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GIHKJ0LNMPORQTS5UWV7XZY�[\QRV7V7X&]_^�U`Mba5UWX�ONLcH#S\YWX&deXZ]_fgQN[5YWXZ]hOcX&]5]5XZ]5iNXZYWXZM7]9VbjDLR^�U`X�klM�jDV7XZj#m5noX&M
apU`XqOcLNHbS5Y`X�dpXrk0dpS;Lc]5X&]9V7UsQTYWtvu5]5O9VPUWLc]xwpu5]\a�a5QT]\Qcy�[�m5noX&M�QTY`Yzw9^�L{X|j�LN[5]5X'fou\jPQRVP}ZQNuptv^�QN]\a
Hb~NicYWUsy�[�^�QTM|w|�2X&^�X&U`Y`j�a5X&]�ONLcH#S\YWX&deXZ]��;QTY`Y�HbU�VPn;XZ[\QT]\a5X&YWVZ�
� L�XZM7[\UWXZY�VPX&]�^�U`M�� � QRVP}�f����T�c��wBa5QN����LTVPX&]5}ZM7XZUW[5XZ],UW]

C
QNY`j��@Lc]e�NX&MPiNXZ]5}&noX&MPX&Usy�[hXZUW]\X

��MPX&Usj7jPy�[5X&U`noXq[\QNn;XZ]xwp[\QNn;XZ] � V7X�VPUWicONXZU�V�u5]\a��qU��gX&MPX&]\}&U`X&MPn\QTMPONXZU�V�iNY`X&Usy�[�QNu\y�[�tvm5M.�5u5]\Oc�
V7U`LN]\X&]

f : C ⊃ G→ C
X&MPO9Ys�TM7V�u5]\a�}&^�QTM�tvLcM7H�QTYgicYWXZU`y�[5YsQTu5V7X&];a�}Zu5H�MPX&XZYWY`X&]��\QNYWYz�

�,U`M@jDX&V7}ZX&]�tvXZjDVZ�

���c�����v�Z���;�	 �¡�¢�£	¤l¥W¦g§#¨x©T¦5ªg«�¥­¬R¦
f : C ⊃ G → C ® §¯¥W°;«r± ® ¬R²­¬R³�¬µ´I¶ ®x· ¬5¸e§�´b±v¹R¦o¹R²�º\»«¼¥s½&¾ ®x· ¹5©T¿ G À$Á §¯¦5¦�½7¥v§q¹5©T¿ G ½Z«Â§µ«�¥�Ã�¸N¥`Äx§�´�§�¦5ÅZ¥­§¯´|ÆN¹T´�¥`½Z«7Ç

È@Qcy�[�apU`XZj7X&M��qX�É\]5UWV7U`LN]�jDU`]\a�QTYsjDL�UW]\j7noXZj7LN]\apXZM7X#��LNY`Êe]5LNHbX{u\]\aËM�QRVPUWLc]\QTY`X(�\u5]5O9V7U`LN]5XZ]
QT];QTY`ÊcVPU`jPy�[	QTupt

C, Ì n;XZU@apX&]	Y`X�VP}�V7XZM7XZ],jDU`]\a	apU`X�È@X&]5]\X&MP]9u\YWYsj2VPX&Y`YWXZ],QTu\j7}&u5]\X&[5HbX&] Ì wtvX&MP]5XZM.jDU`]\a���LTV7XZ]5}&MPX&U`[5XZ]�QN]\QTY`Ê9V7Usj7y�[�UWHÍGI]5]5X&MPX&]�U`[5M7X|j��@Lc]e�NX&MPiNXZ]5}&OeMPX&UsjDX|j&�
�qUWX�Î.u\jPj7QNiNXZ],m5n;XZM�a5UWX��@UW�oXZM7XZ]5}&U`X&MPn\QNM7OcX&UWV��NLc] � u5HbHbX&]xw��lMPLea5u5O9V7X&]Fw.Ïqu\LTV7U`X&]9VPX&]
�NLc]�apUW�oXZM7XZ]5}&U`X&MPn\QNM7XZ]��5u5]\OcVPUWLc]5X&]Fwej7LR^�U`X@m5noX&M�apU`Xr��X&VDVPX&]5MPX&icX&You5]\a�a\QNj�Î.n5Y`X&UWV7XZ]��cLN]
Ð.HbOcX&[5M7tvu5]5O9V7U`LN]\X&]�Y`QNupV7XZ]��cLNY`YWOcLNHbHbX&]�iNY`X&Usy�[�^�U`X'QTu\j�a5X&H�Ñ�XZX&Y`YWXZ]�iNX&^�LN[\]cV|�
��X&UWV7X&ME[\QRV7V7X&]b^�U`Mlu5]9V7XZMlQT]\a5X&MPX&HÒapU`X.�5u\]5O9V7U`LN]5XZ]

ez,
y&Lcj

z,
j7UW]

z
QTYsjlapu\MPy�[bQTuptgicQN]5}

CONLc]e�NX&MPiNXZ]9V7X{��LNV7X&]\}&MPX&U`[5X&]�X&MPOeY`�NMDVPX(u5];aÓa5QTHbUWV�m\n;XZMPQNYWYlnoX&Y`U`X&n5U`iÔLTt­V{apUW�gX&MPX&]5}ZUWXZM7n\QNM7Xcw
QTYsj7LqQT];QTY`ÊcVPU`jPy�[5X��5u5]5O9VPUWLc]5X&]#ONXZ]5]5X&]\iNX&Y`X&MP]9VZwZtvm5M0apU`X�U`]\j7n;X|jDLc]\apXZM7X�apUWX�QNu\j$a5X&HÒÑ�XZX&Y`YWXZ]
noX&ORQT]5]9VPX&]Ô�5u5]\OcVPUWLc]\QTY`iNY`X&Usy�[eu5]5icX&]�QNupt�icQT]\}

C
iNXZY�VPX&]x�

��X&]5]ÕQNu\y�[ËapU`X(�qX�É\]\U�VPUWLc]5X&]�apX&Mr�@UW�oXZM7XZ]5}&U`X&MPn\QNM7OcX&UWV.UWHÖÑ�XZX&Y`YWXZ]Ëu5]\aÔU`HÖ�@LcHbS5YWX&dpX&]
tvLNMPH�QTY�m5noX&MPX&U`]\jDV7U`HbH#XZ]xw5XZM7^�X&Usj2V.j7U`y�[�apLpy�[�apUWX�OcLNHbS5Y`X�dpX��@UW�gX&MPX&]5}ZUWXZM7n\QNM7OcX&UWV�QNY`j�XZUW]\X
m5noX&MPMPQcj7y�[\X&]\a×jDVPQTMPONX�kEUWicX&]\jPy�[\QRt­V(X&U`]5X&M#�5u5]5O9VPUWLc]xw$^�QNj{a5QT]5]h}&uÓu5]5XZM7^�QTM7V7X&V7XZ]×�qLN]5�
j7XZØ9u5X&]\}&X&]htvm5[5M7VZ� � L�^�X&M�apX&]Ù^�UWM�X&V2^�Q�j7X&[5XZ]xw0a5QT��X&U`]5XÔQT]\QNYWÊ9VPU`jPy�[5XNw0a�� [x�lQNY`j7L�];QNy�[
�qX�É\]5UWV7U`LN]�}&u5]\�cy�[\jDVl]9u\MlX&U`]5H�QTYoj2VPX�V7U`i��¼ONLNHbS5Y`X�d\�0a5U��gX&MPX&]5}ZUWXZM7n;QTMPX��\u5]5O9V7U`LN]FwcQTu5V7LNH�QT�
V7UsjPy�[�u5]\X&]\apY`Usy�[�LNt­V@j2VPX�VPUWi�apUW�oXZM7XZ]5}&U`X&MPn\QNM�U`jDVZ�
�,U`M0n;XZ}&X&Usy�[5]5XZ](OcLNHbS5Y`X�dpX@fgQT[\YWXZ]{�NLcM7M�QT]\iNU`i@apu5M�y�[

z = x+iy,
H#UWVEÑ�X|QTYWV7X&U`Y5Ñ�X

z := x,GIH�QTicUW]\�NMDVPX&U`YEGIH
z := y,

Lea5X&M#m5n;XZM�apUWX�ÚD��LcY`QNMPa\QTM�j2VPX&Y`YWu5]\iRÛ
z = r · eiϕ = r(

y�L9j
ϕ +

i
jDU`]

ϕ),
^�LNnoX&U

r = |z| =
√

x2 + y2
apXZM�Ú7Ü�X�V7M�QTiTÛru5];a

ϕ
a5QNj�ÚDÎ@M7icu5HbX&]9V2Û{apXZM�fgQN[5Y

zUsj2V|�
�,U`M.u5]9V7XZMPj7u\y�[5XZ]��5u\]5O9V7U`LN]5XZ]

f : C ⊃ G→ C, z 7→ f(z)
u5]\a�]5LTVPUWXZM7XZ]�a\QT]5]�QTu\y�[

z = x+ iy 7→ f(z) = u+ iv (= u(x, y) + iv(x, y)).

�rQTnoX&U�U`jDV
G
jDV7X&VPjqX&U`]�ÝrX&n5U`X�VrUW]

C. Þ �NupÉ\i��NLNMPONLcHbH#XZ]\apX�u5];a�tvm5Mru5]\jq^�U`y�[9V7U`iNX(ÜBXZU��j7S5UWXZYWX��cLN]ÔÝrX&n5U`X�VPX&]ÔjDU`]\a�]5XZn;XZ]�i9QT]5}
C
X�V2^�Q

ß X&U`]5X�LT�gX&]5X'��MPX&Usj7jPy�[5XZUWnoXN� K(r, z0) := {z
∣

∣ |z − z0| < r} à
ß X&U`]���MPX&UsjDMPU`]5i\� {z ∣

∣ 0 ≤ r < |z − z0| < R} à
ß X&U`] � VPM7XZU�tvXZ]x� {z ∣

∣ x1 <
Ñ�X

z < x2}
Lea5X&M {z ∣

∣ y1 <
GIH

z < y2} à
ß X&U`] � XZO9V7LNM|� {reiϕ ∣

∣ r > 0, ϕ1 < ϕ < ϕ2}
�

�qUWX|jDX�ÝrX&n5U`X�VPX�ON~N]\]5X&]�QTu\y�[(ÚDS5u5]\OcVPUWXZMDVDÛrj7X&U`]xwpa�� [F�5QTu\j�U`[5]5X&]�j7UW]\a�]5Lpy�[�XZ]\apY`U`y�[��vLpapX&M
QTu;y�[áX&U`]5H�QTYgQTn5}|�T[5Y`n\QNMEu5]5XZ]\apY`U`y�[o�l�eU`X&Y`X@�lu5]\OcVPXq^�X&ic}&u5]\X&[5HbX&]F�9�\X&MP]5X&M�n5M�QTu\y�[5XZ]�^�UWM

ß apX&]�iNX|j7y�[5Y`UWV7}�VPX&]���M7XZU`jZw5a�� [x�5XZUW]5XZ]Ô��M7XZU`j K(r, z0)
w\apXZH�X&U`]�Ñ.QNapU`u\j

{z = z0 + teiϕ
∣

∣ 0 ≤ t < r} tvX&[5YWV à
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ß apUWXbicXZjPy�[5YWUWV7}&V7X#klnoX&]5XcwFa�� [x� C \ {z = z0 + teiϕ
∣

∣ 0 ≤ t} � Þ �NupÉ\i�[\QNn;XZ]�^�U`M�XZj[5UWXZM�HbU�V@apXZM�]5X&i9QRVPUW�áMPX&XZYWY`X&]�Î�y�[\j7X�QTYsj�tvX&[5Y`X&]\a5X&H � V7M�QT[5Y�}Zu�VPu5]x�
�,U`MB�cX&M�j7y�[\QT�oXZ]�u5]\jB]eu5]áX&U`]5XZ]�X&M�jDV7X&]"!@n;XZM7n\YWUsy�Obm5n;XZM�a\QNj�Î.n5n5U`Ysapu5]5i9jD�cX&MP[\QTYWV7XZ]�X&U`]5U��
iNXZM�^�U`y�[9VPUWicX&M��5u5]\OcVPUWLc]5X&]F�
z 7→ z0 + z :

kEj�[\QN]\apXZY�V.j7U`y�[�u5HÍX&U`]5X��FM�QT]\j7YsQRV7U`LN]�u5H
z0.

z 7→ z0 · z : Þ U`X&M��NXZM7^�X&]\a5X�V�HbQN]�QNHÖn;X|j2VPX&]���LcY`QNM7OcLeLNM�apUW];QRV7XZ]x�;��m5M z = reiϕ, z0 =
r0e

iϕ0
UsjDV�a5QN]5]

z0z = r0re
i(ϕ0+ϕ).

�qX&MbÚ2J0XZO9V7LNMDÛ
z
^�U`MPa QTYsjDL�u\H a5X&] �;QTO9V7LcM

r0iNX|j2VPM7X|y�O9Vru5];a�u\H apX&]×�,U`]5ONXZY
ϕ0
iNX&icX&]�apX&M'Ð@[5M7}ZX&U`iNXZMPj7UW]\]ÕiNX|apMPX&[9VZw�a�� [×^�UWM�[\QNn;XZ]

X&U`]5X$#$%'&)(+*-,.%/&/0)13254+6+7
z 7→ zn (n ∈ N) :

GI]h��LNYsQTMPONLeLNM�apU`]\QRVPX&]×noX&ONLcHbH#XZ]h^�U`Mb^�UWX�X&noX&]
reiϕ 7→ rneinϕ.

Þ U`X&MPnoX&UF^�U`M�a�QNY`j7L�apX&M � X&O9V7LcM {reiϕ ∣

∣ r > 0,−π
n
< ϕ < π

n
} n\U �2XZOcVPUW��QTu5t�apU`X'Ys�T]5i9j�apX&M]5XZicQRVPUW��M7XZX&Y`YWXZ]�Î�y�[\j7X�iNX|j7y�[5Y`UWV7}�VPX�kln;XZ]5X'QTn\iNX&n\UWYsapX�V|�

8$25%'9:&<; 9<=>&/(�&?4A@�Ð.]9V7XZM@XZUW]5XZM
n
�zV7XZ]Ô��u5MP}&XZY�QNu\j

z
�cX&M�j2VPX&[5XZ]Ô^�UWMqX&U`]5X#fgQN[5Y

n
√
z,
tvm5M�apU`X

(

n
√
z
)n

= z
UsjDVZ��fgu

z = reiϕ
Usj2V�QNY`j7L

n
√
z :=

(

n
√
r
)

ei
ϕ
n ,
^�LNnoX&U

n
√
r
apU`XÔX&U`]\apX&u5V7U`i

noXZjDV7U`H#H{V7X�S;L9jDUWV7U`�NXá��u5MP}&XZY�apXZM{MPX&Y`YWXZ]xwFSoLcj7UWV7U`�NX&]Ùf�QT[5Y
r
n;X|apX&upVPX�V|w$XZUW]5X�jDLcY`y�[\X

n
�zV7X

��u5M7}ZX&Yz�
B#�+Cc�e�>DFE$��G��IHÓ �¡�¢KJMLq¥­§{¸\©N´&¾ ®

{z = reiϕ
∣

∣ r ≥ 0,−π < ϕ < +π} → {w = ρeiψ
∣

∣ ρ ≥ 0, −π
n
< ψ < +

π

n
} :

reiϕ 7→
(

n
√
r
)

ei
ϕ
n

Ãp§�Ãp§TÆe§¯¦o§ON{Æ5ÆR¥`²�¸\©T¦pÃ ® §¯¥W°;«�±KPr¹p©Z¶�«�Å Á §�¥WÃ�¸e§�´ n »D«Â§¯¦RQ�©T´PÅµ§¯² · Ç
� U`X�n5U`Y`apX&V{apU`X�Y`�N]5icj�apXZM']5X&i9QRVPUW�ÔMPX&XZYWY`X&]×Î�y�[\j7X#icXZjPy�[5Y`U�VP}�V7XbklnoX&]\X�QTupt�a5Qcj�M7X|y�[cV�j7jDV7X&�
[5XZ]\apX � XZiNHbX&]9V.QTnx�
È.u\](Usj2VlQNn;XZM�tvm5M

k ∈ Z
jDV7X&VPj (

ei
ϕ
n

+ 2kπi
n

)n
= eiϕ+2kπi = eiϕ,

jDLpa5QN�q^�U`M0QTYsjDL�QTu\y�[(]5Lpy�[
U`]

n
√
z ·e 2kπi

n

�2XZ^BXZUWYsj
n
�zV7XB��u5MP}&XZYW](QTu\j$}E[\QNn;XZ]xwµapUWXF�2XZapLpy�['U`](QN]\apXZM7XZ]xw&u5H 2kπ

n

icXZapMPX&[5�
V7XZ] � XZiNHbX&]9VPX&]�Y`U`X&iNXZ]x� � U`XqOcLN]\jDV7UWV7u5U`X&MPX&]�^BXZU�VPX&MPX�Ú7È.X&noX&]\}&^�X&U`iNX¯Ûqa5X&M���u\M7}ZX&YWtvu5]5O9V7U`LN]x�
�,U`M.[\QTYWV7XZ]�tvX|j2V|�
 �S�T��á �¡�¢VUXWe§|¸e§qªp¬µ³'¶g²v§/Y;§[Z�¹ ® ² z 6= 0

Æp§¯½7¥z«¼ÅN«lÃp§�¦o¹p©
n \ §�´�½�¾ ® ¥­§µ¸e§�¦o§ n »D«Â§]Q�©T´7ÅR§�²`¦ À¸N¥v§.¹5©N½�§¯¥W¦o¹R¦�¸e§¯´.¸\©N´&¾ ®]^ ©T²�«�¥ ¶�²W¥`ªT¹p«¼¥v¬µ¦�³b¥�«I_E¬e«Â§¯¦5Åµ§¯¦Ô¸e§¯´@± n »D«Â§¯¦á¤l¥`¦ ® §�¥z«�½ Á ©T´PÅµ§¯² · e 2πi

n

® §¯´ \ ¬µ´7Ãp§ ® §�¦FÇ
`ba?c�de4	&<4�,f=>ge; h)254�13,.=>d34i254	j�k�d/6+ge%-=�,�(�l�2�*?@
kEj.j7X&U

w = ez, z = x+ iy, w = ρeiψ.
�rQT]5]�Usj2V.noX&ORQT]\]cVPYWUsy�[

ρeiψ = ez = ex+iy = ex · eiy = ex(
y�L9j

y + i
jDU`]

y),
HbUWV

ρ = ex, ψ = y.
�rQ�apU`X(MPX&XZYWY`X'k0dpSoLN]5XZ]9V7UsQTYWtvu5]5O9V7U`LN]�icQT]\}

R
n5U �2X&O9V7U`�ÔQTupt�apUWX(S;L9jDUWV7U`�NXZ]ËMPX&X&Y`Y`X&]�fgQN[5Y`X&]

QTn\n5UWYsapX&VZwptvLcYWiNV�a\QTHbU�V
 �S�T��"G$�Im,���9���$�¼�Z���;�_ �¡�¢onpLq¥v§�¤bYN¶�¬R¦o§�¦g«�¥s¹T²W¿I©T¦\ªo«�¥­¬R¦

z 7→ w = ez
ÆR¥`²¼¸p§µ«Ô¸e§¯¦

q «�´¯§¯¥W¿�§¯¦ {−π < y =
GIH

z < π} ÆR¥ r�§¯ªg«¼¥ \ ¹p©N¿{¸N¥v§�²�sR¦pÃe½�¸p§�´�¦o§�Ãe¹p«�¥ \ ´¯§Z§�²`²­§¯¦tNr¾ ® ½¯§Ãp§�½�¾ ® ²W¥z«¼Åc«Â§@¤@Æp§�¦o§�¹\Æ5ÇLq¥­§vuF³bªe§ ® ´Z©N¦pÃ ® §¯¥W°;«�¸e§�´�±�Pq¹p©|¶�«¼Å Á §¯¥�ÃÓ¸e§�½xw�¬|Ãp¹R´P¥�« ® ³�©N½ · Çg¤l´�ÆT¥W²�¸e§µ«{¸N¥v§b²�sR¦pÃe½b¸e§�´¦o§�Ãe¹p«�¥ \ ´�§&§¯²W²v§�¦tNr¾ ® ½¯§bÃ5§¯½&¾ ® ²W¥z«¼Åc«Â§á¤@Æp§�¦o§�ÆR¥ r�§�ªg«�¥ \ ¹5©T¿'¸p§�¦Ù½2º5³b³á§R«¼´P¥`½&¾ ® Åc©T´�´�§&§�²`²v§�¦Nr¾ ® ½¯§@²W¥v§PÃ5§�¦�¸e§¯¦ q «¼´�§�¥`¿�§�¦ {−π < y =
GIH

z < π} ¹\Æ�y

w := ρeiψ 7→ Y`] (ρeiψ) =
YW]
ρ+ iψ (ρ > 0,−π < ψ < π).

L�¹5Æp§�¥F¥s½Z«lYW]
ρ
¸e§�´q¹5©N½�¸e§¯³{zr§&§�²`²v§�¦�Æp§�ªT¹R¦5¦g«I§q¦;¹p«'|T´7²`¥�¾ ® §}w�¬µÃe¹R´P¥z« ® ³�©c½ À ¸e§¯´�¸N¥v§r´�§&§�²`²v§¤bYN¶�¬µ¦o§¯¦o«�¥s¹T²W¿I©N¦5ªg«¼¥v¬µ¦×©T³bªe§ ® ´Z«PÇ



N.¦o¹R²�º�«�¥`½&¾ ® §q¨x©N¦5ªg«¼¥v¬µ¦o§¯¦ �������

��X&iNXZ]
eiψ+2kπi = eiψ

XZMDtvm5Y`YWV@QTnoX&M.QTu;y�[

zk :=
Y`]
ρ+ iψ + 2kπi (k ∈ Z)

apU`X'Ñ�X&YsQRVPUWLc]
ezk = e

� �
ρ+iψ+2kπi = ρeiψ = w.

�ËQN]�X&MP[\�TYWVFjDL.a5UWXl^�X&UWV7XZM7XZ].ÚDÈ@X&noX&]5}Z^BXZUWicX¯ÛlapXZj��FLNi9QTMPU�VP[5H{u\jZw�apU`XEapU`XliNX|j7y�[\YWUWV7}&V7X0klnoX&]5X
n5U �2X&O9V7U`��QNupt�u5H

2kπi
�NXZMPjPy�[5LNnoX&]\X&] � VPM7XZU�tvXZ]ÔapX&M@Ü�MPX&UWV7X

2π
QTn5n5U`YsapX&]x�

Ü�X&U`H !.noX&MPicQN]5iÕm5noX&M�apU`X�]5X&i9QRV7U`�×M7XZX&Y`YWX�Î�y�[\j7X�H�QNy�[\X&]hapU`XZj7X Þ QTu\SpVD��n5}Z^���È@X&noX&]p�}&^�X&U`iNXqapXZj��xLNi9QTMPU�VP[5H{u;j0X&U`]5X&] � S5MPu5]5i{apXZM Þ ~N[5X ±2πi,
apXZM !@n;XZM7i9QT]5i�n5Y`X&U`npV�a5QTicX&iNXZ]

iNYsQRV7VZwp^�X&]5]�H�QT]�iNY`X&Usy�[5}ZX&UWV7U`i#}Zu5H�];�Ny�[\jDV7XZ]Ôfo^�X&U`i#m5n;XZM7icX&[9VZ�
� S
	R��G���HÓ �¡á¢�� L�¹T½E½&¾ ® ²­¹R³'¶g¥WÃp§xu$³(Ã5§ ® §¯¦�³b¥�«E¸e§�¦ \ §�´�½�¾ ® ¥v§|¸p§�¦o§¯¦"Z Á §¯¥�Ã5§�¦�¸e§¯½ w�¬N»Ãe¹T´7¥z« ® ³�©N½�¥s½&«B§¯¥W¦o§ ® sp©�
pÃ5§q¨o§ ® ²­§¯´��p©9§¯²W²v§��
�,U`M{[\QTVDV7XZ]ÓapUWX��@UW�oXZM7XZ]5}&U`X&MPn\QNM7OcX&UWV�XZM7OeYs�TM7V'm5noX&M{apU`X��Ô~ciNY`U`y�[\ONX&UWVZwFiNupV'Y`UW]\XZQTM{}&u�QTS5�
S5MPLµdpUWHbU`X&MPX&]x�

f(z) = f(zo) + f ′(z0)(z − z0) +R(z, z0),
^BLcn;XZU R(z, z0)

z − z0
→ 0

tvm\M
z → z0.

