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K ��������� ��!#"$��%'&�� ��()��*'()�+�
*,����-+- ��"�.)()��*'(#�+�0/1.3254#-+��6)��"87:9;!#- ��"=<> � *'!$9?%@%@��"BA3��C@��!#��"ED#(#9;F5���+"#� n × m GH9?%@*,�+6 A I#�J��*
Km 3 x 7→ f(x) := Ax ∈ Kn

��� "#�LKM�#�#� - ()N$"#AO()��P�"#�+��*Q%RDTSUI#*M()� �0SUI#*'91-+- � x, y ∈ Km, α ∈ K A1� -V%RW
f(x + y) = f(x) + f(y)

f(α · x) = α · f(x).

X �+�RCQ�'Y$.1*,2Z��-+"5A3*@���VSU��"Z"TN#*[91N)S�\]4���*,9;%@� .1"#��"	��N#*,I$��/:D;()�+��� "0^_��(#��2a`b��/c%@.3*@*�9;N#2d��*@/T-fe;*@%
C@�+"$(E<
g�h3ikj�lUm�lon�jqpsrotsuQpvn�wxnJwxn�y{z�|�l~}Rw���}3�J�ol~j�hc�#y{hv�����kl~�o����j��:�

U, V �����������J���:���{���
���)�;�����$�)���5�T���5�������)���¡ 0¢?��£k��� K. ¤[�+�:�Z¥��#�?� �o�$�;�)¦ f : U → V §J���+¨��]©f� �+�J��ª?�R«¬�#�T���
��� �­©f®0�{���{���?��£:§$� �@���1��«o¯J°[���#�²±��;�Mª;�+�U� x, y ∈ U, ª?� �U� α ∈ K ¦3� �³�@´
®�µ3´ f(x + y) = f(x) + f(y)

®]¶$´ f(α · x) = α · f(x).· ����¸����#¦)�	ª?� �����¬®0�{���{���{��£:§#�f�@�O���x¹{�?� U �JªTº_§ V �T��»{���~º_§#�:���¼°b� �0�5�o� � .32 (U, V ).½ �o�+�5�����¼�1�����)���o�T���­¾M�)�;���O�$�)������� �¿¯J�f���Àª;� ��� U = V, ���Á���{�T���x°b� �
ª)�)º_§x¹?�{�­���+�:���
©f¤[�¿�T�?�O�?��£¿§#� �@���3��«Â�;�¿�L��º_§$�����³�)���5Ã["$( (U) ���³ª#�Q� � .32 (U, U). Ä_���k�T���ÆÅÇ�+�o�1��ª)�;� V �)���È �R�;�¿�1�)¢{��£���� K �����³�;���_¯¿ª?�f���O�T���0���+�¿�3�+�������Q�U�{��ª;���¬¾]ª)�;�É�T���]������� �����8�#�T���'�T�?�L£:����Ê����Ë ª;§#�����¿¯$������£:�,�~º_§:�k�Oª?�²�³£k��»������+�U���
¹?�{��© � � �J��ª;������Ì=�;�#�:�~�U�{��ª;�����E«�Í
Ä��x¹{�U���U����£:§3Î$�Q� �;ª?� � ��º_§J��� Ë �1��ª?�5�����#§��;�)¦)���²� ���À���]ª)�#º_§¡�$�?� �~º_§¿¯¿���³ª)�@�M¹?�{�8®¬�?���{���{���
£:§#�f�@�O���s¹{�{��©f�+� �J��ª;�����­Ïb£k����ª)���{�����E«[»3�	���R�)���=Í
X �+�ÁÐ��R��!#��"#*,��A3��- �L� I#�J��*@%@*�e;A1%¬C@� ��!­CQ.1SU.1*@%091N)SÆ25��!#*,��*,�ÁÑTN#252Á9;"$()��"EDEC@.T($9;F�&�� *0��N �
C,9;2525��"�2Z�+% �]Ò (#�+�0SU.3-+A3��"$()��"�CQ%,e1"$()� AÁ9;"#��Nc&Ç��"�()��"$(#��"²Ð���A3��- "B!$91����"E<
Ó �)m�Ôvpsr�Õ ¤Æ�M����� f ∈ � .32 (U, V ) Í · ª?�$���f���

µ3Í f(0) = 0 �;�E�
¶$ÍÇ±��;�=Ö��R�T�¬×=�+�:��ª?�,�T�?�B�?� ��ª#�~�U�{�O�f��� f(

∑m
j=1 αjxj) =

∑m
j=1 αjf(xj).

ØZhcw¼h3y{ÙE��j��­psr Ú ½ ��ª)�@� � .32 (U, V ) � ���]ª#�)º_§­Û (U, V ) ¦#�?�?���)�#º_§#�+�oº_§­Ü L ¹?�{�s� �+�J��ª?�
ÜT¯#±��1� f ∈ � .32 (U, V ) ª)�)º_§ U

f→ V.

ØZhclo}�zkl~hT�ohBpsr Ý µ1ÍÀÌÇ�;��Ö��R�)� n × m ¸Hª)�o�@�+Ê A � ����±o���R�
f : Km → Kn, x 7→ f(x) := Ax

��� �J���²®¬�?�O�?���{��£:§#�f�Q�B�1� f ∈ � .12 (Km, Kn).

¶$ÍÀÞ¬��§$�O����°b� �kª;� ��¾Mª#�;� U �1�U�[ª#�;±)¦Tª;�#» R �����?�~�+¦	�1� ßE�������#»������R�1ª;�����LÌE�;�$�J�o���?�J���E¯;ª;� �
V �3���Çª)�1±#¦Tª;�#» R �����{�o�V¦#���5ÌE�;�$�J�o���?�J�����;�¿�Lª?�f� f �1�U�Â¥��#�?� �o�$�;�)¦Á© · � ßE�������#»����������E«~¯
�1���0ª;� ���ÇÖ��R�T���MÌE�1�#�:�~�U�{�v� � U � §#���¬¥��?�U���³�Q�1�)¦$¯E�3���	�Tª?�#�²� � V �+�U�,¦J�_¯$»3�c�{���1�J�?�_¯����
� ���À�1�U���À��ª)º_§H�T���H���U�������:�³ª;������¾¬�,¦)���+�²±��;�0�Tª;� · �+ßE�������$»��U�������8��� �J��� ½ �1�Z���Z�1�¿�
�cª;��Å'��§Jª?�¿�T���+�­¹{�?� Ë ª?§#�U�����oÌ�ª;�:���{�����²��� �²®0�{���{���?��£:§$� �@���1�RÍà Í · �U���k�;ª?�$���Oª?�Áª)�;±��T�?�
£¿�+� »��U���R�������À© · �+ßE�������:�o�fª;����£�����ª#���{�����=«¿ª#�1���T��§#�:���¿¯)�1�U�À�{��°bª
ª)�)º_§v§J¢?§J�����0¥	�?�����o�@�;�)¦#���¼�1�¿�B 
�{�B�;�+��ª#�~�U�{�J���¡¹{�?�¡¹{������º_§#���{�T���:���8¥��;�����o�@�;�)¦)���
��� �v�;�¿�O�T���,�������)���OÌE�1�#�:�~�U�{�O� ����±o���,�=Í1¥��)º_§O§#�U�������:�o������§J���O®0�{���{���?��£:§$� �@�����=Í ½ �
�{��°bª;�¬�³ª#�)º_§:�[�?��°kª��)��� ½ º_§J°b� �)¦J�;�)¦c��£:���)�?�U��������ª)�1±_Í
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� ÍÇ¤[�+�:����ª#�;±c¦Tª?�$» R �����{�o�V¦#���LÌ=�;�#�:�~�U�{� g(t) �T¢?�#�J���Z°b� �E� §#��� ½ �³ª;�Z�5±��;�$�J�o���?� G(x) :=
∫ x

0 g(t)dt »1�c�?���3�J���¿¯b�3���	�������;���0°b�U�R�T����ª)�;±Æ¦Tª;�#» R �����{�o�V¦v�f���,Í¿Þ]ª)º_§¼�T���­¾¬�,¦)���+�
�$�T���L�cª1�'Ä��:����¦3�,���������v���+�:��� ½ �;�5�O�Á�;�¿�8�Tª;�����	¦#��§J���8�5�o� Ë ª?§$�������~ÌJª?�:���?�����B�f���
�1�����²°b���{�T���B���+� ®0�{���{���{��£:§#�f�@���1��¯k¦)���Jª)�c���O���+�:�B¤[�¿�T�?�O�?��£¿§#� �@���3�	� � ¾]ª)�;�
�T���Mª#�;±E¦)ª?�#» R �����{�~�+¦)����Ì=�;�#�:�~�U�{�:���=Í

� Í��O���o�������M£:§3Î$�@�+�;ª?� �f��º_§v�����U�{¹�ª?�:���
Å'���f�³£¿���������Q� �¿�8�{��°bª²�1�U�5© £Eª;���o�����+�U��� · � ß¿�������J�o�fª;�f�
��£k����ª)���?�����E« ∇ �;�¿� ∆, �3��� ½ ���0�3ª?�o�0� �ÁÄ�§#�������Æ§1Î$�@�+�:¹?�{�,�������;�#¦¬�)���#�J���#�U���,�J���²°[�����
�T���=Í

> ��"#"B&��+*�9;-fC@.L�+2 > ���+%@��*@��" � .125.125.1*,4#!#�fC@2Z��"OC_%,N$()� ��*,��"ED)C@.�A3��-+%@��"�()� ��C@�MÃ[*,A1���#"#�fC@C@�
CQ%@��%�CbSUI#*Ç()� �M()N#*���!OG89?%,*@� ����"5A1��A3���J��"#�'KM�#�#� - (#N#"#A1��"�9;�J��*ÆA1- ���f��!#�����V%,�+A
�J��/3.12525��"5&��+*
K'N�C@C,9;A3��"HI$����* X ���:��*,��"c%@�f9;- .14J��*�9?%,.1*,��"ED:()� �ÁÑ)�+�OC@4������ ��- -b�+2 7JN$C,9;2525��"#!�9;"#A�25�V%�()��"
� "²(#��*��[!! )CQ� /�91-+- A1��A1��"T&Àe;*@%@� A1��" X ���:��*,��"c%@�f9;- A1- ���f��!TN#"#A1��"��#*�9;N���!#��"B&Â��*,()��"E<
Ã[� "#�
��*�CQ%@�
CQ.3- ��!$�¬����"c%@*�9;- �0K'N$C,C@91A1�0�fC_%
Ó �)m�Ôvpsr#" ©f¤[� �x®¬�{���?�O�?��£¿§#� �@���3�]�f���
�$�;��º_§­����� �J�$�����R���5ª#�;±����+�:����Å�ª;�@�f����� �¿�T�{�$�~�+¦
�)�����~� �Z�B�_¯f«
��Í §=ÍJ�Q� �¿� U, V »3°b���=�������+�U���#�T���M»1°[�����T�?�L£:����Ê��B�J���:���?�@���)�1�O�{¯ (u1, ..., um) ��� �J�
Å�ª;�@�f�
� � U, �1�¿���f��� (y1, ..., ym) ��� �J�5�)��� �U�?�?�+¦)�0ÌJª?�5� �+�U�0� � V, ���Z¦3���)�Ç����¦)���Jª)�B��� �J���8®¬�{���1�
���{��£:§#�f�Q�B�1� f ∈ � .32 (U, V ) �5�o�

f(uj) = yj (j = 1, 2, ..., m).

ÌÇ�;��� §#��¦3� �o�
x =

m
∑

j=1

ξjuj 7→ f(x) =

m
∑

j=1

ξjyj .

ØZh&%	hclo} W X 9 (u1, ..., um) 'À91C@� C�(1.3" U �fC_%RDk���RCQ�+%@��%¬^_�R()��C x ∈ U ��� "#����� "$()��N#%@� A��J� �
CQ%@� 2Z2�%@� X 9;*�C_%,��- -+N$"#AÁ9;-fC x =

∑m
j=1 ξjuj .

X 9;25�+%'� CQ%M()N#*���!

x 7→ f(x) :=

m
∑

j=1

ξjyj

��� "#�ZK'�#�#� -f()N#"#A f : U → V ()��P$"#� ��*@%�D�SUI#*¬(#�+�
%,*@�)(T� 91-+��*@&Ç���fC@� f(uj) = yj A1� -V%RD�N#"�(8()� �
I#�J��*�()� ��C�D=&�� �BÑT� ��- ���f��!3%	"$91��!#*,����!$"#��"s/+*3"#"#��"ED=()� �BY$.1*�()��*,N#"#A3��" �L� N$"$( �]Ò ��*@SUI#-+-+%�<
ÑT.32Z�+%0� CQ%¬()� ��C@�	KM�#�#� - (#N#"#A f ��� " � .325.125.1*,4#!#�fCQ2	N$C�<
,_CQ%]"TN#" g ∈ � .32 (U, V ) � *,A1��"�(
��� " � .32Z.325.1*,4#!#�fCQ2	N$C�DT25�+% g(uj) = yj (j = 1, 2, ..., m), C@.5A1� -V%�25�V%]Ñ#9?%@� � < Ò

g(x) = g(
m

∑

j=1

ξjuj) =
m

∑

j=1

ξjg(uj) =
m

∑

j=1

ξjyj = f(x),

C@.T($9;F59;-fCQ. g = f.
X ��* � .125.32Z.3*@4$!#� C@2�N�CÂ�fCQ%M9;-fCQ.Z��� "$()��N)%@� AÁ���RC_%,�+252�%�< �

Y�I#*L()��"­ÑT4J����� 91-VS~91-+-³DE(#9;F U := Km 25�V%�()��*-'Ç93CQ�fC (u1, ..., um) 9;N$C0()��"�/?9;"$.1"#�fC@��!$��"
Ã[� "#!#���V%�C.(3��/c%@.3*@��" (e1, ..., em) N#"$( V := Kn � CQ%�DT/&*1"#"#��"Á&��+*Ç��� "#��"�CQ.3- ��!$��" � .325.125.1* �
4#!#�fC@2�N$C�C@.;SU.3*Q%'()N#*���!���� "#�LG89?%,*@�+6��J��C,��!#*,��� ����"ED)&Â��"#"�&��+*'"TN#*'91"�(#��"8ÑT4#*,N$��!

/103254+6�718:9;2=<?>@0#<A/B/C032-DE0#8�/+2�F�/&2=F�GH0#<!I�2�0#9J>LKC2LMC9;NCFO2�<

()��"#/1��"E<�'Ç�+-f()��"²&�� *�"$e;25- � ��!²()� �LG89?%,*@�+6 Y, ()��*,��"vÑT4$91-V%,��"²A1��*,93()�0()��*'Ð����+!$�
"$91��!²()� �
(1.3*@A3��A3���J��"O`b��/3%,.1*,��" yj ∈ Kn C@�+"�(¿D$C@.	- �+��SU��*@%b^Q9

Km 3 x 7→ f(x) := Y x ∈ Kn

��� "#��" � .125.32Z.3*@4$!#� C@2�N�C�D:SUI#*Z()��"¡������" f(ej) := Y ej = yj � CQ%�D�()��*�91- C@.vA1��*,93()�Á()� �
A1��A1������"#�
K'N)SUAc9;�J�¬-)*3CQ%�<
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K'�$�#�+-f()N#"$A1��"�/{91"#"L2Á9;"�N#"c%@��*�A1����� A1"#��%@��"LÐM9;"$()�J��(#�+"#A3N#"#A3��"
��N�C@912Z25��"$CQ��%@����"EDR�+"�()��2
2Á9;" ��*�C_%Á()� �²��� "#�²N#"$(q(#9;"�91��!¼()� �89;"�()��*,��91N$CQSUI#!#*@%�< X � ��COA1��!c%5"$9?%,I#*,-+�f��! 91N$��! �J���� .325.125.1*,4#!#�fCQ25��"E<
Ó �)m�Ôv��j�� g�hci�j�lUmRl~nJj psr�� ¤Æ�O�����U��� U, V, W �J���:���?�@���)�;���{¯ f ∈ � .12 (U, V ), g ∈� .32 (V, W ).

