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B)CED�FHGJILKMDENOD
PRQTSVUXW;Y7Z\[\]�^VZ\Q`_ba

x 7→ f(x), c QdUfegU c UhZiZjUJUhkTkdUJSmlonp^Vk
x ∈ R q QTU c UhZrUJQdS�UsZjUJUhkTkdUtlHnp^Vk

f(x) ∈ R uJv YwZ c SVUhaJxMSVUhS�SVUhS q QdZyUhQTSVUzn v _({OnpS u R c Uh|�SVQTUhZjajU~} v SV�OajQTYwS f � Q`ay�tUhZjajUhS
QTS

R v S c SVYwajQTUhZ\UhS
f : R → R. � UhQ�[ ��QdUJkdU�[jQdS c�,YwkT�OS�Y � Uw�
f(x) = x2 − 3x+ 5, ...;ajZ\Qd{7YwSVY � U
ajZ\Q�[j]�^VU�} v S��7a\QdY7SVUhS)��[ QTS

x,
]
YO[

x, ...,P;�9�&Y7SVUhSOa\QTnwk`_ v S��7a\QdY7SVUhS)�
ex, eαx, ... �

� UhQ�[ ��QdUJkdU�_��VZ�} v SV�OajQTYwS�UhS$x c QdUf���L���A��n v _E{OnpS u R c U
|�S�QdUJZ a�[jQdS c x�[jQdS c U
a q n
�#n�a\QdY7S�npkTU�} v S��7a\QdY7SVUhS)�

f(x) = p(x)
q(x) , � Q`a#�,Y7kd�ASVY � UJS

p(x), q(x),

c QTUyajZ\Qd{7YwSVY � UhajZ\QT[\]�^VUJSr} v S��7a\QdY7SVUhS�a�npS
x,

]�a�npS
x, ...,� v Z u Uhk � v S c�� Y7{7npZ\Qdaj^ �~v [ � } v SV�OajQTYwSVUJS �

�>QTZ q UJZ c UJS � Qda c QdU�[ UJSz} v SV�OajQTYwSVUJS uJv S��7]�^�[ga;UJQdS9_Ln7]�^ vV� {7Uh^VUJS v S c [j����a\UhZR��UhS&n v UJZjU�[�V�MUhZ�[jQTUy[\np{7UhS �
� GJNOGJI���FMNOILG
�!QdU�Y7�&UJS�n v _�{wUh_��V^VZjajUJS�} v SV�OajQTYwS�UhSs[ QTS c�c Y7Z a�x q Y�[jQdU c U
|�SVQTUhZja�[jQdS c n v ]�^ ���@¡
�¢�`£ � ��QTUJ[
�MU c U v ajUha�{wZ\Yw�i{wUJ[j�VZ\Y9]�^VUhS$�
�tUhSVS � npS � Qda

x
S v Z�S�np^�U~{7UhS v {inwS

x0
^VUJZ\nwSV{wUJ^OaJxM�¤nwSVS � nwS |f(x) − f(x0)|

x c$� ^ �
c UJSr¥#��[ a\nwS c�c UJZ uhv {wUh^�¦wZ\Qd{7UhS�} v S��7a\QdY7S�[ q UJZ a\U�§wYwS

f,
[ Y¨�OkTUhQTS � nw]�^VUJS$x q QTU � nwS q QdkTk ��#npajQTYwS�nwkdU�} v SV�OajQTYwSVUJS©[ QTS cªc n�x q Y c UJZ¨«#UJSVSVUJZ¬UhQTSVUr« v kdk�[ ajUhkTkTU^�n�a�x$Q � nwkdkT{wU � UJQdS�UhS

���L���A��[ ajUhajQT{ ��!QdU�W;Y7Z u UhQ�]�^VUhS � } v SV�OajQTYwS

f(x) :=
[ QT{

(x) :=











−1 x < 0

0 x = 0

+1 x > 0

Q�[ga®�V�&UJZ\nwkdko[ ajU
a\Qd{zn vV¯ UhZ®n � � v SV�Oa\U x0 = 0, q Y¨[ QTU v S�[ga\U
a\Qd{zQT[ a v S c UJQdSVU�[ Y7{ �A° �VZ v SV{ �[ ajUhkTkTU�^�n�a �
±�I�²(NO³�NAD�´7ILNO³¤µE¶9³¤FMNOILG
·�npa c UJZi��Z\nw�V^¸UhQTSVUhZ�} v S��7a\QdY7S f

Q � � v SV�Oa (x0 | f(x0))
UhQTSVUX¹EnpSV{7UhSOajU7x c QTUXSVQ�]�^Oa

��nwZ\nwkdkTUhk uhv Z y � ¥�]�^�[ U!QT[ aJxV[jYf[jnw{pa � nwS$x c n ¯ f npS c UhZ ° a\UhkTkdU x0 º � »�¡h¼j¡
�9½h�L¡
¼h¾�¿�¼~QT[ a � �!QTU
¹EnpSV{7UhSOajU q QTZ c�c npS�S c9v Z\]�^�UhQTSVUykTQdSVU�npZ\U�} v SV�Oa\QdY7S

t(x) = f(x0) +m(x− x0)

�MUJ[\]�^VZjQTUh�MUhS � �!UhZ\UhS ° ajUhQT{ v SV{ m ^VUhQ ¯ a c QTU�Ày¾hÁd¡h�b��Â9�A£z§wYwS
f

nwS c UhZ ° a\UhkTkdU x0 v S cq QdZ c
� Q`a

f ′(x0)
�MU u UhQ�]�^VSVUha ��Ã nwSi�MU q UhQ�[ a

f Ä�ÅhÆ(ÇpÈÊÉAË�Ì!ÍHÆÎË�ÏTÏ�Ë x0 Ð Ë�È&ÇVÑ�ÉOÇ�ÈVÈtÉwÄTÒ$Ë�Ì
Ë�ÈVÓJÄbË�Ì�ÔwÇpÌhÕ$ÖRË�È�È�×@ØwÌyË�ÄTÈMË Ð ËhË�Ä Ð ÈMË¤Æ@Ë�Ù$Ç�ÚVÏ m
Ð ÄTÏ¢Æ

∣

∣

∣

∣

f(x) − f(x0)

x− x0
−m

∣

∣

∣

∣

→ 0 ×@ØwÌ x → x0.

Û Å�Ä�ÅJÆ2ÉOÇ�ÈVÈ m = f ′(x0).
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�!QdU�,Y7kd�ASVY � U7x$[ QTS
,
]
Y7[

, c QTU�P;�9�MYwSVUJS7a\QTnwk`_ v SV�OajQTYwSVUJS©[ QTS cÊ� UhQ�[ �VQTUhkTU�§wY7Sª} v SV�Oa\QdY7SVUhS$x
c QTU��V�&UJZ\nwkdk c Q��oUhZ\UhS u QdUJZj��nwZz[jQTS cH� �!QdU�W;YwZ u UJQT]�^�UhS9_ v S��7a\QdY7S$x,Uh�MUhS�[jY

f(x) := |x| ��� U �
ajZ�np{O[g_ v SV�OajQTYwS��®[jQdS c nwS

x0 = 0
���L���A� c Q��MUJZjUJS u QTUhZ\��nwZ �

Û Å Ð Ë�Ï¢ÆÎË�ÈtÉwÄbË!×���Ï Ð Ë�ÈHÉ9Ë�È! !Ë#"gÚMË�ÈVÌ
Ë Ð Ë�ÏdÈ$
(αf(x) + βg(x))′ = αf ′(x) + βg′(x)

(f(x)g(x))′ = f ′(x)g(x) + f(x)g′(x)
(

f(x)

g(x)

)′

=
f ′(x)g(x) − f(x)g′(x)

g2(x)
Å%�¤×�Ë�Ì\È g(x) 6= 0.

Í'&,Ë�ÓJÄbË�ÏdÏ$ÚMÇVÔ9Ë�ÈÊÖ;ÄdÌ!Ë�Æ@Ö,Ç
(xn)

′
= nxn−1 ÖRË�È�È n Ë�ÄTÈMË!È&Ç9ÆjØpÌ\ÏdÄ�"gÚMËyÙHÇ�Ú�Ï ,

(
[ QTS

x)′ =
]
Y7[

x, (
]hY7[

x)′ = − [jQdS
x,

(eax)
′
= aeax.

� UhQ c UhS uJv kdUha u ai{wUJS�npS�S7a\UhS � UhQ�[ ��QdUJkdUJS Q�[ a c9v Z�]�^ c QTUXW;YwZ�[j]�^�ZjQd_ba � x 7→ f ′(x)
[jUhkT��[ga

q QTU c UJZ#UhQTSVU¬} v SV�OajQTYwSs�MUJ[ ajQ �z� aJx c QdU q QdZ � Qda
f ′ �MU u UhQ�]�^VSVUhS �M° QTU�QT[ a�^VQTUhZ![ Y7{7npZ�[jUhkT��[ a

q QTU c UJZy[ ajUhajQT{)( � nwS [\np{pa c nwSVS f
�����#���Î¡h�¢�`£ º � »�¡h¼j¡h�A½h�L¡h¼h¾\¿p¼+*,��UhS�n v UhZy{wQTkday^�QdUJZJx c n ¯[jYw{7nwZ

f ′ q QTU c UJZ c Q��oUhZ\UhS u QdUJZj��nwZ!Q�[ a v S c c U�[j[jUhS ¥��VkTUhQda v SV{ q QTU c UJZ�[ ajUhajQT{ �HÃ nwS SVUJSVSOa
c nwSVS c QdU�¥#��kdUJQ`a v SV{ (f ′)′

§wYwS
f ′ c QTU¨½-,(¡h�b�@¡�Ày¾hÁd¡h�b��Â9�A£/.10��

f v S c SVYpa\QdUJZ a
f ′′ := (f ′)′.2g[ a2n v ]�^i[jQdUy[ ajU
a\Qd{&x9[ Y~SVUhSVSOa � npS

f
½-,(¡h��3�¿�ÁH���@¡
�¢�`£ º � »!¡
¼j¡h�A½h�L¡h¼h¾�¿�¼+*�4wU�S�nw]�^�} v S��7a\QdY7Sk�� ¯ a�[jQT]�^ c QdU�[ UJZ!�(ZjY u UJ[\[!SVY9]�^X_�YwZja\[jU
a u UJS �HÃ npS �wY �f� ay[jY uJvtc U � � Uh{wZ\Q�� c UhZ n � � nwk

� uJq�� �&UJkdQTUh��Qd{fYp_ba�[ ajUhajQT{ c Q��MUJZjUJS u QTUhZ\��npZ\UhS�} v S��7a\QdY7SVUhS �
5
DoG�NO�&³�¶9GJI�K&D
}E�VZ®UhQTSVU![ ajUhajQT{wU!} v SV�OajQTYwS f, c QTU!n v _$UhQTSVU � 2@S7a\UhZ\§�npkTk

[a, b]
S�QT]�^Oa(SVUJ{7npajQT§ q QTZ c xwUJZj�Ak��pZja

� npS c nw[~�&U�[ga\Q �f� ajU!2@SOajUhZ\{wZ�npk ∫ b

a
f(x)dx

npk�[ c UhS62@SV^�npkda c UhZf}EkT�7]�^VUwx c QTUi���&UJZ c U �2@SOajUJZj§�npkTk uhq Q�[\]�^VUhS c U � ��Z\nw�V^VUhSz§wY7S
f v S cfc UJZ x � ¥�]�^&[ U2kTQdUJ{pa � }E�VZ npkTkd{7U � UhQTSVU2[ga\U
ajQT{wU

} v SV�OajQTYwSVUJS�UJZ q UhQdajUJZ a � npS c QTUJ[jU���Uh|�SVQdajQTYwS c9v Z�]�^ c QdUy�MUhQ c UhSs��UJ{wUJkdS
∫ b

a

(αf(x) + βg(x))dx = α

∫ b

a

f(x)dx + β

∫ b

a

g(x)dx,

∫ b

a

f(x)dx =

∫ c

a

f(x)dx+

∫ b

c

f(x)dx.

2@S c U � � nwS c QdU¬n v [ uJvV� UJ[\[ UJS c U¬}Ek��w]�^VU�QTS�UhQTSX��UJ]�^OajU�]��UhQTS�[j�&UJZjZjaJx�UhZ\^��pkda � npSs[ Yw_�YwZja
c QTU¬¥#��[\]�^��pa uhv SV{

∣

∣

∣

∣

∣

∫ b

a

f(x)dx

∣

∣

∣

∣

∣

≤ |b− a| · � np�
x∈[a,b]

|f(x)|.
}VUJZjS�UhZ�{wQTkda c UhZ
7s¶VC8�G#9J¶VGJ´;:EN7³i±iIL²(NO³¤NADoG�IL¶=<®C�D>:?5
DoGJNA�&³�¶=<�³�NA@CB�DHCED��ED ÅhÆ f ÅhÆ@Ë¤ÆLÄ Ð ÑpÈHÉ¸ÉAË%FVÈVÄ�Ë�Ì�ÆG Ç�È F É&ÑpÌ+"gÚ

F (x) :=

∫ x

a

f(t)dt,

Å%�¬Ä�ÅJÆ F ÅJÆÎË¤Æ�Ä Ð É7ÄdÒ$Ë�Ì
Ë�ÈVÓJÄbË�Ì�Ô7Ç�ÌyÑpÈHÉ F ′ = f.
�>QTZ q UhZ c UhSXnwkdkTU c QTUJ[jU¬PRZ\{wUJ�VSVQ�[j[jU2egU
a u ayUhQTS � npk)UJQdSV_Lnw]�^sS v a u UhS v S c UhZ�[ga�[ ���pajUJZ#SVY9]�^
{wUJS�n v UhZ c npZ�n v _�UhQTSV{7Uh^VUJS �
«�n7]�^ c QdU�[ UJZ�PRZjQTSVSVUJZ v SV{ q UJS c UhS q QTZ v S�[2S v S c UJZ � QTSVUJnwZjUJS�¥�kd{7Uh�VZ�n uJv$�



� ÄbË Û Ô9Ë�ÈoË~ÑpÈHÉ�ÉAË�Ì R2 �����

��� "m����")�#" %!��-.-#")�
R2

�>QTZ��MU
a\ZjUJQd�MUhS uhv S��w]�^�[ ayU
a q nw[�npS�nwkd�OajQ�[\]�^VUz��UJY � U
a\ZjQTU~QTS c UhZyPR�MUhSVU v S c Q � �#n v�����>QTZ){wUJ^VUhS c nw�&UJQ7n v [H§wY7SyUhQTSVU � S�npQT§wUJSyW;UhZ�[ga��pS c S�QT[H§7YwS c UJS � �9egUh�OajUJS c UhZ,��UhY � UhajZ\QdU7x
�MUhS v a u UhSÊUhkTU � UJS7a�npZ\U ° ]�^VZjUJQd� q UhQ�[ UJS c UJZ Ã UhSV{7UhSVkTUh^�ZjU v S cÊc QTU��yUhSVSOa\SVQT[ c UhZ�Z\UhUhkTkTUhS
lonw^VkdUJS

R.��np�MUhQ,[ga\�9a u UhS q QTZ v S�[��&UJQ c UhS lonw^VkdUJSs§wY7Z�npkTkdU � n v _ c QTU¬Q � _�YwkT{wUJS c UJSXn v _�{7U
_��V^VZjajUJSPRQT{wUJS�[j]�^&n�_bajUJS �
B)¶VFHG	��
�����!I��&NAD>9 @CBE¶��¢GJNAD��&KMD

R � D È R Å ÄTÈHÉXÓ7Ö;Ë�Ä�� &EË�Ì�ÇVÆLÄ �¤ÈMË�È©Ë�Ì��AÏ���Ì�ÆgÕ Ð Ë�È&ÇpÈVÈoÆ� ÉVÉwÄ¢ÆLÄ �¤È�� + � ÑwÈHÉ! ªÑpÏ¢ÆLÄ &oÏTÄ"�pÇVÆLÄ �¤È#� · �JÕ7É�ÑwÌ+"gÚ�ÉwÄ�Ë%$
Ë�Ö;Ë�ÄdÏ�Å)Ó7Ö;Ë�ÄwÌ
ËhË�ÏdÏ�Ë�È~ÙHÇpÚVÏ�Ë�È~Ë�ÄTÈMË2ÉwÌjÄ¢Æ Æ@Ë�Õ
Ë�Ô9Ë�È ÉAË�Ì
Ë�ÈtÍoÑ G G Ë��VÉAË�Ì¨ÉAË�Ì�Ë�È�&RÌ-�VÉ�Ñ'�oÆ(Ó7Ñ Ð Ë �¤ÌJÉwÈMË¤Æ!Ö;ÄdÌJÉ)(+*MË�ÌjÈMË�Ì Ð Ä¢ÔVÆ2Ë�Å!ÄTÈ R Ó7Ö;Ë�Ä
Ç9Ñ7Å Ð Ë�Ó¤Ë�Ä "gÚ�ÈMË¤Æ@Ë Û ÏbË G Ë�ÈoÆÎË 0 ÑwÈHÉ 1, Å%�VÉOÇ-,�×@ØpÌfÇ�ÏTÏbË x, y, z ∈ R ÉwÄ�Ëz×��¤Ï Ð Ë�ÈHÉAË�È  �Ë Ð Ë�ÏdÈ
Ð Ë�Ï�Æ@Ë�È�$
 /. $ + Ä�ÅhÆ(ÇwÅjÅ%�="jÄbÇ9ÆLÄ10OÕoÉ)( Ú2( (x+ y) + z = x+ (y + z).

 �3�$ 0 Ä�ÅJÆ;ÈMË¤ÑVÆ�Ì�ÇpÏbË
Å Û ÏbË G Ë�ÈoÆ�Ô9Ë�Ó Ð Ï1( +, É)( Ú4( x+ 0 = 0 + x = x.

 !5=$ Û ÄdÈ$ÉAË¤ÑVÆ�Ä Ð Ë7698�Å�ÔwÇ�Ì:�AË�Ä�Æ;01�¤È=<2Ï�Ë�Ä�"gÚoÑpÈ Ð Ë�ÈHÕ�É+( Ú4(>$
Ë¤ÉAË?<2Ï�Ë�Ä�"gÚoÑpÈ Ð ÉAË�Ì � ÌJÆ x+u = y
ÔAË
Å Ä¢ÆLÓ7Æ Ð Ë�ÈMÇ9ÑË�ÄTÈMË!6@8�ÅJÑpÈ Ð u ∈ R. AXÄdÌ~ÔAË�Ó¤Ë�Ä�"gÚVÈMË�ÈsÅ Ä�Ë G Ä¢Æ u =: y − x.

 �B�$ + Ä�ÅhÆ;� � G G ÑVÆÎÇ9Æ�ÄC0OÕoÉ)( Ú4( x+ y = y + x.

 EDA$ · ÄTÅJÆ(ÇpÅ\Å �="\Ä�ÇVÆLÄ107ÕoÉ)( Ú4( (x · y) · z = x · (y · z).
 EFA$ 1 Ä�ÅJÆ;ÈMË¤ÑVÆ�Ì�ÇpÏbË
Å Û ÏbË G Ë�ÈoÆ�Ô9Ë�Ó Ð Ï1( ·, É)( Ú4( x · 1 = 1 · x = x.

 HGC$ Û ÄdÈ$ÉAË¤ÑVÆ�Ä Ð ËI6@8pÅJÔwÇpÌ��9Ë�Ä¢ÆJ0C�¤ÈK<2Ï�Ë�Ä�"gÚMÑwÈ Ð Ë�ÈHÕ$É)( Ú4(L$
Ë¤ÉAËH<2Ï�Ë�Ä�"gÚMÑwÈ Ð ÉAË�Ì � ÌJÆ x · u = yG Ä¢Æ x 6= 0 Ô9Ë�ÅjÄ�Æ�ÓwÆ Ð Ë�È&ÇVÑ�Ë�ÄdÈMËI698�ÅJÑpÈ Ð u ∈ R. AXÄdÌ¬Ô9Ë�Ó�Ë�Ä�"gÚVÈMË�ÈsÅjÄbË G Ä¢Æ u =: y
x
.

 !M=$ · ÄTÅJÆ;�A� G G ÑVÆ¢ÇVÆLÄ10OÕHÉ)( Ú2( x · y = y · x.
 ENA$7* ØwÌ¬ÔAË�ÄLÉAËH� &,Ë�Ì�Ç9Æ�Ä���ÈMË�È�ÓwÑ7Å\Ç G G Ë�È Ð ÄdÏ¢Æ®ÉwÄbË � Ä�ÅhÆ�ÌjÄÎÔ9ÑVÆ�ÄC0¤Ä¢Æ1�9Æ Õ$É)( Ú4(

(x+ y) · z = x · z + y · z
x · (y + z) = x · y + x · z.

 /.-OA$ � Ä�ËzÔAË�ÄLÉ9Ë�È�ÈMË¤Ñ�ÆLÌ�Ç�Ï�Ë�È Û ÏbË G Ë�ÈoÆÎË�ÅjÄdÈ$É�0�Ë�Ì�Å-"gÚ�ÄbË¤ÉAË�È4(
��Uh�MUhS q QTZRQTS c UhZ(PR�&UJSVU uJq UJQP�!YOY7Z c QdS�npajUJS�nw]�^�[jUhS~§wY7ZJxpnwkT[jY uhq UhQ&��UJZ\n c UhS)x c QTU#n v _�UJQdS �npS c UhZ�[jUhS��OZ\UJ]�^Oa#[ ajUh^�UhS v S c egU q UJQdk�[�UhQTSVU ° ��nwkTn�n v [�Z\UhUhkTkTUhS lonp^�kdUJSra\Z\nw{wUhS)x q Y7�&UJQ c UhZ
° ]�^VS�Q`ajaj� v S��7a(egU q UhQTkT[ uJv Z�« v kdk${7Uh^V¦7ZjU7xV[ Yf�7¦wSVSVUJS q QTZ�QTS c UhZ#�MUh��npS�S7a\UhS��tUhQ�[ U2egU c U �� v S��7a X c UhZiPR�MUhSVU UhQTS lonp^VkTUhS���nwnwZ

(ξ1|ξ2) uhv Y7Z c S�UhS$x q Yp_���Z q QTZ � Uha q n7[[\]�^VkTn � �
�VQT{ �EUJQdS9_Ln7]�^

X = (ξ1|ξ2)
S�YpajQTUhZ\UhS � l vV� ° ]�^VSVQda a\� v SV�Oa c UhZQ�!YAYwZ c QdS&n�ajUJS�nw]�^&[ UJS¬{wUJ^V¦wZja

c nwSVS c UhZ#« v kdkT� v S��7a#Y c UJZ#n v ]�^��!YOY7Z c QdS�npajUJS v Z\[j�VZ v SV{ O = (0|0).PRQTSVUhS��;_�UJQdk
x
x c UhZ�§7Y �SR Z�[j�VZ v SV{ O uhv UhQTSVU � � v SV�Oa X u UhQT{paJxASVUJSVSVUJS q QTZ c UhS � Z a�[ �

§wUJ�OajYwZ � Qda ° �VQ`a u UtQdS
X. ° Y7kT]�^�U � Z a�[ §7Uh�OajY7ZjUJS ��nwSVS � npS>S v Smn v _�_�YwkT{wUJS c UX�tUhQ�[jU

n c�c QdUJZjUJSi� uhq��Vv S ci� Qda#UhQTSVUhZ!lHnp^Vk �~v k`a\Qd��kdQ u QTUhZ\UhS$�
±�NUT,DEI�GJI�K&DV�#
XWY[ZrNA@CBED�NAD]\©ILGH�f³¤G#9L�MN7FHG�K�³�NAD �ªÙEÖ;Ë�ÄE�®Ì�Æ�Å^0¤Ë>�oÆ �¤Ì
Ë�È x, y ÔAË
ÅhÆ�Ä G`_G Ë�È Ë�ÄdÈY&RÇ�Ì�Ç�ÏTÏbË�Ï�� Ð Ì�Ç G G Õa0C�¤È¸É9Ë G ÉwÌ
Ë�Ä Û "[�AË�È>É�ÑpÌ "gÚ¸ÉAË�Ècb)Ì�Å &HÌJÑpÈ Ð O, É7ÄbËiÍ'&oÄ¢ÆLÓ�Ë
X = (ξ1|ξ2) 0C��È x ÑpÈHÉªÉwÄ�Ë�Í'&oÄ¢ÆLÓ�Ë Y = (η1|η2) 0C��È y Ð Ë Ð Ë�Ô9Ë�ÈªÅjÄdÈ$É)( � Ë�Èd�10C�¤È O �
È&Ç "gÚ¸ÉAË�Ì	0�Ä�Ë�Ì�ÆÎË�È Û "[�AËfÓ¤Ë�Ä Ð Ë�ÈHÉAË�Èe�®ÌJÆ¢ÅL0�Ëf�oÆ ��Ì�ÈMË�ÈVÈoË�È>Ö;ÄTÌÉwÄ�ËÍoÑ G G Ë#0C�¤È x ÑpÈHÉ y
ÑpÈHÉXÔ9Ë�Ó�Ë�Ä�"gÚVÈMË�È�ÄTÚVÈ G Ä�Æ x+ y. Í�Ë�ÄTÈMËyÍ'&oÄ¢ÆLÓ�Ë!ÄTÅJÆ2ÉAË�Ì7&#ÑpÈ��oÆ (ξ1 + η1|ξ2 + η2).D ÅJÆ x Ë�ÄTÈg�®Ì�Æ�Å^0¤Ë>�MÆ �¤Ì G Ä�Æ�Í &oÄ�Æ�Ó¤Ë X = (ξ1|ξ2) Õ λ ∈ R Ë�ÄdÈoË¬Ì
ËhË�ÏdÏ�ËfÙHÇ�Ú�ÏLÕ)Å%� ÔAË�Ó¤Ë�Ä�"gÚVÈMË
λx ÉAË�Èe�®Ì�Æ�Å^0¤Ë>�oÆ �¤Ì G Ä¢Æ!Í'&oÄ¢ÆLÓ�Ë (λξ1|λξ2). AXÄdÌ¬ÈoË�ÈVÈMË�ÈªÄdÚ�È¸ÉOÇpÅ λ− ×LÇA"gÚMË	01�¤È x ÑpÈ$É
Ô9Ë�Ó¤Ë�Ä "gÚ�ÈMË�ÈtÄdÚ�È G Ä¢Æ λ · x, Ö �VÔAË�Ä É9Ë�Ì · G Ë�Ä�ÅhÆ�ÑpÈoÆÎË�ÌhÉwÌ�Ø "[�oÆ�Ö;ÄdÌJÉ)( λ · x Ä�ÅJÆ#Ë�ÄdÈihMËf�oÆ �¤ÌJÕ
ÉAË�ÌsÑ G ÉAË�È�*MÇ-�oÆ ��Ì |λ| Ð Ë Ð Ë�ÈoØ�Ô9Ë�Ì x Ð Ë�ÅJÆLÌ
Ë#"[�oÆ�Ä�ÅhÆfÑpÈ$É É9Ë�Ì�Ä G *&ÇpÏdÏ�Ë λ < 0 ÄTÈ ÉwÄbË
Ë�ÈoÆ Ð Ë Ð Ë�È Ð Ë�Å�Ë¤Æ�ÓwÆÎË� �Ä�"gÚoÆ ÑpÈ Ð ÖRË�Ä�ÅhÆ:(� Ë�È#j¬ÑpÏTÏ10¤Ëf�oÆ �¤Ì G Ä�Æ(Í &oÄ�Æ�Ó¤Ë O = (0|0) ÔAË�Ó¤Ë�Ä "gÚVÈoË�ÈtÖ;ÄdÌ G Ä¢Æ 0.
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Ã Qda¨UhkTU � UJS7a�npZ\UhSt{wUJY � U
a\ZjQ�[j]�^�UhS��#�MUhZ\kdUJ{ v SV{7UhSÊ��npSVS � npS c nwSVSÊ_�YwkT{wUJS c UJS ° n�a u �MU �
q UhQ�[ UJS$�
� ¶9GJ´=�#
�� * ØwÌ!Ç�ÏTÏbË �®Ì�Æ�Å^0¤Ë>�MÆ �¤Ì
Ë�È x, y, z ÑpÈ$ÉÇpÏdÏ�Ë�Ì�ËJË�ÏTÏbË�ÈsÙ$Ç�ÚVÏ�Ë�È λ, µ Ð Ë�Ï¢ÆÎË�È
h . $ + Ä�ÅhÆ(ÇwÅjÅ%�="jÄbÇ9ÆLÄ10OÕoÉ)( Ú2( (x+ y) + z = x+ (y + z).

h93�$ 0 Ä�ÅJÆ;ÈMË¤ÑVÆ�Ì�ÇpÏbË
Å Û ÏbË G Ë�ÈoÆ�Ô9Ë�Ó Ð Ï1( +, É)( Ú4( x+ 0 = 0 + x = x.

h;5=$ Û ÄdÈ$ÉAË¤ÑVÆ�Ä Ð Ë7698�Å�ÔwÇ�Ì:�AË�Ä�Æ;01�¤È=<2Ï�Ë�Ä�"gÚoÑpÈ Ð Ë�ÈHÕ�É+( Ú4(>$
Ë¤ÉAË?<2Ï�Ë�Ä�"gÚoÑpÈ Ð ÉAË�Ì � ÌJÆ x+u = y
ÔAË
Å Ä¢ÆLÓ7Æ Ð Ë�È&ÇVÑ�Ë�ÄdÈMË 698�ÅJÑpÈ Ð u. AXÄTÌfÔ9Ë�Ó�Ë�Ä�"gÚVÈMË�ÈtÅjÄbË G Ä�Æ u := y − x ÑpÈHÉ�ÈMË�ÈVÈMË�È
ÉwÄbË
Å�ÉwÄ�Ë � ÄTÒHË�Ì�Ë�ÈVÓfÉAË�Ì �®ÌJÆ¢ÅL0�Ëf�oÆ ��Ì�Ë�È y, x.

h9B�$ + Ä�ÅhÆ;� � G G ÑVÆÎÇ9Æ�ÄC0OÕoÉ)( Ú4( x+ y = y + x.

hQDA$ · ÄTÅJÆ(ÇpÅ\Å �="\Ä�ÇVÆLÄ107ÕoÉ)( Ú4( (λ · µ) · x = λ · (µ · x).
hQFA$ 1 Ä�ÅJÆ;ÈMË¤ÑVÆ�Ì�ÇpÏbË
Å Û ÏbË G Ë�ÈoÆ�Ô9Ë�Ó Ð Ï1( ·, É)( Ú4( 1 · x = x.Û Å Ð Ë�Ï¢ÆÎË�È ÉwÄ�Ë � ÄTÅJÆLÌ\Ä¢ÔVÑVÆLÄ10 Ð Ë�Å�Ë¤Æ�Ó¤Ë
h�GC$ λ · (x+ y) = λ · x+ λ · y,
h;M=$ (λ+ µ) · x = λ · x+ µ · x.
�>QTZ�^�nw�&UJS c nw[#�#UJ]�^VSVUJS � Q`a � Zja\[j§wUJ�OajYwZ\UhSi�&U�[j]�^�ZjQTUh�MUhS$x q Y7�&UJQ)npk�[jY�S�nw]�^�_�UJ[ ajUJSX��U �
{wUJkdS¬n v [)[jYwk�]�^VUJS�W;UJ�OajYwZ\UhS)x cH� ^ � �;_�UhQTkdUJS¬QTS c UhZ�PR�MUhSVU7xJSVU v U(W;UJ�OajYwZ\UhS�{7U � nw]�^Oa q UhZ c UhS)x
� uJq�� n v [)UJQdS�UhZ,lHnp^Vk v S c UJQdS�U � W;Uh�OajY7Z�UJQdS¨SVU v UJZ�W;UJ�OajYwZ � �!QTUJ[jU � �MUhZ�n�ajQTYwS�UhS�§wUJZjk�n v _�UhS
c nw�&UJQ)[ Y&x c n ¯fq QTZ#[ QTU�{7nwS u Yw^VS�U�{7UhY � UhajZ\QT[\]�^VUy¥#S�[\]�^�n vVv SV{ c9v Z�]�^9_��V^�ZjUJSi�7¦wSVSVUJS�S v ZnpkTkTUhQTSzn v [ c UhZ;�yUhS�S7a\SVQ�[ c UhZ;�!Y � �&Y7SVUhSOa\UhS c UhZ ° �VQda u UhS � � v SV�Oa\U c UhZ,�MU
ajUJQdkTQT{pajUJSfW;Uh�OajY �
Z\UhS$x cH� ^ � §wYwS�lonp^VkTUhS � �;nwnwZjUJS � ��npSVSi�w¦7SVSVUhS q QdZ2np�MUhZ c QTU���UhY � U
ajZ\QTU�{wkTUhQ�]�^ q Uh{7kTn7[j[jUhS
v S c�c QTZ\Uh�Oa � Qda�lonw^VkdUJSV��n7npZ\UhSrZ\UJ]�^�SVUhS � �!QTUJ[2_��V^�Z a v S&[ uhvV� [ Y7{ � R2 :

±�NUT,DEI�GJI�K&DV�#
��gg±�N7³
R2 �  sÄ¢Æ R2 ÔAË�Ó¤Ë�Ä "gÚMË�ÈiÖ;ÄTÌ2ÉwÄ�Ë  Ë�È Ð Ë®Ç�ÏTÏbË�Ì Ð Ë �¤ÌJÉwÈMË¤Æ@Ë�È &;Ç7Ç�Ì
Ë

0C��ÈiÌ
ËhË�ÏdÏ�Ë�ÈXÙHÇpÚVÏbË�È�$
R2 := {x = (ξ1, ξ2) | ξi ∈ R, i = 1, 2}

� ÇpÅJ&RÇwÇpÌ (0, 0) Ö;ÄdÌJÉ G Ä¢Æ 0 ÔAË�Ó¤Ë�Ä�"gÚVÈMË�Æ�ÑpÈHÉ�ÚMË�Ä",&Æaj¬ÑpÏTÏbË�ÏbË G Ë�ÈoÆgÕ�×�Ë�ÌjÈoË�Ì¬Ô9Ë�Ó¤Ë�Ä "gÚ�ÈMË
e1 := (1, 0), e2 := (0, 1).

AXÄTÌ�Ë�Ì:�AÏX�pÌ�Ë�ÈÓwÖRË�Ä � &,Ë�Ì�Ç9Æ�Ä���ÈMË�È$� ÉVÉwÄ¢ÆLÄ �¤È	� $&ÙEÑ x = (ξ1, ξ2) ÑpÈHÉ y = (η1, η2) ∈ R2 Å�Ë�Ä
x+ y := (ξ1 + η1, ξ2 + η2) ∈ R2.

 ªÑpÏ¢ÆLÄ &oÏTÄ"�pÇVÆLÄ �¤È G Ä�Æ λ ∈ R : ÙEÑ x = (ξ1, ξ2) ∈ R2 ÑpÈHÉ λ ∈ R Å�Ë�Ä
λx := λ · x := (λξ1, λξ2).

��n�_��VZ#{7Qdkda
� ¶9GJ´=�#
�
 * ØwÌ2ÇpÏdÏ�Ë x, y, z ∈ R2, λ, µ ∈ R Ð Ë�Ï�Æ@Ë�ÈsÉwÄ�Ë2ÄTÈiÍVÇVÆLÓH�E( 5�È��AÆLÄ�Ë�Ì�ÆÎË�È  !Ë Ð Ë�ÏTÈKh .Ô�Ä�ÅHh;M�(
�>QTZ�§7UhZ q UJS c UJS c QTUtS v S [j]�^�YwSm�MUhQ c UhS � Zja\[j§wUJ�OajYwZ\UhS>QTS c UhZ�PR�MUhSVU v S c �MUhQ c UJSlonw^VkdUJSV��n7npZ\UhSr{7U
_ v S c UhSVUy{7U � UhQTS�[\n � U ° ajZ v �Oa v Z2_���Z�_�YwkT{wUJS c U
±�NUT,DEI�GJI�K&DV�#
���

R �� NOFHGJK&³¤³�¶VC2\ � Û ÄdÈMË G Ç9ÆLÚoË G Ç9Æ�ÄTÅ+"gÚMË;ÍoÆ�ÌJÑ �MÆjÑpÌ V, ÄdÈfÉAË�Ì,Ë�ÄdÈ~ÇVÑwÅ _
Ð Ë�Ó¤Ë�Ä "gÚVÈoË¤ÆÎË
Å Û Ï�Ë G Ë�ÈoÆ 0 Ð Ë Ð ËpÔAË�ÈiÄ�ÅhÆ Õ&×�Ë�ÌjÈMË�Ì!Ë�ÄTÈMËH� &,Ë�Ì�Ç9ÆLÄ �¤È�� � ÉVÉwÄ¢ÆLÄ �¤È�� ��� �¨ÑpÈ$ÉrË�ÄdÈoË
� &,Ë�Ì�Ç9ÆLÄ �¤È��  ©ÑpÏ�Æ�Ä &HÏdÄ �pÇ9ÆLÄ �¤È G Ä�Æ�Ì�ËJË�ÏTÏbË�È ÙHÇpÚVÏbË�È���� λ· �Ë�Ì��AÏ���Ì�Æ�Å ÄTÈHÉVÕRÅ%�VÉOÇ-,ªÉAÇ�×@ØpÌiÉwÄ�Ë
 !Ë Ð Ë�ÏTÈ hJ.~Ô�Ä�Å h;M~Ç9ÑwÅ2ÍVÇ9Æ�Ó �E( 5 Ð Ë�Ï¢ÆÎË�È$ÕOÚMË�Ä",&Æ;Ë�ÄdÈ���hMË>�oÆ �¤Ì\Ì�Ç9Ñ G Ø�Ô9Ë�Ì!ÉAË�ÈiÌ�ËJË�ÏTÏbË�È�ÙHÇ�Ú _
Ï�Ë�È�� (



� ÄbË Û Ô9Ë�ÈoË~ÑpÈHÉ�ÉAË�Ì R2 �����

° Y7kT]�^VU�W;Uh�Oa\YwZ\Z\� vV� U ( q QTZ q UhZ c UJS [jQdUsn v ]�^ SVY9]�^ �V�&UJZnpS c UhZ\UhS�lonp^VkT�MUhZ\UhQ�]�^VUhS npk�[
c UJSiZ\UhUJkdkTUhSXlonp^�kdUJSr�MU
ajZ�nw]�^Oa\UhS ( v S c�c QdU��j[j]�^V¦7SVUhS���¥#�VQTk c9v SV{7UhS uhq Q�[j]�^VUJSiQT^VSVUJS$x9�VQTk �
c UJSsUhQTSVUhS q Q�]�^OajQT{wUJS�¹�UhQTk c QdU�[ UJZ�W;YwZ\kTUJ[ v SV{ �M° QdU~[ga\Uh^VUJSsQ � ·#QTSOajUJZj{7Z v S c x q UhSVSsU�[ vV�
� {7ZjY ¯ UC�EkdQTSVUJnwZjU���kTUhQ�]�^ v SV{O[j[j�9[ga\U � U2{wUh^Oa�x q UhSVS q QTU#�MUhQ ° ]�^ q QdSV{ v SV{O[ �VZ\Yw��kdU � UJS~kTQTSVUJn �
Z\U¨��Q��oUhZ\UhSOajQ�npkTYw�MUhZ�n�a\YwZ\UhS�Q �.° �VQTUhk,[jQdS c x&�MUhQ c UhZ�¥ v [j{wkTUhQ�]�^�[jZjU�]�^VS v SV{fUh�MUhS&[ Y q QTU¨�MUhQ
kTQdSVU�npZ\UhZ � �9a\Q � QTUhZ v SV{ �
� kdUJQd�MUhS q QTZ,nw�&UJZ uhv S&�w]�^�[ aE�MUhQ v S�[ UJZjUJS¨�MUhQ c UhS � UhQ�[ ��QdUJkdUJS$x c UhSzW;Uh�Oa\YwZ\UhS¨QTS c UhZ,PR�MUhSVU
� uJq��Mc U � R2.

2 � R2 k�� ¯ ay[ Q�]�^s�MU�� v U � Z\UJ]�^�SVUhS$x&QdS c UhZ�PR�MUhSVUz^�np�MUhS q QdZ�{wUJY � U
a\ZjQ �
[\]�^VU � �9egUJ�OajUwx c QTU v S�[ UJZjUJZiW;Y7Z\[ ajUJkdk v SV{ UhSOaj{7Uh{7UhSV�7Y �f� UhS �®� UJQ c UJ[ikT� ¯ a�[jQ�]�^ªegU q UhQTkT[
QTSVUhQTS�npS c UhZ��V�MUhZ�[jU
a u UhS � �!UhS�SiegU c UhZ � Zja\[j§wUJ�OajYwZ

x = (ξ1|ξ2)
�MUJ[ ajQ �z� a�ajZ\Qd§AQ�npkTUhZ q UJQT[jU

c n7[;lHnp^VkTUhSV�&nwnpZ
(ξ1, ξ2) v S c~v�� {7Uh�7Uh^VZja �p° Yy�w¦7SVSVUJS q QTZ;§wYwS c U � � npaj^VU � n�ajQ�[\]�^ v S�QdS �ajUJZjU�[j[\npSOa\UhS R SOajUhZ�[\]�^VQdU c nw��[ UJ^VUhS v S c � Zja\[j§wUJ�7a\YwZ®Y c UhZ�lonw^VkdUJSV��n7npZ�npk�[ uhq UhQHPRZ�[j]�^�UhQ �

S v SV{O[g_�Y7Z � UhSªUJQdS v S c c UJ[\[ UJkd�MUhS � �VegUh�Oa\[~npS�[jUh^VUJS$x c nw[ q QdZz{wUJSVUhZ\UhkTk(UJQdSVUJS�� W;Uh�OajY7Z��
SVUJSVSVUhS ��° ]�^VZ\UhQT�&UJS q QdZ¨nwkT[jY�UhQTS9_Lnw]�^

x = (ξ1, ξ2) v S c kdU�[ UJS c QdU�[2egU�S�n7]�^ 2@SOa\UhZ\UJ[\[ UJS �
k�np{wUznpk�[ � Zja\[j§wUJ�OajYwZ�Y c UhZynpk�[ylonw^VkTUhSV��n7npZ � ��npSVSt[ QTS c npk�[ Yrn v ]�^ c QdU~Yw�MUhS c U
|�SVQTUhZjajUJS
e1 = (1, 0), e2 = (0, 1)

nwkT[ � � Z a�[ � �@W;UJ�7a\YwZ\UhS QdSOajUJZj��ZjUhajQTUhZ\��npZ�x;[ QTU u UhQT{wUJS egU q UJQdk�[�n v _
c UJS�¥�]�^&[ UJS�n v _ c UhSs� v SV�Oa � Q`a c UhZ��!YAYwZ c QdS&n�ajU � � �>QdZ#S�UhSVSVUJSs[ QTU c QTU
	��w¿p� 0p�����h�\��¡
�®�b�9�V¡h�b�L�%.�¡��p� 0p¼j¡h��� *
2@S c QTUJ[jU � �#nw^ � UhS�{wQTkda
� ¶9GJ´sCED:��zNA´wNAI @CBEDHC�DE� ��
���� Ë�É9Ë�Ì	hMËf�oÆ ��Ì!Ä G R2 Ô9Ë�ÅjÄ�Æ�ÓwÆ Ð Ë�È&Ç9ÑiË�ÄdÈoË � Ç�Ì�ÅhÆ@Ë�ÏTÏ�ÑwÈ ÐÇ�Ï�Å

x = ξ1e1 + ξ2e2
G Ä¢Æ ξi ∈ R.

  ÇpÈiÈMË�ÈVÈoÆ2ÉOÇ�ÚoË�Ì (e1, e2) ÇVÑ "gÚsË�ÄdÈoË ����ÇpÅjÄ�Å �2ÉAË
Å R2 Ô�Ó7Ö (MÉAË�Ì Û Ô9Ë�ÈoË-(
}�n7[j[jUhS q QTZ¨[j�&U u QTUhkTk c UJS©¥�[j�&UJ�7a c UhZ � Zja\[j§wUJ�OajYwZ\UhS QdS&[¨¥ v {wUwx�[ Ys^�npa#egU c UhZ¨W;UJ�OajYwZ

xUhQTSVU � �pSV{7U |x| v S c egU uhq UhQ�W;Uh�OajY7ZjUJS
x, y (6= 0)

�VQTk c UJSUhQTSVUJS��>QdSV�7Uhk
χ := ](x, y).

��n
v S�[jUhZ\U � nw[jQT[j§wUJ�OajYwZ\UhS

e1, e2
egU c QTU � �pS�{wU

1
^�np�MUhS v S c [ UJSV�AZjU�]�^7aRn v _�UhQTS�npS c UhZR[ ajUJ^VUhS$x

�MUh�wY �f� UJS q QTZ�S�n7]�^ c UJSs��Uh{7UhkTS c UJZ�¹�ZjQT{wY7SVY � U
a\ZjQTU
B)¶VFHG	��
�� *®ØpÌ x = ξ1e1 + ξ2e2 ÑwÈHÉ ϕ := ](e1, x) ÄTÅJÆ

|x| =
√

(ξ21 + ξ22), ξ1 = |x| ]hY7[ ϕ, ξ2 = |x| [jQTS ϕ.
l v [\n �f� UhS � Q`a!UhQTSVU � q UJQ`a\UhZ\UhS�W;Uh�OajY7Z

y = η1e1 + η2e2 v S c ψ := ](e1, y)
{7Qdkda c npS�S_��VZ c UhS�UhQTSV{wU�[j]�^VkTY7[\[jUhSVUJSr�>QTSV�wUJk

χ := ](x, y) = ψ − ϕ,

v S c S�n7]�^ c U � ¥ c�c Q`a\QdY7S�[ aj^VUJYwZ\U � _��VZ c UhS�� Y7[jQdS v [
]
YO[

χ =
]hY7[

(ψ − ϕ) =
]
YO[

(ϕ− ψ) =
]hY7[

ϕ
]
YO[

ψ +
[ QTS

ϕ
[jQTS

ψ
npk�[jY

]
Y7[
χ =

ξ1
|x| ·

η1
|y| +

ξ2
|x| ·

η2
|y| =

ξ1η1 + ξ2η2
|x||y| .

�!UhZ)Z\UJ]�^Oa�[)[ ajUh^�UhS c U®¥ v [ c Z v ]���QT[ a)Q �z� UJZ c Uh|�SVQTUhZjaJx q UJSVS�S v Z q U c UhZ x SVY9]�^
y c UhZ�« v kTk �§wUJ�OajYwZ2Q�[ga�x �Lc npSVS�^���ajajUJS q QTZ,e nfn v ]�^�{7nwZ2�wUhQTSVUJSiZ\QT]�^Oa\Qd{7UhS��>QdSV�7Uhk�� � _�UJZjS�UhZ2�&UJZjU�]�^VSVUha

[jQT]�^ c QTUJ[jUhZ#¥ v [ c Z v ]��rnwkdkTUhQTSVU�n v [ c UhS#�!Y � �&Y7SVUhSOa\UhS
ξi, ηi.�!QdU�[2_��V^VZja v S�[ uJv

±�NUT,DEI�GJI�K&DV�#
��� � FV¶=<L¶9³C8E³�K :�C�FHGI�\
R2 �=*®ØpÌ x = (ξ1, ξ2), y = (η1, η2) ∈ R2 Å�Ë�Ä

〈x, y〉 := x · y := ξ1η1 + ξ2η2 ∈ R.

  ÇpÈÈMË�È�ÈMÆ ÉwÄ�Ë�Å�ÉOÇpÅ ��Í �pÇ�ÏbÇ�Ì &oÌ%�VÉ�Ñ �MÆ�� 01�¤È x ÑpÈHÉ y.   ÇpÈ�"gÚMË � ÑVÆ ��Ì�Ë�ÈrÅ+"gÚVÌ�Ë�Ä¢Ô9Ë�È�ÉAÇ�×@ØpÌ
Ç9Ñ="gÚ (x, y).



����� � �����	��
���������������

� ¶9GJ´=�#
���� *®ØpÌzÉOÇwÅyÍ%��ÇpÏ�ÇpÌ &HÌ%�VÉ�Ñ'�oÆ G Ä¢Æ hMËf�oÆ ��Ì�Ë�È x, y, z ∈ R2 ÑpÈHÉXÍ �pÇ�ÏbÇ�Ì
Ë�È λ ∈ R
Ð Ë�Ï�Æ@Ë�È�×��¤Ï Ð Ë�ÈHÉAË  !Ë Ð Ë�ÏTÈ4(
Í . $ x · y = y · x.
Í�3�$ x · (y + z) = x · y + x · z.
ÍP5=$ x · (λy) = λ(x · y).
Í�B�$ x · x ≥ 0, x · x = 0 Ð Ë�È&Ç9ÑVÕ$Ö;Ë�ÈVÈ x = 0.

�!UhZ � U q UJQT[�QT[ a�UhQTSXUJQdS9_Ln7]�^VUJ[�«�nw]�^�ZjU�]�^VSVUhSsn v [ c UJZ!�!U
|�S�Q`a\QdY7S � Q`a c UhS ��U�[ Uha u UJS c UhZZ\UhUhkTkTUhSÊlHnp^VkTUhS � �tUh{7UhS ° � �w¦wS�SVUhS q QdZy_��VZ2egU c UJ[ x ∈ R2 [ga\U
a�[ √

(x · x) ��Qdk c UhS � ��QTUJ[
_��V^VZja uhv
±�NUT,DEI�GJI�K&DV�#
��+�K �~NOGh³�¶V�����sK�³-\ ��*®ØpÌ x ∈ R2 ÚoË�Ä ,�Æ |x| := +

√

(x · x) ÉAË�Ì ���#Ë _
ÆLÌ�Ç Ð � �VÉAË�ÌyÉ7ÄbË ��j ��Ì G � 01�¤È x.
� �oUhS�[jQT]�^Oa\kdQ�]�^iQ�[ a�[ga\U
a\[ |x| ≥ 0 v S c |x| = 0

S v Z2_��VZ
x = 0.�!QdU�[E[ ajQ �f� a;S�npaj�VZ\kdQ�]�^ � Qda c UhZ,[j]�^VY7S¬Yw�MUhS~�&UhajZ�nw]�^OajUhajUJS � �wSV{wU UhQTSVUJ[EW;UJ�7a\YwZ�[)���&UJZjUJQdS �PR�MUhS�[jYf�w¦7SVSVUhS q QdZ c QTU�Yw�MUhS�SVYpa\QdUJZ a\U�}�YwZ � UJkM_��VZ c UhS
� Y7[jQdS v [ c U�[®�>QdSV�7Uhk�[ uhq Q�[j]�^�UhS

uhq UhQHW;UJ�OajYwZ\UhS~egU
a u a�[\]�^VZ\UhQT�&UJS�nwkT[
]hY7[

(](x, y)) =
x · y
|x||y| ,

v S c�c n c UJZ � Y7[jQdS v [2UJQdS�UJ[2Z\UJ]�^OajUJSi�>QTSV�wUJkT[2UJ�&UJS
= 0

QT[ aJx�kdQTUh{wa2U�[�S�nw^VU uhvsc U
|&SVQdUJZjUJS$�
±�NUT,DEI�GJI�K&DV�#
���W  K�³¤G BEKM�&KMD�¶�< �tÙEÖ;Ë�Ä hMËf�oÆ �¤Ì
Ë�È x, y ÚMË�Ä ,AË�È � ��ÌJÆ�Ú � Ð �¤È&ÇpÏ � �VÉAË�Ì ��Å�Ë�ÈP� _
Ì
Ë#"gÚoÆ$ÓwÑAË�ÄTÈ&Ç�ÈHÉ9Ë�Ì �LÕ9ÇVÔ Ð Ëf�oØpÌ\ÓwÆ x⊥y, ÖRË�È�ÈÄdÚ�Ì®Í �pÇ�ÏbÇ�Ì &oÌ-�VÉ�Ñ'�oÆa0¤Ë�Ì\Å+"gÚoÖ;ÄdÈ$ÉAË¤Æ ÕVÉ)( Ú4(�ÖRË�È�È
x · y = 0.

}E�VZ c nw[®PRQTSOajZ\U
a\UhS�§wYwS
x · y = 0

{7Qd�9a�U�[ c ZjUJQ Ã ¦w{wkTQ�]�^V�wUJQ`a\UhS$�OP([®��npSVS�[ UJQdS
x = 0

Y c UhZ
y = 0.

2@S c QdU�[ UJSX}E�wkdkTUhSsQ�[ a��wUJQdSs�>QTSV�wUJk c Uh|�SVQTUhZja � ¹)Z\Ypa uJc U � Z\U c UJS q QdZ��O��S9_bajQT{in v ]�^^VQTUhZ¬§7YwSÊYwZjaj^�Yw{wY7S�npk � � c UhZ~np�MUhZ�UJ[~[ QTS c x 6= 0 v S c y 6= 0.
��npSVSÊQ�[ga¨UJQdSª�>QTSV�7Uhk

χ
c Uh|�SVQTUhZjaJx$np�MUhZ�]hY7[

χ = 0.
��QTUJ[yQ�[ a c UhZ�}�nwkdk¢x c UhZ v S�[ UJZjUJZyUhQT{wUhSOa\kdQ�]�^VUhS {wUJY � U
a\ZjQ�[j]�^�UhS

W;YwZ�[ ajUhkTk v SV{ÊUhSOa\[j�VZ\QT]�^Oa � ¥#�MUhZ q QTZ��MU
ajZ\UhQT�MUhSÊe nÊ{wUJZ\n c U c QdU�[ UsW;Y7Zj���&UJZjkTUh{ v SV{wUJS$x vV�n v [ {7Uh^VUJS c §wYwSÊ{7UhY � UhajZ\QT[\]�^VUhS	���&UJZjkTUh{ v SV{wUJSªnpkTk � �p^�kdQ�]�^ uhv nwkdkT{wU � UJQdS�UhZ\UhS � UJ{wZ\Q �H[ �
�VQTk cVv SV{wUJS uhv �wY �f� UhS ��>QTZ(^�nw�&UJS^VQTUhZ � Qda ajUJkT[ c U�[ ° ��npk�npZ\�VZ\Y c9v �OajU�[;�&UJ��npSVSOajU!��QTSV{wU!�V�MUhZ � �pSV{7UhS v S c �>QdS �
�wUJk(QTS c UhZ~PR�MUhSVUiSVU v _�Y7Z �~v kdQTUhZja � ��QTU � U c U v a v SV{XkTQdUJ{pa c npZ\QdS$x c n ¯ nwkdkTUJ[Jx q nw[ c npZ�npS_��VZ c UJS Ã n�aj^�U � n�a\Qd�7UhZ q QdZ\�AkdQ�]�^ QTSOajUhZ\UJ[\[\npSOa!Q�[ga�x$[j]�^�YwS QTS c UhSt§AQdUJZy�#Uh{wUJkdS ° � �VQ�[ ° �§wY7S ° n�a u � � �	� [ ajUJ]��Oa v S c�q QdZ!SVY9]�^s§AQdUJkdU v S c {7nwS u nwS c UhZ�[�UJZ\[\]�^VUhQTSVUJS c U ° a\Z v �Oa v ZjUJS�wUJSVSVUJSVkdUJZjS�UhS q UJZ c UJS$x9QTS c UhSVUJS c QdU�[ U¬��UJ{wUJkdSsn v ]�^i{7UhkdajUhS � �tn7[ q QdZ!npkTkdUJQdS�n v [ ° � �VQT[
° � _�YwkT{wUJZjS��w¦7SVSVUJS$x9{wQTk`a c nwSVSsn v a\Y � n�a\QT[\]�^in v ]�^ c YwZja � PRQTS � UhQ�[ ��QdUJk c n�_��VZ�Q�[ a#U
a q n
� ¶9GJ´=�#
�� � *®ØpÌ x, y ∈ R2 Ð Ë�Ï¢ÆÎË�È
.U( |x− y|2 = |x|2 + |y|2 − 2x · y,
3P( |x+ y|2 + |x− y|2 = 2|x|2 + 2|y|2 (

�!UhZ � U q UJQT[,Q�[ga UhQTS[ Q � �VkdU�[R«�n7]�^VZ\UJ]�^VUJSVUhS � Q`a ° � �VQ�[ ° � � 2@S c UhZ®��UhY � UhajZ\QdU c UJZRPR�MUhSVU
Q�[ga � �$c UhZ¬[jYw{ � � YO[ QTS v [ � ° npa u x v S c � � �MUJ[\np{pa�x c n ¯ QTStUJQdS�U � �;nwZ\nwkdkTUhkTYw{7Z\n �z� c QTU��&UJQ �
c UJS�
 v n c Z�n�ajU~�V�MUhZ c UJSt�!QTnw{wY7S�npkTUhS uhv [\n �f� UhS c QTUJ[jUhkT�&U�}EkT�7]�^VUz^�np�MUhS q QdU c QTUf§AQdUJZ

 v n c Z\npajU��V�MUhZ c UJS ° UhQdajUJS �2@S c UhZ2PR�MUhSVU � Qda c UhS � Z a�[ §7Uh�OajY7ZjUJS�QT[ a v S � Q`ajajUJkd��nwZ��AkTnwZJx q nw[ {wU � UJQdSOa2QT[ aJx q UhSVS q QdZ
[\np{wUJS

x′
[ UJQ&{7Uh{wUJSA�V�&UJZ

x vV� c UJS�>QTSV�wUJk
ϕ

{wU c ZjUJ^Oa � 2@S�[j�MUJ[jYwS c UJZjU![ Y7kdkTUhS c nwSVS x v S c
x′

n v ]�^�{wkTUhQ�]�^ik�npS�{f[jUhQTS ��Ã Q`ajajUhk�[ v S&[ UJZjUJZ � n7[ Q�[
e1, e2

^�nw�&UJS q QTZ#��npZ�[ga\UhkTk v S�{wUhS

x = ξ1e1 + ξ2e2, x′ = ξ′1e1 + ξ′2e2,



� ÄbË Û Ô9Ë�ÈoË~ÑpÈHÉ�ÉAË�Ì R2 �����

ϕ

x′

e2e′2 ϕ

ϕ

x

e1

e′1

¥��V�VQTk c9v SV{ �

v S c U�[�[ga\UhkTk`a�[jQT]�^ c QTU¬}VZ�np{7Uwx q QTU � nwS c QdU ξ′i n v [ c UJS ξi �&UJZjU�]�^VSVU
a �
� U
a\Z\n7]�^7a\UhS q QTZ uhv S&�w]�^�[ a c QdU � nw[jQT[j§wUJ�7a\YwZ\UhS

e1, e2 v S c c QTU�{wUh{7UhSA�V�MUhZzQd^�SVUhS vV� ϕ{wU c Z\Uh^OajUJS e′1, e′2 [jUhkT��[ a � «!nw]�^ c UhS���UJ{wUhkTS c UhZ#¹�Z\Qd{7YwSVY � UhajZ\QdU�^�nw�&UJS q QTZ
e1 = 1e1 + 0e2, e

′
1 =

]hY7[
ϕ e1 +

[jQdS
ϕ e2, e2 = 0e1 + 1e2, e

′
2 = − [jQTS

ϕ e1 +
]
Y7[

ϕ e2.

��n¨�MUhQHUJQdSVUJZ���Z\Uh^ v SV{�e n c QdU�Z\Uhk�n�ajQT§wU � nw{wU�§7YwSiW;Uh�OajY7ZjUJS uhv UJQdS&npS c UJZ2UhZ\^�npkdajUJS�VkTUhQT�9aJx
^�npa c UJZf{wU c ZjUJ^7a\UrW;UJ�7a\YwZ

x′, q UhSVS q QdZzQd^�S �MU u �V{wkTQT]�^ c UhZz{wU c Z\Uh^OajUJS � nw[jQT[j§wUJ�OajYwZ\UhS
c nwZ\[ ajUJkdkTUhS$x c QdU¬[jUhkT�&UJS �!YAU�� u QTUhSOa\UhS$x q QTU

x
�&U u �V{7kdQ�]�^ c UhZ#nwk`a\UhS � nw[jQT[ � P([�Q�[ga�nwkT[jY

x′ = ξ1e
′
1 + ξ2e

′
2

= ξ1(
]
YO[

ϕ e1 +
[ QTS

ϕ e2) + ξ2(−
[jQdS

ϕ e1 +
]hY7[

ϕ e2)

= (
]
YO[

ϕ ξ1 −
[ QTS

ϕ ξ2)e1 + (
[jQdS

ϕ ξ1 +
]
YO[

ϕ ξ2)e2,

[jY c n ¯
ξ′1 =

]
YO[
ϕ ξ1 −

[jQTS
ϕ ξ2, ξ′2 =

[ QTS
ϕ ξ1 +

]hY7[
ϕ ξ2.

� U
a\Z\n7]�^7a\UhS q QTZ�S v S q QTU c UJZ c UJS¨npkTkTUhQTSVU uJq QT[\]�^VUhS c UhS/�!Y � �&Y7SVUhSOa\UhS
ξi, ξ

′
i

�MUJ[ ajUh^�UhS c UJSl v [\n �f� UhS�^�npSV{&x cH� ^ ��c QTU c QTUJ[jUhZ���Z\Uh^ v S�{ QTS c UhZ�PR�MUhSVUtUhSOa�[ �VZ\UJ]�^�UhS c U � �&UJZ\npajQTYwS
Q � R2 � ��n�_��VZ q YwkTkTUhS q QTZ®egU
a u aJx v�� npStUhQTSV{wUJ�V�VZ\{wUJZ a\U � n�a\^VU � n�a\QT[\]�^VU ° ]�^VZ\UhQT� q UJQT[jUhS
npS uhv [\]�^VkTQdU ¯ UhS)x c QdUr�,n7npZ\U c UJ[ R2 SVQT]�^Oa � UJ^VZ¨npk�[ ��lMUhQTkTUhS �

(ξ1, ξ2)
SVYwajQTUhZ\UhS$x�[ Y7S c UhZ\S

npk�[ � ° ��npkdajUJS �
(

ξ1
ξ2

)

.�>QTZ#^�np�MUhS c n � Qda c QTU¬�!nwZ\[ ajUJkdk v SV{7UhS

x =

(

ξ1
ξ2

)

, x′ =

(

ξ′1
ξ′2

)

, e1 =

(

1
0

)

, e2 =

(

0
1

)

, e′1 =

( ]
YO[
ϕ[ QTS
ϕ

)

, e′2 =

(

− [jQdS
ϕ]hY7[
ϕ

)

,

v S c�c UJS�Uh�MUhSsnp�V{7UhkTUhQdajUhajUhSXl v [\n �f� UhS�^�npSV{z�w¦7SVSVUJS q QTZ�SVYpa\QdUJZjUJS�nwkT[
(

ξ′1
ξ′2

)

= ξ1

( ]
YO[
ϕ[ QTS
ϕ

)

+ ξ2

(

− [ QTS
ϕ]
YO[
ϕ

)

.

R#� c QTUJ[ v S c n v ]�^f[ �&��ajUJZ;�wY � ��kdQ u QTUhZjajUJZjU ° n7]�^O§7UhZ\^�npkdajU �&U � v U � UhZR_�YwZ �¨v kTQdUJZjUJS uJv �w¦wS �
SVUJS$xV�VQTk c UhS q QdZ#[jYw{7UhS�nwSVSOajU � Ã n�ajZ\Q u UhS���xA^VQTUhZ�[j�MU u QTUhkTk$[jYw{ � 2 × 2 Ã n�a\ZjQ u UJS$�

A =

(

α11 α12

α21 α22

)

(αij ∈ R, i, j = 1, 2).

�>QTZ#UhZ\�AkT�wZjUJSUhQTSVU � �MUhZ�n�ajQTYwS)���X¿p��¼���� × �
	 ¿�Á`�Î¡�� �	 ¿pÁ �@¡ c9v Z�]�^
(

α11 α12

α21 α22

) (

ξ1
ξ2

)

:=

(

α11ξ1 + α12ξ2
α21ξ1 + α22ξ2

)

= ξ1

(

α11

α21

)

+ ξ2

(

α12

α22

)

.
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� ¡
¼ �p¼j¡Î£O¡
Á�� ���b� 	 3�¿�Á �!��3 � �b���M¡ .C0p� � �w¿pÁd¿�¼ 	 ¼ 0 º Â ���R£w�bÁ ���
¡
¼����@¡��E¡h�bÁd¡�3f¿pÁ �
	 ¿�Á`�Î¡�� ¡h¼����Î¡�� 013 	 0p�M¡h���@¡	�

½+,(¡h�b�Î¡
�E¡h�bÁd¡�3f¿pÁ �
	 ¿�Á`�Î¡�� ½+,(¡h�b�Î¡�� 013 	 0��M¡h���@¡#*

}�n7[j[jUhS q QTZ c QdU�[ uhv [jn �z� UJS$�
±�NUT,DEI�GJI�K&D¸CED: � ¶9G�´#�#
�� �]g±i³¤NABHCED��ªIC\

R2 � � Ë�Ì � Ô9Ë�Ì Ð Ç�È Ð 0C�¤È Ë�ÄdÈMË G hMËf�oÆ ��Ì
x =

(

ξ1
ξ2

)

ÓwÑ ÉAË G ÉOÇ�Ó7Ñ¸Ñ G Ë�ÄdÈoË�È AXÄdÈP�AË�Ï ϕ Ð Ë�ÉwÌ
Ë�ÚoÆÎË�È hMË>�oÆ �¤Ì x′ =

(

ξ′1
ξ′2

)

Ö;ÄdÌJÉ
Ô9Ë�Å+"gÚVÌjÄ�Ë�Ô9Ë�È É�ÑpÌ "gÚ ÉwÄbËI ©ÑpÏ�Æ�Ä &HÏdÄ �pÇ9ÆLÄ �¤È G Ä¢Æ Ë�ÄTÈMË�Ì� Ç9ÆLÌ\Ä���$

x′ =

(

ξ′1
ξ′2

)

=

( ]
YO[
ϕ − [jQdS

ϕ[jQdS
ϕ

]hY7[
ϕ

) (

ξ1
ξ2

)

.

� ÄbË~Ç9Ñp×@Æ�Ì�Ë�ÆÎË�ÈHÉAË   Ç9Æ�ÌjÄ�� R(ϕ) ÚMË�Ä",&Æ ��  Ç9Æ�ÌjÄ�� ��ÉAË�Ì � Ì
Ë�ÚoÑpÈ Ð Ñ G ϕ Õ>�VÉAË�ÌI�oÑpÌ\Ó � � Ì
Ë�Ú _
G Ç9Æ�ÌjÄ�� �(ÓwÑ ϕ. x′ =

(

ξ′1
ξ′2

)

ÚMË�Ä",&Æ ���®ÄTÏLÉ �!0C��È x =

(

ξ1
ξ2

)

ÑwÈMÆ@Ë�ÌyÉAË�Ì � Ì
Ë�ÚoÑpÈ Ð R(ϕ) (

���p^�kdUJS q QdZ _��VZ
x =

(

ξ1
ξ2

) [ �MU u QdUJkdk c QTU 	��7¿���0��&���
���V¡h� ®�b�9�V¡h�b�L�%.�¡��p� 0�¼j¡h� º ¡
� R2 ���S�� � �
kTQT]�^

e1 =

(

1
0

)

v S c e2 =

(

0
1

)

,
[jY�UJZj^&npkdajUhS q QdZ,S�n7]�^ c UJZR��Uh|�SVQdajQTYwS c UJ[,�(ZjY c9v �Oa\UJ[;n v [

Ã npajZ\Q`� × ° ��npkdajU!{wUJZ\n c U c QdU!UhZ�[ga\U#� uJq��7uJq UJQ`a\U ° ��nwk`a\U v S�[jUhZ\UhZ Ã n�a\ZjQd� � � �Ênw[(�&U c U v a\U
a
c n7[2{wUhY � U
ajZ\Q�[j]�^��C�(�>QdZ � UJZj�7UhS v S�[J�

�¨�L¡ �	 ¿pÁ �@¡
� ���b� ºrº �L¡��#�bÁ º ¡h¼ º ¡
¼ 2�b�A�V¡h�b��� .�¡ ��� 0�¼j¡h���

P([�[jUhQTUhS S v S uJq UJQ#��Z\Uh^ � npajZ\Q u UhS$xR[\np{7UhS q QTZ
R := R(ϕ) v S c S := R(ψ)

xRnwkT[jY uhv�!ZjUJ^ q QTSV�7UhkTS
ϕ, ψ

{7Uh{7Uh�MUhS � �>QTU���npSVS � npS c nwZ\n v [ c QTU#��Z\Uh^ � npajZ\Q`�
T uhv�c UJZ(��Z\Uh^ v S�{

vV�+c UhS��>QTSV�wUJk
ϕ+ ψ

�MUJ[ ajQ �z� UJS��¨¥ v [ uhv _��V^�ZjUJS�Q�[ a�npk�[ YfU
a q nzUhZ�[ga c QTU¬�!ZjUJ^ v SV{ vV�
ϕ v S c©c nwS�nw]�^ c QTU vV� ψ.

��QTU ° ��npkdajUJSª§wYwS
R

[ UJQdUJS
r1, r2, c QdU§7YwS

T
UhSOa\[j�VZ\UJ]�^VUJS c

t1, t2.
«!nw]�^ c UhZ�UJ�&UJS�SVYpa\QdUJZ a\UhSs��Uh{7UhkHQ�[ga c n � Q`a

t1 = Te1, t2 = Te2, r1 = Re1, r2 = Re2

v S c�c QTUJ[2[jQdS cic QTUy��npZ�[ ajUhkTk v SV{wUJS c UJZ v�� ϕ+ψ
� uhq��AvV� ϕ

{7U c Z\Uh^OajUJS � nw[jQ�[ §7Uh�OajY7ZjUJS �}VUJZjS�UhZ�kTQTU
_�UhZ\S v S�[ Sr1 � uJq�� Sr2 c QTU~��npZ�[ga\UhkTk v SV{ c UJZ�W;Uh�Oa\YwZ\UhS$x c QdUzn v [ r1, r2 c9v Z�]�^�!ZjUJ^ v SV{ vV� ψ
UhSOa�[ga\Uh^VUJS � ��QTUJ[2[jQdS c np�MUhZ®{wUJZ\n c U c QTU c npSVS uhv S��7]�^�[ a vV� ϕ v S crc nwSVS

vV� ψ
{wU c ZjUJ^7a\UhSiPRQdS�^VUhQda\[j§wUJ�7a\YwZ\UhS$xV[jY c n ¯ nwkT[jY

t1 = Sr1 t2 = Sr2.

R#�+c QTUJ[�UJQdS9_Ln7]�^VUhZ uJv SVYpa\QdUJZjUJSiUJZj�Ak��pZ\UhS q QTZ�UhQTS��®¼ 0 º Â �p� .10�� � ¿��¢¼��d½J¡h�X_�Y7kd{7UhS c UhZ � n �
¯ UJS$�

� �b� º A,B � ¡ 2 × 2 � � ¿��¢¼��d½�¡
���;�+0f�h¡
� º �L¡ 2 × 2 � � ¿��¢¼����
AB

¡
¼ �pÁ���¼�� º Â9¼\�\�� ¡
¼����@¡ �
	 ¿�Á`�Î¡ .C0p� AB � � �
A × � ¡
¼����@¡ �	 ¿pÁ �@¡ .10�� B � �� ½+,(¡h�b�Î¡ �
	 ¿�Á`�Î¡ .C0p� AB � � �
A × � ½+,(¡
�b�@¡ �
	 ¿�Á �@¡ .10�� B � *

��n � Q`a#�7¦wSVS�UhS q QdZ c n7[2Uh�MUhSsnp��{wUhkTUhQdajUhajUyPRZ\{wUJ�VSVQ�[®_�YwZ �¨v kTQdUJZjUJS�nwkT[



� Ë�Ì  �ÇVÑ G ÑpÈ$É�É9Ë�Ì R3 �����

� ¶9GJ´=�#
�� 
 ÍAÄTÈHÉ R,S É7ÄbËI  ÇVÆLÌ\ÄdÓ�Ë�È ÉAË�Ì � Ì�Ë�ÚoÑpÈ Ð Ë�È Ñ G ÉwÄ�Ë`AXÄdÈ��9Ë�Ï ϕ Ô�ÓwÖ ( ψ, Å �¨Ä�ÅhÆ
ÉAË�Ì�Ë�È	&RÌ-�VÉ�Ñ'�oÆ SR ÉwÄ�ËI  ÇVÆLÌ\Ä �XÉ9Ë�Ì � Ì�Ë�ÚMÑwÈ Ð Ñ G ϕ+ ψ.

° Uha u UJS q QTZ2^VQdUJZjQTS
ψ = −ϕ Y c UhZ ϕ = −ψ, [ Y~UhZ\^�npkdajUJS q QTZ®nwkT[���UJ[\n � a c Z\Uh^ v S�{ c QTU v��

c UJS��>QTSV�7Uhk � � ·#QTUhZ uhv {wUh^�¦wZja c QTU¬[jYw{ � � PRQTSV^VUJQ`a�[ � n�a\ZjQd���
I :=

(

1 0
0 1

)

�·#QTUhZj_��VZ�kTQdUh_�UhZja c npS�S ° n�a u � � � � [ Yw_�YwZja

R(−ϕ)R(ϕ) = R(ϕ)R(−ϕ) = I.

±�NUT,DEI�GJI�K&D¸CED: � ¶9G�´#�#
�� �g�5
D �MN7³19�N�� ¶VGh³�I�� �ÊÙEÑ9$
Ë�ÉAË�Ì � Ì
Ë�Ú G ÇVÆLÌ\Ä � R Ð Ä¢Ô9Æ)Ë
Å;Ë�Ä _
ÈMË/  Ç9Æ�ÌjÄ�� S, Å%�VÉOÇ-, RS = SR = I. AXÄdÌ�ÈMË�È�ÈMË�È S ÉwÄbË�ÓwÑ R ÄTÈ 0¤Ë�Ì\Å�ËI  Ç9Æ�ÌjÄ��ªÑpÈHÉ
Ô9Ë�Ó¤Ë�Ä "gÚ�ÈMË�ÈsÅjÄbË G Ä�Æ R−1 := S.