Ü�U`j�QNupt;XZUW]5XZ](�cLN]([5~N[5XZM7XZM��qMPap]eu5]\i@OeYWXZUW]#^�X&M�apX&]\a5X&](�\X&[5Y`X&Mlj7X�VP}�Vlj7U`y�[#QTYsjDLrX&U`]5X�n;XZU
z0apUW�oXZM7XZ]5}&U`X&MPn\QNM7X��5u\]5O9V7U`LN]�}&u;j7QNH#HbXZ]áQTu\j0XZUW]\X&ME�$MPQN]\j7Y`QTV7U`LN]#u5]\abX&U`]5XZMB�qM7XZ[\j2VPM7X|y�Oeu5]5i

���Ëu5Y�VPUWS\YWU`ORQRV7U`LN]�HbU�V
f ′(z0)

���oG2jDV
f ′(z0) 6= 0,

j7L�UsjDVrQTYsj7L
f �

=�451 &<; ,f%'&<2ËLpapX&M�;od 1 ge;�1 de4��
h?de%-l#wEapXZ]5]_X�V2^�QËX&U`]_O9Y`X&U`]5X|j��@MPX&U`XZy�OÓ^�U`MPa �vU`H ��XZj7X&]9V7Y`U`y�[\X&];�(]eu5Mb�NXZM7icM7~c�NX&M7V{LpapXZM
�NXZM7OeY`X&U`]5X&M7V�u5]\a�iNX|apM7XZ[9VZw5QTnoX&M�]\U`y�[9V��NXZM7}ZX&MPMDV|�
GI]\j7n;X|jDLc]\apXZM7XbUsj2V'a5QNH#UWV'X&U`]5XáQN]\QTY`Ê9V7Usj7y�[5Xb�5u\]5O9V7U`LN]×HbU�V

f ′(z0) 6= 0
Y`LNORQTY0u\H#OcX&[5MPn\QNM

u5]\a Ì a5QRtvm\M�U`jDV@apX&M.Ü�XZ^BXZU`j�X�V2^�QNj�H(m5[\jPQTHbX&M Ì QTu\y�[�apU`X�Ð.HbONXZ[5M7u\]5i#a5U��gX&MPX&]5}ZUWXZM7n;QTM|��qUWXbÎ.n5Y`X&UWV7u\]5i�ORQT]\]ÕH�QT]Õa\QT]5]Ë�eUsQ���X&VDV7XZ]5MPX&iNXZYF]\Qcy�[ËapX&M�jPy�[5LN]ÔU`H Ñ�X&XZYWY`X&]�QTn5icX&Y`X&UW�
V7X&V7XZ]��\LNMPHbX&Y�noX&MPXZy�[5]5XZ]x�
klU`]5X�ONLcHbS5YWX&dpX��\u5]5O9V7U`LN]

f : C ⊃ G → C, z = x+ iy 7→ w = u(x, y) + iv(x, y)
OµQN]5]

H�QT]ÓQTu;y�[×QNY`j��\u5]5O9V7U`LN]
F : R2 ⊃ G → R2, (x, y) 7→ (u(x, y), v(x, y))

Y`XZj7X&]x�F�rQRtvm\M
iNU`YWVZ�
� Sp� CÔ �¡�¢�� L@¥v§l¨F©T¦5ªg«¼¥v¬µ¦

f
¥`½Z«5Ã5§�¦;¹5©�¸9¹T¦5¦(¹R¦o¹R²�º�«�¥`½&¾ ®�ÀeÁ §¯¦5¦ u ©T¦�¸ v ¹R²s½$´¯§Z§�²`²­§l¨x©T¦5ª5»«¼¥v¬µ¦g§�¦

R2 ⊃ G → R
½&«I§µ«�¥�Ã_¸N¥`Ä�§¯´¯§¯¦5Å&¥v§�´µÆN¹R´#½D¥`¦�¸h©N¦�¸h¸N¥v§������! 	 #"!$&% ���('���
�
�½&¾ ® §�¦Lq¥WÄx§�´�§�¦g«¼¥­¹R²WÃc²v§�¥�¾ ® ©T¦pÃ5§�¦

ux = vy, uy = −vxÃp§¯²�«I§�¦FÇ
B#�*)(�9�,+N����m5M

z0 = x0 + iy0
u5]\a�M7XZX&Y`YWX|j

h 6= 0
Usj2V.U`]\j7n;X|jDLc]\apX&MPX

f ′(z0) =
Y`UWH
h→0

f(z0 + h) − f(z0)

h

=
Y`UWH
h→0

u(x0 + h, y0) − u(x0, y0)

h
+ i
Y`U`H
h→0

v(x0 + h, y0) − v(x0, y0)

h

= ux(x0, y0) + ivx(x0, y0).

Î.MPnoX&UWV7X�V.H�QN]�HbUWV.X&U`]5X&M�MPX&U`]�UWH�QTicUW];�TMPX&]��qUW�oXZM7XZ]5}
ih
j2V�QRVDV

h,
j7L{tvLcYWiNV.icQN]5}rQN]\QTY`LNi

f ′(z0) =
Y`UWH
h→0

f(z0 + ih) − f(z0)

ih
= −iuy(x0, y0) + vy(x0, y0),

^�LNM�QTu\jla5u5MPy�[�J0XZM7icYWXZU`y�[áa5UWX-���A�. � /"�$&% ���('���
�
�jPy�[5XZ]á�@UW�oXZM7XZ]9V7UsQTY`iNY`X&Usy�[9u\]5iNXZ]btvLNY`iNX&]F�
Î.u5t�apXZ]ÔÜBXZ^BXZU`j�a5X&M.Ð.HbOcX&[5MPu5]5i�j7X&U��NXZM7}ZU`y�[9VPX�VZ�

�
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�qUWX|jDX|j��\QTO9VPu5H�Usj2V�tvm\M@apX&]��l[eÊpjDU`ONXZM�UW];jDLNtvX&MP]�U`]9V7X&MPXZjPjPQT]9VZwpQTYsj�a5QNH#UWV.iNU`YWV
 F���>Ho� 	eG$�IH× �¡�¢��Mzq§&¹R²­»�©T¦�¸��I³�¹RÃc¥`¦�sR´|«Â§¯¥W²�§�¥`¦o§�´b¹R¦;¹T² ºx«�¥`½&¾ ® §�¦�¨F©T¦5ªg«¼¥v¬µ¦Ù½D¥`¦�¸�½¯§�²ÂÆT½Z«
® ¹T´7³�¬µ¦\¥`½&¾ ® §@¨x©T¦5ªg«�¥­¬R¦o§�¦ À §�´P¿�|T²W²v§�¦Ë¹T²`½¯¬b¸c¥­§O_E¬e«I§�¦g«¼¥­¹R²WÃc²v§�¥�¾ ® ©T¦pÃ

∆u = 0
¥`¦�¸p§�´�¤@Æp§�¦o§TÇ

B#�*)(�9�,+N��!.noX&MqapUWX �����! 	 #"!$&% ���('���
�
�jPy�[5X&]��qU��gX&MPX&]9V7UsQTY`iNY`X&Usy�[eu5]5icX&]�noX&OcLNHbHbX&]�^�UWM
tvm5M@a5X&]�Ñ�XZQNY�VPX&U`Y

uxx = (vy)x = (vx)y = −uyy,
QNY`j7L

uxx + uyy = 0.
��m5M.apXZ]�GIH�QNiNU`]\�TM7V7XZUWYxjPy�[5Y`UWXZ�TV�HbQN]ÔQT]\QNYWLci\�

�

���c�����v�Z���;�	 �¡�¢�� ¤l¥W¦g§.¹R¦o¹R²�º�«�¥`½&¾ ® §�¨F©T¦5ªg«¼¥v¬µ¦ F : G → C ® §�¥`°\«0± q «Â¹R³b³b¿I©T¦5ªg«¼¥v¬µ¦ · Åc©§�¥`¦o§¯´.¨x©T¦5ªg«�¥­¬R¦
f : G→ C, Á §¯¦5¦

F ′(z) = f(z)
¹5©T¿

G.
!.noX&MqapUWX�jPy�[5LN]�X&MP^��T[5]9V7XZ]�Î@n5Y`X&UWV7u5]5i9jDMPX&icX&Y`]�noX&OcLNHbHbX&]�^�UWM�X&V2^�Q\�
	�
5%

n ∈ Z, n 6= −1
=K*-, 1

n+1 (z − z0)
n+1 &<=�4	&
�	, g3lxl�h)254�13,.=>d34i9?2

(z − z0)
n
ge2?h[6 g34�9

C,
*?d h?&?%-4

n ≥ 0,
254	j"g32?h

C \ {z0}
h�
5%

n < 0.` =�4A&
��,�gel�l h)25451e,f=>de4 9<2 1
z

=K*-,0Y`]
z,

){���E�e� S��E� 	 S�G��}m��e� ���9�����v�|�¼�o�.+��E� 	R�9�.DFE C G
S�DFEg�Z�e���,+&���x�qUWX|jDXZM�U`jDV@apU`Xá�vYs�T]5i9j�apX&M�]5XZicQTV7U`�áM7XZX&Y`YWXZ]�Î�y�[;jDXµ�EicXZjPy�[5Y`U�VP}�V7X�klnoX&]\XN�
kl]9VPj7S5MPXZy�[5XZ]\a�UsjDV#Y`]

(z − z0)
� V�QTHbH#tvu5]5O9V7U`LN]_}&u 1

(z−z0)

QNupt.X&U`]5XZM#XZ]9VPj7S5M7X|y�[5X&];aÓiNX&�
jPy�[5YWUWV7}&V7XZ]�kEn;XZ]5XN�
�qX&M � QTV7}�m5noX&M@a5UWX�iNY`U`XZap^�X&UsjDX��qU��gX&MPX&]\}&U`X&MPn\QTMPONXZU�V��NLc]���LTVPX&]5}ZM7XZUW[\X&]�YWU`X�tvXZMDV.j7LTtvLNM7VZ�
fou�X&U`]5XZM���LNV7XZ]5}&MPX&U`[5X

f(z) =

∞
∑

n=0

an(z − z0)
n U`jDV

F (z) =
∞
∑

n=0

1

n+ 1
an(z − z0)

n+1

X&U`]5X � V�QTHbH#tvu5]5O9V7U`LN]ÔQNupt�apXZH tvm5M@n;XZU`apX���LNV7X&]\}&MPX&U`[5X&]�iNY`X&Usy�[5X&]��qLN]e�NXZM7icX&]5}ZO9MPX&UsjZ�
�qX&]bÜBXZiNMPU��áapXZM0��LTV7XZ]5}&MPX&U`[5X�ON~c]5]5X&](^�UWM�]5Lpy�[#X�V2^�QNj�QTu\j7n\QNu5X&](}&ubapX&]bjDLci\��� ��������
��;�
Ñ�XZUW[5XZ]x�
G2jDV ∑∞

n=0 bnz
n
X&U`]���LTVPX&]5}ZM7XZUW[5X�HbUWVB�@Lc]e�NX&MPiNXZ]5}&M�QNa5UWu\j

ρ ∈ (0,∞],
j7LrOcLN]e�NXZM7icUWXZMDV�QTYsjDL

apU`XZj7XqÑ�XZUW[\X@U`]5]5X&MP[\QNYWnáapX|jB��MPX&Usj7XZj
K(ρ, 0)

QTn\j7LNY`upVEu5];aáY`LNORQTY;iNY`X&Usy�[5Hb�N�NU`i\� � X�V7}ZX&]á^�U`M
]eu5] 1

z

jDVPQRV7V
z
X&U`]xw\j7L#tvLNY`iTVZ�

�qUWX�Ñ�X&U`[5X ∑∞
n=0 bnz

−n ONLc]e�NX&MPiNU`X&M7VEQTu\�NX&MP[\QNYWn��cLN] K( 1
ρ
, 0)
QTn\j7LNY`upV�u5]\aáY`LNORQNY;icYWXZU`y�[p�

H��T�cUWi;�
�qUWX��5u5]\OcVPUWLc]

g(z) :=
∑∞

n=0 bnz
n
U`jDV�QN]\QTY`Ê9V7Usj7y�[{UW]

K(ρ, 0)
u5]\a(jDLcH#UWV$UsjDV�apU`X��5u5]5O9VPUWLc]

f(z) := g( 1
z
) =

∑∞
n=0 bnz

−n QT]\QNYWÊ9V7UsjPy�[�QTu\�NX&MP[\QNYWn��NLc] K( 1
ρ
, 0)
u\]\a��9UsQb��X�V7V7X&]\M7XZiNX&Y

tvLNY`iTV|wca5QN�'H�QT]�QNu\y�[�[5U`X&M�apUWXrÎ.n5Y`X&UWV7u\]5i(apu\MPy�[�icYWU`XZap^�X&Usj7XZjl�qU��gX&MPX&]\}&U`X&MPX&]�n5U`Y`a5X&]�a5QNMDt2�
���c�����v�Z���;�	 �¡�¢�� uF¦g«Â§¯´�§�¥`¦o§¯´����A������
���»>zr§�¥ ® §r©T³Í¸e§�¦]_.©T¦5ªg« z0 = 0 \ §¯´P½Z«Â§ ® «�³á¹T¦§�¥`¦o§}zq§¯¥ ® §�¸p§�´@¨g¬µ´P³

∞
∑

n=−∞

anz
n =

∞
∑

n=1

a−n
1

zn
+

∞
∑

n=0

anz
n.

Lq¥­§�§¯´P½Z«Â§ zq§¯¥ ® §B´¯§µ¾ ® «z½ À ³b¥z«0¸e§¯¦#¦g§PÃe¹5«¼¥ \ §¯¦x_E¬e«I§�¦5ÅR§�¦ Àc® §�¥`°\«�±�Pq¹5©Z¶�«D«I§�¥`² · ¸e§¯´ zq§�¥ ® § À ¸N¥v§Å Á §�¥z«Â§ ® §¯¥W°;«r±���§RÆp§�¦g«Â§¯¥W² · Çx¤l¥W¦g§�����������
���».zq§�¥ ® § ® §�¥`°\«.¹T¦Ó§¯¥W¦o§¯´ q «Â§¯²W²v§ z ªe¬R¦ \ §�´7Ãp§¯¦g« À
Á §�¦5¦�¸e¬µ´|«bPq¹5©Z¶�«z»�©T¦�¸��r§TÆe§¯¦o«I§�¥`²l©T¦;¹\Æ ® sT¦pÃc¥WÃ \ ¬µ¦Ô§�¥`¦;¹R¦x¸e§�´�ªp¬µ¦ \ §¯´DÃ9¥­§¯´¯§¯¦FÇ



�I¦g«Â§�Ãc´¯¹p«¼¥v¬µ¦ �����2�

�ÔUWV@apX&]�Lcn5UWicX&]�J0LNMPm5noX&MPYWXZiNu5]5icX&]�tvLNY`iTV.jDLNtvLNM7V

 �S�T��á �¡�¢¼£�� �2½&«
R
¸e§�´���¬R¦ \ §�´7Ãp§¯¦5Å&´¯¹e¸N¥z©N½�¸e§¯½��r§TÆe§¯¦o«I§�¥`²­§�½Ô©T¦�¸ ρ := 1

r

¸e§�´���¬µ¦o»
\ §¯´DÃ5§�¦5ÅZ´�¹p¸N¥z©N½B¸e§�´lÅc©T³ Pq¹p©|¶�«D«I§�¥`²5Ãp§ ®�� ´�§�¦x¸e§�¦ zq§¯¥ ® § ∑∞

n=1 a−nζ
n,
½�¬qªp¬µ¦ \ §¯´DÃ9¥­§¯´Z«$¸N¥v§

� ��������
���»>zq§¯¥ ® §�¥W¦á¸e§�³Ò¬µÄx§�¦g§�¦���´�§�¥s½D´P¥W¦5Ã r < |z| < R
¹5ÆT½¯¬µ²z©5«x©N¦�¸@²v¬µªT¹R²NÃc²v§�¥�¾ ® ³"sR°N¥WÃ À¹p©N°e§�´ ® ¹T²zÆ�¸e§�½q¹5ÆRÃp§¯½&¾ ® ²v¬R½P½�§¯¦o§�¦ z�¥`¦pÃp§�½ r ≤ |z| ≤ R
¸c¥ \ §�´7Ãc¥v§�´|«l½D¥v§RÇ �I¦Ó¸e§�³���´�§�¥s½D´P¥W¦5Ã

½Z«Â§�²`²z«'¸N¥v§ zq§¯¥ ® §�§�¥`¦o§�¹T¦;¹R²�ºx«¼¥s½�¾ ® §#¨F©T¦5ªg«¼¥v¬µ¦	¸e¹R´ À ¸e§¯´¯§¯¦ N{ÆR²v§�¥z«D©T¦5Ãh¸\©T´Z¾ ® Ãc²`¥­§µ¸ Á §�¥s½�§�½Lq¥WÄx§�´�§�¦5ÅZ¥­§¯´¯§¯¦Ô§¯´ ® ¹R²z«Â§�¦ Á ¥`´&¸;Ç
Ü�XZjDV7U`HbH#XZ]�^�UWM.]\Ley�[�XZUW]5X � VPQTHbH#tvu5]5O9VPUWLc]�}ZuËapX&M.QNupt

r < |z| < R
apX&É\]5U`X&M7V7XZ]��\u5]5O9�

V7U`LN]

f(z) =

∞
∑

n=−∞

anz
n.

	�ge;�;
	 @�` * =K*-,
a−1 = 0 :�rQT]5]�Usj2V|w\a5QbapX&M.�$X&MPH tvm5M

n = −1
tvX&[\Y�V|w\LT�gX&]en\QNM

F (z) =

∞
∑

n=−∞

an
1

n+ 1
zn+1.

X&U`]5X(^BLc[5Y`a5X�É\]5U`X&M7V7X
� ��������
��;�IÑ�X&U`[5Xcw;apU`X{XZn;XZ]pt¼QTY`Y`j�QNupt
r < |z| < R

OcLN]e�NXZM7icUWXZMDV�u5]\a
apXZM7XZ]h�vicYWU`XZap^�X&Usj7X{iNXZn5U`Y`apX&V7Xµ�.Î.n\YWXZU�VPu5]5i�iNX&M�QNa5X

f
U`jDVZ� � LcHbU�Vr[\QTnoX&]�^�UWMrUW]�apUWX|jDXZMrQNupt

apXZH icQN]5}&XZ]���MPX&UsjDMPUW]\i
r < |z| < R

a5X�É\]5U`X&M7V7XZ]��\u5]5O9V7U`LN]�X&U`]5X � V�QTHbH#tvu5]5O9V7U`LN]�iNX&tvu5]p�
apXZ]x�
	�ge;�;�� @�` * =K*-,

a−1 6= 0 :�rQT]5]�Usj2V
f(z) =

∞
∑

n=−∞,n6=−1

anz
n + a−1

1

z

u5]\a

F (z) =
∞
∑

n=−∞,n6=−1

an
1

n+ 1
zn+1 + a−1

Y`]
z

Usj2V.XZUW]5X � VPQNH#H#tvu5]\OcVPUWLc]x�;�qU`X'Ñ�X&U`[5X'OcLN]e�NXZM7icUWXZMDV�^�UWX|apX&M.U`]ÔapX&H �NLcYWY`X&]���MPX&UsjDMPUW]\i\wpapX&M
�xLcicQNM7UWV7[5H(u\j�U`jDV@QTnoX&M�]eu5M.QNupt0apX&M�icXZjPy�[5YWUWV7}&V7XZ]�kEn;XZ]5X'QT]\QNYWÊ9VPU`jPy�[�u\]\a�HbQcy�[9V�QN]ÔapX&H
� y�[5Y`UWV7}�X&U`]5XZ] � S\M7u5]\i�UW]�apX&M Þ ~N[\Xr�cLN] 2πi.

�qQNHbU�V�tvLcYWiNVZ�
�qUWX|jDX��5u\]5O9V7U`LN]

F (z)
Usj2V'QTu5t�apXZH iNX|j7y�[5Y`UWV7}�VPX&]���M7XZU`j7M7U`]5i

r < |z| < R,−π < ϕ < πX&U`]5X � V�QTHbH#tvu5]5O9V7U`LN]b}&u
f.
Î@]#apXZH � y�[\YWUWV7}�H�QNy�[9V

F
X&U`]5XZ] � S\M7u5]\i�a5X&M Þ ~c[5X a−1 ·2πi.�ËQN]�]5XZ]5]9V

a−1 ∈ C
a5QcjlÚDÑ�X|jDUsapu5u\H{Û'apXZM � ��������
��;�IÑ�X&U`[5Xc�


 +B3p<����\-$354DCE+
���c�����v�Z���;�	 �¡�¢�£;£	¤E½@½�§¯¥

G ⊂ C
§�¥`¦��@§RÆR¥v§µ« À γ : [t0, t1] → G

§�¥`¦�¥`¦
G \ §¯´7²­¹p©T¿�§¯¦�¸e§¯´½Z«Â§µ«�¥�Ã�¸N¥WÄx§�´�§�¦\Å&¥v§�´µÆN¹R´�§�´}Q�§PÃ�©T¦x¸

f : G→ C
½&«I§µ«¼¥WÃoÇ Lr¹T¦5¦�§�´Pªe²KsT´Z«g³á¹R¦�¸e¹T½�±sªe¬R³�¶�²­§)Y\§

�b©T´ \ §¯¦5¥W¦g«I§PÃc´¯¹R² · ¸\©T´Z¾ ®
∫

γ

f(z)dz :=

∫ t1

t0

f(γ(t))γ′(t)dt.

�qUWX|jDXá�qX�É\]\U�VPUWLc]ÓU`jDV{jDL�icX&H�QNy�[9VZwxa\QT�Ëj7U`y�[×a5QNj'GI]cVPX&icMPQNY0]5U`y�[9V{�N]\apX&M7VZw�^�X&]\]�H�QN]�}Zu
X&U`]5XZM�QT]\a5X&MPX&]	�0QTM�QTHbX�VPM7UsjDU`X&MPu5]5i×apX|j���XZiNX|j�m5noX&MPiNX&[9V|wEQTnoX&M�a5UWXË�qu5M�y�[5Y`QNuptvMPU`y�[9V7u\]5i
noX&U`n;XZ[\�TYWVZwla5QNiNXZiNX&]Ùa5QNj#J0LNMP}&XZU`y�[\X&]Ù�N]\apXZMDV|w�^�X&]\]ÙH�QT]_apU`X��qu5M�y�[5YsQTuptvMPU`y�[9VPu5]5iÕu\H(�
ONXZ[5M7VZ�
�5XZM7]\X&M�iNU`YWV�^�U`XZa5X&M.apU`X'Î.n\jPy�[\�TV7}&u\]5i
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 �S�T��á �¡�¢¼£�J
∣

∣

∫

γ

f(z)dz
∣

∣ ≤ C · L(γ),

Á ¬pÆp§�¥ L(γ)
¸c¥­§ w�sT¦pÃp§�¸e§¯½ �I¦g«Â§�Ãc´¯¹p«¼¥v¬µ¦;½ Á §PÃ5§¯½�©T¦x¸ C §�¥`¦o§ N{ÆT½&¾ ® s5«¼ÅN©N¦pÃ(¿�|T´ |f(z)| ¹p©T¿¸N¥v§¯½¯§�³ Qá§�Ãb¥s½Z«7Ç

klU`]�tvm5M@QTY`Y`XZj�^�X&UWV7X&MPX�jDXZ[5M�^�Usy�[cVPUWicXZj�Ü�X&UsjDS\UWXZY�U`jDV�tvLNY`iNXZ]\apXZj

B#�9�,+����¼� �l �¡á¢¼£5UML�§�´�Qá§�Ã
γ
½¯§�¥@Ãp§PÃ5§RÆp§�¦>¸\©T´Z¾ ® γ(t) := r(t)eiϕ(t), t0 ≤ t ≤ t1,

Á ¬pÆp§�¥ r, ϕ ½Z«Â§µ«�¥�Ã�¸N¥`Ä�§¯´¯§¯¦5Å&¥v§�´µÆN¹T´(©T¦x¸�½Z«Â§R«�½ r(t) > 0
½¯§�¥ÂÇALr¹T¦5¦ \ §�´P²�sp©T¿I« γ(t) Ãe¹T¦5Å{¥`¦

G := C \ {0}. N.²s½¯¬'¥s½Z«
∫

γ

1

z
dz =

∫ t1

t0

1

r(t)eiϕ(t)

(

r′(t) + ir(t)ϕ′(t)
)

eiϕ(t)dt

=

∫ t1

t0

(

r′(t)

r(t)
+ iϕ′(t)

)

dt

=
Y`]
r(t)

∣

∣

t1

t0
+ i

(

ϕ(t1) − ϕ(t0)
)

.

G2jDV�a5X&M���X&i#iNXZjPy�[5Y`LcjPjDXZ]xwea�� [F�
γ(t1) = γ(t0),

jDL#U`jDV
r(t1) = r(t0)

u5]\a
eiϕ(t1) = eiϕ(t0)QTYsj7L

ϕ(t1) = ϕ(t0)+2νπ,
^BLcn;XZU

ν ∈ Z
icX&M�QNapX0QN]5iNU`npVZw&^�UWXlLNt­V$apU`XE��u5MP�NX0apXZ]'È.u5Y`YWS\u5]5O9V

X&]9VPiNX&icX&]�apX&HÍÐ.[5MP}&XZUWicX&M�jDU`]5]�u5HbY`QNuptvX&]�[\QTVZ�p�,U`M.[\QTnoX&]�j7LNHbU�V

� Sp� C G���m,���9�����v�|�¼�o�Ù �¡á¢¼£�n u$³b²Ks5©T¿I«�¸e§�´�Ã5§¯½&¾ ® ²­¬T½7½¯§�¦g§�¦ Q�§PÃ γ ¸e§�¦ �{©T²`² ¶�©N¦5ªg«gÃp§�»¦;¹5©
ν
³á¹R²��

ν ∈ Z �ZÀ ½�¬{¥s½&«
∫

γ

1

z
dz = 2πiν.