· ª?�$�B¦#���³�����
µ3Í · �;��º_§8�f( U : U → U, u 7→ � ( U (u) := u �f���À��� ��®0�{���{���?��£:§$� �@���1� ∈ � .12 (U, U)

¦)�,¦#�?�)���¿¯¿�3���]���R¦)����ª?�$�J����Ä��)���:�~�³�³�#�b�+� U.

¶$Í · �;��º_§ g ◦f : u 7→ g(f(u)) �f�������+�O®0�{���{���?��£:§$� �@���1� g ◦f ∈ � .32 (U, W ) ���,�c���?�R�@Í� ¾]���+§J���#±o�{�+¦)�	�)��ª)º_§J������� �à ÍÇÄ_��� g ◦ f ���;��Ö����:�o�o¹c¯$���L�f��� g ���;��Ö����:�~�³¹)Í
� ÍÇÄ_��� g ◦ f �+��Ö����:�~�³¹3¯J�����f��� f � ��Ö����J�o�o¹)Í
� Í È �³�)�Â���À»1� f ∈ � .32 (U, V ) ��� � g ∈ � .12 (V, U), ���)�Tª?¨

g ◦ f = �f( U , f ◦ g = � ( V ,

���]§J���+¨)��� f �;�¿� g »1�T��� ��ª?�¿�)���[� �:¹{��������©fÄ_���{���{��£:§#�f�Q�����E«³Í?¸�ª?�5�J�T�o�������k�Tª?�#��ª#�)º_§
g = f−1. Ä��­�1�U������� ½ �³�Q�3ª#�~�U�{�v�@�+�¿� g �;�E� f �T���~�T�Z�;� Ö����J�o�o¹)ÍÈ �³�)�Â���M��� �J���²Ä_���{���{��£:§#�f�@���1� f ∈ � .32 (U, V ) »1°b�f��º_§:�����T���²¾M�)�1�O��� U �;�E� V,

����§J���+¨)�����1�������]¾M�#�;����© �f���{���{��£:§E«�Í
� ÍÀÌÂ�1�À�1���M���;��º_§
£Eª1�@�����¿�)�Æ¸�ª)�~�,� »{���B�cª;�Q¦#��������� �³�����Z®¬�?�O�?���{��£:§#�f�Q����� fA : x 7→ Ax

�;�¿� gB : y 7→ By � ��� gB ◦ fA : x 7→ BAx, ��Í §=Ík�Tª;�L®M�+�:���������+�Jª?�¿�T����ª#�1�@±��;§#�����
���:�o��£:�,�~º_§:�E�)���b¸Hª)�o�@�+Ê)���;�³�~� £:� �+�;ª#�~�U�{�=Í Ë �c���+�Jª?�¿�T����� �:¹{���,���kÄ_���{���{��£:§#�f�@�O���L� � Kn

°b�����T���8�$�1��º_§²»1�T��� ��ª?�¿�)���À�+�:¹?�������M¸Hª)�o�@� »{���­�)����º_§#�,���;�T���=Í
ØZh&%	hclo} W � < W X 9;FsSUI$*O� ( U ()�+�vÃÆ�+A3��"$C,��!$9?S�%,��" �L� N#"$( �]Ò A3��-+%@��"ED[/+*3"#"#��" Ñ)�+�8&Ç.1!$-
C@��- �$C_%R<Ò < W > �+*]!$9;�J��"HSUI#* g ◦ f ()� ��Ã[� A1��"$C@��!�9?S�%@��" �L� N#"$( �¬Ò "$93��!#��NT&Ç���fCQ��"ED$()� �LSUI$* f N#"$(
g ^_��&Ç��� -fC���� "#����-+"�A1��-V%,��"EW

(g ◦ f)(u1 + u2) = g(f(u1 + u2))
H1,f
= g(f(u1) + f(u2))

H1,g
= g(f(u1)) + g(f(u2)) = (g ◦ f)(u1) + (g ◦ f)(u2).

(g ◦ f)(αu) = g(f(αu))
H2,f
= g(αf(u))

H2,g
= αg(f(u)) = α(g ◦ f)(u).

� < W
,_CQ% g ◦ f C@N#*o^_��/c%@�)(:D�C@.OA1� �)%M�RC'��N5^_��()��2 w ∈ W ��� " u ∈ U, 25�+% w = (g ◦ f)(u) =
g(f(u)). Gv�+% v := f(u) �fC_%
9;-fCQ. w = g(v) N#"$(­(#9 w ∈ W �J��- �+���#�+A²&À9;*RD��fCQ%0C@.125�+% g

C@N#*~^_��/c%@�)(J<	 < WA,_C_% g ◦ f �+";^_��/c%@�)(:DECQ.BA1� -V%RW ,_CQ% (g ◦ f)(u) = (g ◦ f)(u′), C@.��fC_% u = u′. ,_C_%0"TN#"8SUI#*
u, u′ ∈ U C,��!#.1" f(u) = f(u′), CQ.
�fC_%Â%@*,��(T�f9;- ��*,&Â��� C@� (g ◦f)(u) = (g ◦f)(u′) 9;-fCQ.
&Ç��A3��"
N#"$C@��*,��*À`b.3*,91N$C@C@��%,��N#"$AZ(#91"#" u = u′ N#"�(�($9;25�V% f �+";^_��/c%@�)(:<
 < W X 91C�!$9;%Q%,��"�&��+*MC,��!#.3"�� 2 G89;%@*,�+����" ��� 9;4#�+%@��-:A1��C@��!$��"E< �

Y�I#*'(#93C > ���V%,��*,�
����"�*;%,�+A3��"�&��+*'"$.T��!���� "²4$9191*�'Â��A1*,� �:�1W
g�h3ikj�lUm�lon�jqpsr
�¼u��vh3y?jÂ�bØ	lo�~�b� Ä_��� f ∈ � .12 (U, V ) ����§J���+¨��
/1��* f := {u ∈ U | f(u) = 0} �T���0©�ÞL�;� � ��ª#�;�²«Ç�#�T���0©� ����,�E«'¹?�{� f,

� 2 f := {f(u) ∈ V | u ∈ U} �cª1�¬©fÅÇ� �~�$«]¹{�?� f.· �����
¦3� �³�'��ª)�@�;�,�+�oº_§xª)�)º_§s±��;���T���q�$�1��º_§ ���+�J� n × m �~¸�ª)�~�,�+Ê A �cª;�Q¦#���������+�³�����s®0�{���;�
���{��£:§#�f�Q�B�1� fA. �8� ���T��»{���~º_§#�:����§#�������:�;�@»
/1��* A := /1��* fA = {x ∈ Km | Ax = 0} ª?�f�¬�T���­©� ����,�E«'¹?�{� A �;�¿�
� 2 A := � 2 fA = {Ax ∈ Kn | x ∈ Km} ª?�f�¬�cª1�¬©fÅÇ� �~�$«]¹{�?� A.
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Ó �)m�Ôv��j�� g�hci�j�lUmRl~nJj psr��qu����$j�����g�h���h3Ù¿m?� /1��* f �1�¿��� 2 f �Q� �¿�$���:�����,���)�;���]¹{�?�
U �?»3°'Í V. ¸Hª;���J���#�:�E�1�U� · � �O���$�@���?�O�T����ÅÇ� �~�T���Â�T����©f¾Mª;�)¦�«k¹?�{� f : *,A f := (#�+2 �+2 f,

�;�¿�²�1�U� · �+�������Q�U�{���T���M ����,�J���]�T����© · ��±o���:�@«]¹?�{� f : ()��S f := ()� 2 /3��* f.

¤[�:�o��£:���Rº_§J���¿�s�T����¹{�{�,�+¦)��� · ���#�#�³�~�U�{�¡���R�T�?���Oª?�xª)�)º_§q¹?�{� �T��� ¾Mª?�)¦­���+�:����¸Hª#�~�,�VÊ
�?»3°'Í:�T��� · ��±o���:�Â��� �J���'¸Hª)�o�@�+ÊEÍ
ØZh&%	hclo} W	�~(#��*�
M"3%,��*,*,91N#2 � KMN$C,C@91A1��"=W � > ��A1��" f(0) = 0 � CQ% 0 ∈ /3��* f N#"$( 0 ∈ � 2 f.

ÑT� "$( x, y ∈ /1��* f, α, β ∈ K, CQ.�� CQ% f(αx + βy) = αf(x) + βf(y) = α · 0 + β · 0 = 0,

9;-fC@. αx + βy ∈ /1��* f. ÑT.125�+%'� CQ%�/1��* f ���+"

'"c%,��*,*,91N#2²<
ÑT� "$( v, w ∈ � 2 f, CQ.­A1� �)%Á��C x, y ∈ U, C@.)(#9;F v = f(x), w = f(y).

X 91"#" A1� -V%5SUI#*
�J��- �+���#�+A3� � .c���Á��� ��"c%@��" α, β ∈ K : αv + βw = αf(x) + βf(y) = f(αx + βy) ∈ �+2 f.

ÑT.32Z�+%'�fC_%M91N$��!B� 2 f ��� "

'"c%@��*@*�9;N$2�< �

X �+�RCQ��'Ç��A1*,���J��(1.1" � ��*,"HN#"$( 'Ç�+-f(8&Ç��*�()��"HN#"$C¬�+"�CQ�J��C@.1"$(#��*¬�+2 7:N$C@91252Z��"#!$91"#AO25�V%
- �+"#�R9;*,��"��¬-+��� ��!TN#"#A3��"Z9;- -+��*kKM*Q%,��"Z���RC@��!�e?S�%@� A1��"ED;(#9]&��+*bI$����*[CQ� �Â��%_&Ç9MSU.1*,2�N$-+� ��*,��"	/+*1" �
"#��"ED;.1�5���+"#���¬- ���f��!TN#"#A
I#�J��*,!$91N#4)%[-)*3C@�$9;*b�#��&
<;��� "$()��N)%@� A
-)*3C@�$9;*b�fC_%R<1Ã[� "#�'Ð����+!$�'&�� ��! �
%@� A1��*[K'N$C,C,9;A1��"Z($9;*,I#����*b��"c%@!�e;-+%Æ()��*bSU.3-+A3��"$(#��Ñ#9?%@�3D1()��*bSUI#*Æ91-+- A1��2Z���+"$� � .125.125.3*@4#!$� C �
25��"�SU.1*,2�N$-+� ��*@%'� CQ%�D�9;�J��*�"$9;%@I#*,-+�f��!²�+"�CQ�J��C@.1"$(#��*,�]SUI$*M()� ���QG89;%@*,�V6 ��� .32Z.325.1*,4#!#�fCQ25��"��
fA A3�+-+%�<
Ó �)m�Ôvpsr�� ¤Æ�M����� f ∈ � .32 (U, V ).

· ª?�#��¦#���³�����
µ3Í f � ��Ö����:�~�³¹ ⇔ /3��* f = (0).

¶$Í f ���;�fÖ����:�~�³¹ ⇔ �+2 f = V.à Í f �?� Ö����:�~�³¹ ⇔ ( /1��* f = (0) �;�E� � 2 f = V ) .½ ��� (x1, ..., xm) ��� �J�¬Ì�ª;�5�+� ���M� � U.
· ª?�#�B¦)���o�����

� Í (f(x1), ..., f(xm)) �;�Jª#�?§��;�)¦3�+¦ � � � V � ⇒ (x1, ..., xm) �;�Jª#�?§��;�)¦3�+¦ � � � U �RÍ
� Í (x1, ..., xm) �;��ª#�;§��?�)¦c�V¦²�;�¿� f �+��Ö����:�~�³¹ ⇒ (f(x1), ..., f(xm)) �;��ª$�?§��;�)¦3�+¦JÍ� Í (x1, ..., xm) ���,»{�{�;¦)���E�Z±��;� U ⇒ (f(x1), ..., f(xm)) ���@»?�{�?¦#���¿�Z±��;�'� 2 f.� Í (x1, ..., xm) ���,»{�?�?¦)���¿�²±��;� U �;�¿� f ���;��Ö����:�~�³¹ ⇒ (f(x1), ..., f(xm)) ���,»{�?�?¦)���¿�

±��;� V.

Ä_��� (x1, ..., xm) ��� �J�¬Å�ª;�@� �¬¹{�?� U, ���L¦3� �³�
� Í f �f���]�?� Ö����:�~�³¹ ⇒ (f(x1), ..., f(xm)) �f���ÆÅ�ª1�Q�f�
¹{�?� V ⇒ f � ���[Ä_���{���{��£:§#�f�@���1� ⇒

f �?� Ö����:�~�³¹)Í
ØZh&%	hclo} W

� < f � "?^_��/c%@�)(­-+� ��SU��*Q%L� "$C@���RCQ.3"$()��*,�1DE($9;F f(x) = 0 "TN#*
SUI$* x = 0 A1��-+%@��"s/{91"#"E<�,_CQ%
/1��* f = (0) N$"$( f(x) = f(y), C@.L�fC_% f(y−x) = 0, 9;-fCQ. y−x ∈ /3��* f N#"$(B(#9;25�+%
y − x = 0, 91- C@. x = y.

Ò < X � ��CÇSU.3-+A1%�%@*,��(T�f9;-E9;N�C�()��* X ��P$"$�V%,�+.3"E<
� <ÀSU.1- A;%'()� *@��/3%'91N$C � <)N#"�( Ò <+<
	 < > �+*]����%@*�91��!c%@��"v��� "#��ÛE� "#�R9;*,/1.12	�#� "$9?%,�+.3"�()��* xj , ()� � 0 ��*,A1� �)%�W 0 =

∑m
j=1 αjxj .X 91"#"v� CQ% 0 = f(0) = f(

∑m
j=1 αjxj) =

∑m
j=1 αjf(xj).

X 9O(#�+� f(xj) N#"$91�#!$e;" �
A1� A�C@�+"$(ED�2	I$C,CQ��"¼"#.1%_&Â��"$()� A�9;- - � � .T���Á��� ��"c%@��" αj = 0 C@��� "E< > �+*5!$91����" 9;-fC@.
A1������� A;%RW3K'N�C ∑m

j=1 αjxj = 0 SU.1- A;% α1 = ... = αm = 0, (E< !E<)()� � (x1, ..., xm) C@� "$(
N#"$9;�$!$e;"#A3�+A�<

� <MÑT��� 0 =
∑m

j=1 αjf(xj).
X 91"#"­� CQ%�9;N$��! 0 = f(

∑m
j=1 αjxj), (E< !E< ∑m

j=1 αjxj ∈
/1��* f = (0). K'-fCQ.	� CQ% ∑m

j=1 αjxj = 0 N#"�(¿Dc($9L()� � xj N#"$9;�$!$e;"#A3�+A	CQ� "$(¿DcCQ� "$(O91- C@.
9;- -+� αj = 0. ÑT.325�V%�C@�+"�(­91- C@.�2Z�+%�()��2�C@��- ����"¡Ñ#��!#-+N$F�&�� �5���J��"s"TN#"¡()� � f(xj)
N#"$9;�$!$e;"#A3�+A�<



��� �


 <MÑT��� y ∈ � 2 f.
X 9;"$" A3�+�)%Á�RC	���+" x ∈ U, 25�+%Á(#��2 y = f(x).

X 9 (x1, ..., xm)
��*,����N$A1��"�(¼SUI$* U �fC_%RDÆ/?9;"#" 2Á91" x (#9;*�CQ%@��- - ��" 9;-fC x =

∑m
j=1 αjxj .

X 9;"#" �fCQ%
y = f(x) = f(

∑m
j=1 αjxj) =

∑m
j=1 αjf(xj), (¿< !E< (f(x1), ..., f(xm)) ��*@����N#A1%

�+2 f.

� < X � ��CÀ�fC_%'&Ç��A3��" Ò <)N#"�( 
 <T%@*,��(T�f9;-³<
� <'K'-fC�'Ç93CQ�fCÀ�fC_% (x1, ..., xm) N#"�9;�#!$e1"#A1� AZN#"$(���*,����N#A1��"$(¿<

,_C_% f �$� ^_��/3%,��(:DÆC@.s�+";^_��/c%@�)(¼N#"�( C@N#*o^_��/c%@�)(:<ÆK'-fCQ.s�fC_% (f(x1), ..., f(xm)) "$93��! � <
N#"$9;�$!$e;"#A3�+AZN#"$(�"$93��! � <)��*,����N#A1��"$(OSUI$* V, 91- C@.�'À91C@� C (1.3" V.

