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8�9;:(<>=�?@:@A,B�CD?E=GFIHGJKF5L,B�C5MN?(FOJK:QPKJ5FKRD?E9;STFK=UF2V�W09X=YAZJK[\=G9;FK=G]^<_=*MEB�CK:�LZF5R,?@=GF`J5F5WIAT<KaT=G�
M@B�CKbXSDMEME=GF5=GFc�dFD?@=G:@efATbXb

[a, b] ∈ R
W0=�g5F59X=U:N?hME9XF5WiJKF_Wj8k=G:E?E=�9;F

R
C5AT<_=UF2l

min,o7p�qsrUqut_pwvyxuz`{}|.~fnD����nOp�����p���r*q�t>p7���4�;�>���2�Z�K���u���y�
ϕ : [a, b] → R � ���X�_���5���N�K�����_�� �Z�K���u���y�����4���5�����(���X���& 2���@¡s�@¢_�T�0¢

Z : a = x0 < x1 < ... < xn = b £ ���	¤d�������*¥�¦y¡;¡;�¢,��§0��Z� £¨£ ¦y©,�& 2¦ � ¡s��� ck ∈ R,
��� £ ¦y� �dª �7«�� £ ���h���f¡u¬ � ��f®2���>�¯¤d���d���*¥�¦Z¡X¡ (xk−1, xk)

¢,�;¡°�
ϕ(x) = ck

�dª �
x ∈ (xk−1, xk). ±;² ���Q�2�Z�5�>�u���y�5�U�����U�¦y� £ ���������;¡³�7�Z�K�������

xk

����¡�§Z�U�
��������¡u���O���X���!´��f¡;¡s�yµ ¶¸·¹�;����¦f¢K��� £ ¦Z�K�i¦K�0¬ � � £ ¦y� £ ���� 2���@¡s�@¢_�T�0¢	©T�T��5���N�K�7��� � �Z�5�>�u���y� ϕº �2¦y�_�N»�¼
² ���(½\���@¦Z¾c� � ���°��¦Z¡X¡s���h���f¡u¬ � �����5���}�K�7��� � �T�K�����s�f�>���Y������¾%�°� T [a, b]

§O��©f����¬ � ���f�E¼
¿�À rUÁ¨vyx�Â ² �s�¯ÃÄ���K¢0� T [a, b]

�;�U�.���;�wÅ��������E��¦0�Z¾Æ¦Z¡X¡s���h���Z�K�����s�f�����
[a, b] → R.

Ç(n,È¸nDquÉTÊ!Ë�:E9;eO9;ATbX=U:EÌ�=G9ÍMN=79ÍM}?�W09X=�ÎhJKb;bX[sJKFKRD?E9;STF�=U9XF5=�Ë�:@=GÏ5Ï_=UF0[sJKFKRD?E9;STF�V�[s=G:@FK=U:�]%9Ð?
ϕ
ATJ5B�C

λϕ
[sÑK:

λ ∈ R. Ò ]ÓHGJiMN=UCK=GF2VOWKATÔ	]%9Ð?
ϕ
JKF_W

ψ
AZJ5B�C

ϕ+ψ
=G9;FK=¯Ë�:@=GÏKÏ>=GF0[sJ5FKRD?E9;STFc9ÍMN?UV

]	J5Ôc]QAZF¹HUJ�=U9XFK=U:�a,=G]%=G9;F5M@AZ]%=GF�Õ�=G:E[s=G9;FK=G:@JKFKaiW0=G:¯<_=U9;WK=GF�HUJ
ϕ
<KHUÌ�l

ψ
aT=UCKÖT:@=GF5WK=GF

×>=U:Eb;=Ga,JKFKaT=UFØÑK<_=U:Ea,=GCK=UF2l7ÙhJ0[�WK=GFIMES�FK=UJ`=GFD?�M}?@=GCK=UF5W0=GFI�dF,?@=G:@eyAZb;bX=UF`9;MN?(W5AZFKF
ϕ + ψRTS,F5MN?@AZFD?*l

�

min,o7p�qsrUqut_pwvyxÍÚw{}v�p�r*nDÛ_~ ÀKÜ!Ý�Þ n,~jnDqup�n¨|.~ynD����nOp�����p���rUqut_p��Ä 7�&���X�����¸�5���N�K�7��� � �Z�5�0�
���s�f�

ϕ ∈ T [a, b]
�����

Z : a = x0 < x1 < ... < xn = b
���X�>���¦Z�@����� £ �( 2���@¡���¢_�Z�K¢k�Z� £

ϕ(x) = ck
¦K� �

x ∈ (xk−1, xk). ² ¦y�K� � ���X�_�
∫ b

a

ϕ(x)dx :=

n
∑

k=1

ck(xk − xk−1)

£ ¦T�!¤d�>�d�@¢D��¦Z¡�¥y�f� ϕ ª §0���
[a, b].

ß¹ATF�:@=UB�CKFK=G?�bX=U9;B�CD?F5ATB�C2V�WKATÔiME9ÍB�CÄW0=U:�8Ä=U:N?�W0=UM�dFD?@=GaT:�AZbÍM�FK9;B�CD?�LZF5WK=G:E?UV�Ì�=GFKFÄ]%ATF
<>=G9ÍMNÏK9;=GbÍMEÌ.=U9;ME=\W0JK:�B�C&Õ�=U:N[s=U9XFK=U:EJ5FKa�HGJc=G9;FK=G:!AZF5WK=G:@=GFQHGJ

ϕ
Ï5ATM@MN=UF5W0=UFj×>=G:@bX=UaTJKF5a�ÑK<_=U:N�

aT=UCD?Ul
Ç(nDÁ,nOq�àfá�p���p�ÛâvyxXãä·¹�;�¯���O���s�������

ϕ ≤ ψ,
�4���5� �dª ��¦y¡;¡��

x ∈ [a, b]
�U���f�°�

ϕ(x) ≤ ψ(x)�Í�G�@¼
å¯AZ]%9Ð?�aT=UbÐ?@=GFQ[sÑK:!WKA,M4�dFD?E=UaT:�AZbKe,STF&Ë�:E=UÏKÏ_=UF0[sJKFKRD?@9XS,FK=GF&STæ>=UFO<5AZ:�W09X=\[sSTb;aT=UF5W0=GF&Ù\J5M@MEAZ�
aT=UF2l
¿�À rUÁ¨vyx�çè� ª �	�K���}�K�7��� � �Z�K�����s�f�>���

ϕ, ψ ∈ T [a, b]
�Z� £  2¦ � ¡s��� α, β ∈ R

�;�U�
é ¼ ∫ b

a
(αϕ(x) + βψ(x))dx = α

∫ b

a
ϕ(x)dx + β

∫ b

a
ψ(x)dx.

ê ¼ ∫ b

a
ϕ(x)dx ≤

∫ b

a
ψ(x)dx,

��� � ���@�
ϕ ≤ ψ.

² ¦Z��¤d�>�d�@¢D��¦Z¡��Í�G�!¦y¡Í���&���X�kë¯�y¾&�y¾c�f�d� � �Í�N¾j�T�\¦0�,� £ ��¾ì´\¦0�T¾ £ ���Q�K���}�K�7��� � �Z�K�����s�f�>����_¦0¬ � R, £ ¼ � ¼0���;�c���*¢0���_¦y�5�>�d��� º �2�Z�5�>�u���y�_¦y¡°»u� £ ¦T� ª §0��� £ �s��������¢0��� ê ¼T�>�K¬ � ¾c�f���O���y�Q�;�U�E¼
�}MN?%FOJKF

f : [a, b] → R
=G9;FK=Y<_=UbX9;=G<K9;aT=¨AT<_=U:(<>=UM@B�CK:�LZFKRD?@=iP5JKFKRD?E9;STF2V4MESkaT9;<0?Q=UM%=G9;FK=

í�STF5MN?@ATF,?@=
C,

[sÑK:(W09;=jWKATFKFØ[sÑK:¸ATbXb;=
x
MN?E=G?@M −C ≤ f(x) ≤ +C

9;MN?Ul�å\9;=&<>=G9ÍW0=GF�AZJ0[
a,ATFKH

[a, b]
R,STF5MN?@ATF,?@=GFcP5JKFKRD?E9;STF5=GFi](9X?hW0=GFj8Ä=U:N?@=GF −C <KHGÌ�l

+C
MN9;F5W&STæ>=UFO<5AZ:AZJ_B�C

Ë�:E=UÏKÏ_=UF0[sJKFKRD?@9XS,FK=GF
ϕ−C , ϕ+C ,

[sÑ5:%WK9X=YWKAZF5F
ϕ−C ≤ f ≤ ϕ+C

a,9XbX?Ul�å¯AZ]%9Ð?%9ÍM}?QW09;=
[sSTb;aT=UF5W0=�å�=�g5FK9X?E9;STF¨ME9XF5FDe,STb;buÊ
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min,o7p�qsrUqut_pwvyx��w{�� Þ n,~�����p����ip�rUnD~yq�p�rUnOÛ_~ ÀKÜ �
 ��c���;�>����§O����¬ � ���y�5�>�d���i�2�Z�K���u���y� f : [a, b] → R

�����
∫ ∗ b

a

f(x)dx :=
9;F0[ {∫ b

a

ψ(x)dx | ψ ∈ T [a, b], ψ ≥ f

}

,

∫ b

∗ a

f(x)dx :=
MEJKÏ {∫ b

a

ϕ(x)dx | ϕ ∈ T [a, b], ϕ ≤ f

}

.

Ã�¦Z���>���5�>� £ �s��� £ ¦Z� º�� §O������§y©T�h¼>Å����d���@�X������¢,��¦y¡°»�¥y�f� f ¦K� � [a, b], £ �s�4¦Z�¸�����;�>���� ��X¡ £ �Z�0¢§0�f�����X¡;�X¢_�����`�K���}�K�7��� � �Z�K�����s�f�>��� º!� §0������§y©T�h¼�Å�������� � �Z�K���u���y�>���2»�¼
�}MN?

ϕ
=U9XF5= Ò FD?E=U:N��V ψ =U9XF5=#"�<_=U:N[sJ5FKRD?E9;STF�HGJ f, MNS9ÍM}?�WKAZFKF ϕ ≤ f ≤ ψ,

AZbÍMNS9;F5ME<_=*MNS,F5W0=U:E=
ϕ ≤ ψ

JKF5WYWKAT](9X?hF5A,B�CjW0=U]ÆeTS,:E9;aT=UF%$0AZ?EH�ATJ5B�C
∫ b

a

ϕ(x)dx ≤
∫ b

a

ψ(x)dx.

å�9X=*MC5Ay?HUJK:hPKS,bXa,=TVKWKATÔ¸[sÑ5:'&}=UW0=*M<>=UM@B�CK:@LTFKRD?E=
f
WKATFKF¨AZJ5B�C

∫ b

∗ a

f(x)dx ≤
∫ ∗ b

a

f(x)dx

9ÍM}?*l
å�=G:�P5ATbXb°V�WKATÔ("�<_=U:N�JKF5W Ò F,?@=G:@9XFD?@=GaT:�AZb7ÑK<>=G:@=G9;F5MN?E9;]%](=UFØ9;MN?�FOJKFØ<_=*MNS,F5W0=G:�M¯9XFD?@=G:@=UMN�M@AZFD?Ul
min,o7p�qsrUqut_pwvyx*)#{�+-,�.�/%0#1213�@vGp�rUnOÛ5~ ÀKÜ ���4�X���Y§O����¬ � ���Z�K�����¸�2�Z�5�>�u���y� f : [a, b] → R

� ���X�_� º�4 �*�6578�9�2���;�>�d�@¢D�E�s���f§T¦y�*» ª §O��� [a, b],
�4���5� � §O�����	�Z� £ Å��������E�;������¢,��¦y¡ ª §0�������;�_�

�U���;¾(¾c����� £ ¼ � ¼
∫ b

∗ a

f(x)dx =

∫ ∗ b

a

f(x)dx =:

∫ b

a

f(x)dx.

² ���!¢0��¾c���;�5�@¦Z¾c�Q·c���*� � ���X�_� £ ¦Z� º�4 �*�6578�9�2��¤d������¢,��¦y¡°»h¥f�y� f.: ��¦0�N� 4 �*�6578�9�2���X���d�@¢,�@�s���f§T¦y�!�@¦y¢0���Ä���;�\¦0�0¬ � ���Z�@© º ´\���X���d�@¢,�@�s���f§T¦y�*»��f�}¬f¼
Ç(nDquÉG�7q�n Ü njvyx�;
é ¼=<D� £ �I�5���}�K�7��� � �T�K�����s�f���;�U� 4 �*�6578�9�2���X���d�@¢,�@�s���f§T¦y�k�Z� £ � � � 4 �*�652��9�2��¤d�>�d�@¢D��¦Z¡�G�u�X¾%¾c��¾%�°� £ ��¾ �dª �	�5���N�K����� � �Z�K���u���y�>�������;�0¢K� �dª � �*�����Y¤d�>�d�@¢D��¦Z¡ ª §O�������X��¼ê ¼ ² �s�¯�2�Z�5�>�u���y�

f(x) :=

{

1 x ∈ [0, 1], x
��¦K���s�f�_¦Z¡��

0 x ∈ [0, 1], x
�K��¬ � ����¦0�u���y�_¦y¡�;�U�.�5��¬ � �!�X���d�@¢,�@�s���f§T¦y�U� £ ¦«�� £ ��Å�������� � �Z�5�>�u���y� ≤ 0

�Z� £ «�� £ � � §0��� � �Z�K�����s�f� ≥ 1�;�U�}�>�Z� £Q£ ¦Z¾(�°� £ ¦T��Å��������E�;������¢,��¦y¡ £ ���k·&���U� 0, £ ¦T� � §0���@�X������¢,��¦y¡ £ ���Ø·&���U� 1 � ¦K�E¼
Î\A,B�CcW0=U:�å�=�g5F59Ð?@9XS,FceTS,F%"�<>=G:E��JKF5W Ò FD?E=U:E9;FD?E=UaT:�AZb_ATb;M.�dF0g5]¸JK] <KHUÌ�l>$0JKÏK:@=G]	J5] a,9X<K?
=UM¸AZbÍMNS?"�<>=G:E[sJKFKRD?@9XS,FK=GF2V�W0=G:@=GFâ�dFD?@=GaT:�AZb�<_=UbX9;=G<K9;a�F_AZCK=&<>=G9!W0=U]@"�<>=G:@9XFD?@=GaT:�AZb�b;9;=GaT=UF
JKF5W�AZF_AZb;STaT=*MQ[sÑK:¨WKA,M Ò FD?E=U:E9;FD?E=Ga,:@ATbul�å\9;=UMYb;9;=�[s=G:E?YJKF5MYWKATMj[sS,bXa,=GF5W0=Øí:@9Ð?@=G:@9XJK] [sÑK:
4 �*�6578�9�>���dFD?E=UaT:�AZ<K9;bX9X?@LZ?UÊ
¿�À rUÁ¨vyx�Aè�4�X���(�2�Z�K���u���y�

f : [a, b] → R
�;�U�!¢0���_¦0� £ ¦y�5�Ø´��s�;�����@¢D�E�s���f§T¦Z�G�7�����K�`���©T�«�� £ ��¾ ε > 0

�5���N�K����� � �Z�K���u���y�>���
ϕ, ψ

¢,��§0�7¾%�u�

ϕ ≤ f ≤ ψ
�T� £ (0 ≤)

∫ b

a

ψ(x)dx −
∫ b

a

ϕ(x)dx < ε.



�����

å¯AZ]%9Ð?.RTÖTF5FK=GF(Ì9X:.W09X=�ß¨=GFKa,=W0=G:���=U9;MEÏK9;=Gb;=![sÑK:��!��9XFD?@=GaT:@9;=G:@<5AZ:@=�P5JKFKRD?E9;STF5=GFQ=G:@CK=U<KbX9ÍB�C
=G:@Ì�=G9X?E=G:@F2l5×>JKF_LTB�C5MN?HG=G9;aT=UFjÌ9;:
¿�À rUÁ¨vyxuz��èÃÄ�y�>�O�d�f�>���2�T�K�����s�f�>���

f : [a, b] → R
�N�;� £ ´\���X������¢,�@�����*§,¦y�f¼

Ç(n,È¸nDquÉTÊ=$O=U9
f
]%STFKST?ES,FIÌ!ATB�C5ME=GF5W2V�[sÑ5:%[�AZb;bX=UF5W0=¨PKJKF5R,?@9XS,FK=GF�M@B�CKb;9X=UÔZ?%]%ATF#ATF5AZb;STa_l

8�9;:hJKFD?E=U:N?@=G9;bX=UFiWKA,M!�dFD?E=G:@eyAZb;b
[a, b]

L��DJK9ÍW09;MN?@ATFD?WKJK:@B�C
	4JKF5R,?@=

xk := a+ k
b− a

n
(k = 0, 1, ..., n).

å¯AZFKFY9ÍM}?[sÑK:
x ∈ [xk−1, xk ]

M}?@=�?@M
f(xk−1) ≤ f(x) ≤ f(xk)

JKF5WYW0J5:@B�C
ϕ(x) := f(xk−1), x ∈ (xk−1, xk)

ψ(x) := f(xk), x ∈ (xk−1, xk)

ME9XF5Wi=U9XFK= Ò F,?@=G:E�4JKF5Wi=G9;FK= "�<>=G:E[sJKFKRD?E9;STFYW0=Gg5FK9;=G:E?Ul5å¯Ay[sÑK:\9;MN?
∫ b

a

ψ(x)dx −
∫ b

a

ϕ(x)dx =
n
∑

k=1

f(xk)(xk − xk−1) −
n
∑

k=1

f(xk−1)(xk − xk−1)

=
b− a

n
(f(xn) − f(x0))

=
b− a

n
(f(b) − f(a)) → 0 (n→ ∞).

�

��M�[sSTb;aT=UF	=U9XFK9;aT==$0LZ?EHG=�ÑK<>=G:�W09;=.�dFD?@=GaT:@9;=G:@<5AZ:@RT=U9Ð?2e,STF¸P5JKFKRD?E9;STF5=GF	<>=UMN?E9;]%]�?@=G:�íb;A,MEME=GF�l
å�9X=���=UÌ.=U9;ME=hM}?@Ñ0?EHU=GFcME9ÍB�C(Ì9;=\W0=U:�=U<_=UFQaT=�[sÑ5CK:N?@=���=GÌ�=G9ÍM4M@LZ]�?@bX9ÍB�CQAZJ0[2W0=UFQST<K9;aT=UF $0Ay?@H
��l ¸J5F5WYMN=U9X=UFYWK=UMEC5AZb;<jÑ5<_=U:EaDAZFKa,=GF2l
ÙhbÍM=U:@MN?E=UFjFKST?E9;=G:@=GFiÌ9X:
¿�À rUÁ¨vyxuz_z�<O� £ �¯�U���y���X¢0���2�Z�5�>�u���y� f : [a, b] → R

�;�U���;�>�d�@¢D�E�s���f§T¦y�f¼
8k=G9X?E=G:\bX9;=�[s=U:N?\W0=U: $0AZ?EH��l QATJ5B�CYWKATM��\9XbX[�ME](9X?N?@=Gb°V5JK] W09;=��¯ÑKbÐ?@9Xa,RT=U9Ð?he,STF $0Ay?@H��l �(e,STF
Ë�:E=UÏKÏ_=UF0[sJKFKRD?@9XS,FK=GF¨AZJK[�<>=Gb;9X=U<K9;aT=9XFD?@=GaT:@9;=G:@<5AZ:@=�P5JKFKRD?E9;STFK=UF¨AZJ5MEHGJ5WK=GCKFK=UF2l
¿�À rUÁ¨vyxuz0Â : �;� £ f, g : [a, b] → R

�;�>�d�@¢D�E�s���f§T¦y�U�
α, β ∈ R,

���	�;�U�
é ¼ ∫ b

a
(αf(x) + βg(x))dx = α

∫ b

a
f(x)dx + β

∫ b

a
g(x)dx,

ê ¼��;�U�
f ≤ g,

���	�;�U� ∫ b

a
f(x)dx ≤

∫ b

a
g(x)dx.

