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�(V�V2?B^gC*R2W�K�?g]wAPl�z(F{TM\MW[EG?XW2EGL�|�ftW2KUEGWkA4E�L4EiC*EGW[}GRqbMxUW2W2EGW"d~]4\M^X^BA4EcC*?BE �0V2V2?X^XC*R�W2K@C*?����
��EGLNEGW�}G?XEGLNV�ftL�]4EG?XW�l.�u?XEP]�LNEG?gn�okA�ftV�EGL�W�\7n�o�W�?Xn�okA�KUfMW2}�ftR�]Gd�R�F�}PR�EG?XW2EGL��2LNfMbkA4?Xb�fMV2^XEGW
�uE#��W2?BA4?X\MWD}PR�bU\MFcFcEGW�l
�9?XW2E�ftR2��EP?BW2EPF�prWkA4EPL4TsfM^B^

I ⊂ R
n
EPL4b7^g�tL4A4E

Cr
�r�2R2W�bUAN?B\UW��

r ≥ 1 �
α : I → R

n, t 7→ α(t) := (α1(t), ..., αn(t))T

o2EP?B�MA
Cr �����s�������G��� �*¡7¢ EG?XW2EPL(QSR2L4TUEMd2C*EPL��<EGbkA4\UL(ftR�]�C2EGW�}GR2KUEGo2xUL4?XKMEPW£�(V�^BEP?�ANR2W2KMEPW

α′(t) := (α′
1(t), ..., α

′
n(t))T

o2EP?B�MA�¤ �t¡k¢k�#¡����G¡�¥s�N¦t�r§s� l¨.©ª©�« ��¬U�#�� «  �#�4�G¡7® « �G�G¯��s�4¦U� « �,� ©±° �s¡~¬�¥s§s¡ I ¦M� « ¡���²J�N§M¯G�B� © �(®G��³2�U¯��#¡�´"�G�#��®i�#¡£µ « �«�© µ,� « ���G�4�G¡¶�����G��� ��� « ���·�G¸N³*µ,� « ¢k�G¡�¬�¥s§s�N�s�7��´�¬M�=¹º¬ « ��»S¯P¯ « �B¬s�*¡7¢ α ¬ « �£¼ « ¡��#¸�³7�N½s¡7¦t�*¡k¢� « ¡��G���s�#¾�� « ¡�� © §  �#¡~�#¡D¿�¡����G��¥��t��� I ′ ⊃ I ¬ «  �G�4�G¡7® « �G�G¯N�t�4�G¡@À��*¡7¦t� « §t¡ « ����Á�u?BE
Cr
���jftL�]=ANEG^X^BR�W2KcEG?XW2EGL(QSR2LNTMEjo2EP?B�MA �N�m¢M�*�B½t� d2Y6EPW2W@]=ANE#A�] α′(t) 6= 0

?g]wAPl
�u?BE�HJ?X^XC*FcEPW2KME

C := α(I)
o2EP?B�MA(C*?BEcÂMÃ �*� C2EGL0QSR2LNTMEUl

HJEG?g]w��?BEP^BE�]4?BW�C�EGA=YJf�Ä
α : R → R

2, t 7→ (r
nG\U]

t, r
]4?BW

t)T
QSLNEG?g]4^B?XW2?XEMd

α : R → R
3, t 7→ (r

nG\U]
t, r
]4?BW

t, ht)T Å n�o�LNfMR2V�EPW2^X?BW2?XEMl
HJEG?gC*E�]w?XW�C�LNEGKMR�^X�MLPl

α : R → R
2, t 7→ (t− ]4?BW t, 1− n#\U] t)T Æ�Ç b7^B\U?XC*EUlÈ(?XEGLS?g]=A

α′(t) = (1 − nG\U] t, ]w?XW t) = 0
��É2L

t = 2kπ, k ∈ Z.
�u?BEc]4\�C2fML4KUEP]wA4EP^B^BA4E�QSR�L4TUE

?g]=Aft^g]w\�W�?Xn�okA6LNEGKUR2^g�tLilM|.ftAN]N�Mn�o2^X?gn�o o�fsA6C2?BE Å �2R2LJftWaC2EGWafMW2KMEPKMEGV�EGW�EGW Å ANEG^X^BEPW Å �2?BA4}PEGW�l
Ê�ËUÌ�Í�Î�ÏPÎÑÐ�ÍÓÒ0ÔhÕ�Ö¶×9ØXÙ�ÚhÛ[Ú�Ù*Ü2Ú

C ⊂ R
n Ý Ú�ØBÞ�ßaà Cr á�âcãtäiå Ú�Ù�æPßwç*è=é~êÑë�ìgí ã è Ý à Cr áî�ï.ðeñ~ò"ó<ô*õiÜ2Ú�Ù�êÑë ö�÷9Ú�Ù2ÙøÚ�æ�Ú�ØBÙ�Ú

Cr áJù í ä æPß�Ú�úBú ã Ù*ÜÓìÑ÷<Ø ä æ�Ú�ß�ûsÚ�ÙqØBücüaÚ ä æPß�ØXúBúgæGè Ý ÷9Ú�ØBÜ*Ú�Ùeý
r ≥ 1 å õ ä í ã æ=ö α : I → R

n
ÜUØ�ô*ß=ë�æ�õ2ýkísÞ

C = α(I)
ØXæPß ã ÙeýDýkí2ô*Ú�Ø�Ü*Ú�úmß�Ú�Ù

þUÿ
I
ØXæPß<é7õsü��"ísé~ß=ëeý ÿ Ý ÿ Úsßr÷�í I = [a, b],

��ÿ
α′(t) 6= 0

í ã�� I,
ü�ísÙ@æ�í�Ü�ß=ë~ýMØ�Ú ù í ä æPß�Ú�úBú ã Ù*Ü ØgæGßà ä Ú�Ü ã ú�� ä êÑë

�2ÿ
α
ØXæPß�ØBÙ	�#Ú�é~ß�Ø å í ã�� ◦

I,
ý7Ú�ü�
rÙ2Ù~Ú ä Ú�Ù å õ�Ù I, ã Ùeý α(I) ∩ α(∂I) = ∅.