^ ¹T¦�¦o§¯¦5¦g«�¸9¹ ® §�´@¹p©5¾ ® ¸N¥v§@Ãe¹T¦5Åµ§}Z�¹ ® ²

νγ(0) :=
1

2πi

∫

γ

1

z
dz

¸N¥v§{±/u$³b²s¹5©T¿v½DÅµ¹ ® ² · ¸e§�½�Ãp§�½�¾ ® ²­¬T½7½¯§�¦o§¯¦vQ�§PÃp§�½
γ
©T³ ¸e§�¦ �'©T²`²�¶�©T¦5ªg«7Ç

q ¥`¦5¦pÃ5§�³"sR°Ó§�´Pª9²�sR´|«@³á¹T¦ ¸N¥v§ uF³b²s¹5©T¿v½7Å|¹ ® ²­§¯¦ ©T³ §¯¥W¦g§�¦t_.©T¦5ªg«
z0

|\Æp§�´�¸e¹T½ �I¦o«I§PÃ9´�¹T²
∫

γ
1

z−z0
dz
Ç

�qUWX|jDX�GI]9V7XZiNM�QTY`XqORQN]5]�H�QN]�QNY`j7LbQTY`YWXZUW]�m5noX&M.a5Qcj�Î.]\jPy�[\QNu5X&]�apX&M.��u\M7�cXrnoXZjDV7U`HbHbX&]x�

B#�+Cc�e�>DFE$��G��IHÓ �¡�¢¼£(� uF³ ¸e§µ©\«¼²`¥¼¾ ® Åc©Ô³�¹p¾ ® §�¦ À ¸9¹R°×§¯½'½7¥¼¾ ® ©N³ ¸9¹N½ �I¦g«Â§�Ãc´¯¹R² |\Æp§�´§�¥`¦o§¯¦�Ã5§¯½&¾ ® ²v¬R½P½�§¯¦o§�¦vQ�§PÃ ® ¹R¦�¸e§¯²�« À�\ §¯´ Á §�¦�¸p§µ«�³á¹R¦Ô¹p©p¾ ® ¸9¹T½ q ºp³�Æe¬R²
∮

γ

f(z)dz.

�rQNj�OcLNHbS5Y`X�dpXá��u5MP�NX&]\UW]9V7XZiNM�QTY�Usj2V'm5noX&M(X&U`]×M7XZX&Y`YWX|j�GI]9V7X&icMPQNYlapX�É;]5UWXZMDV(u5]\aÓj7LNHbU�V'noX��
ONLcHbH#XZ]�^�U`M��eU`Qb��X&VDV7XZ]5MPX&iNXZY

� Sp� CÔ �¡�¢�£ ���.§¯½7¥z«¼ÅN«@¸N¥v§'¹R¦o¹R²�º�«�¥`½&¾ ® §�¨F©T¦5ªg«¼¥v¬µ¦ f ¹p©T¿B§¯¥W¦g§�³ �@§RÆT¥­§R«
G
§�¥`¦o§ q «z¹T³#³á»

¿I©T¦5ªg«�¥­¬R¦
F,
½�¬'Ãc¥`²z«0¿�|T´�r�§|¸p§�¦�Ãe¹T¦5Åq¥`¦

G \ §�´P²s¹5©T¿�§�¦�¸p§�¦RQá§�Ã
γ : [t0, t1] → G

∫

γ

f(z)dz = F (γ(t1)) − F (γ(t0)).

�I¦\½|Æe§�½�¬R¦�¸e§¯´¯§ \ §¯´P½&¾ ®gÁ ¥W¦x¸e§µ«B¸N¥v§¯½¯§¯½ �I¦g«Â§�Ãc´¯¹R²g¿�|T´�r�§µ¸e§�¦�Ãp§�½�¾ ® ²­¬T½7½¯§�¦o§¯¦�½¯¬µ²�¾ ® §�¦RQá§�ÃoÇ
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B#�*)(�9�,+N��kEj�UsjDV
∫

γ

f(z)dz =

∫ t1

t0

f(γ(t))γ′(t)dt

=

∫ t1

t0

F ′(γ(t))γ′(t)dt =

∫ t1

t0

d

dt

(

F (γ(t))

)

dt

= F (γ(t1)) − F (γ(t0))

�

kEjlj7X&U5a\QTM�QT]#X&MPUW]5]\X&M7VZwTa5QN��a5UWX.�\u5]5O9V7U`LN] 1
z

QNupt�apX&Mlapu\MPy�[#��XZiN]5XZ[5HbX&]�apX|j0È.u5Y`YWS\u5]5O9VPj
S5u5]\OcVPUWXZMDVPX&]�kln;XZ]5X

G = C \ {0} T;�e�¼��� � �:S���� � G���T��|�¼�o�ÓnoXZj7U�VP}�VZwxj7LN];apX&MP]Ë]eu5M�QTupt
apXZMliNX|j7y�[5Y`UWV7}�VPX&]�klnoX&]\XN�cÐ@]\a�]\Qcy�[ � QRVP}�u5]\a��qX�É\]5UWV7U`LN]������`� ��UsjDVBa5QNjlGI]cVPX&icMPQNYpm5n;XZM 1

zm5noX&M�X&U`]5X&]�apX&]�È.u5Y`YWS\u5]5O9VBV�QRV�j7�cy�[5YWUsy�[�u5HbYsQTuptvXZ]\apX&]���XZi(QNu\y�[��NLc]�È.u5Y`Yg�NXZMPjPy�[5U`XZapXZ]x�
�qUWX#�@LcH{n5U`]\QRVPUWLc]ËapU`XZj7X&MqÎ@u\jPj7QNiNX&]ÔY`U`X�tvX&M7Vqu\]\j@XZUW]\X'X&M�j2VPX{J0XZMPj7UWLc]ËapXZjrj7LNi\�;Ñ�XZj7U`a5u5X&]p�
jPQRV7}ZXZjZ�

� Sp� CÔ �¡�¢�£�� �2½Z«
f(z) =

∑∞
n=−∞ anz

n
§�¥`¦o§{¥W¦Ù¸e§¯³ ��´�§�¥s½D´P¥W¦5Ã

r < |z| < R
ªe¬µ¦ \ §�´¯»Ãp§¯¦g«Â§�� ��������
���»>zq§¯¥ ® §r©T¦�¸{¥s½Z« γ §¯¥W¦�Ãp¹R¦5Å�¥`¦�¸N¥v§¯½¯§�³ z�¥`¦pÃ \ §�´P²s¹5©T¿�§�¦�¸e§¯´0Ãp§�½�¾ ® ²­¬T½7½¯§�¦o§¯´Q�§PÃ À ¸e§�´�¸e§¯¦ �{©T²`² ¶�©N¦5ªg«0Ãp§¯¦;¹p© νγ ³á¹R²0©T³b²�sp©T¿I« À ½¯¬{¥`½Z«

∮

γ

f(z)dz = 2πi · νγ · a−1

L�¹5Æp§�¥x¥s½&«
a−1
¸p§�´�¸9¹N½ zq§¯½7¥�¸\©5©T³ ¸e§�´ zq§¯¥ ® §�Ã5§�¦;¹T¦5¦g«Â§ ��¬9§��bÅ&¥v§�¦g« \ ¬µ¦ z−1.

B#�*)(�9�,+N���,U`M.}&XZM7Y`X&icX&]

f(z) =

∞
∑

n=−∞,n6=−1

anz
n + a−1

1

z

u5]\aËUW]9V7XZiNMPUWXZM7XZ]ÔX&U`]5}&XZYW]F�o�qX&MrYWU`]5OcX(�$X&U`Y$noXZj7U�VP}�VrX&U`]5X � V�QTHbH#tvu5]5O9V7U`LN]�UWHÖÑ�U`]5i;woj7LNHbUWV
�NXZMPjPy�[e^�UW];apX�V�a\QNjáGI]9VPX&iNM�QTYqY`�N]5icj�u5]\j7X&MPXZj�iNXZjPy�[5Y`LcjPjDXZ]5X&],��X&icXZjZ�B�rQNj�GI]9V7X&icMPQNY@m5noX&M
a−1

1
z

[\QNn;XZ]�^�U`M.U`] � QTV7}�u5];a��qX�É;]5U�VPUWLc]Ô�����`� �bnoX&MPXZy�[5]\X�VZ�
�

��m5MrX&U`]5X&]�iNX&^�~N[\]5YWUsy�[5XZ]Ë��M7XZU`j |z| = r1
HbUWV

r < r1 < R
Usj2V�apU`X(Ð.HbYsQTupt¼j7}ZQN[5Y�iNXZMPQcapX

= 1.
�qQTtvm5M�Usj2V@a5QN]5]ÔQTYsjDL

∮

|z|=r1

f(z)dz = 2πia−1
LpapXZM

a−1 =
1

2πi

∮

|z|=r1

f(z)dz,

^�QNj�apXZ]�ÈqQTHbX&]áÚ7Ñ�XZj7U`a5u5u5H(Ûb��� a5Qcj&wp^�QNj�m5n\M7U`iNn5Y`X&U`npV¯��X&MPO9Ys�TM7VZ�

�qUWX|jDX�icQN]5}&XZ]$!.noX&MPYWXZiNu5]\iNX&](n5Y`X&U`n;XZ](MPU`y�[9VPUWi;wZ^�X&]5](H�QT](QNu\y�['��X&icXB}Zu5Y`�N�TV|wµa5UWX�X&]\a5YWUsy�[
�eUWXZYWXEÚDkEy�OcX&]eÛ�[\QTnoX&]bLpapX&MlQN]\apXZMPj�icXZjPQTiTV|wRapUWX.QNu\j0XZ]\apY`U`y�[#�eUWXZYWXZ]#icY`QTVDVPX&]��FXZUWY`X&]b}Zu\j7QNH#�
HbX&]5icXZj7X�VP}�V.jDU`]\a�� � UW]\a

γ1, ..., γk
j7LNYsy�[5Xq��X&i9j2VPm\y�ONXcwpjDLbjDX&V7}&V.HbQN]�tvm\M.apUWX�J0XZM7XZUW]5U`iNu\]5i

QTY`Y`X&M.apXZ]���X&i
γ := γ1 + ...+ γk

u5];a�XZM7OeYs�TM7V�a\QRtvm5M
∫

γ

f(z)dz :=

∫

γ1

f(z)dz + ...+

∫

γk

f(z)dz.

�5XZM7]\X&M�Usj2V�tvm5M��2X|apX&]���X&i
γ
�DQ
∫

γ

f(z)dz = −
∫

−γ

f(z)dz,
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^�LNnoX&U −γ apX&]�MPm\y�Oe^��NMDV�jBa5u5MPy�[\Y`QNuptvX&]5XZ]���X&i�noX&}ZX&Usy�[5]5X&VZ�\�rQRtvm5M�UsjDV@a5QT]5]�QTYsj7L
∫

γ+(−γ)

f(z)dz :=

∫

γ

f(z)dz +

∫

−γ

f(z)dz = 0,

j7Lea\QT�×a5QNj�kEUW]ptvm\iNX&],j7LNYsy�[5X&Mb[5U`]	u5]\a_[5XZM�apu5M�y�[5YsQTuptvXZ]5X&Mb��X&iNXËa\QNjáÝrXZjPQTH{V7U`]9V7X&icMPQNY
]5Usy�[9V@�T]\apXZMDV|�
�rQTHbU�V0ORQT]\]#H�QN]{X�V2^�QqH#XZ[5MPX&MPX�a5U`j¼�2u5]5O9V0YWU`X&icX&]\a5X���MPX&Usj7X Ì LpapX&M0QTY`Y`iNX&HbXZUW]5XZM�iNXZjPy�[5Y`LcjD�j7X&]5X���X&iNX Ì apu\MPy�[#klU`]ptvm5iNXZ]b�NLN]bÝrX&M�QNapXZ]\jDV7m\y�OcX&]xwRapU`X�H�QT]q�2X�X&U`]5H�QTY5U`](noX&UsapXZ]bÑ.U`y�[p�V7u\]5iNXZ]�apu\MPy�[5Ys�Tu5t­VZwe}&u�X&U`]5X&H�X&U`]5}&U`iNXZ]�iNX|j7y�[\YWL9j7j7X&]5XZ]á��X&ibONLcH{n5U`]5U`X&MPX&]x�e�qQcj�GI]cVPX&icMPQNY
m5noX&MáapU`XZj7X&]_��X&i×U`jDV�a5QN]5]ÙicYWXZU`y�[_apX&M � u5HbH#XËa5X&MbGI]9V7X&icMPQNYWX�m5noX&MáapU`X�u5M�jDS5MPm5]5icYWUsy�[
iNXZiNXZn;XZ]5X&]���XZiNXc�
�,U`M.ONLcH#HbXZ]�]eu5]�}&uÔapXZH�}&XZ]9V7M�QTY`X&]�GI]9VPX&iNM�QTYsjPQRV7}r�NLc] �����! 	 #"E�
���c�����v�Z���;�	 �¡�¢�£ � ¤E½(½�§¯¥

f : G → C
¹R¦;¹T² ºx«¼¥s½&¾ ® Ç�Lr¹T¦5¦ ® §¯¥W°;«�r�§|¸e§¯´$_.©N¦5ªg« \ ¬R¦ G±s´¯§�Ã;©T²�sR´ ·¼À r�§|¸p§�´ _.©N¦5ªg« /∈ G

±s½7¥W¦5Ã;©T²�sR´ · Ç¤l¥`¦ _.©T¦5ªg«
z0 ® §�¥`°\«#±s¥`½¯¬µ²`¥v§�´|«Â§�´�½7¥W¦5Ã;©T²�sR´�§�´�_.©T¦5ªg« · ¬5¸e§¯´�±`¥s½�¬R²W¥v§�´|«Â§ q ¥`¦pÃ;©N²s¹T´7¥z«fs5« ·"\ ¬µ¦

f, Á §�¦5¦�§�´á½¯§�²ÂÆT½Z«�½7¥`¦pÃ;©T²�sR´b¥s½&« À ¹R²s½�¬ /∈ G,
¹5Æp§�´�§�¥`¦o§ ® ¥`¦5´�§�¥�¾ ® §�¦�¸×ªe²­§¯¥W¦g§(¶0©T¦5ªg«¼¥v§�´|«Â§��´�§�¥s½7½&¾ ® §�¥ÂÆp§ {z ∣

∣ 0 < |z − z0| < ρ} Ãe¹T¦5Å�¥W¦ G ²`¥v§PÃ;«PÇ
B#�9�,+����¼� �l �¡á¢¼£��MLq¥v§�¨x©T¦5ªg«�¥­¬R¦

f(z) =
Y`]
z + 1

2−z

¥s½&«x¹T¦;¹R²�ºx«¼¥s½�¾ ® ¹p©T¿F¸e§�´lÃp§¯½&¾ ® ²`¥�«�ÅN«I§�¦¤@Æp§�¦o§�¬ ® ¦o§�¸p§�¦$_@©T¦5ªg« z0 = 2.
L@¥v§¯½¯§�´�¥s½&«x§�¥`¦{¥s½�¬R²W¥v§�´|«Â§¯´�½7¥`¦pÃ;©T²�sR´�§�´�_.©T¦5ªg« À ¹T²W²v§B¹R¦�¸e§¯´¯§¯¦½7¥W¦pÃo©T²�sR´�§�¦]_@©T¦5ªg«Â§�½7¥`¦�¸#¦\¥¼¾ ® «0¥s½�¬R²W¥v§�´|«7Ç

GI] � QTV7}{�����`� �b[\QTVDV7XZ]Ô^�UWMqapUWX{k0dpU`jDV7XZ]5}'X&U`]5XZM � V�QTHbH#tvu5]5O9V7U`LN]ÔicX�tvLNM�apXZMDV|w5u5H�QTuptla5Qcj
J0X&M�jPy�[9^�U`]\apXZ]��cLN]�GI]9V7X&icMPQNYWXZ]�m\n;XZM�iNXZjPy�[5Y`LcjPjDXZ]5X&]���u5MP�NX&]�jPy�[5YWU`X&�cX&]�}&u�ON~c]5]5XZ]x�5�@U`XZj
ON~c]5]5XZ]�^�U`M�]eu5]Ôapu5M�y�[�XZUW]5X�J0LcMPQNu\jDX&V7}Zu5]5i�QT]�apU`X'��u5M7�cXqXZMPj7X�VP}&XZ]x�
���g�|�+H�	eS ��+:Sp�:C��;�o�����
	���
��  �¡�¢�J � ¤E½�½¯§�¥

f : G → C
¹R¦;¹T² ºx«¼¥s½&¾ ®�À γ §¯¥W¦g§�Ã5§¯½&¾ ® ²­¬T½P»½¯§�¦o§ �b©T´ \ §@¥`¦ G, ¸N¥v§rªp§�¥`¦o§�¦�¦5¥�¾ ® «0ÅN© G Ãp§ ® � ´P¥�Ã5§�¦ À ¹R²s½¯¬#½D¥`¦pÃ;©N²KsT´¯§¯¦ À _.©T¦5ªg«.©N³#²�sp©N¿I« À¿�|T´�¸c¥­§r¹R²s½¯¬�¸c¥­§ u$³#²­¹p©N¿v½7½7Å|¹ ® ² νγ(z) = 0

¿�|N´�r�§|¸e§�½
z ∈ C \G. L�¹R¦5¦�¥s½&«

∮

γ

f(z)dz = 0.

J0LNH B#�*)(�9�,+�j7X&UB]9u\M{apU`X Þ QNu5SpVPU`apXZXáX&MP^��T[5]9VZ�FkEj(j7X&UBX�V2^�Q γ apXZM(Ñ.QN]\a×X&U`]5XZjbÏqu\QR�apM�QRVPXZj�HbU�V � XZU�VPX&]5Ys�T]\iNX
`,
a5QNj��cLNY`Y`jDVP�N]\apU`i{U`HÍÎ@]\QTY`Ê9V7U`}&UWVP�RV�jDicX&n5U`X�V

G
�NLN]

f
Y`UWXZiTV|�p�,UWM

u5]9V7XZMDVPX&U`YWXZ]ÕapU`XZj7XZj�Ïqu\QNapM�QRV@tvm5ME�2X|apXZj
n ∈ N

UW]
n2 �eUWXZYWX(OeYWXZUW]5X�Ïqu\QNa5MPQTV7X'apXZM � XZU�VPX&]p�Ys�T]5icX `

n

u5]\a�^�X&]5]�HbQN]�QNYWY`X�apU`XZj7X�Ïqu\QcapM�QRV7M��T];apX&M�X�V2^�Q{SoLcj7UWV7U`��apu5M�y�[5Ys�Tupt­V|w5jDL#U`jDV.apU`X
� u5HbHbXáapXZM'GI]9V7X&icMPQNYWX#m5noX&M{QNYWY`XáapU`XZj7X�Ïqu\QNapM�QRVPMP�N]\apXZMqicYWXZU`y�[×apX&H GI]9V7XZiNM�QTY�m5noX&M{apXZ]
u5M�jDS\M7m5]\iNY`U`y�[5XZ]���X&i

γ.��m5MlapXZ](Ñ.QN]\a
γn
XZUW]\XZj�jDLcY`y�[\X&]{OeY`X&U`]5X&]áÏqu\QcapMPQTV7X|jFHbUWV � X&UWV7X&]\Y`�N]5iNX `

n

ORQN]5](H�QN](a5QN]5]
tvLNY`iNXZ]\apXZM7H�QT�cX&]�jPy�[5YWU`X&�cX&]x�ckEj�jDXZU

z0
apXZM �ËU�V7V7X&Y`S5u5]\OcV�apX|j@�vOeY`X&U`]5X&]o��Ïqu\QcapM�QRV7X|j&�c�qQN]5]

Usj2V�tvm5M
z
QNupt

γn
�DQ

f(z) = f(z0) + (z − z0)f
′(z0) +R(z − z0),

^�LNnoX&UxapXZM.Ñ�XZjDV@QTn\jPy�[\�TV7}&n;QTM�U`jDV.apu5M�y�[
∣

∣R(z − z0)
∣

∣ ≤ C · `
n
· ε( `

n
),
^�LNnoX&U

ε(t) → 0
tvm\M

t→ 0.

�rQTHbU�V.UsjDV
∮

γn

f(z)dz =

∮

γn

(

f(z0) + (z − z0)f
′(z0)

)

dz +

∮

γn

R(z − z0)dz.



�I¦g«Â§�Ãc´¯¹p«¼¥v¬µ¦ �������

�qUWXqYWU`]5XZQNM7Xq�5u5]5O9VPUWLc]�[\QTVEX&U`]5X � VPQTHbH#tvu5]5O9VPUWLc]xwpjDLcH#UWVB�cX&M�j7y�[e^�U`]\apX&VlUW[5M�GI]9V7XZiNM�QTY5m5noX&M
apXZ](icXZjPy�[5YWL9j7j7X&]\X&]{��X&i

γn,
a5QNj�GI]9VPX&iNM�QTYem5noX&Mla5X&]�Ñ�XZjDVlj7y�[;�RV7}&V0HbQN](];QNy�[b�\QTO9Vl�����W�F�

QTn�apu5M�y�[
∣

∣

∣

∣

∮

γn

R(z − z0)dz

∣

∣

∣

∣

≤ 4 · `
n
·
(

C · `
n
· ε( `

n
)

)

= C1 ·
1

n2
· ε( `

n
).

� u5HbHbU`X&M7V�H�QN]�QNYWY`X�GI]cVPX&icMPQNYWXqm5n;XZM.apU`X
n2 �eU`X&Y`X&]�O9Y`X&U`]5XZ]ÔÏqu\QcapM�QRV7M��T];apX&M|wcj7L{t¼�NYWYWV.apX&M�\QNO9V7LNM 1

n2

[5X&M�QTu\jZw�QTnoX&MbapX&Mb�FXZM7H
ε( `
n
)
n5Y`X&U`npVbu5]\ahiNX&[9V#H#UWV

n → ∞ j7X&Y`n\jDV(icX&iNXZ]È.u\YWYzw\j7Lea\QT��a5QNj�i9QT]5}ZXqGI]9VPX&iNM�QTYzwpa5QNj��DQb]\U`y�[9V��NLc]
n
QTn5[;�T]5iNVZwp�NXZMPjPy�[e^�UW];apX&]áH(u5�\�

GI]9V7XZM7X|j7jPQT]9VE^�U`MPaáXZjB]9u\]xwc^�X&]\]á^�UWM�HbU�V�apU`XZj7X&H � QTV7}@GI]9VPX&iNM�QTY`X.m5noX&M���X&iNXqn;X|QTMPn;XZU�VPX&]xw
apU`X'apLpy�[ � UW]5icu5YsQTMPU�V��RV7XZ]�u\H#YsQTu5tvX&]x�
fou5];�Ny�[\jDV
���c�����v�Z���;� G���m � Sp�:C� �¡á¢KJx£ �2½Z«

f
¹T¦;¹R²�ºx«¼¥s½�¾ ® ¥`¦�¸p§�´E¶�©T¦\ªo«�¥­§¯´Z«I§�¦ ��´�§�¥s½7½&¾ ® §�¥ÂÆp§

Gz0 := {z
∣

∣ 0 < |z − z0| < ε},
½¯¬'¥s½Z«0¿�|T´

0 < r < ε
¸9¹N½ �I¦g«Â§PÃ9´�¹T²

∮

|z|=r

f(z)dz

©T¦;¹\Æ ® sT¦pÃc¥WÃ \ ¬µ¦ r. ^ ¹T¦�¦o§¯¦5¦g«

Ñ�XZj
z0 f :=

1

2πi

∮

|z|=r

f(z)dz

¸9¹N½�±Kzr§¯½7¥¼¸\©\©T³ · \ ¬R¦ f ¹T¦ z0. �2½&« f ¸\©T´Z¾ ® §�¥`¦o§ � ��������
��g».zq§¯¥ ® §@Ã5§PÃ5§RÆp§�¦ À ½¯¬#½&«�¥W³b³�«¸N¥v§¯½�³b¥z«�¸e§�´@¹T²�«I§�¦ �.§�Åµ§¯¥¼¾ ® ¦o©N¦pÃ |\Æe§¯´¯§¯¥W¦$Ç
B#�*)(�9�,+N� � U`]\a

0 < r1 < r2 < ε,
j7L�LcM7U`X&]9V7U`X&MPX{H�QN]�apXZ]ÕiNMP~N�cX&MPX&]Ô��MPX&Usj@SoLcj7U�VPUW�gw�apXZ]

OeYWXZUW]\X&MPX&]�]5XZicQRVPUW�#u5]\aá�NX&MPn5U`]\apX.noX&UsapXrapu5M�y�[�X&U`]áUW]�n;XZU`apXZ]�Ñ�Usy�[9V7u5]5icX&]áapu\MPy�[5YsQTu5tvX&]5X|j
ÝrX&M�QNa5X&]\jDV7m\y�Og�N�rQT]\]áU`jDVltvm5M$�2XZa5X&]��lu5]\OcV�QTu\�NX&MP[\QNYWn#�NLc]

Gz0
wcUW];jDnoXZj7LN]\a5X&MPX.QTYsjDL{QNu\y�[

tvm5MlapXZ]�Ú&�ÔUWVDVPX&Y`S5u5]5O9V2Û
z0
}Zu�apUWX|jDXZH ��XZi

γ
apUWX�Ð@H#YsQTu5t¼jD}|QT[5Y

νγ = 0.
�rQTHbUWV�ORQN]5](H�QN]

apXZ] �����! 	 #"$� � QTV7}#QT]e^BXZ]\apXZ]Ëu5]\aÕX&MP[\�TYWVZw�a5QN��apU`X(noX&UsapXZ]�GI]9V7XZiNM�QTY`X'm5noX&M�apU`Xbn;XZU`apXZ]
]eu5]#�2X&^�X&U`Y`j�SoLcj7UWV7U`��LNMPU`X&]9V7U`X&M7V7XZ]���MPX&UsjDXrm5noX&MPX&U`]\j2VPUWHbHbX&]F�

�

�rQTHbU�V.OcLNHbHbX&]�^�UWM�}ZuÔapX&HÍiNX&M�QNa5XrQNu\y�[�tvm\M.apX&]��l[eÊpjDU`ONXZM�^�U`y�[9VPUWicX&]
��� +|�>mIG$�e� + S5� C� �¡�¢KJ	J ¤E½@½¯§�¥

G
§¯¥W¦ �@§TÆR¥­§R« À ¸9¹R´P¥W¦Ô½¯§�¥v§�¦ z1, ..., zn ∈ G

§¯¦�¸N²`¥¼¾ ® \ ¥­§¯²­§_.©T¦\ªo«I§�©T¦�¸
f : G \ {z1, ..., zn} → C

¹T¦;¹R²�ºx«¼¥s½�¾ ® Ç � f ® ¹5«�¹T²`½¯¬�¸c¥­§'¥`½¯¬µ²`¥v§�´|«Â§�¦ q ¥W¦5Ã;©T²­¹N»´P¥�« sp«Â§¯¦
z1, ..., zn. � �2½&«�¸e¹R¦5¦ γ §¯¥W¦�Ãp§�½�¾ ® ²­¬T½7½¯§�¦o§¯´$Q�§PÃ À ¸e§�´.Ãe¹R¦\År¥`¦ G \ §�´P²�sp©T¿I« À ªe§�¥`¦o§¯¦¸e§¯´ _@©T¦5ªg«Â§

z1, ..., zn
«¼´P¥`Ä$«�©T¦�¸bªe§¯¥W¦g§�¦�¹5©T°e§¯´ ® ¹R²ÂÆ \ ¬R¦ G Ã5§�²v§PÃ5§�¦o§¯¦�½D¥`¦pÃo©T²KsT´¯§¯¦"_.©T¦\ªo«©T³b²�sp©T¿I« À ½�¬{¥s½&«

∮

γ

f(z)dz = 2πi

n
∑

k=1

νγ(zk) ·
Ñ�XZj

zk
f,

Á ¬pÆp§�¥ Á ¥v§|¸e§¯´ νγ(zk) ¸c¥­§}u$³b²s¹5©T¿v½DÅµ¹ ® ²c¥`½Z« À ¹R²s½�¬�¹T¦pÃc¥ÂÆp« ÀcÁ ¥v§0¬µ¿I« γ ¸p§�¦ _.©T¦\ªo« zk ©T³b²Ks5©T¿I«7Ç
B#�*)(�9�,+N���,U`M@Y`X&iNXZ]�u\HÒ�2X|apX&]ËapXZM@j7UW]5icu5Ys�TMPX&]��lu5]5O9V7X{X&U`]5X&]Ôj7L�O9Y`X&U`]5XZ]���MPX&UsjZw5a5QT��XZM
ONXZUW]\X�^�X&UWV7XZM7XZ]hjDU`]5icu5Y`�NM7XZ]��lu5]\OcVPX�HbXZ[5MbX&]9V7[\�NY�Vbu5]\aÙ�NXZM7n\UW]\a5X&]Ô�2X|apX&]	��M7XZU`j#apu5M�y�[
X&U`]5XZ]�U`]

G
�cX&MPY`QNuptvX&]\a5X&]ÔÚ � VPU`y�[e^�X&iTÛ{H#UWV

γ.
�,U`M'XZM7[\QNY�VPX&]×a5QT]\]�XZUW]5XZ]�]\X&u5XZ]���X&i

γ̃U`]\apX&HÍ^�UWM
ß }&u5]\�cy�[\jDV�QNupt γ YsQTu5tvX&]xw5n\U`j�^�U`M.apXZ]�];�Ny�[\jDV7XZ] � VPU`y�[e^�X&i(V7MPX��gX&]xw
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���
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ß a5QT]5]�apXZ] � V7Usy�[9^�X&i#n5Usj�}&u\HÍ��MPX&UsjBu\HÍapU`X � U`]5iNu5YsQTMPUWVP�RV�icX&[5XZ]xw

ß a5QT]5]�apU`XZj7X&]Ô��MPX&Usj (−νγ(zk)) H�QTYB�¼QTYsj7L#u\H#icX&OcX&[5M7V����Ea5u5MPy�[\Y`QNuptvX&]xw

ß a5QT]5]�apXZ] � V7Usy�[9^�X&i#}&u\M7m\y�OeicX&[5XZ]�u5];a

ß QTupt γ ^BXZU�VPX&MBn5U`jB}&u\H ]\�Ny�[\jDV7XZ] � V7Usy�[e^BXZi��vn\}&^��pj7y�[\YWU`X&�cYWUsy�[�n5UsjE}&u\H � VPQNMDVPS5u5]5O9V��Y`QNuptvX&]x�
Î.u5t�apU`XZj7X&]���X&ibORQT]5]�H�QT]�]eu5]ÔapX&]������! 	 #"$� � QRV7}�QT]e^�X&]\a5X&]xw5j7Lpa5QT�

0 =

∮

γ̃

f(z)dz =

∮

γ

f(z)dz +

∫

����� �	��

����� f(z)dz +
n

∑

k=1

(−νγ(zk))
∮

��� ��� �����
zk

f(z)dz.

�qUWX � V7Usy�[e^BXZiNX�^�X&M�apX&]�[5UW]�u5]\aá[\X&MBa5u5MPy�[\Y`QNuptvX&]xwej7LNHbU�VBt¼QTY`YWXZ]áU`[5M7XqGI]9V7X&icMPQNYWX�^�X&i;wcu\]\a
apU`X�icQT]\}BMPXZy�[9VPj�jDV7X&[\X&]\apXZ](GI]9VPX&iNM�QTY`XBj7U`]\a.�DQrU`H ^�XZj7X&]9V7Y`U`y�[\X&](a5UWX�Ñ�XZj7Usapu5X&]F�R�,UWM0[\QNn;XZ]
QTYsj7L

∮

γ

f(z)dz =

n
∑

k=1

νγ(zk)

∮

��� ��� �����
zk

f(z)dz =

n
∑

k=1

νγ(zk) · 2πi ·
Ñ�XZj

zk
f.

�

�qX&Má�,UWV7}ËapU`XZj7XZj � QRV7}ZXZj�Y`U`X&iTVáa5QNM7U`]xwla5QN�×^�UWM��ËX�V7[\Lea5X&]	ONXZ]5]5X&]\YWXZM7]5XZ]Ù^�X&M�apXZ]xwlapU`X
Ñ�X|jDUsapu5XZ]�Lc[5]5XbGI]9V7X&icMPQTV7U`LN]�}&u�n;X|j2VPUWHbHbX&]x�$�qQN]5]�^�U`M�a�apXZM'Ñ�XZj7Usapu5X&];j7QTV7}#X&U`]��ÔUWVDVPX&Y
}&u\H ÜBXZM7X|y�[5]5XZ]��NLc]�GI]9V7X&icMPQNYWXZ]Óm5noX&MbiNX|j7y�[5Y`LcjPj7X&]5XZ]���X&icX&]Ùu5]\a�m\n;XZM#XZUW]\UWicX��$M7Usy�Opj
QTu;y�[Ù}Zu5H Ü�X&MPXZy�[5]\X&]_[\�T�cYWUsy�[5X&M#MPX&X&Y`Y`X&MbGI]9V7X&icMPQNYWXc��klUW]	XZMPjDV7X|jb^�U`y�[9V7U`iNX|jbÜBXZU`j7S5U`X&Y�tvm5M
X&U`]5X'Ñ�X|jDUsapu5XZ]en;XZM7X|y�[5]eu5]5i#U`jDV

� Sp� CÔ �¡�¢�J�U ¤E½@½�§¯¥
f
¹R¦o¹R²�º�«�¥`½&¾ ® ¥W¦ G ©T¦x¸ z0 ∈ G.

L�¹R¦5¦�¥s½&«

Ñ�X|j
z0

(

f(z)

z − z0

)

= f(z0).

B#�*)(�9�,+N���qUWX#�5u5]5O9VPUWLc]
g(z) := f(z)

z−z0

U`jDVqQN]\QTY`Ê9V7Usj7y�[ÔU`]
G \ {z0},

u5]\aËj7LNHbUWV@U`jDVq];QNy�[
�qX�É\]5UWV7U`LN]�u5];a � QRV7}'����� �p�

Ñ�XZj
z0

(

f(z)

z − z0

)

=
1

2πi

∮

|z−z0|=r

f(z)

z − z0
dz

u5]\a×}Z^�QNMrtvm5M.�2X|apXZj�[\UW]5MPX&Usy�[5XZ]\a�O9Y`X&U`]5XË�¼S;L9jDUWV7U`�NXµ�
r.
�@U`XZj7X�GI]9V7XZiNM�QTYsa5QTM�j2VPX&Y`YWu\]5i�ORQN]5]

H�QT]�u5H�j7y�[\M7XZUWnoX&]�}&u

1

2πi

∮

|z−z0|=r

f(z)

z − z0
dz =

1

2πi

∮

|z−z0|=r

f(z) − f(z0)

z − z0
dz +

1

2πi

∮

|z−z0|=r

f(z0)

z − z0
dz.

�,U`X�jPy�[5LN]	tvMPm5[5XZMÔQTu\j7iNXZM7X|y�[5]5X�Vá[;QRVÔa5QNj�icQN]5}ËMPXZy�[9VPj�j2VPX&[5XZ]\apX�GI]cVPX&icMPQNYqapXZ] ��X&M7V
f(z0).

�qQ
f
�DQ�U`]

G
QT]\QNYWÊ9VPU`jPy�[ÔU`jDVZw;U`jDVqX|j.U`]\j7n;X|jDLc]\apX&MPX�noX&U

z0
apUW�oXZM7XZ]5}&U`X&MPn\QTM|w\j7LNHbUWV

apXZM(GI]9V7XZiNM�QT]\ahapXZj(X&M�j2VPX&]ÙGI]cVPX&icMPQNY`j{M7X|y�[cV�j'noXZjPy�[5M��T]5O9VZ���qX&MbGI]9V7X&icMPQTV7U`LN]\j7^�X&iÔUsj2VbX&U`]
��MPX&UsjbH#UWV�Ñ.QcapU`u\j

r,
j7X&U`]5X �$�T]5icX�icX&[9V�QTYsj7L�HbUWV

r
j7X&Y`n\jDVáiNXZiNX&]	È.u\YWYz�E��X&icX&],�\QNOcV

�����W�F�(H{u5�bQTYsjDL�apU`XZj7XZj�GI]9V7XZiNM�QTYgiNY`X&Usy�[�È.u5Y`YFj7X&U`]xwp^BLcHbU�V�u5]\j7X&MPX��5LcM7HbX&YgicX&}&XZUWiNV�U`jDVZ�
�

GI]\apXZH ^�UWM�apUWX|jl]5Lpy�[�XZUW]á^�X&]\UWi�u5H#tvLcM7H(u5YWU`X&MPX&]FwNX&MP[\QNY�VPX&]�^�U`MBapU`X.noX&MPm5[5H'VPX@u5];a�^�U`y�[5�
V7U`iNX
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���».zq§�¥ ® §¯¦FÇ �������N�

� �
	��

����� F��	 �h�������.	 m��¼��� 	R�e��+ +:D:E��e� �E�� �¡�¢�J�n>¤E½r½¯§�¥
f
¹R¦;¹T² ºx«¼¥s½&¾ ® ¥W¦h¸e§�³ �@§�»

ÆR¥v§µ«
G,
¸9¹T½�¸c¥­§��	��

�������
������������� ��´�§�¥s½7½&¾ ® §�¥ÂÆp§ {z ∣

∣ |z − z0| ≤ r} §�¦g« ® ¹R²z«Â§TÇ�Lr¹T¦5¦�Ãc¥`²�«¿�|T´�r�§µ¸e§¯½
z
³b¥z« |z − z0| < r,

¸;Ç ® Çp¥`³ �I¦\¦o§�´P¦Õ¸p§�´ ��´�§�¥s½7½&¾ ® §�¥ÂÆp§�¸N¥v§}L�¹R´�½&«I§�²`²�©T¦5Ã

f(z) =
1

2πi

∮

|ζ−z0|=r

f(ζ)

ζ − z
dζ,

¸;Ç ® Ço¸N¥v§]Qá§¯´Z«I§�§�¥`¦o§�´.¹R¦o¹R²�º�«�¥`½&¾ ® §¯¦�¨x©N¦5ªg«¼¥v¬µ¦�¥W³ �I¦\¦o§�´�§�¦Ë§�¥`¦o§¯½ ��´�§�¥s½¯§¯½�½D¥`¦�¸ÔÆe§�½&«�¥W³b³�«
¸\©T´Z¾ ® ¸N¥­§]Q�§�´|«Â§r¹5©T¿E¸p§¯½P½�§¯¦ z@¹T¦�¸��
�qX&M B#�*)(�9�,+�n;X|j2VPX&[9V@QTu;j�}&^�X&Uzwµ�2X�V7}&V@X&U`]pt¼Qcy�[5X&] � y�[5MPU�V7V7XZ]x�
�qUWXb�5u5]\OcVPUWLc]

g(ζ) := f(ζ)
ζ−z

[;QRV�QTYsj.X&U`]5}ZUWicX{[5U`X&MrUW]9VPX&MPXZjPjDU`X&MPX&]\a5X'U`j7LNY`U`X&M7V7X � U`]5icu5Y`QNM7UWVP�TV
apU`X � V7XZYWY`X

z,
jDLpa5QN�(]\Qcy�[�a5X&HÍÑ.XZj7U`apu\X&]\jPQRVP}ricUWYWV

1

2πi

∮

|ζ−z0|=r

f(ζ)

ζ − z
dζ =

Ñ.XZj
z g.

u5]\a×apU`XZj7XZj{Ñ�XZj7U`a5u5u5H UsjDV']\QNy�[ � QRVP}á����� � ���¼iNX|�T]\apXZMDVPX�ÜBXZ}&XZU`y�[5]eu5]\i ���@icX&M�QNapX#iNY`X&Usy�[
f(z). �GI]\apXZH H�QT](a5X&](Ñ.XZj7U`apu\X&]\jPQRVP}�jDVPQTVDV0QTupt;a5X&](��MPX&Usj |ζ−z0| = r

QNupt\XZUW]5XZ]{icXZjPy�[5YWL9j7j7X&]\X&]
��X&i

γ
QT]e^BXZ]\apX&VZw$a5X&M{QNu\j'XZUW]5XZH ]\X&icQTV7U`��a5u5MPy�[\Y`QNuptvX&]5XZ]���M7XZU`j |ζ − z0| = r,

XZUW]\X&H
SoLcj7U�VPUW��apu5M�y�[5YsQTuptvXZ]5X&]���M7XZU`j |ζ − z0| = R,

�v^�LNnoX&U
r < R

w �lu5]\a�XZUW]5XZH a5QT}Z^�U`jPy�[5XZ]�[5UW]
u5]\a�[5XZM.apu5M�y�[5YsQTuptvXZ]5X&]ÔÝrX&M�QNapXZ]\jDV7m\y�OánoXZjDV7XZ[9VZw5noX&OcLNHbH'V�H�QT]�apU`X

� �
	��

����� F��	 �h�������.	 m��¼��� 	R�e��+ 	R�¼�IH� �¡á¢KJ ��¤B½(½¯§�¥
f
¹T¦;¹R²�ºx«¼¥s½�¾ ® ¥`¦	¸e§�³ �@§RÆT¥­§R«

G,
¸9¹T½{¸e§�¦��	��

����������� �!�����"��� ��´¯§¯¥`½7´7¥`¦pÃ {z ∣

∣ r ≤ |z − z0| ≤ R} §¯¦o« ® ¹R²z«Â§TÇ�L�¹R¦\¦ÔÃc¥`²�«¿�|T´�r�§µ¸e§¯½
z
³b¥z«

r < |z − z0| < R,
¸;Ç ® Çp¥`³ �I¦5¦g§�´P¦Õ¸e§�½ ��´¯§¯¥`½7´P¥W¦pÃe½q¸N¥­§OL�¹R´�½&«I§�²`²�©N¦pÃ

f(z) =
1

2πi

∮

|ζ−z0|=R

f(ζ)

ζ − z
dζ +

1

2πi

∮

|ζ−z0|=r

f(ζ)

z − ζ
dζ

¸;Ç ® ÇE¸N¥­§ Qá§¯´Z«I§�§¯¥W¦o§¯´#¹T¦;¹R²�ºx«¼¥s½�¾ ® §¯¦�¨x©T¦\ªo«�¥­¬R¦�¥`³ �I¦\¦o§�´�§�¦Ù§¯¥W¦o§�½ ��´�§�¥s½7´7¥`¦pÃp§�½�½D¥`¦�¸ÙÆp§�»
½Z«¼¥`³#³�«�¸\©T´Z¾ ® ¸c¥­§]Q�§�´|«Â§r¹p©N¿E¸e§�½7½¯§�¦ z@¹T¦�¸��� �.§&¹e¾ ® «Â§¯¦ q ¥v§{¸N¥v§q¨o¬µ´P³Ö¸e§�½ �r§¯¦5¦o§¯´P½�¥`³�Å Á §¯¥�«I§�¦ �I¦o«I§PÃ9´�¹T² � �
# 4D< # - �\6c3p<F/7/D?@+ � -0+@-�/21�3p476e8\:.<�� =.?q+.A�3542CE+@<F+%$@? �\8\:'&�C03p<F+)(+* ?@+)$
,.-0/21436587 *�9	<F47:.<F+4:
�,U`X�[;QRVDVPX&]bj7y�[\LN]'icXZj7X&[5XZ]xwRa5QT�r��LTV7XZ]5}���n5}Z^�� � ��������
��\�IÑ�XZUW[5XZ]'U`](U`[5MPX&](�qLN]e�cX&MPiNX&]\}��
iNXZn5U`X�V7XZ]#QN]\QTY`Ê9V7Usj7y�[\X��\u5]5O9V7U`LN]5XZ]�a5QTM�j2VPX&Y`YWXZ]x�R�@U`XZj7X.Î.u;j7jPQTicXBOc~N]5]5XZ]{^�U`M0]eu5]bH#UWV Þ U`Y�tvXapXZM ���A�. � /"F�I�5LcM7HbX&Y`]�u\H#OcX&[5MPX&]F�

;@�;�Z�e�IC�	R�e�>E��e�<�>=q�g� )��>D:T �>G��IH�+ + S5� C� �¡�¢KJ�� ¤E½�½�§¯¥
f
¹T¦;¹R²�ºx«¼¥s½�¾ ® ¥`¦ G ©T¦�¸�¸N¥­§q¬µÄx§�¦o§��´�§�¥s½7½&¾ ® §�¥ÂÆp§ K(ρ, z0) := {z

∣

∣ |z − z0| < ρ} ²W¥v§PÃ5§@Ãe¹R¦\Å�¥W¦ G. L�¹R¦\¦Ô²KsT°\«l½7¥¼¾ ® f ©T³ z0¥`¦Ù§�¥`¦o§�_E¬e«I§�¦5ÅZ´¯§¯¥ ® §�§¯¦g« Á ¥¼¾2ªp§�²`¦ À ¸N¥v§#³b¥W¦x¸e§¯½Z«Â§¯¦\½'¥`¦	¸N¥v§¯½¯§�´ ��´�§�¥s½7½&¾ ® §¯¥zÆp§{ªe¬µ¦ \ §�´7Ãc¥v§�´|« À¸;Ç ® Çp¿�|T´ |z − z0| < ρ
Ãc¥`²�«E§¯¥W¦o§}L�¹R´�½Z«Â§�²`²z©T¦pÃ

f(z) =

∞
∑

n=0

an(z − z0)
n ³b¥z«���¬R¦ \ §�´7Ãp§¯¦5Å&´¯¹e¸c¥�©N½ ≥ ρ.

¨ |T´�¸N¥v§ ��¬e§��#ÅZ¥­§¯¦g«Â§�¦�Ãp§¯²�«I§�¦�³b¥�«B§¯¥W¦o§¯³ Æp§�²`¥­§TÆR¥WÃp§�¦
r : 0 < r < ρ

¸N¥v§r¨o¬µ´P³�§�²`¦

an =
1

n!
f (n)(z0) =

1

2πi

∮

|ζ−z0|=r

f(ζ)

(ζ − z0)n+1
dζ.
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B#�*)(�9�,+N� Þ QNn;XZ]Õ^�U`M�iNX&}ZX&U`iTV|woa5QN� f apu\MPy�[ËXZUW]\X(��LTVPX&]5}ZM7XZUW[\X(a5QNMPjDV7XZYWY`n\QTMqU`jDVZw�j7LátvLcYWiNV]\QTV7m5MPYWUsy�[�apU`X@�qQNMPjDV7XZYWY`u5]5i�apXZME�qL9X���}&U`X&]9V7XZ]bQNY`jl��XZMDVPX.�NLc]#Î@n5YWXZU�VPu5]5icX&]áQTu;jlapX&M��Ô~NiN�
Y`U`y�[5OcX&UWVBicYWU`XZap^�X&Usj7X.}&u�apU��gX&MPX&]\}&U`X&MPX&]x�e�@U`XrGI]cVPX&icMPQNY`a5QNMPjDV7XZYWY`u5]5i�^�X&M�apX&]�^�UWM�n;XZU�apX&M�Î.np�
Y`X&UWV7u5]5iáa5X&M�kl]9V2^�Usy�ONX&Y`n\QNM7OcX&UWV�HbUWV7X&MP[\QNY�VPX&]x�
� XZU

z
H#UWV |z − z0| < ρ

iNXZiNXZn;XZ]x�\�,U`Mq^��T[\YWXZ]ÔX&U`]
r
H#UWV |z − z0| < r < ρ

u5]\aÔ]eupVP}&X&]
a5QNH#UWV@apU`X �����! 	 #"F�I�5LcM7HbXZY\tvm5MqapUWX'��MPX&UsjPj7y�[5XZUWnoXN�p�qUWX|j�Y`UWX&tvX&M7V

f(z) =
1

2πi

∮

|ζ−z0|=r

f(ζ)

ζ − z
.

È.u\]�n\QTu5XZ]�^�UWMBapX&]bU`H GI]9V7XZiNM�QTY\QNupt­V7MPX�VPX&]\a5X&]��FXZM7H 1
ζ−z

u5H }Zu�X&U`]5X&ME��LNV7XZ]5}&MPX&U`[5X�u5H
apXZ]��Eu5]5O9V

z0 :

1

ζ − z
=

1

(ζ − z0) − (z − z0)
=

1

ζ − z0
· 1

1 − z−z0
ζ−z0

,

È@Qcy�[hJ0LcMPQNu\j7j7X�VP}&u5]\i�Usj2V ∣

∣

z−z0
ζ−z0

∣

∣ =
∣

∣

z−z0
r

∣

∣ < 1,
j7Lea\QT��^�UWM�apU`X�X&MP[\QTYWV7XZ]5X�ÝrMP~N�cX�QNY`j

ÝrMPX&]5}Z^BXZMDV�X&U`]5XZM@iNXZLNHbX�VPM7UsjPy�[5X&]�Ñ�X&U`[5X'Y`XZj7X&]�ON~c]5]5XZ]xw\apU`X'}&u;apX&HÍtvm5M@QNYWY`X |ζ − z0| = rQTn;jDLcYWupV�icYWXZU`y�[5H��N�NU`i(OcLN]e�NXZM7icUWXZMDV|wcj7Lea\QT�

1

ζ − z
=

1

ζ − z0
· 1

1 − z−z0
ζ−z0

=
1

ζ − z0
·

∞
∑

n=0

(

z − z0
ζ − z0

)n

.

� X&V7}&XZ]�^�U`M�apU`XZj�U`]�a5Qcj�GI]cVPX&icMPQNY;XZUW]xw5j7Lba5QTM7tFH�QT]�^BXZiNXZ]�apXZM�QNn\j7LNY`upV7XZ]�iNY`X&Usy�[5H��T�cUWicX&]
�qLN]e�NXZM7icX&]5}qiNY`UWX|ap^BXZU`j7XrUW]9V7XZiNMPUWXZM7XZ]�u5];a�XZM7[;�TYWV

f(z) =
∞
∑

n=0

(

1

2πi

∮

|ζ−z0|=r

f(ζ)

(ζ − z0)n+1
dζ

)

(z − z0)
n,

^�LNHbU�V.QNYWY`XZj�icX&}&XZUWiNV�U`jDVZ�
�ËQN]#noXZQcy�[9V7XNwca5QT�'a5Qcj0apX&]á�qLeX���}&U`X&]9VPX&]

an
a5QNMPjDV7XZYWY`X&];apX�GI]cVPX&icMPQNYp]\QNy�[�apXZH GI]9V7XZiNM�QTYW�

jPQRV7}��cLN] ���A�. � /"������ �T�#u5];QTn5[\�N]5iNU`i#�NLN]�apXZH iNXZ^��N[5Y�VPX&]
r (0 < r < ρ)

UsjDVZ�

�

kl]9VPj7S5MPXZy�[5XZ]\a�YWU`X�tvXZMDV@apU`X �����! 	 #"$�Â�\LNMPH#XZYotvm5M.apU`X'��M7XZU`j7M7U`]5ib����� �c�{apXZ]
���
	����	��
 � ���9�.E$�e� � =r�g� )b�.D:T �>G���H + +:Sp�:C� �¡�¢�J�� ¤E½�½¯§�¥

f
¹R¦;¹T² ºx«�¥`½&¾ ® ¥`¦ G ©T¦�¸�¸e§�´¬µÄx§�¦g§ ��´�§�¥s½7´7¥`¦pÃ {z ∣

∣ 0 ≤ ρ1 < |z − z0| < ρ2}
²W¥v§PÃ5§�Ãp¹R¦5Åb¥`¦

G.
�
ρ1 = 0,

¸;Ç ® Ç z0 ¹R²s½¥s½�¬R²W¥v§�´|«Â§ q ¥`¦pÃ;©N²s¹T´7¥z«fs5«$¥s½&«B§¯¥W¦ Á ¥�¾ ® «¼¥WÃp§�´ ® ¥v§�´q§¯¥W¦5Ãp§¯½&¾ ® ²v¬R½P½�§¯¦o§�´�¨;¹T²W² � �L�¹R¦5¦�²KsT°\«$½7¥�¾ ® f ¥W¦Õ¸N¥v§¯½¯§�³ ��´�§�¥s½D´P¥W¦5Ã�©T³ z0
¥`¦�§¯¥W¦o§ � ��������
���»>zq§¯¥ ® §.§�¦g« Á ¥�¾2ªe§�²`¦ À ¸N¥v§³b¥W¦x¸e§¯½Z«Â§¯¦\½{¥`¦,¸N¥v§¯½¯§�³ ��´�§�¥s½D´P¥`¦pÃÔªe¬µ¦ \ §�´7Ãc¥v§�´|« À ¸;Ç ® Ç�¿�|T´ ρ1 < |z − z0| < ρ2

Ã9¥W²z«�§¯¥W¦g§
L�¹R´�½&«I§�²`²�©T¦5Ã

f(z) =

∞
∑

n=−∞

an(z − z0)
n.