�>QTZ q UJS c UhS c QTUJ[jU �#�MUhZ\kdUJ{ v S�{wUhS�npS)x vV� c QTU�_�YwkT{wUJS c UhS�¥ cVc QdajQTYwS&[ga\^VUhY7ZjU � Uy^VUJZ uJv kTUhQ �ajUJS$�
� ¶9GJ´=�#
�� � �� :>:EI�GJI�K&D>9JG BENOK&³�N \ �	�)³r[jQTStCED:>]hY7[

. �
]hY7[

(ϕ+ ψ) =
]
Y7[

ψ · ]
YO[ ϕ− [jQdS
ψ · [ QTS ϕ[jQdS

(ϕ+ ψ) =
[ QTS

ψ · ]hY7[ ϕ+
]hY7[

ψ · [ QTS ϕ.
�zN�
~NOI�9w�2�!UhZ v�� c UJS��>QdS��wUhk

ϕ+ψ
{wU c ZjUJ^7a\U;PRQTSV^VUhQda\[j§wUJ�OajYwZ

e1
^�n�a${7UhZ�n c U c QTU ��U�[ga�npkda

( ]hY7[
(ϕ+ ψ)[jQdS
(ϕ+ ψ)

)

v S c�q QTZ#UhZ\^�npkdajUJSiQT^VS$x&QdS c U � q QdZ
e1

UJZ\[ a vV� ϕ c Z\Uh^VUJS v S c�c npSVS c UJSUhZ\^�nwk`a\UhSVUJS W;UJ�7a\YwZ vV� ψ.
47U q UhQTkT[�^�npa � nwS � Qda c UhZ�UJSOa\[j�VZjU�]�^VUhS c UhSt��Z\Uh^ � npajZ\Q`� uJv

�¨v k`a\Qd�VkTQ u QTUhZ\UhS �&° Y � Q`a��MUh�7Y �f� UhS q QdZ
( ]hY7[

(ϕ+ ψ)[jQdS
(ϕ+ ψ)

)

= R(ψ) · (R(ϕ) · e1)

v S c�q UhSVS ° QTU c nw[�n v [jZjU�]�^VSVUhS�[ga\Uh^VUJS c QdU¬¥ c�c Q`a\QdY7S�[ aj^VUJYwZ\U � U c n � �

�>"$��¸*;%�� %!��-.-#")�
R3

�>QTU�QTS c UhZfPR�MUhS�Us�w¦wS�SVUhS q QdZfQ � �#n vV� � Qda � Zja\[j§wUJ�OajYwZ\UhS)x c QTU�§wY7S UhQTSVU � _�UJ[ ajUJS
� v S��7a � n v [ {7Uh^VUJS$x�Y7�&UJZjQTUhZ\UhS v S c c n � Qdar��UhY � UhajZ\QdU��&UhajZ\UhQT�&UJS � �>QTU�QTS c UhZfPR�MUhSVU
�w¦7SVSVUJS q QTZ#W;UJ�7a\YwZ\UhS c9v Z�]�^ l v [\n �f� UhS�[jU
a u UhSsn cVc QTUhZ\UhS v S c�c9v Z�]�^ � �wSV{wUJS��pS c UhZ v SV{
� Q`a;UJQdSVUJZ,ZjUJUhkTkdUJSzlonp^�k �~v kdajQT�VkdQ u QTUhZ\UhS � P([EQT[ a;SVQT]�^Oa;[j]�^ q UhZ�xJ[jQT]�^ uhv �V�&UJZjkTUh{7UhS$x c n ¯ n v ]�^^VQTUhZj_��VZ q QTU c UJZ c QdU¬�#Uh{wUJkdS�W � ��QT[2W � §wYwS ° n�a u � � � {7UhkdajUhS �}VUJZjS�UhZ#�7¦wSVSVUJS q QdZ�[ a\npa a q QTU¬Q � R2 � Qdaylonw^VkTUhSV��n7npZ\UhS�n v ]�^ � Qdaylonp^�kdUJS7a\ZjQT�MUhkTS�Z\UJ]�^ �
SVUJS$x c QdU!S�n�a\�VZjkTQ�]�^ q QdU c UhZ c UhSr� v SV�OajUJSrQ � �#n vV� x cH� ^ �9c UhS ° �VQ`a u UJS v S�[jUhZ\UhZ � Z a�[ §7Uh� �
ajY7ZjUJSiUJSOa\[j�VZjU�]�^VUhS �
±�NUT,DEI�GJI�K&DV�#
����Y ±iNO³

R3 �� XÄ�Æ R3 Ô9Ë�Ó¤Ë�Ä "gÚ�ÈMË�ÈÖ;ÄTÌRÉ7ÄbËa Ë�È Ð Ë;Ç�ÏTÏ�Ë�Ì Ð Ë+��ÌhÉwÈoË¤ÆÎË�È��VÌ\Ä _
&,Ë�Ïa01�¤È�Ì�ËJË�ÏTÏbË�ÈsÙHÇpÚVÏ�Ë�ÈHÕHÉwÄ�Ë~Ö;ÄTÌ Ð Ï�Ë�Ä�"gÚ�ÇpÏTÅ#Í'&)Ç�Ï¢ÆÎË�È�Å+"gÚVÌ�Ë�Ä¢Ô9Ë�ÈtÖ �¤ÏTÏbË�È�$

R3 :=







x =





ξ1
ξ2
ξ3



 | ξi ∈ R, i = 1, 2, 3.







� ÄbË ξi ÚMË�Ä ,AË�È ÉwÄ�Ë�� � G &>��ÈMË�ÈoÆ@Ë�ÈXÉ9Ë�Å�Í'&)Ç�Ï¢ÆÎË�È 0�Ëf�oÆ ��Ì\Å x.
AXÄTÌ¨ÔAË�Ó¤Ë�Ä "gÚVÈoË�È

0 :=





0
0
0



 , e1 :=





1
0
0



 , e2 :=





0
1
0



 , e3 :=





0
0
1



 ,



�����	� � �����	��
���������������

ÑpÈHÉ�ÈMË�ÈVÈMË�È 0 ÉAË�È#j¬ÑpÏTÏC0�Ëf�oÆ ��ÌhÕHÉ7ÄbË ei ÉwÄ�Ë!��ÇpÈ �¤È�ÄTÅ+"gÚMË�È Û ÄTÈVÚMË�Ä�Æ¢ÅL0�Ëf�oÆ ��Ì�Ë�È4(
AXÄTÌ�Ë�Ì:�AÏX�pÌ�Ë�ÈÓwÖRË�Ä � &,Ë�Ì�Ç9Æ�Ä���ÈMË�È$� ÉVÉwÄ¢ÆLÄ �¤È	� $

ÙEÑ x =





ξ1
ξ2
ξ3



 ÑpÈHÉ y =





η1
η2
η3



 Å�Ë�Ä x+ y :=





ξ1 + η1
ξ2 + η2
ξ3 + η3



 ,

 ªÑpÏ¢ÆLÄ &oÏTÄ"�pÇVÆLÄ �¤È G Ä�Æ λ ∈ R :

ÙEÑ x =





ξ1
ξ2
ξ3



 ÑpÈHÉ λ ∈ R Å�Ë�Ä λx =





λξ1
λξ2
λξ3



 .

¥#S&npkTYw{ uhvs° n�a u � � � �MU q UhQ�[ga � npS
� ¶9GJ´=�#
���� D G R3 Ð Ë�Ï¢ÆÎË�Èr×@ØpÌ#ÉwÄ�Ë � É�ÉwÄ�Æ�Ä���ÈXÑpÈHÉ�É7ÄbË  ªÑpÏ¢ÆLÄ &oÏdÄ �pÇ9Æ�Ä���ÈsÉwÄ�Ë  !Ë Ð Ë�ÏTÈKh .¨Ô�ÄTÅ
h;M 01�¤ÈsÍVÇ9Æ�Ó �E( 5�(
�>QTU c UJZ���npSVS � npS c QdU � Zja\[j§wUJ�OajYwZ\UhSiQ � �#n vV� v S csc QTU~lonp^VkTUhSOa\ZjQT�&UJk c U�[ R3 Q c UhSOa\Q`| �
u QTUhZ\UhS)xV[ Y c n ¯~q QTZ c n q QTU c UJZ c UhSzegU q UhQTk�[2��nw[\[ UJS c UJS�¥![ �MUh�Oa#^VUJZj§7YwZ\^VUh�MUhS q UJZ c UJS �¥#S&npkTYw{ uhvV� R2 �w¦wS�SVUhS q QdZ�UJQdS ° ��nwkTnwZj�VZ\Y c9v �Oa2UhQTS9_��V^VZ\UhS$�

±�NUT,DEI�GJI�K&DV�#
XW �Y � FV¶=<�¶9³C8�³�K :EC�FHGI�\
R3 �=*®ØpÌ x =





ξ1
ξ2
ξ3



 ÑpÈHÉ y =





η1
η2
η3



 Å�Ë�Ä
x · y := 〈x, y〉 := ξ1η1 + ξ2η2 + ξ3η3, ÉOÇwÅ ��Í �pÇ�ÏbÇ�Ì &oÌ-�9É&Ñ'�oÆ �;Ä G R3. AXÄTÌ�Ö �¤ÏTÏ�Ë�È �oØpÈ�×@ÆLÄ ÐÉOÇp×@ØpÌ�ÈoÑpÌ�È �="gÚtÉwÄbË!j �AÆ¢ÇVÆLÄ �¤È 〈x, y〉 0¤Ë�ÌJÖRË�ÈHÉ9Ë�È4(
� v Z\]�^�[jQ � �VkTUJ[#«!nw]�^VZ\UJ]�^�UhSVUJSrUhZ\^��wk`a � npS�[ Yw_�YwZja
� ¶9GJ´=�#
XW � *®ØpÌ�ÉAÇpÅ(Í �pÇpÏ�ÇpÌ &oÌ-�VÉ�Ñ'�oÆoÄ G R3 Ð Ë�Ï�Æ@Ë�È�ÉwÄ�Ë  !Ë Ð Ë�ÏTÈÍ .�Ô�Ä�Å Í�B�ÇVÑwÅRÍVÇ9Æ�Ó �E(".'O
2@S�[j�&U�[ Y7S c UJZjUyQ�[ga�UJ[ c n � Qda q QTU c UhZ#[jQdSVSA§7YwkTk uhvsc U
|&SVQdUJZjUJS
±�NUT,DEI�GJI�K&DV�#
XW+W  �sK�³-\ ��* ØwÌ x ∈ R3 ÚMË�Ä ,�Æ |x| := +

√

〈x, x〉 ÉwÄ�Ë �Xj �¤Ì G ��0C��È x.
��UhY � U
ajZ\Q�[j]�^iQdSOajUJZj��ZjUhajQTUhZja®Q�[ga c n7[ q QdU c UhZ2{7UhS�n vic QTU � �pS�{wU c UJ[ c9v Z\]�^ x c npZ\{wU�[ga\UhkTk`a\UhS� Zja\[j§wUh�Oa\YwZ�[ � ��np{7Uh{wUJS Q�[ a uhv S��w]�^�[ a¬SVQ�]�^Oa¨�AkTnwZJx c n ¯s� npS c n7[ ° ��nwkTnwZj�VZ\Y c9v �Oa q QTU c UJZ�V�MUhZ c UhS�§wYwS

x v S c y UhQTSV{wU�[j]�^VkTY7[\[jUhSVUJS�>QdS��wUhk$QTSOajUJZj�VZ\U
a\QdUJZjUJSr��npS�S �PR^VU q QTZ c QTUJ[~{wUJS�n v UJZ~nwS�[ UJ^VUhS)xE[jUhQTUhS uJq UJQ q Q�]�^OajQT{wU R SV{wkTUhQ�]�^ v SV{7UhSª^VUJZj{7UhkTUhQdajU
a�x��MUhQ
c UJZjUJS � U q UhQ�[ q QdZ v S�[�n v [\[\]�^VkdQTU ¯ kdQ�]�^in v _ c QdU¬��UJ{wUJkdS ° � �VQ�[ ° � [ga\�9a u UhS � ��n � Qda�{wUhkdajUJS
c QTUJ[jU R SV{wkTUhQ�]�^ v SV{7UhSQTS¬egU c UhZ ° Qda v npajQTYwS$x q Y q QTZ c QdU�[ U�§AQdUJZ®��UJ{wUJkdS§7UhZ q UJS c UJS c �VZj_�UhS$x
[j�&U u QTUhkTk7npk�[jY®Q � R2 v S c Q � R3,

nw�&UJZ)n v ]�^�QTS �j�#� vV� UJS ��x c QdU q QdZ$UJZ\[ a$SVY9]�^��wUJSVSVUJSVkdUJZjS�UhS
q UhZ c UhS �
� ¶9GJ´=�#
XW �Y��¨¶�C@CB��  � @CB 
¨¶9³�´ 9#@CB�N��iDE��<�NAI @CBHC�DE� �
.U(J* ØwÌ x, y ∈ R3 Ä�ÅJÆ |〈x, y〉| ≤ |x| · |y|.
3P( D ÅhÆ y 6= 0, Å%��Ä�ÅhÆ |〈x, y〉| = |x| · |y| Ð Ë�È&ÇVÑ9ÕHÖ;Ë�ÈVÈXË�ÄTÈMËyÙHÇ�ÚVÏ ρ ∈ R Ë �9ÄTÅJÆLÄ�Ë�Ì�ÆgÕVÅ%�9ÉAÇ-,
x = ρy.

Ã nwS �MUJnw]�^Oa\Uwx c n ¯ ^VQTUhZ |〈x, y〉| c UhS ¥���[jYwk v aj�MU
a\Z\nw{ c UJZ!Z\UhUJkdkTUhSªlonp^�k 〈x, y〉 �&U c U v ajU
a�x
c nw{wUh{7UhS |x| � uhq |y| egU q UJQdk�[ c QTU¬«#Y7Z � UJQdS�UJ[2W;Uh�Oa\YwZ�[ �



� Ë�Ì  �ÇVÑ G ÑpÈ$É�É9Ë�Ì R3 �����w�

�zN�
~NOI�9w� �)Â�� * � 2g[ a
y = 0,

[jYzQ�[ a |〈x, y〉| = 0 = |x| · |y| v S c � � {wQTkda �
° UJQ)npk�[ Y

y 6= 0.
�>QTZ#[ Uha u UhS λ := 〈y, y〉 > 0, µ := −〈x, y〉. �!nwSVS�QT[ a

0 ≤ 〈λx + µy, λx+ µy〉
= λ2〈x, x〉 + 2λµ〈x, y〉 + µ2〈y, y〉
= λ

(

〈x, x〉〈y, y〉 − 2〈x, y〉2 + 〈x, y〉2
)

= λ
(

|x|2|y|2 − 〈x, y〉2
)

.

�tUh{wUJS
λ > 0

Q�[ a;nwkT[jY |x|2|y|2−〈x, y〉2 ≥ 0, q Y7Z\n v [ v S � Q`ajajUhkT��nwZ c QdU2UhZ�[ ajU � UJ^�n v �Va v SV{_�YwkT{pa ��)Â�� * � � ��Qd{7U~��U�]�^VS v SV{rkTQTU
_�UhZja�_��VZ
y 6= 0, q Y � Qda c nwSVS nwkT[jY

λ > 0
Q�[ aJ� � ⇔ [ga\Uh^Oa�_��VZ

� {wUhS&n vic npSVS$x q UJSVS � �
|〈x, y〉| = |x||y| ⇔ 〈x, y〉2 = |x|2|y|2

⇔ 0 = 〈λx + µy, λx+ µy〉
⇔ λx+ µy = 0

⇔ x = −µ
λ
y.

�

� ¶9GJ´=�#
XW �� ±r³�NAILNA@�F 9JCEDE��<�NOI�@CBHC�DE� � *®ØpÌ x, y ∈ R3 Ä�ÅhÆ |x+ y| ≤ |x| + |y|.
�zN�
~NOI�9w�®P([�Q�[ a

|x+ y|2 = 〈x+ y, x+ y〉 = |x|2 + 2〈x, y〉 + |y|2

≤ |x|2 + 2|x||y| + |y|2 = (|x| + |y|)2.

�

¥#k�[7�!YwS�[jU�� v UJS u�c UJZ R SV{7kdUJQT]�^ v SV{~§wY7S�� ���	��
��������
�� ���� �MUh�7Y �f� UhS q QTZ�x c n ¯ [ga\U
a\[

−1 ≤ 〈x, y〉
|x||y| ≤ +1, ( q UJSVS |x||y| 6= 0),

[jY c n ¯ npk�[ Y c QTUJ[jUhZ � Z v ]�^rQ � �tUhZjajUJ�&UJZjUJQT]�^ c UhZ � Y7[jQdS v [ � } v SV�OajQTYwSikdQTUh{wa �}E�VZ ° ��nwk`a\UhSA§wUJ�OajYwZ\UhSiZjU�]�^VSVUha � nwS�[jYp_�Y7Z a2S�n7]�^$�

|x− y|2 = |x|2 + |y|2 − 2〈x, y〉 = |x|2 + |y|2 − 2|x||y|( 〈x, y〉|x||y| ).

¥#S c ZjUJZ\[jUhQda\[�^�np�MUhS q QTZ e n c UhS � Y7[jQdS v [\[jnpa u x q Y7�&UJQ
ϕ c UJSX§wY7S � Z a�[ §7Uh�OajY7ZjUJS

x v S c yUhQTSV{7UJ[\]�^VkdYO[j[jUhS�UhSr�>QTSV�7UhkH�MU c U v ajU7�

|x− y|2 = |x|2 + |y|2 − 2|x||y| cosϕ.

¥#k�[jY^�np�MUhS q QdZ!QdS c U �.� Z v ]�^ 〈x,y〉
|x||y|

c UhS � Y7[jQdS v [ c UJ[�§wYwS
x v S c y UJQdSV{7UJ[\]�^VkTY7[\[ UhS�UhS

�>QTSV�wUJkT[ �2@S�[j�&U�[ Y7S c UJZjU � Ypa\Qd§AQTUhZja c nw[ c QTUy_�YwkT{wUJS c U
±�NUT,DEI�GJI�K&DV�#
XW 
 :�f³¤G BEK&�MKMD�¶=< � Ù,Ö;Ë�Ä!hMË>�oÆ �¤Ì
Ë�È x, y ∈ R3 ÚoË�Ä ,AË�È �¤Ì�ÆLÚ � Ð �¤ÈMÇ�Ï�ÕoÇVÔ _
Ð Ë>�oØpÌjÓ7Æ x⊥y ÖRË�ÈVÈ�ÄdÚ�Ì!Í �pÇ�ÏbÇ�Ì &oÌ-�9É&Ñ'�oÆ 0�Ë�Ì�Å-"gÚoÖ;ÄTÈHÉAË¤Æ ÕoÉ)( Ú2(HÖ;Ë�ÈVÈ 〈x, y〉 = 0.

Ã nwS �MUJnw]�^Oa\Uwx c n ¯ S�nw]�^ c QdU�[ UJZ��!U
|&SVQ`a\QdY7S c UhZ�« v kTkT§wUh�Oa\YwZ 0 uhv � ¡ º ¡+3 W;Uh�Oa\YwZ�YwZjaj^VY �
{wY7S�npkoQ�[ga �



�����#� � �����	��
���������������

±�¶=9 � N7FHG�K�³C8E³�K :�C�FHGI�\
R3

�>QTZ#^�n�ajajUJSi�VQ�[j^VUhZ uJq UJQ$W;Uh�OajY7ZjUJS

x =





ξ1
ξ2
ξ3



 , y =





η1
η2
η3



 ∈ R3

�V�MUhZ c nw[ ° �¤nwkTnwZj��ZjY c9v �Oa�UhQTSVUzlHnp^Vk¢xVS�� � kTQ�]�^ 〈x, y〉 = ξ1η1 + ξ2η2 + ξ3η3 uhv {wUhY7Z c SVU
a �2 � R3 ��npSVS � npSsS v SXn v ]�^�UhQTSs�RZ\Y cVv �Oa�UhQTS9_��V^VZ\UhS)x c n7[ uhq UhQ$W;UJ�OajYwZ\UhS q QTU c UhZ#UJQdSVUJS
W;Uh�Oa\YwZ uhv YwZ c SVU
a �
±�NUT,DEI�GJI�K&DV�#
XW �Y � NOFHG�K�³C8E³¤K�:�C�FHGI�\

R3 �ÊÙEÑ~Ó7Ö;Ë�ÄJhMËf�oÆ ��Ì�Ë�È

x =





ξ1
ξ2
ξ3



 , y =





η1
η2
η3



 ∈ R3

Å�Ë�Ä
x × y :=





ξ2η3 − ξ3η2
ξ3η1 − ξ1η3
ξ1η2 − ξ2η1



 .

}E�VZ c QdU�[ U�[j]�^VUJQdSA��nwZ¬�wY � �VkdQ u QTUhZjajU�!U
|&SVQ`a\QdY7S q UhZ c UhS q QTZ¨UJQdSVUi[ UJ^VZ¨UJQdS9_Ln7]�^VU{7UhY � U �
ajZ\Q�[j]�^VU 2@SOajUJZj�VZ\U
a�n�a\QdY7S�|�S c UJS � l v S&�w]�^�[ a2[ ajUJkdkTUhS q QTZ®UJQdS�Qd{7U!PRQT{wUJS�[\]�^�n�_ba\UhS c UJ[®W;Uh�Oa\YwZ �
�VZ\Y c9v �OajU�[ uhv [\n �f� UhS �
� ¶9GJ´=�#
XW � *®ØpÌ¬Ô9Ë�ÏTÄbËpÔ�Ä Ð Ë x, y, z ∈ R3, λ, µ ∈ R Ð Ë�Ï�Æ@Ë�È
.U(!ÉwÄbË � ÄTÅJÆLÌ\ÄÎÔ9ÑVÆLÄ10 Ð Ë
Å�Ë�ÆLÓ¤Ë'$

(λx + µy) × z = λ(x × z) + µ(y × z),

x× (λy + µz) = λ(x × y) + µ(x × z),

3P( × Ä�ÅhÆ(ÇpÈMÆ�ÄTÅ�� G G Ë�ÆLÌ\ÄTÅ+"gÚ�$ x× y = −(y × x),

5�( x ÑpÈHÉ y ÅjÄdÈHÉ�$
Ë ��ÌJÆ�Ú � Ð �¤È&ÇpÏ&Ó7Ñ x× y, É)( Ú4( 〈x, (x × y)〉 = 〈y, (x× y)〉 = 0,

BP( ��Ë�Ó¤Ë�Ä "gÚVÈoË¤Æ ϕ ÉAË�È©Ö;ÄbË �9Ô9Ë�È©Ø�Ô9Ë�Ì~ÉAË�È�� ��ÅjÄdÈoÑwÅ _ ÍVÇ9Æ�Ó~Ë�Ì:�OÏ���Ì�ÆÎË�È�AXÄdÈ��9Ë�ÏEÓwÖ;Ä�Å-"gÚoË�È
x ÑpÈHÉ y, Å%�¨ÄTÅJÆ

|x× y|2 = |x|2 · |y|2 − 〈x, y〉2 = |x|2 · |y|2 sin2 ϕ,

D (J* ØwÌyÉwÄbË!�pÇpÈ �¤ÈVÄ�Å+"gÚMË�È Û ÄdÈ�ÚMË�Ä¢Æ�Å^0¤Ë>�MÆ �¤Ì
Ë�È Ð ÄTÏ�Æ2É7ÄbË!×���Ï Ð Ë�ÈHÉAË! ªÑwÏ�Æ�Ä &oÏTÄ ��ÇVÆLÄ �¤È�ÅJÆ¢Ç�ÔAË�ÏdÏ�Ë
× e1 e2 e3

e1 0 e3 −e2

e2 −e3 0 e1

e3 e2 −e1 0

F ( Û Å®ÄTÅJÆ x× y = 0 Ð Ë�ÈMÇ9Ñ�ÉOÇpÈVÈHÕoÖ;Ë�ÈVÈ�Ù$Ç�ÚVÏ�Ë�È λ, µ Ë �9ÄTÅJÆLÄ�Ë�Ì
Ë�È$ÕO×@ØpÌ�ÉwÄ�Ë |λ|+ |µ| > 0,
ÇVÔ9Ë�Ì λx+ µy = 0 ÄTÅJÆ�(



� Ë�Ì  �ÇVÑ G ÑpÈ$É�É9Ë�Ì R3 �����^�

�zN�
~NOI�9w� � � �VQ�[ � � �¤nwSVS � nwS c9v Z�]�^©UhQTS9_Ln7]�^VUJ[z«�n7]�^VZjU�]�^VSVUJSª�&U q UJQT[jUhS � ¥�kT[ � UhQ�[ �VQTUhk
u UJQd{7UhS q QdZ � � �

|x× y|2 = (ξ2η3 − ξ3η2)
2 + (ξ3η1 − ξ1η3)

2 + (ξ1η2 − ξ2η1)
2

= (ξ1η2)
2 + (ξ1η3)

2 + (ξ2η1)
2 + (ξ2η3)

2 + (ξ3η1)
2 + (ξ3η2)

2

− 2(ξ1ξ2η1η2 + ξ1ξ3η1η3 + ξ2ξ3η2η3)

= (ξ21 + ξ22 + ξ23)(η2
1 + η2

2 + η2
3) − (ξ1η1 + ξ2η2 + ξ3η3)

2

= |x|2|y|2 − 〈x, y〉2.
�)Â��'* �2g[ a

y = 0,
[ YfQ�[ga

x× y = 0 v S c 0 · x+ 1 · y = 0.
° UJQonwkT[jY

y 6= 0.
2g[ a

x× y = 0,
[jY¨Q�[ga2S�n7]�^ � � |x||y| = |〈x, y〉|. �!n � Q`a�{wQT�9a2UJ[ S�nw]�^ ° n�a u� � �'� UhQTS

ρ ∈ R � Qda
x = ρy

Y c UJZ 1 · x+ (−ρ) · y = 0.
° UJQ$S v S vV� {wUJ�wUh^�Z a

λx + µy = 0,
nw�&UJZ�SVQT]�^Oa

λ = µ = 0.
�tUh{7UhS

y 6= 0
Q�[ga#SVYwa q UJS c QT{

λ 6= 0,
npk�[jY

x = −µ
λ
y.