,_C_% (f(x1), ..., f(xm)) 'À91C@� C�(3.1" V, C@.�A3�+�)%]��C]"$91��!HÑ)9;%@� � < � ��� "#��" � .32Z.325.1* �
4#!#�fCQ2	N$C g ∈ � .32 (V, U), ()��* g : f(xj) 7→ xj (j = 1, 2, ..., m) �J��&�� *,/3%R<=Y�I#*
�+!#"²�fC_%'(#91"#" g ◦ f = � ( U ; ()��"#"���C�A3�+-+%'(#9;"#"�SUI#*'91-+- � j

xj
f7→ f(xj)

g7→ g(f(xj)) = xj

N#"$(L(#9 (x1, ..., xm) ��� "#� 'À93CQ�fCE�fC_%kN#"$(L%@*,��(T�f9;- ��*,&Â��� C@�[9;N���!
SUI#*b9;- -+� j ^Q9]�f( U (xj) =
xj A1� -V%RD)2�N#F g ◦ f = �f( U CQ���+"=<
Y#��*,"#��*Ç�fCQ% f ◦ g = �f( V ; (#��"#"²��CÀ�fCQ%'&��+�R()��*ÀSUI#*]9;- -+� j

f(xj)
g7→ g(f(xj)) = xj

f7→ f(xj)

N#"$(¡(#9 (f(x1), ..., f(xm)) ���+"#� 'À93CQ�fC
N#"$(s������")S~9;- -fCLC_%,��%�CL�f( V (f(xj)) = f(xj)
� CQ%�DTSU.3-+A1% f ◦ g = �f( V .

X 9;25�V%'�fCQ% f ��� " ,_CQ.325.1*,4#!#�fCQ2	N$C�<X 9¬�f( U N#"$(Z� ( V ^_��&Ç��� - C[�+"?^_��/c%@�)(�N#"$(5C@N#*o^_��/c%@�)(	C@�+"�(¿D;2�I�C@C@��"59;-fCQ.0"$93��!5Ñ#9?%@��N$"$(X ��P$"#�+%@� .1" � < 
 �J���f()�
K'�$�#�+-f()N#"$A1��" f N$"$( g ^_��&Ç��� -fCÀ�+"?^_��/c%@�)(ON#"$(�CQN$*~^_��/3%,��(:D#(¿< !E<
�#� ^_��/c%@�)(BC@��� "E< �

> ��"$()��" &��+*O(#�+�RCO9;N)SL()��" ()N#*���! ���+"#��G89?%,*@�+6 A A1��A1������"#��" � .325.125.1*,4#!#�fCQ2	N$C59;"ED
C@. C@�+"$(¡^Q9 ()� �­/{91"#.1"$� C,��!#��" ÃÆ�+"#!$���+%,CO(1��/c%,.1*,��" ei ��� " Ã[*,����N#A1��"$()��" � Ñ! )CQ%@��2 SUI#*v()��"

'*,�#� - (#*,91N#2 N#"�(v(#9;25�+%'"$91��!8Ñ)9;%@� � < �#D 
 <�()��*,��"?'Ç�+-f()��*'��*,����N#A1��"$(BSUI#*M(#93CE'Ç�+-f(²�+2 A.� N$"�A3�+-+%M9;�J��*

/103254+6�718:9;2=<?>@0#<A/B/C032-DE0#8�/+2�F�/&2=F�GH0#<!I�2�0#9J>LKC2LMC9;NCFO2�<

N#"$(�(#9;25�+%Ç��*@����N#A3��"O9;-fC@.�()� �¬ÑT4$91-V%,��"O���+"$��*ÀG89?%,*@�+6ZA3��*�91()�'(#��" 'Ç� - (#*,91N#2a(#��*ÀG89?%,*@�+6¿<> � *'!$9;�J��"²9;-fC@.
Ó �)m�Ôvpsrot��

µ3Í · �U� ½ £Eª;�o�����8��� �J���M¸�ª)�~�,�+Ê��Q� �¿�B��� �²¤[�@»?�{�?¦#���¿�)���$�_Î$������� ±��;�0�Tª;��ÅÇ�+�o�#¯
¶$Í]�T���¬¾Mª?�)¦����+�:���]¸�ª)�~�,�+Ê��f���'�1���L¸Hª{Ê)� �Oª?� »Rª?§$�[�;��ª$�?§��?�#¦3�+¦)��� ½ £Eª?�³�����=Í$¸�ª?�v���R�T�?�

�cª?§J���'ª)�)º_§­¹{�?�H�T��� © ½ £Eª;�o�����#��ª?�)¦J«Ç��� �J���'¸Hª)�o�@�+ÊEÍ
7J&��fC@��!$��"8()��2 ÐM9;"#A�D�9;-fC@.�()��* X � 25��"$C@� .1"H()�RC�'Ç� - (#��C�D$N#"$(H()��2 X ��SU��/c%RD:91- C@.�()��* X � �
25��"$C@� .1"²()��C � ��*@"�CÂ�J��CQ%@��!c%'��� "#�
&�� ��!c%,�+A3�¬Ð���- 9;%@� .1"EW
Ó �)m�Ôvpsrot�t ÌÇ�;�=Ö��R�T���v®¬�{���?�O�?��£¿§#� �@���3� f ∈ � .12 (U, V ) �f���

()��S f + *,A f = ()�+2 U,

�?»3°'Í)±��;�'¸Hª#�~�,�+»?��� A ∈ Kn×m ±o�?�@�B�;� �������
()��S A + *,A A = m (= ()� 2 Km).

×��?�~»3���������À�;ª;�#�B�Oª;�vª#�)º_§²����±o�{�,���1�+�U�������=´
()��S A = (#�+2 /1��* A = m − *,A A

= ( ¥'�#»{ª?§#�=ª;�+�U��� ½ £Eª?�³����� ) − ( ¸Hª{Ê)� �Oª?� »Rª?§$�b�;��ª#�;§��?�)¦c�V¦#��� ½ £Eª;�o����� )



��� 
 � ���������������
	���
������

ØZh&%	hclo} W > � *Z&Àe;!$-+��"¼��� "#� 'À91C@� C (u1, ...., us) (1.1"¼/1��* f ⊂ U �x(#91"#"x�fC_% s = ()��S f
�xN#"$( ��*,A3e1"#����" C@�+�²��N ��� "#��*�'À93CQ�fC (u1, ...., us, us+1, ..., um) (3.1" A39;"$� U.

X 9;"$" �fC_%
"$93��!�Ñ)9?%,� � < �L()� �]Y�9;25�+- � � (f(u1), ..., f(um)) ��*,����N#A1��"$(	SUI#*Æ� 2 f.

� 93��! � .3"$CQ%@*,N#/c%@� .1"
�fC_%	91����* f(u1) = ... = f(us) = 0, CQ.)(#91F8C@��!#.3" (f(us+1), ..., f(um)) ��*@����N#A3��"$(�SUI#*
� 2 f � CQ%�<kÑT���Æ"cN$" ∑m

j=s+1 αjf(uj) = 0.
X 91"#"¡� CQ%�9;-fC@. 0 = f

(

∑m
j=s+1 αjuj

)

, (E< !E<
��C'� CQ% ∑m

j=s+1 αjuj ∈ /1��* f.
X 9 (u1, ...., us) ��� "#� 'À93CQ�fCH(1.3"�/3��* f &Ç91*�D)�fCQ%M25�V%MA3��&��fC �

C@��" � .T���Á��� ��"c%,��" βj 9;-fCQ. ∑m
j=s+1 αjuj =

∑s
j=1 βjuj .

� N#"qC@�+"$( 9;�J��* (u1, ...., um)
9;-fC 'À91C@� C]N#"$91�#!$e;"$A1� A$D:CQ.)(#91FB"#.1%_&Â��"$()� AB91-+- � � .T���Á��� ��"c%,��" αj N#"�( βj (1��*,C,��!T&��+"�()��"
2�I�C@C@��"E< ,�"$C@���RCQ.3"$()��*@���fC_%�9;-fC@.
"#.;%_&Ç��"$(#�+A αs+1 = ... = αm = 0. Y$.1- A1- � ��!OC@�+"�(O9;-fCQ.	()�+�
(f(us+1), ..., f(um)) 91N$��!BN$"$9;�#!�e;"#A3�+AZN#"$(²C@.125�V%'���+"$� 'À93CQ�fCÇSUI#*'� 2 f.

K'-fC@.��fCQ%0*,A f = ()� 2 � 2 f = m − s .)()��*0(#�+2 U = m = s + *@A f = ()��S f + *@A f, &À91C
�J��!$91N#4)%@��%'&Ç91*�< �

ÛE��%@��%@��*,��CM-+� ��SU��*Q%¬N#"$CM"cN$"H9;N$��!v���+"$��&��f��!3%,�+A3� � !$91*,91/3%,��*,� C@� ��*,N#"#A�(1.3" ,_C@.125.3*@4#!$� C@25��"
�#��&
<�(1.3"�� " (3��*@%@� ��*,�$9;*,��"�G89?%,*@� ����"E<
Ó �)m�Ôvpsrot)Õ ¤Æ�0��������� U, V ¾M�#�;���Z�T���,�������)��� · � �O���$�@���?�¿¯:(#�+2 U = ()� 2 V = m, �;�¿�
f ∈ � .32 (U, V ).

· ª;�#���@� �¿�����)�;�³¹�ª;�����:�@´
µ3Í f �f���bÄ_���{���{��£:§#�f�@���1�RÍ
¶$Í f �f���b� ��Ö����:�o�o¹)Íà Í f �f���[���;��Ö����:�~�³¹)Í
� Í f �?� �~�)�{�Â��� �J�¬Å�ª;�@�f�]¹?�{� U � �H��� �J�¬Å�ª;�@� �¬¹{�?� V ª$�#Í
� Í f �?� �~�)�{�$Ö��R�)�¬ÅÀª1�Q�f�¬¹{�?� U �+�H���+�J�]Å�ª;�@�f�0¹{�{� V ª#�#Í

ØZh&%	hclo} WÀK'N�C � <RSU.1- A1��"�%,*@�)(T� 91-+��*@&Ç���fCQ� Ò <{N#"$( � <37JN$2 'Â��&Â��� C�D?(#9;F�� 2=0��+8�2�0	� I
2=<�
50
��2�<��>@03NC<A2=< (1.1" U N#"�( V C@��!$.1"¬^_��&Ç��� - C[��� "#�M()��*[Ã[� A1��"�C@��!$9;S�%@��"Z� "?^_��/3%,��(5.)()��*ÆCQN$*~^_��/3%,��(Z()� �
9;"�()��*,�0�+254#- �+���+��*Q%RD)����"TN)%@����"v&�� *'()�+�0������"�A3������� A;%@� X �+25��"$CQ� .1"�C_SU.3*@25��-³W

()�+2 /1��* f + ()� 2 � 2 f = ()�+2 U = ()� 2 V.

,_CQ% f �+"?^_��/c%@�)(JD:C@.Á� CQ%M/1��* f = (0), 91- C@.O()� 2 /3��* f = 0, SU.1- A1- � ��!8()� 2 �+2 f = ()� 2 V N$"$(
(#912Z�+% f C@N#*o^_��/c%@�)(:<
,_CQ% f CQN$*~^_��/3%,��(:D¬CQ. �fC_%­�+2 f = V, 91- C@. ()� 2 � 2 f = ()�+2 V = ()�+2 U N#"$( CQ.32Z�+%
()� 2 /3��* f = 0, 9;-fCQ.5/1��* f = (0) N$"$(BSU.1- A1- � ��! f � "?^_��/c%@�)(:<X �+�
*,��CQ%@- � ��!$��"²K'N$C,C@91A1��"��J��&Ç���fC_%'2Á9;"�- ���f��!3%'25�+%]Ñ)9?%,� � < �#< �

Y�I#*'G89;%@*,�+����"BSU.1*,2�N#- �+��*Q%��J��()��N)%@��%]()� ��C
Ó �)m�ÔvpsrotTÚ Ä_��� A ∈ Kn×n, ª;� �������+�:���)�3ª)�1��ª#�~�f��º_§:�¬¸Hª)�o�@�+Ê:¯ f := fA �T���]»3�?¦)��§J¢{�,�+¦)�
®¬�?���{���{��£:§#�f�Q�B�1� ∈ � .12 (Kn, Kn), ���	�Q� �¿�O���)�;�³¹�ª;�����:�@´

µ3Í f �f���bÄ_���{���{��£:§#�f�@���1�RÍ
¶$Í A � ���k�+�:¹{�����o�����R�3ª?�{Íà ÍÇ*@A A = n.
� ÍÇ/1��* A = 0.
� Í · �U� ½ £Eª;�o�����­¹{�{� A ���,»{�?�?¦)���H�)��� Kn.
� Í · �U� ½ £Eª;�o�����­¹{�{� A �@�+�¿�OÅ�ª;�@�f�M�)��� Kn.

ØZh&%	hclo} WÀG891"B4#*,I)S�%�- ���f��!3%À"$93��!ED)(#9;FZ()�+� ,_()��"c%@�+%,e?%�� 2 Kn ()N#*���!B()� � n× n Ã[� "#!#���V%�C �
2Á9?%,*@�+6 In ���RC@��!$*@� ���J��"²&�� *,(¿< X 9;25�+%�SU.1- A1��"EW� < ⇔ Ò < W�,_CQ% f ��� " ,_CQ.325.1*,4#!#�fCQ2	N$C�D¿C@.²��6)� CQ%@� ��*@%L��� " g ∈ � .12 (Kn, Kn) 2Z�+% g ◦ f =
f ◦ g = � ( Kn . ÑT��� G (#�+�	��N#A3��!�*3*@� A1�
G89;%@*,�V6¿D�($9;"#"8�fC_% AG = GA = In N#"�(8CQ.325�V% A

� " (3��*@%@� ��*,�$9;*R<



×E� �J��ª?��� È �U���oº_§:�;�)¦#��� ��� �

,_CQ%	9;"$(#*@��*,C@���+%,C A �+"!(1��*Q%,�+��*@��9;*RDECQ.8C@��%,��%@� G := A−1, g : x 7→ Gx ∈ � .12 (Kn, Kn).X 9?SUI#*Ç*@�R��!#"#��%Â2Á9;"O- ���f��!c%Ç"�91��!EDc(#9;F g ◦ f = f ◦ g = �f( Kn , 9;-fC@. f ��� "B,_C@.125.1*,4#!#�fC@2�N$C�<� ⇒ � <+D 	 < D � < D 
 < W1,_CQ% f ,_C@.125.3*@4#!$� C@2�N$C�D;C@.¬�fCQ%Æ"$91��!OÑ)9;%@� � < �{Ò
(f(e1), ..., f(en)) 'Ç93CQ�fC�<X �+�RCÂC@�+"�(�9;�J��*ÂA1��"$9;NO()� �
ÑT4$9;-+%@��" (1.3" A.