¨ |T´r¸N¥v§ ��¬e§ �bÅ&¥v§�¦g«I§�¦áÃ5§�²z«Â§¯¦�³b¥�«E§¯¥W¦o§¯³ Æp§�²`¥­§TÆR¥�Ã5§�¦
r : ρ1 < r < ρ2

¿�|T´@¹R²`²v§
n ∈ Z

¸N¥­§
¨o¬R´7³�§¯²W¦

an =
1

2πi

∮

|ζ−z0|=r

f(ζ)

(ζ − z0)n+1
dζ.

B#�*)(�9�,+N� �ÔUWV
ρ1 < r1 < |z − z0| < r2 < ρ2

Usj2V']\Qcy�[ÓapX&M �����! 	 #"$�I�5LNMPHbX&Y�tvm5M#apU`X
��MPX&UsjDMPUW]\i#����� �N�

f(z) =
1

2πi

∮

|ζ−z0|=r2

f(ζ)

ζ − z
dζ +

1

2πi

∮

|ζ−z0|=r1

f(ζ)

z − ζ
dζ



Lq¥­§ L�¹R´�½Z«Â§�²`²z©T¦pÃ@¹R¦;¹T² ºx«�¥`½&¾ ® §�´x¨F©T¦5ªg«¼¥v¬µ¦g§�¦b¸\©T´Z¾ ® _E¬e«Â§¯¦5Å|»�©T¦�¸ � ��������
���».zq§�¥ ® §¯¦FÇ ������� �

GIH X&M�jDV7X&]�GI]cVPX&icMPQNY\Usj2V |ζ − z0| = r2 > |z− z0|
u\]\aá^�U`M��NX&M7t¼QT[\M7XZ]�^�UWXrn;XZU�apX&H Y`X�VP}�V7XZ]

Ü�X&^�X&Usj&�5�rQNj�XZMPjDV7X�GI]9V7XZiNM�QTYg^�U`MPa�a5QTHbUWV@QTYsj�iNXZ^B~c[5]5Y`U`y�[5Xr��LTVPX&]5}ZM7XZUW[5X�a5QNM7icXZjDV7XZYWYWVZ�
GIH }&^�X&UWV7XZ]áGI]9V7XZiNM�QTY\UsjDV |ζ − z0| = r1 < |z− z0|

u5];aá^�U`MB[\QNn;XZ]�apU`Xr�rQTM�jDV7X&Y`Y`u5]5i'X&V2^�Qcj
}&u�HbLpapUWÉ\}&U`X&MPX&]x�

1

z − ζ
=

1

(z − z0) − (ζ − z0)
=

1

z − z0
· 1

1 − ζ−z0
z−z0

=
1

z − z0
·

∞
∑

n=0

(

ζ − z0
z − z0

)n

=
−∞
∑

n=−1

(z − z0)
n

(ζ − z0)n+1
.

È.u\]áj7y�[5Y`U`X&�TVlH�QN]�^�UWX.Lcn;XZ]�^BXZU�VPX&Mlu\]\abn;XZONLcH#H{VEQTu\jBapX&H }&^�X&UWV7XZ]bGI]cVPX&icMPQNY\apX&]�];QNy�[
]5XZicQRVPUW�cX&]���LTV7XZ]5}&XZ]�tvLcMDV�j7y�[\M7XZU�VPX&]\apXZ] Þ QTu5S5VDV7XZUWY$apX&M ���A������
��;�ÂÑ.X&U`[5XN� �

Þ U`X&M�QTu;j�n;XZONLNHbHbX&]�^�U`M�X&U`]�i9QT]5}ZX�Ñ�X&U`[5X��NLc]�^�Usy�[9V7U`iNX&]��5LcYWicX&MPu5]5icX&]x�
� Sp� CÔ �¡�¢�J � ¤l¥`¦o§�¹R¦o¹R²�º�«�¥`½&¾ ® § À ¸;Ç ® ÇN§¯¥W¦5³á¹T²9ªp¬µ³'¶g²v§/Y{½Z«Â§R«¼¥WÃ(¸N¥`Äx§�´�§�¦5ÅZ¥­§¯´|ÆN¹T´¯§l¨x©T¦\ªo«�¥­¬R¦¥s½&«E¹5©5«Â¬R³�¹5«¼¥s½�¾ ® Æe§¯²W¥v§RÆT¥�Ã�¬R¿I«0ªe¬µ³'¶g²v§/YÔ¸c¥WÄx§�´�§�¦5ÅZ¥­§¯´|Æc¹R´µÇ
B#�*)(�9�,+N����m5M���LTV7XZ]5}&MPX&U`[5XZ]�Usj2V�apU`XZjBn;XZOµQN]5]9V�u\]\a�QN]\QTY`Ê9V7Usj7y�[\X@�5u5]\OcVPUWLc]5X&]�YsQNjPjDXZ]�jDUsy�[
�DQbY`LNORQTY�U`]���LNV7X&]\}&MPX&U`[5X&]�X&]9V2^�Usy�ONX&Y`]x�

�

�5XZM7]\X&MEnoX&OcLNHbHbX&]á^�U`M�X&U`]á[\�Tu5É\i{QT]e^�X&]\a5n\QTMPXZjl��MPUWV7X&MPU`u5H }&u5M�ÜBX|j2VPUWHbH(u5]5i(a5X&MB�qLN]5�
�NXZM7icX&]5}ZMPQcapU`X&]á�cLN]���LNV7XZ]5}&MPX&U`[5X&]F�
� Sp� CÔ �¡�¢�J � ¤E½{½�§¯¥

f
¹R¦;¹T² ºx«¼¥s½&¾ ® ¥`¦ G, z0 ∈ G

©T¦�¸
f(z) =

∑∞
n=0 an(z − z0)

n
¸N¥v§

�'���*"��+��� � »>_E¬e«Â§¯¦5Å&´�§�¥ ® §�ÅN© f ©T³ z0.
Lr¹T¦5¦�ªp¬µ¦ \ §¯´DÃ9¥­§¯´Z«l¸N¥­§Ozq§¯¥ ® §q³#¥`¦�¸e§�½&«I§�¦\½�¥`¦�¸e§�³Ãc´ � °;«Â§¯¦���´�§�¥s½q©N³ z0,

¸p§�´�¦o¬5¾ ® Ãe¹R¦\År¥`¦ G ²`¥v§PÃ;«�©T¦x¸�½Z«Â§¯²W²z«�¸e¬R´Z«�¸N¥v§r¨x©T¦5ªg«�¥­¬R¦�¸e¹R´µÇ
B#�*)(�9�,+N� �ÔUWVáapX&HK��LTVPX&]5}ZM7XZUW[\X&]p�Âkl]9V2^�U`y�OeY`u5]5i9j7jPQRVP}á����� � �ÕON~c]5]5X&]h^�UWM

f
U`]ÙapU`XZj7X&H

iNMP~N�NV7XZ]���MPX&UsjBU`]�X&U`]5X���LTVPX&]5}ZM7XZUW[5X�XZ]cV2^�Usy�ONXZYW]�u5]\a�X&MP[\QNY�VPX&]�apUWX$��� "������;�IÑ�X&U`[5Xc�
�

B#�9�,+����¼� �l �¡á¢VU��
f(z) =

Y`]
(1 + z)

¥s½&«�¹R¦o¹R²�º�«�¥`½&¾ ® ¥`¦�¸e§¯´#Ãp§¯½&¾ ® ²`¥�«�ÅN«I§�¦�¤@Æp§�¦g§ G :=
C \ {z = x+ iy | y = 0, x ≤ −1}. q ¬µ³b¥�«�ª � ¦5¦o§¯¦ Á ¥`´ f ©T³ z0 = 0

¥`¦�§¯¥W¦g§ _E¬e«I§�¦5ÅZ´¯§¯¥ ® §§�¦g« Á ¥�¾2ªe§¯²W¦ À$Á ¬5Æe§¯¥0¸e§�´@³�¹eYp¥W³á¹R²v§r½7¥W¦pÃo©T²­¹R´P¥�« sp«Â§¯¦5¿­´�§�¥v§ ��´�§�¥s½�Ã5§�´¯¹e¸e§'¸e§¯¦ zq¹e¸N¥z©N½ 1 ® ¹p«7ÇLq¥­§ ��¬9§��bÅ&¥v§�¦g«Â§¯¦hÆe§¯ªe¬R³#³�§¯¦ Á ¥`´ �v§�¥`¦5¿¼¹e¾ ® � ¹5©N½'¸p§�¦ N{ÆR²v§�¥z«D©T¦5Ãp§�¦_Æe§¯¥ z0 = 0.
q ¬µ³b¥�«

¿�¬µ²WÃ;«
Y`]

(1 + z) =

∞
∑

n=1

(−1)n−1 1

n
zn,

¸N¥v§¯½¯§Ozq§�¥ ® §qªe¬R¦ \ §�´7Ãc¥v§�´|«F¿�|N´ |z| < 1
©T¦x¸�½Z«Â§¯²W²z«�¸e¬R´Z«�¸N¥v§q¨x©T¦5ªg«�¥­¬R¦�¸e¹R´µÇ

J0X&MPiNY`X&Usy�[5XZ] � U`X�apU`XZj0HbUWVEÜBXZU`j7S5U`X&Y5��� � �5wR^�L�^�UWMla5UWX.�qLN]e�NXZM7icX&]5}E}&u5]\�cy�[\jDV�]eu5M�tvm\M |z| <
1
2

]\Qcy�[e^BXZU`j7X&]#ONLc]5]9V7X&]F�TÎ.uptxapU`XZj7X���XZU`j7X.j7UW]\a#U`]���QTS5UWV7XZY\�Ôt¼Qcj2VEQNYWY`X.�@Lc]e�NX&MPiNXZ]5}&M�QNa5UWXZ]
noXZjDV7U`H#H{VZ�
�,U`Má]eupV7}ZX&]�apU`XË�qQNMPjDV7XZYWY`n\QNM7OcX&UWV�a5u5MPy�[	��LTVPX&]5}ZM7XZUW[\X&]	^BXZU�VPX&M�}Zu5M���YsQNjPjDUWÉ\ORQRVPUWLc]Ù�cLN]
È.u\YWYsj2VPX&Y`YWXZ]x�
���c�����v�Z���;�	 �¡�¢KUx£	¤E½E½�§¯¥

f
¹R¦o¹R²�º�«�¥`½&¾ ® ¥`¦ G ©T¦x¸ a ∈ C.

QË¥`´E½�¹µÃ5§�¦á±
f ® ¹p«x¹T¦ z0 §¯¥W¦g§

a
» q «Â§�²`²v§ ·�ÀxÁ §¯¦5¦ f(z0) = a

¥`½Z«7Ç�L@¥v§
a
» q «I§�²`²­§ ® §¯¥W°;«B§�¥`¦5¿¼¹e¾ ®�À Å Á §¯¥W¿¼¹p¾ ®�À ÇWÇ`Ç À n »¼¿¼¹e¾ ®xÀxÁ §¯¦5¦

f(z0) = a, f ′(z0) = ... = f (n−1)(z0) = 0,
¹5Æp§�´

f (n)(z0) 6= 0

¥s½&«PÇp¤E½ ® §¯¥W°;«�¸9¹R¦5¦ n ¸N¥­§{±���´Z¸N¦g©T¦pÃ · ¸e§¯´ a » q «Â§¯²W²v§RÇ
klU`]5X

a
� � V7XZYWY`Xl�cLN]

f(z)
UsjDV$LT�gX&]en\QNM�X&U`]5XBÈ@u5Y`Y`jDV7XZYWY`Xl�NLc]

f(z)−a u5]\a�}&^�QTMF�NLN]�apXZMPj7X&Y`noX&]�qM�ap]eu5]5i\�e�,U`M.noX�V7M�QNy�[9VPX&]�a5QT[5XZM�Oem5]pt­V7U`i�]eu5M.È.u\YWYsj2VPX&Y`YWXZ]x�
�$M7U`�eU`QNYWXZM7^�X&UsjDX@tvLNY`iTV@QNu\j�apX&M.�qX�É;]5U�VPUWLc]
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 �S�T��á �¡�¢VUAJ ¤E½�¥s½&«
z0
Ã5§�¦;¹5©q¸e¹R¦5¦{§�¥`¦o§

n
»¼¿¼¹e¾ ® §��{©T²`²`½Z«Â§¯²W²v§ \ ¬R¦ f, Á §¯¦5¦#¸N¥­§ �'��� "������ � »_E¬e«I§�¦5ÅZ´¯§¯¥ ® § \ ¬R¦ f ©T³ z0

Ã5§�¦;¹5©'³b¥�«�¸e§¯³
n
»2«I§�¦��o§¯´7³ Æp§PÃ9¥W¦5¦g« À ¸;Ç ®�Á §¯¦5¦�³#¥z« an 6= 0

f(z) = an(z − z0)
n + an+1(z − z0)

n+1 + .....

= an(z − z0)
n ·

(

1 +
an+1

an
(z − z0) +

an+2

an
(z − z0)

2 + .....
)

.

�qUWX'MPXZy�[9V�j�UW]Ë��YsQTHbHbX&MP]�jDV7XZ[5X&];apX'��LTVPX&]5}ZM7XZUW[5X�Usj2VE�DQbn;XZU
z = z0

jDV7X�VPUWi�u\]\a�[\QRVrapLNM7V
apXZ]á��XZMDV

1.
� LNHbUWVBiNU`npV�XZjlXZUW]\X@icQN]5}&X.Ð@HbiNX&n\u5]5i

U(z0),
U`]�apXZMBj7UWX 6= 0

Usj2V|�9Î@Y`j7L�tvLNY`iTV

 �S�T��á �¡�¢VU	U L@¥v§ �{©T²`²`½Z«Â§¯²W²v§�¦Ô§�¦�¸N²`¥�¾ ® §�´ ��´&¸c¦o©N¦pÃ�§¯¥W¦o§¯´�¹T¦;¹R²�ºx«¼¥s½�¾ ® §�¦á¨x©N¦5ªg«¼¥v¬µ¦�²`¥v§PÃp§¯¦½)sR³�«�²W¥�¾ ® ¥s½¯¬µ²`¥­§¯´Z« À ¸;Ç ® ÇgÅN© r�§|¸e§¯´'½�¬R²¼¾ ® §¯¦��{©T²W²s½Z«Â§�²`²v§
z0
Ãc¥ÂÆp«q§�½�§¯¥W¦g§�Ãp¹R¦5ÅR§ u$³#Ãp§RÆ5©T¦pÃ À¥`¦�¸p§�´�ªe§¯¥W¦g§ Á §�¥z«Â§¯´¯§ �{©T²W²s½Z«Â§�²`²v§ \ ¬µ¦ f ²`¥v§PÃ;«PÇ

È.XZn;XZ] apXZ]�È.u5Y`Y`jDV7XZYWY`X&] X&]\apY`Usy�[5X&M �qMPap]eu5]\iÓOµQN]5]�X|j�QTYsj7LÓ]9u\M�]5Lpy�[�È.u\YWYsj2VPX&Y`YWXZ]�apX&M
Ú �qMPap]eu5]\i ∞ Û�iNX&noX&]FwNQT]�apXZ]5X&]�a5QN]5]�j7�NH'V7Y`Usy�[5X��@LeX���}ZUWXZ]cVPX&]�apXZM ��� "������;�ÂÑ�XZUW[\XB�cX&M7�jPy�[9^�U`]\apXZ]x�$�rQT]\]�U`jDV{LN�oXZ]9n;QTM

f(z) = 0
tvm5MbQTY`YWX � V7X&Y`Y`X&]�U`H ÝrX&YWV7u5]5i9jDnoX&MPX&Usy�[�apU`XZj7X&M

��LTVPX&]5}ZM7XZUW[5XZ]5X&]9V2^�Usy�OeYWu5]\i\wxa�� [x�FU`H iNMP~N�TVPX&]Ó��MPX&Usj&w�U`]�apX&H ONXZUW]\X � UW]\iNu5YsQTMPU�V��RVPX&]ÓQTupt­�
V7MPX�VPX&]x�;�qQN]5]�OµQN]5]�HbQN]ÔQTnoX&M.apu5M�y�[�JlQTMPU`QTV7U`LN]�a5X&M�kl]9V2^�Usy�O9Y`u5]5i9j7jDV7XZYWY`X�j7y�[\YWU`X&�cX&]xw5a5QN�
m5noX&M�QTY`Y

f(z) = 0
iNX&YWV7XZ]�H{u5�;�p�,UWM.[;QTnoX&]�QTYsjDL

 �S�T��á �¡�¢VU�n �2½&«
f
¹R¦;¹T² ºx«¼¥s½&¾ ® ¹p©T¿ G ©T¦x¸�Æe§�½D¥z«¼Åc« f ¸p¬µ´|«�§�¥`¦o§ ∞ »¼¿¼¹e¾ ® § a » q «Â§¯²W²v§ À ½¯¬�¥s½&«

f
ªp¬µ¦\½Z«z¹T¦g«

= a
¹p©N¿xÃe¹T¦5Å

G.

fou\jPQTHbHbX&]\iNX&]\LNHbHbX&]�XZM7icUWn5V�a5UWX|j

� Sp� CÔ �¡�¢KU � �2½Z«
f
§�¥`¦o§b¹p©T¿

G
¹R¦;¹T² ºx«�¥`½&¾ ® §(¨x©T¦\ªo«�¥­¬R¦,©T¦�¸Ë¦5¥�¾ ® «.ªe¬R¦\½Z«z¹R¦g« À ½�¬�²`¥­§�Ãp§¯¦¸N¥v§ �'©T²`²s½&«I§�²`²­§¯¦�¥s½¯¬µ²`¥­§¯´Z«PÇ �VN.¦o¹R²v¬|Ã�¿�|T´

a
» q «I§�²`²­§¯¦�³#¥z«.Æp§�²`¥­§TÆR¥�Ã5§�³

a. �
�qUWX|j@Usj2V�]eu5]ÕjPy�[5LN]�t¼Qcj2V�apXZM@}&XZ]9V7M�QTY`X{G2apXZ]cVPU�V��RV�j7jPQRVP}Nw;a5X&Mrn;X|j7QNiTVZwga5QN��apU`X(�cLNY`YWX'GI]5tvLNM7�
H�QRVPUWLc]Ëm5noX&MrX&U`]5X(QN]\QTY`Ê9V7Usj7y�[5X(�5u5]5O9VPUWLc]Õj7y�[\LN]ÔU`]ÕOeYWXZUW];j2VPX&]Õ�$X&U`YWXZ]Ë�NLc]ÔUW[\MqXZ]cVP[\QTYWV7XZ]
Usj2V|�

�?m��e�g�Z�v���p� + +:Sp� CÔ �¡�¢KU�� q ¥`¦�¸
f
©T¦�¸

g
Æe§¯¥¼¸e§Õ¹R¦;¹T² ºx«�¥`½&¾ ® ¹p©T¿{§�¥`¦o§¯³ �@§TÆR¥v§µ«

G
©T¦x¸

½Z«¼¥`³#³�§¯¦�½7¥v§�¹p©T¿l§�¥`¦o§�´ _.©T¦5ªg«¼³�§¯¦pÃp§
M ⊂ G

|\Æp§�´�§�¥`¦ À ¸N¥v§q¥`¦ G §�¥`¦o§¯¦ P}sp©T¿I©N¦pÃ9½Â¶�©T¦5ªg«Æp§¯½7¥�«�ÅN« À ½�¬(½7¥W¦�¸á½7¥­§@¥�¸e§�¦g«�¥`½&¾ ®�À ¸;Ç ® Ç;§�½�¥`½Z«

f(z) = g(z)
¿�|T´@¹R²`²­§

z ∈ G.

��ºN¶�¥`½&¾ ® §q½�¬R²¼¾ ® §@¹T²`½ M ¹p©T¿I«�´¯§R«Â§�¦x¸e§�¦ _.©T¦\ªo«�³�§�¦pÃ5§�¦Ô½D¥`¦�¸
ß §�¥`¦o§.¨g¬µ²WÃp§ (zn)∞n=1

¥`¦
G
³b¥�«E§�¥`¦o§¯³ ��´¯§¯¦5Å Á §�´|« z0, ¸p§�´�½�§¯²zÆT½Z«�¦o¬5¾ ® ÅN© G Ã5§ ®�� ´Z«PÇ

ß §�¥`¦Ëªe²­§¯¥W¦o§�½ �b©T´ \ §¯¦\½Z« |p¾2ª γ ¥`¦ G. �VP.¥v§�´r¥s½&«Ar�§|¸e§¯´O_.©N¦5ªg« \ ¬µ¦ γ §�¥`¦Õ½�¬R²¼¾ ® §�´ P}sp©c»¿I©T¦pÃ9½Â¶�©T¦\ªo«PÇ �
B#�*)(�9�,+N��È@Qcy�[�J0LcMPQNu\jPjDX&V7}&u\]5i�UsjDV

h(z) := f(z) − g(z)
QN]\QTY`Ê9V7Usj7y�[�UW]

G
u\]\aÕnoXZj7UWV7}�V

apLcMDV�QTY`YWXr�lu5]\OcVPX��NLN]
M
QTYsj�È.u5Y`Ysj2VPX&Y`YWXZ]x�5�qQ

z0 Þ �Tuptvu\]5icj7S5u5]5O9V��NLc] M u\]\aáU`] G U`jDVZwUsj2V�QTu\y�[
h(z0) = 0.