�7Úiý7Úuæ�õ�úÑè Ý Ú ù í ä æPß�Ú�úBú ã Ù*Ü Ý Ú�ØBÞ�ß6à Cr á� í ä ítü�Úsß ä ØXæ4Ø�Ú äiã Ù*Ü�ê å õ�Ù C.
�u?BE�HJEiC*?BW�KMR2W2K���l2V�Ei]4fMKtAid�C2ft����É2L Å A4EP^B^XEGW t1 6= t2 ∈ I = [a, b]

]=ANE#AN]
α(t1) 6= α(t2)

?g]wA
Fc?�AJC*EGL9EP?BW�}G?XKMEGW �0R�]wW�fto2FcEMdkC2ft�

α(a) = α(b)
}GR2KUEG^gfM]N]wEPW�?g]=AilMprW�C*?XEP]4EGFº��fM^B^�]=AN?BFcFcEGW

�(W2��ftW2Kk]=�9R2W�C£�,W�C*�2R2W�bUAjC*EGL(QSR2LNTMEjÉ2V�EGLNEG?XW�d�C*?XE�QSR2LNTMEj?X]wA(KMEi]4n�o�^B\k]4]4EGW�l
Æ R��=EPC*EPF

Cr
�rQSR2LNTMEGW�]=ANÉ�n�b�KU?BV2AJEi]6T7?XEG^XE

Cr
�m`<fMLNfMF�EGA4LN?X]4?XEGLNR2W2KMEPW�lU> ?�A4A4EG^g]EG?XW2EPL6EGA=YJfU]

]4\MLNKt���t^BA4?XK�V�EPo�ftW�C2EG^BA4EGW@�0WkYJEGW�C*R2W2KcTM\UW Å fsA4}��Jl��7�SV�EPbM\UF�F�A�FcfMW@ftV�EGL
��� Ï��DÒ0ÔhÕ���� ã �#ÚuûM÷9Ú�Ø

Cr á� í ä ítü�Úsß ä ØXæ4Ø�Ú äiã Ù*Ü*Ú�Ù�Ú�ØXÙ�Ú#æ Cr áÑâcãtäPå Ú�Ù�æPßwç2è=é7æ C ë
α : [a, b] → R

n ã Ùeý β : [c, d] → R
n

ÜUØ�ô*ß6Ú#æ0Ú�ØXÙ�Ú�Ù
Cr áÑù Ø ��ÚGõsü�õ ä � Ý ØXæ4ü ã æ h : [a, b] → [c, d],

ý*Ú ä æ4Ø�Ú0ØXÙ�Ú�ØXÙ�ísÙ�ý7Ú ä ç�ô*Ú ä!� ç Ý2ä ß#"
α(t) = β(h(t)) (t ∈ [a, b]).
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�u?BE�� ½t¡k¢k� L(C)
EG?XW2EP]JQSR2LNTMEPW�]=ANÉ�n�b*]

C
EGLNb7^X�ML4EPW Y�?BLft^g],C�fM] Å R2�2LNEGF�R2F ft^X^BEPL��"�MW2KMEPWTM\UW£`�\U^ Ç KM\UW2}GÉ�KMEGW"d7C2EGLNEGW��,n�bMEPW�fMR*��C2EGL(QSR2LNTMEj^B?XEGKUEGW�l2�jfs��É�L(KM?X^�A

��� Ï��DÒ0ÔhÕ����Jç ä �#Ú�ý7Ú
C1 á  í ä ísüaÚ�ß ä ØgæwØ�Ú äiã Ù*Ü α : [a, b] → R

n å õ�Ù C ØgæGß

L(C) := Lba(α) :=

∫ b

a

∣

∣α′(t)
∣

∣dt.

��Ë ��ËkÎ"!MÄ��É2L �=EPC*E�z(WkA4EPLwANEG?X^BR2W�K
a = t0 < t1 < ... < tm = b

C*Ei](prWkA4EPL4TsfM^B^g]
I = [a, b]?g]=A

L(Z) :=
∑m
j=1

∣

∣α(tj) − α(tj−1)
∣

∣

C*?XE#�"�MW2KMESC*EP]JEP?BW7V�EP]Nn�o2L4?XEGV�EGW�EGW�`�\U^ Ç KU\MW2}PR2KU] Z,C*Ei]4]4EGW��,n�bMEPW
α(tj)

ftR*�<C*EGL(QSR�L4TUEu^X?BEPKMEPW�l2�0?XEP]4EGW@�0R�]4C2L4R�n�b���\MLNF�A�F ftWDR2F�}PR

L(Z) =

m
∑

i=1

〈α(tj) − α(tj−1), α(tj) − α(tj−1)〉
1

2

=

m
∑

i=1

(

〈α(tj) − α(tj−1)

tj − tj−1
,
α(tj) − α(tj−1)

tj − tj−1
〉
)

1

2

(tj − tj−1)

∼
m

∑

i=1

∣

∣α′(tj−1)
∣

∣(tj − tj−1).

��EGA4}GA4EGLNEP]�?g]=A�fMV�EPL KMEGL�fMC2EaEG?XW2E%$��&�('0ò"ó�ó�� Å R2FcFcE@}GR¶C*EPF \MV2?XKMEPW_prWkA4EPKML�ft^md�Y6\ULNfMR�]
F ftWDC*?XE�H6EPo�ftR��*A4R2W�K�V�EGbU\MFcF�Ail

�

��ËkÎ"!*)�Î�Ë,+ÑËaÒ0ÔhÕ.-
þUÿ �6ç ä Úsô*Ú�Ù�Ú âcãtäiå Ú�ÙaØXÙqà0/ ä í � Ý Ú�Ù � õ ä üDê " α(t) = (t, y(t))T

Ú�ß=è ÿ ô*Ú�é7õsücüaß�ü�ísÙ

Lba(α) =

∫ b

a

√

1 + y′2(t)dt.

��ÿ �6ç ä Ú�ØXÙ�Ú âcãtäiå Ú å õ�ü2143 �

α(t) :=
(

x0 + r(t)
n#\U]

ω(t), y0 + r(t)
]w?XW

ω(t)
)T

ØXæPß
Lba(α) =

∫ b

a

√

r′2(t) + r2(t)ω′2(t)dt,

÷<õ ä í ã æ,ü�ítÙ Úsßr÷�í�ýMØ�Ú65(õiÜ*Ú�Ù2ú��sÙ*Ü2Ú å õ�Ù âSä Ú�Øgæ ã Ùeý87��eØ ä ísú�Ú�ô7Ú#æGßÑØBücüaÚ�ÙDétísÙ2Ù ÿ
��É2L(C2fU]:9�EPn�o2W�EGWDFc?�A0HJ\MKUEGW2^g�tW�KMEGW£KM?X^�A
��� Ï��DÒ0ÔhÕ<;
þUÿ �6ç ä a < b < c

ØgæGß
Lca(α) = Lba(α) + Lcb(α).