X �+�RCÆA3�+�)% 
 < <cKM- C 'À91C@� CÂCQ� "$(OC@� �MN#"$91�#!$e1"#A1� A
N#"$( ��*,����N#A1��"$(¿Dk&À91C � <bN#"�( � <b-+� ��SU��*Q%R<Â7JN$C,9;2525��"¼25�+%�()��* X �+25��"$CQ� .1"�C_SU.3*@25��-ÇSU.3-+A1%
9;N���!�()� �LK'N�C@C,9;A3�]I#�J��*]()��" X ��SU��/c%�<X ��*�CQ��-+�J��7JN$C,9;2525��"#!$91"#A²��&��fC@��!$��"�(#��"xÑT4$91-V%,��" (1.3" A N#"$(s()��" > ��*Q%,��" (1.1" f 91N)S
()��*�/{91"#.1"$� C,��!#��" 'À91C@� C (e1, ..., en) - �+��SU��*@%
�J��� 
 <+W f �#� - ()��%'��� "#�-'À91C@� CÀ� "²��� "#�-'Ç93CQ�fC�9;��N#"$(��fC_%MC@.125�+%�,_CQ.32Z.3*@4$!#� C@2�N�C�D
�J��� � <+W f � CQ%'CQN$*~^_��/3%,��(:D$C@.125�+%�,_CQ.32Z.3*@4$!#� C@2�N�C �³Ñ)9?%,� � < �RÒ N#"$(�A1- ���f��!#� X �+25��"�CQ� .1"#��"�� ��D
�J��� � < �~N#"$(Á9;"�9;- .1A¬����� 	 < ��W;*,A f = n ⇒ ()��S f = 0 �U"$93��!ÁÑ#9?%@� � < �3� � ⇒ f �+"?^_��/c%@�)( �U"�91��!
Ñ)9;%@� � < � � ⇒ f ,_CQ.325.1*,4#!#�fCQ2	N$C �~"$91��!8Ñ)9;%@� � < �RÒ ��D)&Ç.125�+%'�+"²9;- -+��"vY�e1-+- ��" � <TSU.3-+A1%�< �

,�2 � 914#�+%@��-�I$����*OG89?%,*@� ����" !$9;%Q%,��" &��+*O()� �������	��

� ����� � �J� ÃÆ-+� 25�+"$9;%@� .1" ����!$9;"$(#��-+%
N#"$(¡($9;�J���[� "$C@���RCQ.3"$()��*,�O()� ��,�"!(1��*@%@� ��*,�$91*@/3���+%�(3.1"¡G89?%,*@� ����"sN#"c%@��*�C@N$��!c%�< > � *�!$9;%Q%@��"
� "­Ñ)9;%@� � < �$D � <�A3��C@��!#��"ED:(#9;F�()�+�5GvN#-+%@� 4#- �+/?9;%@� .1"H25�+%¬���+"$��*¬�+"!(1��*Q%,�+��*@��9;*,��"8G89;%@*,�V6¿D:9;- �
C@.Á�+"$C@�J��C@.1"$()��*@�L(#�+������� 
 
 

� � ��� � �J� Ã[- �+25� "$9?%,�+.3"�(#��"8Ð'91"#AÁ"#�f��!3%E(3��*�e;"$(#��*@%�< X 9;25�+%
SU.1- A;%�� "$C@���RCQ.3"$()��*,�1W
� 2 I 952=0#<A2

n × n � 7C9 F@0��
A

/�� F � I �����	��

� ����� � � �JG 8:0
� 0#< 719J03N1<�� � 2=F�0#< /C032 � 7C9 F@0��
CA = Â

� <A/�0 >@9E/C032=>�/1032
n × n

G 0#< I�2�0#93> ��7C9 F@0��
In,

>�NB0 >@9
A

0#< K 2�F@9J032�F � 7CF�� < / C
/C032

� < K 2�FL>�2��


'"$A1��/T-fe;*@%L&Ç91*�()� ��Y#*�9;A3�Á"$91��!x(#��*5,�"!(1��*Q%,�+��*@��9;*,/1���+%-(1.3" A, &Ç��"$" Â 6= In � CQ%�< X � ��C
/+*3"#"#��"B&�� *�"TN#"²���R9;"c%_&Â.3*Q%,��"E<� 93��!­Ñ)9;%@�ZG¡< ��� A3�+-+%�WEÑT� "$( A N#"�( C � "!(1��*@%@� ��*,�$91*@��GH9?%@*,� ����"=DJC@.��fC_%L91N$��! CA �+"!(3��* �
%@� ��*,�$91*�<������	��

� ����� � �:� Ã[- � 2Z� "$9;%@� .1"ÁI#�J��*@SUI#!#*@% A �+" Â = CA, &Ç.1�J��� C � " (3��*@%@� ��*,�$9;*
�fC_%R< ,_CQ%'9;-fCQ. Â "$� ��!c%À�+"!(1��*Q%,�+��*@��9;*RD3C@.�/?9;"#" A C@��- �$CQ%À91N$��!�"$� ��!c%À�+"!(1��*Q%,�+��*@��9;*ÆC@��� "E< � N$"
�J��%@*�91��!c%,��"O&�� *Ç(#�+� �����	��

� � ��� � �J� Y#.3*@2 Â ���+"#��* n×n G89?%,*@�+6 A. �oÑT� ��!#� X ��P$"#�+%@� .1"
G¡< � 	 ��<)ÃÆC��fCQ%M(#9;"#"�"#.1%_&Â��"$()� AZ*,A A = *,A Â.

Y$91-+- � W Â ��"c%@!$e1-V% n �[�)(1.1%,C@4$9;-+%@��"EW X 91"#"B�fCQ%À"$.;%_&Ç��"$()� A Â = In N#"$(B&��+*�&��fC@��"ED)(#91F	� "
()� ��C@��2 Y$9;- - A � " (3��*@%@� ��*,�$9;*Ç�fC_%R<
Y$91-+- Ò W Â ��"c%@!�e;-+% r < n �[�)(1.1%,C@4$9;-+%@��"EW X 9;"$"���"c%,!$9;-+%@��"	()� ��7:��� -+��"5(1.3" Â 2Z�+% � N#2525��*,"
r + 1, ..., n "TN#* � N#- -+��"ED)(¿< !E<#()� �0ÑT4�9;-+%@��" (1.3" Â ��*,����N#A1��"O"#�f��!3%À()��"�A391"#����" Kn.

� 91��!
Ñ)9;%@� � < � � �fC_%M(#91"#" Â "#�f��!3%�� "!(1��*@%@� ��*,�$91*�DT9;-fCQ.Á91N$��! A C@��- �$CQ%À"$� ��!c%�<> � *�S~91C,CQ��"�(#�+�RCÀ��N$C,9;2525��"���N#2
Ó �)m�ÔvpsrotcÝ ¤Æ�'����� A ���+�:� n × n ¸Hª#�~�,�VÊ:¯ (Â|C) �1�U�!�����	��

� � ��� � � �#"$��ª;�$�Q±o�?�@�5�U���R���
�T���'¸Hª)�o�@�+Ê (A|In).

· ª?�$�B¦c�+�³�b±o�{�+¦)���¿�T�]¥'�³�����@�Jª)�~�³¹{�;´
¤[�:��°[�R�T����� ��� Â = In :

· ª?�$���f��� A �+�:¹{�����o�����R�3ª?�¬�;�¿� C = A−1.

Ï]�T���]���À�f��� Â 6= In :
· ª;�#�²� ��� A �#�oº_§:��� �:¹{�����o�����R�1ª;�RÍ

$ %
&('�)+*,'.-0/1'	%
243657&789'	&

�����	��

� ����� � �J� ÃÆ-+� 25�+"$9;%@� .1"Á!$9;%Q%,��"�&�� *À9;N$��!O� 2 7JN$C,9;2525��"#!�9;"#AL25�+%�-+� "#��91*@��" �¬-+��� �
��!TN#"#AcC@CO )C_%,��25��"²�J��!$91"$()��-+%�< X � ��C]A1*,���+SU��"²&�� *M"TN#"891N)S[()��*]Ã[����"#�	(#��* � .125.125.3*@4#!$� C �
25��"²&�� ��()��*'9;N)S_<
Ó �)m�Ôvpsrot " ¤Æ�M�����U��� U, V �J���:���{�,���#�;��� � �$�)���L�)���Á�����³�)���8 
¢{��£k��� ��¯ f ∈ � .12 (U, V ).
�8� ���T��»{���~º_§#�:����»1� v ∈ V �5�³�

L(f ; v) := {u ∈ U | f(u) = v},
ª?�f���5�1�U�¬¸����)¦)�¬ª?� �U���'×�¢;���1�)¦)���H�T��� È �����~º_§:�;�#¦ f(u) = v.· ª?±��;��¦#���³�����



��� � � ���������������
	���
������

µ3Í (L(f ; v) 6= ∅) ⇔ (v ∈ � 2 f)

¶$ÍÇÄ_��� v ∈ �+2 f �1�¿� u0 ∈ L(f ; v), ���L�f���
L(f, v) = u0 + /1��* f, �JÍ §=Í L(f, v) = {u ∈ U | u = u0 + u′ �5�o� u′ ∈ /1��* f}.

ØZhcw¼h3y{ÙE��j��­psr~t � ¸Hª?�8�:���#�:�Ç±��;� v 6= 0 �1�U� È �U���oº_§:�;�)¦ f(u) = v ��� �J�Z©f�+�$§J�{���R¦#���
�J�?« È �U���oº_§J�1�)¦¡�;�¿� f(u) = 0 �1�U��»1�?¦#��§J¢?�@�+¦)�Á© §:�{���R¦#���J�?« È �����~º_§:�;�)¦:Í · �U�Z×�¢;���1�)¦)���
�T����§J�{���R¦#���J��� È �U���oº_§:�;�)¦8�?� �~�)���­�T� �$�#�o�o���?�$�Q¦)���O�;¨	¦#����ª#���)���v ����,�H¹?�{� f, ª?�f���O�T���
�=�:�����,��ª#�;� /1��* f ⊂ U. ¸v�³�À�1�U�������vÅ'��»?���oº_§#�:�;�)¦)���B��ª{¦J�Ç�1�$����� ½ ª)�o»3´

µ3Í f(u) = v �T���Q�³�~»3� � �5� �¿�T���������$���¬��� �J�¬×�¢;���;�#¦Z¦#����ª#�)¯¿°b���#� v ∈ �+2 f.

¶$ÍÇÄ_��� f(u) = v �U¢?�R�1ª;�
�;�¿� u0 � �Q¦#���¿�T���+�:�¬×�¢?���;�)¦²�T���'� �#§J�{���{¦)���:��� È �����~º_§:�;�#¦$¯����
���,§��?�³�M�Oª?�qª?� ���O×�¢;���;�#¦)��� ¹{�{� f(u) = v, �+�¿�)��� �Oª?� »1�­ª;�+�U��� ×�¢;���;�#¦)���q�)���
§J�{���R¦#���J��� È �U���oº_§:�;�)¦MÖ��{°[��� � �¬�3�������¬��£���»��U��� ���]×k¢?���;�)¦ u0 ª)�#�1�U���R�@Í

ØZh&%	hclo} W � <$� CQ%�"$91��!²()��* X ��P$"#�+%@� .1" (1.3"B� 2 f /T- 91*�<Ò < W ,_C_% u0 ∈ L(f, v) N#"$( u′ ∈ /1��* f, C@.��fC_% f(u0 + u′) = f(u0) + f(u′) = v + 0 = v,

C@.T($9;F59;-fCQ. u0 + /3��* f ⊂ L(f, v).
ÑT� "$(
N#25A3��/1��!#*@% u N#"�( u0 ����� ()�Â�+" L(f, v), CQ.M� CQ% 0 = v−v = f(u)−f(u0) = f(u−u0),
(¿< !E< u−u0 ∈ /1��* f.

X 9;25�+%b� CQ% u = u0+(u−u0) ∈ u0+ /3��* f, 9;-fC@. L(f, v) ⊂ u0+ /1��* f.

�

X ��* � ��*,"­/1��* f � CQ%L"$93��!sÑ)9;%@� � < �1� ���+" 
'"c%@��*@*�9;N$2 (1.1" U 25�+%�()��* X � 2Z��"$C@�+.3" s :=
()��S f = ()� 2 U − *,A f.

> �+*MC,9;A3��"�(#9?SUI#* �U��%_&À91CÇN#"$4#*,e1���fCQ� �Ç9;N$��!EW
· �U� È �����~º_§:�;�)¦ f(u) = v �)���@�³�~»1� s = ()��S f = (#�+2 U − *,A f �;��ª$�?§��;�)¦3�+¦)�]×�¢;���1�)¦)���=Í

Ó �)m�Ôvpsrot � u�����}R��j��Jhcj �ol~j�hT�)y?h3y����ohTl��{|¿��j��Jhcjb� ¤Æ�������U��� U, V ���E�1�+�oº_§��_�1� �O���$�@���1�
��ª;���M� �+�J��ª?���]¾M�)�;���{¯ f ∈ � .12 (U, V ).

· ª?�#��¦#���³�����
µ3Í f(u) = v � ���
��¢;���3ª?��¯�¦#����ª#� °[���$� v ∈ � 2 f. Ä_��� f(u) = v ��¢;���3ª?��¯Æ���8¦3���)�����

()�+2 U − *,A f ¹{�U���U�L�1��ª#�?§J�?�)¦c�V¦#�M×k¢?���;�)¦#���=Í
Ä��$�R�T�����?�¿�T�����M§�ª$�T����°b� �0�1�U�]±o�{�+¦)���E�T��� ½ £k��»���ª?� ±~�?� �U�?´

¶$Í f(u) = v � ���b±��;�=Ö��{�T��� v ∈ V �U¢?�R�1ª?��¯T¦)���Jª)��°b���#�²*@A f = ()� 2 V.à Í f(u) = v �T���Q�³�~»3� � °[���$�¡�$�T���@§Jª)��£k� �]�����{�³���:�;�¬���+�J�
×�¢?���;�)¦�¯#¦)����ª)�²°[���#�²*,A f =
()�+2 U.

� Í f(u) = v �f���'±��1�ÀÖ��{�T��� v ∈ V ��� �¿�T�{�$�~�+¦H��¢;���3ª?��¯=¦)����ª)�s°[���#�¼*@A f = ()� 2 U =
()�+2 V, ª?�f���
¦)����ª)��°[���#� f ���+��Ä_���?���{��£:§#�f�Q�B�1�Ç� ���@Í

ØZh&%	hclo} W � <$� CQ%'()�+�LKMN$C,C@91A1� (1.3"�Ñ)9;%@� � < � � <Ò < f(u) = v �fCQ%kA3��"$91N	(#91"#"LSUI$*:^_��()�RC v ∈ V -)*3C@�$9;*RD�&Ç��"$"	� 2 f = V, 9;-fCQ.¬*,A f = ()�+2 V.� <#ÑT��� f(u) = v -�*cCQ�$91*�< X 9;"#"B� CQ%'()�+�0Û�*cCQN$"#A����+"$(#��N)%,�+A�D)A1��"�9;NO&Ç��"#"B/1��* f = (0), (¿< !=<
()� 2 U − *@A f = 0.	 <)�fCQ%'��� "#�	7JN$C,9;2525��")S~93C@C@N#"#A (1.3" Ò <)N#"$( � <)N$"$(vÑ)9?%,� � < �{Ò < �

X �+�RCbA1� -V%b"$9;%@I#*,- � ��!Z�+"�CQ�J��C@.1"$(#��*,�ÂSUI$*[()�+�'(#N#*,��! n×m G89;%@*,�+����" A ∈ Kn×m A1��A1���J��"$��"� .325.125.1*,4#!#�fCQ25��" f ∈ � .32 (Km, Kn) : f(x) = Ax.
� � ��*�� CQ%�()� 2 U = m = ()� �

ÑT4$91-V%,��"#�R9;!#-³DT()�+2 V = n = ()� �
7:��� -+��"#��91!#-�N$"$(O*,A f = *@A A = ()��*ÀÑ)4$9;-+%@��"#*,91"#A (3.1" A.> � *�SU.1*,2�N#- � ��*,��"�Ñ#9?%@� � < � � SUI$*M()� ��C@��"vY$91-+-¿"#.)��!#2Á91-¿"#��Nv9;-fC
Ó �)m�Ôvpsrot�� ¤Æ�'����� A ∈ Kn×m ��� �J� n × m ¸�ª)�~�,�+Ê¿Í · ª?�$��¦#���³�����

µ3Í · ª1� È �����~º_§:�;�)¦T�@�_Î$������� Ax = y �f���b��¢;���1ª;� ⇔ y ∈ �+2 A ⇔ *@A A = *@A (A|y).· ª$�T���c�f��� (A|y) �1�U���1� �1�U� ½ £=ª?�³��� y ¹?���,�f�;�)¦)��������¸Hª)�o�@�+ÊEÍ � �J���@¦3�U���oº_§J�[ Lª�£:�³�����T¸ �RÍ
Ä_��� Ax = y ��¢;���3ª?��¯����Z¦3���)�Ç���]()��S A = m − *@A A =