� LcHbU�VrU`jDV
z0
X&U`]5XbÈ.u5Y`Y`jDV7XZYWY`X#�NLN]

h,
apU`X#QNn;XZMq]\Qcy�[Õ�qLN]\jDV7MPu5O9V7U`LN]

]eu5]�X&noX&]ÔicX&M�QNapX��$�.DFEg�'U`j7LNY`U`X&M7V.YWU`X&iNVZ�\Î@Y`j7LbOµQN]5]�]\QNy�[ÔapXZH � QTV7}'����� �c�bapU`X'�5u5]\OcVPUWLc]
h
]eu5M�QTupt

G
ONLc]\jDVPQT]9V�jDXZUW]�u5]\a�}&^�QTMrHbU�V'apXZH ��XZMDV'È@u5YWYz�x�qUWX|j�n;X|apX&upVPX�V{QNn;XZMZw�a5QN�

f(z) = g(z)
QNupt�i9QT]5}

G
U`jDVZ�

�

�qUWX|jDXZM � QTV7}rH�QNy�[9VBQTu;y�[áOeY`QNMZw9^BXZY`y�[\X@MPX&X&Y`Y`X&]��\u5]5O9V7U`LN]5XZ]�U`]\j��@LcH#S\YWX&deXq}&uáXZUW]\X&M�QT]\QT�
Y`ÊcVPU`jPy�[5XZ]Ù�5u\]5O9V7U`LN]�tvLcMDVPiNX|jDX&V7}�V#^BXZMPa5X&]hOc~N]5]\X&]xw�]\�THbY`U`y�[ÙiNXZ]\QTuha5UWXcwlapUWX�apu5M�y�[�U`[5MPX
�vMPX&XZYWY`X|� ���*"��+���;�ÂÑ.X&U`[5X@a5QNM7icXZjDV7X&Y`YWVB^�X&M�apX&]x�e�qX&]5]�apU`XZj7XqOcLN]e�NXZM7icUWXZMDVEa5QN]5]�j7LNi9QTMEU`]�XZU��
]5XZHÍi9QT]5}ZX&]���M7XZU`j.a5X&M.OcLNHbS5Y`X�dpX&]�klnoX&]5XcwojDV7XZYWYWV@apLNM7V.X&U`]5X{QN]\QTY`Ê9V7Usj7y�[\X��\u5]5O9V7U`LN]Ëa\QTM|w



zq§�½D¥�¸\©9§¯¦gÆp§¯½Z«¼¥`³b³�©T¦5ÃË©T¦�¸ �I¦g«Â§PÃ9´�¹T²s¹5©N½ Á §¯´Z«7©T¦pÃ �����P�µ�

apU`X'QTuptlapXZM�M7XZX&Y`YWXZ]ÔÎ�y�[\jDX�HbUWV@apX&M@iNX&icX&noX&]5XZ]�m5n;XZM7XZUW];j2VPUWHbH'V|w5u5]\aÔa5X&M.G2apXZ]9V7UWVP�RV�j7jPQRVP}
jPQTiTV|w5a5QT�bX|j�icQTM�]5Usy�[9V@QT]\a5X&M�jBicX&[5XZ]�ORQN]5]x�
�qUWX'�\u5]5O9V7U`LN]

f : R 3 x 7→
{

e−
1

x2 , x 6= 0

0 , x = 0
Usj2V0noX&ORQT]5]9VPYWUsy�[(noX&Y`U`X&n5U`i�LTt­V0M7XZX&Y`YpapU��gX&MPX&]\}&U`X&MPn\QTM|wµ^BLcn;XZUeQN]#a5X&M � V7XZYWY`X

x0 = 0
jP�TH{V7Y`U`y�[\X

Î.n\YWXZU�VPu5]5iNXZ]��NXZMPjPy�[e^�UW];apX&]x�FkEj{^�U`M�aÓQTYsjDL
f
���>DFEg��apu\MPy�[ÓU`[5MPX ���*"��+���;�ÂÑ.X&U`[5X�u5H

0a5QNM7icXZjDV7X&Y`YWV�u\]\a�UW]ÓapXZM{�$QTV'U`jDV
f
QTYsj��5u5]5O9VPUWLc]×QNupt

C
noX&U

z0
]5Usy�[9V'X&U`]5H�QTYEjDV7X&V7U`iÔiNX&�

jPy�[9^�X&U`iNX(apX&]5]×QT];QTY`ÊcVPU`jPy�[x�gÎ.noX&M'apU`XbQT]5icX&iNXZn;XZ]5X{MPX&XZYWY`Xb�5u5]5O9VPUWLc]
f
ORQT]\]�QNu\y�[Ë]5Usy�[9V

QTu5t�U`MPiNX&];a�XZUW]\X'QT]\apXZM7Xcw5�NLc]ÔapX&M@a5u5MPy�[Ëa5UWX{�\LNMPHbX&YxicX&iNXZn;XZ]5X&]ÔQNn9^�X&Usy�[5XZ]\apX���XZU`j7X{j7L
U`]\j��@LcHbS5YWX&dpX@tvLcMDVPiNXZj7X�VP}�V�^�X&M�apX&]xwpa5QN�#j7U`XrU`]�X&U`]5X&M.Ð@HbiNX&n\u5]5ib�NLc]

z0 = 0
QT]\QNYWÊ9VPU`jPy�[

^�m5M�apXN�

9	<F6e4 $q?.<F+���<F6c354���� ?q+ � ?q+)$ 
 +E3p<�� �5-0/2-0?@6��×<��p35?@+ �
G2jDV

f : G → C
QN]\QTY`Ê9V7Usj7y�[FwxjDL�[\QTVDV7XZ]×^�UWM'XZUW]\X � V7XZYWY`X

z0 /∈ G
X&U`]5X�U`j7LNY`U`X&M7V7X � U`]5iNu5YsQR�

MPU�V��RV(�cLN]
f
icX&]\QN]5]9VZwF^�X&]\]hapU`X�S5u5]\OcVPUWXZMDVPX���MPX&Usj7jPy�[5XZUWnoX {z ∣

∣ 0 < |z − z0| < ρ} tvm5M[5U`]5MPX&Usy�[5X&]\a�OeYWXZUW]\XZj
ρ
i9QT]5}�U`]

G
YWU`X&iNVZ�

� L�UsjDV�X�V2^�Q×n;XZU
f(z) :=

YW]
z + 1

2−z

apU`X � VPX&Y`YWX
z0 = 2

X&U`]5XËUsjDLcYWU`X&M7V7X � UW]5icu5YsQTMPU�V��RVZw
^��T[5MPX&]\a×X&V2^�Q

z0 = 0
}&uhX&U`]5X&H Ú � y�[5Y`U�VP}¯ÛáU`H �@X&É\]5UWV7U`LN]\j7n;XZM7XZU`y�[ÓicX&[5~cMDV(u5]\aha\QTHbU�V

���>DFEg��U`j7LNY`U`X&M7V�UsjDVZ�
Î.]{X&U`]5X&M�U`j7LNY`U`X&M7V7X&] � UW]5icu5YsQTMPU�V��RVFYs�T�NV�j7U`y�[�XZUW]5X�QT];QTY`ÊcVPU`jPy�[5Xl�\u5]5O9V7U`LN](UW]'XZUW]\X � ��������
��;�
Ñ�XZUW[5X�XZ]9V2^�U`y�OcX&Y`]

f(z) =

∞
∑

n=−∞

an(z − z0)
n

u5]\a��2X']\QNy�[ÕÝrX|j2V�QTYWVqapX|j Þ QNu5SpV7V7X&U`Ysj ∑−1
n=−∞ an(z − z0)

n ^�X&M�apXZ]�a5UWX � UW]\iNu5YsQTMPU�V��RVPX&]OeY`Qcj7j7UWÉ\}&U`X&M7VZ�
���c�����v�Z���;�	 �¡�¢KU�� ¤l¥`¦o§�¥s½¯¬µ²`¥­§¯´Z«I§ q ¥W¦5Ã;©T²­¹R´P¥�« sp«

z0
§¯¥W¦o§¯´B¹R¦o¹R²�º�«�¥`½&¾ ® §¯¦b¨F©T¦5ªg«¼¥v¬µ¦ f ³b¥�«

� ��������
���»>zq§¯¥ ® § f(z) =
∑∞
n=−∞ an(z − z0)

n ® §¯¥W°;«
ß ± ® §TÆ5ÆN¹T´ ·�À�Á §�¦\¦�¸e§¯´ Pr¹p©Z¶0«D«Â§¯¥W² \ §�´�½&¾ ®oÁ ¥`¦�¸e§R« À ¸;Ç ® Ç�¸N¥v§"zq§¯¥ ® §�§¯¥W¦g§�Ã5§ Á��µ® ¦\²W¥�¾ ® §_l¬p«Â§¯¦5Å&´�§�¥ ® §@¥`½Z« À
ß ±V_E¬µ² k »2«I§�´ ��´Z¸N¦g©T¦pÃ ·�À�Á §¯¦5¦�¸e§�´ Pr¹p©Z¶�«7«Â§¯¥W²$¹\Æ5ÆR´P¥¼¾ ® « À ¸;Ç ® Çg¸N¥v§r¨o¬µ´P³

a−k
(z − z0)k

+
a−(k−1)

(z − z0)k−1
+ ...+

a−1

(z − z0)

³b¥z«
a−k 6= 0 ® ¹5« À

ß ± Á §¯½¯§�¦g«¼²`¥�¾ ®x·¼À�Á §�¦5¦�¸e§¯´ Pq¹p©|¶�«D«I§�¥`² ∞ » \ ¥v§�²v§.¦\¥¼¾ ® «D«�´7¥ \ ¥s¹T²­§ q ©T³b³á¹R¦x¸e§�¦ ® ¹5«7Ç
klU`]5X�[5XZn5n\QTMPX � UW]\iNu5YsQTMPU�V��RV0Usj2V0X&U`iNXZ]9V7Y`U`y�[(]9u\MljDLcY`QN]5iNX�jDU`]5icu5Y`�NMZwµn5Usj�^�U`M0iNX&HbXZM7O9V�[\QTnoX&]xw
a5QN�rj7UWX�U`](�,U`MPO9Y`Usy�[5ONXZU�V0icQNM$]\U`y�[9VljDU`]5icu5Y`�NM�U`jDV��

f
^�UWM�a.�DQrU`] {z ∣

∣ 0 < |z−z0| < ρ} apu5M�y�[apU`Xl��LTVPX&]5}ZM7XZUW[5X
f(z) =

∑∞
n=0 an(z−z0)n

a\QTMPiNXZjDV7XZYWYWVZwZapUWXx�DQ�UW]'apXZMF�cLNY`YWXZ]���MPX&UsjPj7y�[5XZUWnoX
{z

∣

∣ |z−z0| < ρ} ONLN]e�cX&MPiNU`X&M7Vgu\]\a'apLcMDVFXZUW]\XBQT];QTY`ÊcVPU`jPy�[5XE�\u5]5O9V7U`LN](a5QTM�j2VPX&Y`Y�V|�&�,U`M�j7X�VP}&XZ]X&U`]pt¼Qcy�[
f(z0) := a0

u5]\a�apU`X � U`]5iNu5YsQTMPUWVP�RV�Usj2V.�cX&M�j7y�[e^�u5]\a5X&]x�
B#�9�,+����¼� �l �¡á¢VU��

f(z) =

jDU`]
z

z
=

1

z

(

z − 1

3!
z3 +

1

5!
z5 ∓ ...

)

= 1 − 1

3!
z2 +

1

5!
z4 ∓ .....

q ¬R³#¥z«0¥s½&«
f(z) =

� � �
z

z

§¯¥W¦g§x|\Æe§¯´�¹T²W²F¹T¦;¹R²�ºx«¼¥s½�¾ ® §@¨F©T¦5ªg«¼¥v¬µ¦�³b¥�« f(0) = 1.

Î.Ysj.��MPU�VPX&MPUWu\H tvm5M.apU`X Þ XZn5n\QTMPONXZU�V�[\QNn;XZ]�^�U`M@apXZ]
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�Ô��� � S
	FT;�e�¼� + + Sp�:C �;�o����� ��� � � �  �¡�¢KU�� ¤l¥`¦o§�¥s½¯¬µ²`¥­§¯´Z«I§ q ¥W¦5Ã;©T²­¹R´P¥�« sp«
z0 \ ¬R¦ f ¥s½Z«Ãp§¯¦;¹p©�¸9¹R¦5¦ ® §RÆ5Æc¹R´ ÀrÁ §�¦5¦ f ¥W¦ §�¥`¦o§�´tuF³#Ãp§TÆp©T¦pÃ {z

∣

∣ 0 < |z − z0| < ρ} \ ¬R¦ z0Æp§¯½&¾ ® ´)sT¦5ªg«�¥`½Z«7Ç
B#�*)(�9�,+N��È@Qcy�[�apXZH � ��������
��\�IÑ�XZUW[5XZ]p�Âkl]9V2^�U`y�OeY`u5]5icjPjPQRV7}.����� � ��iNU`Y�V�tvm5M�apUWX��qL9X���}&UW�
X&]9VPX&]ÔapX&M ����������
��;�Âkl]9V2^�U`y�OeY`u5]5ibapUWX'�rQTM�jDV7X&Y`Y`u5]5i

an =
1

2πi

∮

|z−z0|=r

f(z)

(z − z0)n+1
dz,

^�LNnoX&Uom5n;XZMBXZUW]\X&]�noX&Y`U`X&n5U`i{OeY`X&U`]5X&]���MPX&Usjlu\H
z0
UW]9VPX&iNMPU`X&M7VE^BXZMPa5X&]áORQT]\]x�9��m5M�]5XZicQRVPUW�cX

n,
a�� [x�

n = −m HbUWV m > 0
Usj2V@QNY`j7L

a−m =
1

2πi

∫ 2π

0

f(z0 + reit) · (reit)m−1r · i · eitdt =
rm

2π

∫ 2π

0

f(z0 + reit) · eimtdt.

f
Usj2V�]\Qcy�[ËJ0LNM�QTu\jPj7X�V7}Zu5]5iánoXZjPy�[5M��T]5O9V|woapXZM��FXZM7H

eimt
�cLNHÖÜ�X�VPMPQNiË�N���rQTHbU�V�Usj2V�apX&M

GI]9V7XZiNM�QT]\a�n;X|j7y�[5M��T]\OcV�u5];a�tvm\M
r → 0

XZM7icUWnpV.j7U`y�[
a−m = 0

tvm5M
m = 1, 2, ... .Ü�X&U\Ü�X|j7y�[5M��T]\OcVP[5X&UWV0�NLc]

f
[\QNn;XZ]�^�UWMEQNY`j7L�X&U`]5X.[5XZn5n\QNM7X � U`]5iNu\Y`QNM7UWVP�TVZ�N�qUWXqÐ.HbONXZ[5M7u\]5i

Usj2V�VPM7U`�eU`QNY��
�

Î.]ÓXZUW]\X&H ��LcY
k
�zV7X&M �qMPap]eu5]\i�[;QRV{apU`X � ��������
��\�Âkl]9V2^�Usy�O9Y`u5]5iÔapX&É\]5UWV7U`LN]\j7iNXZHb�N�ÔapUWX

ÝrXZjDVPQNY�V

f(z) =
a−k

(z − z0)k
·
(

1 +
a−(k−1)

a−k
(z − z0) +

a−(k−2)

a−k
(z − z0)

2 + .....

)

,

^�LNnoX&U
a−k 6= 0

Usj2V|�5�@U`XZj.n;XZ^�UWMPO9V
 �S�T��á �¡�¢on � �2½&«

z0
§�¥`¦ _l¬R² À ½¯¬�¥`½Z«	YWU`H

z→z0
|f(z)| = ∞ ©T¦�¸ f ® ¹5«�¥`¦h§�¥`¦o§�´ u$³#Ãp§RÆ5©T¦pÃ

\ ¬R¦ z0 ªe§¯¥W¦g§ �{©T²`²`½Z«Â§¯²W²v§RÇ
�5XZM7]\X&M�Y`UWX|j2V.H�QT]�QTnF�
� Sp� CÔ �¡�¢VnF£	¤E½ ® ¹5« f ¹R¦�¸e§�´ q «Â§¯²W²v§ z0 Ãp§�¦o¹p©Ó¸9¹T¦5¦_§¯¥W¦o§¯¦ _E¬µ²q¸e§�´ ��´Z¸N¦g©T¦pÃ ≤ k,
Á §�¦5¦ z0 §�¥`¦o§ ® §RÆ\ÆN¹R´�§ q ¥W¦pÃo©T²­¹R´P¥�« sp« \ ¬R¦ g(z) := (z − z0)

kf(z)
¥s½Z«7Ç

GI]\apXZH�^�U`M.apU`X�LNn5U`iNX��rQTM�j2VPX&Y`YWu5]\i(icX&MPUW]5iNtvm5iNU`i#�NX&M�QTY`Y`iNX&HbXZUW]5XZM7]�n;XZONLNHbHbX&]�^�U`M
� Sp� CÔ �¡�¢VnAJ q ¥`¦�¸

f
©T¦�¸

g
¹R¦;¹T² ºx«�¥`½&¾ ® Æe§¯¥ z0 ©T¦x¸ ® ¹p« f ¸p¬µ´|«q§�¥`¦o§ k »¼¿¼¹e¾ ® § À g ¸p¬µ´|«§�¥`¦o§

m
»v¿¼¹p¾ ® § �'©T²`²`½Z«Â§¯²W²v§ À ½�¬ ® ¹5«

h(z) :=
f(z)

g(z)Æp§�¥
z0
ß §�¥`¦o§ ® §RÆ5Æc¹R´�§ q ¥W¦pÃo©T²­¹R´P¥�« sp« ÀxÁ §�¦\¦ k ≥ m,

ß §�¥`¦o§ (k −m)
»¼¿¼¹e¾ ® § �{©T²W²s½Z«Â§�²`²v§ ÀFÁ §�¦5¦ k > m

©T¦x¸
ß §�¥`¦o§�¦ _E¬µ²0¸e§¯´ ��´&¸c¦o©N¦pÃ m− k, Á §�¦\¦ k < m

¥`½Z«7Ç
B#�*)(�9�,+N��kEjBU`jDV

f(z) = (z− z0)kf̃(z), g(z) = (z− z0)mg̃(z),
^�LNnoX&U

f̃ , g̃
QN]\QTY`Ê9V7Usj7y�[�noX&U

z0
u5]\a�apLcMDV 6= 0

j7UW]\ax�\�qQNHbU�V.Usj2V@QNu\y�[

h̃(z) :=
f̃(z)

g̃(z)
noX&U

z0
QT];QTY`ÊcVPU`jPy�[�u\]\a 6= 0,

[;QRV.jDLcHbU�V.XZUW]5X���LTVPX&]5}ZM7XZUW[\X&]\a5QNMPjDV7XZYWY`u5]5i

h̃(z) = a0 + a1(z − z0) + ....



zq§�½D¥�¸\©9§¯¦gÆp§¯½Z«¼¥`³b³�©T¦5ÃË©T¦�¸ �I¦g«Â§PÃ9´�¹T²s¹5©N½ Á §¯´Z«7©T¦pÃ �����P� �

HbU�V
a0 6= 0.

�rQTHbU�V.UsjDV@a5QT]5]

h(z) =
(z − z0)

k

(z − z0)m
h̃(z) = (z − z0)

k−m
(

a0 + a1(z − z0) + ....
)

,

^�LNM�QTu\j�H�QT]�QTY`YWX|j�QTn5Y`U`XZjDVZ�
�

B#�9�,+����¼� �l �¡á¢onAUMLq¥v§�¨x©N¦5ªg«¼¥v¬µ¦
f(z) =

j7U`]
z ® ¹p«0§�¥`¦5¿¼¹e¾ ® § �'©T²`²s½&«I§�²`²­§¯¦�Æp§�¥ kπ (k ∈ Z),½¯¬µ³b¥�« ® ¹5« h(z) := 1� � �

z

§¯¥W¦\¿¼¹e¾ ® § _E¬µ²v§#Æe§¯¥ kπ (k ∈ Z).

Î.]	XZUW]5XZMá^�XZj7X&]9V7Y`U`y�[\X&] � UW]\iNu5YsQTMPU�V��RV�Usj2V
f
^BX|apX&M�noXZjPy�[5M��T]5O9VZw0]\Ley�[_^��Ny�[\jDVáapX&M�Ü�X&�

V7M�QTiÕ�NLN]
f
a5LNM7V(apX�É;]5U�VPUW�ÓicX&icX&] ∞.

��X&]5] � UWX�jDUsy�[ÓX&U`]ÙÜ�U`Y`a��NLN]�a5X&HKj7y�[\LN]ÓX�V2^�QNj
j7LN]\apXZM7n;QTMPX&]�J0X&MP[\QTYWV7XZ]ÔX&U`]5X&MrQT]\QNYWÊ9V7UsjPy�[5X&]Ô�5u\]5O9V7U`LN]ËU`]ËapX&MrÈ@�N[5X'X&U`]5XZM@^�XZj7X&]9V7Y`U`y�[\X&]
� U`]5iNu\Y`QNM7UWVP�TV#H�QNy�[\X&]_^BLcYWY`X&]xwlj7L×j2VPu\apU`X&MPX&] � UWXÔj7X&Y`n\jDV�a5UWXË�\u5]5O9V7U`LN]

f(z) := e
1

z

noX&U
z0 = 0 !

Ü�X&U`H j7LNi;�pÚ7Ñ�X|jDUsapu5XZ]5ORQTY`O9m\Y ÛbiNX&[9V�XZj�a\QTMPu5H�w�M7XZX&Y`YWXbGI]9V7XZiNM�QTY`X(HbUWV{apX&H Ñ�XZj7U`a5u5X&]\jPQRVP}
}&u�noXZQNM7noX&UWV7XZ]xw5^�LNnoX&UFa5QN]5]�apUWX(Ñ�XZj7U`a5u5X&]�X&U`]5XZM�iNX&icX&noX&]5XZ]�QN]\QTY`Ê9V7Usj7y�[\X&]��5u5]5O9VPUWLc]�QN]
iNXZ^�U`jPj7X&]ÓU`[5M7XZM{UsjDLcYWU`X&M7V7XZ] � U`]5iNu5YsQTMPUWVP�RVPX&]Ó}Zu�n;X|j2VPUWHbHbX&]_jDU`]\a���GI]hapXZ]hÎ.]e^�X&]\a5u5]5iNXZ]
j7UW]\a{apUWX|jDX � U`]5iNu5YsQTMPUWVP�RVPX&]'HbXZU`jDV$��LNY`XNw|[\�NupÉ\iqj7LNi9QTMx�cLN]�XZMPjDV7XZM �qM�ap]eu5]5i;� Þ U`X&M7tvm5M�}&XZUWicX&]^�U`M

� Sp� CÔ �¡�¢Vn�nXPr¹p«
f(z)
Æp§�¥

z0
§�¥`¦o§�¦]_l¬R²x¸e§¯´ ��´Z¸N¦g©T¦pÃ ≤ k,

½¯¬r¥`½Z«
(z− z0)kf(z)

�W¦;¹p¾ ®±�Pr§RÆp§�¦�¸e§¯´ q ¥`¦pÃ;©T²­¹R´P¥z«fsp« · � ¹T¦;¹R²�ºx«¼¥s½�¾ ® Æe§¯¥ z0 ©T¦�¸

Ñ�XZj
z0 f =

1

(k − 1)!

dk−1

(dz)k−1

(

(z − z0)
kf(z)

)∣

∣

∣

∣

z=z0

,

¸;Ç ® ÇN¸9¹T½Izq§¯½7¥�¸\©5©T³ ¥s½&«F¸e§�´ ��¬e§��#ÅZ¥­§¯¦g« \ ¬R¦ (z−z0)k−1 ¥`¦�¸e§¯´�_E¬p«Â§�¦\Å&´�§�¥ ® §�¦o§¯¦g« Á ¥¼¾2ªe²z©T¦pÃ
\ ¬R¦ (z − z0)

kf(z)
©T³

z0.

B#�*)(�9�,+N��È@Qcy�[�J0LNM�QTu\jPjDX&V7}Zu5]5i{[;QRV
f
a5UWX ���A������
��oX&]9V2^�Usy�O9Y`u5]5i

f(z) =
a−k

(z − z0)k
+ ...+

a−1

z − z0
+ a0 + a1(z − z0) + ...,

j7LNHbU�V�Usj2V

(z − z0)
kf(z) = a−k + ...+ a−1(z − z0)

k−1 + a0(z − z0)
k + ...,

^�LNM�QTu\j�H�QT]�QTY`YWX|j�QTn5Y`U`XZjDVZ�
�

� �E��CN�>S � � S � �� �¡�¢Vn#� �2½Z«
f
½&¾ ® ¬µ¦�Ãp§PÃ5§RÆp§�¦Ô¹R²s½

f(z) =
1

(z − z0)k
· g(z),

Á ¬pÆp§�¥ g(z) ¹T¦;¹R²�ºx«¼¥s½�¾ ® Æe§¯¥ z0 ¥`½Z« À ½�¬{¥s½&«

Ñ�X|j
z0 f =

1

(k − 1)!
· g(k−1)(z)

∣

∣

∣

∣

z=z0

,

¸;Ç ® Çg¸9¹N½�zq§¯½7¥¼¸;©5©T³ \ ¬µ¦ f ¥s½&«B§¯¥W¦5¿¼¹p¾ ® ¸p§�´ (k − 1)
»D«Â§ ��¬e§��#ÅZ¥­§¯¦g«�¥`¦�¸e§�´ _E¬e«I§�¦5ÅZ´¯§¯¥ ® §�¦;»§�¦g« Á ¥�¾2ªe²�©T¦5Ã \ ¬µ¦ g.
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�qX&M�[\�NupÉ\ib�NLcM7OcLNHbHbX&]\apX��\QNYWYF�NLN]�X&U`]pt¼QNy�[\X&]���LNY`X&]�jDXZU�]5Lpy�[�noXZj7LN];apX&M�j�QT]5icXZjPy�[\QTupV|�
G2jDV

f(z) = g(z)
z−z0

HbUWV�noX&U
z0
QT];QTY`ÊcVPU`jPy�[5XZH

g,
j7L(UsjDV�];QNy�[�a5X&M�}&u5Y`X�VP}�V.icX&}&XZUWiNV7XZ]��5LcM7HbXZY

X&U`]pt¼Qcy�[
Ñ�X|j

z0 f = g(z0).

G2jDV
f(z) = g(z)

h(z) ,
^�LNnoX&U

g, h
QN]\QTY`Ê9V7Usj7y�[�noX&U

z0
jDU`]\a�u5]\a

h(z)
apLcMDV.XZUW]5X{X&U`]pt¼QNy�[5X'È@u5Y`Y��

jDV7X&Y`Y`X�[\QRV|w5jDLbUsj2V0�DQ#]\Qcy�[ � QTV7}'����� � �#tvm5M
k = 1

a5Qcj�Ñ�XZj7U`a5u5u5H��cLN]
f
iNXZMPQcapX

Ñ.XZj
z0 f = (z − z0)

g(z)

h(z)

∣

∣

∣

∣

z=z0

,

^�LNnoX&Uca5X&M�M7X|y�[cV�j7jDV7XZ[5X&];apX0��XZMDV�QTYsjx��X&M7V�QN]�X&U`]5X&M�[5X&n\n\QTMPX&] � U`]5icu5Y`QNM7UWVP�TV$apu5M�y�[{ÝrMPX&]5}&�
m5noX&MPicQN]5i(noXZjDV7U`HbH'V@^�U`M�a��5È.u5]�Usj2V@QNn;XZM�^BXZiNXZ]

h(z0) = 0 :

(z − z0)
g(z)

h(z)
= g(z)

1
h(z)−h(z0)

z−z0

→ g(z0)

h′(z0)
.

Î.Ysj7L#UsjDV.[5UWXZM
Ñ�X|j

z0 f =
g(z0)

h′(z0)
.