P�ÑK:hW0=UFiF_LTB�C5MN?E=UF-$0AZ?EH�<K:�AZJ_B�CK=GFjÌ9X:![sS,bXa,=GF5W0=
Ç(nDÁ,nOq�àfá�p���p�Ûâvyx�z0Ú  ��Q���X�����h�2�T�K�����s�f�

f : D → R
§0��©f����¬ � �>�

f+(x) =
]QA�� {+f(x), 0} =

{

f(x)
� ¦y¡;¡;�

f(x) > 0,

0
���y�5�U�}�

f−(x) =
]QA�� {−f(x), 0} =

{

−f(x)
� ¦y¡;¡Í�

f(x) < 0,

0
���f�5�U�E¼

å¯Ay[sÑK:h9ÍMN?W5AZFKF
f = f+ − f−

JKF5W |f | = f+ + f− .
�h9;=G:E[sÑK:a,9XbX?hFOJKF
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¿�À rUÁ¨vyxuzDãè¤}�U�
f : [a, b] → R

�X���d�@¢,�@�s���f§T¦y�U�K���¸¦0�0¬ � f+, f− �Z� £ |f |.
PK=U:EF5=G:<>=GRTS,]%](=UFjÌ9;:
¿�À rUÁ¨vyxuz0ç : �;� £ f, g : [a, b] → R

�;�����@¢D�E�s���f§T¦Z�¸�Z� £ �Í�G� p ∈ R,≥ 1,
���j�N�;� £ ¦0�0¬ ��£ �s��2�T�K�����s�f�>��� |f |p �Z� £ f · g �X������¢,�@�����*§,¦y�f¼

å�=GF5ME=Gb;<_=UF-$KAy?EH¯��l 	R,ÖTFKFK=UF&Ì9;:!ATJ5B�C&FOJ0?@HG=GF�V0JK] �dFD?E=Ga,:@ATbX=�ÑK<>=G:AZFK=U9XF_AZF5W0=U:@MN?ES,ÔT=UF5W0=
�dFD?E=U:EeyAZb;b;=¯HUJjR,ST]¸<K9XF59X=U:E=UF2l
¿�À rUÁ¨vyxuz � ���h�����s���

f1 : [a, b] → R
�Z� £ f2 : [b, c] → R

�;�����@¢D�E�s���f§T¦Z���Z� £

f : [a, c] → R : f(x) :=

{

f1(x) a ≤ x ≤ b

f2(x) b < x ≤ c.

² ¦y�K�Y�Í�G��¦K�0¬ � f �X���d�@¢,�@�s���f§T¦y�¯�Z� £
∫ c

a

f(x)dx =

∫ b

a

f1(x)dx +

∫ c

b

f2(x)dx.

Ç(n,È¸nDquÉTÊ=$O9;F5W
ϕ1, ϕ2 Ò FD?E=G:E�dË�:@=GÏKÏ>=GFK[sJKFKRD?E9;STFK=UFYHGJ f1 <KHGÌ�l f2,

MNS%9ÍM}?

ϕ : ϕ(x) :=

{

ϕ1(x) a ≤ x ≤ b

ϕ2(x) b < x ≤ c.

=G9;FK= Ò FD?E=G:E�dË�:@=GÏKÏ>=GFK[sJKFKRD?E9;STFk[sÑK: f JKF_WØF5ATB�Câå�=�g5FK9X?E9;STF`WK=UM��dFD?@=GaT:�AZbÍM¯[sÑK:	Ë�:@=GÏKÏ>=GF0�
[sJKFKRD?@9XS,FK=GFYCK9;=G:E[sÑK:

∫ c

a

ϕ(x)dx =

∫ b

a

ϕ1(x)dx +

∫ c

b

ϕ2(x)dx.

å�9X=*M�a,=GCD?.a,=GF5ATJ5MNS[sÑ5:="�<>=G:E��Ë�:@=GÏKÏ>=GF0[sJ5FKRD?E9;STFK=UFQJKF5W&Ñ5<_=U:3$0AZ?EHh��l �[sS,bXaT?�W09;= ��=UC5AZJKÏK�
?EJ5FKa5l

�å�9X=*M!RfATFKFc]QATFcF5AZ?EÑK:@bX9ÍB�CjATJ5B�CjATJ0[�WK9X=¯�dFD?E=Ga,:@ATbX=�HGJi=GF5WKbX9ÍB�CceO9;=Gb;=GFiHGJ5M@AZ]%]%=GFKÏ_ATM@MN=UF0�
W0=UFi�dFD?@=G:@efATbXb;=GFieT=U:@ATbXb;aT=U]%=G9;FK=G:@F2lK×>J5M@AZ]%]%=GFi](9X? $0AZ?EH��l;���(JKF5W $0AZ?EH���l;�T�¯bX9;=�[s=U:N?\W09;=UM
W0=UF
¿�À rUÁ¨vyxuz>) <O� £ ��U� ª ¬}�>�4���Í���¯�G�d�f���X¢0��� £ �����U� ª ¬}���4���Í����¾c�y�>�O�d�f�>�¯���Z�K�����s�f� f : [a, b] →
R
�Í�G���X���d�@¢,�@�s���f§T¦y�U��� � �(¤d�>�d�@¢D��¦Z¡ £ �s� : �Z¾%¾&� £ ���¸¤d������¢,��¦y¡s� ª §0��� £ �s�j���>�°�°�����f¬ � ��� £ ��������;¡X�;�������*¥�¦y¡;¡��Z¼

��=G97W0=G:å�=�g5FK9X?E9;STFkW0=UM��dFD?E=UaT:�AZbÍM ∫ b

a

C5Ay?E?E=GFÄÌ9X:
a < b

eTST:�AZJ_MNa,=UME=�?EHG?UVK=U<_=UF5MESc<>=G97W0=G:
PKS,:E]%=Ub_e,STF $0AZ?EH\��l;���5V,WKATÔ

a < b < c.
��M�=G:@Ì.=U9;MN?.ME9;B�C&FOJKFjAZbÍM4HGÌ�=UB�RO]QLZÔ,9Xa�ME9ÍB�CcWKAfeTS,F

HGJYb;Ö,ME=GFYW0JK:�B�CiWK9X=¯[sSTb;aT=UF5W0=
min,o7p�qsrUqut_pwvyxuz ; ¤}�U�

f : [a, b] → R
�X���d�@¢,�@�s���f§T¦y�U�O���¸�����

∫ a

b

f(x)dx := −
∫ b

a

f(x)dx.

ß¹ATF :@=UB�CKFK=G?jaDAZFKHÄ=G9;F0[�ATB�CèF5ATB�C2V!WKATÔ#WKATFKF ATJ5B�CèW09;=ØPKST:@]%=Gb¯eTS,F $0Ay?@HÄ��l;���ISTCKF5=
Õ�ST:�AZJ_MEME=�?@HGJKFKaYÑK<>=G:(W09;=jÙhF5ST:�W0FOJKFKa¹W0=U:	�dFD?E=UaT:�Ay?E9;STF_MNa,:E=UFKHG=UF

a, b, c
a,9XbX?UV�MNST[s=G:@F`WKATM

�dFD?E=UaT:�AZb�ÑK<>=G:\WKA,M!]QA��09X]QATbX=eTS,:ER,ST]%]%=GF5WK=\�dFD?E=U:EeyAZb;b�= �09ÍM}?@9X=U:N?*V0JKF5WYWKATÔ¸[s=U:EF5=G:hMN?E=�?�M
∫ a

a

f(x)dx = 0



��� �

9ÍM}?*l
×>J��NM@B�CKÖ,FK=GF���P5JKFKRD?E9;STF5=GFi<_=U:E=*B�CKFK=�?]QAZFj�dFD?E=Ga,:@ATbX=�ÑK<>=G:7$D?�AZ]%]([sJKFKRD?E9;STFK=UF2VKÌ!ATM.Ì9X:
9;]ÆF5L,B�C5M}?@=GF¨Ùh<_MEB�CKF59Ð?E?h<_=UC5AZF5WK=Gb;F2l_P�ÑK:!?@CK=GS,:E=G?E9ÍMEB�CK=Ì9;=�ÏK:�AZRD?E9ÍMEB�C5=�×�Ì.=*B�RT=¯<K:@ATJ5B�CD?
]QAZF�AT<_=U:�C_LZJ0g5aiAZJ5B�CÄÙh<5M@B�C5Ly?@HGJKF5aT=GF�V_e,STF¹W0=UFK=GFkW0=G:¯F5LTB�C_M}?@= $0AZ?EH	=U9XF59Xa,=	Ì9ÍB�C,?@9Xa,=
=GFD?@C5LZbX?Ul
¿�À rUÁ¨vyxuz A ���h�����s���

a < b, f, g : [a, b] → R
�;������¢,�@�����*§T¦Z�*¼ ² ¦y�K�i¢0��¡u�d���é ¼

∫ b

a

1 dx = b− a.

ê ¼
∣

∣

∫ b

a

f(x)dx
∣

∣ ≤
∫ b

a

|f(x)|dx.
� ¼!Ã¨�u�

M :=
MNJKÏ {f(x) |x ∈ [a, b]}

m :=
9;F0[ {f(x) |x ∈ [a, b]}

�;�U�
m(b− a) ≤

∫ b

a

f(x)dx ≤M(b− a).

� ¼��	��
���������������������������! #"$�#�&%'�&�(�	�)��*#+,".-/"�%10
: �X� £ f, g �G�d�f���X¢5� g ≥ 0,

���%�320�Í�G�u�����U�����;�
ξ ∈ (a, b)

¾%�°�
∫ b

a

f(x)g(x)dx = f(ξ)

∫ b

a

g(x)dx.

ëh�s���4�Z¦y�5�(¾&¦Z�Q�X�5�*§0�����f� £ ������¦K�0¬ �i£ ����2�Z�K���u���y� g(x) = 1
�'� � ¡s���Y�Z� £ ��� � �y¡°� �dª ��G�d�f���X¢0�

f £ ¦y�K�Y¾%�°�.���;�>��¾ ξ ∈ (a, b)

∫ b

a

f(x)dx = f(ξ)(b− a).

Ç(n,È¸nDquÉTÊ¯�Tl_PKSTb;aZ?hW09;:@=GRD?hAZJ5MW0=U:hå\=Gg5FK9X?E9;STF2V��0l0JKF_W
�5lKWKAZ]%9X?hÑK<>=G: $0AZ?EH��l;���0l
×>J �5l;ÊTå¯A<_=U9;WK=\PKJKF5R,?@9XS,FK=GFQMN?E=G?E9;a�MN9;F5W�VTME9;F5W

f, g
JKF5W

fg
9;FD?E=Ga,:E9;=G:@<5AT:UV*[s=G:@FK=U:�9;MN?�F5A,B�C

Õ�ST:�AZJ_MEME=�?@HGJKFKa¸[sÑK:\ATbXb;=
x

mg(x) ≤ f(x)g(x) ≤Mg(x),

MESOW5AZÔ(F5ATB�C $0Ay?@H���lX� �	ATJ5B�C

m

∫ b

a

g(x)dx ≤
∫ b

a

f(x)g(x)dx ≤M

∫ b

a

g(x)dx

9ÍM}?*VKÌ.S,<_=U9�FKS0B�C ∫ b

a
g(x)dx ≥ 0

JKF5WYMNS,]%9Ð?=G9;F
µ : m ≤ µ ≤M

= �09;MN?E9;=G:E?UVKMES0WKAZÔ
∫ b

a

f(x)g(x)dx = µ

∫ b

a

g(x)dx.

�49;F¨MNS,b;B�CK=*M
µ
bÍLZÔT?ME9ÍB�CiWKATFKFYF5ATB�CYW0=U] ×>Ì9ÍMEB�C5=GFOÌ.=U:N?�MEAZ?EH¯AZbÍM

µ = f(ξ)

WKAT:@MN?E=UbXb;=GF2l
�



��� � ���������
	�����������

8�9;:\C5AZ?N?E=UF¹WKATM\�dFD?E=Ga,:@ATb�ÑK<>=G: Ò FD?E=G:E�.J5F5W("�<_=U:N[sJ5FKRD?E9;STFK=UF¨=G:@RDbÍLZ:E?Ul $O9XF_W¨AZbÍMNS ϕ, ψ ∈
T (a, b)

]%9X?
ϕ ≤ f ≤ ψ,

MNSjRTÖ,FKFK=GF�Ì9X:�AZF5FK=GCK]%=UF2V�WKAZÔiMN9;=¸Ñ5<_=U:WK9X=*MN=UbX<>=Q×�=G:@bX=UaTJKFKa
eTS,F

(a, b)
9XF Ë�=G9;bX9;FD?E=U:EeyAZb;b;=

(xk−1, xk)
WK=�g5FK9;=G:E?jME9XF_W�l���Mj9ÍM}?jW5AZFKFw[sÑK: &}=UWK=UMcWK9X=*MN=U:

Ë�=G9;bX9;FD?E=G:@eyAZb;bX=
ϕ(x) ≤ mk :=

9XF0[ {f(x) |x ∈ (xk−1, xk)}
ψ(x) ≥Mk :=

MEJKÏ {f(x) |x ∈ (xk−1, xk)}.
8 LZC5bX=UF�Ì9X:�FOJKF=&}=GÌ�=G9;bÍM2=G9;FK=UF�8Ä=U:N?

µk : mk ≤ µk ≤Mk,
MNS\aT9;bÐ?2[sÑ5:�W09;=.W5AZHGJ�a,=G<K9;bÍW0=�?@=

Ë�:E=UÏKÏ_=UF0[sJKFKRD?@9XS,F
χ :

χ(x) := µk

[sÑK:
x ∈ (xk−1, xk)ME9;B�CK=U:

ϕ ≤ χ ≤ ψ
JKF5WYWKAT](9X?\AZJ_B�C

∫ b

a

ϕ(x)dx ≤
∫ b

a

χ(x)dx ≤
∫ b

a

ψ(x)dx.

ÎhJ5FiR,ÖTFKF5=GFiÌ9X:
ϕ
JKF5W

ψ
MNS%Ì!LZCKb;=GF2VKW5AZÔQMN9;= ∫ b

a
f(x)dx

<>=Gb;9X=U<K9XaQa,J0?hAZÏKÏ5:ES �09;](9;=G:@=GF�V
[sSTb;aTb;9ÍB�Ci]¸JKÔ&WKATFKF¨AZJ5B�C ∫ b

a
χ(x)dx

F5ATCK=�<_=U9 ∫ b

a
f(x)dx

b;9X=UaT=GF�l Ò F5W¨MEÏ>=GHG9;=Gb;b�a,9XbX?\W09;=UMAZJ_B�C2V0Ì.=UFKFiÌ9X:\ME=�?@HG=UF
µk := f(ξk)

](9X?\=U9XFK=U]
ξk ∈ (xk−1, xk).

��M9ÍMN?\WKAZFKF
∫ b

a

χ(x)dx =

n
∑

k=1

f(ξk)(xk − xk−1).

å�9X=:@=UB�CD?@M7MN?E=UCK=GF5WK==$0JK]%](=C5=G9;ÔZ?�� 4 �*�6578�9��M@B�CK==$OJK]%]%=��![sÑK:4W09;=hPKJKF5R,?@9XS,F
f.
"�<K9Xa,=

� <>=G:@b;=GaTJ5FKaT=UFkHU=G9;aT=UF2V�WKATÔ¨]%ATFØ](9X? 4 �*�6528�8��MEB�C5=GF $OJK]%]%=GFIW5ATM��dFD?E=UaT:�AZb�<>=Gb;9X=U<K9;a
aTJK?\AZÏKÏK:@S �09X]%9;=G:@=GF&RyATFKF2l5Ë�Ay?�MEL,B�CKbX9ÍB�Cca,9XbX?h=�?}Ì!ATM�]%=GC5:UV0F5LT]%bX9ÍB�C
¿�À rUÁ¨vyx�Â � : ���

f : [a, b] → R
�X���d�@¢,�@�s���f§T¦y�f¼ ² ¦y�K��¢,��§0����¯©T�¯«�� £ ��¾ ε > 0

���;�
δ > 0,��� £ ¦y� �dª ��«�� £ �i ����@¡���¢_�Z�0¢ a = x0 < x1 < ... < xn = b,

§0��� £ ��� �dª �j¦Z¡X¡s� k �U���y�u�
xk − xk−1 < δ

�Í�G�N���Z� £ «�� £ �c·Q¦ � ¡4¥f�y� : ����¡;¡s��� ξk ∈ [xk−1, xk]
¢D�X¡°�

∣

∣

∣

∣

∣

∫ b

a

f(x)dx−
n
∑

k=1

f(ξk)(xk − xk−1)

∣

∣

∣

∣

∣

< ε.

8�9;:hÑK<>=G:@aT=GC5=GFYW0=GF ��=GÌ�=G9ÍMGl
Ùhb;b;=&W09X=*MN= � <_=U:Eb;=Ga,JKFKaT=UF�RyAZF5FÄ]QAZFØS,CKFK= 	4:@ST<Kb;=G]%=%AZJ0[PKJKF5R,?@9XS,FK=GF

f : [a, b] → C,AZbÍMESi]%9X?	RTS,]%ÏKbX= �0=GFk8Ä=U:N?@=GFâAZJ5M@W0=UCKFK=GFØJKF_WØeTSTFØWKA¨ATJ5B�CØFKS0B�CkHUJâPKJKFKRD?@9XS,FK=GFØ]%9Ð?
8k=G:E?E=GF¸9X]

Rn
SOWK=G:

Cn
ÑK<>=G:@aT=UCK=GF2VfW09;=.Ì9;:�=�?}Ì!Ah<>=G9Kå�9Ðæ�=G:@=GFD?E9ÍAZb;aTb;=G9ÍB�COJKFKa,=GF�<K:�AZJ5B�C5=GF

Ì�=G:�W0=GF2Ê
min,o7p�qsrUqut_pwvyx�Â�z é ¼����¸�����s���

u, v : [a, b] → R
�Z� £ f : [a, b] → C

���@�D¡*�y�*� £ �T�G¬ �
f(x) := u(x) + i · v(x). ·¹�X�h��¦f¢K��� º f �;�U��´\���X������¢,�@�����*§,¦y�*»�¦K� � [a, b],

�����K�
u
�T� £

v
¦0� �

[a, b]
�X������¢,�@�����*§,¦y��N�;� £ �Z� £ ���f��©y��� £ ¦Z�K�

∫ b

a

f(x)dx :=

∫ b

a

(

u(x) + i · v(x)
)

dx :=

∫ b

a

u(x)dx+ i ·
∫ b

a

v(x)dx.

ê ¼��4�X���c���Z�K�����s�f�
f : [a, b] → Cn

�>���5�>�������X�%�;�����@¢D�E�s���f§T¦Z�%¦K� �
[a, b],

�4���5�I� � ���� �Z¾c��¡;�u¬ � ��� n � �f¾��7�f�>��������� � �Z�K�����s�f�>��� ¦0� �
[a, b]

�X���d�@¢,�@�s���f§T¦y�Q�E�X� £ ¼ ∫ b

a
f(x)dx�;�U� £ ¦y�K� £ �����>�������y�\¦0�T� £ ��� n ¤d������¢,��¦y¡s��� £ ��� � �f¾��7�f�>��������� � �Z�K�����s�f�>����¼

ß¹ATF�ÑK<_=U:Eb;=GaT?�MN9ÍB�C�b;=G9ÍB�C,?*VGWKATÔhAZJ5B�C�W09;=UME=UM2�dF,?@=Ga,:@ATbyÌ9X=*W0=G:�=G9;F�bX9;FK=UAT:E=*M�PKJKF5R,?@9XS,F5AZb,<KHGÌ�l
=G9;FK=�bX9;FK=*AZ:@=.Ùh<5<K9XbÍW0JKF5a�9ÍM}?*VfJKF5W(MN9ÍB�C�ÑK<>=G:�W09;=UM7AZJ5B�C	Ì9X=*W0=G:�<_=UHGÑKa,bX9ÍB�C¸WK=G:��dF,?@=Ga,:@AZ?E9;STF5MN�
�dFD?E=U:EeyAZb;b;=A,WKW09X?E9;e&eT=U:EC_LZbX?Ul



¤d������¢,��¦0���s�f�Ä�Z� £&² �X®2������������¦0�u���y� �����

),+.-0/21435��-�����+���+�� �	��
�/23K/�+.-��}��-����.+
min,o7p�qsrUqut_pwvyx�Â_Â#{ ¿ r À��� ����p���r*q�t>p7�i���X�>�`¦0� �

[a, b] £ �;®��������K©G�s���f§T¦Z�����2�Z�5�>�u���y� F

� ���X�_� : �°¦Z¾(¾ � �Z�5�>�u���y�w©T� f ¦K� �
[a, b],

�4���K�
F ′ = f, £ ¼ � ¼ f £ �����¸§y¡s���°�N�Z�0¢ ¥y�f�

F�Í�G�@¼
$D?�AZ]%]([sJKFKRD?E9;STFK=UF¨MN9;F5Wi<K9ÍMhAZJ0[�=G9;FK=�ATW5W09Ð?@9Xe,=�í\S,F5M}?�AZFD?E=¯<>=UMN?E9;](]	?UV5W2l C2l5=UMa,9XbX?
¿�À rUÁ¨vyx�Â5Ú ¤}�U�

F
: �°¦Z¾%¾ � �T�K�����s�f�¹©,�

f
¦K� �

[a, b],
���(�E�X� £ ¢0���_¦0�&¦y¡;¡s��2�Z�5�>�u���y�>��� £ ����h�*�

G(x) = F (x) + c
¾%�°�

c ∈ R
: �°¦Z¾(¾ � �Z�5�>�u���y�>���Y©,�

f.

Ç(n,È¸nDquÉTÊ=$O9;F5W
F
J5F5W

G
$D?�AZ]%]([sJKFKRD?E9;STF5=GF2V5MES%9;MN?

(F (x) −G(x))′ = 0
AZJ0[

[a, b]
JKF5W

WKAT](9X?hF5A,B�C-$0AZ?EH�P�l � �
F (x) −G(x)

RTS,F5M}?�AZFD?hAZJ0[
[a, b]. �

�49;FK=¹W0=U:QHG=GFD?@:@ATbX=UF�ÙhJ_MEM@AZa,=GFwW0=G:Q:@=G=UbXb;=GFwÙhF5ATb��0ME9;M(9ÍM}?&FOJKFwW09;=¹Ë�AZ?@M@ATB�CK=,V�WKAZÔ%&}=UWK=
MN?E=�?@9Xa,=�PKJKF5R,?@9XS,FY=G9;FK= $D?@AT]%]¸[sJ5FKRD?E9;STFY<_=*MN9X?EHG?\JKF5WiÑK<>=G:�MN9;=��dFD?E=Ga,:@ATbÐ��JKF_Wiå�9Xæ>=U:E=UF,?@9Ð�
AZb;:@=UB�CKFOJKFKa(HGJ_MEAT](]%=UFKC5LZF5aT=GF
¿�À rUÁ¨vyx�ÂKãè¤}�U�

f : [a, b] → R
�G�d�f�u�Ð¢_�_���	�Í�G� �dª �

x ∈ [a, b] £ ¦T�!¤d�����@¢D��¦Z¡

F (x) :=

∫ x

a

f(t)dt

���@�O¡��Z�U���Z� £Y£ �s� £ ¦Z¾(�°�7¢0��¢0�Z§O���>�h���Z�K�����s�f� F ���;�>� : ��¦y¾%¾ � �Z�K�����s�f�Y©T�
f
¦K� �

[a, b].

Ç(n,È¸nDquÉTÊ!P�ÑK:
x, x0 ∈ [a, b], x 6= x0

9ÍM}?
F (x) − F (x0)

x− x0
=

1

x− x0

(
∫ x

a

f(t)dt−
∫ x0

a

f(t)dt

)

=
1

x− x0

∫ x

x0

f(t)dt =
1

x− x0
f(ξ)(x− x0) = f(ξ)

]%9Ð?4=U9XF5=G]
ξ
HUÌ9;M@B�CK=GF

x
JKF5W

x0. � ß¨9X?N?@=Gb;Ì.=U:N?�MEAZ?EHW0=G:��dF,?@=Ga,:@ATbX:@=UB�CKFOJKF5a � $KAy?EH��l;� 5V ����l��å¯A
f
MN?E=�?@9Xa%9ÍM}?*VKaT=UCD?

f(ξ) → f(x0)
[sÑ5:

x→ x0,
Ì!ATM!W09;= ��=GC5ATJKÏ0?EJ5FKa%bX9;=�[s=U:N?*l

�å�9X=*M![sÑKCK:E?hHGJYW0=G]
¿�À rUÁ¨vyx�Â_ç#{�� À ����rUÉ À r*Á ��nD~&miq���nD~ynOp�rUq À5Ü ����p���v�p�rUnOÛ_~ ÀKÜ ~ynOàfá�p���p�Û��
¤}�U�

f : [a, b] → R
�G�d�f�u�Ð¢¨�Z� £ F : �°¦Z¾%¾ � �T�K�����s�f�Y©T�

f,
���	�Í�G�

∫ b

a

f(x)dx = F (b) − F (a).

Ã�¦Z�i�G¬ � ������§0� £ ¦ �dª �¯¦0�0¬ �
∫ b

a

f(x)dx = F (x)
∣

∣

b

a
:= F (b) − F (a).

Ç(n,È¸nDquÉTÊ
F0(x) :=

∫ x

a

f(t)dt

9ÍM}?¯=G9;FK= $D?�AZ]%]([sJKFKRD?E9;STF�](9X?
F0(a) = 0. G(x) := F (x) − F (a)

9ÍM}?¯=G<>=GF0[�ATbXbÍM $D?@AT](](�
[sJKFKRD?@9XS,FÄ]%9X?

G(a) = 0
JKF_WÄMN?E9;]%]�?[sSTb;aTb;9;B�CÄF5ATB�C $0Ay?@H%��l ���&]%9Ð?

F0
ÑK<>=G:@=G9;F2l2å¯AZ]%9X?

9ÍM}?
G(b) = F (b) − F (a) = F0(b) =

∫ b

a

f(x)dx.

�



����� ���������
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Ç(nDÁ,nOq�àfá�p���p�ÛâvyxÍÂ � : �X� £¨² ���5�K�u�u���y�5�*§O��������¬ � �f�N¬*¼�¦K�T� £ ��¾  ��T��¦y¾%¾c��� � ¦y�0¢Y�O¡Í¦Z�G������G¬ � �����°§K��¾&¦Z�j���Z�@©
F (x) =

∫

f(x)dx

�dª � £ ��� : ��¦y¾%¾ � �Z�K�����s�f��¼
² �������Z¦y�K�&¦y¡;¡s��� £ �X�K¢D�7©T����� � ¡s���@� �dª � �������>�����K�%¾Q¦Z�(�E�u¬ � �5��¬ � �2��¦0�5§0�����O¡�¦y�4¾&¦O¬ � �N�K�7¦T�
£ ¦Z¾(�°�7¢0��¾c���;�>�7�Í�G�@¼
ÙhJK[saT:@JKF5WkW0=UM ��AZJKÏK?@M@Ay?EHU=UM¯=GFD?�MNÏK:@9ÍB�C,?�ATb;MES &}=*W0=G: �h=GaT=Ub�HGJK:�å�9Xæ>=U:E=UF,?@9;AZ?E9;STFk=G9;FK=%HGJK:
�dFD?E=UaT:�Ay?E9;STF�l08�9X:hÌ�=G:�W0=UFjCK9;=G:\FDJ5:hAZJ0[4W09;=�Ì9;B�CD?@9XaDM}?@=GF �.=U9;MEÏK9;=Gb;=�ROJK:EH=U9XFKa,=GCK=UF2l5Ù\J5M}�
[sÑKCK:@b;9;B�CK= �=UHG=UÏ0?@M@AZ]%]%bXJ5FKaT=UFIg5F_W0=GF�ME9;B�Cw=�?}Ì!AÄ9XF��3���	��
9�
���� ����KV4ß�Ay?EC�l�[}l 	4C��0MGl
S0W0=G:9;]äWK=G]äíbÍATM@ME9XR,=G:�eTSTF�� ��8	������9���� �8������l
��M4ME=G90FOJK:�a,bX=U9;B�C%WKAT:@ATJ0[_CK9;FKa,=GÌ9;=UME=GF2VZWKATÔ=UM7FK9ÍB�CD?7]%Ö,aTb;9;B�C(9;MN?UVTHGJ &}=UW0=U:�W0JK:�B�C(WK9X=!=Gb;=��
]%=GFD?@AT:E=UFQPKJKFKRD?@9XS,FK=GF&WKAT:@MN?E=UbXb;<5AT:E=UF(P5JKFKRD?E9;STF&ATJ5B�C¸=U9XF5=h=G<>=GF5MES�WKAT:@MN?E=UbXb;<5AZ:@=2$D?@AT]%]¸�
[sJKFKRD?@9XS,FiHUJig5F5W0=UF2l ��?}Ì!A���� � x

x

S0W0=U:
e−x2 ME9XF_WjMESTbÍB�CK=�PKJKF5R,?@9XS,FK=GF�l

�cnOÛ>n Ü vyx�Â )è� ª �
n ∈ R

�;�U�
∫

xndx =

{

1
n+1x

n+1 �dª �
n 6= −1b;F |x| �dª �
n = −1.

² ¦K§0���!�;�U�¯©T�I§0��¦0¬ � �d����� £ ¦Z�Ä¦K§y¢0����� � ��� ¥y�f�
n ∈ N

�K��¬ � � ª §0��� x = 0 � �;������¢��X���d���¢,�@�s���*�¸�4��� £ ��� £ ¦y� � � �dª �Q�K�u¬ � �s¢O¦Z�K©G©f¦ � ¡;�X¢0�%�.2Z�7�f����������� � ¦K�¾Q¦Z���E��¬ � ¦0� �
x > 0

©,�
§0���G¬ � ���Z�K�O����¼
Ç(n,È¸nDquÉTÊ=$O9;=GCK= �.=U9;MEÏK9;=Gb�P.l � �Kl ��=G9;] ��STaDAZ:@9Ð?@CK]	J5M<>=UA,B�CD?E=Q]QAZF2V�WKAZÔY[sÑ5:

x < 0
W09X=

PKS,:E]%=Ub d
dx

bXF
(−x) = − 1

−x
= 1

x

aT9;bX?Ul
�

å�9X=*MbX9;=�[s=U:N?JKF_MhAZJ5B�CYMESZ[sST:E?hW09;= $O?@AZ]%]([sJKFKRD?@9XS,FK=GF¨HUJ 	7SZ?@=GFKHU:E=U9XC5=GF2Ê
¿�À rUÁ¨vyx�Â
; ² ���"!��O�d���K©U����� � �

f(x) =

∞
∑

j=0

aj(x− x0)
j

� ¦5§O� £ ��� � �f��¥y���E¢0���5©G�O�����;� K(x0, r)
¼ ² ¦y�K� � ¦K� £ ���¯´¯��� � �

F (x) =
∞
∑

j=0

1

j + 1
aj(x − x0)

j+1

¦0�,� £ ��� : �°¦Z¾(¾ � �Z�5�>�u���y�>��� £ ���5����¡�§0��� � �f��¥f���N¢K���K©U�D�����Í���Z� £ �U����¡X¡°� £ �y�U�����X��� : �°¦Z¾%¾Q�� �Z�K���u���y�i©,�
f £ ¦Z�*¼

# À ~yp���p�ÛâvZxÍÂ A ² ¦y��¾Q¦Z� : �Z¾%¾&¦0�u���y� �Z� £%$ §0���E¢O¦y�K¢�©T�Z� : �°¦Z¾%¾ � �T�K�����s�f� ¥y���*�°¦K�,�
�G¬ � ��� £ ¦Z� � �2�Í�G�\�K��¬ � �\¦Z¡X¡X¢0��¾&���X�Ä¢ ª ¡u�u�Ð¢_�����y� £ ���E�w§y��¦0�0¬ � �= h� £ �;�0¢_�T�0¢0���������s�(�N�s�Q�f�d��¦§0����!��O�d���K©U����� � ���¹��� �dª ¡X¡°�4�E�X� £ ¼7·¹�X���4��� £ ��� £ �s���h�>�K¬ � ¢K���_¦K�D���h¦y�_��¬ � ¦K�D����¼
Ç(n,È¸nDquÉTÊ � e,STF $0Ay?@H��l �&� ��Î\A,B�CiW0=U]äß¹A &}ST:�AZFD?E=UFKRO:E9X?E=U:E9;JK] RTS,FOeT=G:@aT9;=G:E?.W09;= �=U9XCK=¯[sÑK:
F
](9;F5W0=*M}?@=GF5M49X] í:E=U9;M

K(x0, r).
Î\ATB�C $0AZ?EHhP�l � �¯9;MN?�W09;=UME=��=G9;CK=hW09Xæ>=U:E=UFKHG9;=G:@<5AT:UVf9;CK:E=

Ùh<5bX=U9Ð?@JKFKa
f
V�[s=U:EFK=U:�W0=G:¸í\S,FDe,=G:@aT=UFKHG:�ATW09;J5M�W0=G:�AT<KaT=UbX=U9Ð?@=�?E=UF �=G9;CK=QFK9ÍB�CD?ROb;=G9;FK=G:¸AZbÍM

W0=U:!WK=G:JK:�MNÏ5:EÑKF5aTb;9;B�CK=UF2lOå�AT](9X?hC5AT<_=UFj<>=G9ÍW0= �=G9;CK=UFiW0=UF5ME=Gb;<_=UFií�STFOeT=U:Ea,=GFKHURO:E=U9;M�J5F5W
W09;=�HGÌ�=G9X?E= �=U9XCK=�9ÍMN?WK9X= $D?�AZ]%]([sJKFKRD?E9;STF¨W0=U:h=G:�MN?E=GF�l

�

PK=U:EF5=G:b;9X=G[s=G:@F
��=G9ÍMEÏK9X=Ub�P�l � �¸JKF5W ��=G9ÍMNÏK9;=Gb2P�l � �%W09;=¯[sSTb;aT=GF_W0=



¤d������¢,��¦0���s�f�Ä�Z� £&² �X®2������������¦0�u���y� ����

�cnOÛ>n Ü vyxÍÚ �è����Í�U�
∫

exdx = ex,
∫ B�SDM

x dx =
MN9;F

x ,
∫ MN9;F

x dx = − B�S,M
x.

�dF ��=G9ÍMNÏK9;=Gb2P�l � �(C5AZ?N?E=UFYÌ9X:

(
?@ATF

x)′ = 1 + (
?@ATF

x)2 =
1B�S,M
2 xaT=UHG=U9XaT?!J5F5WiCK9X=U:@ATJ5M!AZJ0[�W09;=�å\9Xæ�=G:@=GFKHU9X=U:E<5AT:ER,=G9X?!WK=G: Ò ]%R,=GCK:E[sJKFKRD?E9;STF

AZ:�B�?�AZF
: R → R

aT=*MEB�C5bXSDMEME=GFjJKF5WiCK=G:@aT=UbX=U9Ð?@=�?*VKWKAZÔ

(
AT:@B�?@AZF

x)′ =
1

1 + x2
.

ÙhF_AZb;STa%=G:@C5LZbX?]QAZFYAZJ5M

(
ME9XF

x)′ =
BGS,M

x =
√

1 − MN9;F 2 x

[sÑK:\WK9X= Ò ]%R,=GCK:E[sJKFKRD?E9;STF AT:@BUMN9;F
: [−1,+1] → R

(
AZ:�BGME9XF

x)′ =
1√

1 − x2

[sÑK:
(|x| < 1).

å�9X=*M<_=UÌ.=U9;MN?
�cnOÛ>n Ü vyxÍÚ2zw����Í�U�

∫

dx√
1−x2

=
AT:@BUMN9;F

x
�dª � |x| < 1

∫

dx
1+x2 =

AT:@B�?@ATF
x

∫

dx
��� � 2 x

=
?�AZF

x.

 h���;¾ä¡s�f�u©T�d���¨¤d������¢,��¦y¡ £ ¦Z� � £ ¦T�¤d�����@¢D��¦K���s�f�5�E�;�>�d���*¥�¦y¡;¡>�0���;�>���	�Z¡X¡Í�U����¡;¡s� £ ����B�SDM������ � ¦y¡��������¼
ÙhJK[WK9X=*MN= � �¯:EJ5F5W09;F,?@=Ga,:@ATbX=#�	RfATFKFâ]QAZFkFOJKFâeO9X=UbX=%HGJ5F5LTB�C5MN?�a,ATFKHQAZF5WK=G:�M�AZJ5M@MN=UCK=GF_W0=
�dFD?E=UaT:�Ay?E9;STF_MEATJ0[sa,AT<_=UF&HGJK:@Ñ5B�RD[sÑKCK:@=GF�l
¿ � Þ ÉGr*qsr*��r*q�t>p�ÉU~ynDÛ>n Ü
�49;FK=QW0=G:FOÑ0?@HGb;9;B�C5MN?E=UFÄË�=UB�CKF59XR,=GF¹CK9;=G:@HGJÄ9;MN?�W09X= � $OJK<5MN?E9X?EJK?E9;STF5ME:E=UaT=Ub ��V>WK9X=(=G9;F0[�ATB�CkW09;=
Ò ]%R,=GCK:@JKFKa�W0=U:.í=G?N?E=UFK:@=GaT=Ub � $0Ay?@H\P�l � � �79ÍM}?*lT�dCK:@=hHUÌ.=*B�RD]QLTÔT9;aT=ÙhFOÌ�=GF5W0J5FKa�eT=U:EbÍAZF5aZ?AZb;b;=G:�W09XF5a,M�=G9;FK9;aT= � <KJ5FKa5l
¿�À rUÁ¨vyxÍÚ>Â#{ ¿ � Þ ÉUrUq�rU��rUqut_p�ÉG~ynOÛ>n Ü �i¤}�U�

f : [α, β] → R
�G�d�f���X¢5�

ϕ : [a, b] → [α, β]
�G�d�f���X¢

£ �;®��������K©G�s���f§T¦Z�G�K�����Í�U��¾(�°�.���;�>��� : �°¦Z¾(¾ � �Z�5�>�u���y� F ©,�
f,
�dª � £ ���¦Z¡;��� F ′ = f :

∫ b

a

f(ϕ(x))ϕ′(x)dx =

∫ ϕ(b)

ϕ(a)

f(t)dt = F (t)
∣

∣

ϕ(b)

ϕ(a)
= F (ϕ(b)) − F (ϕ(a)).



������� ���������
	�����������

Ç(n,È¸nDquÉTÊ!ß¨9X?\=G9;FK=U:7$D?@AT](]([sJKF5R,?@9XS,F
F
HGJ

f
9ÍMN?

(F ◦ ϕ)′(x) = F ′(ϕ(x))ϕ′(x) = f(ϕ(x))ϕ′(x).
$OS,](9X?haT9;bX?!F_ATB�CYW0=G] �\AZJ5Ï0?@M@Ay?@H

∫ b

a

f(ϕ(x))ϕ′(x)dx =

∫ b

a

(F ◦ ϕ)′(x)dx

= F (ϕ(b)) − F (ϕ(a)) =

∫ ϕ(b)

ϕ(a)

f(t)dt.

�

� nD~f��~ynDÛ>n Ü vZx;Ú>Ú  h��� £ ��� : �_§Z�G�u�u�E�K���s�f� x 7→ t := ϕ(x)
�;�U��©T�&�������f��©y���

ϕ′(x)dx =
dϕ

dx
dx =

dt

dx
dx 7→ dt,

� ���@�>���h�N�;� £Y£ �s�	½!�����5©f���Y©,�Q���@���f�u©f���j¢0��¾ �y�
a 7→ ϕ(a), b 7→ ϕ(b).

Ç(nDquÉG�7q�n Ü njvyxÍÚ5ã é ¼� ª ��«�� £ � � �f�_�G��¦y����� c �;�U�
∫ b

a

f(x+ c)dx =

∫ b+c

a+c

f(t)dt (
: �f�u©f�

ϕ(x) = x+ c).

ê ¼!� ª ��«�� £ � � �f�5�U�°¦Z����� c 6= 0
�;�U�

∫ b

a

f(cx)dx =
1

c

∫ bc

ac

f(t)dt (
: �y��©y�

ϕ(x) = c · x).

� ¼!� ª ��«�� £ ��� n ∈ N, 6= 0
�Í�U�

∫ b

a

xn−1f(xn)dx =
1

n

∫ bn

an

f(t)dt (
: �y��©f�

ϕ(x) = xn).

� ¼
∫ b

a

xe−
1
2

x2

dx =

∫ b

a

−ϕ′(x)eϕ(x)dx (
: �f�u©f�

ϕ(x) = −1

2
x2),

= −
∫ ϕ(b)

ϕ(a)

etdt = e−
1
2
a2 − e−

1
2

b2 .

� ¼�¤}�G�
ϕ : [a, b] → R

�U���y���X¢ £ �X®2�������5©G�s���f§T¦y��Z� £ 6= 0
¦K� �

[a, b],
���	�Í�G�

∫ b

a

ϕ′(x)

ϕ(x)
dx =

∫ ϕ(b)

ϕ(a)

1

t
dt (

: �f�u©f�
ϕ(x) = t)

=
( bXF |t|) ∣∣ϕ(b)

ϕ(a)
=
b;F |ϕ(b)|

|ϕ(a)| .�4�X� : �7��©U�Í¦Z¡ � ¦Z¡X¡��;�U���f�d��¦ �dª �
[a, b] ⊂ (−π

2 ,+
π
2 )

∫ b

a

?�AZF
x dx =

∫ b

a

ME9;F
xBGS,M
x
dx = − bXF | B�S,M t|

∣

∣

∣

∣

b

a

.

� ¼ ��¦O¬ �Ä£ ���@����¡�§O���iÃk�f� � � £ �(§O� � ¦y� £ ��¡°��¾Q¦Z�c¢K���>������¡X¡��y�d�7¦¸¤d������¢,��¦y¡s� £ ���h�>�y�E¾
∫ b

a

ME9XF
x f(

B�S,M
x)dx

� £ ���
∫ b

a

B�S,M
x g(

MN9;F
x)dx.



¤d������¢,��¦0���s�f�Ä�Z� £&² �X®2������������¦0�u���y� ���@�,�

� À ~*r*q ÀKÜ�Þ ~y��àfá�Á,n,~ Ü nDÛ>��p�Û
�hAZ?E9;STF5ATbX=	P5JKFKRD?E9;STF5=GF¨RyAZFKF�]%ATF¨aT=*MEB�CKb;S,M@ME=GFi9XFD?E=UaT:@9X=U:E=UF2VKÌ�=GFKF�]%ATF¹W09;=¸ÎhJ5bXbÍM}?@=Gb;bX=UF
W0=*MÎh=GF5FK=G:�MRT=UFKFD?Ul
Î\A,B�C`W0=G] P5JKF5WKAT]%=GFD?@ATb;M@Ay?@HcW0=G:%Ùhb;aT=U<K:�A��ØW0=UF`Ì9X:(=G:�MN?	9XF�W0=G:%PKJKF5R,?@9XS,FK=GFD?@CK=GS,:E9;=
<>=GÌ�=G9ÍMN=UFÄÌ�=G:�W0=GF��YRyATFKFÄ]QATF &}=*W0=UM � FKST:@]%9X=U:N?@= �\:E=U=Gb;bX= 	7STb �DF5ST] q(x)

WKAZ:�MN?E=Gb;b;=GFÄATb;M
	4:@S0W0JKRD?heTS,F 	7STb �OFKST]%=UFiW0=U:hPKS,:E]

(x− c), (x− a)2 + b2
](9X?

a, b, c ∈ R, b > 0.8�9;:h<_=G?E:�ATB�CD?E=UFjW09;=[sSTb;aT=UF5W0= $O9X?EJ5AZ?E9;STF2Ê ��MhME=G9

q(x) =

r
∏

i=1

(x− ci) ·
s
∏

j=1

(

(x− aj)
2 + b2j

)

,

Ì�ST<>=G92P5ATRD?EST:@=GFi]%9Ð?he,=G:�MEB�C59X=*W0=GFK=UFjÎ\JK]%](=U:EF¨ATJ5B�Cje,=G:�MEB�C59X=*W0=GFiMN=U9X=UF2l
PK=U:EF5=G:MN=U9

p(x)
=G9;F 	7S,b��OFKS,]iV>��nOÉUÉ*nOp��j~ À �w� Ü nDqup�nD~&quÉGr ÀKÜ É ��n,~��>t_p

q.
å¯AZF5Fja,9X<0?

=UM!=U9XF5=�å�AT:@MN?E=UbXb;JKFKa([sÑK:hW0=UF	��JKSZ?@9X=UF,?@=GF

r(x) :=
p(x)

q(x)
=

r
∑

i=1

γi

x− ci
+

s
∑

j=1

αjx+ βj

(x− aj)2 + b2j
.

ß¹ATFQRfATFKFcW09;=UME=�í�SO=�
QHG9;=GFD?@=GF
γi, αj , βj

<_=*M}?@9X]%]%=GF�V,9;F5W0=U] ]QATF&]%9Ð?!W0=G] �\ATJKÏ0?@FK=GF0�
FK=U:

q
W0JK:�B�CK]	J5bÐ?@9XÏKb;9;HG9;=G:E?!J5F5Wjí�SO=�
QHG9;=GFD?@=GFOeT=U:Ea,bX=U9;B�CQ]QATB�CD?*l � �4FD?EC5LTbÐ?\W5ATM 	7STb �DF5ST] qMESTa,AT: 	7ST?E=GF5HG=GFØW0=U:�FKSZ?@9X=U:N?@=GFØP5AZRD?@ST:@=GF2V2MESja,=GbX?E=UFkLTCKFKb;9;B�CK=QP5ST:@](=UbXF�V2W09X=%FOJK:�=G?}Ì�A,M

RTS,]%ÏKbX9;HG9;=G:E?E=U:AZJ5M@MN=UCK=GF�l �
�49;FK= $D?@AT](]([sJKF5R,?@9XS,FcHUJ

r
RTÖ,FKFK=GFcÌ9X:�FOJKFcAZJ_M.W0=UF%$D?�AZ]%]([sJKFKRD?E9;STF5=GFcHUJcW0=UF&=G9;FKHG=UbÐ�

FK=UF $0JK]%]%ATF5W0=UFi<>=UMN?E9;]%]%=GF2lK8�9;:h<>=GR,ST]%]%=GFj[sÑK:\W0=UFj=U:@MN?E=UF2Ê
∫

γi

x− ci
dx = γi

b;F |(x− ci)|.
å�=GF¨AZF5WK=G:@=GFYË�=U:E]ÓHU=G:@bX=UaT=UFjÌ9;:9XF

αx+ β

(x − a)2 + b2
=
α

2

2(x− a)

(x− a)2 + b2
+

β + αa

(x− a)2 + b2
.

å�=G:=G:�MN?E=�Ë�=U:E]ä9;MN?eTS,]ÆË �OÏ
λ

ϕ′(x)
ϕ(x) ,

MNS,]%9Ð?h9ÍM}?
∫

α

2

2(x− a)

(x− a)2 + b2
dx =

α

2

bXF (
(x− a)2 + b2

)

.

å�=G:HGÌ�=G9X?E=�Ë�=G:@]Ó9ÍM}?he,ST]ÆË �OÏ

λ
1

(x − a)2 + b2
=
λ

b

1

b

1

(x
b
− a

b
)2 + 1

JKF5WiÑK<>=G:
ϕ(x) = (x

b
− a

b
)
J5F5W

ϕ′(x) = 1
b

<_=URTS,](]%=UFjÌ9;:
∫

λ
1

(x− a)2 + b2
dx =

λ

b

AZ:�B�?@ATF (x− a

b

)

.

Ç(nDquÉG�7q�n Ü
4

1 − x4
=

1

1 − x
+

1

1 + x
+

2

1 + x2
,

MEST]%9Ð?
∫

4

1 − x4
dx =

∫

1

1 − x
dx+

∫

1

1 + x
dx +

∫

2

1 + x2
dx

= − b;F |x− 1| + b;F |x+ 1| + 2
AZ:�B�?�AZF

x.
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� ÀKÜ�Þ È%qup��>n Ü � nDrUá�t9��n
ÙhJK[¯W09;=Y=G<>=GF#<_=UC5AZF5WK=GbX?E=i�dF,?@=Ga,:@AZ?E9;STF`:�Ay?@9XS,F5AZb;=G:%PKJKF5R,?@9XS,FK=GF�9XF

x
b;A,MEME=GF#MN9ÍB�C�ATJ5B�C

�dFD?E=UaT:�AZb;=�ÑK<>=G:��������	��
����������
������	��
��
�9XF¨ME9XF
x,
B�SDM

x
HGJ5:EÑ5B�RD[sÑKC5:E=UF2l

å�9X= $OJ5<5M}?@9Ð?@J0?E9;STF
u =

?@ATF x
2

b;9X=G[s=G:E?

du =
( ?�AZF x

2
)′ dx =

1

2

(

1 + (
?@ATF x

2
)2
)

dx,
W2l C2l

dx =
2du

1 + u2
.

PK=U:EF5=G:9ÍM}?
ME9;F

x = 2 · ME9;F x
2

B�S,M x
2

= 2 · ?�AZF x
2
· B�SDM 2 x

2
=

2
?@AZF x

2

1 +
?�AZF 2 x

2

=
2u

1 + u2
,

B�S,M
x =

B�SDM 2 x
2
− ME9;F 2 x

2
=
B�S,M 2 x

2
(1 − ?�AZF 2 x

2
) =

1 − u2

1 + u2
.

�\AZ?j]QAZF WK9X= $OJK<5MN?E9X?EJ0?@9XS,F AZJ_MNa,=�[sÑKCK:E?UV�MNSI9;MN?iATb;MESâ=G9;FK=�:�Ay?@9XS,F5AZb;=¹PKJ5FKRD?E9;STF 9;F W0=G:
Õ4AZ:@9ÍAZ<Kb;=GF

u
=GFD?@MN?@ATF5W0=GF�V,W09;=\]QAZFc=�?}Ì!AÑK<_=U: 	�AT:N?@9;ATbX<K:@J5B�CKHU=G:@bX=UaTJKF5a�<>=UAT:E<>=G9X?E=UF&RyAZFKF2l

Ç(nDquÉG�7q�n Ü ��MhME=G9
0 < a < b < π.

ß¹9Ð?
A :=

?�AZF a
2 , B :=

?@ATF b
2 ,
9;MN?

∫ b

a

dxMN9;F
x

=

∫ B

A

1 + u2

2u
· 2du

1 + u2
=

∫ B

A

du

u
=
b;F ∣∣
∣

∣

∣

?@AZF a
2?@ATF b
2

∣

∣

∣

∣

∣

.

� À ~*r*q�n Ü�Ü n¨v�p�rUnOÛ_~ À rUqut_p
�49;FK=YÌ.=U9Ð?@=G:@=cÌ9ÍB�CD?E9;aT=i�dF,?@=Ga,:@AZ?E9;STF5ME]%=�?EC5SOWK=&aT=UÌ9XFKFD?%]QAZFwAZJ5M(W0=G: Ò ](R,=GCK:@JKFKakW0=G:	4:@S0W0JKRD?E:@=Ga,=Gb�<>=G9;]äå�9Ðæ�=G:@=GFKHU9X=U:E=UF2l
¿�À rUÁ¨vyxÍÚ>ç : �;� £ f, g : [a, b] → R

�U���f�u�Ð¢ £ �X®2�������K©U�����*§,¦y�U�0���	�;�U�
∫ b

a

f(x)g′(x)dx = f(x)g(x)

∣

∣

∣

∣

b

a

−
∫ b

a

f ′(x)g(x)dx.

Ç(n,È¸nDquÉTÊ ��M�9ÍM}?
(fg)′ = f ′g+ fg′,

MEST]%9X?
fg

$D?@AT](]([sJKF5R,?@9XS,FjHUJ
f ′g+ fg′,

F5ATB�CjW0=G]
�\ATJKÏ0?�MEAZ?EH�AZbÍMNS

f(x)g(x)

∣

∣

∣

∣

b

a

=

∫ b

a

f ′(x)g(x)dx +

∫ b

a

f(x)g′(x)dx.

�

Ç(nDquÉG�7q�n Ü vZx;Ú � �.�h�����
p(x)

���;� !��f¡��0���f¾¨¼> h�����*¬ � �>�
∫ b

a

p(x)exdx.

8�9;:\MN=G?EHU=GF
f(x) := p(x), g′(x) := ex,

ATb;MES%WKAZFKF¨ATJ5B�C
g(x) = ex

l
$OST]%9X?h9;MN?
∫ b

a

p(x)exdx = p(x)ex

∣

∣

∣

∣

b

a

−
∫ b

a

p′(x)exdx.

å¯ATM�:@=UB�CD?@M@MN?E=GC5=GF5W0=%�dFD?E=Ua,ATb49;MN?�FOJKFâeTS,FkWK=G:	ME=Gb;<_=UF ��ATJ5AZ:E?UV�Ì9X=&WKA,M�JK:�MNÏ5:EÑKF5aTb;9;B�CK=,V
AZ<>=G:WKA,M!WKAZ:@9XFjeTS,:ER,ST]%]%=GF5W0=�	�S,b��OFKS,] C5Ay?!RObX=U9XF5=G:@=GF
�¯:�ATW2l>$0ST]%9Ð?!RyAZFKFi]QAZFiW09X=*MN=UF



¤d������¢,��¦0���s�f�Ä�Z� £&² �X®2������������¦0�u���y� ���@� �

$0B�CKb;JKÔ�9Ð?@=G:@9X=U:E=UF2V.<59;Mj]QAZFèATJ0[�=G9;F �dFD?@=GaT:�AZb¯W0=G:YPKS,:E] ∫ b

a
cexdx

]%9Ð?YRTS,F5MN?@AZFD?@=G]
cRTS,]%]�?UV0Ì!ATMWK9X:@=GRD?9XFD?@=GaT:@9;=G:@<5AZ:�9;MN?Ul

��?}Ì!A¸[sÑK:
p(x) = x2 <>=GR,ST]%]%=GFiÌ9X:

∫ b

a

x2exdx = x2ex

∣

∣

∣

∣

b

a

−
∫ b

a

2xexdx.

∫ b

a

2xexdx = 2xex

∣

∣

∣

∣

b

a

−
∫ b

a

2exdx = 2xex

∣

∣

∣

∣

b

a

− 2ex

∣

∣

∣

∣

b

a

.

$OS,](9X?h<>=GRTS,]%](=UFjÌ9;:aT=*MEAT]�?
∫ b

a

x2exdx = (x2 − 2x+ 2)ex

∣

∣

∣

∣

b

a

.

Ç(nDquÉG�7q�n Ü vZx;Ú�) �.�h�����
p(x)

���;� !��f¡��0���f¾i�
a, b > 0

¼> h�����*¬ � �>�
∫ b

a

p(x)
bXF
x dx.

8�9;:!ME=�?@HG=UF
f(x) :=

bXF
x, g(x) :=

∫ x

0 p(t)dt.
�2=�?@H�?@=G:@=UM.C5Ay?W09;= �¯=*M}?�AZbX?

g(x) = x · h(x)]%9Ð?h=U9XF5=G] 	7S,b��OFKS,]
h.
å�AT](9X?hb;9X=G[s=G:E?!J5F5MhW09;=�Ï5AZ:E?E9;=Gb;b;=¯�dFD?@=GaT:�Ay?@9XS,F

∫ b

a

p(x)
b;F
x dx = (

bXF
x) g(x)

∣

∣

∣

∣

b

a

−
∫ b

a

1

x
g(x) dx = (

bXF
x) g(x)

∣

∣

∣

∣

b

a

−
∫ b

a

h(x) dx

JKF5WYWKA,M!bX=G?EHG?E=G:@C5ATbÐ?@=GFK=�dFD?E=UaT:�AZb�9ÍM}?b;=G9ÍB�C,?\ATJ5MEHGJOÌ.=U:N?@=GF2l
�49;FYÌ.=U9Ð?@=G:@=G:SZ[�?hATFDÌ�=GF_W0<5AZ:@=G:Ë�:E9ÍB�RQÌ9;:@Wi9;FiW0=U]ÆF5L,B�C5MN?E=GF ��=G9ÍMNÏ59X=Ub2<_=UFOJ0?EHG?Ul
Ç(nDquÉG�7q�n Ü vZx;Ú ;  h�����f¬ � �>� ∫ b

a

BGS,M 2 x dx.
8�9;:hMN=G?EHG=UF

f(x) := g′(x) :=
BGS,M

x,
WKAT](9X?

f ′(x) = − MN9;F
x, g(x) =

ME9XF
x.
$OST]%9X?!b;9;=�[s=G:E?

Ï5AT:N?@9X=UbXb;=�dF,?@=Ga,:@AZ?E9;STF
∫ b

a

B�SDM 2 x dx =

∫ b

a

B�SDM
x · BGS,M x dx =

B�S,M
x
MN9;F

x

∣

∣

∣

∣

b

a

+

∫ b

a

ME9;F
x · ME9XF x dx

=
B�SDM

x
MN9;F

x

∣

∣

∣

∣

b

a

+

∫ b

a

(1 − BGS,M 2 x) dx

=
B�SDM

x
MN9;F

x

∣

∣

∣

∣

b

a

+ (b− a) −
∫ b

a

B�SDM 2 x dx.
å¯AZ]%9Ð?hC_AZ<>=GFYÌ9X:

2 ·
∫ b

a

B�SDM 2 x dx =
B�S,M

x
MN9;F

x

∣

∣

∣

∣

b

a

+ (b− a)

AZbÍMNS
∫ b

a

B�SDM 2 x dx =
1

2

B�SDM
x
ME9XF

x

∣

∣

∣

∣

b

a

+
1

2
(b− a).

"�<OÌ.S,CKbDÌ9X:�AZbÍMESh9X] ��AZJK[s=�W0=U: �h=UB�CKFOJKFKa¯Ì9;=UW0=U:�<>=G9KW0=U] HGJK=U:@MN?7<_=G?E:�ATB�CD?E=G?E=GF	�dF,?@=Ga,:@ATb
aT=Ub;ATF5W0=G?�MN9;F5W�V>Ì!AZ:\W09;=UM\RT=U9XF¨b;STa,9;M@B�CK=G:×>9X:@RT=UbuV_MNS,F5W0=G:@F¹W0=U:\8k=Ga&HUJK: ��=G:@=UB�C5FDJ5FKa&W0=UM
�dFD?E=UaT:�AZbÍMGl
ß¨9X?N?@=GbÍM.HUÌ.=U9X]QATbX9;aT=U:�	�AZ:E?E9;=Gb;bX=U:��dFD?E=UaT:�Ay?@9XS,FQSOWK=G:!AZJ5B�C&Ñ5<_=U:!WK9X=¯å�AT:@MN?E=UbXb;JKFKa(W0JK:�B�CcW09;=
RTS,]%ÏKbX= �0= � �0Ï>STFK=UFD?E9ÍAZbX[sJKFKRD?E9;STF#=G:@C5LZbX?%]%ATF�W09;=i[sSTb;aT=UF5W0=GF�V�9;] ×>J_MEAT](]%=UFKC5AZF5a�]%9Ð?
� ���9���*�6�_���=U9XCK=UFjÌ9ÍB�CD?E9;aT=UF
�=Ub;AZ?E9;STFK=UF2Ê



����� � ���������
	�����������

¿�À rUÁ¨vyxÍÚ Aw{ �%~frUá�t_Û>t>p ÀKÜ qsr��0rUÉU~yn ÜuÀ rUqut_p ��n,~crG~yq�Û>t_p�t � nDrG~yq�É*àfá�nOp�����p���r*q�t>p�nOp��
² �������@�Ð¢K�f�>�y¾&�y���@�;�G¬ � ���(���Z�K�����s�f�>���j��� �dª ¡;¡���� �dª ��¦Z¡X¡s� n,m ∈ N £ �s�´���¡Í¦K���s�f�>��� ± δnm

�Í�U�
£ ¦T�  ���8�8� �����6��� : �K¾j§0�f¡X¶

∫ 2π

0

B�SDM
nx

B�SDM
mxdx =

∫ 2π

0

ME9XF
nx

MN9;F
mxdx = π · δnm (m,n) 6= (0, 0)

∫ 2π

0

B�SDM
nx

MN9;F
mxdx = 0.

�¯q�p�n¨p�� � nD~yq�É*àfá�nYv�p�r*nOÛ5~ À r*q�t>p�É � nDrUá�t9��n
å�9X= �29ÍM}?@=cW0=G:(Ë�:@9ÍB�ROM�HGJK] ��=G:@=UB�CKFK=UFØeTSTFâ�dFD?@=GaT:�AZb;=GFkb;9X=UÔT=cME9;B�CâF5SOB�Câ=U:EC5=G<Kb;9;B�CØe,=G:E�
bÍLZFKa,=G:@F2lTå�=GFKFKS0B�C&Ì9;:�WQ]QAZFQC5LTJ0g5a	ATJ0[2FOJK]%=G:@9;M@B�CK=hß¨=G?ECKS0W0=UFcAZFKa,=GÌ9;=UME=GF&ME=G9;F2l���9XFK=
=G9;F0[�A,B�CK=�AZ<>=G:Ì9;:EROJKFKaDMNe,STb;bX=ß¨=G?ECKS0W0=9ÍM}?\W09;=�MESTaT=UF5AZF5F,?@=

|.~ À ��nOÁZ~ynOÛ_n Ü vyxXã �è���(�����
f : [a, b] → R

©T�4���;¾&¦y¡!�G�d�f���X¢ £ �;®2�������K©U�����*§T¦Z�c�Z� £ C :=MEJKÏ {|f ′′(x)| : x ∈ [a, b]} ¼ ² ¦Z�K�j�Í�U� �dª � n ∈ N,≥ 1
�Z� £ h := b−a

n

∫ b

a

f(x)dx =

(

1

2
f(a) +

n−1
∑

ν=1

f(a+ νh) +
1

2
f(b)

)

· h+R,

¾%�u� |R| ≤ C
12 (b− a)h2.