� ½ £Eª;�o�����#»{ª?§#�k�[¸Hª?ÊT� �Oª?� »Rª;§#�
�;��ª#�;§��?�)¦c�V¦#��� ½ £Eª;�o����� �L¹{�U���U�	�;��ª#�;§��?�)¦c�V¦#�'×k¢?���;�)¦#���=Í



Å�ª;�@� ���~��ª?���Q±o�?�@�Oª)�o���?� ��� �

�8� �'§�ª#�)���­°b�U�R�T����±o�{�+¦)���E�T� ½ £���»���ª?� ±~�?� ���;´
¶$Í Ax = y �f����±��;�:Ö��{�T��� y ∈ Kn �U¢?�R�1ª;� ⇔ *,A A = n ⇔ · �U� ½ £Eª?�³�����v¹{�{� A ���,»{�?�?¦)���

�T��� Kn.à Í Ax = y �f���Q¯J°[���#�v���T���@§�ª#��£k�Q¯$�cª;�#�]Ö��{°[��� �f�Ç��� �¿�T�?�#�~�+¦��U¢?�R�1ª?� ⇔ *@A A = m ⇔ · �U�½ £Eª?�³������¹?�{� A �Q� �¿�v�;��ª$�?§��;�)¦3�+¦JÍ
� Í Ax = y �f���b±��;��Ö��R�T��� y ∈ Kn ���+�E�T�{�#�o�V¦O�U¢?�R�1ª;� ⇔ n = m = *@A A ⇔ A � �:¹{�����o�������

�1ª?�{Í
ØZh&%	hclo} W > � *'!$9;�J��"²"TN#*�&Ç��"#� A5��N$C,e?%,��- � ��!���N������+A3��"E<
7JN � < W X �+��ÑT4�9;-+%@��" (3.1" A ��*@����N#A3��"��+2 A. Ñ).125�V%�SU.3-+A1%

y ∈ � 2 A ⇔ y ∈ CQ4�9;" (Ae1, ..., Aem)

⇔ ()� 2qCQ4$91" (Ae1, ..., Aem) = ()� 2 C@4$9;" (Ae1, ..., Aem, y),

(¿< !E<#*,A A = *,A (A|y).
Y�I#*'()� � X ��SU��/c%QSU.3*@25��-=CQ� ��!$�
Ñ#9?%@� � < �3� <
7JN Ò < W)ÃÆC��fCQ%À*,A A = (#�+2 Kn = n ⇔ C@4$9;" (Ae1, ..., Aem) = Kn.

7JN � < W:ÃÆC0� CQ%
*@A A = m ⇔ A �J��C@�V%,��% m N#"$91�#!$e;"$A1� A1�ZÑ)4$9;-+%@��" �~N#"$(­(#91C0C@�+"$(�^Q9�9;- -+�
ÑT4$91-V%,��" (1.3" A! ��<
7JN 	 < W$ÑT� ��!#��Ñ#9?%@� � < � � �

,�2 � 9;4#�+%@��-�I$����*ÇG89;%@*,�+����"O!�9?%Q%,��"B&��+*ÂA1��C@��!$��"EDT(#9;F �����	��

� � ��� � �J� Ã[- �+25� "$9?%,�+.3"O()� �
Û�*cCQN$"#A3C@25��"#A3��"#� ��!c% (3��*�e;"$(#��*@%�< � ��!#25��"�&��+*Ç9;-fCQ.L91"ED1&�� *Æ!$e;%Q%,��"�(#93CÆÑ! )CQ%@��2 Ax = y

9;N#S Âx = b %,*,91"$C_SU.3*@25� ��*@%�D�&Â.3����� Â � "!����� ��

� � ��� � �J� Y#.3*@2 �~C@�+��!#� X ��P$"#�+%@� .1"5G¡< � 	 < �X 9;"#"²�J��()��N)%@��"²(#�+�LKMN$C@C,9;A3��" (1.1"vÑ)9;%@� � < � � W
Ó �)m�Ôvpsrot��

µ3Í Âx = b � ���[�U¢?�R�1ª?� ⇔ �1���0»1�v�T���s©fÞ��;� �+»?��� �����E«0¹{�{� Â ¦)��§J¢{�����E�T���v 
�{�L£��?�J���:�����
¹{�{� b �Q� �¿�Á�����³�;��� = 0.

Ä_�����cª1� ½ Î$������� �U¢?�R�1ª;��¯;���'§Jª)�����b���3¹{�����:�;��ª#�;§��?�)¦c�V¦#�[×k¢?���;�)¦#���¿¯#°b�U� Â ª?��©fÞM�~º_§:���
�[�o¹?�T��� ½ £=ª?�³�����=«Ç���:�~§J�?�³�@Í

¶$Í Âx = b �f���b±��;��Ö��R�T��� b �U¢?�R�1ª?� ⇔ Â ���:�~§��;�o�b�)��� �J�]ÞL�;� � »{��� �U�?Íà Í Âx = b � ���L°[���#� ���T���@§�ª#��£k�Q¯Â�cª;�#��Ö��{°[��� �f�Z��� �¿�T�?�#�~�+¦H�U¢?�R�1ª?� ⇔ Â ���:�~§��;�o�]�J�1�
�[�o¹?�T��� ½ £=ª?�³�����

� Í Âx = b �f���b±��;��Ö��R�T��� b ���+�¿�)�{�#�o�V¦Á�U¢?�R�1ª?� ⇔ Â = In = (n × n) �~¤[� �#§J���o�³�Q�Oª)�o�@�+ÊEÍ
��)�� %���� *,) &����
	9*�� )
� %�	 &

Ã[� " &��f��!c%@� A1��C � 91"$()&Ç��*,/TC@����N#A¡�J��� 2 
'25A391"#Ax25�V%vG89;%@*,�+����" .)()��*²9;- - A1��25���+"#��*O25�V%� .325.125.1*,4#!#�fCQ25��"]��&�� C,��!#��"0��"$()- � ��!$(#�+25��"�CQ� .1"$91-+��"
Ð'e;N#25��"
� CQ%=(#91C X 91*,CQ%@��-+- ��"
25�+%Q%@��- C
A1����� A1"#��%@��*�'Ç93CQ��"5N#"$(Á()��*��'�J��*,A391"#A (1.3"Z���+"$��*ÂC@.1-f��!#��" X 9;*�CQ%@��- - N#"#A
��N5���+"#��*Â91"$()��*,��"=<> � *'����A1� "#"#��"B25�+%�SU.1- A1��"�()��2
�0y?n$�k�~hTw psr�Õ � ¤Æ�[�����U��� B = (u1, ..., um) �;�¿� B′ = (u′

1, ..., u
′
m) »1°[���#Å�ª;�����Z� � Km.· ª?�#�¡�)���@�o�o»1�$Ö��R�)���5�J���:���{� u ∈ Km ���+�E�T�{�#�o�V¦8�)�����~� �5����� · ª;�,�������+�³�;�)¦#���

u =

m
∑

j=1

ξjuj =

m
∑

i=1

ηiu
′
i.

· �������² 0�T�
�5»������J�����:¹{���:���{�����B��������� x =







ξ1ÍÍÍ
ξm






, y =







η1ÍÍÍ
ηm






.

�8�U�
���,§��?�³�k�Áª;� y ª)�1� x?



������� � ���������������
	���
������

� �J}R��j�� ½ º_§#�������)���Oª;�O�1�U� ½ £Eª?�³�����:¹{���:���{�����Á�T���#Ö��{°[��� �+�+¦)����Å�ª;�@� �bª?�f�Â�1�U� ½ £=ª?�³�����O��� �J���
¸Hª#�~�,�VÊ R ±��;� B, �?»3°'Í[��� �J���Á¸Hª#�~�,�VÊ S ±��1� B′,

� �1�U�B¸Hª)�o�@� »{��� R �;�¿� S �@�+�¿� �cª?�$�
� �J¹?���R�~�U���{�1ª?� ��¯#����§�ª#�)���­°b�+�=Ö�ª

u = Rx = Sy,

�;�¿�v°b� �L�T���T�?�Z�����
y = S−1Rx.

`b.1"­CQ4J�����+��-+- ��2 ,�"c%@��*@�RC@C@���fCQ%]"$9;%@I#*,-+�f��!H()��*¬Y�9;- -oD¿(#91F����+"#�Z()��* 'À91C@��"H(#�+�5()��*¬/?9;"#.3"#� �
C,��!#��"¡Ã[� "#!#���V%�C.(3��/c%@.3*@��"x�fC_%R< � �+��*	�fC_%5(#9;"$"x��� "#�B(#��*��J���f()��" G89;%@*,�+����" R .)()��* S ()�+�
Ã[� "#!#���V%�CQ2Á9?%,*@�+6BN$"$(BS~e;- -V%M(#9125�V%�� "²(#��*����J��"²A3��&Ç.1"#"#��"#��"²Y#.3*@25��-¿&Â��A$<
� .12��$�+"#� ��*,��"B&��+*]()�+�RCQ�RCÀÃ[*,A1���$"#� CÀ"$.T��!²25�+%'��� "#��*M(#N#*,��!���� "#�LG89;%@*,�V6 A (#9;*,A1�RC_%,��- -V%,��"
K'�$�#�+-f()N#"$A$W
�0y?n$�k�~hTw psr�Õ¿t ¤Æ�0����� A ��� �J� n × m �o¸Hª)�o�@�+Ê:¯ B = (u1, ..., um) ��� �J��Å�ª;�@� �]�+� Km,

B′ = (v1, ..., vn) ���+�:�LÅ�ª;�@�f�]� � Kn.
Ë � u ∈ Km ����� v := Au, ±o���,�J���0§�ª$�T��� °b� �Z�1���· ª?��������� �o�;�#¦)���s�)��»1�;¦3� �~º_§��T���Mª;�¿�T��������Å�ª;�����

u =

m
∑

j=1

ξjuj , v =

n
∑

i=1

ηivi.

· �������² 0�T�
�5»������J�����:¹{���:���{�����B���������­°b�U�R�)��� x =







ξ1ÍÍÍ
ξm






, y =







η1ÍÍÍ
ηm






.

�8�U�
���,§��?�³�k�Áª;� y ª)�1� x?

� �J}R��j�� ½ º_§#�������)���Oª;�O�1�U� ½ £Eª?�³�����:¹{���:���{�����Á�T���#Ö��{°[��� �+�+¦)����Å�ª;�@� �bª?�f�Â�1�U� ½ £=ª?�³�����O��� �J���
¸Hª#�~�,�VÊ R ±��;� B, �;»1°'Í$��� �J���M¸Hª)�o�@�+Ê S ±��;� B′, ����§�ª$�T����°b� �=Ö�ª

u = Rx, v = Sy,

�;�¿�v°b� �L�T���T�?�Z�����
Sy = v = Au = ARx, ª;� ��� y = S−1ARx.

G891"�C,9;A1%�($9?SUI#*'91N$��!
Ó �)m�Ôv��j�� ØZhTÔ1hTl��{|�j¿��j��¡psrfÕJÕ Ä�� �T��� ½ �o�@�3ª)�o���?� �T����¹?�{�,�V¦#��� �Æ���#�?�����Á��°b� ��� �T���
�)��»1�;¦3� �~º_§��T���b�?ª;�J�{�$� ��º_§J���5Å�ª;�����B�$�;��º_§��1���Ç¸�ª)�~�,�+Ê A �cª;�Q¦#��������� �³���Â®¬�?�O�?���{��£:§#�f�Q�B�1�
f �)��»3�?¦3� �oº_§��)�����J�?�c���²Å�ª;�������$�;��º_§H�1�U�¬¸Hª#�~�,�VÊ A′ := S−1AR �cª?�@¦)��������� �o�,Í
Ä_��� A′ = (α′

ij), ����� ���k±��;�
�1�U�]¤[�U�������:�����)�����J�?�c���vÅ�ª;����� uj , vi, �Tª?�#�
f(uj) = Auj =

∑

i

α′
ijvi.

ØZh&%	hclo} W uj �fC_%'()� � j
� %,��ÑT4$91-V%,��(3.1" R N#"$(²C@.125�V% uj = Rej .

X 91"#"²� CQ%
f(uj) = Auj = ARej = SS−1ARej = SA′ej

N#"$( &Â��A1��" S = (v1, ..., vn) N#"$( A′ej =







α′
1j<<<

α′
nj






�fC_%v()� ��CBA1��*,93()�H()� ���J��!�9;N#4)%,��%,�

Y#.3*@25��-o< �



Å�ª;�@� ���~��ª?���Q±o�?�@�Oª)�o���?� �'�,�3�

,_CQ%0C@4������ ��- - n = m, (¿< !E<:����%@*�91��!c%@��"8&��+*0���+"#���cN$91()*�9?%,� C,��!#��GH9?%@*,�+6 A, ()� �	9;-fC@.���� "#��"
Ã["$(#.125.1*,4#!#�fCQ2	N$CM(#��C Kn (1��*,25�V%@%@��-V%RD�C@.O/+*3"#"#��"v&�� *M� "8()��2 
M*@�$�+-f( � N$"$(8()��2 'Ç� - ( �
Ãb6)��254#-f9;*Z()��C Km ()�+�RCQ��-+�J�B'À91C@�fCL&Àe;!#- ��"ED=&Ç93C�(#91"#"x(#9;��NsSUI#!#*@%�Dk(#9;F8(#�+��%@*�9;"$CQSU.1* �
25�+��*@��"$()��"²GH9?%@*,� ����" R N#"$( S I#����*@���+"�C_%,�+2525��"E< 'Ç����I$A1- � ��!²()��*�C@��- ����"�"$��N#��" 'Ç93CQ�fCÀ� "
�J���f()��"vÐ'e1N#25��"²A1��!3%'(#91"#"²()�+�LGH9?%@*,�+6 A I#�J��*�� "²(#�+�LG89;%@*,�V6 A′ := S−1AS.

g�h3ikj�lUm�lon�jqpsr�Õ$Ú u��#|�j��~l��{|b�sË °b��� n × n �o¸Hª#�~�,�+»?���¡§J���+¨)���q©U�?§#�#� �oº_§E«~¯Ç°b���#� ���5���+�J�
� �J¹?���R�~�U���{�1ª?����¸�ª)�~�,�+Ê S ¦c�³�#�_¯����#�cª?¨ A′ := S−1AS.

X �+�RCQ��*MÑT.1"$(#��*@S~9;- -¿&��+*�(�N$"$C�"#.)��!²9;N$C@A1� ���#� AZ���RC@��!$e;S�%@� A1��"E<
X N#*,��!Á()� �À���J��"Á�J��!$91"$()��-V%,��"�'À91C@� CQ%@*�9;"$CQSU.1*,2Á9?%,�+.3"#��"L/&*1"#"$��"Z&��+*:^_�R()�'G89?%,*@�+6	91N)SJ���+"$�
�J��C@.1"$()��*@�RCÇ��� ")S~91��!#�LY$.1*,2 �#*,�+"$A1��"=<
�¬��A3���J��" CQ���Ç���+" n × m

� GH9?%@*,�+6 A, ()� �BN#"�C	"�9?%@I$*@- � ��! I#�J��* x 7→ y := f(x) := Ax

��� "#� � .325.125.1*,4#!#�fCQ2	N$C f : Km → Kn �J��C,��!#*,��� �)%�<¿ÃÂC
CQ��� s := ()��S f = ()��S A, r :=
*,A f = *@A A. ,�2 'Ç��&Ç���fC�(1.1"¡Ñ)9;%@� � < �1� !$9?%@%@��"­&�� *
��� "#��'À91C@� C B = (u1, ..., um) (3.1"
U := Km /1.3"$C_%,*@N$�+��*Q%RD¿SUI#*5()�+� (u1, ..., us) ��� "#� 'Ç93CQ�fC-(3.1"x/3��* f D�91- C�!#� ��* (1.1"¡/3��* A

�fC_%RDcN$"$( (f(us+1), ..., f(um)), 9;-fCQ.	!#�+��* (Aus+1, ..., Aum) ���+"$��'À91C@�fC (3.1"Á� 2 f = � 2 A

�fC_%R< ,�"�()��2 &�� *Z-+��%@��%,��*,�B"$.T��! ��N ��� "#��*�'À91C@� C�(1.3" Kn ��*@Ace;"#����"¡N#"�(¼N#25"TN#25��*,� ��*,��"
��*,!$91-V%,��"�&��+*

ÃÆC�A3�+�#% 'Ç93CQ��" B = (u1, ..., um) (1.3" Km N#"$( B′ = (v1, ..., vn) (1.3" Kn, CQ.)(#91F
� < f(uj) = Auj = vj , (j = 1, ..., r) N#"$(
Ò < f(uj) = 0, (j = r + 1, ..., m).