��npSVS�Q�[ga � Qda
ρ := −µ

λ
:

x× y = (ρy) × y = ρ(y × y) = y × (ρy) = y × x = −(x× y),

[jY � Q`a
x× y = 0. �2@SOajUJZj�VZ\U
a\QdUJZjUJS q QTZ v S�[ UJZjUyW;UJ�7a\YwZ\UhS�Q � {7UhY � UhajZ\QT[\]�^VUhS��#n vV� x q Yw�MUhQ q QTZ c n7[��V�VkTQT]�^�U

�®npZjajU�[ Q�[\]�^VU#��YAYwZ c QTS�n�a\UhS�[j�9[ga\U � §7UhZ q UJS c UJS$xR[ Y c n ¯ npk�[ Y c QdU c Z\UhQ!��npSVY7SVQT[\]�^VUJS P(QdS �
^VUJQ`a�[ §7Uh�OajY7ZjUJSin v _�UhQTS�npS c UhZ#[jUhSV�AZ\UJ]�^Oa2[ ajUJ^VUhS v S c UJS7a�[ ��ZjU�]�^VUhS c�c UJZ � ��U�]�^OajU � ·�nwS c �
��UJ{wUhk �~Y7ZjQTUhSOajQTUhZja�[ QTS c x$[jYi^&np�MUhS q QdZ � Qda c U � kTU
a u ajUJS ° n�a ufc QdUz_�YwkT{wUJS c UJS ¥ v [j[\np{7UhS
{wU u UJQd{waJ�
� ¶9GJ´=�#
XW �e� ÇpÅHhMË>�oÆ �¤Ì &oÌ-�VÉ�Ñ'�oÆ#ÔAË
Å-"gÚ�Ì�Ë�Ä¢Ô9Æ;ÄTÈ � � ��ÌhÉ7ÄdÈ&ÇVÆÎË�È ÉAË�È � Ô9Ë�Ì Ð Ç�È Ð 0C�¤È�Ó7Ö;Ë�Ä
�®Ì�Æ�Å^0¤Ëf�oÆ �¤Ì
Ë�È x, y Ó7ÑË�ÄdÈoË G ÉwÌ\Ä¢Æ ÆÎË�È�hMËf�oÆ ��Ì z G Ä¢Æ;×��¤Ï Ð Ë�ÈHÉAË�È Û Ä Ð Ë�È�Å+"gÚ&Ç�×@Æ@Ë�È�$
.U( z ÅhÆ@Ë�ÚoÆ;Å�Ë�È��AÌ�ËC"gÚMÆRÇVÑp× x ÑpÈ$ÉÇVÑp× � (
3P( � Ä�ËI62�pÈ Ð Ë/0C��È z Ä�ÅhÆ Ð ÏbË�Ä "gÚ ÉAË�Ì *�Ï��A"gÚoË�É9Ë�Å?01�¤È x ÑpÈHÉ y Ç9Ñp× Ð Ë�Å &$Ç�È�ÈMÆ@Ë�È &RÇ�Ì�Ç�ÏTÏbË _

Ï�� Ð Ì�Ç G G Ë�Å (
5�( x, y, z ÔpÄdÏ�ÉAË�È�ÄTÈ É7ÄbË
Å�Ë�Ì  !Ë�ÄTÚMË�È�×��¤Ï Ð ËyË�ÄTÈ &>�pÅ Ä¢ÆLÄ10 ��ÌjÄ�Ë�ÈoÆLÄ�Ë�Ì�ÆÎË
Å�Í ��ÅhÆ@Ë G (

�!QdU UhZ�[ga\UhS��MUhQ c UhS¨¥ v [\[jnw{wUhS¬[ ajUJ^VUhS�QTS ° npa u � � � � x c QTU c Z\Qda ajU �w¦7SVSVUhS q QTZ)Q � ¥ v {7UhSA�VkTQT]��SVY9]�^ªSVQ�]�^Oa¨�&U q UJQT[jUhS)x c n v S�[�_��VZzUhQTSVUJS©npkTkd{7U � UhQTSVUhS � UJ{wZ\Q � §7YwS � Z\QdUJSOajQTUhZ v SV{�SVY9]�^
c QTU¨��Z v S c k�np{wUJS_�UJ^VkdUJS �
¥ v [ c UJZ �!Y � �VQdS&n�ajQTYwSf§7YwS�W;Uh�Oa\YwZ\�VZjY c9v �7a v S cr° ��npk�npZ\�VZ\Y c9v �Oa(UhZ\^�nwk`a\UhS q QTZ c n7[([jYw{wU �
S�nwSVSOajU�� ° ��n�a � �RZ\Y c9v �Oa�� �
±�NUT,DEI�GJI�K&DV�#
XW �Y � 8,¶9G+8E³�K :EC)FHG �ªÙEÑVhMË>�MÆ �¤Ì
Ë�È x, y, z ∈ R3 ÚMË�Ä ,�Æ 〈x, y × z〉 ÉOÇpÅ
��Í'&$Ç9Æ�&oÌ-�9É&Ñ'�oÆ � �VÉAË�ÌyÉwÄ�Ë � � Ë¤ÆÎË�Ì G ÄTÈ&Ç�ÈoÆ@Ë � (@AXÄdÌ#È��AÆLÄ�Ë�Ì
Ë�ÈsÇ9Ñ="gÚ

c Uha (x, y, z) := 〈x, y × z〉.
��UhY � U
ajZ\Q�[j]�^�QTS7a\UhZ\�VZ\U
ajQTUhZja#kTQdUh_�UhZja c nw[ ° ��n�a\�VZ\Y cVv �Oa c nw[#W;Ywk vV� UhS c U�[#§wY7S

x, y, z
n v _ �{wU�[ �&npSVSOajUJSÊ�,nwZ\nwkdkTUhkTUh��Qd�MU c U�[hx�n v ]�^ � ° ��n�a �f{7UhS�nwSVSOa � ��nw[¨W;YwZ u UJQT]�^VUJSÊ{wQT�9a c np�MUhQ®npS$x

Yw� c QTU�W;Uh�OajY7ZjUJS
x, y, z

QTS c QdU�[ UJZ#��UhQT^VUJS9_�YwkT{wUy�MY7[jQ`a\Qd§Y c UJZ�SVUh{On�a\Qd§Y7ZjQTUhSOa\QdUJZ a�[ QTS cH���U�]�^VSVU
a � npS c nw[ ° ��npaj�VZ\Y c9v �Oa®QTS	�!Y � �MYwSVUJSOajUhSin v [JxO[jYzUhZ\^��pkda � npS c QTU���npZ�[ga\UhkTk v SV{

c U
a (x, y, z) = ξ1η2ζ3 + ξ2η3ζ1 + ξ3η1ζ2 − ξ3η2ζ1 − ξ1η3ζ2 − ξ2η1ζ3.

¥#k�[ Ã UhZ\�AZjUJ{wUhkR_��VZ c nw[ � QTk c UhS c QTUJ[jUJ[ ° ��npaj�VZ\Y c9v �OajU�[¬UhQT{wS�U
a~[jQT]�^©_�YwkT{wUhS c UJ[ ° ]�^VU � n��
Ã nwS[j]�^VZ\UhQT�MU uhv S&�w]�^�[ a c QTU#UhZ�[ ajUhS��MUhQ c UJSW;Uh�OajY7ZjUJS�SVY9]�^ � npk&ZjU�]�^7a�[ c nwSVUh�MUhS^�QdS v S c�VQTk c U c npSVS c QTU c ZjUJQ9�RZ\Y cVv �OajU2§wY7S~kTQdS��A[,Y7�&UJS~S&nw]�^zZjU�]�^7a�[ v SOajUhS ��� � v S c [ v �VajZ�np^VQTUhZ\U§wY7S c UhZ\UhS °AvV�f� U c QdU c ZjUJQH�RZjY c9v �7a\U�§wY7SrkTQdSV�9[ v S7a\UhS�S�n7]�^iZ\UJ]�^Oa\[®Y7�&UJS � �;�R� � �



����� � � �����	��
���������������

y × z

y

x

z

¥��V�VQTk c9v SV{ �

x y z x y

◦ ◦ ◦ ◦ ◦

◦ ◦ ◦ ◦ ◦

◦ ◦ ◦ ◦ ◦
¥ v [ c UhS ��U�]�^VUhS�ZjUJ{wUhkTS�_��VZ c n7[ ° ��nwkTnwZj�VZ\Y c9v �Oa v S cXc nw[!W;Uh�Oa\YwZ\�VZjY c9v �7a�UhZ\{wUJ�&UJS [ Q�]�^
[jYp_�YwZja#npS���Uh{7UhkTSr_���Z c nw[ ° ��n�a\�VZjY c9v �7a�Y c UJZ c QdU¬�!U
a\UhZ � QdS�nwSOajUw�
� ¶9GJ´=�#
�� �
� . $�c U
a (x, y, z) ÄTÅJÆzÏdÄTÈMË
ÇpÌiÄTÈ $
Ë¤ÉAË G � Ì Ð Ñ G Ë�ÈoÆgÕ�É)( Ú4(®×@ØpÌsÇ�ÏTÏbË x, x′, y, z ∈ R3 ÑwÈHÉ

λ, λ′ ∈ R ÄTÅJÆ
c U
a (λx + λ′x′, y, z) = λ c U
a (x, y, z) + λ′ c U
a (x′, y, z)

ÑpÈHÉrÇ�È&ÇpÏ�� Ð ÄTÈtÉAË�ÈXÇ�È$ÉAË�Ì
Ë�È � Ì Ð Ñ G Ë�ÈMÆ@Ë�È4(� 3�$#ÍAÄdÈ$É�ÑwÈMÆ@Ë�ÌyÉAË�È�hMËf�oÆ ��Ì�Ë�È x, y, z ÓwÖRË�Ä Ð ÏbË�Ä "gÚ$Õ�Å �¨Ä�ÅhÆ;c Uha (x, y, z) = 0.� 5=$7* ØwÌyÉwÄbË!�pÇpÈ �¤ÈVÄ�Å+"gÚMË�È Û ÄdÈ�ÚMË�Ä¢Æ�Å^0¤Ë>�MÆ �¤Ì
Ë�È e1, e2, e3 ÄTÅJÆRc U
a (e1, e2, e3) = 1.

�zN�
~NOI�9w�2� � _�YwkT{pa v S � Qda a\UhkT��npZ®n v [ c UhZ � QTSVUJnwZjQda\�pa c UJ[ ° �¤nwkTnwZj��ZjY c9v �Oa\UJ[ v S c�c UJ[;W;UJ� �
ajY7Zj��ZjY c9v �Oa\UJ[®QdSzegU c U � UhQTS u UJkdSVUJSs¥#Z\{ vV� UhSOa �� � � 2g[ga

x = y
Y c UJZ x = z

[ Y�_�Y7kd{wa�� � n v [ ° npa u � � � � x � � x9_��VZ y = z
_�Y7kd{wa�UJ[�n v [ ° npa u� � � � x � �T�� � ZjU�]�^VSVUhS ° QTU � nwk)[jUhkT�&UJZ�S�nw]�^ �

�

}E�VZ c UJS R�� {7npS�{ � Qda���UhajUJZ � QTS�npSOajUJSs[ QTS c _�YwkT{wUhS c U���Uh{7UhkTS�SA�9a u kTQT]�^)�
� ¶9GJ´=�#
��4�
.U( � ÉVÉwÄ�Ë�Ì�Æ G Ç�ÈiÓwÑ�Ë�ÄTÈMË G � Ì Ð Ñ G Ë�ÈoÆ;Ë�ÄdÈ h�Ä�Ë�ÏT×LÇA"gÚMË
Å#Ë�ÄTÈMË�Å�Ç�È$ÉAË�Ì
Ë�È � Ì Ð Ñ G Ë�ÈoÆÎË
Å
ÕVÅ%�
��ÈHÉAË�ÌJÆ;ÅjÄ "gÚ ÉAË�ÌHAË�ÌJÆ2ÉAË�Ì � Ë�ÆÎË�Ì G ÄTÈ&Ç�ÈoÆÎË�ÈVÄ�"gÚoÆ�(

3P( hMË�Ì�Æ¢Ç9Ñ7Å-"gÚoÆ G Ç�È©Ó7Ö;Ë�Ä � Ì Ð Ñ G Ë�ÈoÆÎË¤ÕEÅ%� G ÑpÏ¢ÆLÄ &oÏTÄdÓJÄbË�ÌJÆ�Å Ä�"gÚ¸ÉwÄ�Ë � Ë¤Æ@Ë�Ì G ÄTÈ&ÇpÈMÆ@Ë G Ä�Æ
ÉAË G *MÇ-�oÆ ��Ì −1.

�zN�
~NOI�9w� �)Â�� * �

c U
a (x+ λy, y, z)
D1
= c U
a (x, y, z) + λ c U
a (y, y, z) D2

= c U
a (x, y, z).



� Ë�Ì  �ÇVÑ G ÑpÈ$É�É9Ë�Ì R3 ����� �

�)Â � * ���>QTZ#§wUJZ q UhS c UhSikTn v _�UhS c ¹�UhQTk � �Vv S c�c QdU���UJ{wUJk$� � �

c U
a (y, x, z) = c U
a (y + x, x, z) = c U
a (y + x, x− (y + x), z)

= c Uha (y + x,−y, z) = c Uha (x,−y, z) = − c U
a (x, y, z)
�!QdU¬nwS c UhZ\UhS�},�pkTkdUy{7Uh^VUJS q QTU c UJZ#npS�nwkdY7{ � �

�!QdU � U c U v a v S�{ c UJZz�!U
a\UhZ � QTS�nwS7a\U q QTZ c [ Q�]�^©Q � q UJQ`a\UhZ\UhS©UJZj{7Uh�MUhS � l v §7YwZ~SVY9]�^©UhQTS
u UJSOajZ�npkTUhZ � Uh{wZ\Q��E�
±�NUT,DEI�GJI�K&DV�#
�� W ��(ILDENA¶9³i¶Vµ>B��VDE�&I�� � <LI�D�NA¶9³CED�¶Vµ>B��VDE�&I�� �Û Å!Å�Ë�ÄbË�È x1, x2, ..., xn hMË>�oÆ �¤Ì
Ë�È�Ä G R3. <2ÄÎÔ9Æ®Ë�Å�ÉOÇ�ÈVÈ Ù$Ç�ÚVÏ�Ë�È λ1, λ2, ..., λn, ÉwÄ�Ë!ÈVÄ�"gÚoÆ
Åf� G Æ�ÏdÄ�"gÚ = 0 ÅjÄTÈHÉVÕ$Å �VÉOÇ', λ1x1 + λ2x2 + ... + λnxn = 0 Ä�ÅJÆgÕ)Å%�fÚMË�Ä",9Ë�È x1, x2, ..., xn

��ÏdÄTÈMË
ÇpÌ#ÇVÔ�Ú)�pÈ Ð Ä Ð � (9ÍAÄTÈHÉÅ Ä�Ë!ÈVÄ�"gÚMÆRÇ�Ô�Ú)��È Ð Ä Ð ÕVÅ �¨ÚMË�Ä",9Ë�È�Å Ä�Ë ��ÏdÄTÈMË
ÇpÌyÑpÈ&ÇVÔpÚ)��È Ð Ä Ð �1(
° QTS c x1, x2, ..., xn

kTQdSVU�npZ v S&np�V^��wSV{wQT{�xp[jYy��npSVSnwkT[jY � Qda®lonw^VkdUJS
λi ∈ R

UhQTSVU���kdUJQT]�^ v S�{
λ1x1 + λ2x2 + ...+ λnxn = 0

S v Z#�MUJ[ ajUh^�UhS$x q UhS�S
λ1 = λ2 = ... = λn = 0.�!QdU�W;UJZj�VQTS c9v SV{ c QTUJ[jUhZ � Uh{wZ\Q��MUykTQdUh_�UhZja

� ¶9GJ´=�#
�� ��Û Å�Å�Ë�ÄbË�È x, y, z hMËf�oÆ �¤Ì
Ë�È�Ä G R3.
� Ç�×@ØwÌ Ð Ë�Ï¢ÆÎË�È

.U( � Ä�Ë!×��¤Ï Ð Ë�ÈHÉAË�È � Ñ7ÅjÅ�Ç Ð Ë�È�Ç-�¬ÑpÈHÉXÔ ��ÅjÄdÈ$É`���9ÑpÄC0
ÇpÏbË�ÈMÆ $
Ç � x× y 6= 0, Ô � x, y ÅjÄTÈHÉ�ÏdÄTÈMË
ÇpÌyÑpÈ&ÇVÔpÚ)��È Ð Ä Ð (

3P( � Ä�Ë!×��¤Ï Ð Ë�ÈHÉAË�È � Ñ7ÅjÅ�Ç Ð Ë�È�Ç-�hÕ�Ô-�¬ÑpÈHÉ!"���ÅjÄdÈ$É����AÑwÄC0
Ç�Ï�Ë�ÈoÆ $
Ç �#c U
a (x, y, z) 6= 0,

Ô � � Ë¤ÉAË�Å u ∈ R3 Ô9Ë�ÅjÄ�Æ�ÓwÆ Ë�ÄdÈMËyË�ÄdÈHÉ9Ë¤ÑVÆ�Ä Ð Ë � ÇpÌ\ÅJÆÎË�ÏdÏ¢ÑpÈ Ð Ç�Ï�Å
u = λx + µy + νz.

"�� x, y, z Å ÄTÈHÉ�ÏdÄTÈMËhÇ�Ì�ÑpÈ&Ç�Ô�Ú)�pÈ Ð Ä Ð (
5�( D G R3 Å ÄTÈHÉ�$
Ë G ÄdÈ$ÉAË�ÅJÆÎË�È�Å?0¤ÄbË�ÌHhMËf�oÆ ��Ì�Ë�ÈiÏTÄTÈMË
ÇpÌ�Ç�Ô�Ú)�pÈ Ð Ä Ð (

�zN�
~NOI�9w� �)Â�� * �)�!QdU�[�Q�[ga c QTU¬¥ v [j[\np{7U!§7YwS ° n�a u � � � � x � �d��)Â �A* ����n q QTZi[j����a\UhZrQ � npkTkT{wU � UJQdSVUJZjUJS>�#np^ � UJS c QTUJ[jUhS ° n7]�^A§wUhZ\^�nwk`a v SOa\UhZ�[ v ]�^�UhS
q UhZ c UhS$xV[jUhQTUhS�^VQTUhZ�S v Z#UJQdS���n7npZ�{wUJY � U
a\ZjQ�[\]�^VU ���&UJZjkTUh{ v SV{wUJS c n uhv nwSV{wU�[ga\UhkTk`a ��tUhSVS c QdU c U
a (x, y, z) 6= 0

Q�[ga�x cH� ^ �,c UhZzn v _�{7UJ[j��npS�S7a\U ° ��npa¨SVQ�]�^7a uhv [\n �f� UhSV�Ak�np�V�VaJx
c nwSVSÊkdQTUh{7UhS c QTU c Z\UhQRW;UJ�7a\YwZ\UhS

x, y, z
SVQ�]�^7az[j]�^VY7S QTSªUhQTSVUJZ¬PR�MUhSVU � ��npSVSª��npS�S � nwS

np�MUhZ uJv UhQTSVU � �&UJkdQTUh��Qd{7UhS��#n vV� � v SV�Oa u c UJSrUJQdS c U v a\Qd{f�MUJ[ ajQ �z� ajUJS ° �&n�a��VQTk c UJS$x c UhZ
u v S c 0

npk�[ P ]��wUhS�^�npa v S c�c UJ[\[ UJS	��npSOa\UhS���npZ�npkTkdUJk uJv x � uhq�� y � uJq�� z [ QTS cH� ��npZ�n v [^�npa � npS�[ Yw_�YwZja(UhQTSVUy�!nwZ\[ ajUJkdk v SV{ c UJZ®}�YwZ � u = λx+µy+ νz, c QTU!�V�MUhZ c QTUJ[®UhQTS c U v ajQT{�MUJ[ ajQ �z� a#QT[ a ���npSVS �~vV¯ np�MUhZEn v ]�^ c QTU(��npZ�[ga\UhkTk v SV{ c UJZ)« v kTkOUhQTS c U v ajQT{�[ UJQdS)x cH� ^ � S v Z$ajZ\QT§OQ�npk � ¦7{wkTQT]�^)x
q nw[ c QTUyPRQdS c U v a\Qd{7�wUJQ`a#kTQdUh_�UhZja �
° ]�^VkTQTU ¯ kTQ�]�^��7¦wSVS�UhS v S�np��^��pSV{7Qd{7UyW;Uh�OajY7ZjUJS�S�QT]�^Oa�QTS�UhQTSVUhZ#P(�&UJSVU¬kTQdUJ{wUhS)x&[jY � Q`a#Q�[ a#Qd^VZ
° ��npa#SVQ�]�^7a#n v [ {7UJnwZ a\U
a v S c�c n � Qda#Qd^�ZjU��!U
ajUJZ � QTS�npSOa\U 6= 0.�)Â�� * �@�!Y �f� a#[j����a\UhZ � �

�f³¤G#B�KMD�K&³-\©¶=<�9 � 9JGJN \©NiC�D>:>±r³�NABHCED��MNAD>I�\
R3

±�NUT,DEI�GJI�K&DV�#
�� ��:�f³¤G BEK&�MKMD�¶=<�9 �HG�N \ �@�f³¤G#B�KMD�K&³-\©¶=<�9 � 9JGJN \ � � Ì
Ë�Ä hMË>�MÆ �¤Ì
Ë�È x1,
x2, x3 ∈ R3 Õ 0C��È É9Ë�ÈMË�È�$
ËfÓwÖRË�ÄRÓ7ÑOË�ÄTÈ&Ç�È$ÉAË�Ì���ÌJÆ�Ú � Ð �¤È&ÇpÏ,ÅjÄTÈHÉVÕ)ÚMË�Ä",9Ë�È Ë�ÄTÈ��[�®ÌJÆ�Ú � Ð � _È&ÇpÏTÅ���ÅhÆ@Ë G �1(;ÍAÄTÈHÉ©ÅjÄbËrÓwÑ7Å:�VÆLÓhÏTÄ�"gÚ È ��Ì G Ä�Ë�Ì�ÆgÕ�É)( Ú4(,Ú&Ç�ÔAË�ÈmÉwÄ�Ë hMËf�oÆ �¤Ì
Ë�È ÇpÏdÏ�ËXÉwÄ�Ë 6@��È Ð Ë
|xi| = 1, Å �¨ÚMË�Ä",9Ë�È�Å Ä�Ë�Ë�ÄTÈ��[�®Ì�ÆLÚ ��È �¤Ì G Ç�Ï�Å ��ÅJÆÎË G ��Õ9Ç�Ô Ð Ë>�oØpÌjÓ7ÆJ�Jj�Í (



�����	� � �����	��
���������������

� ¶9GJ´sCED:>±�N TEDEI�G�ILKMDg�#
�� 
���f³�I�NODoG�ILNO³�C�DE� �
.U( � ÄTÏ�ÉAË�È x1, x2, x3 ∈ R3 Ë�ÄTÈ �®Ì�ÆLÚ � Ð �¤ÈMÇ�Ï�Å ��ÅJÆÎË G ÑpÈ$ÉÊÅjÄdÈ$ÉªÇpÏdÏ�Ë 6= 0, Å%�XÅjÄdÈ$ÉÊÅjÄbË

ÏdÄTÈMË
ÇpÌyÑpÈ&ÇVÔpÚ)��È Ð Ä Ð (
3P( � ÄTÏ�ÉAË�È�Å Ä�Ë�Å%� Ð ÇpÌ�Ë�ÄdÈ��Jj�ÍMÕ�Å �¨Ä�ÅhÆ;ÄTÚVÌ
Ë � Ë�ÆÎË�Ì G ÄdÈMÇ�ÈoÆÎË�Ë�ÈMÆ@ÖRË�É9Ë�Ì +1 �VÉAË�Ì −1.Û ÄdÈe�Jj�Í G Ä¢Æ � Ë¤Æ@Ë�Ì G ÄTÈ&ÇpÈMÆ@Ë +1 ÚoË�Ä ,�Æ � &>�pÅ Ä¢ÆLÄ10 ��ÌjÄ�Ë�ÈoÆLÄ�Ë�Ì�Æ ��ÕEË�ÄTÈMË
Å G Ä�Æ � Ë¤Æ@Ë�Ì G Ä _

È&Ç�ÈoÆÎË −1 �TÈoË Ð ÇVÆLÄ10��¤Ì\ÄbË�ÈoÆLÄ�Ë�Ì�Æ � (
�zN�
~NOI�9w�#l v � � � ° UJQ λ1x1 + λ2x2 + λ3x3 = 0. Ãsv kdajQT�VkTQ u QdUJZjUJS � Qda

x1
kdQTU
_�UJZ a

0 = λ1〈x1, x1〉 + λ2〈x2, x1〉 + λ3〈x3, x1〉 = λ1〈x1, x1〉,
[jY c n ¯ npk�[jY

λ1 = 0.
¥#S&npkTYw{ u UJQd{wa � npS$x c n ¯ S�Ypa q UhS c QT{ c QTU nwS c UhZ\UhS]�!YAU�� u QTUhSOajUJS§wUJZ\[\]�^ q QdS c UhS �

l v � � �V��n
x1, x2, x3

kdQTSVUJnwZ v S�nw�V^��pS�{wQT{z[jQdS c xV^�nw�&UJS q QTZ#UhQTSVU���npZ�[ga\UhkTk v S�{

x2 × x3 = λ1x1 + λ2x2 + λ3x3.