�,U`M.[\QTYWV7XZ]�tvX|j2V|�
 F��	 ��� �¼� � �!	]mIS(+ ��� +|�>mIGIG � �E�e���e�¼���fS�D:E��e��� G � ��+Z�Z� � ���e�h �¡�¢Vn � ¤E½�½�§¯¥­§¯¦

g
©N¦�¸

h
¹T¦;¹R²�ºx«¼¥s½�¾ ® Æe§¯¥ z0, h ® ¹\Æe§{¸p¬µ´|«l§¯¥W¦g§r§¯¥W¦\¿¼¹e¾ ® § �'©N²W²s½&«I§�²`²­§TÇ�L�¹R¦5¦�Ãp§¯²�«I§�¦�y
ß ¨ |N´ f(z) = g(z)

z−z0

¥`½Z«lÑ�XZj
z0 f = g(z0),

ß ¨ |N´ f(z) = g(z)
h(z)

¥`½Z«0Ñ�XZj
z0 f = g(z0)

h′(z0)
.

�,U`M.^BXZ]\apXZ]�u5];j�]eu5]�a5X&M.Ü�X&MPXZy�[5]eu5]\i(MPX&XZYWY`X&M�GI]9V7XZiNM�QTY`XqHbUWV@apX&H Ñ�XZj7Usapu5X&];j7QTV7}�}&ux�
fou5];�Ny�[\jDV�tvLNY`iNX&];apXZj
B#�9�,+����¼� �l �¡á¢on �

∫ +∞

−∞

dx

1 + x2
= π.

�ÔUWV.M7XZX&Y`YWXZ] �ËX�V7[\Lea5X&]Ôj7y�[\YWU`X&�NV�H�QN]�j7L\�
�qX&M�GI]9V7XZiNM�QT]\aÓ[;QRVáQTYsj � VPQNH#H#tvu5]\OcVPUWLc],apX&]	QTM�y�u\j{VPQN]5iNXZ]\jZw�j7LNHbUWV�U`jDVáa5QNj#iNX|jDu;y�[cVPX
GI]9V7XZiNM�QTYgiNY`X&Usy�[�a5X&H ÝrMPX&]\}&^�X&M7V��cLN]

YWU`H
R1→+∞
R2→−∞

( QNMPy�VPQN]
R1 −

QTM�y¯VPQN]
R2

)

=
π

2
− (−π

2
) = π.

È.u\]án;XZM7X|y�[5]5XZ]á^�UWM�apU`XZjBH#UWV Þ UWYWtvX�apXZj�Ñ�XZj7Usapu5X&];j7QTV7}&X|j&�9�qQN}&uáj7X&U γR apXZMB��X&i;w9a5X&MBQNuptapXZMBMPX&XZYWY`X&]�Î�y�[;jDXq�NLN] −R ]\Qcy�[ +R
�cX&MPY`�Nupt­VBu\]\aáa5QN]5]�U`]�XZUW]5XZH Þ QTY`n5OeMPX&UsjEu5H 0

H#UWV
Ñ.QcapUWu;j

R
apu5M�y�[�apUWX�Lcn;XZM7X Þ QNYWnoX&noX&]\X�}&u5MPm\y�Oá]\Qcy�[ −R icX&[9VZ�5�qX&M@GI]cVPX&icMPQN]\a

f(z) =
1

1 + z2
=

1

(z + i)(z − i)

[\QTV�icX&]\QNu�noX&U
z = ±i � U`]5iNu\Y`QNM7UWVP�TV7X&]�u5]\a�}Z^�QNMqXZUW]pt¼Qcy�[5Xb��LNY`XN�x�rQµ�NLN]�^�UWM�a Ì ^�X&]\]

R
iNMPLN��iNXZ]eu5i�U`jDV Ì icX&]\QNuËapU`X'n;XZU +i �NLN] γR u5HbYsQTuptvXZ]Ëu5]\a�}Z^�QNM.X&U`]5H�QTYz�;�rQNjrÑ�XZj7UW�apu5u\H �NLc]

f
n;XZU

i
n;XZM7X|y�[5]5X�V�jDUsy�[�];QNy�[�apXZ]��\LNMPH#XZYW]�tvm5M�a5QNj�Ñ�X|jDUsapu5u\H n;XZUoXZUW]5t¼QNy�[5XZ]

È.u\YWYsj2VPX&Y`YWXZ]Ô����� � �#}Zu
Ñ.XZj

i f =
1

2i
.



zq§�½D¥�¸\©9§¯¦gÆp§¯½Z«¼¥`³b³�©T¦5ÃË©T¦�¸ �I¦g«Â§PÃ9´�¹T²s¹5©N½ Á §¯´Z«7©T¦pÃ �����P� �

�5LcYWicYWUsy�[�U`jDV�tvm5M
R > 1

QTYsjDL
∮

γR

dz

1 + z2
= 2πi · 1

2i
= π.

�qUWX|jDXZM���XZMDV.Usj2V@QNY`j7L��­tvm5M
R > 1

��u\]\QTn5[;�T]5icUWi#�NLc]
R.È.u\]ÕYsQNjPjDXZ]Ô^�UWM

R → ∞ iNX&[\X&]x�o�qQNn;XZU�XZM7^�X&UsjDVqjDUsy�[Õa5Qcj@GI]9VPX&iNM�QTYFm5n;XZM�apX&] Þ QTY`n5OeM7XZU`j
{z = Reiϕ | 0 ≤ ϕ ≤ π} QNY`j#[\QNM7HbY`LcjZ���qX&]\]_jPy�[\�RVP}&XZ]h^�U`M#];QNy�[Ùa5X&M��5LcM7HbX&Y����\QTO9V�����W�F�N�

∣

∣

∫

γ

f(z)dz
∣

∣ ≤ (
� y�[5MPQN]5ONXqtvm5M |f | QTu5t γ) · ( �F�N]5iNX��NLc] γ)

QTnFwej7L#U`jDV��DQ#a5UWX �F�N]5iNX�apXZj Þ QTY`n5OeM7XZU`j7XZj�iNXZMPQcapX πR u5];a�apXZM�GI]cVPX&icMPQN]\aáUsj2V�tvm5M |z| = RQTn;j7y�[\�TV7}Zn\QTM�apu5M�y�[
∣

∣

1

1 + z2

∣

∣ ≤ 1

R2 − 1
.

� LcH#UWV.iNU`YWV�tvm\M@a5QNj�GI]9VPX&iNM�QTY

∣

∣

∫

���&� ����� ��� �
1

1 + z2
dz

∣

∣ ≤ πR

R2 − 1
→ 0 (R → ∞).

Î.Ysj7L�X&MPiNU`npV�jDUsy�[xwga5QT��a5QNjqGI]9V7XZiNM�QTY ∫ +R

−R
1

1+z2 dz
Y`�N]5icjrapX&MrMPX&X&Y`Y`X&]ÕÎ�y�[\j7X(tvm5M

R → ∞iNXZiNXZ]
π
ONLc]9�cX&MPiNU`X&M7VZ�

�qUWX|jDXáG2a5X&Xátvu\]5O9V7U`LN]5U`X&M7V{]\QTV7m5MPYWUsy�[�QTu;y�[�noX&U�QT];apX&MPX&]�Ü�X&Usj7S5UWXZYWXZ]x�F�×QNj(a5QT}ZuÓ^�UWMPOeYWUsy�[
^�XZj7X&]9V7Y`U`y�[�Usj2V|w5X&]9V7[;�TYWV�a5X&M�tvLNY`iNXZ]\apX

� Sp� CÔ �¡�¢Vn�� ¤E½E½�§¯¥
f(z) = P (z)

Q(z)

� ©9¬e«�¥­§¯¦o«�Å Á §¯¥­§¯´ _E¬µ²�º5¦o¬µ³�§ À ½�¬5¸9¹T°r¿�¬R²�Ã5§�¦�¸p§��o¬µ´¯¹p©N½�»½¯§µ«¼Åc©T¦pÃ5§�¦�Ãp§�²z«Â§¯¦�y
	 Ç�Lr¹N½ �r§�¦\¦o§�´I¶�¬R² º5¦o¬R³ ® ¹5«0ªe§�¥`¦o§@´�§&§�²`²v§ �{©T²`²`½Z«Â§¯²W²v§ À

 Ç�L�§¯´���´�¹p¸�¸e§�½ �r§¯¦5¦o§�´�½�¥s½&«�©T³ Á §¯¦5¥WÃ9½Z«Â§�¦;½ 
 Ã9´ � °e§¯´�¹T²`½r¸e§¯´���´�¹p¸�¸p§¯½OZ�s ® ²v§�´�½ZÇL�¹R¦5¦�¥s½&«

∫ +∞

−∞

f(z)dz = 2πi ·
∑

k� �
zk>0

Ñ.XZj
zk
f,

¸;Ç ® ÇF¸9¹T½ �I¦o«I§PÃ9´�¹T²F¥s½&« 2πi ³á¹T²l¸N¥v§ q ©N³#³�§�¸e§�´}zq§¯½7¥�¸\©9§�¦ \ ¬µ¦ f ¹T¦×¸e§�¦Ë¥`¦Ó¸e§¯´�¬5Æe§¯´¯§¯¦Pq¹T²zÆp§RÆp§�¦g§@Ãp§�²v§PÃ5§�¦o§¯¦ q ¥W¦pÃo©T²­¹R´P¥�« sp«Â§¯¦ À ¸N¥v§ ® ¥­§¯´.½/sT³�«�²W¥�¾ ® _E¬R²­§r½7¥W¦x¸;Ç
�qX&M B#� ){�e��+�n\QNupVlX&U`]pt¼QNy�[b]\Qcy�[xwR^�QNj�^�U`Ml[5U`X&M0noX&U;a5X&H Ü�XZU`j7S5U`X&Y\jPy�[5LN]#iNXZH�QNy�[9V0[\QTnoX&]x�
Î.Ysj(��LcYWÊe]5LcH�[\QRV

Q(z)
]eu5M{XZ]\apY`U`y�[h�9U`X&Y`X�È@u5Y`Y`jDV7XZYWY`X&]xw0j7LNHbUWV

f(z)
]eu5M{XZ]\apY`U`y�[h�9U`X&Y`X

� U`]5iNu\Y`QNM7UWVP�TV7X&]�u\]\aáapU`X@Y`UWXZiNXZ]Ë�v]\Qcy�[�J0LNM�QTu\jPjDX&V7}Zu5]5i9�0]5U`y�[9VBQNuptFapXZMEMPX&X&Y`Y`X&]áÎ�y�[\j7XN� �ÔUWV
[5U`]5MPX&Usy�[5X&]\a�icM7Lc�NX&H

R
ON~c]5]5X&]�^�U`M{QTYsjDLÔapXZ]ÓÑ�XZj7U`a5u5X&]\jPQRVP}bH#UWV(apXZH Lcn;XZ]�]\LTV7U`X&M7V7XZ]

��X&i

γR :=
M7XZX&Y`YWX�Î�y�[\j7X��NLN] −R

];QNy�[
+R
u5]\a

QNupt Þ QTY`n5OeM7XZU`j�U`]ÔapX&M�Lcn;XZM7XZ] Þ QTY`n;XZn;XZ]5X�}&u5MPm\y�Oá];QNy�[ −R

QTu5t
f
QT]e^BXZ]\apXZ]�u5];a�XZM7[;QTYWV7X&]

∮

γR

f(z)dz = 2πi ·
∑

k� �
zk>0

Ñ�X|j
zk
f,

^�QNj�a5QN]5]��vtvm5M
R → ∞ ��jPy�[5Y`UWXZ�NY`U`y�[�u5]\QTn\[\�T]5icUWi#�NLc] R U`jDVZ�
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È@Qcy�[�J0LNM�QTu\jPj7X�V7}Zu5]5i�Usj2V�apX&M�È.X&]\]5X&MPiNM�QNa#u5H ^�X&]5U`icjDV7XZ]\j ��icM7~c�NXZMlQTYsjlapX&M.fg�N[5YWXZM7icMPQca�w
j7LNHbU�V#^�UWM�aÓHbUWV#QT];QTY`LNiNXZM{Î.n;j7y�[\�TV7}Zu5]5iÕ^�U`X�Lcn;XZ]ha5Qcj'GI]9V7XZiNM�QTYEm\n;XZM#apXZ] Þ QNYWn\O9MPX&UsjD�noLNiNXZ]Ôtvm5M�^�QNy�[\j7X&]\a5XZj

R
noX&Y`UWXZn5U`i�OeYWXZUW]Fwgj7Lpa5QT��j7y�[5Y`U`X&�NY`Usy�[Ô]9u\Mra5Qcj@GI]9VPX&iNM�QTY$m5noX&M�apU`X

MPX&X&Y`Y`X�Î�y�[;jDX�m5n5MPU`i#n\YWXZUWnpV|�
�

klU`]5X�]empV7}ZYWUsy�[5X�JlQNM7UsQT]9V7Xrn5MPUW]\iTV.apX&M.tvLNY`iNX&];apX
� G.+:Sp� CÔ �¡á¢on � �2½Z«

f(−x) = f(x),
½¯¬�¥s½Z«�¸9¹R¦5¦

∫ +∞

0

f(x)dx =
1

2

∫ +∞

−∞

f(x)dx

©T¦�¸b¹p©T¿�¸9¹N½l´�§|¾ ® «Â§ �I¦g«I§PÃc´¯¹R²;ªT¹R¦5¦�³á¹R¦Õ©T¦g«Â§�´xuF³�½Z«fsR¦x¸e§�¦Ô¸p§�¦�¬5ÆR¥�Ã5§�¦ q ¹5«¼År¹T¦ Á §¯¦�¸e§�¦$Ç
�,U`YWY$HbQN]�Lcn5U`iNX �ÔX&V7[5LpapX'QNupt�QN]\apXZM7X��5u\]5O9V7U`LN]5XZ]ËQT]e^BXZ]\apXZ]xw5jDLbUsj2V�����	�+Z�.D:Eg�"S\��Ho� �
� 	FS�D:Eg���
B#�9�,+����¼� �l �¡á¢�� � ¤B½.½�§¯¥

a > 0.
Qá¹T½�¥s½&«

∫ +∞

−∞

y�L9j
x

(x− π
4 )2 + a2

dx ?

Ú&�x~cj7u5]5iTÛ��g�qX&M��BLcj7U`]9u;jqUsjDV�noX�VPMPQNiNY`U`y�[ ≤ 1,
apX&M�È@X&]5]5XZM�^��cy�[\jDV@tvm5M

R → ∞ ^�U`X R2,j7LNHbU�V�ORQT]5]�HbQN]�QTn;j7y�[\�TV7}ZX&]�^�U`X@LNnoX&]�u5]\a�XZM7[;�TYWV
2πi · Ñ�X|j z0(f),

^�LNnoX&U
z0 = π

4 + i · aapU`X�X&U`]5}&U`iNX � U`]5icu5Y`QNM7UWVP�TV�UW]�apX&M@LNnoX&MPX&] Þ QTY`noX&noX&]5X�Usj2V|�
� DFE�S�m$� �E� S(+��,+&� �¼�e�>m�� 	 �fS ��+:D:E �

�qUWX�Î.n;j7y�[\�TV7}Zu5]5i | y�L9j z| ≤ 1
U`jDV0]9u\M$tvm\M0M7XZX&Y`YWX�Î.MPiNu5HbXZ]cVPXBMPUsy�[cVPUWiru5]\a(X�V2^�Q@tvm5M

z = iyUsj2V0�DQby�L9j
iy = 1

2

(

e−y + ey
)

,
^�Qcj�]5U`y�[9V@a5QNMPQN]�apXZ]5O9VZw5noXZjPy�[5M��T]5O9V�}&u�j7X&U`]��

� ��+|������	�+Z�.D:Eg���
��m5M�LNn\UWicXZj�Ü�X&UsjDS\UWXZY�ON~N]\]5X&]�^�UWM�X&V2^�Qbj7Lb�NLNMPiNXZ[5X&]F�
kEj�UsjDV@y�Lcj

x =
Ñ�X

eix
u5]\a�j7LNHbU�V.[\UWXZM7]\Qcy�[�QNu\y�[

∫ +∞

−∞

y�L9j
x

(x− π
4 )2 + a2

dx =
Ñ�X ( ∫ +∞

−∞

eix

(x− π
4 )2 + a2

dx

)

.

�rQNj�GI]9V7XZiNM�QTYgm5noX&M.u5];jDXZM7XZ] � V�QT]\a\QTM�ae� Þ QTY`n5OeM7XZU`j7^�X&i γR QNY`j7L
∫

γR

eiz

(z − π
4 )2 + a2

dz

ON~c]5]5XZ]Ô^�UWMq]9u\]Ô]\QNy�[ËapXZHÖÑ�XZj7U`a5u5X&]\jPQRVP}'noXZjDV7U`H#HbXZ]Ëu5]\aÔ^�X&icX&]
ei(x+iy) = eix · e−y[\QTV�QTYsj7L�apX&MËfg�T[\YWXZM

eiz
VPQTVPjP�Ny�[5Y`U`y�[,U`] apXZM�i9QT]5}ZX&],LNnoX&MPX&] Þ QTY`n;XZn;XZ]5X×apX&] Ü�X&V7M�QTi

|eiz| = e−y ≤ 1,
j7Lea\QT�ba5QRtvm5M�u\]\jDXZM7X�Î@n\j7y�[;�RV7}Zu5]5i#tvu5]5O9VPUWLc]5UWXZMDV|�

�rQNj�Ñ�X|jDUsapu5u5H QT]ÔapXZM�M7XZYWXZ�µQN]9V7X&] � VPX&Y`YWX
z0 = π

4 + i · a U`jDV.iNXZMPQcapX

ei(
π
4
+i·a)

2(π4 + i · a− π
4 )

=
ei

π
4 · e−a
2i · a ,

j7Lea\QT�
∫ +∞

−∞

eix

(x− π
4 )2 + a2

dx = 2πi · e
iπ
4 · e−a
2i · a = ei

π
4 · e

−a

a
· π

Usj2V|�\�qQcj�X&U`iNXZ]cVPYWUsy�[�iNXZj7u\y�[9V7XrGI]9V7XZiNM�QTY�Usj2V.apXZM@Ñ�XZQNY�VPX&U`Yxa5Qµ�NLc]�u5];a�^�X&icX&]

Ñ�X
(ei

π
4 ) =
y�Lcj π

4
=

1

2

√
2



zq§�½D¥�¸\©9§¯¦gÆp§¯½Z«¼¥`³b³�©T¦5ÃË©T¦�¸ �I¦g«Â§PÃ9´�¹T²s¹5©N½ Á §¯´Z«7©T¦pÃ �������5�

tvLNY`iTV.a5Qcj�klMPiNX&n\]5U`j
∫ +∞

−∞

y&Lcj
x

(x − π
4 )2 + a2

dx =
1

2

√
2 · e

−a

a
· π.

�Ü�X&UeapU`XZj7X&M Þ X&MPYWXZU�VPu5]5iq[\QTnoX&]'^�U`M�jDXZ[5MFicM7Lcn�tvm5M�QNYWY`X y ≥ 0
XZUW]5t¼QNy�[

e−y ≤ 1
QTn5icXZjPy�[\�RVP}�V|w

u5H }&u	}&XZUWicX&]xwla\QT��apXZM Þ U`Y�t¼j7noLNiNXZ]	YWX&V7}�VPYWUsy�[_tvm5M�a5Qcj�GI]9V7XZM7i9QTY�[\QNM7HbY`LcjbUsj2V|� Þ U`X&MáUsjDV]5Lpy�[�ÚD�9U`X&Y.�xupt­VDÛ(apM7U`]Ôu5]\a�U`]\apXZH�HbQN]ÔX�V2^�QNj�HbXZ[5MqÎ@M7noX&UWV@U`]9�cXZjDV7U`X&M7VZw5noX&OcLNHbH'VqHbQN]
tvLNY`iNXZ]\apX|jlÑ�XZj7u5YWVPQTVZwNnoX&UoapX&H apXZMBÈ.XZ]5]5XZM7icMPQca{]eu5MB]5Lpy�[#u\HÍ�{��j2V�QRV7VEu5H �N��icM7~c�NX&M0j7X&U`]
H{u\�bQNY`j�a5X&Mqfg�N[5YWXZM7icMPQca��
� Sp� CÔ �¡�¢ ��£	¤E½�½¯§�¥

f(z) = P (z)
Q(z)e

iz,
¸9¹5Æp§�¥�½¯§�¥v§�¦

P
©T¦x¸

Q
Å Á §�¥	_E¬µ²�º5¦o¬µ³�§ ÀgÁ ¬pÆp§�¥$¸N¥­§¿�¬µ²WÃp§¯¦�¸e§¯¦ �o¬R´�¹5©N½7½¯§µ«�ÅN©T¦5Ãp§�¦�Ãp§¯²�«I§�¦�y

	 Ç�Lr¹N½ �r§�¦\¦o§�´I¶�¬R² º5¦o¬R³ ® ¹5«0ªe§�¥`¦o§@´�§&§�²`²v§�¦ �'©T²`²`½Z«Â§¯²W²v§�¦ À

 Ç�L�§¯´���´�¹p¸�¸e§�½ �r§¯¦5¦o§�´I¶�¬µ²�ºp¦g¬µ³�½

Q
¥s½&«�Ã9´ � °e§¯´�¹T²`½r¸e§¯´�¸e§¯½}Z�s ® ²v§�´I¶�¬µ²�ºp¦g¬µ³�½ P.L�¹R¦5¦�¥s½&«

∫ +∞

−∞

P (x)

Q(x)
eix dx = 2πi

∑

k� �
zk>0

Ñ�X|j
zk
f

� Æp§�´ zq§&¹R²­»'©T¦x¸ �I³á¹µÃc¥`¦�sT´Z«I§�¥`²�§�´ ® sT²�«q³�¹T¦,¸9¹T¦5¦ �zÆp§�¥�´�§&§�²`²v§�¦ _E¬µ²�º5¦o¬µ³�§¯¦ P ©T¦�¸ Q �¹p©5¾ ® ¸N¥v§ �I¦g«Â§�Ãc´¯¹R²v§
∫ +∞

−∞

P (x)

Q(x)

y&Lcj
x dx

ÆTÅ Á Ç
∫ +∞

−∞

P (x)

Q(x)

jDU`]
x dx.

Ü�X&UEa5UWX|jDXZ]×Ü�XZU`j7S5U`X&Y`X&]×[\QRV7V7XZ]�^�U`M{jDV7X&VPj'a5Qcj��NLcM7icX&iNXZn;XZ]5X#M7XZX&Y`YWX�GI]9V7XZiNM�QRVPUWLc]\jDU`]9V7XZM7�RQTY`Y
tvm5M@a5X&]�ONLcH#S\YWX&deXZ]�GI]9VPX&iNM�QRVPUWLc]\j7^BXZi{HbU�VPn;XZ]eupV7}&V@u5]\a�iNXZX&U`iN]5X&V.X&MPic�N]5}�V|�9kEUW]Ôi9QT]5}�QT]5�
apXZM7XZM��$MPU`y�OÔUsj2V�X|j&w�XZUW]�M7XZX&Y`YWX|jrGI]cVPX&icMPQNY$icYWXZU`y�[�QTYsj���QNMPQNHbX�V7MPUsjDU`X&MPu5]5iáXZUW]\XZj�ONLcHbS5YWX&dpX&]
��u5MP�NXZ]5UW]9VPX&iNM�QTYsjBm5n;XZM�X&U`]5X&]�icXZjPy�[5YWL9j7j7X&]\X&]���X&ib}Zu�Y`XZj7X&]F�5�@U`XZj�icX&[9V�X�V2^�QbjDL;�
B#�9�,+����¼� �l �¡á¢��	J �.§¯´¯§µ¾ ® ¦o§

∫ 2π

0

dx

5 + 4
y&Lcj

x
.

�qX&M#klUW]\[5X&UWVPj7OeM7XZU`j(^�UWM�a��DQÔS;QTM�QTHbX�VPM7UsjDU`X&M7V{m5noX&M
t 7→ γ(t) := eit (0 ≤ t ≤ 2π),

u5]\a
a5QNn;XZUoUsjDV�y&Lcj

t = 1
2

(

eit + 1
eit

)

,
jDU`]

t = 1
2i

(

eit − 1
eit

)

.
�rQTHbUWV�Oc~N]5]\X&]á^�U`M�u5]\j7X&M�GI]cVPX&icMPQNY

u5H�jPy�[5M7XZUWnoX&]�QTYsj
∫ 2π

0

dt

5 + 4
y&Lcj

t
=

∫ 2π

0

1

5 + 2
(

eit + 1
eit

)

i eit

i eit
dt

=
1

i

∫ 2π

0

γ′(t)

2γ(t)2 + 5γ(t) + 2
dt

=
1

i

∮

|z|=1

dz

2z2 + 5z + 2
.

�cX�V7}&V.X&M�j7y�[\X&U`]cV�u5]\j7X&M�GI]9VPX&iNM�QTYxa5UWMPX&O9V.QTYsj�ONLcH#S\YWX&deX|j�GI]cVPX&icMPQNY�m5n;XZM.apX&]�klU`]5[5XZU�V�jDOeMPX&Usj&w
j7Lea\QT�#^�UWM@a5UWMPX&O9V.apX&]ÔÑ�X|jDUsapu5XZ]\jPQRV7}�QN]9^�X&];apX&]�ON~N]\]5X&]x�
�qUWX�È.XZ]5]5XZMD�IÈ.u5Y`Ysj2VPX&Y`YWXZ]�j7UW];a

z1 = −2
u5]\a

z2 = − 1
2 ,
�NLc]�apXZ]5X&]�iNXZ]\QTu − 1

2

UWH GI]\]5X&MP]
apX|j@klU`]5[5XZU�V�jDOeMPX&UsjDX|j.Y`UWXZiTV|�o�rQNjrÑ�XZj7Usapu5u5H�Usj2V�apLNM7V@]\Qcy�[ÕapX&Mq}&^�X&UWV7XZ]ÕapX&M��5LcM7HbXZYW]�tvm5M
a5Qcj�Ñ�XZj7U`a5u5u5H�noX&UFX&U`]pt¼QNy�[5XZ]�È@u5Y`Y`jDV7XZYWY`X&]Ô����� � �

1

(2z2 + 5z + 2)′

∣

∣

∣

∣

z=− 1

2

=
1

4z + 5

∣

∣

∣

∣

z=− 1

2

=
1

3
.
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�rQTHbU�V.UsjDV
∫ 2π

0

dt

5 + 4
y&Lcj

t
=

1

i

∮

|z|=1

dz

2z2 + 5z + 2
=

1

i
· 2πi · 1

3
=

2

3
π.