Ç(n,È¸nDquÉTÊ�8�9;:�ME=�?@HG=GF
aν := a+νh

JKF5W�<>=�?@:@A,B�CD?E=GFHUJKF5LTB�C_M}?�FOJK:�=G9;F	Ë�=U9Xb;9;F,?@=G:@eyAZb;b
Iν :=

[aν , aν+1] = [aν , aν +h].
å�ATHGJ�<K9;bÍW0=GF(Ì9X:7W09;=PKJKFKRD?@9XS,F

ϕ(x) := 1
2 (x−aν)(aν+1−x) =

1
2 (x−aν )(h+aν −x).

$09X=�9;MN?�9;] �dFKFK=U:EF&e,STF
Iν
MN?E:@=GFKa¸Ï_SDMN9X?E9;e�VDATF&W0=GF
�hAZF5WKÏKJKFKRD?E=UF

= 0
JKF_W�[sÑ5:	W09;=cÙh<Kb;=G9X?EJ5FKaT=UFka,9XbX?

ϕ′(x) = h
2 − (x − aν)

J5F5W
ϕ′′(x) = −1.

ß¹9Ð?E?E=GbÍM
HGÌ�=G9;]QAZb;9Xa,=G: 	7AT:N?@9X=UbXb;=G:��dFD?E=Ga,:@AZ?E9;STF¨R,ÖTFKFK=UF¹Ì9;:�FOJKF�W5ATM�JKF5M¯9XFD?@=G:@=UM@MN9;=G:@=GF5WK=��dF,?@=Ga,:@ATb
eTS,F

f
ÑK<>=G:\WKA,MË�=U9Xb;9;F,?@=G:@eyAZb;b

Iν
Ì9X=[sS,bXaT?!<>=G:@=UB�C5FK=GF2Ê

∫ aν+1

aν

f(x)dx =

∫ aν+h

aν

f(x)dx = −
∫ aν+h

aν

ϕ′′(x)f(x)dx

= −ϕ′(x)f(x)
∣

∣

aν+h

aν
+

∫ aν+h

aν

ϕ′(x)f ′(x)dx

=
h

2

(

f(aν) + f(aν+1)
)

+ ϕ(x)f ′(x)
∣

∣

aν+h

aν
−
∫ aν+1

aν

ϕ(x)f ′′(x)dx

=
h

2

(

f(aν) + f(aν+1)
)

− f ′′(ξν)

∫ aν+1

aν

ϕ(x)dx

=
h

2

(

f(aν) + f(aν+1)
)

− h3

12
f ′′(ξν),

Ì�ST<>=G95HUJKb;=�?EHG?.W0=U:.ß¨9X?N?@=Gb;Ì.=U:N?�MEAZ?EHhW0=U:��dFD?E=UaT:�AZb;:E=*B�CKFOJKFKa¯<_=UFDJK?EH�?�ÌJK:�W0=JKF5W&WK9X= $O?E=Gb;b;=
ξν ∈ (aν , aν+1)

9;MN?Ul
å�JK:@B�CYÙhJK[�MNJK]%]%9;=G:@=GFi[sSTb;aZ?

∫ b

a

f(x)dx =

(

1

2
f(a) +

n−1
∑

ν=1

f(a+ νh) +
1

2
f(b)

)

· h+

n
∑

ν=1

h3

12
f ′′(ξν),

Ì�ST<>=G92ME9;B�CYW0=G: �=UMN?Ì.=UaT=GF
nh = b− a

Ì9;=¯<>=GC_AZJKÏ0?@=�?�AT<5M@B�C5Ly?@HG=GFjb;LTÔZ?*l
�



Å������X¢0�����u¡X�u¬ � �\¤d�����@¢D��¦Z¡�� ���@� �

� +\/ �}14/�+�-K6 �����\/ ),+.-0/21435�76N/
��=G92W0=U:��49;F0[sÑKCK:@JKFKa&WK=UM!�dFD?E=UaT:�AZbÍM ∫ b

a
f(x)dx

C5Ay?E?E=UFjÌ9;:heTS,:@ATJ5MEaT=UME=�?@H�?*V
� WKAZÔ%WKATM!�dFD?@=GaT:�Ay?@9XS,F5MN�°�dFD?E=U:EeyATbXb

[a, b]
=GF5W0b;9ÍB�Ci9ÍMN?hJKF5W

� WKAZÔ%W09;=�PKJKFKRD?@9XS,F
f
WKAZ:�AZJK[�]%9XF_W0=UMN?E=UF5M<>=UM@B�CK:@LTFKRD?�9ÍMN?Ul

ÙhJ_MEW0:@Ñ5B�R,=�Ì9;=
∫ ∞

0

e−xdx
S0W0=U: ∫ 1

0

dx√
xME9XF5W�ATb;MESØHGJKF_LTB�C5MN?cMN9;FKFKb;S,MUl�ß¨9X?ja,=GÌ9ÍMEME=GF#Õ�ST:�ME9;B�CD?@ME]QAZÔ,F5AZCK]%=UF�R,ÖTFKFK=UF�Ì9;:c9;CKFK=UF

AZ<>=G:=U9XF5=GF $O9;FKFYHGJOÌ.=U9;ME=GF�l
min,o7p�qsrUqut_pwvyx;ã�z ² ���(���Z�K�����s�f� f : [a,∞) → R

����� ª §O����«�� £ ��¾ ¤d�������U¥�¦Z¡X¡
[a,R]

¾%�°�
a < R <∞ �X������¢,�@�����*§,¦y�f¼,�>¦y¡;¡;� £ ¦Z�K� £ ����½!�����5©T�4���*�

bX9;]
R→∞

∫ R

a

f(x)dx

�320�Í�G�u�����U�N� � ���;�5� £ ¦Z�!¤d������¢,��¦y¡ ∫∞
a
f(x)dx

º �O�y��¥f���E¢0�����N»!�Z� £ ���;�\���y��©y���
∫ ∞

a

f(x)dx :=
b;9;]

R→∞

∫ R

a

f(x)dx.

Ã�¦Z���°���E�u¬ � � £ ¦Z�K�k¦K�0¬ � ¥f�y�k���;�>��¾ º �Z�>���Ð¢K������¡;�u¬ � ��� 4 �*�6528�8�2�s¤d���d�@¢,��¦y¡°»�¼ �h�>¦y¡s�*¢k§0����O�y¾%¾c�7¾&¦y�Y���y¡�¬ � �	�Z�����X¢0�����u¡X�u¬ � ���i¤d������¢,��¦y¡s� £ ���h�>�y�E¾
∫ b

−∞
f(x)dx

Ç(nDquÉG�7q�n Ü vZxXã�Â ∫∞
0 e−xdx

�0�f��¥f���N¢D�����U��� £ ���K�����!�Í�G�
∫ R

0

e−xdx = −e−x
∣

∣

R

0
= 1 − e−R → 1 (R → ∞).

$O9;FKFKa,=G]QLZÔ(aT=UCK=GFjÌ9X:!eTS,:UVDÌ�=GFKFi=�?}Ì!A¸W5ATM��dFD?E=G:@eyAZb;b�=GF5W0b;9ÍB�C2V0AZ<>=G:W09;=P5JKFKRD?E9;STFiFK9ÍB�CD?
<>=UM@B�CK:@LTFKRD?9;MN?Ul
min,o7p�qsrUqut_pwvyx;ã>Ú ² ���\�2�Z�5�>�u���y� f : (a, b] → R

����� ª §O���2«�� £ ��¾ ¤d�>�d���*¥�¦y¡;¡
[a+ ε, b] ± ¾%�°�

a < a+ ε < b
¶h�;������¢,�@�����*§T¦Z�*¼D�_¦Z¡X¡Í� £ ¦Z�K� £ ����½!�����K©,�����U�

b;9X]
ε→0

∫ b

a+ε

f(x)dx

�320�Í�G�u�����U�N� � ���;�5� £ ¦Z� º �Z�>���X¢0������¡;��¬ � �y»4¤d������¢,��¦y¡
∫ b

a

f(x)dx

�O�y��¥f���E¢0�������Z� £ ���;�h���y��©y���
∫ b

a

f(x)dx :=
b;9X]
ε→0

∫ b

a+ε

f(x)dx.

�h�>¦y¡s�*¢ �dª � £ �s���0§0�����¸½!�����K©f�Z¼



������� ���������
	�����������

Ç(nDquÉG�7q�n Ü vZxXã>ã ∫ 1

0
dx√

x

�O�f��¥y���E¢,�s���*� � £ ���K�����!�;�U�
∫ 1

ε

dx√
x

= 2
√
x
∣

∣

1

ε
= 2(1 −

√
ε) → 2 (ε→ 0.)

��bX=U9X<K?hFKS0B�CiW0=U:hP5ATbXb°V5WKATÔ(<>=G9ÍW0=��dFD?E=UaT:�Ay?@9XS,F5MNa,:E=UFKHG=UF �}RO:@9Ð?@9;M@B�C���MN9;F5W�l
min,o7p�qsrUqut_pwvyx;ã�ç ���4�����

a ∈ R∪{−∞}, b ∈ R∪{∞} �Z� £%£ �s�����Z�K�����s�f� f : (a, b) → R����� ª §0���«�� £ ��¾ ¤d���d���*¥�¦Z¡X¡
[α, β] ⊂ (a, b)

�;������¢,�@�����*§T¦Z�*¼�·c���K� £ ¦y�K� �dª �¨���;� §O��¡X�s�y§Z�Ð¢
¢0�y� � � ¡°����� c ∈ (a, b)

§0��� £ ��¤d�����@¢D��¦Z¡��
∫ c

α

f(x)dx
�T� £

∫ β

c

f(x)dx

�dª �
α → a

§y©,�h¼ �dª �
β → b

�0�f��¥f���N¢D�����������G��� � ���;�5� £ ¦T���Z�����X¢0�����u¡X�u¬ � ��¤d������¢,��¦y¡ ∫ b

a
f(x)dx�O�y��¥f���E¢0�������Z� £ ���;�h���y��©y���

∫ b

a

f(x)dx =
bX9;]

α→a+

∫ c

α

f(x)dx+
bX9;]

β→b−

∫ β

c

f(x)dx.

Ç(nDquÉG�7q�n Ü vZxXã�� �.��;�U�
∫ +∞

−∞

dx

1 + x2
= π.

å�=GFKFY=UM!9ÍMN?
∫ β

0

dx

1 + x2
=
AZ:�B�?�AZF

x

∣

∣

∣

∣

β

0

=
AZ:�B�?�AZF

β → π

2
(β → ∞)

JKF5WYATJ5B�C
∫ 0

α

dx

1 + x2
=
AZ:�B�?�AZF

x

∣

∣

∣

∣

0

α

= − AZ:�B�?�AZF
α→ π

2
(α→ −∞).

ÙhF_AZb;STa%=G:@C5LZbX?]QAZFiÑK<_=U:\W0=UFiAT:@BUMN9;F�Ê
∫ +1

−1

dx√
1 − x2

= π.

# À ~yp���p�Û � ª � £ ��� � �f��¥f���N¢K���K© £ ���!¤d���d�@¢,��¦y¡Í�
∫ +∞

−∞
f(x)dx

�Í�G�.",
 *#+$�h¦0�,�N�����u¬ � ��� £ � £ ¦y�
bX9;]

R→∞

∫ +R

−R

f(x)dx

�O�y��¥f���E¢,�s���*�}�2���f� £ ���@�`����¾ ª �E����� £ ���Y½!�����5© ª §0���E¢ �Z�0¢0�(¦y� £ ��� §0��� £ ���`��� £ ��� -/" � ���
+��(" % 
 %��	��" ��
 " �(".�,����¾�
*¢D¡X�u¬ � �����X��¼
ÙhbÍM ��=G9ÍMNÏK9;=GbDCK9;=G:E[sÑK:�MN=U9,=G?}Ì�A

f(x) =
ME9XF

x
<_=G?E:�ATB�CD?E=G?Ulyå�9X=*M�9ÍMN?�=U9XFK=.JKFKa,=G:�ATW0=�PKJKFKRD?@9XS,F

JKF5WYWKAT]%9Ð?h9ÍM}?\MN?E=G?@M
∫ +R

−R

ME9XF
x dx = 0,

Ì!LZCK:@=GF5Wj=�?}Ì!A
∫ R

0

MN9;F
x dx = − B�SDM

x
∣

∣

R

0
= 1 − B�S,M

R



�>���*�°¦K�T�G¬ � ���k¥f�y�k½!�����K© ª §0���E¢ �y�K¢0��� ���@� �

[sÑK:
R→ ∞ FK9ÍB�C,?hR,STFOeT=U:Ea,9X=U:N?*l

$OS,b;B�CK=�aT=GR,STÏKÏ>=GbX?E=UF �¯:E=UFKHGÌ�=G:E?E=�ME9;F5W�AZb;bX=U:@WK9XFKaDM�aT=UbX=UaT=UF,?@bX9ÍB�C�W0S0B�C�MN9;FKFOeTS,bXb°lUß�AZF�FK=UFKFD?
ME9X=�W0=UF����7�� ��
������\AZJ5Ï0?}Ì.=U:N?���W0=UM!J5FK=G9;aT=UF,?@bX9ÍB�CK=UFi�dFD?@=GaT:�AZbÍMUl
×>Ì9ÍMEB�C5=GF�J5FK=G9;aT=UF,?@bX9ÍB�CK=UFÄ�dFD?E=UaT:�AZb;=GF¹J5F5W`×�AZCKb;=GF5:E=U9XCK=UF�<>=UMN?E=UC,?�=U9XF`×>J5M@AZ]%]%=GFKC_AZFKa_V
W0=U:![sÑK:\Ùh<_MEB�C5LZ?EHUJKFKa,MEHGÌ�=UB�R,=\ST[�?hFDÑK?EHGb;9ÍB�Cj9ÍM}?*l
¿�À rUÁ¨vyx;ã�)#{Nv�p�rUnOÛ_~ À5Ü ����nD~yÛ Ü nOq�àfá�ÉU��~yqsr*n,~yqu� � �Y���������

f : [1,∞) → R,≥ 0
���;�>��¾c�Z�

�>�0���f� � ¦y¡;¡s��� £ �¯���Z�K�����s�f��¼ ² ¦Z�K�Y�O�y�>¥y���E¢,�s���*� £ �s�¯´���� � �
∞
∑

n=1

f(n)

¢0���_¦0� £ ¦Z�K���2�4���K� £ ¦T��Z�>���X¢0������¡;��¬ � �\¤d������¢,��¦y¡
∫ ∞

1

f(x)dx

�O�y��¥f���E¢,�s���*�E¼
Ç(n,È¸nDquÉTÊ!P�ÑK:

n− 1 ≤ x ≤ n
9;MN?

f(n) ≤ f(x) ≤ f(n− 1),
[sSTb;aTb;9;B�C

f(n) ≤
∫ n

n−1

f(x)dx ≤ f(n− 1).

ÙhbÍMES(9ÍMN?
m
∑

n=2

f(n) ≤
∫ m

1

f(x)dx ≤
m−1
∑

n=1

f(n).

8k=GaT=UF
f(x) ≥ 0

9ÍM}?.[sÑK:
m→ ∞ í�STFOe,=G:@aT=GF5H!L �DJK9XeyATbX=UF,?.](9X? �.=*MEB�C5:@LTFKRD?ECK=U9Ð?*VZÌ�A,M�W09;=

��=GC5ATJKÏ0?@JKFKa%bX9;=�[s=U:N?*l
�

8�9;:hFKSZ?@9X=U:E=UFjC59X=U:EHUJjFKS0B�Cj[sSTb;aT=UF5W0=UM
Ç(nDquÉG�7q�n Ü vZxXã�;è� ª �

f(x) := 1
x

¡X�s� � ���U� £ �s���
m
∑

n=2

1

n
≤
∫ m

1

1

x
dx ≤

m−1
∑

n=1

1

n

� £ ���
(

m
∑

n=1

1

n

)

− 1 ≤
∫ m

1

1

x
dx =

b;F
m ≤

(

m
∑

n=1

1

n

)

− 1

m
.

² ���"!4¦y�*����¦y¡Í�U�Z¾%¾&��� £ ��� � ¦Z�E¾c�f�5�;�G¬ � ���i´���� � �¸��¦O¬ � �����Y¦y¡Í���&���s� £ ����_¦K� ª �@¡;��¬ � ���7�*¢O¦,��@�u� � ¾c�T�*¼

��/23K-O� ��� � �h/�+
	 �.+��w3K/�+������/�3K1���+h14/�+
8�9;:�C5Ay?E?E=GF(aT=*MN=UCK=GF � $0Ay?@HP.l ���5V $0Ay?@H.��l � � ��VZWKATÔ�]QATF¸HUJ¸=U9XFK=U:4W0JK:�B�C¸=U9XF5= 	7ST?E=GF5HG:@=G9;CK=WKAT:Ea,=UMN?E=Gb;bX?E=GFiPKJKF5R,?@9XS,F

f(x) =

∞
∑

0

aj(x− x0)
j



�����	� ���������
	�����������

Ùh<5bX=U9Ð?@JKFKa
f ′ <5HGÌ�l9$D?@AT]%]¸[sJ5FKRD?E9;STF ∫ f <>=GR,ST]%]�?*V�9XF5WK=G] ]QAZFkW09X= �=U9XCK=%W0=U:¯Ù\<KbX=U9Ð�

?EJ5FKaT=UFi<5HGÌ�lKW0=U: $D?@AT]%]¸[sJ5FKRD?E9;STFK=UFi<59XbÍW0=�?*Ê

f ′(x) =

∞
∑

0

(

aj(x− x0)
j
)′

=

∞
∑

0

j · aj(x− x0)
j−1,

∫ x

0

f(t)dt =
∞
∑

0

∫ x

0

aj(t− x0)
jdt =

∞
∑

0

1

j + 1
· aj(x− x0)

j+1.

��=G9ÍW0=\F5=GJK=U:EC5ATbÐ?@=GFK=UF �=U9XCK=UFcC5AT<_=UFcW0=UF5MN=UbX<>=GFií\S,FOeT=G:@aT=UFKHG:�ATWK9XJ5M�Ì9;=�W09;=¯JK:@MEÏK:@ÑKFKa,bX9X�
B�CK= �=U9XCK=,l
��=G9�W0=U:��.9;bÍW0JKFKa(eTS,F

f ′ C5AZ<>=GFiÌ9;:!ATb;MES(HGJKF5L,B�C5MN?!W0=UF �¯:@=GF5HGÏK:@STHU=UM@M��Eí\S,FDe,=G:@aT=UFKHhW0=G:
�=U9XCK=#�¯JKF_WiW5AZF5A,B�CiW0=UF �¯:@=GF5HGÏK:@STHU=UM@M �Eå�9Ðæ�=G:@=GFKHU9X=U:E=UF��¯ATJ5MNHUJ0[sÑKCK:@=GF�l08�9X:\ME=GC5=GF2VKWKATÔ
]QAZF�� �	 �(ATJ5B�Ci9XF¨W0=U:JK]%aT=GR,=GCK:E?E=UF
�h=G9;CK=GF0[sS,bXa,=eTST:@aT=UCK=GFjRyAZFKF2l
�4FD?@MEÏK:@=UB�CK=UF5W0=*M!bX9;=GaT?����	��(<>=G9;]Æ�dFD?E=UaT:@9X=U:E=UFceTS,:Ul
�dF¹W0=U: $O9X?EJ5AZ?E9;STF¹W0=U:�	7SZ?E=UFKHG:@=G9;CK=UFiR,ÖTFKF5=GFYÌ9X:¯AZbÍMNSQW09;=�<>=G9ÍW0=GF �¯:@=GF5HGÏK:@STHU=UM@MN= �Eí\S,F0�
eT=U:Ea,=GFKHjW0=G: �=G9;CK=#�cJKF5W �Eå�9Ðæ�=G:@=GFKHU9X=U:E=UF��c<KHUÌ�l �N�dFD?E=UaT:@9X=U:E=UF��%e,=G:E?@ATJ5MEB�C5=GF2V�STCKFK=iAZ]
�4:@aT=U<KFK9ÍM!=�?}Ì!ATM�HGJ¨LZF_W0=G:@F2l
v � ÀKÜ�Ü Û_n � nOq�p�nOp � À5Ü�Ü q�ÉUr ��q�nOÉ%� ÀKÜ É*àfá��
8�9;:.C5AT<_=UFjWKA,M�Õ�S,:Eb;9;=GaT=UFQaT=U=G9;aTFK=G?E=G:.Õ�ST:�AZJ5M@ME=�?EHUJKFKa,=GFQHGJjÏK:@Ñ0[s=GF2VD=GC5=�Ì9;:.=U9XF5=�MESTbÍB�CK=
Õ�=G:E?@ATJ5M@B�CDJ5FKa¸e,STF �¯:E=UFKHGÏ5:ES,HG=UM@ME=GFce,ST:@FK=GC5](=UFjW0Ñ5:N[s=UF2l
��MhME=G9

D
=UF,?}Ì�=UWK=G:!=G9;FY�dF,?@=G:@eyAZb;b�9XF

R
S0W0=U:=G9;FK=�í:@=G9ÍMEM@B�CK=G9;<>=�9;F

C.

min,o7p�qsrUqut_pwvyx;ã A ½\�@¢K�y§0���������4���;�>���>�f¡X¢0�
(fn)n∈N

¥f�y�¹�2�Z�5�>�u���y�>���
fn : D → C,

�dª �
£ �s�¦y��«�� £ ��� : ����¡X¡s� x ∈ D £ ����½!�����K©,�����U�

f(x) :=
b;9X]

n→∞
fn(x)

�320�Í�G�u�����U�@¼ ² ¦y�K�Q��¦f¢0���j���;��� º ² �s�!�2�Z�5�>�u���y�>���>�����f¡X¢0� (fn)
�O�f��¥y���E¢,�s���*�>¦0� �

D
�7�T�K���d�����;���

¢0��¢0��� £ �s�¸½!�����K© � �T�K�����s�f� f. »
Ç(nDquÉG�7q�n Ü vZxÍç � é ¼!� ª � |x| < 1

�Z� £ fn(x) :=
∑n

j=0 x
j �Í�U�

b;9X]
n→∞

fn(x) = f(x) :=
1

1 − x
.