�!QdU Ãsv k`a\Qd�VkTQT�¤npajQTYwS � Q`a
x2

� uJq��9� Qda
x3

kdQTU
_�UJZ a
λ2 = λ3 = 0,

[jY c n ¯ x2 × x3 = λ1x1.��n¬npkTkdU
xi c QTU�«�YwZ � 1

^�nw�&UJS v S c x2, x3
YwZjaj^�Yw{wY7S�npkV[jQTS c xpQ�[ga S�nw]�^ ° npa u � � � � x � � n v ]�^

|x2 × x3| = 1 v S c [jY � Qda
λ1 = ±1. ° ]�^�kdQTU ¯ kdQ�]�^iQ�[ a

c U
a (x1, x2, x3) = 〈x1, x2 × x3〉 = 〈x1, λ1x1〉 = λ1〈x1, x1〉 = λ1 = ±1.

�

� U u �V{wkTQT]�^�UhQTSVU�[ � « ° kTn7[j[jUhS�[ Q�]�^ c QdU�W;UJ�OajYwZ\UhS�Q � R3 �MUJ[jYwS c UJZ\[2UJQdSV_Lnw]�^ c npZ�[ga\UhkTkdUJS �
� ¶9GJ´=�#
�� � ÍAÄTÈHÉ x1, x2, x3 ∈ R3 Ë�ÄTÈ��Jj!ÍMÕ&Å%� Ð Ë�Ï�Æ@Ë�È
.U( y = 〈y, x1〉x1 + 〈y, x2〉x2 + 〈y, x3〉x3,

3P( |y|2 = 〈y, x1〉2 + 〈y, x2〉2 + 〈y, x3〉2.
�zN�
~NOI�9w�#l v � � �V��n c QdU xi

UhQTS � « ° �VQTk c UJS$xV��npS�S � npSzegU c UhS9_Lnwkdk�[ y c npZ�[ga\UhkTkdUJS�nwkT[

y = λ1x1 + λ2x2 + λ3x3.

� Qdk c Uha � nwS c nw[ ° ��npk�npZ\�VZ\Y c9v �Oa � Qda
xi,

[jY¨_�Y7kd{wa�[ Yw_�YwZja
λi = 〈y, xi〉.� � UJZj^&�pkda � nwS cVv Z\]�^ Ãsv kdajQT�VkTQd��npajQTYwS c UhZ#��npZ�[ ajUhkTk v SV{fQdS � �9� Qda

y. �

° ]�^�n v UhS q QTZ�S v S�S�YA]�^�� v Z u n v _;��Z\Uh^ v SV{7UhS�Q � R3 �
2 � �#n vV� �VQTk c UJS c QTU c ZjUJQ ��nwSVYwSVQ�[\]�^VUhS©P(QdSV^�UhQda\[j§wUh�Oa\YwZ\UhS

e1, e2, e3
UhQTS � « °H� ��np�MUhQ

[j��npSVS�UhS
e2 v S c e3 uhv [\n �f� UhS UhQTSVUfPR�MUhSVUn v _gx$n v _ c UhZ e1 [ UJSV�AZjU�]�^Oay[ ajUJ^7a � ��UJSV�wUJS

q QTZ¨S v S c QTUJ[jUhSªW;UJ�OajYwZ
e1

npk�[ �j�!ZjUJ^�nw]�^�[jU � v S c©c npZ vV� c UhS©{OnpS u UhSª�#n v�� {7U c Z\Uh^Oa ���npSVSs[ ajUhkTkTUhS q QdZ�_�U�[ga��
�

W;Uh�OajY7ZjUJS$x c QTU�{7nwS u QdS c UhZ e2, e3 � PR�MUhSVUikdQTUh{7UhS$x)§wUhZ\^�nwk`a\UhSª[ Q�]�^ q QdU��MUhQ®UhQTSVUJZ
Uh�MUhSVUJS��!Z\Uh^ v SV{ �

�

W;Uh�OajY7ZjUJS$x c QdU2QTSz�#QT]�^Oa v SV{!§7YwS
e1 u UhQT{wUhS)x c$� ^ � n v _ c UhZ;��Z\Uh^&nw]�^�[jU kTQTUh{wUJS$x¤�VkTUhQT�&UJS

v SA§wUhZ��pS c UhZja �
� °AvV�f� UhS v S c W�QTUhkd_Lnw]�^�U�§7YwS�W;Uh�OajY7ZjUJSi{7Uh^VUJSiQTS °AvV�f� U�� uhq�� W�QTUhkd_Lnw]�^VU�[2�V�&UJZ �

° UJQ)S v S x = ξ1e1 + ξ2e2 + ξ3e3
UhQTSs�MUhkTQdUJ�VQd{7UhZ!W;Uh�OajY7ZJx c n uhv x′ = ξ′1e1 + ξ′2e2 + ξ′3e3c UJZ�{wU c ZjUJ^7a\U � �>QTZ#[ Uha u UhS

y := ξ1e1, y
′ := ξ′1e1, z := ξ2e2 + ξ3e3, z

′ := ξ′2e2 + ξ′3e3,



� Ë�Ì  �ÇVÑ G ÑpÈ$É�É9Ë�Ì R3 ����� �

e2

x

x′

ϕ

z

z′

e1

e2

e3e3

¥��V�VQTk c9v SV{ �

[jY c n ¯ x = y+ z v S c x′ = y′ + z′.
��npS�SikTQdUh_�UhZ\SrY7�VQd{7U ���&UJZjkTUh{ v SV{wUJS$x c n ¯ y = y′ v S c

c n ¯ z′ n v [ z c9v Z�]�^iUJQdSVU�UJ�&UJSVU¬�!ZjUJ^ v SV{fUhSOa\[ ajUJ^7a�x cH� ^ �
ξ1 = ξ′1,

(

ξ′2
ξ′3

)

=

( ]hY7[
ϕ − [jQTS

ϕ[jQTS
ϕ

]
YO[
ϕ

) (

ξ2
ξ3

)

}E�V^VZ\UhS q QTZ�S v S�[jYw{7UhS�nwSVSOajU
3 × 3

� Ã npajZ\Q u UhS�UhQTS$�

A =





α11 α12 α13

α21 α22 α23

α31 α32 α33



 (αij ∈ R, i, j = 1, 2, 3.)

�>QTZ�UJZj�Ak��pZ\UhS c QTU � �MUhZ�n�a\QdY7S �X¿p��¼���� × �	 ¿pÁ �Î¡ � �
	 ¿�Á`�Î¡2nwS�npkTYw{ uJvV� uJq UJQ c Q � UhS&[ QTYwS�nwkdUJS
}�nwkdk c9v Z�]�^

Ax :=





α11 α12 α13

α21 α22 α23

α31 α32 α33









ξ1
ξ2
ξ3



 :=





α11ξ1 + α12ξ2 + α13ξ3
α21ξ1 + α22ξ2 + α23ξ3
α31ξ1 + α32ξ2 + α33ξ3





= ξ1





α11

α21

α31



 + ξ2





α12

α22

α32



 + ξ3





α13

α23

α33





� ¡
¼ �p¼j¡Î£O¡
Á�� ���b� 	 3�¿�Á �!��3 � �b���M¡ .C0p� � �w¿pÁd¿�¼ 	 ¼ 0 º Â ���R£w�bÁ �
¡
¼����@¡��E¡h�bÁd¡�3f¿pÁ �
	 ¿�Á`�Î¡�� ¡h¼����Î¡�� 013 	 0p�M¡h���@¡	�

½+,(¡h�b�Î¡
�E¡h�bÁd¡�3f¿pÁ �
	 ¿�Á`�Î¡�� ½+,(¡h�b�Î¡�� 013 	 0��M¡h���@¡ �
º ¼��b�¢�Î¡
�E¡h�bÁd¡�3f¿pÁ �
	 ¿�Á`�Î¡�� º ¼��b���@¡�� 0'3 	 0��o¡
�&�Î¡#*

Ã Qda c QTUJ[jUhZ ° ]�^VZ\UhQT� q UhQ�[jU®�7¦wSVS�UhS q QTZ c npS�S c nw[(Yw�MUhSnp��{wUhkTUhQdajUhajU�PRZ\{wUJ�VSVQ�[R�V�MUhZ v S�[jUhZ\U�!ZjUJ^ v SV{ vV� c QTU e1 � ¥�]�^�[jU�_�Y7kd{7UhS c UJZ � n ¯ UhSiSVYpa\QdUJZjUJS$�
2g[ a

x′ =





ξ′1
ξ′2
ξ′3



 c UhZ,{wUJ{wUhSA�V�MUhZ
x =





ξ1
ξ2
ξ3



 v�� c UhS~�>QdSV�7Uhk
ϕ vV� c QTU e1 � ¥�]�^&[ U {wU c ZjUJ^7a\U

W;Uh�Oa\YwZ�xV[ YfQ�[ga

x′ =





ξ′1
ξ′2
ξ′3



 =





1 0 0
0

]hY7[
ϕ − [jQdS

ϕ
0

[jQdS
ϕ

]hY7[
ϕ









ξ1
ξ2
ξ3







����� � � �����	��
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�!QdUz^VQTUhZ�n v _ba\ZjUhajUJS c U Ã n�a\ZjQd�sSVUhSVS�UhS q QTZ q QdU c UhZ�UhQTSVUf��Z\Uh^ � npajZ\Q`� �$° QTU~^&n�a!^�QdUJZ�UJQdS�U
[j�&U u QTUhkTkdUy��UJ[ a\npkdaJx q UJQdk q QTZ c QTU!¥�]�^�[jU c UJZ �!ZjUJ^ v SV{¨nwkT[ c QdU���Q�]�^7a v SV{ v S�[ UJZjU�[RPRQTSV^VUJQ`a�[ �
§wUJ�OajYwZ�[

e1
{7UhSVY �f� UJSi^&np�MUhS �}E�VZ c UhS nwkdkT{wU � UJQdS�UhS©}�nwkdk UhZ\�AkT�wZjUJS q QTZ uJv S��7]�^�[ga q QdU c UhZ~UhQTS �®¼ 0 º Â �p� .C0p� � ¿��¢¼��d½�¡
�

_�YwkT{wUJS c UJZ � n ¯ UhS$�

� �b� º A,B � ¡ 3 × 3 � � ¿��¢¼��d½�¡
���;�+0f�h¡
� º �L¡ 3 × 3 � � ¿��¢¼����
AB

¡
¼ �pÁ���¼�� º Â9¼\�\�� ¡
¼����@¡ �
	 ¿�Á`�Î¡ .C0p� AB � � �
A × � ¡
¼����@¡ �	 ¿pÁ �@¡ .10�� B � �� ½+,(¡h�b�Î¡ �
	 ¿�Á`�Î¡ .C0p� AB � � �
A × � ½+,(¡
�b�@¡ �
	 ¿�Á �@¡ .10�� B � �� º ¼��b�¢�Î¡ �
	 ¿�Á`�Î¡ .C0p� AB � � �
A × � º ¼��b�¢�Î¡ �
	 ¿�Á`�Î¡ .C0p� B � *

}VUJZjS�UhZ�UJZj�Ak��pZ\UhS q QTZ uJv UhQTSVUhZ
3 × 3

� Ã n�a\ZjQd�
A c QTU 	��¢¼j¿p�V� 	 0p���L¡h¼��Î¡ � ¿p��¼���� �

AT c9v Z�]�^
° �VQTUh{7UhkTS�nwS c UhZ#·!n v �9a c Q�np{wY7S�npkTUhS)x c$� ^ �





a b c
d e f
g h i





T

=





a d g
b e h
c f i



 .

��np�MUhQ q UhZ c UhS�npk�[jY�lMUJQdkTUhS uJv�° �&npkdajUhS v S c�° ��npkdajUJS uJv loUhQTkdUJS �
Ã Qda c U � ° ��npk�npZ\�VZ\Y cVv �Oa 〈x, y〉 QTS

R3 {wQTk`a c nwSVS

� ¶9GJ´=�#
�� � �#Ë�Ó�Ë�Ä�"gÚVÈMË�Æ a.i ÉwÄbË i _ Æ@Ë¨Í &$Ç�Ï¢ÆÎË`0C��È A ÑpÈ$É b.j ÉwÄbË j _ Æ@Ë¨Í &$Ç�Ï¢ÆÎË`0C��È B, Å%�
Ä�ÅhÆ

ATB = (〈a.i, b.j〉) =





〈a.1, b.1〉 〈a.1, b.2〉 .
. . .
. . .





� Qdk c UJS�nwkT[jY c QdU ° ��npkdajUJS�§7YwS
A

UhQTS � « ° x�[jYfQT[ a,e n

〈a.i, a.j〉 = δij =

{

1 i = j

0 i 6= j

�Lc nw[2Q�[ga c n7[�[ Y7{ � � ��
���� � ��=�&� ° � � �MYwk�� v S c�c n � Qda�npk�[ Y

ATA = (δij) =





1 0 0
0 1 0
0 0 1



 .

��n � Q`a#�7¦wSVS�UhS q QdZ�S v S c QTU¬npkTkd{7U � UhQTSVUy��Z\Uh^ v S�{zQ � R3 �MUJ[\]�^VZ\UhQT�&UJS �P([�[ UJQ
a.1, a.2, a.3

UJQdS � « ° x q Yw�MUhQ
a.1

QdS ��QT]�^Oa v SV{ c UJZ!�!ZjUJ^�nw]�^&[ U u UhQT{wU � ��QTU
3 × 3

�
Ã npajZ\Q`�

A
^&np�MUynwkT[ ° ��npkdajUJS�{7UhZ�n c U c QTUJ[jU a.i.PRQTS�W;Uh�OajY7Z#n v _ c UhZ#¥�]�^&[ U7xVnpk�[ Yf§wY7S c UJZ�}VY7Z �

x = ξ1a.1

�VkTUhQT�9a �MUhQ c UhZ®��Z\Uh^ v S�{�QdSr� v ^VUwx7UhQTS�W;Uh�OajY7Z(QTS c UhZ a.2, a.3
� PR�&UJSVU q QTZ cfq QdU#�MUhQMUhQTSVUJZ

Uh�MUhS�UhSs��Z\Uh^ v S�{z§7UhZ��pS c UhZjaJx cH� ^ �
x = ξ2a.2 + ξ3a.3 7→ x′ := (ξ2

]hY7[
ϕ− ξ3

[jQdS
ϕ)a.2 + (ξ2

[jQdS
ϕ+ ξ3

]
YO[
ϕ)a.3.

��n � Q`a#{7Qdkda�_��VZ�UJQdSVUJSsnpkTkd{7U � UhQTSVUhS�W;Uh�Oa\YwZ

x = ξ1a.1+ξ2a.2+ξ3a.3 7→ x′ := ξ1a.1+(ξ2
]
Y7[

ϕ−ξ3
[ QTS

ϕ)a.2+(ξ2
[ QTS

ϕ+ξ3
]
YO[

ϕ)a.3.



� ÄbË!� � G &oÏ�Ë �&Ë�ÈXÙHÇ�Ú�ÏbË�È C
����� �

�!QdU�[���npSVS � npSs[j]�^�ZjUJQd�MUhS�npk�[

x = A ·





ξ1
ξ2
ξ3



 ,

x′ = A ·





1 0 0
0

]hY7[
ϕ − [jQdS

ϕ
0

[jQdS
ϕ

]hY7[
ϕ



 ·





ξ1
ξ2
ξ3





= A ·





1 0 0
0

]hY7[
ϕ − [jQdS

ϕ
0

[jQdS
ϕ

]hY7[
ϕ



 ·AT · A ·





ξ1
ξ2
ξ3





= A ·





1 0 0
0

]hY7[
ϕ − [jQdS

ϕ
0

[jQdS
ϕ

]hY7[
ϕ



 ·AT · x.

��n � Q`a#^&np�MUhS q QdZ
� ¶9GJ´=�#
�� �e� ÄbË � Ì
Ë�ÚoÑpÈ Ð Ä G  �ÇVÑ G Ñ G É9Ë�ÈgAXÄTÈ��AË�Ï ϕ Ö;ÄdÌJÉ Ô9Ë�Å+"gÚVÌjÄ�Ë�Ô9Ë�ÈÊÉ&ÑpÌ+"gÚ Ë�ÄdÈoË
  ÇVÆLÌ\Ä �XÉ9Ë�Ì * ��Ì G

R = A ·





1 0 0
0

]hY7[
ϕ − [jQTS

ϕ
0

[jQdS
ϕ

]hY7[
ϕ



 · AT ,

Ö �9Ô9Ë�Ä,ÉwÄ�Ë�Í'&$Ç�Ï¢ÆÎË�È 01�¤È A Ë�ÄTÈK�®Ì�ÆLÚ ��È �¤Ì G Ç�Ï _ Í �VÅJÆÎË G ÔpÄdÏ�ÉAË�È$Õ�ÄdÈ ÉAË G ÉwÄ�ËyË�Ì�ÅhÆ@Ë�ÄTÈ  #Ä "gÚ _
Æ ÑwÈ Ð ÉAË�Ì � Ì
Ë�Ú&Ç "gÚ�Å�Ë#Ó¤Ë�Ä Ð Æ�(
��nw[ R#� {wUJ^VUhS � Qda Ã n�a\ZjQ u UJS q QTZ csuJv v S&[ UJZjUJS [ a\�pS c Qd{7UhS ·�Qdkd_L[ � Qda a\UhkTS {7Uh^V¦7ZjUJS � P(QdSVU
q Q�]�^7a\Qd{7U ° QT]�^Oa q UhQ�[ Uy[jUhQ c U�[ ^&npkT�i� v Z u npSV{7UJ[j�VZjY9]�^VUJS$�
PRQTSVU

3×3 Ã npajZ\Q`�
A

{wUJSVUhZ\QTUhZja cVv Z\]�^ c QdU#W;Y7Z\[\]�^VZ\Q`_ba
x 7→ y := Ax

UhQTSVU!¥��V�VQTk c9v SV{ c U�[
R3 QTS [jQ�]�^$x c QdUznpk�[ Y�egU c U � W;UJ�OajYwZ

x
[jUhQTS � � Qdk c � y := Ax uhv Y7Z c SVU
a v S c _���Z c QTU � nwS

kTUhQ�]�^7a c QTUy_�YwkT{wUJS c UJSiPRQT{wUJS�[\]�^�n�_ba\UhS�S�nw]�^�ZjU�]�^VSVU
a��
� ¶9GJ´=�#
�� � *®ØpÌ�ÇpÏdÏ�Ë x, y ∈ R3, λ, µ ∈ R Ä�ÅhÆ

A(λx + µy) = λAx + µAy.

AXÄTÌ Å�Ç Ð Ë�È�ÉOÇ�×@ØpÌ2Ç9Ñ "gÚ$ÕVÉwÄ�ËI0C��È A 0¤Ë�Ì G Ä¢Æ ÆÎË�Ï�Æ@Ë � Ô�Ô�ÄdÏ�É�ÑpÈ Ð Ä�ÅhÆ ��ÏTÄdÈMËhÇ�Ì � �VÉAË�Ì®Ë�ÄTÈ ��� � G � _G �¤Ì &oÚVÄ�Å G ÑwÅ �1(
}VUJZjS�UhZ�{wQTkda q QTU c UhZ

�¨�L¡ �	 ¿pÁ �@¡
� ���b� ºrº �L¡��#�bÁ º ¡h¼ º ¡
¼ 2�b�A�V¡h�b��� .�¡ ��� 0�¼j¡h���
��� "��R8 ����4g"���")�	��*,3!4g")�

C
2 � R2 ^&np�MUhS q QdZ c QdU�¥ cVc QdajQTYwS

(

ξ1
ξ2

)

+

(

η1
η2

)

=

(

ξ1 + η1
ξ2 + η2

)

.

�>QTZ��7¦wSVS�UhS�^VQTUhZ�SVY9]�^mUJQdS�U q UhQdajUJZjU � �&UJZ\npajQTYwS�UJZj�Ak��pZ\UhS$x c QdU q QTZ � Ãsv kdajQT�VkTQd��n�a\QdY7S �SVUJSVSVUhS)xVQdS c U � q QdZ#[jU
a u UhS
(

ξ1
ξ2

)

·
(

η1
η2

)

:=

(

ξ1η1 − ξ2η2
ξ1η2 + ξ2η1

)

.



����� � � �����	��
���������������

}E�VZ c QTU���npSVY7SVQT[\]�^VUJSiPRQTSV^VUJQ`a�[ §7Uh�OajY7ZjUJS
e1 =

(

1
0

)

, e2 =

(

0
1

) Q�[ga c nwSVS

e1 · e1 = e1, e1 · e2 = e2 · e1 = e2, e2 · e2 = −e1.
� v Z\]�^[jQ � ��kdU�[(«�n7]�^VZ\UJ]�^VSVUJSf�V�&UJZ u U v {wa � npS[jQT]�^�§7YwSz_�YwkT{wUJS c UJS�PRQd{7UhS�[\]�^�np_bajUhS c QdU�[ UJZ
Ãsv kdajQT�VkTQd��npajQTYwS$�

�

��QTU Ãsv kdajQT�VkTQd��n�a\QdY7S�QT[ a#nw[\[ Y u Q�n�ajQT§ox cH� ^ � (x · y) · z = x · (y · z).
�

��QTU Ãsv kdajQT�VkTQd��n�a\QdY7S�QT[ a��wY �f�~v a\npajQT§Mx c$� ^ � x · y = y · x.
�

P([2{wQTk`a c nw[��!QT[ ajZ\Qd� v ajQT§A{wUJ[jU
a u (x+ y) · z = x · z + y · z
�

��UJZ�W;Uh�OajY7Z
e1

Q�[ a c nw[ � PRQdS&[ UJkdU � UJSOa���x cH� ^ � _��VZ,egU c UJ[ x Q�[ a
e1 · x = x · e1 = x.

��n � Q`a�^�np�MUhS q QTZ#_���Z c UJS R2 � Qda c QTUJ[jUhSs�MUhQ c UhS � �&UJZ\npajQTYwSVUJS�[\]�^VY7S�_Lnw[ a!npkTkdU¨PRQd{7UhS �
[\]�^�n�_ba\UhSÊ�&UJQT[\n �f� UhS)x c QTU q QTZ¬_��VZ c QdUZ\UhUJkdkTUhS lHnp^VkTUhS

R
QdS©}&np�Oa � � � SVYpa\QdUJZ a¨^&n�a a\UhS ��Ênw[ v S�[#SVY9]�^r_�UJ^Vk`a�x�Q�[ga c n7[���QT§AQ c QdUJZjUJS ���n uhv _���^VZjUJS q QTZ uhv S&�w]�^�[ a�SVY9]�^sUhQTSVU q UhQdajUJZ � �MUhZ�n�a\QdY7S�UJQdS)x c n7[�[jYw{wUJS�npS�S7a\U����!YwS�e v �{wQTUhZ\UhS����

l v UhQTSVU � W;Uh�OajY7Z
x =

(

ξ1
ξ2

)

= ξ1e1 + ξ2e2

[jUhQ
x c UJZ#W;Uh�OajY7ZJx c UJ[\[ UJS uJq UJQ`a\UE�!Y � �MYwSVUJSOajU � Q`a −1 �¨v kdajQT�VkTQ u QdUJZ a�Q�[ga�x�npk�[jY

x :=

(

ξ1
−ξ2

)

= ξ1e1 − ξ2e2.

Ã nwStS�UhSVSOa
x c UJS uhv x

� �wY7S�e v {wQTUhZjajUJS ��W;Uh�Oa\YwZ � ��QTUJ[jU � �MUhZ�n�ajQTYwS c U�[/��Y7S�e v {7QdUJZjUJS�[§wUJZ a\Z\�w{pa)[jQT]�^)x q QTU � npS¨kdUJQT]�^Oa�S&nw]�^VZ\UJ]�^VS�U
aJx � Q`a c U � ¥ cVc QdUJZjUJS v S c¬c U � Ãsv kdajQT�VkTQ u QdUJZjUJSQTSi_�Y7kd{7UhS c U � ° QTSVSVU7�
� ¶9GJ´=�#
�� ��Û Å Ð Ë�Ï¢ÆÎË�È É7ÄbË  !ËC"gÚMË�È�Ì�Ë Ð Ë�ÏTÈ
.U( x+ y = x+ y,

3P( x · y = x · y,
5�( x = x

BP(J sÄ�Æ |x|2 := ξ21 + ξ22 Ä�ÅhÆ x · x = |x|2e1.

D (�Í "gÚVÏTÄbË>,wÏTÄ "gÚtÄTÅJÆ x = x Ð Ë�È&Ç9Ñ ÉOÇ�È�ÈHÕ(ÖRË�ÈVÈÊÄTÈ É9Ë G hMË>�oÆ �¤Ì x =

(

ξ1
ξ2

)

É7ÄbË~Ó7Ö;Ë�Ä�Æ@Ë
� � G & �¤ÈoË�ÈoÆÎË ξ2 = 0 Ä�ÅJÆ�(

« v S�Q�[ a�_��VZ
x 6= 0

n v ]�^ |x|2 6= 0 v S c�c n � Qda

x · ( 1

|x|2 x) =
1

|x|2 |x|
2e1 = e1.

��n � Q`a#Q�[ a�_��VZ�UhQTS��&UJkdQTUh�VQT{wU�[
y c nwSVS�n v ]�^

x · ( 1

|x|2 x · y) = e1 · y = y,

[jY c n ¯zq QdZ�nwkT[jYzQdS
u :=

1

|x|2x · y
UhQTSVU v S ciuJq nwZ c QdU�UJQdS u QT{wU � ¦O[ v S�{~§7YwS

x · u = y
{wUh_ v S c UJS�^&np�MUhS ���n � Q`a#^&np�MUhS q QdZ



� ÄbË!� � G &oÏ�Ë �&Ë�ÈXÙHÇ�Ú�ÏbË�È C
�����9�

±�NUT,DEI�GJI�K&D¸CED: � ¶9G�´#�#
��2� * ØwÌ!É9Ë�È R2 G Ä�Æ®ÉAË�È Ô9Ë�Ä�ÉAË�È � &,Ë�Ì�Ç9ÆLÄ �¤ÈoË�È + ÑwÈHÉ · Ð Ë�Ï _ÆÎË�È Ç�ÏTÏbË Û Ä Ð Ë�È�Å+"gÚ&Ç�×@Æ@Ë�ÈHÕ)ÉwÄbËfÖ;ÄdÌ#×@ØwÌ¬ÉwÄ�Ë!Ì�ËJË�ÏTÏbË�È ÙHÇ�ÚVÏ�Ë�È R ÄTÈ�*MÇ-�oÆ!�E( .yÈ �AÆ�ÄbË�ÌJÆ;ÚMÇ9Æ Æ@Ë�È4(
AXÄTÌ#ÈMË�È�ÈMË�È ÉwÄ�Ë�Å � Ð Ë�Ö ��ÈVÈMË�ÈMË�ÍHÆLÌ�Ñ'�oÆ ÑpÌ�É9Ë�È � �?8¤Ì &,Ë�Ì C ÉAË�Ì7�A� G &HÏbË ��Ë�È�ÙHÇpÚVÏ�Ë�È�� (� Ï�Å�Ø�ÔpÏdÄ�"gÚMË�Í "gÚVÌ
Ë�ÄÎÔOÖ;Ë�ÄTÅ�Ë�È��AÆLÄ�Ë�Ì�Æ G Ç�È�ÅhÆÎÇ9ÆjÆ

x =

(

ξ1
ξ2

)

= ξ1e1 + ξ2e2

Ë�ÄTÈV×LÇ "gÚ
x = ξ1 + i ξ2, �¢Ö �VÔAË�Ä$È&ÇVÆ ØpÌ\ÏdÄ�"gÚ ÉwÄbË ξ1, ξ2 ∈ R, )

Å &EË�ÓhÄ�Ë�ÏTÏ�Ç�Ï�Å �¬×@ØpÌ e1 Ë�ÄTÈV×LÇ "gÚ 1 ÑpÈ$Éf×@ØwÌ e2 Ë�ÄdÈ�×LÇA"gÚ i. Û Å�Ä�ÅhÆ®ÉOÇpÈVÈ
1 · 1 = 1, 1 · i = i · 1 = i, i · i = −1.

  ÇpÈiÈMË�ÈVÈoÆ
� ÉwÄbËyÙHÇpÚVÏ i É7ÄbË ��Ä G Ç Ð ÄdÈ+��Ì
Ë Û ÄTÈVÚMË�Ä�Æ��LÕ
� ÉwÄbËyÙHÇpÚVÏ ��U

(x) := ξ1 = 1
2 (x + x) ÉAË�È �� !Ë
ÇpÏ�Æ@Ë�ÄTÏ �!0C��È x ÑpÈ$É

� ÉwÄbËyÙHÇpÚVÏ 2 � (x) := ξ2 = 1
2i

(x− x) ÉAË�È � D G Ç Ð ÄTÈ)�pÌJÆ@Ë�ÄTÏ �701�¤È x,
� ÉwÄbËyÙHÇpÚVÏ |x| :=

√

(ξ21 + ξ22) =
√
x · x ÉAË�È ���#Ë¤ÆLÌ�Ç Ð �70C��È x.

�

� ÇwÅ � ��È^$�Ñ Ð ÄbË�Ì�Ë�È G ÇA"gÚoÆ(Ç9Ñ7Å x = ξ1 + i ξ2 ÉwÄbË!Ó7Ñ x � � �¤È^$�Ñ Ð Ä�Ë�Ì�Æ@� � G &oÏ�Ë �&Ë ��ÙHÇ�Ú�Ï
x = ξ1 − i ξ2.

P([�QT[ a uhq UJ]�� � � ¯ Qd{&x c QTU¬W;YwZ�[ga\UhkTk v SV{�§wY7S c U � � UJZjUJQT]�^ c UJZ��7Y � �VkTU
�9UhS lonw^VkdUJSsnpk�[ c UhZZ\UhUhkTkTUhSXPR�MUhS�U � Qda c UhS Y7�&UJSXUhQTSV{7U
_��V^VZjajUJS � �MUhZ�n�a\QdY7SVUhS c9v Z\]�^�n v [ uhv �MUh^�nwk`a\UhS �HÃ nwS
[j�VZjQ�]�^Oa QTS c QTUJ[jU � l v [jn �f� UJSV^�nwSV{¬§wY7S c UJZ�� �������� [\]�^VUJSilonp^VkTUhS�Uh�MUhSVU v S c SVUhSVSOa c QTU
e1

� ¥�]�^�[jU c QTU®Z\UhUJkdkTUwx c QdU e2 � ¥�]�^�[jU c QdU2Q � nw{wQTS��pZ\U2¥�]�^�[ U � ��Y � �VkdUh�9U�lonw^VkTUhS$x c QTU�n v _ c UhZZ\UhkTkdUJS�¥�]�^�[jUykdQTUh{7UhS$x&n cVc QTUhZ\UhS v S c��¨v k`a\Qd�VkTQ u QTUhZ\UhSs[ Q�]�^ q QdU�Z\UhUJkdkTU¨lonp^VkTUhS � �>QdZ#S�UhSVSVUJS
[jQdU c UJ[j^�npkT�n v ]�^f� v Z u Z\UhUhkTk � ��Y � �VkdUh�9U!lonp^VkTUhSn v _ c UhZ Q � nw{wQTS��pZ\UhSf¥�]�^�[jU#^VUhQ ¯ UJS �gZ\UhQTSQ � nw{wQTS��pZ � �
� Uh^�nwk`a\UhS q QTZ c QTUi¥�S�[\]�^�n vVv SV{ c UhZ�� ��������� [j]�^�UhS lonp^�kdUJSVUh�MUhSVUrSVY9]�^ªU
a q nw[��MUhQ � �!UhZ
� U
a\Z\nw{ |x| c UhZ®�wY � ��kdUh�AUJS�lonw^Vk

x
Q�[gaEe n¬S�n7]�^ c U � ° n�a u!c U�[	� ����
���

����� {wUhZ�n c U c QTU{wU q ¦7^VSVkTQT]�^�U � �wSV{wU c UJ[!W;Uh�OajY7Z\[
x.

�!QdUz�wY � ��kdUh�AUJS lonp^�kdUJS � Q`a c U � � UhajZ�np{ � kTQTUh{wUJS
npk�[jYfnwkdkTU�n v _ c U � � PRQdS�^VUhQda\[ � ���yZjUJQT[ � Qda!�#n c Q v [ � vV� c UJSX« v kTkT� v SV�Oa v S c egU c U¬[jYwk�]�^VU
lonw^Vko�¤nwSVS � nwSrnpk�[ Y � Q`a�UhQTSVU � q Y7^Vk c U
|�SVQTUhZjajUJSr�>QTSV�wUJk

ϕ � Qda
0 ≤ ϕ < 2π c npZ�[ga\UhkTkdUJSnpk�[

E(ϕ) =
]
YO[

ϕ+ i
[jQdS

ϕ.
��np�MUhQ$Q�[ga

ϕ c UhZ��>QTSV�7Uhk uhq Q�[\]�^VUhS c UhZ�ZjUJUhkTkdUJS�¥�]�^�[jU v S c�c U � W;Uh�OajY7Z
E(ϕ).��n�_��VZ#Q�[ a

E(ϕ) ·E(ψ) = (
]
Y7[

ϕ+ i
[jQdS

ϕ) · ( ]
YO[ ψ + i
[jQdS

ψ)

= (
]
YO[

ϕ
]
Y7[

ψ − [jQdS
ϕ

[ QTS
ψ) + i(

]hY7[
ϕ

[ QTS
ψ +

[jQTS
ϕ

]hY7[
ψ)

=
]
YO[

(ϕ+ ψ) + i
[jQdS

(ϕ+ ψ)

= E(ϕ+ ψ).

« v S���nwSVS � nwSi�7Y � �VkTU
�9U¨lonp^�kdUJS�[ ajUha\[�[\]�^VZjUJQd�MUhS�npk�[

x = |x| ·E(ϕ), y = |y| ·E(ψ)

v S c UJZj^��wk`a c np_��VZ c nwSVS

x · y = |x| · |y| · E(ϕ) · E(ψ) = |x| · |y| · E(ϕ+ ψ).



����� � � �����	��
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� v Z\]�^ c QTU ÃXv k`a\Qd��kdQT��n�ajQTYwS � Q`a
x q QTZ c c QTUz�7Y � �VkTU
�9UflHnp^Vk

y � nwkT[�W;UJ�7a\YwZ%��nwkT[jY�QdS c UhZ
� ��������� [\]�^VUhSªlonp^VkTUhS�Uh�MUhSVU vV� c UhS uJv x

{wUh^�¦wZ\Qd{7UhS �>QTSV�7Uhk
ϕ

{wU c ZjUJ^7a v S cÊvV�0c UJS}�nw�OajYwZ |x| {wUJ[ ajZ\UJ]��Oa ��¨�L¡ �sÂ9Á �¢� 	 Á � �7¿��¢� 0�� 3z�b� � 013 	 Ád¡ �A¡
� �E¿��AÁd¡h� ������¿�Á �+0z£7¡ 013�¡h��¼����h���X¡h�b�M¡��¬¼\¡\�A���¢¼j¡�� ��Â9�A£ *
�!QdU�Uh�MUhS¸np�V{7UhkTUhQdajUhajUhS PRQd{7UhS�[\]�^�np_bajUhS c UhZ Ãsv k`a\Qd�VkTQT�¤npajQTYwS UhZ\kTn v �&UJS U�[hx c QTU�n v [ c U ���UJUhkTkdUJS��MUh��nwSVSOajUyP;�9�&Y7SVUhSOa\QTnwk`_ v S��7a\QdY7S

R 3 x 7→ ex ∈ R

QTS c nw[7�!Y � �VkTU
�9U�_�Y7Z a uhv [jU
a u UJS$x q Yf[jQTUynwS�§OQTUhkTUhZ\kTUhQ ° ajUJkdkTUhSXnwkT[2��Z\nw�7a\QT[\]�^VU�[®·�Qdk�[ _ � Qda a\Uhk
§wUJZ q UhS c ��npZ®Q�[ga � }E�VZ�[jQdUy{wQTkda#�&UJ�¤nwSVSOajkTQT]�^

e0 = 1,

ex+y = ex · ey _��VZ#�MUhkTQdUJ�VQT{wU
x, y ∈ R, v S c [ �MU u QdUJkdk

ex · e−x = 1.

�>QTZ#UhZ\�AkT�wZjUJSS v S�_��VZ#�wY � �VkdUh�9U�lonw^VkTUhS
±�NUT,DEI�GJI�K&DV�#
�� W *®ØpÌ x = ρ+ iω Å�Ë�Ä

ex := eρ+iω := eρ ·E(ω) = eρ · ( ]
Y7[ ω + i
[jQTS

ω).

� ÄbË¨ÉOÇ9É�ÑpÌ "gÚ É9Ë FVÈVÄ�Ë�Ì�ÆÎËI*)ÑpÈ��oÆLÄ �¤È C 3 x 7→ ex ∈ C ÚMË�Ä ,�Æ®ÉwÄ�Ë �X�A� G &oÏ�Ë �&Ë Û � &>��ÈMË�ÈoÆ�Ä�ÇpÏ _
×@ÑpÈ��oÆ�Ä���È��1(
Í'&,Ë�ÓJÄbË�ÏdÏ$Ä�ÅJÆ2ÉOÇ�Ì\ÄdÈXË�ÈoÆ�Ú&Ç�Ï¢ÆÎË�È ÉwÄ�Ë�Å%� Ð ( � � � �=� _ *��¤Ì G Ë�Ï

eiω =
]hY7[

ω + i
[jQdS

ω.

2@S c QdU�[ UJZ��!U
|&SVQ`a\QdY7S ^&np�MUhS q QdZ��MUhQ c U � ¹)UJZ � eρ c QTUÊZjUJUhkTkdUtP;�9�&Y7SVUhSOa\QTnwk`_ v S��7a\QdY7S�MUhS v a u a �
R SOa\UhZ�[ v ]�^�UhS q QdZ c QTUJ[jU�}VU�[ga�[ Uha uhv SV{�U
a q nw[®S��w^VUhZ��
2g[ a

x
ZjUJUhkTk�x cH� ^ x = ρ, ω = 0,

[ YfQ�[ga q Uh{7UhS
E(0) =

]
YO[
0 + i

[ QTS
0 = 1 + i · 0 = 1 c npSVS

ex = eρ.}E�VZ�Z\UhUhkTkTU
x

[ ajQ �z� UJStnwkT[jY c QdU�npkdajU v S c c QTUfSVU v U~P;�9�MYwSVUJSOajQ�npkd_ v SV�OajQTYwSÊ�V�MUhZ\UhQTS$x q QdZ
[jU
a u UhS�S v Z c QTU�npkdajU¬} v SV�OajQTYwS�_�YwZja#n v _,�wY � ��kdUh�AUy¥#Z\{ v�� UJSOajU �2g[ a

x = ρ+ iω, y = σ + iϕ,
[ YfQ�[ga

ex · ey = eρ · E(ω) · eσ ·E(ϕ)

= eρ+σ ·E(ω + ϕ)

= ex+y,

[jY c n ¯ n v ]�^f^VQTUhZ c QdU��MUh��nwSVSOajU�} v SV�OajQTYwS�nwkd{7kdUJQT]�^ v S�{!{7Qdkda � 2@S�[ �MUJ[jYwS c UhZ\U2QT[ a q QdU c UhZ�xwnwkT[jYn v ]�^r_��VZ��wY � �VkTU
�9U�� UJZ a\U�§wY7S
x

ex · e−x = 1.

��Uh^Oa � nwS [j]�^�kdQTU ¯ kdQ�]�^Ê§wYwS
x

�V�&UJZ uJv x,
�pS c UhZja � nwS©npk�[ Y c nw[�W;Y7Z u UhQ�]�^VUhS c UJ[ 2 � n �

{wQTS��wZ a\UhQTkT[
ω

§wYwS
x
x;[ Yt�pS c UhZja � npS n v ]�^ c n7[¨W;Y7Z u UhQ�]�^VUhSª§7YwS [jQTS

ω v S c c n � Q`a c n7[W;YwZ u UJQT]�^�UhS c UJ[ 2 � np{7QdS&�pZjajUhQTk�[ §7YwS
ex.

�>QTZ2_Lnw[\[ UJS c QTUJ[ uhv [\n �f� UhS uhv
� ¶9GJ´=�#
�� � *®ØpÌyÉwÄ�Ë!ÄTÈ�Å � � G &oÏ�Ë �&Ë�×���ÌJÆ Ð Ë
Å�Ë�ÆLÓwÆ@Ë Û � &>��ÈMË�ÈoÆLÄbÇ�ÏT×@ÑpÈ��oÆ�Ä���È

x = ρ+ iω 7→ ex := eρ+iω := eρ ·E(ω) = eρ · ( ]hY7[ ω + i
[ QTS

ω).



� ÄbË!� � G &oÏ�Ë �&Ë�ÈXÙHÇ�Ú�ÏbË�È C
�����'�

Ð Ë�Ï�Æ@Ë�È
e0 = 1

ex+y = ex · ey

e−x =
1

ex

ex = ex.

Ã nwSiUJZj^��wk`a c n � Q`a#�V�MUhZ c QdU � � � ���&� }�YwZ � UJkHU
a q n
B)¶VFHG	��
�� � * ØwÌ ω ∈ R Ä�ÅhÆ

]
YO[
ω =

1

2
(eiω + e−iω),

[ QTS
ω =

1

2i
(eiω − e−iω).

¥ v [ c UhZ ° ]�^ v kdUsQ�[ a�&UJ�¤nwSVSOaJx c n ¯ªc QTUXZ\UhUhkTkTU�PR�A�MYwS�UhSOajQ�npkd_ v SV�OajQTYwS�[ ajUhajQT{ v S c [jYw{7nwZ
�MUhkTQdUJ�VQd{~Yp_ba2[ga\U
ajQT{ c Q �oUhZ\UhS u QdUJZj�&npZRQ�[ga�x q Yw�MUhQM[ Q�]�^�MUhQ c UhZ®¥#�VkTUhQda v SV{ c QdU v Z\[j�VZ\�VSV{7kdQ�]�^VU} v SV�OajQTYwS�Q � q U�[ UJSOajkTQT]�^VUJS q QTU c UhZ�Z\Uh�VZ\Y c9vVu QTUhZja � ��UJS�n v UJZ�{wQTk`a��
2g[ a

a ∈ R
x&[ YfQ�[ga c QTUy_��VZ�nwkdkTUf¼j¡�¡
ÁbÁd¡h�X�tUhZjajU�§7YwS

t
UhZ\�AkT�wZ a\U�} v SV�OajQTYwS

R 3 t 7→ f(t) := eat ∈ R

c Q��MUJZjUJS u QTUhZ\��nwZ � Qda c UhZ#¥��VkTUhQda v SV{

f ′(t) = aeat.

�!QdU�[ UJkd�MU¬¥ v [\[\np{wU��w¦7SVSVUJS q QTZ�S v S�_��VZ c QTU � 0'3 	 Ád¡ �O¡¬P;�9�&Y7SVUhSOa\QTnwk`_ v S��7a\QdY7S�^VUhZ\kdUJQ`a\UhS �}E�VZ�UhQTSVU��7Y � �VkTU
�9U¨lonp^Vk
a = α+ iβ v S c ¼j¡�¡
ÁbÁd¡
�

t
Q�[ a

a · t = αt+ iβt v S c [ Y � Qda

ea·t = eαt · E(βt) = eαt · ( ]
Y7[ (βt) + i
[ QTS

(βt)).

�!QdU�[ Uf} v S��7a\QdY7SXQ�[ga�npk�[ Y uhv [\n �f� UhSV{7UJ[jU
a u a�n v [ c UhZ�ZjUJUhkTkdUJSXP;�9�MYwSVUJS7a\QTnwk`_ v SV�OajQTYwS v S c
c UJS Z\UhUhkTkTUhSX} v SV�OajQTYwSVUJS ]
YO[

(βt) v S c [jQdS
(βt) �$� U
a u ajUJZjU~^�np�MUhS �&UJ�¤nwSVSOajkTQT]�^ c QdUf¥#��kdUJQ �

a v SV{wUJS
(
]
YO[

(βt))′ = −β [jQTS
(βt), (

[jQdS
(βt))′ = β

]hY7[
(βt).

��npSVS�Q�[ga�nw�&UJZ�S�nw]�^ c UhZ��(ZjY c9v �Oa\ZjUJ{wUhko�MUhQ � ¥��VkTUhQdajUhS)�

(ea·t)′ = (αeαt) · ( ]hY7[ (βt) + i
[jQdS

(βt)) + eαt · (−β [jQdS
(βt) + iβ

]hY7[
(βt))

= eαt[(α
]
YO[

(βt) − β
[jQTS

(βt)) + i(α
[jQdS

(βt) + β
]
Y7[

(βt))]

= (α + iβ)eαt(
]
YO[

(βt) + i
[ QTS

(βt))

= (α + iβ) · e(α+iβ)t

= a · ea·t.

�>QTZ!^�nw�&UJS c n � Q`a�n v ]�^X_��VZ c QdUz�wY � ��kdUh�AU¨PRZ q UhQdajUJZ v SV{ c UJZ!PR�A�MYwS�UhSOajQ�npkd_ v SV�OajQTYwS c QTUnpkdaj�MUh��nwSVSOajU¬¥#��kdUJQ`a v SV{7[ _�YwZ � UhkHUJZj^�nwk`a\UhS$�
� ¶9GJ´=�#
�� 
 *®ØpÌ%$
Ë�ÉAË;�A� G &HÏbË ��Ë;Ù$Ç�ÚVÏ a ∈ C Ä�ÅJÆ$ÉwÄ�Ë,×@ØpÌ;Ç�ÏTÏ�ËEÌ�ËJË�ÏTÏbË�È�AË�ÌJÆ@ËJ01�¤È t Ë�Ì:�AÏX�pÌJÆ@Ë
*$ÑwÈ��oÆLÄ �¤È

R 3 t 7→ f(t) := eat ∈ C

ÉwÄTÒHË�Ì�Ë�ÈVÓhÄ�Ë�Ì¤ÔwÇpÌ G Ä¢Æ2ÉAË�Ì � Ô�Ï�Ë�Ä¢Æ ÑpÈ Ð
f ′(t) = a · eat.



����� � � �����	��
���������������

� Uh��npS�S7a\kdQ�]�^�QT[ a�]
YO[
2π = 1

x&[ QTS
2π = 0 v S c�c n � Qda

e2πi = ei2π =
]
YO[

2π + i
[ QTS

2π = 1.

}VUJZjS�UhZ��MUh�wY �f� a � npSsn v [ ° n�a u � � �U� _��VZ#�MUhkTQdUJ�VQT{wU
x ∈ C

e2x = ex+x = ex · ex =
(

ex
)2

v S c�c n � Q`a�nwkdkT{wU � UJQdS�UhZ®_��VZ#S�npaj�VZ\kTQT]�^VU¨lonw^VkTUhS
k :

ekx = ex+...+x = ex · ... · ex =
(

ex
)k
.

��npSVS�Q�[ga#QTS�[j�&U�[ Y7S c UhZ\Uyn v ]�^

e2πik =
(

e2πi
)k

= 1k = 1

v S c�c nwSVSsn v ]�^r_��VZ#S�npaj�VZ\kTQT]�^VU¨lonw^VkTUhS
n, k

(

e
2πi

n
k
)n

= en 2πi

n
k = e2πik = 1.

l v _�UJ[ ajU � n
[jQdS c _���Z

k = 0, 1, ..., n−1 c QTUJ[jU n �7Y � �VkTU
�9UhSlonw^VkdUJSf��nwnwZ q UhQ�[ U®§wUJZ\[\]�^VQTU �
c UJS v S c �VQTk c UJSsn v _ c U � PRQTSV^VUhQda\[j�AZjUJQT[#{wUhZ�n c U c QdU�P(]��7UhS�UhQTSVUJ[#ZjUJ{wUhk � � ¯ Qd{7UhS n � P(]��9[ ��>QTZ#^�np�MUhS�[jY � Q`a
� ¶9GJ´=�#
�� � *®ØpÌ4$
Ë¤ÉAË!È&Ç9ÆjØpÌ\ÏdÄ�"gÚMËyÙHÇ�Ú�Ï n ÑpÈ$É $
Ë¤ÉAË�Å k = 0, 1, ..., n− 1 ÄTÅJÆ

ξk := e
2πi

n
k

Ë�ÄTÈMËI698�ÅJÑpÈ Ð 0C�¤È xn = 1, É)( Ú4(&Ë�Å#ÄTÅJÆ (

ξk
)n

= 1.
  ÇpÈiÈMË�ÈVÈoÆ ξk Ë�ÄTÈMË � n _ ÆÎË Û ÄTÈVÚMË�Ä¢Æ�ÅJÖ�ÑpÌ\Ó¤Ë�Ï � (
�s� �!�g'R"��¸��%!��-���"$'R���g:¬" %!��-�� 8;69*E69� 8(�#"��
¥#k�[y��Z v S c kTnw{wUy_��VZ c n7[#�tUhQdajUhZ\U � ��[j[jUhS q QTZ v S�[����&UJZ�UhQTSVQT{wU~��Z v S c �&UJ{wZ\Q �oU v S c «#Y �
a\npajQTYwSVUJSr§7UhZ�[ga��pS c QT{wUJS$�A�!nw�&UJQ �~vV¯z� nwS�]�^VU�[$egUha u a�SVY9]�^�n v _)UJQdS�U � v S��VZ\� u Q�[ UJSS�nwQd§7UhS
° a�npS c � v SV�Oa���kdUJQd�MUhS v S c ��nwSVS UJZ\[ a�[j����a\UhZ�Y c UhZ�Q � ��np^ � UhS c QdU�[ UJZ!W;Y7ZjkTUJ[ v SV{r�V�&UJZ �
^�n v �9a#SVQ�]�^Oa2Uh�Vnp�Oa��&UJ{wZ\�VS c Uha q UJZ c UJS �PRQTS u UJSOajZ�npkTUhZ � Uh{7ZjQ�� Q�[ga c UhZ c UJZ��$Â9� �p��� 0p�©Y c UhZfÀy¾J¾h�bÁ º Â9�A£px q Yw�MUhQRQTS q UJQ`a\UhS©¹�UhQTkdUJS
c UJZ Ã npaj^VU � npajQT� �MUhQ c U�«�n � UJSÊ_��VZ c UJS [jUhkT�&UJS � UJ{wZ\Q � §wUJZ q UhS c U
a q UhZ c UhS � l v UhQTSVUJZ
} v SV�OajQTYwS f {7Uh^V¦7ZjUJS

�

UhQTS �z¡��(���b�¢� 0����
¾�¡h¼j¡h�L�\�
D(f)

x c UhZ#nwkdkTUJ[2UJS7a\^��pkdaJx q n7[®nw�V{wUJ�VQTk c Uha q UJZ c UJSi��nwSVS$x
�

UhQTS �#�bÁ º ¾�¡h¼j¡
�L��� B(f)
x c UhZ;[\np{pa,QTS q Uhk�]�^VUhS � UJZjUJQT]�^~QT]�^ c UhS�S~Uha q n7[�nw�V�VQTk c UJS q QTkTk�x

v S c [j]�^�kdQTU ¯ kdQ�]�^
�

UhQTSVU¬W;YwZ�[\]�^VZjQd_ba
D(f) 3 x 7→ y := f(x) ∈ B(f), c QTU~nwSV{wQT�9a q QTU c QTUfl v YwZ c S v SV{§wYwS c UhS�PRkTU � UJS7a\UhS

x ∈ D(f) uJv P(kdU � UJSOajUhS
y ∈ B(f)

�wYwS��OZ\U
a2{wU�[j]�^�QdUJ^7a �
·#QTUhZ\�MUhQ c npZj_�npk�[jYRegU c U � x ∈ D(f)

Q �z� UJZ�S v Z,{wUJS�n v UhQTS
y ∈ B(f) uhv {wUhY7Z c SVU
a q UJZ c UJS$x

npkTkTUhZ c QdS�{7[ c �VZj_�UhS � Uh^VZ\UhZ\U
x c nw[\[jUhkT�&U

y ∈ B(f)
�MUh�7Y �f� UhS ��>QTZ�[ UJ^VUhS uhq UhQ$} v SV�OajQTYwS�UhS f v S c g nwkT[®{7kdUJQT]�^�npS$x q UJSVS�[jQTU

� c UhS�[ UJkd�MUhSs�!U
|�S�Q`a\QdY7S�[ �MUhZ\UhQ�]�^�^�np�MUhS$x&npk�[ Y
D(f) = D(g)

QT[ aJx v S c
�

n v _ c U � {wU � UhQTS�[jn � UhS�!U
|�SVQdajQTYwS&[ �MUhZ\UhQ�]�^ c QTUy¥#�V�VQTk c9v SV{O[ §7YwZ�[j]�^VZ\Qd_bajUhS����&UJZjUJQdS �
[ga\Q �f� UhS$x cH� ^ � f(x) = g(x)

_��VZ!npkTkdU
x ∈ D(f) �



Û ÄTÈVÄ Ð Ë <2Ì�ÑpÈHÉ&Ô9Ë Ð ÌjÄTÒHË¨ÑpÈ$É�j �AÆÎÇ9ÆLÄ �¤ÈoË�È ����� �

Ã Qda c UhZ ° ]�^VZjUJQd� q UhQ�[ U
f : X → Y, x 7→ f(x)

�VZ\QdS�{wUhS q QTZ uhvV� ¥ v [ c Z v ]��ox c n ¯ X = D(f),
npk�[ Y c UhZ¬�!U
|&SVQ`a\QdY7S�[j�&UJZjUJQT]�^ÊQ�[ga�xH_�UhZ\SVUhZ

c n ¯ npkTkTU�} v SV�OajQTYwS�[ q UhZjajU�QTS
Y

kTQdUJ{wUhS)x v S crc n ¯ 7→ c QTU��wYwS��OZ\U
a\Uyl v YwZ c S v SV{7[j§wY7Z\[\]�^VZ\Q`_banpS�{wQT�9a � P;a q n
f : N → R, x 7→ +

√
x.

l q UhQ(} v SV�OajQTYwS�UhS f : X → Y v S c g : Z → W
��npS�S � nwS uhv [\n �f� UhS�[jU
a u UJStQTS c U �

� npSÊ[ QTUf^VQTS7a\UhZ\UhQTS�npS c UhZyn v [ _��V^VZjaJx c$� ^ �)uhv UJZ\[ a x 7→ f(x) v S c c nwSVS c QdU�[ UJS �tUhZja v S �ajUJZ
g

nw�V�VQTk c U
aJx,npk�[jY
f(x) 7→ g(f(x)).

�!n � Qda c n7[¬{ v a¨{wUJ^OaJx �~vV¯ [ ajU
a�[
f(x)

QTS c U ��!U
|�SVQdajQTYwS&[ �MUhZ\UhQ�]�^i§7YwS
g

kdQTUh{7UhS$x q n7[ cVv Z\]�^ Y ⊂ Z
{7UJ[jQT]�^�UhZja®Q�[ga �

R SOa\UhZ c QTUJ[jUhZ�W;Y7Z\n v [j[jU
a uhv S�{~UJZj^�nwk`a\UhS q QdZ c npSVS c QTU¬} v S��7a\QdY7S

g ◦ f : X →W, x 7→ (g ◦ f)(x) := g(f(x)).

�>QTZ#SVUhS�SVUhS�UhQTSVU¬} v SV�OajQTYwS f : X → Y

�

��Â9¼ � ¡ �p����.�x q UhSVS�UJ[ uJv egU c U � y ∈ Y
UhQTS

x ∈ X
{wQT�9aJx�[jY c n ¯ f(x) = y,

�

�b� � ¡ ���¢��.Jx q UhSVS uJv egU uhq UhQ$§7UhZ�[j]�^�QdU c UhSVUJSs¥#Z\{ vV� UhSOa\UhS
x1 6= x2

n v [ X n v ]�^ c QTU} v SV�Oa\QdY7S�[ q UhZjajU�§wUJZ\[\]�^VQTU c UJSi[jQdS c x cH� ^ � f(x1) 6= f(x2),

�

¾
� � ¡ ���¢��.�x q UhSVS
f

[jY q Yw^VkoQTS�egUh�OajQT§ q QTU�n v ]�^�[ v ZLegUJ�OajQT§QT[ a �
¥#k�[�!U
|�S�Q`a\QdY7S�[ �MUhZ\UhQ�]�^ v S c npk�[ � QTk c �&UJZjUJQT]�^ UhQTSVUJZ} v SV�Oa\QdY7S �MUhS v a u UJS q QTZ � ¡
�A£7¡h��x
q YwZ v SOajUhZ q QdZ c QTU¬l v [\n �f� UhS9_Ln7[j[ v SV{~§wYwS � npaj^VU � n�ajQ�[\]�^VUhS � �9egUh�OajUJS$x c UhS
®Ád¡+3f¡h���@¡h�
º ¡h¼ � ¡h�O£O¡
x uJv UhQTSVU � SVU v UhS � �9egUh�OaJxEUh�MUhS c UhZ � ¡
�A£7¡�§7UhZ�[ga\Uh^VUJS � �>QTZ~�MUJ[\]�^VZ\UhQT�&UJS
UhQTSVU Ã UhSV{7UQdS c U �=q QTZ¨U
�9�VkTQ u Qda~Y c UhZ¨Q � �VkTQ u Q`afnpSV{7Uh�MUhS$x q UJkT]�^�UPRkTU � UhSOajU�[ QTU^�npa � (
� UhQ c QdU�[ U � W;Y7Zj{7Uh^VUJSi^�npa � npSX[jQT]�^ uhq npZ�§7YwZ�UJQdSVQT{wUJS�kdY7{wQ�[j]�^VUJS�} vV¯ nwSV{wUJkdS uhv ^A�9a\UhS$x
�V�MUhZ c QTU � npS S��p^VUJZjU�[zQdS UhQTSVUhZ�W;Y7ZjkTUJ[ v SV{t�V�MUhZ Ã UJSV{wUJSVkTUh^VZ\UiUJZ _Lnw^VZ\UhS �7¦wSVSOa\Uwx c QTUnp�MUhZ _��VZ v S�[®�wUJQdS�U q QT]�^Oa\Qd{7U!��Y7kdkTU![j�VQTUhkTUhS q UhZ c UhS)xO[jY c n ¯¬q QTZ®^VQdUJZ c npZ�n v _HSVQ�]�^Oa q UhQdajUJZ
UhQTSV{7Uh^VUJS � (l q UhQ Ã UJSV{wUJS�[jQTS c {wkTUhQ�]�^$x q UJSVS�[ QTU c QTUy[jUhkT�MUhS�PRkTU � UhSOajU�^&np�MUhS �
� UhQ�[ ��QdUJk��(�!QTU Ã UhSV{7UhS

X = {1, 2, 3} v S c Y = {3, 1, 3, 2} [jQdS c {7kdUJQT]�^ � �!nª[jQdUsS v ZUhS c kdQ�]�^�§AQdUJkdU�P(kdU � UJSOajU#^�nw�&UJS$xwS�UhSVSVUJS q QdZ [ QTU~¡h� º Á �L���V¡ �X¡h�O£O¡h� *7PRQTSVU Ã UJSV{wU7x c QTU�{7nwZ
�wUJQdS�PRkTU � UhSOa#�MUJ[jQ`a u a�x�SVUJSVSVUhS q QTZ c QTU�Ád¡�¡
¼j¡ � ¡
�A£7¡hx v S ciq QTZ cr� Qda ∅ �&U u UhQ�]�^VSVUha �
� UhQ�[ ��QdUJkdU v S�UhS c kTQ�]�^VUhZ Ã UJSV{wUJS$x cH� ^ � §wYwS Ã UJSV{wUJS � Qda v SVUJS c kTQT]�^¸§AQdUJkdUJS¸PRkdU � UhSOajUJS
[jQdS c Uha q n c QTU~lonp^VkT�MUhZ\UhQ�]�^VU

� N
x c QdU�S&n�aj��ZjkTQT]�^�UhSXlonp^VkTUhS)x

� Z
x c QTU�{OnpS u UhSXlonp^�kdUJS$x

� Q
x c QdU�Z�n�a\QdY7S�npkTUhSslonp^�kdUJS$x

� R
x c QdU�Z\UhUJkdkTUhSXlonw^VkdUJS v S c

� C
x c QdU��7Y � �VkTU
�9UhSXlonw^VkdUJS �

2g[ a
x

UhQTS PRkTU � UJS7a c UJZ Ã UhSV{7U
X

xH[jYrSVYwajQTUhZ\UhS q QTZ
x ∈ X, c QTUf«#Uh{On�a\QdY7S c n¤§wY7S$x&nwkT[jY�x

c n ¯ x �7UhQTSiP(kdU � UJSOa#§wYwS
X

QT[ aJx�nwkT[
x /∈ X.

° Y7kT]�^VU¬¹�UhZ � U q QdU
x ∈ X, x /∈ X

[ QTS c�� UhQ�[ ��QdUJkdU¬§7YwS À!ÂA���h¿h£O¡
��� c QTU q np^VZ�Y c UhZ�_LnwkT[\]�^
[jUhQTSi�7¦wSVSVUJS �
° QTS c A v S c B ¥ v [\[\np{wUJS$x9[ Yf�7¦wSVSVUJS q QTZ c nwZ\n v [®SVU v U¬¥ v [\[jnw{wUhS��VQTk c UhS$xVUha q n

� A∧B, {7UhkTUJ[jUhS A Â9� º B. ° QTU�QT[ a®{7UhS�n vic nwSVS q np^�ZJx q UJSVSi[jY q Yw^Vk
A

npk�[ n v ]�^ B
q nw^VZ�[ QTS cH�
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� A∨B, {wUJkdU�[ UJS A 0 º ¡
¼ B. ° QTUyQT[ a®{7UhS�n vic nwSVS q nw^VZJx q UhSVS � QdS c UJ[ ajUhS&[2UhQTSVU c UhZ�&UJQ c UJSs¥ v [\[jnw{wUJS A Y c UhZ B q np^VZ2Q�[ga �
� ¬A, {wUJkdU�[ UJS ��0��

A
Y c UhZ��&�L�\�9�

A. ° QTUyQT[ a#{wUJS�n v�c npSVS q np^VZ�x q UJSVS
A

_LnwkT[\]�^iQ�[ a �
� UhS v a u UhS q QTZ c QTUJ[#{wkTUhQ�]�^$x vV� n v [#{wUh{7Uh�MUhSVUJS Ã UhSV{7UhS�SVU v U uhv�� nw]�^�UhS � �>QTZ��7¦wSVS�UhS
U
a q n~_��VZ Ã UJSV{wUJS

X,Y
�VQdk c UJS

� X ∪ Y := {z | (z ∈ X) ∨ (z ∈ Y )}, c QTU��&¡
¼\¡
�b�&�`£pÂ9�A£ �
� X ∩ Y := {z | (z ∈ X) ∧ (z ∈ Y )}, c UhS �¨Â9¼j���O�h�\�9���b�¢� �
� X \ Y := {z | (z ∈ X) ∧ (z /∈ Y )}, c QTU
�¬� »!¡
¼j¡h�A½ �
� X × Y := {z = (x, y) | (x ∈ X) ∧ (y ∈ Y )}, c nw[ �®¼ 0 º Â ��� *

W;UhZ\UhQTSVQT{ v S�{�xw� v Z�]�^�[j]�^�SVQ`ajaJx7�RZjY c9v �7a kTn7[j[jUhS�[jQT]�^fQTS�S�np^VUJkdQTUh{7UhS c UhZR�tUhQ�[ U#n v _ � Uh^VZ®npk�[
uhq UhQ Ã UhSV{7UhS�n v [ c Uh^�SVUhS ���Uh^�¦wZja�egU c U�[�PRkTU � UhSOa¨§7YwS

X
n v ]�^ uhv Y,

[jYsSVUhSVS�UhS q QTZ
X

UhQTSVU���¡h�bÁ 3�¡
�A£7¡i§7YwS
Y

v S c Y UhQTSVU��#¾�¡
¼%3�¡h�O£O¡�§wY7S
X v S c SVYwajQTUhZ\UhS c n�_��VZ

X ⊂ Y.

�>QTkdk � npS¨n v [ c Zj�&]��wUhS)x c n ¯ X UJQdSVUy¡��\�9�Î¡���¡h�bÁ 3�¡
�A£7¡2§7YwS
Y

QT[ aJx cH� ^ � x c n ¯!c QdU®¹)UJQdk � UhSV{7U
SVQ�]�^Oa�[j]�^VY7S c QTU�{7nwS u UyQ�[ga�xV[ Y�[\]�^VZ\UhQT�9a � nwS

X $ Y.

R SOa\UhZ � UJS v a u UJS c UhZ ° � � �&Y7kdU ⇔ _��VZ#kTYw{7QT[\]�^VU�� � v QT§�npkTUhS u�v S c ⇒ _��VZ�kTYw{7QT[\]�^VU 2 � �VkTQ �
��n�a\QdY7S$x,�w¦wS�SVUhS q QdZ c QTUiY7�&UJS vV� {OnpSV{O[j[j�VZ�nw]�^VkTQT]�^Ê_�Y7Z �~v kTQdUJZ a\Ui¹�UhQTk � UhS�{wUhSA�MU u QdUJ^ v SV{n v ]�^�[\]�^VZ\UhQT�&UJS�nwkT[

(X ⊂ Y ) ⇔ ((x ∈ X) ⇒ (x ∈ Y )).

° ]�^VkTQTU ¯ kTQ�]�^r_��V^�ZjUJS q QTZ�SVY9]�^�[ Y7{ �
	 Â�¿���� 0�¼\¡
�sUJQdS$x cH� ^ �&° � � �MYwkTU�_��VZ � UJ[2{wQT�9a �d� ��Uha\] �2g[ a
X

UJQdSVU Ã UhSV{7Uwx
A(x)

UJQdS�U¬¥ v [\[jnw{wU7x c QdUy_���Z#PRkTU � UhSOajU
x ∈ X

[jQTSVSA§wYwkTkoQT[ aJx cH� ^ � _��VZegU c UJ[#[jYwk�]�^VU�PRkdU � UhSOa#UhSOa q U c UJZ q nw^VZ2Y c UhZ2_Lnpk�[\]�^iQ�[ga�x�[jYzS�YpajQTUhZ\UhS q QTZ
� ∀x∈XA(x) :⇔ ���9¼¨¿pÁbÁd¡

x ∈ X
����� º �L¡�À!ÂA���h¿h£O¡

A(x)
,(¿��A¼ �

� ∃x∈XA(x) :⇔  �¬£w�L¾
�y¡
�b�
x ∈ X

� ¡+.J�¢Á�*2¿�Â���� 3�¡��A¼j¡h¼j¡ � ����9¼ º ¿�� º �L¡zÀ!ÂA���h¿h£O¡
A(x)

,(¿J�9¼������ �

�

·

∃x∈XA(x) :⇔ ®�#£w�L¾h�,£O¡
�o¿�Â ¡h�b�
x ∈ X,

��9¼ º ¿�� º �L¡yÀ!ÂA�\�h¿J£7¡
A(x)

,(¿J�9¼¬����� �
�>QTZ q UhZ c UhS c QTUJ[jU�kdY7{wQ�[j]�^�UhSXlMUhQ�]�^VUhSXnw�zegU
a u a!�MUhS v a u UhS v S c [ Y�S�Uh�MUhSA�&UJQ)^�nwS c ^�nw�&UJS
kTUhZ\SVUhS �
° QTU¬�wUJSVSVUJS�QTS uJq QT[\]�^VUhS Ã UJSV{wUJS v S c } v SV�OajQTYwSVUJS � ¥ v [#UJQdSVUJZ Ã UJSV{wU

A
^&np�MUhS q QTZ c QTU

Ã UJSV{wU
A×A

{wUh��Qdk c U
a�x c QTU¬n v [�nwkdkTUhS��;nwnwZjUJS
(a1, a2)

§wY7SiPRkTU � UJS7a\UhSsn v [
A

�&U�[ga\Uh^Oa �
� UhQ c QTUJ[jUhS~�,n7npZ\UhS��VZ�n v ]�^7a � npS¨S�QT]�^Oa;[ga\Uh^VUJSO��kdUJQd�MUhS$x � nwS¬��npSVSz¹)Z\Qd�MUhk¢x 
 v n c Z v �MUhk¢x �d�T� xnpkTkT{wU � UJQdS

n
� a v �MUhk$§7YwS�PRkdU � UhSOajUJS�§7YwS

A
�VQdk c UJS$�

An := {(a1, a2, ..., an) | ai ∈ A, i = 1, 2, ..., n.}
��np�MUhQ)^&n�a � npS

(a1, a2, ..., an) v S c {a1, a2, ..., an}
[\n v �MUhZ uJv�v SOajUhZ�[\]�^VUhQ c UhS � P([�[jQTS c

(a1, a2, a3..., an) v S c (a2, a1, a3, ..., an)
§7UhZ�[j]�^�QdU c UhSVU2¹ v �&UJk � [jYp_�UJZjSfSVQ�]�^Oa;{wUhZ�n c U a1 =

a2
Q�[ga%��x q �p^VZ\UhS cªc QdU Ã UhSV{7UhS {a1, a2, a3..., an} v S c {a2, a1, a3, ..., an}

e n c QTUJ[jUhkT�&UJS
PRkTU � UhSOa\U�^�np�MUhS$x&npk�[ Yz{wkTUhQ�]�^�[jQTS cH�



Û ÄTÈVÄ Ð Ë <2Ì�ÑpÈHÉ&Ô9Ë Ð ÌjÄTÒHË¨ÑpÈ$É�j �AÆÎÇ9ÆLÄ �¤ÈoË�È ����� �

� UhQ c UJS n � a v �MUhkTSrQTSOajUhZ\UJ[\[jQdUJZjUJSnpk�[ Y~SVQT]�^Oa2S v Z c QdU�§wY7Zj�7Y �f� UhS c UJS�PRkTU � UhSOajU7x9[ Y7S c UhZ\Sn v ]�^ c UJZjUJS�¥�SVYwZ c S v SV{fQTS�UhQTSVU � Q�[ga\U ��tUhSVS q QTZ#npk�[ YfU
a q n c nw[ �w� a v �MUhk
(7, 1, 3, 7) ∈ N4 �&UhajZ�nw]�^OajUJS$xV[ Yf�MU c U v ajUha c QTUJ[J�¥#S c UhZ�UhZ�[ga\UhS ° a\UhkTkdU~�wY �z� a � xonpS c UhZ uhq UhQdajUhS ° ajUhkTkTU � x&npS c UhZ c ZjQda a\UhS ° ajUhkTkTU � v S cnpS c UJZ�§AQdUJZ a\UhS ° ajUJkdkTU q QTU c UJZ � � ��nw[f��npS�S � nwS¸n v ]�^ kdU�[ UJS¸nwkT[fUJQdS�U�� v Z u _�YwZ � c UhZ¥#���VQdk c9v S�{

f : {1, 2, 3, 4} → N : f(1) = 7, f(2) = 1, f(3) = 3, f(4) = 7.

¥#kTkT{wU � UJQdS��w¦7SVSVUJS q QTZ#npk�[ YzUhQTS
n
� a v �MUhk

(a1, a2, ..., an) ∈ An
kdU�[ UJS�nwkT[2UJQdS�Uy} v SV�OajQTYwS

f : {1, 2, ..., n} → A : f(1) = a1, f(2) = a2, ..., f(n) = an.

��n¬UJ[ np�MUhZ �&U � v U � UhZ QT[ aJx c nw[ ¹ v �&UJk&^VQTS uJv [j]�^�ZjUJQd�MUhSnwkT[ c QdU!{7nwS u U#} v SV�OajQTYwS uJv UhZ\�AkT� �
Z\UhS$x&^�np�MUhS c QdU Ã n�aj^�U � n�a\Qd�7UhZ c QTUJ[jUhS � UJ{wZ\Q � c UJ[!¹ v �MUhk�[!Q � ·#QTSA�VkTQT]���n v _;�MUJ[ ajQ �f� ajU
W;UhZ q UhS c9v SV{wUJSiSVY9]�^�U
a q nw[2§7UhZ�npkTkd{7U � UhQTSVUhZja uJv Z ��¿13z�bÁ �L¡7�
}E�VZ�UhQTSVU¬} v SV�OajQTYwS f : I → A, i 7→ ai := f(i), i ∈ I

[j]�^VZ\UhQT�9a � npS c npS�S�n v ]�^�� v Z u
(ai | i ∈ I),

SVUJSVSOa c QdU�[2UhQTSVU ��¿13z�bÁ �L¡¬§7YwS�PRkTU � UhSOajUJS�§wYwS
A � Q`a c UhZ���� º ¡ � 3f¡h�O£O¡

I.2g[ a
J ⊂ I

x�npk�[jYzUJQdS�Uy¹�UhQTk � UJSV{wU7x�[jY~SVUJSVSOa � npS

(ai | i ∈ J),

UhQTSVU ��¡h�bÁ 
¿13z�bÁ �L¡ §wY7S
(ai | i ∈ I), q Yw�MUhQ®QTS �MUhQ c UhS }E�wkdkTUhS c U � [jUhkT�&UJS	2@S c Uh� i ∈ J

c UJZ\[jUhkT�&Uy�tUhZja
ai uhvVuJv YwZ c SVUJSiQ�[ga �l q UhQ ° �MU u QTnwk`_L�wkdkTUwx c QTUyU
a q nw[®[ �VQda u |�S c QT{f�AkdQTSV{wUJS$x9[ Q�]�^inw�&UJZ2{wUhkTUh{7UhSOajkTQ�]�^rnpk�[2[ UJ^VZ2SO�Va u �kTQT]�^�UhZ q UJQT[jUhS)xV[ UJQdUJSiUh�Oa\Z\nzUJZ q �p^VSOa��

�

}���Z
I = ∅ UhZ\^�nwk`a\UhS q QdZ c QTU�Ád¡�¡h¼j¡¬}&n � QdkTQTUwx

�

_�UhZ\SVUhZ2��npSVS � npS~egU c U Ã UhSV{7U
X

�V�MUhZ
I := X,A := X, f : x 7→ x, cH� ^ � f =

Q c Xnpk�[�}�n � QTkdQTU
(xx | x ∈ X)

n v �Hnw[\[ UJS �

° Y q UhQda c QdU�[ U�[2W;YwZ\��np�VQdajUJk �
R S c UJQdS�U�kdUha u a\U�W;YwZ\�&U � UhZ\� v SV{��
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