� 93��!8Ñ)9?%,�LN#"$(?'Ç�������f��!#"TN#"#A � < Ò3Ò /+*1"$"#��"²&�� *]9;�J��*]()�+�	G89?%,*@�+6#(#9;*�C_%,��- -+N$"#A A′ (3.1" f

�J����I$A1- � ��!²()� ��C@��*E'À91C@��"²CQ.1SU.1*@%Ç!$�+"$C,��!#*,��� ����"EW
Y�I#*'()� ��ÑT4$91-V%,� a′

.j (1.3" A′ A1� -V%M91N$C�()��* > �+*,/TN#"#A�(1.3" f :

a′
.j =

{

ej SUI#* j = 1, ..., r,

0 SUI#* j = r + 1, ..., m

Gv�+% r = *@A f !$9?%'91- C@.Á()�+�
G89;%@*,�V6 A′ ()�+� �¬�RC_%�9;-+%

A′ =

(

Ir 0
0 0

)

n,m

.

X �+�RC�-+� ��SU��*Q%
Ó �)m�Ôvpsr�Õ#Ý

µ3Í Ë �]Ö��R�)��� ®¬�?���{���{��£:§#�f�Q�B�1� f ∈ � .12 (U, V ) ¦3���)�À���]Å�ª;�����E¯k�)��»3�?¦3� �~º_§x�T������� f

�1���]¸Hª#�~�,�VÊ:�cª;�,�������+�³�;�)¦
A′ =

(

Ir 0
0 0

)

n,m

§�ª)�,Í · ª$�T���E� ��� r = *@A f.

¶$Í Ë �[Ö��R�T���Æ¸Hª)�o�@�+Ê A ¦c�³�#�����b� �:¹{�����o�����R�1ª;���Æ¸Hª#�~�,�+»?��� R, S, ���)�Tª?¨ A′ := S−1AR �1���
�)�?�+¦)� È �����³ª;�o�b§�ª#�_¯=°[�)�)���b°b�U�R�)��� r = *@A A.

ØZh&%	hclo} W � <c!$9;%Q%@��"O&�� *Æ���J��"�A1������� A;%RD Ò <1SU.1- A;%Â91N$CÂÑ#9?%@�]N#"$( 'Ç�������f��!#"TN#"#A � < Ò3Ò SUI#*À()� �
�Q*@�f��!c%@� A1��"���'À91C@��"E< �
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X ��"	ÐM9;"#A]��� "#��C � .325.125.1*,4#!#�fCQ2	N$CE!�9?%Q%,��"	&��+*���*,/T- e1*Q%�91- C�()� � X � 2Z��"$C@�+.3"	C@��� "#��C 'Ç�+-f()��C
N#"$(Á(#�+���fC_%Â"$9?%,I#*@- �f��!ZN$"$9;�#!�e;"#A3�+A
(#9 (3.1"Z������I#A3-+�f��!5&Â��- ��!#��*�'À91C@��"Z&��+*Æ(#��" � .325.125.1* �
4#!#�fC@2�N$Ck(#91*,CQ%@��-+- ��"E<?KM-+- ��CQ.¬��"c%,CQ%@��!#��"�()��"5G89?%,*@�+6#(#9;*�CQ%@��- - N#"#A1��"
!$9;�J��"59;-fC@.]()��"ZC@��- ����"
Ð'91"#A$< X �+�RC��J��()��N)%@��%
Ó �)m�Ôvpsr�Õ " ½ � �¿� R, S � �:¹{���R�~�U���{�1ª;����¸Hª)�o�@� »{���¿¯=���O§Jª#�)��� A �;�¿� A′ := S−1AR �T���
�������T��� � ½ £Eª;�o������� �,¾Mª;�)¦JÍ

'"c%,��*k()��"ZCQ.¬9;N$C���� "#��*kG89;%@*,�V6 A ��*,!$9;-+%@��"#��"�GH9?%@*,� ����"�� CQ%k91N$��!L���+"#� (1.3"�()��*�C@4������ ��- -+��"
�¬��CQ%,91-V% (1.3" Ñ)9?%,� � < Ò 	 N#"$( ()�+��!$9?%�.1�:��"T�$91*�A1- ���f��! (T� ��-¬N#"$9;�$!$e;"#A3�+A3�­7J���+- ��" N$"$(
N#"$91�#!$e1"#A1� A1�
ÑT4$91-V%,��"E<
Ã[*,/T- e1*@��"B&�� *'9;-fCQ.Á()��" �,7J���+- ��"$*,91"#A �]���+"$��*MG89;%@*,�V6�9;-fC�()�+�LGH9?6)�+2Á91-+�R9;!#-¿N#"�9;�#!$e1"#A1� A1��*
7J���+- ��"ED¿C@.�CQ%@� 2525��"8SUI$*L()�+�RCQ�5G89;%@*,�V6v.1�:��"T�$91*LÑT4$9;-+%@��"#*�9;"#ABN#"$(­7:��� -+��"#*,91"#A�I$����*@���+"E<X �+�RC�A1� -V%'91-+- A1��2Z���+"=<
Ó �)m�Ôvpsr�Õ � ÌÇ�;�=Ö��R�T�¬¸�ª)�~�,�+Ê�� ��� Ë ���+�U���#��ª?�#¦�� ½ £Eª?�³�����#��ª?�)¦:Í
7JN#2 'Ç��&Ç���fC'�J��"TN)%,����"8&��+*0()��"HC@��!$.1"v� 2 � 914#�+%@��-kG (3��*,&Â��"$()��%,��" 'Ç��A3*@���­(#��*'%,*,91"$C �
4J.1"#� ��*@%@��"�G89;%@*,�V6¿<
7JN#*�ÃÆ*@� "#"#��*@N#"$A$W
�=�#Ù¿mOpsrfÕ � Å'��� � "$��ª?�$��£��?�#�U������� °b�����T��� Ë ��� �����s»1� ½ £Eª;�o����� �;�¿� ½ £=ª?�³�����¡»3� Ë ��� �����
�;�¿�5�cª;�5�o�¿�f���k�)��� Ë ���+�U���#��ª?�#¦5¹?�{� A ¦3�U���oº_§��)��� ½ £Eª?�³�����#��ª;�)¦5¹{�{� AT �;�¿�Á�;�Z¦)���T��§$���,Í
Gv�+%�()��"�K'�$/cI$*@��N#"#A1��"LCQ4$*@A
W�� ÑT4$9;-+%@��"#*�9;"#A�D���*,ALW�� 7:��� -+��"#*,91"#A��fC_%�($9;"#"
SUI$*�()� �ÂG89;%@*,�V6
A′ = S−1AR ()��*'C@4J����� ��- - ��"vY#.3*@2 (3.1"²Ñ)9?%,� � < Ò 	 "$91��!²()��2 .1�J��"
�¬��C,9;A1%@��"

CQ4#*,A A = C@4#*,A A′ = ��*@A A′ = C@4#*,A (A′)T

= CQ4#*,A (S−1AR)T = CQ4$*@A (RT AT (ST )−1) = CQ4$*@A AT = ��*@A A,

&Ç.125�V%MÑ)9;%@� � < Ò 
 A3������� A;%À� CQ%�<
� ����) �	�0%�
 '�*4'	&�� % ) /18 / '	% 2�3 5 &(89' &
���$��lon��)Ù¿mRl
�Jh3y��Æhcy ���#�o���JX � �]KM"#��91!#-¿()��*Ç4#*,.Z7J���+%@���+"$!#���+%Ç����*@S~9;- -+��"$()��"�KÇ%@.32Z�]� CQ%Â4$*@. �
4J.1*@%@� .1"$91-E()��*'KM"#��91!#- u(t) ()��*�(3.1*,!$9;"$(#��"#��"EW

u′(t) = −λu(t), 25�V%'���+"$��2 λ ∈ R.

pv�)y?wxnJj�lo} �{|�hcy��O} �3l~�o�~�)mRn$y�� 'Â������� ��!#"$��% u(t) ()� �ÁK'N$C@- ��"#/TN#"#A���� "#�RC
9;"H���+"$��*
Y#�R()��*
9;N#SUA1��!�e;"#A1%@��"sG893C@C@��"#4$N#"#/c%@�RCL9;N$C
(#��*�Ð�N$!#��-f9;A3�1DEC@.v&��+*�(sCQ���+" 'Ç��&Ç��A3N#"#A3CO(1��*@!�9;-+%@��"
�U25�+% X e1254)SUN#"#AÁN#"�(B��6T%@��*,"#��*'K'"#*,��A3N#"#A �Â�J��C,��!#*,�+������"�()N$*,��!

u′′(t) = (δ − q2)u(t) − 2qu′(t) + β(t), (q, δ ∈ R).

��hcÙ�n�z�zÂhc�~m�h Ó �{|A%5loj��J��j��JhTj�� 7J&Ç��� � N#A3��- "8^_�v()��*ÁG893C@C@� � C@��� ��"q9;" Y#��(#��*,"¼25�V%� .1"$CQ%,91"3%,��" c1, c2 &��+�
C@/T�+����� ��*@%À91N)SUA1��!$e;"#A1%�<)ÃÆCÀ�J�������f��!#"#� u1(t) �#��&
< u2(t) (#�+� (1��*Q%,� �
/?9;- �MK'N�CQ- ��"#/TN#"$A�()��*Â��"c%,C@4#*,����!#��"$()��" � N#A1��-$9;N$CÂ()��*ÇÐ�N#!#��- 91A1�3< X 9;"#"Á&�� *,(Á(#��* 'Ç��&Â� �
A1N$"#A3C,9;�#-f9;N#S �U.3!#"#� X e;254)SUN#"#AÁN$"$(���6T%@��*@"#�
KM"#*@��A1N#"$A �Â���RC@��!$*@� ���J��"²()N#*���!

u′′
1 = −c1u1(t) + c2(u2(t) − u1(t)) = −(c1 + c2)u1(t) + c2u2(t)

u′′
2 = −c2(u2(t) − u1(t)) = c2u1(t) − c2u2(t).

X �+�RCÆC@�+"$(B'Â��� C@4#� ��- �E(1.3"5-+� "#��91*@��" X ���:��*,��"c%@�f9;- A1- ���f��!TN#"#A1��"5�#��&
< X ���J��*@��"c%@�f9;- A1- ���f��!cN$"#A3C �
CO TCQ%@��25��"E<



¤'��°bª;� · �+ßE�������:�o�fª;�V¦c�����~º_§:�;�)¦#��� �'�,� �

K1

K2

c2

c1

ÃÆC
C@���b"TN#"­��N#"�e1��!$CQ%¬���+"$2591-b��6)��254#-f9;*,�fC@��!8A3������� A;%�D:&�� �52591"�()� �5�#�fCQ!#��*
��*�9;*,�����V%,��%,��"
Ã[*,A1���#"#�fC@C@�
()��*'Û=�+"#�R9;*,��"�K'- A1���$*,9Z!#� ��*'C@�+"$" (3.1- -¿��� "$C@��%@����"�/?9;"#"E<

y : R → C
n, t 7→ y(t) := (η1(t), ..., ηn(t))T

�J������� ��!$"#�LC_%,��%,�+AÁ()���J��*@��"#��� ��*,�$91*@�0Y#N#"$/3%,�+.3"#��"v91N)S R 25�V% > ��*@%@��"�� " Cn.
X 9;��N²C@���

y′ : R → C
n, t 7→ y′(t) := (η′

1(t), ..., η
′
n(t))T

()� �LK'�#- ���+%@N$"#A$<�Ñ)�+�
�fC_%RD#(¿< !E<$9;- - �
�+!#*,� � .3254�.3"#��"c%@��" η′
i(t) C@�+"�(�CQ%@��%@� AO9;N)S R.

Y#��*@"$��*0CQ��� A := (αij)nn ∈ Cn×n ��� "#��SU��CQ%¬A3��&Àe;!#-+%@�ZG89?%,*@�+6 �U25�V%0/1.3254#-+��6)��"­7:91!#- ��"
9;-fCÀÃ[- ��25��"c%,��" ��<
ØZhcÔ3hTl��{|�j¿��j��¡psrfÕ �

µ3Í��8�+���J���#�J���8���+�:�¬¥��#�?� �o�$�;�)¦
D : y 7→ D(y) := y′ − Ay, ��Í §=Í (D(y))(t) := y′(t) − Ay(t),

��� �J���s� �+�J��ª?����� · �+ßE�������:�~��ª?���,Ïb£�����ª#���{�	���,��������ÏÇ���3�J�1�)¦8�5�o�'�)�{�$���³ª;�:�����s 
�c� �5»����
���:�����=Í

¶$ÍÀÌÂ�1�]��� �J�¬�����{�o�V¦#�MÌ=�;�#�:�~�U�{�
b : R → C

n, t 7→ b(t) := (β1(t), ..., βn(t))T

§J��� ¨$�
D(y) = b, ��Í §=Í y′ = Ay + b

��� �8�+� �J��ª?����� · �+ßE�������:�o�fª;�V¦c�����~º_§:�;�)¦T�@�_Î$�������������������ZÏÇ���1�:�;�)¦ � �5�o�Ç�T�?�$����ª?�:�����8 0�1�
�
�5»��U���:����� �RÍ
Ä_��� b(t) ≡ 0, ���]���R�)���²°b�+�M¹{�{�����+�J��� §:�{���R¦#���J��� ½ Î$�������B¯)ª?�¿�)���,�#±~ª?� � �'¹{�{�����+�J���
�+�#§:�{���R¦#���J���=Í

Gv�+%M()��"vY$N#"#/c%@� .1"#��"#*�e;N#25��"
U := {y | R → C

n, y C_%,��%,�+AO()���:��*,��"#���+��*@�$91* } N#"�(
V := {y | R → C

n, y C_%,��%,�+A }

�fC_%'.+�J��"c��9;* D ∈ � .32 (U, V ).
X � ��C�*,����!c%QSU��*Q%,�+A1%'()�+��'Â��"#��"$"cN$"#A �_- �+"$��9;*,��* X � �:��*,��"c%,� 91- �

.14J��*�9?%,.1* �MN#"$(�A1� �)%M()��"H7JN$C,9;2525��"#!$91"#AZ2Z�+%M()��2 �#�fCQ!$��*E'Ç��%,*,93��!3%,��%,��"E<
Y#.3*@2	N#- �+��*@��"�&�� *M()� � 'Ç��� C@4#� ��- �¬� "v()� ��C@��*MÑT4#*�91��!$�1<
���$��lon��)Ù¿mRl
�Jh3y �[hcy ���#�~� �
> � *LCQ��%@����" n = 1, �f()��"3%,�VP���� ��*,��" y(t) := u(t), A := (−λ), (#91C¬�fC_%L91- C@.B���+"$� 1 × 1 �
G89;%@*,�V6�N$"$(�����/1.12525��"²(#91"#"

Dy := y′ − Ay = y′ + λy

N#"$(²()� � �¬- ���f��!cN$"#AÁ()��CM7J��*QS~91-+-fCÀ��"c%�CQ4#*,�f��!3%�()��*�!#.125.1A3��"#��"�KMN)SUA391���
Dy = 0.