± ¢0�U�f¾c�f�u�E�Í�G¬ � �!´���� � ��¶��Z� £%� �����!�;�U� £ �������	½!�����K© � �T�K�����s�f�Ä§0��¡;�s�y§y�X¢&� � ���G�d�f���X¢ £ �X®2��������K©G�s���f§T¦y�f¼
ê ¼!� ª �����;�>� � ���U���� �¦ � ¡ k ∈ N,≥ 1

§O�y����¦O¬ � ���

fn(x) :=

{

(1 − n2x2)k+1
�dª � |x| < 1

n

0
�dª � |x| ≥ 1

n
.

² ¦Z�K�j�Í�U�
fn(x) :=

{

1
�dª �

x = 0
�Z� £ «�� £ ��� n,

0
�dª �

x 6= 0
�Z� £ «�� £ ��� n > 1

|x| .
: �f¾%�°���Í�U�

b;9X]
n→∞

fn(x) = f(x) :=

{

1
�dª �

x = 0

0
�dª �

x 6= 0.

² �s�����Z�K�����s�f�>��� fn

�E�X� £ � �Z¾c�u¡X�u¬ � k ��¾&¦y¡,�U���y���X¢ £ �;®2�������K©U�����*§T¦Z�*¼0·¹�X� � ¦K§0���¸¦Z¡;����©,����;�>����>�y¡Ð¢K�	¥f�f�
k
��¾Q¦Z¡��G�d�f���X¢ £ �;®��������K©G�s���f§T¦y�����i�2�Z�5�>�u���y�>���¹���;�>�¸½!�����K© � �T�K�����s�f���

£ �����K�u¬ � �����;�K¾&¦y¡7�U���f�u�Ð¢Y�Í�G�@¼ ±Í² ���5����¡�§O�����4®2�����!�Z¦y�K�Ä¾Q¦Z�����*¢O¦Z�\¾%�°�¯§0��¡;���Z§y�X¢¹� � ��G�d�f���X¢ £ �;®��������K©G�s���f§T¦y�����i�2�Z�5�>�u���y�>�������E�����u¬ � ����¼ ¶



�>���*�°¦K�T�G¬ � ���k¥f�y�k½!�����K© ª §0���E¢ �y�K¢0��� ���@� 

� ¼!ÃÄ� £ � �5©G�s�������k���X� £ �s�������= h���;�����s��¡��Z� £ ���f�u©f�����y�d�7¦

fn(x) :=

{

n
(

1 − n2(x− 1
n
)2
) �dª �

0 < x < 2
n

0
���y�5�G�N�

��� � �f¡X¢_� �dª �¯¦y¡;¡��
x £ �������@�u¥f��¦y¡s�	½!�����5©T�4���*�

bX9;]
n→∞

fn(x) = f(x) := 0.

² �s�(�2�Z�5�>�u���y�>��� fn

�Z� £ � � ���i½!�����K© � �Z�K�����s�f� f �E�;� £ ¦Z¡;���i¦y¡;¡��¸�U���y���X¢Ø�T� £Ø£ ¦y¾%�°��X������¢,�@�����*§,¦y�f¼,Ã�¦Z�k§0�����*¬ � �>�f�
∫ 2

0

fn(x)dx =

∫ 2
n

0

n(1 − n2(x− 1

n
)2)dx =

4

3
,

∫ 2

0

f(x)dx =

∫ 2

0

0dx = 0.

² �s�h���f¡X¢0� £ ���!¤d������¢,��¦y¡s� ∫ fn(x)dx
�0�f��¥f���N¢D�����U��¦Z¡;���D�K¦K§0��� ",
 *#+$�.¢0�@¢K��� £ ¦Z�.¤d�>�d���¢,��¦y¡ £ ����½!�����5© � �Z�K���u���y��¼

å�9X=*MN= ��=G9ÍMEÏK9X=UbX=�]%Ö,aT=GF¨ATb;M8ØAZ:@FOJKFKa%aT=UFOÑKaT=UFiWKAZ[sÑK:*V_WKATÔ%WK9X=�<>=G9 	�ST?E=UFKHG:@=G9;CK=GF¨ATFKaT=G�
?E:@SZæ�=GF5=GFiÕ�=G:@C5LZbX?EFK9ÍM@MN=FK9ÍB�CD?hSTCKFK=Ì�=G9X?E=U:E=*M!eT=G:�AZb;b;aT=G]%=U9XFK=U:E<_AZ:.ME9;F5W�l
# À ~yp���p�Û ¤d¾ ¦y¡;¡X¢0��¾c���X�>���Q�N�;� £Q£ ��� $ §0���E¢O¦Z�0¢�©T�Z��½!�����K© � �Z�5�>�u���y�j���;�>���.�2�Z�K���u���y�>���_�� �f¡X¢0�\�K�u¬ � �7¾(�°� ² �X®2���������u�Í¦K���s�f�¹� £ ���¤d������¢,��¦0���s�f�Ä¥f���U��¦0�T�G¬ � §T¦y�f¼
å�9X= $O9Ð?@J5Ay?@9XS,F�LZF_W0=G:E?�ME9;B�C2V>Ì�=GFKF¨Ì9;:�HUJ¹=G9;FK=U] MN?@LT:ER,=G:@=GFYí\S,FOeT=G:@aT=UFKHG<>=Ga,:E9Xæ¹ÑK<>=G:@aT=G�
CK=UF2lT�dF $0AZ?EH\P�l �C5AZ?N?E=UFQÌ9X:�[sÑK:.WK9X=\ATJ0[

D
<_=*MEB�C5:@LTFKRD?E=GFQP5JKFKRD?E9;STFK=UFcW09;= � $OJKÏK:@=G]¸JK](�

ÎhS,:E] �=G9;FKaT=G[sÑKCK:E?UÊ
|f |∞ :=

MEJKÏ
x∈D

|f(x)|.

min,o7p�qsrUqut_pwvyx�ç�zw� ª �i¦K� �
D

§0���G¬ � ���y�K���d�i�2�Z�K���u���y�>��� fn, f
��¦f¢K�������X��� º ² �s�Y�>�y¡Ð¢K�

(fn)
�O�f��¥y���E¢,�s���*��¢,¡s���u¬ � ¾ �y�,�Ð¢Q¦0� � D ¢K�@¢K���

f
»u�2�����K�j¢,�;¡u�N� £ ¦y�Y§O��© ª ¢D¡X�u¬ �Ä£ ��������� �¯�y�E¾

|fn − f |∞ → 0
�dª �

n→ ∞.

�d] ST<K9;aT=UF �.=U9;MEÏK9;=Gb2C_AZ<>=GF¨Ì9;:\9;] P_AZb;bX=	WK=G:\a,=GS,](=G?E:@9;M@B�CK=UF
�=U9XC5=	aTb;=G9ÍB�CK]QLZÔ,9Xa,=¯í�STFK�
eT=U:Ea,=GFKH	9XF &}=UW0=U:í:@=G9ÍM@MEB�CK=U9X<>= |x| ≤ q

]%9X?
q < 1,

<>=G94WK=GF ��=U9;MEÏK9;=Gb;=GF?�Kl>J5F5W �5l_b;9X=UaZ?
&}=UWKSOB�CYR,=G9;FK=aTb;=G9ÍB�CK]QLZÔT9;aT=¯í\S,FOeT=G:@aT=UFKH\e,ST:*l
¿�À rUÁ¨vyx�ç_Â � �f��¥f���N¢D�����U� £ ���¸���f¡X¢0� (fn)

¦K� �
D
¢,¡s���u¬ � ¾ �y�,�Ð¢i¢0��¢0��� f, ���c¦K�0¬ � ���Z�K���°��4���Í���Z¼

Ç(n,È¸nDquÉTÊ!P�ÑK:
x ∈ D

9;MN?
|fn(x) − f(x)| ≤ MEJKÏ {|fn(x′) − f(x′)|;x′ ∈ D} = |fn − f |∞ → 0 (n→ ∞).

�

¿�À rUÁ¨vyx�ç5Ú � �f��¥f���N¢D�����U� £ �s�����f¡X¢0� (fn)
¦0� �

D
¢,¡s���u¬ � ¾ �y�T�X¢Q¢0��¢0��� f �T� £ �E�X� £ �dª �����;�

x0 ∈ D
¦y¡;¡s�

fn

�U���y���X¢%�;�
x0,

���(¦K�0¬ ��£ ���(½!�����K© � �Z�K�����s�f� f.
Ç(n,È¸nDquÉTÊh×>J

ε > 0
Ì!LZCKb;=

n
]%9Ð? |fn − f |∞ < ε

JKF5WØ<>=UMN?E9;]%](=jWKAZHUJ
δ > 0,

MES0WKAZÔ
|fn(x) − fn(x0)| < ε

[sÑ5: |x− x0| < δ.
å¯AZFKFY9ÍM}?![sÑK:\MESTbÍB�CK=

x

|f(x) − f(x0)| ≤ |f(x) − fn(x)| + |fn(x) − fn(x0)| + |fn(x0) − f(x0)| < 3ε.

�



����� � ���������
	�����������

8�9;:hC5AZ<>=GFYAZbÍMES
� �  � ��� �  � ������ ��� � ��
 �  ��� �� ��� �	��
� ��� ���� � 
�������  
	�  � � �����  
��

ÙhF_AZb;STaT=*M�C5AZ<>=GFYÌ9;:![sÑK:\WKA,M!�dF,?@=Ga,:E9;=G:@=GF2Ê
¿�À rUÁ¨vyx�çKãè���¯�����

(fn)
���X�>���>�f¡X¢0���;������¢,�@�����*§T¦Z�����h�2�Z�5�>�u���y�>���

fn : [a, b] → R, £ �s��¦0� �
[a, b]

¢,¡s���u¬ � ¾ �y�,�Ð¢j¢0�@¢K��� f �0�f��¥f���N¢D�����U�@¼ ² ¦y�K�Ø�Í�G�\¦K�0¬ � f �X������¢,�@�����*§,¦y�(�Z� £ �dª ��«�� £ ���
x ∈ [a, b]

�;�U�
b;9X]

n→∞

∫ x

a

fn(t) dt =

∫ x

a

f(t) dt.

Ç(n,È¸nDquÉTÊh×>J
ε > 0

Ì!LZC5bX=
n
](9X? |fn − f |∞ < ε,

MNS0WKATÔ(ATb;MES¸[sÑK:\AZb;b;=
x
W5AZFKF

fn(x) − ε < f(x) < fn(x) + ε

9ÍM}?*l5å�A
fn

9;F,?@=Ga,:E9;=G:@<5AZ:�9ÍM}?*VKaT9;<0?h=UM!F_ATB�C $0Ay?@H¯��l %Ë�:@=GÏ5Ï_=UF0[sJKFKRD?E9;STF5=GF

ϕ ≤ fn ≤ ψ
]%9X? ∫ b

a

(ψ(x) − ϕ(x))dx < ε.

å¯AZFKF¨ME9XF5WiAZJ_B�C
ϕ− ε

JKF5W
ψ + ε

Ë�:@=GÏKÏ>=GFK[sJKFKRD?E9;STFK=UF2V0[sÑK:hWK9X=�WKATFKF

ϕ(x) − ε ≤ fn(x) − ε < f(x) < fn(x) + ε ≤ ψ(x) + ε

aT9;bX?hJKF5Wj[s=G:@FK=G:
∫ b

a

(

(ψ(x) + ε) − (ϕ(x) − ε)

)

dx =

∫ b

a

(

(ψ(x) − ϕ(x)) + 2ε)

)

dx < ε+ 2ε(b− a).

å¯A
ε > 0

<>=Gb;9X=U<K9XaQÌ!AZ:*VO9;MN?\WKAT](9X?
f
9;FD?E=Ga,:E9;=G:@<5AT:Ul

å¯AZFKFY9ÍM}?\AT<_=U:![sÑK:
x ∈ [a, b]

∣

∣

∣

∣

∫ x

a

f(t)dt−
∫ x

a

fn(t)dt

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ x

a

(

f(t) − fn(t)
)

dt

∣

∣

∣

∣

≤
∣

∣

∣

∣

∫ x

a

∣

∣f − fn

∣

∣

∞dt

∣

∣

∣

∣

≤ |b− a| ·
∣

∣f − fn

∣

∣

∞ → 0 (n→ ∞.)

�

P�ÑK:!M}?@=�?E9;aT=¯PKJKF5R,?@9XS,FK=GF&[sSTb;aZ?.F_Ay?EÑ5:Eb;9;B�C&WK9X=��dF,?@=Ga,:E9;=G:@<5AZ:@RT=U9Ð?4W0=U: �¯:@=GF5H�[sJKFKRD?@9XS,FcMEB�C5STF
AZJ_MW0=G]äeTST:@9;aT=GF-$0Ay?@H��l ���Kl
� ���� �� ��� ����
�� ���  ��� � 
�������  
	��� ��� �!� � 
#" 
 � $� �������	��
 ��
��&%	� ��� � �
('*)�+ � �
��-,��  ��� ��
.�
���� � ���	/0� �  
��

��?}Ì!ATM¸RTS,](Ï5bX9;HG9;=G:E?E=U:¸b;9X=UaT=UFIW09;=jÕ�=U:EC5LTbÐ?@FK9ÍMEME=j<>=G9;] å�9Ðæ�=G:@=GFKHU9X=U:E=UF21�W09;=ja,bX=U9;B�CK]QLTÔT9;aT=
í�STFOeT=U:Ea,=GFKH%:@=G9ÍB�C,?¸CK9X=U:¸F59;B�CD?UV�JK] =G9;FK=UF`=GFD?@MEÏK:@=UB�CK=UF5W0=UFâÕ�=G:E?@AZJ_MEB�COJKFKaDMEM@Ay?@HQHGJ`<>=��
RTS,]%](=UF2l
Ç(nDquÉG�7q�n Ü vZxÍç>ç ² �s�¯�>�f¡X¢0� £ ���h�2�Z�5�>�u���y�>���

fn(x) :=
1

n
· ME9XF n2x



�>���*�°¦K�T�G¬ � ���k¥f�y�k½!�����K© ª §0���E¢ �y�K¢0��� ���!�K�

�O�y��¥f���E¢,�s���*���f®2����§T¦Z�4¢,¡s���u¬ � ¾ �y�,�Ð¢�¢K�@¢K��� £ �s�!�0�f�5�U�°¦Z�����!���Z�K�����s�f���O¼,� ª � £ �s� �¸§y¡����u�E�Z�_�¢0��� � ¦K§0���Ø���X�\¦5§O���

f ′
n(x) :=

1

n
n2 · B�SDM n2x = n · B�S,M n2x

�Z� £w£ �s�����j�>�y¡Ð¢K�Q�Í�G���E�u¬ � ���&¦y�¨«�� £ ��� : �d��¡;¡�� £ ���&�>�f�@¾ x = q · 2π
¾%�°����¦K���s�f�_¦Z¡���¾

q

£ �°¥f���N¢K�����E¼
P�ÑK:hWKA,Må\9Xæ>=U:E=UFKHG9;=G:@=GFY<>=GR,ST]%]%=GFiÌ9X:
¿�À rUÁ¨vyx�ç
� ���������

(fn)
���;�Ø�>�f¡X¢0�&¥f�y�Ø¦K� �

[a, b]
�U���y���X¢ £ �X®2�������K©U�����*§,¦y�����Ä���Z�K�����s�f��������dª � £ ���h¢0��¡u�d���é ¼

fn(x) → f(x)
�7�T�K���d�����;���%¦0� �

[a, b] ± ���������u¬ � � � �f��¥f���N¢K���K©%¦y�Ø=G9;FK=U: : ����¡X¡s� x0
¶

�Z� £ê ¼
f ′

n → g
¢D¡�����¬ � ¾ �Z�T�X¢%¦K� � [a, b].

² ¦y�K�&�Í�U��¦0�K¬ � f ¦0� � [a, b] �U���y���X¢ £ �;®2�������K©U�����*§T¦Z�h�Z� £ f ′ = g, £ ¼ � ¼ �dª �¦y¡;¡s� x ∈ [a, b]
�Í�G�

bX9;]
n→∞

(

d

dx
fn(x)

)

=
d

dx

( b;9X]
n→∞

fn(x)

)

.

Ç(n,È¸nDquÉTÊ!Î\A,B�C¨W0=G] ��AZJKÏK?@M@Ay?EH�9ÍMN?

fn(x) = fn(x0) +

∫ x

x0

f ′
n(t) dt.

P�ÑK:
n → ∞ C_AZ<>=GFIÌ9;:(F5ATB�C`Õ�S,:@ATJ5M@MN=G?EHGJ5FKa

fn(x) → f(x), fn(x0) → f(x0)
J5F5W

f ′
n → g

aTb;=G9ÍB�CK]QLZÔ,9XaQAZJK[�WK=G] a,AZF5HG=GFi�dFD?E=U:EeyAZb;b°l_å¯AQW09X=
f ′

n

M}?@=�?@9Xa&ME9XF_W�V59ÍM}?¯WKAZFKF¹ATJ5B�C
g
MN?E=�?@9Xa_V0[s=G:@FK=U:aT9;bÐ?F5A,B�C-$0AZ?EH���l � �

∫ x

x0

f ′
n(t) dt →

∫ x

x0

g(t) dt.

$OS,](9X?h9ÍM}?\ATJ5B�C
f(x) = f(x0) +

∫ x

x0

g(t) dt,

JKF5WYWKA
g
MN?E=G?E9;a%9;MN?UVK<>=GR,ST]%]%=GFiÌ9X:F_ATB�CYW0=G] �\AZJ5Ï0?@M@Ay?@HTVKWKATÔ

f ′ = g. �Ùhb;b;=.W09;=UME=.Ù\J5MEM@AZa,=GFaT=UbÐ?@=GF	ME9;FKFKaT=U]QLZÔ![sÑK: �=G9;CK=UF�eTS,F�PKJKFKRD?@9XS,FK=GF2VfW09;=.ATb;M �¯:E=UFKH�[sJKF5R,�
?E9;STF	HGJ¸WK=G:7PKSTb;aT=�W0=G: 	�AZ:E?E9ÍAZbÍMNJ5](]%=UF0��P5JKFKRD?E9;STF5=GF�HUJ�bX=*MN=UF	ME9XF5W � e,=G:@aTb°l 	7SZ?@=GFKHU:E=U9XCK=UF ��l
å¯AZÔ�Ì9;:�	7SZ?@=GFKHU:E=U9XC5=GFQaTb;9;=UW0Ì�=G9ÍMN=9;FD?E=UaT:@9X=U:E=UFQJKF5WQW09Xæ>=U:E=UFKHG9;=G:@=GF&WKÑK:N[s=UF2VD9;MN?.9;] �29ÍB�C,?@=
W0=U:3&}=�?EHG?�aT=UHG=G9;aZ?@=GF $0Ly?@HG=QW09;=&MN9;]%ÏKb;=&PKSTb;aT=%WKAfe,STF2V�WKATÔ
	7ST?E=GF5HG:@=G9;CK=GFk9XF%&}=*W0=G:�AT<KaT=G�
M@B�CKbXSDMEME=GF5=GF�í:@=G9ÍMEM@B�CK=U9X<>=	9;FKFK=U:EC5ATbX<kW0=UM�í�STFOe,=G:@aT=GF5HGaT=U<K9;=�?E=*MaTb;=G9ÍB�CK]QLZÔ,9XacRTSTFOe,=G:@aT9;=��
:@=GFYJKF5W¹WK9X= 	7ST?E=GF5HG:@=G9;CK=�AZJ5M\W0=GF¹Ù\<KbX=U9Ð?@JKFKa,=GF�W0=UF¹MN=UbX<>=GF¹í�STFOe,=G:@aT=GF5HG:�ATW09;J5M4<>=UME9X?EH�?
� $KAy?EH¸×7l � � �\l
8�9;:@Wi=G9;FK=�PKJ5FKRD?E9;STF

f : [a, b] → R
AZJK[

[a, b]
W0JK:�B�Ci=G9;FK= 	7SZ?E=UFKHG:@=G9;CK=�WKAT:Ea,=UMN?E=Gb;bX?UV

f(x) =
∑

j

aj(x− x0)
j (x ∈ [a, b]),

MES(9ÍMN?\AZbÍMNS
f
a,bX=U9;B�CK]QLTÔT9;aT=G: �29;]%=UMhWK=G: 	�AZ:E?E9ÍAZbÍMNJ5](]%=UF0� 	7S,b��OFKS,](=

fn(x) =
n
∑

j=0

aj(x − x0)
j .



����� � ���������
	�����������

�h9;=G:&ME9;F5W &}=*W0S0B�C#WK9X=¨AZÏ5ÏK:ES �09;]%9X=U:E=UF5W0=GF 	7STb �DF5ST]%=
fn

MESÄa,=G<5ATJ0?UV4WKATÔkME9ÍB�C(&}=¨HUÌ.=U9
AZJK[s=G9;F5AZF5WK=G:E[sSTb;aT=GF_W0=FOJK:�JK] =U9XFK=UFQ:E=U9XF5=GF 	7SZ?@=GFKHG?E=G:@]

an+1(x−x0)
n+1 W0=U:�:@9;B�CD?@9Xa,=GF

"�:�W0FOJKFKa	J5F,?@=G:�MEB�C5=G9ÍW0=GF2lOå�9X=*MN=�×>J5M@Ay?@HG<>=UW09;FKaTJ5FKa�[sÑKC5:N?!HGJiW0=G]ÓM@B�CKÖTF5=GFcå�9Ðæ�=G:@=GF5HG9;=G:E�
<5AT:ER,=G9X?@MEeT=G:@C5ATbÐ?@=GF&e,STF
	�ST?E=UFKHG:@=G9;CK=GF�l���LZÔT?]%ATFiME9;=�Ì.=Ua5V0MNS%<>=GR,ST]%]�?h]QAZFiFKS0B�CYW0=GF
� ����~ft��2q �`À r*q�t>p�É*É À rUÁ��_t>p��@.�,�.����
	��#0��
�Yvyx�ç )  ��(«�� £ ���%�U���y���X¢0���I�2�Z�5�>�u���y� f :
[a, b] → R

¢D�°§0�4���h���X�>�\�>�y¡Ð¢K�
(pn)

¥y�f� !��f¡��K�>�f¾c����� £ ����¦0� � [a, b]
¢D¡�����¬ � ¾ �Z�T�X¢�¢0��¢0��� f�O�y��¥f���E¢,�s���*�E¼

å�=GFY=�?}Ì!ATM�JK]([�AZF5aT:@=G9ÍB�CK=GF ��=GÌ�=G9ÍM!ÑK<_=U:Ea,=GCK=UFjÌ9;:*l
������	�����'��w/ ���\/�+
�49;FK=%AZJ0[�aDAZFKH

R
S0W0=G:

C
W0=�g_FK9X=U:N?@=(P5JKFKRD?E9;STF

f
]%9Ð?:E=U=Gb;bX=UF¹S0W0=G:¯RTS,]%ÏKbX= �0=GF¹8k=G:E?E=UF

CK=U9XÔT? �}Ï>=G:@9XS0W09ÍM@B�Cc]%9Ð?�	7=U:E9;S0W0=
ω > 0

��V0Ì.=UFKF
f(x+ ω) = f(x)

[sÑ5:hAZb;bX=
x

aT9;bX?Ul $O=G?EHG?h]%ATF
F (x) := f(

ω

2π
x),

MES(9ÍMN?hSZæ�=GFO<5AZ:
F (x + 2π) = f(

ω

2π
(x+ 2π)) = f(

ω

2π
x+ ω) = f(

ω

2π
x) = F (x),

MESOW5AZÔcATb;MES&W09;=	FK=UJK=¸P5JKFKRD?E9;STF�WK9X= 	�=U:E9;S0W0=
2π

C_Ay?Ul�å�9X=*MN=(ÎhST:@]%9X=U:EJ5FKacME=�?EHU=GF¨Ì9;:�9;]
[sSTb;aT=UF5W0=UFiMN?E=G?@Me,ST:�AZJ5MUl
��=G9ÍMNÏ59X=UbX=

2π
��Ï>=G:@9XS0W09ÍMEB�C5=G:PKJKF5R,?@9XS,FK=GF¹ME9;F5Wi=�?}Ì!A(BGS,M

kx,
ME9;F

kx, eikx
&}=GÌ�=G9;b;M![sÑ5:h<_=UbX9;=��

<K9;aT=
k ∈ Z

MESyÌ9X=W09;=�WKAZ:�AZJ5M�a,=G<K9;b;WK=�?E=UF �}?E:@9;aTSTF5ST]%=�?@:E9ÍMEB�C5=GF 	7S,b��OFKS,](=#�

Sn(x) =
a0

2
+

n
∑

k=1

(

ak

B�SDM
kx+ bk

ME9XF
kx
)

=

+n
∑

k=−n

cke
ikx,

Ì�ST<>=G9�]QAZFYÑK<>=G:
B�SDM

kx =
1

2

(

eikx + e−ikx
)

,
ME9XF

kx =
1

2i

(

eikx − e−ikx
)

HGÌ9ÍM@B�CK=GFi<_=U9;WK=GF¨å�AT:@MN?E=UbXb;JKFKa,=GFiÌ.=*B�C5ME=Gb;FjRyAZF5F2lKß¹AZFY<>=GR,ST]%]�? � k ≥ 1
�

c0 =
a0

2
, ck =

1

2
(ak − ibk), c−k =

1

2
(ak + ibk).

�¯=G<>=GFYÌ9;:=G9;FK=�PKS,bXa,=
(ck)k∈Z

e,ST:*VOMES0WKAZÔQW09;= �=G9;CK=

|c0| +
∞
∑

k=1

(|ck| + |c−k|)

RTS,FOeT=G:@aT9;=G:E?UV0MESQ<K9;b;W0=UF¨Ì.=UaT=UF ∣
∣eikx

∣

∣ ≤ 1 � [sÑK:�ATbXb;= x ∈ R
�W09;=	WKAT]%9Ð?\a,=G<K9;bÍW0=�?@=GFi?E:@9Xa,SZ�

FKS,](=G?E:@9;M@B�CK=UF-$OJ5](]%=UF
Sn(x) =

+n
∑

k=−n

cke
ikx

=G9;FK=AZJK[5a,ATFKH
R
aTb;=G9ÍB�CK]QLZÔT9;a\R,STFOeT=U:Ea,=GFD?E=.PKSTb;aT=,VyW09X=!MEST]%9Ð?�a,=GaT=UF�=G9;FK=MN?E=�?@9Xa,=.J5F5W � ?E:@9Ð�eO9;ATbX=U:EÌ9;=UME=¯Ì9X=*W0=G: �

2π
�°Ï>=G:@9;SOWK9;M@B�CK= �¯:E=UFKH�[sJ5FKRD?E9;STFiRTSTFOe,=G:@aT9;=G:E?UlD8�9X:hM@B�CK:@=G9;<_=UFiWKAZ[sÑK:

f(x) =

+∞
∑

k=−∞
cke

ikx



� ���9���*�6���u´���� � ��� ���!���

JKF5W&FK=GFKF5=GFcW09;=UM�=G9;FK= �}?E:@9Xa,STFKS,]%=�?E:@9ÍMEB�CK= �=U9XC5=���l 	4C��0ME9XRyAZb;9ÍMEB�C%9;F,?@=G:@ÏK:@=�?E9;=G:E?�C5AT<_=UFQÌ9X:
W0JK:�B�C � <>=G:@bÍAZaT=U:EJ5FKa�eTS,F $O9XFOJ5MN���.S,ME9XFOJ5MN�!$KB�CDÌ9;FKa,JKFKaT=UF	=U9XFK=¯PKJKF5R,?@9XS,F

f
<_=*MEB�C5:E9;=G<>=GF2l

�h9;=G:.b;A,MEME=GFQME9;B�CQW09;=\í�SO=�
QHG9;=GFD?E=UF
ck
AZJ5B�CQÌ9;=UWK=G:�ATJ5M

f
HGJK:@Ñ5B�ROaT=UÌ9XF5FK=GF2lT8�9X:.FDJK?EHG=UF

WKATHGJ
¿�À rUÁ¨vyx�ç
;è� ª �

k, n ∈ Z
�Í�U�

1

2π

∫ 2π

0

eikxe−inxdx = δkn =

{

1 k = n,

0 k 6= n.

Ç(n,È¸nDquÉTÊ!å�=G:\P_AZb;b
k = n

9ÍM}??@:E9;eO9;ATbuVO[sÑ5:
k 6= n

C_AZ<>=GFYÌ9X:

1

2π

∫ 2π

0

eikxe−inxdx =
1

2π

∫ 2π

0

ei(k−n)xdx =
1

2π

(

1

i(k − n)
ei(k−n)x

)
∣

∣

∣

∣

2π

0

= 0,

WKA &NA
ei(k−n)x W09X= 	7=U:E9;S0W0= 2π

C5AZ?Ul
�

å¯AZ]%9Ð?[sS,bXaT?=�?}Ì!A
¿�À rUÁ¨vyx�ç
A ¤}�U� £ ���¸�u�E�X¢0�y�>�f¾c�y���@�;�G¬ � �´¯��� � �

f(x) =
+∞
∑

k=−∞
cke

ikx

¦0� �
R
¢,¡s���u¬ � ¾ �y�T�X¢%�O�f��¥y���E¢0�����N�O���	�;�U� �dª ��¦y¡;¡s� n ∈ Z

cn =
1

2π

∫ 2π

0

f(x)e−inxdx.

Ç(n,È¸nDquÉTÊ�8k=GaT=UFjW0=U:!aTb;=G9ÍB�CK]QLZÔT9;aT=UF&í\S,FOeT=G:@aT=UFKHhWKAT:N[�]QATFjW09;= �h=G9;CK=�a,bX9;=UWKÌ.=U9;ME=\9;FD?E=��
aT:@9;=G:@=GF2VOÌ�ST:�AZJ5M�]%9Ð? $KAy?EH��l � �%MESZ[sST:E?hW09;= ��=UC5AZJKÏK?EJKFKa%[sS,bXaT?Ul

�

8�9;:¨FK=GCK]%=UF WK9X=*MYFDJ5FèHUJK] Ù\J5MNaDAZFKaDMNÏ5JKFKRD?UV!JK] :E=Ub;AZ?E9;e�<_=UbX9;=G<K9;aT=
2π
��Ï>=G:@9XS0W09ÍMEB�C5=

PKJ5FKRD?E9;STFK=UFYWKJK:@B�Cj?E:@9;aTSTF5ST]%=�?@:E9ÍMEB�C5= �=U9XCK=UF¨WKAZ:@HGJ5MN?E=UbXb;=GF�l
min,o7p�qsrUqut_pwvyx�� �

f : R → C
�����

2π
�X�7���@�s� £ �;�G¬ � �Z� £ ª §0��� [0, 2π]

�X������¢,�@�����*§,¦y�f¼ ² ¦y�K�
� ���X�0��� £ ���� 2¦ � ¡s���

ck =
1

2π

∫ 2π

0

f(x)e−ikxdx (k ∈ Z)

£ �s� º �#� �9���*�
��� � �O���%©G�s���������2»¯¥f�f� f �Z� £¹£ �s� £ ¦y¾%�°� ± ©,�Z� �0¬ � �G�.���Z� � �y�E¾&¦Z¡Ð¶h¢K�y§y�;¡ £ �f�d����@�X¢0�f���f¾c�f�u�E�Í��¬ � �´���� � �
+∞
∑

k=−∞
cke

ikx

£ �s� º � ���9���*�6���u´���� � �y»h¥f�y� f.
# À ~yp���p�Û � � �>��¢0�U���X¢,�>�y��� �>�y��¦K�T�E���f�u©T�Z�K¢0��� ª §0��� f §Z��¦K�0¬ � � £ ��� � ���9���*�6���u´���� � ��¥y�f�
f
�4� £ ��� ª §0����¦y¡;¡4©T�Y�0�f��¥f���N¢D���������¨�>�K¬ ��£ �f�*�}�4�4�c�E�s�¸�O�f��¥y���E¢,�s���*� £ ���Ø���Z�K�����s�f�_�G�4���*�

f(x)
©T�c���E¢0�Z§O����µ

í�STFOeT=U:Ea,=GFKH�?E:@9Ð?E?¯ATbXb;=G:�W09;FKa,MhMN?E=G?@M\9X] MNS,a5l�� �DJ5A,W0:@AZ?E9ÍMEB�C5=GFYß¨9Ð?E?E=Ub ��=G9;F2l�å\9;=UM\<_=*W0=GJK?E=�?
[sSTb;aT=UF5W0=*MGÊ
ÙhJK[¯W0=U] Õ�=GRD?ES,:E:�AZJK]

V
W0=G:

2π
��Ï_=U:E9;S0W09;M@B�CK=UF � JKF_WIÑK<>=G:(=G9;FK=
	7=G:@9XS0W0= �DJ5ATW0:�Ay?@9;M@B�C9;F,?@=Ga,:E9;=G:@<5AZ:@=GF �	P5JKFKRD?E9;STFK=UF

f : R → C
�IW09X=*MN=U: �hATJK]^=UF,?@C5LZbX?&9;F5MN<>=UMESTF_W0=G:@=¨AZb;bX=



����� � ���������
	�����������

<>=UM@B�CK:@LTFKRD?E=UFkJ5F5W`AZJK[WK=G] 	7=G:@9XS0W0=UFK9XFD?@=G:@efATbXb�<K9;M¸AZJ0[=UF5W0b;9;B�C`eO9;=Gb;= $D?@=Gb;bX=UF`M}?@=�?E9;aT=UF
PKJ5FKRD?E9;STFK=UF �&9ÍM}?h=U9XF $ORyATb;AT:EÏK:@S0W0JKRD?!=G:@RDbÍLZ:E?W0JK:�B�CiW09;=�Õ�ST:�M@B�CK:E9X[�?

〈u, v〉 :=
1

2π

∫ 2π

0

u(x)v(x)dx.

��=GFK=UFKFK=UFiÌ9;:FOJKFYW09X= � �OÏ>STF5=GFD?E9ÍAZbX[sJKFKRD?E9;STF5=GF¨W0JK:�B�C
ek(x) := eikx (k ∈ Z),

MES(<>=UM@AZaT?7$0Ay?@H¯��l � �(a,=G:�ATW0=

〈en, ek〉 =
1

2π

∫ 2π

0

e−inxeikxdx = δkn,

Ì!ATM<>=UW0=UJ0?E=G?UV�WKAZÔjW09X=*MN=¸PKJKFKRD?@9XS,FK=GF¨=U9XF "�:E?EC5STFKS,:E]QAZbÍM �OMN?E=U] <K9;b;W0=UF2l�å\9;= �#� �9���*�
�_�
í�SD= 
QHG9;=GFD?E=UFjR,ÖTFKFK=UFjÌ9;:hWKAT](9X?\AZJ_B�CiWKAT:@MN?E=UbXb;=GFiAZbÍM

ck =
1

2π

∫ 2π

0

f(x)e−ikxdx = 〈ek, f〉.

å¯ATM2$ORyAZbÍAZ:@ÏK:@S0W0JKRD? 〈 , 〉 =G:@HG=GJ5aZ?hAZJ0[7W0=G] �hAZJ5]
V
W09X=�Î\ST:@]

|v|2 :=
(

〈v, v〉
)

1
2 =

(

1

2π

∫ 2π

0

|v(x)|2dx
)

1
2

.

�¯=GF_AZJ`a,=GFKS,](]%=UFâ<K:@ATJ5B�CK=UFâÌ9X:(W09X=-$D?E=G?E9;aTR,=G9X?UV7WKAZ]%9X?¸=UM¸=G9;FK=iÎhST:@] 9;MN?UV7WKA�WK9X=*MN=U:
ÙhJ_MEW0:@J5B�RcATJ5B�C

0
Ì9X:�WcÌ�=GF5FYWK9X=�P5JKFKRD?E9;STF

v
FKS0B�C¨AZFi=GF5WKbX9ÍB�CYeD9;=Gb;=GF $D?@=Gb;bX=UFY9X]ä�dF,?@=��

aT:�Ay?@9XS,F5ME9XFD?E=U:EeyATbXb 6= 0
9ÍM}?*l5å\9;=UM\MNÏK9;=GbX?hAZ<>=G:9;]ÆÌ�=G9X?E=U:E=UFjR,=G9;FK=Ì9;B�CD?E9;aT= �S,bXb;=Tl

å¯AZ]%9Ð?ha,9XbX?hFOJKF
¿�À rUÁ¨vyx��2z#¤}�U�

Sn :=
∑+n

k=−n ckek £ ��� n �N��� !�¦Z�U�u�Í¦Z¡;�U�Z¾%¾c� £ ��� � ���9���*�6���u´���� � ��©T� f,�����Í�U�
é ¼

∣

∣Sn

∣

∣

2

2
=

+n
∑

k=−n

|ck|2,

ê ¼ £ ��� º ´����U�N» f − Sn

�f�*� � �f¢0�y�_¦y¡>©T� Sn
� ¼¯�Z� £ �dª � £ �s� �¯�y�E¾c���j¢,�;¡°�

∣

∣f − Sn

∣

∣

2

2
=
∣

∣f
∣

∣

2

2
−
∣

∣Sn

∣

∣

2

2
=
∣

∣f
∣

∣

2

2
−

+n
∑

k=−n

|ck|2.

Ç(n,È¸nDquÉTÊ¯�Tl59;MN?7$0Ay?@H�Õ	l � �KV
�Kl09;MN? $0AZ?EHÕ	l � �5l_×>J �Kl;Ê08�9X:h<>=GR,ST]%]%=GFYWKAZ]%9X?
∣

∣f − Sn

∣

∣

2

2
= 〈f − Sn, f − Sn〉 = 〈f, f〉 − 〈Sn, f〉 − 〈f − Sn, Sn〉

= 〈f, f〉 − 〈
+n
∑

k=−n

ckek, f〉

=
∣

∣f
∣

∣

2

2
−

+n
∑

k=−n

ckck =
∣

∣f
∣

∣

2

2
−

+n
∑

k=−n

|ck|2.

�ÙhJ_MhW0=G:b;=�?@H�?@=GF �¯bX=U9;B�COJKF5a(b;9;=UMN?h]%ATFjJ5FK]%9Ð?E?E=Gb;<5AT:\AZ<



� ���9���*�6���u´���� � ��� ���!� �

¿�À rUÁ¨vyx��>Â ë�¦K�
f £ �s� � ���9���*�6��� � �O� �(©U����������� cn �Z� £ �N�;� £Q£ �s� Sn £ �s� !4¦Z�U�u�Í¦Z¡;�U�Z¾%¾c���£ ��� � ���9���*�6���u´���� � �f�5����¢0��¡u�d���é ¼ £ ����� � � � � �T�G¬ � �cÅ��0¢D¡�����¬ � �Z�K¢ �0� ª �\¦y¡;¡s� n �Í�G�

+n
∑

k=−n

|ck|2 ≤
∣

∣f
∣

∣

2

2
=

1

2π

∫ 2π

0

∣

∣f(x)
∣

∣

2

2
dx.

ê ¼����h�E�X� £ ���0�Z�°¥�¦y¡s����� �dª � n→ ∞ :

∣

∣f − Sn

∣

∣

2
→ 0

�Z� £
+n
∑

k=−n

|ck|2 →
∣

∣f
∣

∣

2

2
.

² ��� � �f��¥y���E¢0���5©j�;¾ : �X�K��� £ ��� | |2
� ��f�@¾ � ���X�_� º � �f��¥y���E¢0���5©j�;¾��0�,¦ £ ��¦0���Í�G¬ � ���Ã¨�°�N�d��¡°»°¼

�2=G?EHG?E=G:@=UM!<>=UWK=GJ0?@=�?UV>WKAZÔ%W09;=�� � �	� ���,MEB�C5= Ò FKaTb;=G9ÍB�COJKFKa%HGJi=G9;FK=U: �¯bX=U9;B�COJKF5a
+∞
∑

k=−∞
|ck|2 =

∣

∣f
∣

∣

2

2

Ì9;:@W�VKWK=G:\MESTa_l�� �� ��	 ��TM@B�CK=GF �¯bX=U9;B�COJKF5a5l
ß¹ATF�<K:�AZJ5B�CD?�AZbÍMNSjFOJK:eTSTFÄ=G9;FK=G:	×�ATCKb;=GF0[sS,bXa,=¸W09;=(í�STFOe,=G:@aT=GF5H�aT=UaT=GFÄW0=GF �}:@9ÍB�C,?@9Xa,=GF��
�¯:@=GFKHUÌ.=U:N?hHUJ¨<_=UÌ.=U9;ME=GF2V5JK] ATJ0[4W09;=	í\S,FOeT=G:@aT=UFKH¯9X] �DJ5ATW0:�Ay?@9;M@B�CK=UFiß¨9X?N?@=Gb7W0=G: � ��� �
���*�6�_���=G9;CK=�M@B�CKb;9X=UÔT=GFjHGJYRTÖ,FKFK=UF2l ��Ma,9XbX?FDJ5F
¿�À rUÁ¨vyx��_Ú  ��

0 ≤ a < 2π
¢,�;¡u� �dª � £ ��� 2π

�X�7���@��� £ �Í�G¬ � �h���Z�K�����s�f� ta ¾%�°�

ta(x) =

{

1 0 ≤ x < a

0 a ≤ x < 2π

£ �s��� �� ��	 ��T�G¬ � ��½!¡s���u¬ � �Z�0¢_� £ ¼ � ¼ £ �s� � ���9���*�6���u´���� � �h�O�f��¥y���E¢,�s���*���X¾
�0�,¦ £ ��¦0���Í�G¬ � ���Ã¨�°�N�d��¡�¼
å�=GF	:@=UB�CD?�JK]([�AZFKa,:E=U9;B�CK=UF�JKF5W¸MN=UCK:�?E=UB�C5FK9;M@B�CK=UF ��=GÌ�=G9ÍM�RyATFKF�]QAZF¸=�?}Ì!Ah<>=G9�� ����� ���6��V
ÙhF_AZb �OME9ÍM�TV
$�l2�  �	F5ATB�C5bX=*MN=UF2l
�,=UW0=

2π
��Ï_=U:E9;S0W09;M@B�CK=%Ë�:@=GÏ5Ï_=UF0[sJKFKRD?E9;STF

t
bÍLZÔT?ME9ÍB�C�SZæ�=GF_MN9ÍB�CD?Eb;9;B�CkAZbÍM�=U9XF5= ��9XF5=UAZ:@RTS,](�

<K9;F5Ay?@9XS,F
t(x) =

∑m
j=1 αjtj(x)

M@B�CK:@=G9;<_=UF2V7Ì.S,<_=U9!WK9X=
tj(x)

PKJKFKRD?@9XS,FK=GFwW0=G:%9;F $KAy?EH
��l ���(<_=G?E:�ATB�CD?E=G?E=UFiÙ\:N?\ME9XF_W�VKJKF5WYÑ5<_=U:=G9;FK=�:E=Ub;AZ?E9;e&=G9;F0[�A,B�CK=�Ùh<5M@B�C5LZ?EHGJ5FKa%=G:@C5LZbX?]%ATF
WKAT:@ATJ5M!AZJ5B�CiCK9;=G:E[sÑK:hW09;=�í\S,FDe,=G:@aT=UFKH�W0=U: � ���9���*�6�_���=G9;CK=9;] �DJ5ATWK:@AZ?E9ÍMEB�CK=UFjß¨9X?N?@=Gb°Ê
¿�À rUÁ¨vyx��5ã�� ª ��«�� £ � 2π

�X�7���@�s� £ �;�G¬ � �â�5���N�K�7��� � �Z�5�>�u���y� t
�O�y��¥f���E¢,�s���*� £ �s� � ���9���*�6���´���� � ���;¾��0�,¦ £ ��¦0���Í�G¬ � ���iÃ¨�u�E����¡�¢0��¢0��� t.

ÎhJ5FQC5AZ<>=GF%Ì9;:4W09X=�dFD?@=GaT:�AZb;=�[sÑK: 4 �*�
528�9���°9;FD?E=Ga,:E9;=G:@<5AT:E=!PKJKF5R,?@9XS,FK=GFQW0J5:@B�C%ÙhÏKÏ5:ES �09X�
]QAy?@9XS,F&ÑK<>=G:W09;=��dFD?E=UaT:�AZb;=heTS,F&Ë�:@=GÏ5Ï_=UF0[sJKFKRD?E9;STF5=GFc=U:ERObÍLZ:E?.JKF_W�VO9XF5WK=G] ]QAZFcWK9X=*M�CK9;=G:
aT=U=G9;aTFK=G?hAZFOÌ.=UF5W0=G? � 9XF��#�8��� ���6��VKÙhF5ATb��0ME9;M�,V09;MN?\WKA,MAZJ5MEaT=G[sÑKCK:E? ��V0=U:EC_LZbX?!]QATF
¿�À rUÁ¨vyx��>ç � ª �2«�� £ � 2π

�;�����E�s� £ �Í��¬ � �f� ª §0��� [0, 2π]
�0�,¦ £ ��¦K���Í��¬ � �;������¢,�@�����*§T¦Z�������Z�K�����s�f�

f
�0�f��¥f���N¢D�����U� £ �s� �#� �8���*�6����´¯��� � �\�X¾�O�D¦ £ ��¦0�u�;�G¬ � ���iÃ¨�°�N����¡2¢K�@¢0��� f.

Ç(nDquÉG�7q�n Ü vZx � �Ó·¹�;�	§0�f�u��¦0¬ � �d��� £ �s� 2π
�X�7���@��� £ �Í�G¬ � ���2�Z�K���u���y� h ¾%�°�

h(x) =

{

+1 0 ≤ x < π

−1 π ≤ x < 2π.



����� � ���������
	�����������

ß¹ATFj<>=UMN?E9;]%]�?�W09;= � ���9���*�6�_�dí\SO= 
%HU9X=UFD?E=GFiHGJ

c0 =
1

2π

∫ 2π

0

h(x)dx = 0

JKF5Wj[sÑK:
k 6= 0

ck =
1

2π

[
∫ π

0

e−ikxdx−
∫ 2π

π

e−ikxdx

]

=
−1

2πik

(

e−ikx

∣

∣

∣

∣

π

0

− e−ikx

∣

∣

∣

∣

2π

π

)

=
i

2πk
(2e−ikπ − 2).

ÎhJ5Fi9ÍMN?

e−ikπ =

{

1 k
a,=G:�ATW0=

−1 k
J5FKaT=U:@A,W0=

JKF5WYWKAT]%9Ð?

ck =

{

0 k
a,=G:�ATW0=

2
ikπ

k
JKFKaT=U:@A,W0=

.

å�9X= �#� �9���*�
�_� �=U9XC5=¯bÍAZJK?E=�?\ATb;MES
2

πi

∞
∑

m=0

1

2m+ 1

(

e+i(2m+1)x − e−i(2m+1)x

)

=
4

π

∞
∑

m=0

ME9;F
(2m+ 1)x

2m+ 1
.

P�ÑK:
x = kπ (k ∈ Z)

9;MN?.MN?E=G?@M�ME9;F
(2m+1)x = 0,
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h(x).
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kπ
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k ∈ Z
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aT=UaT=UF
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f : R → R 2π
�;�7���@��� £ �Í��¬ � �T�G�d�f���X¢c�Z� £ �G� ª ¬}�������;���.�G�d�f���X¢ £ �;®2�������K©U�������§T¦Z�G� £ ¼ � ¼K���.¢0�Z§O����X�>�¯ 2���E¡s�@¢>�Z�0¢j¥y�f� [0, 2π] : 0 = t0 < t1 < ... < tr = 2π,

��� £ ¦y� f �;�
[tj , tj+1]

«��f�4���;¡Í��G�d�f���X¢ £ �;®��������K©G�s���f§T¦y��Í�U�E¼
² ¦y�K�Y�O�y��¥f���E¢,�s���*� £ �s� � ���9���*�6���u´���� � � ± ¦0� � ¢O¦Z�K© R
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(tj , tj+1)
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eTS,F

f ′ [sÑ5: x eTS,Fjb;9XF5ROM!S0W0=U:eTS,Fj:@=UB�CD?@M!a,=Ga,=GF tj .8�9;:h=G:@ROb;LT:E=UFcW09;=�PKJKFKRD?@9XS,F
ϕ
[sÑK:

x ∈ [0, 2π)
W0J5:@B�C

ϕ(x) =







f ′(x)
Ì.=GF5F

x
R,=G9;FYË�=G9;b;ÏKJKFKRD?

,b;9X]
x′→t+

j

f ′(x′)
[sÑK:

x = tj .
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γk

aT9;bÐ?hF_ATB�CYW0=G: � � � � � �TM@B�CK=GF Ò F5aTb;=G9ÍB�CDJ5FKa
+∞
∑

k=−∞
|γk|2 ≤

∣

∣ϕ
∣

∣

2

2
<∞.
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∫ tj+1

tj

f(x)e−ikxdx =
−1

ik
f(x)e−ikx

∣

∣

∣

∣

tj+1

tj

− −1

ik

∫ tj+1

tj

ϕ(x)e−ikxdx

=
i

k
f(x)e−ikx

∣

∣

∣

∣

tj+1

tj

− i

k

∫ tj+1

tj

ϕ(x)e−ikxdx.
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j = 0, 1, ..., r − 1,
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ck =
1

2π

∫ 2π

0

f(x)e−ikxdx =

r−1
∑

j=0

1

2π

∫ tj+1

tj

f(x)e−ikxdx

=
r−1
∑

j=0

−i
k

1

2π

∫ tj+1

tj

ϕ(x)e−ikxdx

=
−i
k

1

2π

∫ 2π

0

ϕ(x)e−ikxdx

=
−i
k
γk.

ÙhbÍMES(9ÍMN?
ck = −i

k
γk.ÎhJ5Fi9ÍMN?\M}?@=�?@M |α · β| ≤ 1

2

(

|α|2 + |β|2
)

,
ATb;MES |ck| ≤ 1

2

(

1
k2 + |γk|2

)

,
Ì.S,:@ATJ5M

+∞
∑

k=−∞
|ck| <∞

[sSTb;aZ?*l
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a,bX=U9;B�CK�
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9;F¹W0=G: | |2

��Î\ST:@]Æa,=GaT=UF
f
MESyÌ9;=�aT=Ga,=GF

g
V>MNS0WKATÔQFKSZ?}Ì�=GF5WK9Xa |f − g|2 = 0.

å�A
f
JKF_W

g
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f = g. �

��~fÛ��Kp�ÁT��p�Û>nOp
8�9;:�a,=G<>=GFjHGJKF5L,B�C5MN?�=U9XFK=¯aT=*MEB�C5bXSDMEME=GFK=�å�AT:@MN?E=UbXb;JKFKa¸[sÑK:W09;= 	�AT:N?@9;ATb;MEJK]%]%=GFcW0=U: � ��� �
���*�6�_���=G9;CK=,Ê ��M9ÍM}?

Sn(x) =

+n
∑

k=−n

cke
ikx

=
1

2π

+n
∑

k=−n

∫ 2π

0

f(t)e−iktdt · eikx

=
1

2π

∫ 2π

0

( +n
∑

k=−n

eik(x−t)

)

f(t)dt.

å�9X=�9;FKFK=UFYMN?E=UCK=GF_W0= $OJK]%]%=�RyAZFKFi]QAZFYÑK<>=G:hW09;=�aT=UST]%=�?@:E9ÍMEB�C5= �=U9XC5=�JK]([sST:@](=UFjHUJ
+n
∑

k=−n

eik(x−t) =

MN9;F (
(n+ 1

2 )(x − t)
)

ME9;F ( 1
2 (x − t)

) ,
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Sn(x) =
1

2π

∫ 2π

0

MN9;F (
(n+ 1

2 )(x− t)
)

ME9XF ( 1
2 (x− t)

) f(t)dt

=
1

2π

∫ 2π

0

MN9;F (
(n+ 1

2 )u
)

MN9;F
( 1
2u)

f(x− u)du,

Ì�ST<>=G9W0=G:%�dFD?E=UaT:�AZF5WIW09X= 	7=G:@9;SOWK=
2π

C5Ay?*V4MNS,](9X?%ÑK<_=U:Q9X:@aT=UF5Wâ=U9XF 	7=G:@9XS0W0=UFK9XFD?@=G:@efATbXb
9;F,?@=Ga,:E9;=G:E?cÌ�=G:�W0=GF RyATFKF2l!å\9;=kP5JKFKRD?E9;STF ��� � ((n+ 1

2
)u)��� � ( 1

2
u)

9;MN?ja,=G:�ATW0=,l.å¯AZ]%9X?i9ÍM}?YÑK<>=G:YW09;=
$OJK<_M}?@9Ð?@J0?E9;STF

v := −u Ê
1

2π

∫ 2π

π

ME9;F (
(n+ 1

2 )u
)

MN9;F
( 1
2u)

f(x− u)du =
1

2π

∫ −π

−2π

ME9;F (
(n+ 1

2 )v
)

ME9;F
( 1
2v)

f(x+ v)dv

=
1

2π

∫ π

0

ME9XF (
(n+ 1

2 )v
)

ME9XF
( 1
2v)

f(x+ v)dv.

å�9X=*MbX9;=�[s=U:N?JKF_MhW09;=[sSTb;aT=GF_W0=�å�AT:@MN?E=UbXb;JKFKa
¿�À rUÁ¨vyx�� ; ����Í�U�

Sn(x) =
1

2π

∫ π

0

MN9;F (
(n+ 1

2 )u
)

MN9;F
( 1
2u)

(

f(x+ u) + f(x− u)
)

du.

å�9X=*MN=kAZJ0[�� �*������
����>� HUJK:EÑ_B�RDa,=GCK=UF5W0=�å¯AZ:�MN?E=Gb;b;JKFKa`Ì�=G:�W0=GF Ì9X:iaTb;=G9ÍB�C FOJ0?EHU=GF2lh×>J0�
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f : [a, b] → C
�U� ª ¬}�>�4���Í���!�G�d�f�u�Ð¢_�

λ ∈ R.

² ¦y�K�i¢,�;¡°�
∫ b

a

f(x)eiλxdx → 0
�dª � |λ| → ∞.

Ç(n,È¸nDquÉTÊ��}MN?
f
MESTa,AT:M}?@=�?E9;aQW09Xæ>=U:E=UFKHG9;=G:@<5AZ:*V0MNS%b;9X=G[s=G:E?hÏ5AZ:E?E9;=Gb;b;=¯�dFD?@=GaT:�Ay?@9XS,F

∫ b

a

f(x)eiλxdx =
1

iλ
f(x)eiλx

∣

∣

∣

∣

b

a

− 1

iλ

∫ b

a

f ′(x)eiλxdx.

$OS,](9X?h9ÍM}?
∣

∣

∫ b

a

f(x)eiλxdx
∣

∣ ≤ 1

|λ|

(

|f(b)| + |f(a)| + (b− a)
]%A � |f ′(x)|

)

→ 0 (|λ| → ∞).

�}MN?
f
FDJ5:\M}?@Ñ5B�ROÌ.=U9;ME=�MN?E=�?@9Xa_V_MESQRyAZFKF¨]QAZF¨HUJ &}=UW0=U]

ε > 0
=G9;FK=	MN?E=G?E9;acW09Xæ>=U:E=UFKHG9;=G<5AT:E=

PKJ5FKRD?E9;STF
ϕε

g5F5W0=UF2V0[sÑK:hW09;=
∫ b

a

|f(x) − ϕε(x)|dx < ε.

å¯AZFKFY9ÍM}?
∣

∣

∫ b

a

f(x)eiλxdx
∣

∣ ≤
∣

∣

∫ b

a

ϕε(x)e
iλxdx

∣

∣+

∫ b

a

|f(x) − ϕε(x)| ·
∣

∣eiλx
∣

∣dx.

å�=G:hb;=�?@H�?E=¸Ë�=U:E]Ó9ÍMN?
< ε,
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0,
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¿�À rUÁ¨vyx*) �w{���t_� ÀKÜ quÉ À r*q�t>p�É*É À rUÁO� ² ¦Z� � �y��¥f���E¢0���K©T¥y��� � ¦y¡°����� £ ��� � ���9���*�6���u´���� � �©,�
f
¦y�Ä���X�>��� : �d��¡;¡��

x � �Z�0¢_���>�T�	¥f�y� £ ����·c���*�����â¥f�y�
f
�;�k���X�>���¸§0��¡;���Z§y�X¢c�O¡����X�>��� Å�¾&�

¢0�Z§0�Z�0¢¨¥y�f�
x
¦K§O� £ ¼ � ¼O¢K���_¦K�D�����¤}�U� �dª �

δ > 0

g(t) :=

{

f(t)
�dª �

x− δ ≤ t ≤ x+ δ,

0
���y�5�G�N�

���%�O�y��¥f���E¢,�s�������¨¦y� £ ��� : ����¡X¡s� x �����d�4� £ ��� £ �s�Q§0��� £ ����� ���9���*�6���u´���� � ���¹©T� f �T� £ ©,�
g
�Z� £Y£ ¦Z�K�i¢0��¢0��� £ ���_����¡°§0���#·c���*�}��� £ �������!�O�y��¥f���E¢,�s���*���0���;�>�¯¦y� £ ��� : ����¡;¡s� x.
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Sn

HGJ
f
J5F5W

Tn

HGJ
g
a,9XbX?F5ATB�C $0Ay?@H���l � �

Sn(x) =
1

2π

∫ π

0

ME9XF
((n+ 1

2 )u)MN9;F
( 1
2u)

(

f(x+ u) + f(x− u)
)

du,

Tn(x) =
1

2π

∫ π

0

ME9XF
((n+ 1

2 )u)MN9;F
( 1
2u)

(

g(x+ u) + g(x− u)
)

du.

Î\A,B�Ciå�=�g_FK9Ð?@9XS,FYeTSTF
g
9ÍM}?\WKATFKF

Sn(x) − Tn(x) =
1

2π

∫ π

δ

MN9;F
((n+ 1

2 )u)ME9;F
( 1
2u)

(

f(x+ u) + f(x− u)
)

du.

ÎhJ5F#9ÍMN?QME9;F
((n + 1

2 )u) = 1
2i

(

ei(n+ 1
2
)u − e−i(n+ 1

2
)u

)

,
MES0WKAZÔkÌ9X:&WK9X= $O9X?EJ5AZ?E9;STFwW0=UM

4 �*�6578�9� ��� ��� � ��	 �9�O�!$0AZ?EHU=UMC5AT<_=UF2VKÌ!ATM
Sn(x) − Tn(x) → 0
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¿�À rUÁ¨vyx*)�z  �� £ ��� 2π

�;�����E�s� £ �;�G¬ � ���k���Z�K�����s�f� f : R → C
¢K�y§0�%��� : �d��¡;¡����

0 = t0 <

t1 < ... < tr = 2π,
��� £ ¦Z�¨�X�j«�� £ ��¾ �����;¡X�;�������U¥�¦y¡;¡

(tj , tj+1) f
�U���y���X¢ £ �;®��������K©G�s���f§T¦Z��Í�G�h�T� £ ©T� £ ��¾ £ �������X�_�����u�u�Ð¢K���â½!�����K©T�4���*��� £ �����	§Z¡����u�E�Z�0¢i¦Z� £ ��� !h�Z�5�>�d��� tj «��f�4���;¡;��320�Í�G�u����������¼ �h� £ ��� : ����¡X¡s��� tj �Z¦Z�K� f : ��� ª �0¢K� � ¦K§0����¼² ¦y�K�Q�0�f��¥f���N¢D�����U� £ �s� � ���9���*�6���u´���� � � ª §0����¦y¡;¡D���Z�K���d�����;���*�,�X�\«�� £ ��¾Ó¦K§y¢0���G¬ � ¡s�y�@�����>���¤d�������U¥�¦y¡;¡

[α, β] ⊂ (tj , tj+1)
¢,¡s���u¬ � ¾ �y�,�Ð¢i¢0��¢0��� f �Z� £ �X� £ ���Ø�O�E�°���Í��¬ � ����!h�Z�K������� tj¢0��¢0��� £ ���iÃ¹�u�E����¡°�4���*�

1

2

(

f(tj−) + f(tj+)
)

¦0�,� £ ���â§0��� £ �������;�5�����°���X¢0���k½!�����K©,�����U�d��� £ ���h���Z�K�����s�f� f §O���
tj .
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