��ÿ ù Ø�Ú=5�õ�Ü*Ú�Ù2ú��tÙ*Ü*Ú(ØgæGß�ØXÙ å í ä Ø�ísÙ~ß ã Ù~ß�Ú ä?> ü ��í ä ísüaÚ�ß ä Øgæ4Ø�Ú ä Ú�Ùeë~ý ÿ Ý ÿ æwØXÙeý α ã Ùeý β C1 á
 í ä ítüaÚ�ß ä ØgæwØ�Ú äiã Ù*Ü2Ú�Ù@ý7Ú#æ4æ�Ú�ú�ô*Ú�Ù âcãtäPå Ú�Ù�æPßwç2è=é7æGë2æ�õ�ØgæGß L(α) = L(β).

�2ÿ ù Ø�Ú#5(õiÜ2Ú�Ù2ú��sÙ2Ü*Ú0ØXæPß,ØXÙ å í ä ØgítÙ�ß ã Ù~ß�Ú ä Ú�ØXÙ�Ú ä à<5(Ús÷<Ú�Ü ã Ù*Ü�ê0ý*Ú�æ
R
n,
ý ÿ Ý ÿ ã Ù~ß�Ú ä Ú�ØXÙ�Ú ä

1 ä ísÙ�æ � õ ä ü�í*ßÑØ�õsÙ
R
n 3 x 7→ Tx := c+Ax ∈ R

n

ü�Ømß6õ ä ß Ý õiÜ*õsÙ�ísú�Ú ä Ûhí*ß ä Ø.@ A.
��Ë ��ËkÎ"!MÄj�Mlt]4�2?XEGKUEG^BA�C*?XE��C2C*?BA4?XTk?BAN�tA9C*EP]�prWkA4EPKML�ft^g]�V�EG}PÉ2KM^X?Xn�ocC*EPL�prWkANEGLNT�fM^B^XKMLNEGW�}GEGW�Y�?XE#�
C*EPLPd
�*l7��\U^BKMA0C*?XL4EPbUA(fMR�]�C*EGL Å R2V�]wA4?BA4R*AN?B\UW�]wLNEGKUEG^eR2W�Ca��É�L
�2l*TUEGLNY6EPW�C*EGAF fMW�fMF V�Ei]=ANEGW@C*?XE��0EG��W2?BA4?X\MW@C*EPL0HJ\MKMEPW2^g�tW2KUE0É2V�EGL0C2?BES`�\M^ Ç KM\MW�EMl

�
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>@?BAwANEG^g]�C*EPL�H6\UKMEPW2^X�MW2KME�EGLNKM?XV*A�]4?Xn�o EP?BW2E V�EP]4\MW�C*EGL�]SV�E��kR2EGFcE `<ftL�ftFcE#ANL4?g]4?BEPL4R2W�K£TU\MW
QSR2LNTMEPW�]=ANÉ�n�bMEPW�l
Ê�ËUÌ�Í�Î�ÏPÎÑÐ�ÍÓÒ0ÔhÕ����Jç ä Ú�ØBÙ�Ú C1 á� í ä ítü�Úsß ä ØXæ4Ø�Ú äiã Ù*Ü α : [a, b] → R

n å õsÙ C Ý Ú�ØXÞ�ß

h(t) :=

∫ t

a

∣

∣α′(τ)
∣

∣dτ

ýMØ�Ú�à<5(õ�Ü*Ú�Ù�ú��tÙ*Ü*Úsê å õ�Ù C.
�,]�?g]wASW�fMn�o C*?BEi]wEPL��0EG��W2?BA4?X\MW

h : [a, b] → I := [0, Lba(α)]
]=ANE#A4?XK@C*?BO�EPL4EPW2}G?XEGLNV�ftLSR2W�C

W�fUn�o�C*EPF ÈuftR2�*A�]4ftA4}SR2W�CDC*EPL 9�EGKUR2^gftLN?�A��sA(C*EGL�`<fMLNfMF�EGA4LN?X]4?XEGLNR2W2K�C�ftW2W

h′(t) =
∣

∣α′(t)
∣

∣ > 0.

�jftFc?�Ac?g]=A
h : [a, b] → I

]4\MKUfML�EG?XW �u?BO�EP\MFc\MLN�2o2?g]wF�R�]�R�W�CøY�?XL�bUxMW2W�EGW_C2fML4É�V�EPL�}GR
EG?XW2EPL�W2EGR2EPWD`�fMLNfMFcE#A4LN?g]w?XEGLNR2W2K�É2V�EPL4KUEGo2EPW�Ä

s 7→ β(s) := α(h−1(s)) : I → R
n.

� V�EGLuC*?BE�QSEGAwA4EPW2LNEGKMEP^eL4Ein�o2W2EGAF fMW�]4\t��\ULwA(ftR�]Gd2C2fM�
∣

∣α′(t)
∣

∣ =
∣

∣β′(h(t)) · h′(t)
∣

∣ =
∣

∣β′(h(t))
∣

∣ ·
∣

∣α′(t)
∣

∣,

]4\7C�ft����É2L �=EPC2E Å A4EP^B^XE s ft^g]4\ ∣

∣β′(s)
∣

∣ = 1.
�jftFc?BA(?X]wA0C2fMW2W

Lss0(β) =

∫ s

s0

∣

∣β′(σ)
∣

∣ dσ =

∫ s

s0

1 dσ = s− s0,

]4\7C�ft� �=E#A4}GAuC*?XE�QSR2LNTMESC*R2L�n�o£?Xo2LNEjEP?BKUEGW2E�HJ\MKUEGW2^g�tW�KMEj��ftL�ftFcE#ANL4?g]4?BEPLwA?X]wAPl��j^XEG?gn�o2}PEG?BA4?XK
o�fMV�EPW�Y�?BLJFc?�AftR�]4KMEPL4Ein�o2W2EGAPdUC�ft��?XWaC*EPL6`<ftL�ftFcEGA4LN?X]4?BEPL4R�W2K�C*R2L�n�o�C*?XEuHJ\MKUEGW2^g�tW2KUE(C*EGL
|�ftW2KUEGWkA4EPWkTUEGbkA4\ULJ]wA4EGAN]�EP?BW��9?XW2o2EP?�A�]wTUEGbkA4\UL�?X]wA�� ∣

∣β′(s)
∣

∣ = 1 � l
�uEGL�9(fMW�C EP?BW2Ei]#9�EPn�okANEPn�b*]��DEi]ubsfMW2WqfMR�n�ohEGA=YJfU]�v=TUEGLNV�\UKMEGW*y�]4EG?XW	�@?g]wAjEP?BW HJEG?g]w�2?XEG^
��É2L(EP?BW�ESQSR�L4TUEMd2C*?XE�ftR�]FcEGo�L4EPL4EPW Å ANÉ�n�bMEPW£}PR�]NftFcFcEGW2KUEP]4E#A4}GA�?X]wAPl�,]9]4EG?XEGW

αk : [ak, bk] → R
n (k = 1, ...,m) C1 ��`�fMLNfMFcE#A4LN?g]w?XEGLNR2W2KUEGW�TU\MWcQSR2LNTMEGW"diYJ\MV�EG?

�=EGYJEG?X^g]�C*EGL.�9W�C*��R2W2bkA�C*EPL�EG?XW2EPW�R2W�C�C*EPL"�(W*��fMW2KU]4�2R2W�bUA�C*EGL�W��Mn�o�]wA4EPWj}PR�]NftFcFcEGW*��fM^B^XEGW�d
Cel o�l	�=EGYJEG?X^X]

αk(bk) = αk+1(ak+1)
?X]wAPl*�jftW2W£W2EGW�W2EGW£Y�?BL�C*?XE Æ R�]4fMFcF�EPW*��É2KUR2W2K�C2?BEi]wEPLQSR2LNTMEPW�]=ANÉ�n�bMEaEG?XW2E ����
�¸N¦tµ,� « �c¢M�B�s�m������*��¥s� \*C*EGL ftR�n�oøEG?XW2EGW ����
�¸�¦sµ,� « �c¢M�B�t�Ñ�r�#¡��c�m¢R2W�CD]Nn�o2LNEG?XV�EPW�C2ft��É2L

α := α1 + . . .+ αm.p=]wA6ftR�n�o�W2\*n�o
αm(bm) = α1(a1),

C�l o�lkC*EGL,�9W�C*�2R�W2bkAJC*EPL9^BEGA4}GA4EGW KU^BEP?Xn�o C*EPFº�0W*��ftW�KU]w�
�2R2W�bUA0C2EGL�EGL�]wA4EGW"d2]w\co2EP?B�MA0C*?BE�KUEP]NftF�A4ESQSR2L4TUE

α ¢U�#�G¸N³*�B§����G�#¡ l�	?XL0]wEGA4}PEGW£��É2L0C*?XE#�"�tW�KMEGW"Ä

L(α) := L(α1) + . . .+ L(αm)

R2W�C�TUEGL�]=ANEGo2EPW£R2WkANEGL(C*EPL Å �2R2L(TU\MW α C*?XE��<EGLNEG?XW2?BKUR2W2K C*EPL Å �2R2LNEGW@C*EPL�EG?XW2}GEP^BW2EPW αk.
Ê�ËUÌ�Í�Î�ÏPÎÑÐ�ÍÓÒ0ÔhÕ���7�Ú�Ø

α : [a, b] → R
n
Ú�ØBÙ

C1 áÑâcãtäPå Ú�Ù�æPßwç2è=é�ücØÑß�7 � ãtä C ⊂ R
n,
ýkísû ã

f : C → R : x 7→ f(x)
Ü*Ú�Ü*Úsô*Ú�Ù�ë�æ�õ2ýkítÞ

f(α(t))
æGßrÚ�ßÑØ�Üaí ã � [a, b]

ØgæGß ÿ ù ísÙ2Ù Ý Ú�ØBÞ�ß
∫

C

fds :=

∫

C

f(x)ds :=

∫ b

a

f(α(t))
∣

∣α′(t)
∣

∣dt

ýkíMæjà âcãtäiå Ú�Ù2ØXÙ�ßrÚNÜ ä ítúÑê å õsÙ f ú��tÙ*Ükæjý*Ú�æ âcãtäiå Ú�Ù�æGß4ç*è=é*æ α.
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�uR2LNn�o C2fU]��9?XWkV�ftR2EPWcC2EP]<��fMbkA4\ML�] ∣

∣α′(t)
∣

∣

?X]wA,C2fU]�prWUANEGKULNfM^*R2W�ftV�o��tW2KU?BKjTM\UW�C2EGL9KUEGY�to2^B�
A4EPW�`<ftL�ftFcE#ANL4?g]w?XEGLNR2W2K@C*EPL�QSR2LNTMEUdeV2}GY�l.YJ�Mo2^�A�FcfMW�C*?BEa`�fMLNfMFcE#A4LN?g]w?XEGLNR2W2K@C*R2L�n�o�C*?XE
HJ\MKUEGW2^g�tW2KUE

s,
]w\@?g]=A�C�ftW2W �wf ∣

∣α′(s)
∣

∣ = 1,
]w\*C2fM� C*?BEi]wEPL���fMbUAN\ML�C�ftW2W�]4\sY�?BEi]w\DbMEP?BW�E

9�\U^B^XE�]4�2?XEG^BAPl �j^BEP?Xn�o2}PEG?BA4?XKaEPL4o��M^�AjF ftWhC*?XEP]4EP]0prWkA4EGKULNfM^.fMV�EPLjfMR�n�o@KUfMW2}�W�ftA4É2LN^X?Xn�o@É2V�EGL
$��&�('0ò"ó�ó�� Å R2FcFcEGW"Ä9> ftW YJ�Mo2^BEDftR2�uC*EGL QSR2LNTME Å A4É2A4}P]wA4EP^B^XEGW α(tj)

R2W�C V2?X^XC*EDC2fMW2W
Å R2FcFcEGW@C*EPL(�2\UL4F

� Àe�*¡*¦s� « §s¡���µ,�#����s¡ Â ��
*��®#�����G���B��� × � »S¯����r�s¡�¬£¬M�G� Â ��
*��®#�����G���B�G¡����Cel o�l
∑

j

f(α(tj))
∣

∣α(tj) − α(tj−1)
∣

∣.

prW�C*EPF F ftW�C*?BEi]Y�?BEjV�EG?�C*EPL�0V2^XEG?BA4R2W2K C*EPL��2\MLNFcEG^���É2L(C*?XE�HJ\MKMEPW2^g�tW2KUE(Y6EP?�ANEGLNV�EPo�ftW2�
C*EP^�AcR2W�CøC2?BE Å n�o2LN?�A4A=Y6EP?�ANE |tj − tj−1|

KMEPKMEGW	�0R2^X^JKUEGo2EPWø^g�t�tAid"EPL4o��M^�A�F ftW_C2fU]�\UV�EPW
EGLNb7^X�MLwANEuprWkANEGKML�ft^ml
�jfM],QSR�L4TUEGW2?XWkA4EGKULNfM^*É2V�EGL,EP?BW�Eu]wA4É�n�b7YJEG?g]<KM^gfsA4A4E0QSR2LNTME

α = α1 + . . .+αm
Fc?BA Å ��R2L4EPW

C
V2}GY�l

C1, ..., Cm
EPL4b7^g�tL4AJF ftW@fM^X]�C*?XE Å R2FcFcE�C*EPL�prWUANEGKULNfM^BEjÉ2V�EGL0C*?XE�|"EP?B^g]wA4É�n�bUE

∫

C

fds :=

∫

C1

fds + . . .+

∫

Cm

fds.

�9^XEGFcEGWkA�ftLNE�
u��EGL�fsAN?B\UW2EGW�Fc?�A(prWkANEGKML�ft^XEGW£^B?XE#��EPL4WDR2W�]
��� Ï��DÒ0ÔhÕ� ×,æÜ2Ú�úmß�Ú�Ù
þUÿ ∫

C
(af + bg)ds = a

∫

C
fds + b

∫

C
gds,

÷9õ*ô*Ú�Ø
a, b ∈ R

ã Ùeý f, g � ã Ù2é~ß�Ø�õ�Ù~Ú�Ù@í ã��ý7Ú ä(âcãtäiå Ú0æ4ØBÙeý ÿ
��ÿ ∣

∣

∫

C
fds

∣

∣ ≤ ]wR2� {|f(x)|
∣

∣x ∈ C} · L(C).

�h+��J5��9'���+";41(+�'Ó%0-u1����957+.-,523w:�;w+
Å \U^Xn�o2ESQSR2LNTMEPW2?BWkANEGKML�ft^XE0bU\MFcFcEGW£?BWDC*EGL�`,o Ç ]4?Bb o��tR*��KcTU\MLidU\M��A �=EPC*\*n�o�?BW�EG?XW2EGLEGA=YJfU]
ftW�C*EGLNEGW �jEP]wANfM^�Aid2C*?BE�Y�?XL��=E#AN}#A0V�EGo�ftW�C*EP^BWDYJ\M^X^BEPW�l
Ê�ËUÌ�Í�Î�ÏPÎÑÐ�ÍÓÒ0ÔhÕ� > Ù~ßrÚ ä Ú�ØBÙ�Ú�ü Cr á�� Ú�é�ßrõ ä!� Ú�úÑýaí ã�� Ú�ØXÙ�Ú�ü2/0ÚsôsØ�Ú�ß

Ω ⊂ R
n å Ú ä æPß�Ú Ý Ú�Ù÷<Ø ä Ú�ØXÙ�Ú r á ü�ísú.æGßrÚ�ß�ØBÜDýMØ �eÚ ä Ú�Ù2ûGØ�Ú ä ôMí ä Ú���ô2ôsØXúÑý ã Ù*Ü

v : R
n ⊃ Ω → R

n, x 7→ v(x) :=







v1(x)ÿÿÿ
vn(x)






.

� Ø ä ý7Ú�Ù�é7Ú�Ù ã Ù�æjý7í2ô*Ú�Ø �#Ús÷<Ú�ØBúgæjý7Ú�Ù � Ú�é�ßrõ ä v(x) ísÙ[ý7Ú ä 7eß�Ú�úXú�Ú x ísÙ*Ü2Ú Ý Ú � ß�Ú�ß ÿ
HJEG?g]w��?BEP^BE�]4?BW�C�QSL�fs��Aw��EP^XC2EGL����jL�f�T7?�A�fsA4?X\MW"dU`�\tANEGWkA4?gft^ � d*EP^BEPbkA4LN?X]Nn�o2EMd7F ftKUW2E#AN?X]Nn�o2ES�2EP^XC*EPLPd�jEP]Nn�o7Y�?BW�C*?BKUbMEP?�A�]=��EP^XC*EPLuEGA=YJfa?BW ]wA4LNxMFcEGW�C2EGW[��^XÉ�]N]w?XKMbUEG?BA4EGW[E#A�ntlXle�,]j?X]wA�C*EGR*AN^B?gn�o�d�C2fM�
]4\M^gn�o2Ej��EG^gC*EGL�fMR�n�o£W�\7n�o£}GR�]N�sAN}G^X?Xn�o£TM\UWaYJEG?BA4EGLNEGW£`<ftL�ftFcE#ANEGLNW�d7E#A=Yf�C*EPL Æ EG?BAPd2fMV2o��tW2�KMEPW£bUxMW2W�EGW�l
HJEGYJEGKMA�F fMW�?XWcEG?XW2EGFªQSL�fs��Aw��EP^XC

v
fMR*�

Ω ⊂ Rn
EP?BW2EPW > fM]N]wEPW2�2R2W�bUA9^g�tW�KU]�EG?XW2Ei] �[EPKMEi]

α : [a, b] → R
n,
]4\SY�?BL�Cc�(LNV�EP?�A9KUEG^XEG?g]=ANE#A9R2W�Cc}PYJfML�?BW�È0xMo2E(C*Ei] �qEGKM?XWkA4EPKML�ft^g].É�V�EPL,C*?XE

|�ftW2KUEGWkA4?gft^XbM\UF���\MW�EGWkA4ESC*EP]���EG^gC*EP]Pl��u?BEi]wE�|�ftW�KMEGWkAN?XfM^BbU\MFc��\UW2EGWkANEu?g]=A(W7R2WDKUEGL�fMC*E�C2fU]
Å bsft^gftLN�2LN\*C*R2bkAuftR�]uC*EPF/�2EG^gC*TUEGbkA4\UL v(α(t))

ftWhC2EGLSQSR2L4TUEGW�]wA4EP^B^XE
α(t)

R2W�C[C*EGF�W2\ULw�
Fc?BEPLwANEGW |�ftW2KUEGWkA4?gft^XTMEPbkA4\ML α′(t)

|α′(t))|

l Å E#A4}GAuF ftW C2?BEi](?XWhC*EGLu\MV�EGW@KUEGKMEPV�EPW2EGW@�uE#��W�?�AN?B\UWC*Ei] �[EPKM?XWUANEGKULNfM^X]ft^g]��2R�W2bkA4?X\MW
f
EP?BW�d�]w\cEGLNo�fM^�ANEGW�Y�?BLiÄ



�������

� ��� Ï Ò0Ô ÕÑÖ�� ù Ø�Ú å õsÙ Ú�ØXÙ�Ú�ü âSä í � ß � Ú�úÑý v(x) ú��tÙ*Ükæ@Ú�ØXÙ�Ú�æ �aÚNÜ*Ú#æ α : [a, b] → R
n,Ü*Ú�ú�Ú�ØXæPß�Úsß�Ú � ä ô*Ú�Ømß�÷<Ø ä ý£ý ãtä è Ý ýkíMæ 
rÙ~ß�ÚNÜ ä ítú

∫ b

a

〈v(α(t)), α′(t)〉dt

Ü*Ú�Ü*Útô7Ú�Ù ÿ
Ê�ËUÌ�Í�Î�ÏPÎÑÐ�ÍÓÒ0ÔhÕ�Ö�Ö �6ç ä Ú�ØXÙ � Ú�é~ß�õ ä!� Ú�úÑý v í ã � Ω ⊂ Rn ã Ùeý�Ú�ØXÙ�Ú�Ù �aÚNÜ α : [a, b] → R

nØXÙ
Ω Ý Ú�ØXÞ�ß

∫

α

v(x) • dx :=

∫ b

a

〈v(α(t)), α′(t)〉dt
ýkíMæ å Ú�é~ß�õ ä Ø�Ú�úXú�Ú âcãtäPå Ú�Ù á õ2ý7Ú ä ��Ú�ÜUØXÙ~ß�ÚNÜ ä ítú�ë dx, õ � ß�í ã è Ý ücØÑß ds ô*Ú�ûsÚ�ØÑè Ý Ù�Ú�ßwë Ý Ú�ØXÞ�ß6ýkítæà å Ú�é~ßrõ ä Ø�Ú�úBú�Ú 5(õ�Ü*Ú�Ù~Ú�ú�Ú�üaÚ�Ù~ßwê α′(t)dt.�Jç ä Ú�ØXÙ�Ú�Ù�í ã æSüaÚ Ý2ä Ú ä Ú�Ù[ÜUú�í*ß4ß�Ú�Ù âcãtäiå Ú�Ù�æPßwç*è=é*Ú�Ùhû ã æ�ísücüaÚ�Ù*Ü2Ú�æ�Ú�ß�ûUß�Ú�Ù �aÚNÜ ý7Ú��2Ù2Ø�Ú ä ßü�ísÙ@í ã è Ý ýkíMæ å Ú�é~ßrõ ä Ø�Ú�úBú�Ú âcãtäPå Ú�Ù2ØXÙ~ß�Ú�Ü ä ísú�ítúXæ 7 ã ücü�Ú�ý7Ú ä 
rÙ~ß�Ú�Ü ä ísú�Ú�ç�ô7Ú ä ýMØ�Ú 1~Ú�ØXú�Ú ÿ
�(W�C*EGLNE Å n�o2LNEG?XVkYJEG?g]4EGW£]4?XW�C

∫

α

v • dx,
∫

α

〈v(x), dx〉,
∫

α

v1dx1 + . . .+ vndxn,

]4��EP}G?XEG^X^�?BW��9V�EGW2E�R2W�C 9(ftR�F ftR�n�oaFc?�AjftW�C*EPL4EPW Å Ç F�V�\U^BEPW�Y�?XE
∫

α

P dx+Qdy ,

∫

α

P dx+Qdy +Rdz.

��ËkÎ"!*)�Î�Ë,+<ÒuÔ Õ�Ö � ù ítæ å õsÙ@Ú�ØBÙ�Ú ä � ã Ù2é~ß �
	sä ücØBÜ*Ú�Ù�ÛhíMæ4æ�Ú(ØBü â õ7õ ä ýMØXÙ�í*ßrÚ�Ù ãtä æ � äiã Ù*Ü Ú ä�áû�Ú ã Ü�ßrÚ / ä í å Ømßmí*ßÑØ�õsÙ�æ � Ú�úÑý Ý í2ßSìmôsØgæ0í ã � Ú�ØBÙ�Ú�Ù�æ4étísú�í ä Ú�Ù ��ísé~ßrõ ä öjýUØ�Ú�/0Ú#æGß�ísúmß

K(x) = − 1

|x|3 x = − 1
(

x2
1 + x2

2 + x2
3

)
3

2





x1

x2

x3



 (x 6= 0).

ù Ø�Ú<ítÙ�Ú�ØXÙ�Ú�ü ØBÙcýMØ�Ú�æ�Ú�ü���Ú�ú�ý(ú��sÙ*Ü7æ"Ú�ØXÙ�Ú ä.âcãtäPå Ú α : [a, b] → R
3, t 7→

(

α1(t), α2(t), α3(t)
)

ô*Ú�÷9ÚNÜ�ßrÚ�Ù@÷9Ú�Ømß�Ú ä Ú�Ù�ÛhítæNæ�Ú�Ù � ã Ù�é�ß�Ü*Ú�ú�Ú�ØgæPß�Ú�ßrÚ � ä ô*Ú�Ømß"ØgæGß,ýkísÙ2Ù�Ü*ÚNÜ2Úsô*Ú�Ù�ý ãtä è Ý ýkíMæ �aÚNÜ áØXÙ�ßrÚNÜ ä ítú
∫

α

K • dx = −
∫ b

a

α1(t)α
′
1(t) + α2(t)α

′
2(t) + α3(t)α

′
3(t)

(

α2
1(t) + α2

2(t) + α2
3(t)

)
3

2

dt

=

(

1

α2
1(t) + α2

2(t) + α2
3(t)

)
1

2

∣

∣

∣

∣

b

a

=
1

|α(b)| −
1

|α(a)| ,

ý7Ú#æ4æ�Ú�Ù �aÚ ä ß,Ù ãtä�å õsÙ �(Ù � ítÙ*Ükæ á(ã Ùeýa×9Ùeý � ã Ù2é~ßuý7Ú�æ ��Ú�Ü*Ú#æuí2ô Ý �sÙ*Ü�ß=ë~Ù2ØÑè Ý ßJí2ô*Ú ä�å õ�ü
� Ú ä ú�í ã�� ý7Ú#æ ��Ú�Ü*Ú�æjæ�Ú�ú�ôtæGß ÿ�� Ø�Ú ä í ã æuésítÙ2Ùhü�ítÙ[í2ôsú�Ú�æ�Ú�Ù�ë.ýkítÞ�í ã�� Ú�ØXÙ�Ú�ü�Ü2Ú�æGè Ý ú�õsæNæ�Ú�Ù�Ú�Ù
�aÚNÜ é7Ú�ØBÙ�Ú � ä ô*Ú�Ømß�Ü*Ú�ú�Ú�ØXæPß�Úsß÷<Ú ä ý7Ú�Ù£étítÙ2Ù ÿ
prW¶C*?BEi]wEPL Å ?�ANR�fsAN?B\UW ?g]=A b7^gftLid�C2fM�qC2?BE@�(LNV�EG?BAPd9C*?XE£V�EG?XF �uR2L�n�o2^XfMR*��EGWÓ?XW_EG?XW2EPL 9(?Xn�o*�
A4R�W2K ftR*��KUEGV2L�fMn�okAjY6EPLNC*EPW[F�R2��deV�EG?6C*EGL�9�É�n�bkLN?gn�oUANR2W2K�KMEPY6\UW2W2EGW[Y6EPLNC2EGWqb�fMW2W�d"C�l o�l
F fsANo2EGF fsAN?X]Nn�o�F�?BA0C*EPF ftW�C*EGLNEGW��<\MLN}GEP?Xn�o2EPWa}PR�TUEGL�]wEPo2EGW£?X]wAPl
�u?BEi]�KM?X^�A�W7R2W@ft^X^XKMEGFcEP?BW�V�EP?"]4\M^gn�o2EGW�TMEPbUAN\MLN?BEP^B^XEGW �[EPKM?XWkA4EGKULNfM^BEPW�l
Å ?XW�C α : [a, b] → R

n R2W�C β : [c, d] → R
n }PY6EP? C1 ��`<ftL�ftFcE#ANL4?g]w?XEGLNR2W2KUEGW�C*Ei]4]4EG^XV�EPWQSR2LNTMEPW�]=ANÉ�n�b*]

C,
]w\aKM?XV*AuEi] �wfaW�fMn�o Å ftA4}�����l ��EG?XW2EGWh�u?BO�EP\MFc\MLN�2o2?g]wF�R�] h : [a, b] →

[c, d],
]4\*C2ft�

α(t) = β(h(t)),
��EGLNW2EGL�?g]=A���É2L9C*EPW�|�ftW�KMEGWkAN?XfM^BTUEGbkA4\UL

α′(t) = β′(h(t))h′(t).�jf ]=ANE#AN]
h′(t) 6= 0

?g]=A�KU?BV*A(Ei]}GYJEG?"���M^B^XEMÄ
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�9WkA=YJEPC*EPLu?g]=AS]=ANE#A�]
h′(t) > 0.

�jftW2W[?X]wA
h(t)

]=ANL4EPW2KaFc\UW2\tAN\MW@YfMn�o�]4EGW�C�d�Cel o�l
h(a) =

c, h(b) = d
R2W�C[?XWqV�EG?gC*EPW ���M^B^XEGWqY�?BL�CqC*?BE QSR2LNTME�?XF ]4EG^XV�EPW Å ?XW2W�C*R2L�n�o2^gftR*��EPW�l��u?BE|�ftW2KUEGWkA4?gft^XTMEPbUAN\MLNEGW

β′(h(t))
R2W�C

α′(t)
Y6EP?X]4EGW ?XW[C2?BEi]wEP^BV�E�9(?Xn�okA4R�W2K�l �	?BLSW2EPW2W2EPWh?XW

C*?XEP]4EGF ��ft^X^�C*?XE�`<ftL�ftFcE#ANEGL4A4L�ftW�]w��\MLNF fsA4?X\MW
h §s� « �G¡�� « �#���*¡7¢s���m�4�#��ÁprFIftW�C2EGLNEGW	��fM^B^u?X]wA�]wA4EGAN]

h′(t) < 0.
�jftW2W ?g]wA

h(t)
]wA4LNEGW2K�Fc\UW2\tAN\MW¶��ft^X^XEGW�CedCel o�l

h(a) = d, h(b) = c
R2W�C ?BW V�EG?gC*EPWh���t^X^BEPW Y�?BL�C@C*?XE�QSR2LNTME�?XF�R2WkA4EPLN]Nn�o2?XEPC*^X?Xn�o�EGW Å ?XW2WC*R2L�n�o2^gftR*��EPW�l��u?XE�|�ftW2KUEGWkA4?gft^XTMEPbkA4\MLNEGW

β′(h(t))
R2W�C

α′(t)
YJEG?g]wEPW@?BW EPWkA4KMEPKMEPW2KMEi]wEGA4}#ANE

9�?gn�okA4R2W2KUEGW�l
�u?BEi]�V�EPY�?BLNbkA��É2L0C2fU]prWUANEGKULNfM^~C2?BES��\U^BKUEGW�C*E��0R�]4]NftKUEMÄ
��� Ï��DÒ0ÔhÕ�Ö � 77ØBÙ�ý

α : [a, b] → R
n ã Ùeý β : [c, d] → R

n
ûU÷<Ú�Ø

C1 á  í ä ísüaÚ�ß ä Øgæ4Ø�Ú äPã Ù2Ü*Ú�Ùý7Ú#æ4æ�Ú�ú�ô7Ú�Ù âcãtäPå Ú�Ù�æPßwç2è=é7æ C, � Ú ä Ù�Ú ä h : [a, b] → [c, d]
Ú�ØXÙ ù Ø ��ÚGõ�üaõ ä � Ý ØXæ4ü ã æ9ü�Ømß α(t) =

β(h(t)),
æ�õ�ØgæGß

∫

α

v • dx =

{

∫

β
v • dx � ísúXúgæ h′ > 0 ã Ùeý

−
∫

β
v • dx � ísúXúgæ h′ < 0.