����� 	 � ���������������
	���
������

�Á} �1lo�~�o�)m�n�y��
� � ��*Ç%�9;N$��!c%À�+"�()��* �¬- ���f��!cN$"#AZ(#�+�¬��&Ç���+%@�0K'�#- ���+%@N$"#A u′′ 9;N)S_DT�J���¿N#"�CQ��*@��2 X ���J��*@��"3%,� 91- �
.14J��*�9?%,.1*'91����*�"cN$*M()� �L��*�C_%,�LK'�#- ���+%@N$"#A$< X � ��C'C,��!#���+"c%'"#�f��!c%M��N$C,9;2525��"²��N�4�91C,CQ��"E< X 9
!#� -VS�%MSU.1- A1��"�()��* � *@�f��/:< > �+*'C@��%,����" n = 2, (¿< !=< y(t) :=

(

η1(t)
η2(t)

)

N#"$(��f()��"c%,�VP$���+��*@��"

η1(t) := u(t), η2(t) := u′(t) = η′
1(t).

X 9;25�V%'�fCQ%M9;-fCQ.
y(t) =

(

u(t)
u′(t)

)

N$"$( y′(t) =

(

u′(t)
u′′(t)

)

N#"$(�&�� *�/+*3"#"#��"�"TN#"�SUI#*'()� �	\¬C@���+- -f9?%@.3* � �¬- ���f��!cN$"#A	(#93C'Ñ! )C_%,��2 C@��!#*,��� �J��"
η′
1(t) =η2(t)

η′
2(t) =(δ − q2)η1(t) − 2qη2(t) + β(t)

.)()��*�25�+%M()��*'GH9?%@*,�+6 A N#"$(²()��2 �.,�"#!#.125.3A1��"$�V%�e?%,CO(1��/c%@.1* � b, &Â.3�����

A =

(

0 1
(δ − q2) −2q

)

, b(t) =

(

0
β(t)

)

/1.3254$9;/c%'9;-fC
y′(t) = Ay(t) + b(t).

ÃÆCÂ� CQ%Ç91- C@.
&�� ��()��*Â()� �]Y$.1*,2 D(y) = 0 �#��&
< D(y) = b(t) 25�V%Ç��� "#��2 - �+"#�R9;*,��" X � �:��*,��" �
%@�f9;- .14J��*�9?%,.1*À��*�CQ%@��*M\]*�()"TN#"#A D ��*,!$9;-+%@��"E<
��hcÙ�n�z�zÂhc�~m�h �]hcj���hc� �
K'"�9;- .1A5/?9;"#"�2Á9;"²!#� ��*�(1.3*@A3��!#��"E<#ÑT��%,����"B&�� *

η1(t) := u1(t), η2(t) := u′
1(t) = η′

1(t), η3(t) := u2(t), η4(t) := u′
2(t) = η′

3(t),

C@.Z�fCQ%M9;-fCQ.

y(t) =









u1(t)
u′

1(t)
u2(t)
u′

2(t)









N#"$( y′(t) =









u′
1(t)

u′′
1(t)

u′
2(t)

u′′
2(t)









N#"$(�&�� *�����/1.32Z25��"�(#93CMÑ! )CQ%@��2








u′
1(t)

u′′
1(t)

u′
2(t)

u′′
2(t)









=









0 1 0 0
−c1 − c2 0 c2 0

0 0 0 1
c2 0 −c2 0

















u1(t)
u′

1(t)
u2(t)
u′

2(t)









,

9;-fC@.	&�� ��()��*E(1.3"B()��*�����%@*�91��!c%@��%@��"
�¬�RC_%�9;-+%
y′(t) = A · y(t),

(¿< !E<�(3.1"²()��*'Y$.1*,2 D(y) = 0.X �+�RCQ�
���M����*,C@��%,��N#"$A ��-fe;F1%�C@� ��! ��N ��� "#��2 91-+- A1��2Z���+"$��" �Æ*@� "#��� 4 SUI#* X ���J��*@��"c%@�f9;- A1- ��� �
��!TN#"#AcC@CO )C_%,��25�¬91N$C@�$9;N#��"E<
,�"Z^_��()��2 ()��*E'Ç���fCQ4#� ��- �0!$9;�J��"²&�� *'9;-fCQ.

� ��&Ç���¿- �+"#�R9;*,� �oY#N#"$/3%,�+.3"#��" � �QÐ'e;N#25� U, V,

� (#9;��&�� C,��!#��"B��� "#��"²- �+"$��9;*,��" � X ���J��*@��"3%,� 91- � �@\]4J��*�9?%,.1* D ∈ � .12 (U, V ),



¤'��°bª;� · �+ßE�������:�o�fª;�V¦c�����~º_§:�;�)¦#��� �'�,� �

� ��� "BÃ[- ��25��"3% b ∈ V

N#"$(�� "c%@��*,��C,C@�+��*@��"�N#"$C�SUI#*'()� �LÛ�*3C@N#"#A3��"EW
L(D; b) := {y ∈ U | Dy = b}.

X ��*�.1�J��"²A3�������+A1%@�
9;��C_%,*,91/3%,�0Ñ#9?%@� � < � � - � ��SU��*@%MC@.125�V%�� "v()�+�RCQ��*MÑT�+%@N$9;%@� .1"EW
Ó �)m�Ôvpsr�Õ � Ä_��� y∗ ��� �J�¬×�¢;���;�#¦B�T����� �#§J�{���{¦)���:��� ½ Î#�������Á�

Dy := y′ − Ay = b,

���L�f���
L(D; b) = {y∗ + yh | yh ∈ /1��* D}

�1�U� È ����ª?�B�~§J���o�[ª?� �U���'×�¢;���1�)¦)���=Í· �����L�T�{�T�{�$���{�,´
/1��* D �T��������§:�Æª)�1�'ª;�+�U���v×k¢?���;�)¦)���8�T����§J�{���{¦)���:��� È �����~º_§:�;�)¦

Dy := y′ − Ay = 0

�;�¿���Áª;� �T���T�?�Z�B�]ª?� �U�5×�¢;���;�#¦)��� �T����� �#§J�?�O�{¦)���J��� È �U���oº_§J�1�)¦$¯��+�¿�)��� �Oª?�¡»1�����f�
�J���H�T���+�U�?�;�V¦x¦#�{°b�?§#�³����� ×�¢?���;�)¦ y∗ �T�����+�#§:�{���R¦#���J���vÖ��{�T�²×k¢?���;�)¦ �T���O§J�{���{¦)���:���È �U���oº_§J�1�)¦�ªT�#�1�U���R�@Í
X ��* � ��*,"O��� "#��CÂ- �+"#�R9;*,��"B\]4J��*�9?%,.1*�Cb� CQ%À��� "O-+� "#�R9;*,��*ÂÐM9;N#2²DT(¿< !=<T(#�+�¬Û�*3C@N#"#A3��"ÁN#"�CQ��*@��*
!#.32Z.3A1��"#��" X ���J��*@��"c%@�f9;- A1- ���f��!cN$"#A Dy = 0 �#� - (#��"­��� "#��"s- �+"#�R9;*,��"­Ð'9;N#2ÉN#"$( �²&Ç��"$"
()��*B��"$()- � ��!$(#�+25��"�CQ� .1"$91-]�fCQ% �q/+*1"$"#��" &�� *v9;- -+�­Û�*cCQN#"$A1��" 91- C�ÛE� "#�R9;*,/1.12	�#� "$9?%,�+.3"#��"
��� "#��* 'À91C@� Cb(#91*,CQ%@��-+- ��"=< X � ��C@�MÑT�+%@N$9;%@� .1"5-+� ��A1%["TN#"5!#�+��*b%,9;%,C,e1��!#- �f��!�(3.1*kN#"$(5�fC_%[4$!  )C@�+/?9 �
- � C,��!OA1�RCQ4$*@.)��!#��"�()� �¬Y$.1- A1�]($9 (1.1"=D3(#91F���%_&À9�($91CÂ`b��*,!$9;-+%@��"���� "#�RCÂC,��!T&��+"#A3N#"#AcC_S~e1!#�+A3��"
Ñ! )CQ%@��2ÁC (1.1"¡G893C@C@��"$4#N#"#/c%@��"¡9;-fC �'�J��*,-f9;A1��*@N$"#A²���RCQ.3"$()��*�C
���+")S~93��!#��*ZÑ)��!T&��+"#A3N#"#A3��"
A1�RCQ��!#��"�&Â��*,()��"O/?9;"#"�N#"$(�91"$()*,��*�CQ���V%�CÆ.3!#"#�¬e;N#F3��*,�MK'"#*,��A3N#"#AZ()N#*���!�CQ���+"$��"�7JN�C_%�9;"$(¿D
(¿< !E<3(#N#*,��!OÛ�9;A3��N#"$(�,�254#N#-fC[��NÁ��� "#��2 7J���V%,4#N#"#/c% t0 SUI$*Â9;- - �MCQ4�e?%@��*@��"�7J���+%@��"5SU��CQ%@- �+��A;%�<
�ÆhTwxw¼�vpsr Ú � Ä_��� y ×�¢;���1�)¦¡¹{�{� Dy ���1¯b�JÍ §=ÍE� ��� y′ = Ay �;�E��§�ª#��±��;�	��� �J� ½ ����� ���
t0 ∈ R �1�U�ÇÌE�;�$�J�o���?� y ��� �J�ÇÞL�1�+�f������� ���{¯#��Í §=Í?�f��� y(t0) = 0, ���'�f��� y(t) = 0 ±��;�Æª?� �U� t ∈ R.

ØZh&%	hclo} WÀY�I#*b^_�R()��C t ∈ R �fC_% y′(t) = Ay(t), C@.)(#9;F59;-fC@.	SUI$* i = 1, ..., n A1� -V%

η′
i(t) =

n
∑

j=1

αijηj(t).

X N#*,��! ,�"c%@��A1*�9?%@� .1"�SU.1- A;%

ηi(t) = ηi(t0) +

∫ t

t0

η′
i(τ)dτ = 0 +

∫ t

t0

n
∑

j=1

αijηj(τ)dτ.

Gv�+%
η(t) := 2Á9?6 n

i=1

{

259;6
|τ−t0|≤|t−t0|

| ηi(τ)|
}

N#"$(
a := 2Á9?6

i,j
|αij |

�fC_%M(#9125�V%
0 ≤ η(t) ≤

∣

∣

∣

∣

∫ t

t0

n · a · η(t) dτ

∣

∣

∣

∣

= η(t) · n · a · |t − t0|.

,_CQ% t C@.8"$9;!$�O����� t0 Dk(#9;F n · a · |t − t0| < 1, C@.vSU.3-+A1%	9;N$C	()��*Z- ��%@��%@��" 
'"#A3-+��� ��!TN#"$A
"#.1%_&Â��"$()� A η(t) = 0, CQ.)(#91FO9;-fCQ.O91N$��! η(τ) = 0 SUI#* |τ − t0| < |t − t0|.

X � ��C@��"­Ñ)��!#- N#F
/?9;"#"²2Á9;"��+%@��*,� ��*,��"�N#"$(���*,!$e;-+%'(#9;*�9;N�C�D)(#91FZ"$.;%_&Ç��"$()� A y(t) = 0 SUI#*'91-+- � t ∈ R �fC_%R< �
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	���
������

> � *'��*,!$9;-+%@��"�($9;25�V%'91- C
�=nJ�~�Jhcy?��j��spsr Ú=t

µ3ÍÀÌÂ�1�=Ö��R�T��� y0 ∈ Cn §�ª#�À�cª;�¬©�¥'�$±~ª?�)¦T��°[���R� £:���)�;������«
Dy = b, y(0) = y0,

§J¢#º_§$�������$�M���+�:�M×k¢?���;�)¦:Í
¶$Í · �U�¬¥��#�;�+�o�$�;�)¦

ϕ : /1��* D −→ C
n, y 7−→ y(0),

� ���k�+��Ö����:�~�³¹��;�¿�²�cª;�5�o�
()� 2 /1��* D ≤ n.

ØZh&%	hclo} W � <TÑT� "$( y1, y2 Û�*3C@N#"#A1��"�(1.1" Dy = b, ()� �'����� (#� y1(0) = y2(0) = y0 ��*QSUI$-+- ��"ED
C@.ZA3�+-+%ÀSUI#* y := y1 − y2 :

Dy = D(y1 − y2) = Dy1 − Dy2 = b − b = 0,

y(0) = y1(0) − y2(0) = y0 − y0 = 0

N#"$(�25�+%MÛE��252Á9 � < � � SU.1- A;%RD$(#91F y1(t) = y2(t) SUI#*M91-+- � t ∈ R A3�+-+%�<Ò <kÑc%@� 2525��"x��&Â���ÂÛ�*cCQN$"#A1��" (3.1" Dy = 0 9;"x()��*ZÑc%,��- -+� t0 = 0 I#����*@���+"=D�C@.HCQ� "$(¡C@�+�
"$93��! � <)� ()��"c%@�fC@��!E< X � ��CÀ�J��C,9;A1%�91����*�A1��*,93()�1D)(#91F5(#�+�LKM�#�#� - ()N$"#A ϕ � "?^_��/c%,��(B� CQ%�< �

� 9?%,C,e1��!$-+�f��!O�fC_%��J���E()��"BN#"�CÂ!$�+��*Ç� "c%@��*@�RC@C@�+��*@��"$()��"�- �+"#�R9;*,��" X ���J��*@��"3%,� 91-+.34���*,9;%@.3*@��"�()� �
ÑT�+%@N$9;%@� .1"²"#.)��! (c� ��-EC,��!�*3"#��*R<
Ó �)m�ÔvpsrfÚJÕ · �U�¬¥��$�?�+�o�$�;�#¦

ϕ : /1��* D −→ C
n, y 7−→ y(0),

�f���
ª)�)º_§ ���;��Ö����:�o�o¹s�;�¿� �cª?�5�³�Z�;� Ö����J�o�o¹c¯À��Í §=Í�»1�5Ö��R�T��� y0 ∈ Cn ¦3���)�L����¦)����ª)�­���+�:�
×�¢;���1�)¦²�T����§J�?���R¦)���J����¥'�#±~ª;�)¦c��°[���R�³ª)�1±f¦Tª#�)�

Dy = y′ − Ay = 0, y(0) = y0.

7JN$C,9;2525��"²25�+%]()��2 (1.3*@� A1��"²Ñ#9?%@�
�J��(#��N)%,��%¬(#�+�RC�D$($9;F Dy = 0 A1��"�9;N n N#"�9;�#!$e1"#A1� A1�
Û�*cCQN$"#A1��"Á���RCQ�+%@��%�<)Ã[� "#�0CQ.3- ��!#��'Ç93CQ�fCÆ(#��CÀÛ�*cCQN#"$A3C@*,91N#25��Cb"#��"#"c%Â2Á9;"B��� " �@Y#N#"$($9;25��" �
%,91- CO )C_%,��2 �¬��N�(#��2 X ���J��*@��"3%,� 91-+.34���*,9;%@.3* D.

Ã[� "#��"59;- - A1��25���+"#��"�'Ç��&Ç���fC�SUI#*[()� ��C@��"5Ñ)9?%,�Ç/&*1"#"$��"�&�� *k��*�C_%bC@4$e?%,��*�SUI#!#*,��"ED;912 'Ç���fCQ4#� ��-
()�RCM\¬C@���+- - 9;%@.3*,CÀC@���E(#93C�^_��%@��%]9;�J��*'91N$C@A1��SUI$!#*Q%R<
g�h3yB�~l~j�hT�)y?h �Á} �1lo�~�~�#m�n�y
K'-fC X � �:��*,��"c%,� 91-+A3-+��� ��!TN#"#AZ��&Ç���+%@��*]\]*,(#"cN$"#A	A3��C,��!#*,�+������"�!$91����"�&�� *'()� �LK'N)SUAc9;�J�1W4����LI�2���� 2=0
��7C8�>@9 2�9J0 � /C0 � 2�FO2�<���032�F � 71FO2���� < MC9 03NC<A2=< u(t), � � F /1032

L(u)(t) := u′′(t) + 2qu′(t) + (q2 − δ)u(t) =

{

0

β(t)
,

� N � 2�0 /C032 � 2=03/&2=<
	�FO2 �LI!9;2=<�4�2=0#9;2�<�� /&7 > I
N ��N � 2=<A2�
HFON � 8�2 � N I!<A2�������2=FO2���<
FO2 � � < � � ��� �/+7C>-0#<!I�N ��N � 2=<A2�
HFON � 8�2 � � 0#9�� ����2�FO2=F���< FO2 ��� <�� � 2@> �LI!FO2�0 � 2=<��> � �
.1�J��"²"#.;%,�+��*Q%�!$91����"B&�� *'� "v()��*MÑ)��!$*@���+�J��&Ç���fCQ�09;-fC'Ñ! )CQ%@��2 ��N�����%@*�91��!c%@��"B25�+%

y(t) :=

(

η1(t)
η2(t)

)

=

(

u(t)
u′(t)

)



¤'��°bª;� · �+ßE�������:�o�fª;�V¦c�����~º_§:�;�)¦#��� �'�,� �

()� � �¬-+��� ��!TN#"$A
D(y) := y′(t) − Ay(t) = b(t),

&Ç.1�J���
A =

(

0 1
(δ − q2) −2q

)

, N#"$( b(t) =

(

0
β(t)

)

�#��&
< b(t) =

(

0
0

)

.

7JN#"�e1��!$CQ%�����!$9;"$(#��- "�&�� *'()� � I�N ��N �&2�< 2 � 8�2�0	� I � < � (E< !E< β(t) = 0.X �+� X �+25��"�CQ� .1"­()��*LKMN)SUA391���Z� CQ%
!#� ��* n = 2, CQ.)(#91FB()��* � ��*@"$(1.1" D !
*T��!�C_%,��"H��&Â��� �
()� 25��"$C@�+.3"$9;-Æ� CQ%�< > �+*L/3.1"$CQ%@*,N#� ��*,��"­N#"$C�"cN$"¡��&Ç���[- �+"$��9;*�N#"$9;�$!$e;"#A3�+A3�ÁÛ�*3C@N#"#A3��"s()��*
!#.32Z.3A1��"#��"¼KMN)SUA391���3< X 91��N (3��*,&Â��"$()��"¡&��+*Á()� � X 9;*�CQ%@��- - N#"#AH25�+%Q%,��-fC L(u) = 0 N#"$(
2Á91��!#��"B25�+%'��� "#��2 "#.)��!B��N²���RC_%,�+2525��"$(#��" λ ∈ C ()��"vK'"$C,9?%,�

u(t) := eλt.

ÃÆC��fCQ% u′(t) = λeλt, u′′(t) = λ2eλt, CQ.325�V%
L(eλt) = λ2eλt + 2qλeλt + (q2 − δ)eλt =

(

λ2 + 2qλ + q2 − δ
)

eλt.

X ��"²!#� ��*'9;N#S�%@*,��%@��"$()��" � ��*,2
χ(λ) := λ2 + 2qλ + q2 − δ

"#��"#"c%'2591"�($91C �@��!$9;*�9;/c%@��*@�fCQ%@�fC@��!#���k.1-) c"$.12 ��<)ÃÂCÀ� CQ%M9;-fCQ.
L(eλt) = χ(λ)eλt

N#"$(²(#9]^Q9 eλt 6= 0 SUI$*M9;- -+� t � CQ%�D#A3�+-+%
L(eλt) = 0 ⇔ χ(λ) = 0.

X �+� � N#-+-fCQ%@��- - ��"v()��CM��!$9;*�9;/c%@��*@�fCQ%@�fC@��!#��" �k.1-) T"#.12ÁCÀCQ� "$(
χ(λ) = 0 ⇔ λ = −q ±

√
δ.

� N$"²C@� "$(���&Ç���EYke;- -+�0��N�N$"3%,��*�C@��!$���f()��"EW
�=�$�~�Àt �

δ 6= 0 :
X 9;"#"�!$9;�J��"O&�� *Â(#�+�]����� ()��" KC2=FL> �LI!032L/+2�< 2�< � (c%@-³<3/3.1254#- ��6)��"OÛ�*3C@N#"#A1��"

λ1 := −q +
√

δ, λ2 := −q −
√

δ.

ÃÆC'C@� "$(²(#9;"#"
u1(t) := eλ1t N$"$( u2(t) := eλ2t

��&Ç���JÛ�*cCQN#"$A3CQSUN#"#/c%@� .1"#��"Z(#��*À\¬C,��� - - 9;%@.1*,A1- ���f��!TN#"#A�<;7:NÁ�+!#"$��"ÁA1��!�*1*,��"Á91"5Û�*3C@N#"#A3��"Á()��C
Ñ! )CQ%@��2ÁC

y1(t) :=

(

u1(t)
u′

1(t)

)

= eλ1t

(

1
λ1

)

,

y2(t) :=

(

u2(t)
u′

2(t)

)

= eλ2t

(

1
λ2.

)

'Ç��� t = 0 CQ� "$(¡()� ����"c%,CQ%@��!$��"$()��"x`b��/c%,.1*,��"xN#"�9;�#!$e1"#A1� A$D=N#"$(¡"$93��!xY#.3-+A3��*,N#"#A � < �$�
C@�+"$(²C@.125�+% y2(t), y2(t) ���+"#�-'À91C@�fC�()��C�Û�*3C@N#"#A3C@*�9;N#25��CÇ()�RC�!#.125.3A1��"$��"�Ñ  TCQ%@��2ÁC�<X �+�RC����R()��N#%@��%
Ó �)m�ÔvpsrfÚ�Ú Ä_��� δ 6= 0, ����¦c�³�)�Â���'»3��Ö��{�T��� ½ ��ª?�R�Q¹{���:���{� y0 =

(

u0

u′
0

)

∈ R2 ¦#����ª#�O���+�:�
×�¢;���1�)¦c�@±��;�#�:�~�U�{� u(t) ¹{�{� L(u)(t) = 0 �5�³� u(0) = u0, u′(0) = u′

0.� �R�T�]×�¢;���1�)¦Á§�ª)�Ç�1�U� · ª;�,�������+�³�;�)¦
u(t) = c1e

λ1t + c2e
λ2t, (c1, c2 ∈ C).



����� � � ���������������
	���
������

Ñ)��!$91N#��"�&�� *'()�+�RCÀSUI#* δ, q ∈ R, δ 6= 0 A1��"$9;N#��*�9;"E<
ÃÆC'C@��� δ > 0 :

X 9;"$"²C@� "$(²����� (#� > N#*,����-+" λ1,2 = −q ±
√

δ *@����- -o<��Æ!  )C@�+/?91-+�fC@��!²C@�+"#"!(3.1- -
�fC_%Z!#�+��*�"TN#*5()��*ZY$91-+-³D�($9;F8�J���f()� � N#- - CQ%@��-+- ��" ≤ 0 C@� "$(¿D�&Ç93C
��� "#��*Z.1!$"#�BÑ)��!T&�� "#A1N#"$A
9;�$/c- � "#A1��"$()��"²K'N�CQ- ��"#/TN#"$AZ��"c%,C@4#*@�f��!c%�<
ÃÆC'C@��� δ < 0 :

> � *MC@��%,����" δ = −ω2.
X 91"#"²� CQ%

λ1,2 = −q ±
√

−ω2 = −q ± iω,

C@.T($9;F
u1(t) =e(−q+iω)t = e−qt+iωt = e−qt( ��.cC ωt + i CQ� " ωt),

u2(t) =e(−q−iω)t = e−qt−iωt = e−qt( ��.3C ωt − i C@�+" ωt).

Gv�+%'��� "#��2 � *,�f��/O����/1.32Z25��"B&�� *'9;N$��!�!#� ��*�*,����-+- �
Û�*3C@N#"#A3��"ED)"�e;25-+�f��!

v1(t) :=
1

2

(

u1(t) + u2(t)
)

= e−qt ��.cC ωt,

v2(t) :=
1

2i

(

u1(t) − u2(t)
)

= e−qt CQ� " ωt.

X �+�RCLCQ� "$(�^Q9²"TN#*LÛE� "#��91*@/3.12	�#�+"�9?%@� .1"$��" (3.1"sÛ�*3C@N#"#A3��"ED¿91- C@.vCQ��-+�$CQ%
&��+�R()��*LÛ�*3C@N#"#A3��"
N#"$(�&Ç��A3��"

(

v1(0)
v′1(0)

)

=

(

1
0

)

,

(

v2(0)
v′2(0)

)

=

(

0
1

)

C@�+"$(²91N$��!�(#�+�RCÀ&��+�R()��*�N#"�9;�#!$e1"#A1� A1�0Û�*cCQN$"#A1��"ED#9;-fCQ.Z��� "vY#N#"�(#9;25��"c%�9;-fC. )CQ%@��2²<
�  c4$� C,��!#��*,&Ç���fCQ�]� CQ%'!#� ��* q ≥ 0 N#"$(�&�� *�!$9;�J��"v9;�$/c- � "#A1��"$()�LÑ)��!T&��+"$A1N#"#A3��"E<
ÃÆC��$-+���+�)%
�=�$�~��Õ �

δ = 0 :
X 91"#"	�fCQ% λ1 = λ2 = −q N#"�(	&�� *k����/1.32Z25��"	��N#"$e1��!�C_%b"TN#*k��� "#��Û�*cCQN#"$A

u1(t) := e−qt.� N$"�*,����!$"#��%�2Á9;"²��� ")S~93��!B"$93��!ED$(#91F	� "v()� ��C@��2 Y�9;- -=9;N���! u2(t) := te−qt ��� "#�LÛ�*cCQN$"#A
�fC_%RD�(¿< !E< L(te−qt) = 0 �fCQ%�<�,�"�()��2 2Á9;"s&�� ��()��*�D�&��+�O.3����"ED�(#�+�RCQ�OÛ�*3C@N#"#A1��"sN#"$(s� !#*@�
K'�$-+���V%,N#"#A1��"��J��� t = 0 �J��%@*�91��!c%,��%�DTC@�+��!3%Ç2Á9;"EDT(#9;F	9;N$��!�(#�+�RCÆ&�� ��()��*ÆN#"�9;�#!$e1"#A1� A1�]Û�* �
C@N#"#A1��"LCQ� "$(¿D{()� �Â91- C@. �U��*@Ace;"#��%=N#2 � !#*@��"�K'�$-+���V%,N#"#A1��" �¿&�� ��(#��*���� "�Y#N#"�(#9;25��"c%�9;-fC. )CQ%@��2
�#� - (#��"E<
ÑT.32Z�+%'!$91����"B&�� *'!#� ��*
Ó �)m�ÔvpsrfÚ$Ý Ä_��� δ = 0, ����¦c�³�)�Â���'»3��Ö��{�T��� ½ ��ª?�R�Q¹{���:���{� y0 =

(

u0

u′
0

)

∈ R
2 ¦#����ª#�O���+�:�

×�¢;���1�)¦c�@±��;�#�:�~�U�{� u(t) ¹{�{� L(u)(t) = 0 �5�³� u(0) = u0, u′(0) = u′
0.� �R�T�]×�¢;���1�)¦Á§�ª)�Ç�1�U� · ª;�,�������+�³�;�)¦

u(t) = c1e
−qt + c2te

−qt, (c1, c2 ∈ C).

'Ç��%,*,93��!3%,��"B&��+*�"#.)��!v()� �0�+"#!$.125.1A3��"#� �¬- ���f��!cN$"#A
L(u)(t) = β(t).

� 93��!�Ñ)9;%@� � < Ò �	A1��"TI#A;%À��C�D 2=0#<A2 Û�*cCQN#"$AZ()��*À�+"#!$.125.1A3��"#��" �¬- ���f��!cN$"#A	��NB�J��CQ%@� 2525��"E<
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�[!! )CQ� /?9;- � C,��!H*,��- ��(?91"3%LC@�+"�( �@K'"#*,��A3N#"#A3��"�� β(t), ()� �Á4J��*,�+.)()�fC@��!­CQ� "$(¿DEC@�f��!­91- C@.B� "s()��*
Y#.3*@2

β(t) =
∑

k

(

αk ��.cC ωkt + γk C@�+" ωk

) �U*,����- - ��D#�#��&
<

=
∑

m

εmeiωmt �U/3.1254#- ��6 �

C,��!#*@���+�J��"H- 93C@C@��"E< � 91����"H&�� *M"TN#"�Û�*3C@N#"#A3��" vm (1.1" L(vm)(t) = eiωmt, CQ.B� CQ%]&Ç��A3��"
()��*'ÛE� "#��91*@�+%,e;%H(3.1" L (#9;"#"

L(
∑

m

εmvm)(t) =
∑

m

εmL(vm)(t) =
∑

m

εmeiωmt = β(t).

�[!! )CQ� /?9;- � C,��!�!$��� F;%'(#91C�D#(#91FZC@� ��!�I#�J��*,- 91A1��*@"$(#�¬KM"#*@��A1N#"$A1��"�()� �¬��"c%,C@4#*@�R��!#��"�()� �M����* �
-f9;A1��*@N$"#AZ(#��*MÑ)��!T&�� "#A1N#"$A1��"�- �+��SU��*,"E<
Ñc%,N$()� ��*,��"²&��+*'91- C@.5()�+�
� "#!#.325.1A1��"#� �¬-+��� ��!TN#"$A	SUI$*'CQ.3- ��!#�
C@4������ ��- -+��"B*,����!c%,��"vÑT���+%@��"

L(u)(t) = eiω0t.

> � *]!$9;%Q%,��"HC,��!#.1"v.3����"89;N$C@A1��*@�R��!#"#��%�D$(#91FÁSUI#*¬����-+� ���$�+A3� γ ∈ C 25�V%
()��2 ��!�9;*�9;/c%@��*@� �
CQ%@�fC@��!#��" �k.3-� T"#.32 χ C_%,��%�C

L(eγt) = χ(γ)eγt

�fC_%R< X � ��C'���R()��N)%,��%RW
� >@9

χ(γ) 6= 0,
>�N�0 >@9

v(t) := 1
χ(γ)e

γt
2=0#<A2���� > � <�� KCNC<

L(eγt) = eγt.

� N$"�-f9;N#%@��"v()� � � N#- -fC_%,��- -+��"?(1.1" χ ^Q95A1��*,93()� λ1,2 = −q ±
√

δ <
,_CQ%M9;-fCQ. δ ≥ 0, C@.ÁCQ� "$(������ (#� � N#- - CQ%@��-+- ��"²*,����-¿N#"$(²(#9;25�+%'� CQ% χ(iω0) 6= 0.

,_CQ% δ < 0, 9;-fC@. δ = −ω2 N$"$(²(#9;25�+% λ1,2 = −q ± iω, C@.Z�fCQ%M9;-fCQ.
χ(iω0) = 0 ⇔ q = 0 N$"$( δ = −ω2

0 .

ÛE����%,��*,��C��J��C,9;A1%�D$(#91F
� q = 0 �À/3��� "#� X e1254)SUN#"#A (3.1*,-+� ��A1%�N#"$(v()� �L9;"#*,��A3��"$(#�LY#*,� �cN#��"$�
25�V%M(#��*�Ã[� A1��")SU*@� �cN#��"#�L(#��C'Ñ! )CQ%@��2ÁCÀI#�J��*,��� "$CQ%@� 252L%�<
ÛE� ��A1%'()�+�RCQ��*�� 2=>�NC< 71<�� � 7C8#8 "$� ��!c%�(1.3*�D#C@.5��*,!$e;-+%�2591"B� 2525��*�� "

v(t) :=
1

χ(iω0)
eiω0t

��� "#�LÛ�*3C@N#"#A5()��*�� "#!#.32Z.3A1��"#��"
�¬-+��� ��!TN#"$A L(v)(t) = eiω0t.

Y�I#*Â(#��"�� 2=>�NC<A7C<�� � 718#8 Dc91- C@. q = 0 N#"$( ω = ω0 ��*@!$e1-V%[2Á91"5(#�+�'�J��- � ���#� ALA1*,.1F0&Ç��*�()��"�()�
Û�*cCQN$"#A

v(t) :=
1

2iω0
· t · eiωt.

X �+� 'Ç��!�9;"$()- N#"#A¡91-+- A1��2Z���+"$��* X ���:��*,��"c%@�f9;- A1- ���f��!TN#"#A3C,CO TCQ%@��25��2�I�C@C@��" &��+*O91N)S
CQ4$e;%@��*
(1��*,C,��!#� ���J��"E<
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