�rQNj.Ý�QT]\}&X�iNXZ[9V�^�U`XZa5X&M.QTY`Y`iNX&HbXZUW]5XZMZ�
� Sp� CÔ �¡�¢ ��U

R(u, v)
Æp§�ÅR§�¥�¾ ® ¦o§r§�¥`¦o§�´¯¹p«�¥­¬R¦;¹R²v§�¨F©T¦5ªg«¼¥v¬µ¦�¥W¦�Å Á §�¥ �;¹R´P¥s¹\ÆR²­§¯¦FÇ+Lr¹T¦5¦�¥s½&«

∫ 2π

0

R(
y�Lcj

t,
j7UW]

t)dt =
1

i

∮

|z|=1

R
(1

2
(z +

1

z
),

1

2i
(z − 1

z
)
)dz

z

©T¦�¸�¸N¥v§¯½�ªT¹T¦5¦�³�¹T¦�³#¥z«�¸e§¯³ zq§�½D¥�¸\©9§¯¦\½P¹5«¼Å�Æp§�¹R´µÆp§�¥z«Â§�¦$Ç

��X&UWV7X&MPX�G2apXZX&]xw5apXZ]ÔÑ�XZj7U`a5u5X&]\jPQRVP}rtvm5M.MPX&X&Y`Y`Xq�lMPLNn\YWXZH#X�XZUW]\}&u\j7X�VP}&X&]Fw5jDU`]\a�UWHÍ]\�Ny�[;j2VPX&]
Î.n;j7y�[5]\U�V7V.}&u\jPQTHbHbX&]5icXZjDV7XZYWYWVZ�(�ÔXZ[5M�É\]\a5X�V.H�QT]�X�V2^�Q(n;XZU�����
��  � 0w\Î.]\QNYWÊpj7U`j�tvm\M��l[eÊc�
j7UWOcX&M�u5]\a�GI]5icX&]5U`X&u5MPXN�

� <$4I3p<��5<>*,+ �×<F+ $@?@+ �l<F+ $@<F6 9	<F6e4 $q?.<F+q69-$3 (�<F6
�qUWX'�\u5]5O9V7U`LN]

ϕ(z) := π
y¯V�QT]

πz = π

y&Lcj
πzj7UW]
πz

=
1

z
− π2

3
z − π4

45
z3 − 2π6

945
z5 − ...

Usj2V#UW]_apX&M(icQT]\}&X&]hONLNHbS5Y`X�dpXZ]Ókln;XZ]5X�QT]\QNYWÊ9V7UsjPy�[xw$QNu\jDicX&]5LcHbH#XZ]�apU`X�È.u\YWYsj2VPX&Y`YWXZ]h�cLN]
j7UW]

πz,
apU`X'icX&]\QNuÔn;XZU

z = k ∈ Z
Y`UWXZiNXZ]x� � LcHbU�V@[;QRV

ϕ
icX&]\QNu�QN]ËapU`XZj7X&] � VPX&Y`YWXZ]

k ∈ Z� U`]5iNu\Y`QNM7UWVP�TV7X&]Ùu5]\a_}&^�QTM#X&U`]pt¼Qcy�[5X���LcYWXc�lÈ@Qcy�[ÙapXZ]_�\LNMPH#XZYW]Ùtvm5Máa5QcjbÑ�XZj7U`a5u5u5H noX&U
X&U`]pt¼Qcy�[5X&]�È.u5Y`Ysj2VPX&Y`YWXZ]������ � �#noX&MPXZy�[5]5X&V@jDUsy�[�apLNM7V.a5QNj�Ñ�X|jDUsapu5u\H�}&u

Ñ�XZj
k ϕ = π

y�L9j
πz

(
j7U`]

πz)′

∣

∣

∣

∣

z=k

=
π
y�L9j

πz

π
y�L9j

πz

∣

∣

∣

∣

z=k

= 1.

�,U`M.[\QTnoX&]�QTYsj7L\�
#$=>& 	�254�13,.=>d34

ϕ(z) = π
y�VPQN]

πz
(�g3, 6+&?4Age2 ge4 j &<4 6 g34�9)9:g (5; = 6 &<4 �	, &<;�;o&<4

k ∈ Z
�	=�4+6 2
�

;og3%-=�,��3, &<4i254Ajx9
�
ge%��<&

�
&?=�; *x&?=�4:h?g 0)(�&
	 d3;o& l�=�,�� &?*)=>j32525l

1.G2jDVF�2X�VP}�V
f
UWMPiNXZ]\apXZUW]5Xq�5u5]5O9VPUWLc]xwpapUWXqUW]�X&U`]5X&M�Ð.HbiNXZn5u5]5i(�NLc]

k ∈ Z
[5LcYWLcHbLNMPS5[bU`jDVZwpj7L

[\QTV�apU`Xb�5u5]5O9VPUWLc]
f(z)ϕ(z)

QN]ÕapX&M � VPX&Y`YWX
k
XZUW]5XZ]ËX&U`]pt¼Qcy�[5X&]���LcY$HbUWV'apX&H Ñ�X|jDUsapu5u\H

Ñ�X|j
k(fϕ) = f(k) · 1 = f(k)

�¼n5}&^��5XZUW]\Xr[\X&n5n\QNM7X � U`]5icu5Y`QNM7UWVP�TVZwet¼QNYWYsj
f(k) = 0

�¯�
�qX&MEÑ�X|jDUsapu5XZ]\jPQRV7}�jDV7XZYWYWVEGI]9V7XZiNM�QTY`X�QNY`j � u\H#HbXZ]��NLN]bÑ�X|jDUsapu5XZ]ba\QTM|�T�,UWM0�cX&M�jDu;y�[5X&]#]eu5]
apU`XZj�u5Hb}Zu\apMPX&[5XZ]xw5u5HÍX�V2^�Q(XZUW]\X�Ñ.X&U`[5X'apX&M@ÝrX|j2V�QTYWV ∑

k∈Z
f(k)
}Zu�noX&MPXZy�[\]5X&]x�

�rQT}&u
� Sp� CÔ �¡�¢ ��n>¤E½�½¯§�¥v§�¦

p, q
_l¬R² º5¦o¬R³�§ À «Â§�¥`²v§�´P¿­´¯§¯³�¸ �s¹T²`½¯¬q¬ ® ¦o§0Ãp§¯³á§¯¥W¦;½P¹T³á§ �'©T²`²s½&«I§�²`²­§ �&ÀapXZi

q ≥ 2 +
apXZi

p
©T¦�¸

ϕ(z) := π
y�VPQT]

πz.L�¹R¦5¦�¥s½&«
+∞
∑

n=−∞
q(n)6=0

p(n)

q(n)
= −

∑

z
q(z)=0

Ñ�XZj
z

(p

q
ϕ
)

.

L�¹5Æp§�¥ Á ¥W´Z¸�´�§|¾ ® «�½x|\Æp§�´'¹R²`²v§ �¼¸e¹T½r½D¥`¦�¸�¦g©T´'§�¦x¸N²W¥�¾ ®�\ ¥v§�²v§ � �'©T²`²s½&«I§�²`²­§¯¦�¸e§�½ ��§�¦5¦g§�´I¶�¬N»²�ºp¦g¬µ³�½�½&©N³#³b¥v§�´|«7Ç
B#�9�,+����¼� �l �¡á¢�� � ^ ¥�«�¸N¥v§¯½¯§�´ ^ §µ« ® ¬p¸p§�§�´ ® ¹R²z«Â§¯¦ Á ¥`´q§µ« Á ¹

∞
∑

n=1

1

n2
=
π2

6
,

∞
∑

n=1

1

n4
=
π4

90
,

∞
∑

n=1

1

n6
=

π6

945
.



Q�§�¥z«Â§�´�§}N.¦ Á §�¦�¸;©T¦pÃp§¯¦Õ¸p§¯½ zq§�½D¥�¸\©9§¯¦\½P¹5«¼ÅR§¯½ ������� �

Ð.H�apU`XZj7Xá�5LcM7HbX&Y`]ÓQTu\j{apX&H LNn5U`iNXZ] � QRVP}á������� �Ô}Zu×n;XZONLNHbHbX&]Fw$j7X�V7}ZX�H�QT]�tvm5M
k =

1, 2, 3, ...
�2XZ^BXZUWYsj

p(z) := 1, qk(z) := z2k.
�rQT]5]�U`jDV@QTYsj7L

∞
∑

n=1

1

n2k
=

1

2

∑

n∈Z

qk(n)6=0

p(n)

qk(n)

Satz
= −1

2

Ñ�XZj
z=0

( 1

z2k
π
y¯V�QT]

πz
)

�rQNjlMPXZy�[9V�jlj2VPX&[5XZ]\apX@Ñ.XZj7U`apu\u5H U`jDVBapX&É\]5UWV7U`LN]\j7iNXZHb�N�'apX&MB�@LeX���}ZUWXZ]cVl�cLN]
z2k−1 U`]áapX&MÑ�XZUW[5Xb�cLN]

π
y�VPQT]

πz,
apX&MPX&]��@LeX���}ZUWXZ]cVPX&]�HbQN]�QNu\jqtvLNMPHbQNYWXZM��@U`�eU`j7UWLc]�apXZM�y�Lcjq�.u5];a

j7UW]��EÑ�XZUW[5XZ]�iNX&^�U`]5]5XZ]�ORQN]5]x�
B#�*)(�9�,+��NLc] � QTV7}'����� ���\�
fou�X&U`]5X&M@fgQN[5Y

N ∈ N
j7X&UgapX&M���X&i

γN
apXZM�S;L9jDUWV7U`�áapu5M�y�[5YsQTuptvXZ]5XqÑ.QN]\a�a5XZj�QNy�[\j7X&]\S\QTM7�

QTY`Y`X&Y`X&]�Ïqu\QNa5MPQTV7XZj�HbUWVEapX&H Ð.M�jDS5MPu5]5i�QNY`j �ÔUWVDVPX&Y`S5u5]5O9VEu\]\abHbU�V � XZU�VPX&]5Ys�T]\iNX
2(N+ 1

2 )
�

�,U`M'^��N[5Y`X&]
N
j7LÔiNMPLN�;w�a5QT�ÔQTY`Y`XbÈ@u5Y`Y`jDV7XZYWY`X&]�apX|j'È.XZ]5]5XZM7SoLNY`Êe]5LNH�j

q
UWH GI]5]5X&MP]ÓapXZj

Ïqu\QcapMPQTV7X|jBY`U`X&iNXZ]x�5�rQT]5]�Usj2V.]\Qcy�[�a5X&H�Ñ�X|jDUsapu5XZ]\jPQRV7}
∮

γN

p(z)

q(z)
ϕ(z)dz = 2πi

∑

zk

νγN
(zk)6=0

Ñ�XZj
zk

(p

q
ϕ
)

�v[5U`X&M.^�U`M�a�m5noX&MqQTY`YWX��NLc]
γN
u5HbYsQTuptvXZ]5X&] � U`]5iNu\Y`QNM7UWVP�TV7X&]�j7u5HbH#U`X&M7V��

= 2πi









+N
∑

−N
q(n)6=0

p(n)

q(n)
+

∑

z
q(z)=0

Ñ�XZj
z

(p

q
ϕ
)

.









��X&]5]Ô^�U`M.]eu5]�}&XZUWicX&]xw\a\QT�#tvm5M
N → ∞ a5QNj.GI]cVPX&icMPQNY��NX&M�jPy�[9^�U`]\apX&VZw5j7LbU`jDV@u5]\j7X&M � QRV7}LT�gX&]en\QNM�n;XZ^�UWX|jDXZ]x�

Þ U`X&MP}&u�}&XZUWicX&]�^�UWM@}&u5]\�cy�[\jDVZ�#$=>& 	�254�13,.=>d34
ϕ(z) = π

y¯V�QT]
πz � ;o&<= � , ge2?h γN h�
5%

N → ∞ � &?*?0)(�% �e4�13,�@kEj�UsjDV

|ϕ(z)| = π

∣

∣

∣

∣

eiπz + e−iπz

eiπz − e−iπz

∣

∣

∣

∣

= π

∣

∣

∣

∣

e−πyeiπx + eπye−iπx

e−πyeiπx − eπye−iπx

∣

∣

∣

∣

= π

∣

∣

∣

∣

e2πix + e2πy

e2πix − e2πy

∣

∣

∣

∣

= π

∣

∣

∣

∣

e−2πy + e−2πix

e−2πy − e−2πix

∣

∣

∣

∣

.

Î.u5tBapX&]�jDXZ]5OeM7X|y�[9V7X&] � V7m\y�OcX&]Ë�cLN]
γN
Usj2V

x = ±(N + 1
2 ),
jDLcHbU�V

e2πix = e2πi(±
1

2
) =

eπi = −1,
QTYsjDLbapLcMDV

|ϕ(z)| = π

∣

∣

∣

∣

−1 + e2πy

+1 + e2πy

∣

∣

∣

∣

≤ π.

Î.u5t�apXZ]�^�QcQTiNXZM7X|y�[9V7X&] � V7m\y�OcX&]�U`jDV
y = ±(N + 1

2 ),
jDLcHbU�V

|ϕ(z)| = π

∣

∣

∣

∣

∣

e2πix + e2π(N+ 1

2
)

e2πix − e2π(N+ 1

2
)

∣

∣

∣

∣

∣

tvm5M
y = +(N +

1

2
)

n5}Z^��

|ϕ(z)| = π

∣

∣

∣

∣

∣

e2π(N+ 1

2
) + e−2πix

e2π(N+ 1

2
) − e−2πix

∣

∣

∣

∣

∣

tvm5M
y = −(N +

1

2
).

��X&iNXZ] |e2πix| = 1
iNXZ[5X&]'noX&UsapX�Ïqu5LTVPUWXZ]cVPX&]�tvm5M

N → ∞ icX&iNXZ] 1
u5]\a'}&^�QTMxicYWXZU`y�[5H��N�NU`i

U`]
x.
� LcH#UWV.Usj2V�tvm5M�[\UW]5MPX&Usy�[5XZ]\a�icM7Lc�NX

N
�2X|apX&]5t¼QTY`Y`j

|ϕ(z)| ≤ 2π
QNupt

γN .



��������� ��� ���	��
���
�������������������������
���������
���
��� ����������

�rQ�apX&i
q ≥ 2 +

apXZØ
p
U`jDV�tvm5M.iNMPLN�cX

N
HbU�V.XZUW]\X&M.�qLN]\jDVPQN]cVPX

C
QTupt

γN
jDV7X&VPj

∣

∣

∣

∣

p(z)

q(z)

∣

∣

∣

∣

≤ C

N2
,

tvX&MP]5XZM�[\QRV.apXZM.��XZi
γN
a5UWX �F�N]5iNX

4(2N + 1)
� � LcHbU�V.Usj2V�tvm\M�iNMPLN�NX

N

∣

∣

∣

∣

∮

γN

p(z)

q(z)
ϕ(z)dz

∣

∣

∣

∣

≤ 4(2N + 1)
C

N2
2π → 0 (N → ∞),

^�LNHbU�V.apXZM � QRVP}�iNXZ}&X&U`iTV�Usj2V|�
�

Ü�X�VPMPQcy�[cVPX&]�^�UWM�]5Lpy�[�X&U`]5U`iNX�u5]5XZUWicX&]9V7Y`Usy�[5X�GI]cVPX&icMPQNYWXc�

B#�9�,+����¼� �l �¡á¢���� �.§�½&«�¥W³b³�§ ∫ ∞

0
dx

1 + x3 .

�rQT}&u�noX�VPMPQcy�[cVPX&]�^�UWM.a\QNj�GI]9V7XZiNM�QTY
∮

γR

dz

1 + z3
,

^�LNnoX&U;a5X&MEicXZjPy�[5Y`LcjPjDXZ]5X���XZi
γR
a5X&MBÑ@QT]\abXZUW]5X|jE�qM7UWVDVPX&Y;�gÚ7�FLcMDVPX&]\jDV7m;y�Oej2Û��NLNH Ñ.QNa5UWu\j

R > 1
U`jDVZw5apXZM@j7U`y�[�}&u\jPQTHbHbX&];jDX&V7}�V.QNu\j

γ1,R :
ÝrX&M�QNa5X&]\jDV7m\y�O��cLN]

0
]\QNy�[

R · 1,

γ′R :
� XZiNHbX&]9V.apX&M.��MPX&Usj7YWU`]5U`X

R · eit HbU�V 0 ≤ t ≤ 2

3
π,

γ2,R :
ÝrX&M�QNa5X&]\jDV7m\y�O��cLN]

R · e 2πi
3

]\QNy�[
0.

kEj�UsjDV
(1 + z3) = (z + 1)(z − ei

π
3 )(z − e−i

π
3 ).

J0LN]�apU`XZj7X&]�È@u5Ysj2VPX&Y`YWXZ]�^�U`MPa�iNXZ]\QTu�apUWX � VPX&Y`YWX
ei

π
3

�NLN]
γR
�vX&U`]5H�QTYzweS;L9jDUWV7U`�5�Bu5HbY`QNuptvX&]x�

�rQTHbU�V.UsjDV
∮

γR

dz

1 + z3
= 2πi

Ñ�XZj
(z=ei π

3 )

(

1

1 + z3

)

= 2πi
1

(ei
π
3 + 1)(ei

π
3 − e−i

π
3 )

�¼�rQNj.ON~N]\]5X&] � UWX'j7X&Y`n\jDV.]5Lpy�[�^�X&UWV7XZM.QTu\j7MPXZy�[5]5XZ]����
Ü�X�VPMPQcy�[cVPX&]�^�UWM�]eu5]ÔapU`X�GI]9V7X&icMPQNYWXrm5noX&M@a5UWX��$X&U`YW^�X&icXN�
Î.u5t�apXZH ÜBLciNXZ]

γ′R
H#UWV �F�T]\iNX 2

3πR
Usj2V |z| = R,

j7LNHbU�V�apX&M�GI]9V7XZiNM�QT]\a
< 1

R3−1 ,
jDLpa5QN�

apU`XZj7XZj�GI]9V7XZiNM�QTYotvm5M
R → ∞ �NXZMPjPy�[e^�UW]\a5X�VZ�

�5XZM7]\X&M�Usj2V
∫

γ2,R

dz

1 + z3
=

∫ 0

R

e
2πi
3

1 + (te
2πi
3 )3

dt = −e 2πi
3

∫ R

0

dt

1 + t3
= −e 2πi

3

∫

γ1,R

dz

1 + z3
.

�rQNjqGI]cVPX&icMPQNYFm5noX&M�apX&]Õ��XZi
γ2,R
�NXZMPjPy�[e^�UW];apX�VqQNY`j7Lá]5Usy�[9VZwoU`jDVrQNn;XZMqXZUW]5t¼QNy�[ËXZUW]ËJqUWXZY��

t¼QNy�[\XZj�apX|j�GI]cVPX&icMPQNY`j�m5noX&M@a5X&]���XZi
γ1,R
�5�,UWM@[\QTnoX&]�QTYsjDL

(

1 − e
2πi
3

)

∫ R

0

dx

1 + x3
+

∫

γ′

R

dz

1 + z3
= 2πi

Ñ�X|j
(z=ei π

3 )

(

1

1 + z3

)

u5]\a�a5Qba5Qcj�}&^�X&UWV7X�GI]9V7XZiNM�QTYotvm5M
R → ∞ iNXZiNX&]�È.u\YWYxicX&[9VZwetvLcYWiNV

∫ ∞

0

dx

1 + x3
=

2πi

1 − e
2πi
3

Ñ.XZj
(z=ei π

3 )

(

1

1 + z3

)

= ....
j7UWXZ[5X�LNnoX&]��

.



Q�§�¥z«Â§�´�§}N.¦ Á §�¦�¸;©T¦pÃp§¯¦Õ¸p§¯½ zq§�½D¥�¸\©9§¯¦\½P¹5«¼ÅR§¯½ �������c�

Î.];QTY`LNibY`Qcj7j7X&]�jDUsy�[�QTY`YWX�GI]9V7XZiNM�QTY`Xq�cLNH��BÊeS
∫ ∞

0

p(xk)

q(xk)
dx

noX&[\QN]\apX&Y`]xw�^�LNnoX&U
p, q
��LNY`Êe]5LNHbXcw�a5QNn;XZU

q(x) 6= 0
tvm5M

x ≥ 0,
apXZi

q >
a5X&i

p
u\]\a

k ∈ N,≥ 2.

Î.Ysj�Y`X�VP}�V7X|j�Ü�X&UsjDS5U`X&YFn;XZ[\QT]\a5X&Y`]�^�U`M
� Sp� CÔ �¡�¢ ����� B(� 	R��D:E���G���H �o�;������	�� � �	���	� � 
 ��
 � �
� �	���Õ¤E½'½¯§�¥

f
¹p©T¿BÃe¹T¦5Å

C¹R¦o¹R²�º�«�¥`½&¾ ® ÆR¥s½r¹5©T¿E§�¦�¸N²`¥�¾ ® \ ¥­§¯²­§r¥s½¯¬µ²`¥­§¯´Z«I§ q ¥W¦5Ã;©T²­¹R´P¥�« sp«I§�¦ zk, ¸c¥­§�¦5¥¼¾ ® «B¹5©T¿�¸e§¯´@´�§&§�²`²v§�¦Nr¾ ® ½¯§B²W¥v§PÃ5§�¦FÇN¨o§�´P¦o§¯´0Ãp§¯²�«I§B³#¥z«�§¯¥W¦o§¯´ ��¬µ¦\½Z«z¹T¦g«Â§�¦ C ¸N¥v§ N{ÆT½&¾ ® sp«�ÅN©T¦5Ã |f(z)| ≤ C
|z|2
¿�|T´

z → ∞.
Lr¹T¦5¦�¥`½Z«0¿�|T´

x ∈ R

∫ +∞

−∞

f(t)eixtdt =

{

+2πi
∑

� �
zk>0

Ñ�X|j
zk

(f(z)eixz) x > 0

−2πi
∑

� �
zk<0

Ñ�X|j
zk

(f(z)eixz) x < 0.

B#�*)(�9�,+{fou5]\�cy�[\jDV�j7X&U
x > 0.kEjrjDXZU

γR
apXZM@SoLcj7U�VPUW�Ôapu5M�y�[5YsQTuptvXZ]5X Þ QTY`n5OeM7XZU`j@u5HÖÈ.u5Y`Y�HbU�V�Ñ.QNapU`u\j R UW]Õa5X&MrLNnoX&MPX&]

Þ QNYWnoX&noX&]\XNw5S\QNMPQNHbX�V7MPUsjDU`X&M7V�QNY`j Reiϕ, 0 ≤ ϕ ≤ π.
kBj�U`jDV.a5QT]\]�tvm\M�iNMPLN�NX

R

∫ +R

−R

f(t)eixtdt+

∫

γR

f(z)eixzdz = 2πi
∑

� �
zk>0

Ñ.XZj
zk

(

f(z)eixz
)

.

�,U`M.[\QTnoX&]�j7LNHbU�V.}Zu�}ZX&U`iNXZ]xw5a5QT�#tvm5M
R → ∞ a5Qcj�GI]cVPX&icMPQNY�m5n;XZM γR iNXZiNXZ]�È@u5YWYFiNX&[9V|��qX&M�GI]9V7XZiNM�QRV7U`LN];jD^�X&i

γR
w5QNY`j7Lbu5]\j7X&M Þ QNYWn\O9MPX&UsjZwp[\QRV.apU`X �F�N]5iNX πR.��m5M

z
QTu5t

γR,
a�� [�tvm5M

z = Reiϕ
HbU�V

0 ≤ ϕ ≤ π
Usj2V.^�X&icX&]

x > 0

∣

∣eixz
∣

∣ =
∣

∣

∣eixRe
iϕ

∣

∣

∣ =
∣

∣

∣eix(R
�����

ϕ+iR
� � �

ϕ)
∣

∣

∣ = e−Rx
� � �

ϕ ≤ 1.

�rQTHbU�V.UsjDV.H#UWV@apXZM��NLNM�QTu;jDicXZj7X�V7}&V7XZ]�Î.n\jPy�[\�TV7}&u\]5i#tvm5M
f

∣

∣

∣

∣

∫

γR

f(z)eixzdz

∣

∣

∣

∣

≤ πR
C

R2
=
πC

R
,

iNXZ[9V�QNY`j7L#tvm5M
R → ∞ iNX&icX&]�È.u5Y`Y�w;^�Qcj�^�UWM��DQb}ZX&U`iNX&]�j7LNY`Y�VPX&]x���m5M

x < 0
jPy�[5Y`UWXZ�TV�H�QT]��N~cYWY`UWibQT];QTY`LNi#H#UWV.X&U`]5XZHÍÜ�LNicX&]�UW]ÔapXZM�u5]9V7X&MPX&] Þ QNYWnoX&noX&]\XN�



������� � ��� ���	��
���
�������������������������
���������
���
��� ����������


