3*�)15D��"M�!�#/�)1WN\'�)3�i)��15&� �mlZz �

(αij)n,n

V/&cR�I%���
aij := aji

?Lv/�
i > j

����$��	3*i	3m$<���pV

b :=







β1NNN
βn






, x :=







ξ1NNN
ξn






,

$�R>Q�801/1 2 8K1 2 �j3H4@� 2 \'3*8K1%4/8K��4'�X\'Q�8K�C8K� d ��R@4@-FQ�3Y� 2 Rn
R0I/�"�0� � �"�)�C!�#'-/1/�;Q0R 2�d 8KQP3$*!�#/����� IU�)158K�C$

〈x, Ax〉 + 2 〈x, b〉 + γ = 0. (∗)��8
A

$�^ 2Y2 �)3��*�"$*!�#��C$X3 | 1F8�!�#�+tR�1F$X3*��-FQ�3*� R�1 } V��0�"I@3E�O$H��� 1/�,R0��3�#/R��0R01%8K�"�9698�3*��� � � V4�N #WN
GH = G−1 V�$<R@4/80a

GHAG =: L
���C8K�0R�1F8K� ?LR0� 2 #F8�3ON [ M0#/�"�)1,&�"�.1'-/1s80�"$�1/�)-F��$+�RPR��*4/� 1F8K3���1F$<^@$<3�� 2 �0�)��804/�Y4/� �]4@-F�*!�#;4@�"�E\ d 80�j3*�)1;G0R�1

G
�0���0��I%��1/� �+¥ A �"1

Rn
V�$�R�)�*#FM0�j3��X��4/�)�o���)QP3*R0�

x ∈ Rn
IU�)i�v/�0�"�C!�#>4@���o1/�)-F�)1 A 8�$<�C$.4@�"�]��80�*$<3���� �"-/1/�

x′ = GHx
VI/i�&oN

x = Gx′
N



jg;��
?
=�W(L�;V=�W�:Z?�E )h:�Y.E�IVY
W(=NMTx�L-;��-FGIzAH;>? ���*� �

��8 2 �j3m&�"��4
(∗)

i)-
0 = 〈Gx′, AGx′〉 + 2 〈Gx′, b〉 + γ =

〈

x′, GHAGx′
〉

+ 2
〈

x′, GHb
〉

+ γ

= 〈x′, Lx′〉 + 2
〈

x′, GHb
〉

+ γ,

4�N #WN 2 � 3
c := GHb :

0 = 〈x′, Lx′〉 + 2 〈x′, c〉 + γ. (∗∗)

¥m-F19#F8KIU�)17&�"�m&�"��4@���t��� 1/� � � ���"!�#'-/1/�]4/�)� � �O$X3�8K� 3
(∗)

VF&(R0IU�)�/�X�	3�i)3�80I%����4@�"�Z698K3��*�j�
L

�t�C8K��R01F80�j?LR�� 2 #%8�3�V�4�N #�NW� 1�4@����8K-F$��0�O$�!�#F���"�)IU�)1/��1sDFR0� 2 4@�)�Zi)&(�)� 3��
�

��� 2 2 �j3Z4@��1�<�0� 2 �C$�!�#P3*�)1'�gªT�*R'4/-/QP3��)1
ξiξj (i 6= j)

G0���*$*!�#'&-/1F4@��15�"$<3�N lm�C$t1%M0!�#F$<3��O$mG0���*$�-F!�#/��15&� �&(�)� 3��)�*�
�

�)� 2 �E4@-/��!�#>��� 1F�
�

��8K1%$<�C8�3*� R�1;4/�)�ZDFR0� 2 x′ = x′′ − x0
i�-�I%�O$<���j3*� ���)1WN��t�"��$�"� �)?L�)��3

0 = 〈x′′ − x0, L(x′′ − x0)〉 + 2 〈x′′ − x0, c〉 + γ

= 〈x′′, Lx′′〉 − (〈x0, Lx′′〉 + 〈x′′, Lx0〉 − 2 〈x′′, c〉) + (〈x0, Lx0〉 − 2 〈x0, c〉 + γ).

��8
L

$�^ 2Y2 �)3��*�"$*!�#H�C$<3�V/�C$X3
〈x0, Lx′′〉 = 〈x′′, Lx0〉

-/1F4J&�"�m�)�*#F80�j3*�)1 2 � 3
c′ :=Lx0 − c,

γ′ := 〈x0, Lx0〉 − 2 〈x0, c〉 + γ

8K�C$ � �"�)�C!�#P-F1/��?Lv/�m-/1F$��)�*�.D��CM0!�#F�
0 = 〈x′′, Lx′′〉 − 2 〈x′′, c′〉 + γ′. (∗ ∗ ∗)

¥m-F1J��� � 3m��$�1FR'!�#�V
x0

����$*!�#/�"!�QP3�i)-5&�MK#/�"�)1WN
�t8K3

L | -F1F4,��I%��1F$�R
A } 4@�"�Y\@� ��1F8�3*-/�

(k+, k−, k0) = (s, t, n − (s + t)),
$�RH#F80I%��1,&�"�?Lv/�

L
4@�"����8K��$X3*�)�"� -/1F�

L =









Λ 0

0 0









:=





















λ1 N N N
λs+t

0

0

0 N N N
0





















,

&(R0IU�)�W4@�"�
λ1, ..., λs+t

�0���*8�4@�.$�M 2 3��"�C!�#/�.�T� ���)1'&(�)��3��
6= 0

$<�"1F4�N
[ �"�mi)�����"�)���)1H��1P3*$ d ���O!�#/�)1%4

x0 =

(

x
(1)
0

x
(2)
0

)

, c =

(

c(1)

c(2)

)

, c′ =

(

c′
(1)

c′
(2)

)

.

��8K1/15�C$X3
c′

(1)
= Λx

(1)
0 − c(1)

c′
(2)

= c(2)

γ′ = 〈x
(1)
0 , Λx

(1)
0 〉 − 2〈x

(1)
0 , c(1)〉 − 2〈x

(2)
0 , c(2)〉 + γ.

Λ
�C$<3��"1PG��)��3��"�)�*IF8K�-F1F47&�"�tIU��$<3�� 2�2 ��1

x
(1)
0

$�RFV%4F8Ka
Λx

(1)
0 = c(1) 4�N #WN

c′
(1)

= 0
&� ��4�N��$�C$<3t4/8K1/1

γ′ = γ − 〈x
(1)
0 , c(1)〉 − 2〈x

(2)
0 , c(2)〉.
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¥m-F1J#%8KIU�)15&� �i�&c���WDqMK�"� ��z
� � � �k' � �c$�"$<3

c(2) = 0 : | �t� ����i�-E���)#/`��<3m80-F!�#J4/�)�mDF80� ��VF4/80a
s + t = n } N��8K1/15�C$X3��X�)3�i	3

c′ = 0,
4�N #�NF4@�)��"�"1/��80���

�
�)� 2 �"$<3mIU��$��)� 3��"�K3m-/1F4J&�"�#F8KIU�)1J?L����1/���

γ′ = γ − 〈x
(1)
0 , c(1)〉.

� � � ��� � �c$�"$<3
c(2) 6= 0 :��8K1/1��"$<3

c′
(2)

6= 0,
4�N #�NK4@� �(i)-��T�"�0��1P&(�)��3���1

= 0
�0��#/`0�*�"�0�)1x+tR 2�d R01F�)1P3���1x4@�O$��"�"1/��80����1

�
�)� 2 �O$�G0���*$*!�#'&� 1F4/�)1H1F�"!�#P3m8K�"� ��NF��8�?Lv/�Q�8K1F1 2 801

x
(2)
0

$�R�&�MK#F� ��1WV/4/8Ka
γ′ = 0

&�"�*4WN
��� ���)�*#F80�j3*�)1/� � � ���"!�#'-/1F�

(∗∗∗)
Q0`01F1/�)1x&� ��1/R@!�#Z?LR0�"�0�)1%4@�)� 2 8Ka0��1�Q0R 2Yd 8KQP3�$�!�#/�*�)�"IU�)1Wz\'�)3�i)��15&� �i�-

x′′ = (ξ1, ..., ξn)T
?L��$<3�V%4/8Ka

x̂ := (ξ1, ..., ξn, 1)T
$��)��-F1F4

F :=

(

L c′

(c′)T γ′

)

=



























λ1 N N N
λs+t

0 0

0

0 N N N
0

c′
(2)

0 (c′
(2)

)T γ′



























(n+1,n+1)

,

&(R0IU�)�q8K�C$<RH$<3��)3*$��)1P3X&(��4@���
γ′ = 0

R@4@�)�
c′

(2)
= 0

�)�*�����"!�#P3t&(�)��4@�)17Q�801/1WV $<R]IU�)Q�R 2Y2 3
(∗ ∗ ∗)

4/� �o��8K��$X3*�)�"� -/1F�
〈x̂, F x̂〉 = 0. (+)

¢£�2�u��1�6�����,�$�&Q�+w�KA �#YZ^@^�;
c = 0

McJ�IX=(x�L�W�AYG?%b�FG?u;V=Q?-;VI #q:ZIeb�;PvGf�i�}���^N{hx�L-;0Aq="W
8�;>?-W"I :4AP|
=QA��-YG^Q^l;

c 6= 0
bGF�?�;V=Q?-;VI #q:ZIeb�;0vGf�i�}
��^N{hx�L-;�F�L
?-;�8�;>?�W(Ie:ZA�}

[ �"�m&cR�� �"�)1E1'-/174@� ��DqM0� �"�
n = 2, 3

�0��1F8K-/���m$X3*-F4@�"�)�*�)1Wzk 2 DF80� �"�
n = 2

�*��4@��1]&�"�c$<3*8�3�3cG�R01]D��"M�!�#/�)1SG�R01]+.-/�*G0��1S-/1F4S����#%8K� 3��)1]4/� ��I%��Qb801/1P3���1+.�)���)�C$�!�#F1/�j3�3���N��� �o&�C!�#P3��"��$<3��)17\ d �)i��"80�j?hM0� �"��?Lv/�
n = 2

$<�"1F4�z
s = 2

z��� ��+.-/�*G0��#F8K3m�)�"19r �)1P3��*- 2 V/8K�C$<R
c = 0, λ1, λ2 > 0

N
(∗ ∗ ∗)

�C8K-/3��	3Oz
λ1ξ

2
1 + λ2ξ

2
2 + γ = 0

R@4@���1F80!�#567-/� 3�� d �"� Q�8�3*� R�1 2 � 3
α := − 1

γ

(
λ1

−γ
)ξ2

1 + (
λ2

−γ
)ξ2

2 = 1.

D�v/�
γ > 0

#%8�3o4@� �O$�Q0�)�"1/�Y�W`P$<-/1F�FV%?Lv/�
γ < 0

�C$X3o��$.4@�"� � � ���"!�#'-/1/�J�)�"1/���>T A,AL) ��&9$ 2 � 3
4@��1 �t80� IF8�!�#F$��)1

a1 :=
√

| γ
λ1

|
V
a2 :=

√

| γ
λ2

|
NqD�vF�

λ1 = λ2
�0�)#F`0��3Z#/�"�)�*i)-:80-F!�#{4@�)�

�/6�$9):&�N
s = 1

V
t = 1

z��� �H+.-F��G��S#F8�3���� 1~rU��1P3��*- 2 V�8K�C$<R
c = 0, λ1 > 0, λ2 < 0.

� �"�)�C!�#'-/1/�
(∗ ∗ ∗)

�C8K-/3��	3Oz
|λ1|ξ

2
1 − |λ2|ξ

2
2 + γ = 0

-F1F454@� �O$�� �"�	?L���<3?LvF�
γ 6= 0

8K1%8K�"R0��R0IU�)1J�)�"1/���KB��5$�69";$9A N
s = 1

V
t = 0

z
c = (0γ2

) 2 �j3
γ2 6= 0.

��� ��+.-/�*G0��#F8K3�Q��)�"1,rU�)1P3��*- 2 N� �"�)�C!�#P-F1/�
(∗ ∗ ∗)

�"80-@3��)3�z
λ1ξ

2
1 + 2γ2ξ2 + γ = 0

-/1F4�4@�"��$S�C$X3]4@�"� � �"�)�C!�#P-F1/�;�)�"1/�)�
=@�e6��S";$9A N



jg;��
?
=�W(L�;V=�W�:Z?�E )h:�Y.E�IVY
W(=NMTx�L-;��-FGIzAH;>? ���*� �

��� �9&(�)� 3�������1�D�M0� �"�7�"� �)?L�)�*1��)1P3X&c�O4@�)�]4/� �,$*!�#/R�1_IU�)#%8K1F4@���j3*�)1�+.-/�*G0��1 | �	3X&�8
s = 0

V
t = 2 } R@4@���Zlm-%$�80�<3*-/1/�0��1si�- � �)��804@��1sR@4@��� ªT-/1FQ�3*�)1WNq��� �H���	3�8K�"�"$Z$<��� ��1;4/� 2 �W��$��)�v/IU�)�*�"8�$�$��)1�N
\ d �)i��"80�j?hM0� �"��?Lv/�

n = 3
z

s = 3
z

λ1, λ2, λ3 > 0
V'4/� �oD��"M�!�#/�.#F8�3��� 19rU�)1P3*��- 2 V/4�N #WN

c = 0
N/�t�"� � � ���"!�#'-/1F�

(∗ ∗ ∗)
�C8K-@3*�	3Oz

λ1ξ
2
1 + λ2ξ

2
2 + λ3ξ

2
3 + γ = 0.D�v/�

γ > 0
#F8K3Z4@�"��$oQ��)�"1/�S�W`�$�-/1/�%V ?Lv/�

γ ≤ 0
�C$X3��O$�4@�"� � � ���"!�#'-/1/�5��� 1/�O$/TUA,AL) �D&9?!)^.1&fND�v/�S4@�)1�DF80� ��VT4/80asi�&c���(R@4@���Y��8K�Y8K�"�"�J4@�*�)���T�"�0��1'&c���<3*�E��� ���"!�#_$<�"1F4�Vq�)�*�0�"I@3S4@�"��$S4/8�$

�_?e'��e'*)^?e b&9$9A,AL) ��&9?!)^.>IFi)&oN�4@�"� �/ESV0$9A NW��80$.�T�"� � d $�R0�C4,�C$<3.��� 1;IU��$*!�#/��MK1/QP3��O$ � ��I/�"�"4@�S-F1F44@���t\@!�#/1/� 3<3 2 � 3T�X��4@����TIU�)1/�o�C$X3m��� 1F�o�T� �"� d $<� | R@4@�)��"�)��� } Nk 2 ?LR�� ���)1F4/�)15$<��� ��1J4@�"�o&�C!�#�3*� �P$X3*�)15DqMK�"� ��3*80I%��� �C8K�*�C$�!�#J8K-@?L���	?Lv/#/��3�VF&cR�I%����&� �m4@�"��698K�3��*� �
F

8K-F$ |�� } IU�)1'-@3*i)�)1J-/1F4E4/8KIU�)��1FR'!�#E�)�"1/�"�0�t��� 1/?h80!�#/��¥mR�� 2 �"�)�*-/1/�0��1]G0R���1F�)# 2 �)1�N��� �
µi

IU�)i��)�C!�#/1/��1 d R�$��j3*� G��sr 8K#F� ��1WNT�t�"�7&(�)� 3��)�*�)1�DqMK�"� �5�"� �)?L�)�*1�8K-/a��)�Y�T1P3*80�<3*-/1/�0��1&�"���TIU�)1F�)1WV � �)��804/�)1WV2ªT-/1/QP3*�0V@Q0��� 1F�t&(��$��)1P3��"�"!�#F�)1]1/��-/�)1JD��"M�!�#/�)1]-F1F4H$��)�"�)1H4/��$�#F8K�"Iv/IU�)�*��801/�0��1WN

F =

(+
+

+
+

) | ���)�)�*�o67�)1F�0� }
µ1ξ

2
1 + µ2ξ

2
2 + µ3ξ

2
3 + 1 = 0

F =

(+
+

+
−

) | �T�"�"� d $�R0�C4 }
µ1ξ

2
1 + µ2ξ

2
2 + µ3ξ

2
3 − 1 = 0

F =

(+
−

−
+

)

,

(+
+

−
−

) | �T�"1F$*!�#F8K�"�"�0��$ �t^ d �)�*IUR0�"R0�C4 }
µ1ξ

2
1 + µ2ξ

2
2 − µ3ξ

2
3 − 1 = 0

F =

(+
+

−
+

)

,

(+
−

−
−

) | rU&(�)�C$*!�#F8K�"� ����$U�m^ d �)�*I%R�� R��"4 }
µ1ξ

2
1 − µ2ξ

2
2 − µ3ξ

2
3 − 1 = 0

F =

(+
+

0 −
− 0

) | �T�"�"� d 3*�"$*!�#/�O$�ª�8K��8KIUR0�"R0�C4 }
µ1ξ

2
1 + µ2ξ

2
2 = 2ξ3

F =

(+
−

0 −
− 0

) | �t^ d �)�*IUR0�"�"$*!�#/��$�ª�80�*80I%R�� R��"4 }
µ1ξ

2
1 − µ2ξ

2
2 = 2ξ3

F =

(

+
+

−
0

)

,

(

+
−

−
0

) | �T�"�"� d 3*�"$*!�#/���t�tR d/d �)�"Q0�)���)� }
µ1ξ

2
1 + µ2ξ

2
2 = µ3ξ

2
3

F =

(

+
+

0
−

) | �T�"�"� d 3*�"$*!�#/����rU^'� �"1F4@��� }
µ1ξ

2
1 + µ2ξ

2
2 = 1

F =

(

+
−

0
−

)

,

(

+
−

0
+

) | �t^ d �)�*IUR0�"�"$*!�#/�)�trU^'�"� 1%4@�)� }
µ1ξ

2
1 − µ2ξ

2
2 = 1

F =

(+
0 −

0
− 0

) | ª�8K��8KIUR0�"�C$�!�#/���r ^P�"�"1F4@�)� }
µ1ξ

2
1 = 2ξ2
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