5(Ú�Øjõ ä Ø�Ú�Ù~ßÑØ�Ú äPã Ù2ÜkæPß ä Ú ã Ú�Ù 1 ä ítÙ�æ � õ ä ü í2ß�Ø�õ�Ù�Ú�Ù ôsú�Ú�Ø�ô*ß�ítúXæ�õ_ýkíMæ å Ú�é�ßrõ ä Ø�Ú�úBú�Ú âcãtäiå Ú�Ù�ØBÙ~ß�Ú áÜ ä ísúJØXÙ å í ä Ø�ísÙ~ß=ë�ô*Ú�Ø��(Ùeý*Ú äiã Ù*ÜÓý7Ú�æ ù�ãtä è Ý úgí ã�� æwØXÙ2Ù�Ú#æ �tÙeý7Ú ä ßSæwØÑè Ý ý7ítæ � õ ä û�Ú�ØÑè Ý Ú�Ù	ý7Ú�æ

rÙ~ß�Ú�Ü ä ísúgæ ÿ
�u?BE�?XW Å fsAN}j����l �cW2\MA4?XEGL4A4EGW 9�Ein�o2EGW2LNEGKUEG^XWaKUEG^BA4EGW@]4?BW�W2KMEPFc�M��fMR�n�o�o2?BEPLPÄ
��� Ï��DÒ0ÔhÕ�Ö,- �6ç ä � Ú�é~ßrõ ä!� Ú�úÑý7Ú ä v, w í ã�� Ω ⊂ R

n,
æPßwç*è=é~÷9Ú�Øgæ�Ú(ÜUú�í*ß4ß�Ú âcãMäPå Ú�Ù α : I →

Rn, β : J → R
n
ØXÙ

Ω ã Ùeý ä ÚPÚ�úXú�Ú �eí Ý ú�Ú�Ù a, b Ü*Ú�úÑßrÚ�ÙþUÿ ∫

α+β
v • dx =

∫

α
v • dx +

∫

β
v • dx.

��ÿ ∫

α
(av + bw) • dx = a

∫

α
v • dx + b

∫

α
w • dx.

�2ÿ ∣

∣

∫

α
v • dx

∣

∣ ≤ L(α) · ]4R2� {|v(x)| ∣∣x ∈ C}, ÷9õ*ô*Ú�Ø C ýUØ�Ú 7�� ãtä ý7Ú ä ý ãtä è Ý ýMØ�Ú
 í ä ítüaÚ�ß ä ØgæwØ�Ú äiã Ù*Ü α Ü*Ú�Ü*Úsô*Ú�Ù~Ú�Ù âcãtäPå Ú�ØgæPß ÿ

��Ë ��ËkÎ"!MÄj�Ml�R2W�C �*l*EPL4KUEGV�EGWD]w?gn�o£Y�?XES\MV�EGW�l
�2l<��É2LcEG?XW2EPW_KM^gfsA4A4Ei]�QSR2LNTMEPW�]wA4É�n�b

α : [a, b] → R
n
o�fsAcFcfMW_R2WkANEGLc�<EGLNY6EPW�C*EPW_C*EGL

z(W�KM^XEG?gn�okR�W2KcTM\MW��0ò��
	��4� ���	�����ò"ð��
∣

∣

∫

α

v • dx
∣

∣ =
∣

∣

∫ b

a

〈v(α(t)), α′(t)〉dt
∣

∣

≤
∫ b

a

|v(α(t))| · |α′(t)|dt ≤ L(α) · ]4R2� {|v(α(t))|
∣

∣ t ∈ [a, b]},
YJ\ML�ftR�]]4?Xn�oDC*?XE�H6EPo�ftR��*A4R2W�KcC2R2LNn�oD�(R2��fMC2C*?XEGLNEGW�É2V�EGL0C2?BE�QSR2LNTMEPW�]wA4É�n�bUE0EGLNKM?XV*Ail

�

HJEG?�C*EGF�\UV�EPWhV�EGo�fMW�C*EG^BA4EPWhHJEG?g]w��?BEP^.����lX� �aC*EP] �jLNf�T7?BANftA4?X\MW�]w��EG^gC*EP](EG?XW2EGLj`9R2W2bkANFcfU]=�
]4E@o�fsA4A4Eh]4?Xn�o¶EPL4KUEGV�EGW�d,C�ft�øC2fU] TMEPbUAN\MLN?BEP^B^XE QSR2LNTMEPW2?BWkANEGKML�ft^W7R2L�TU\MW	�(W2��ftW2Kk]=��R�W�C
�9W�C2�2R2W2bkAuC*EPL(QSR2LNTMESftV2o��MW2KtAil2�0?XEP](?X]wA(EG?XW£V�EP]4\MW�C*EGL�]Y�?Xn�okAN?BKUEGL���fM^B^ml
Ê�ËUÌ�Í�Î�ÏPÎÑÐ�ÍÓÒ0ÔhÕ�Ö(;Z×9ØBÙ � Ú�é~ß�õ ä#� Ú�ú�ý v í ã�� Ω ⊂ R

n Ý Ú�ØXÞ�ß(àXé*õ�Ù�æ�Ú äiå í*ß�Ø å êJõ2ý7Ú ä à�Ú�@2íté~ßwêÑë÷9Ú�Ù2Ù_ýkítæ âcãtäiå Ú�Ù�ØBÙ~ß�Ú�Ü ä ísú ∫
C
v • dx ç�ô*Ú ä æPßwç*è=é~÷9Ú�Øgæ�ÚSÜUú�í*ßwßrÚ��aÚNÜ2Ú�ØXÙ Ω

Ù ãtä�å õsÙ�ý7Ú�Ù×9Ùeý � ã Ù2é~ß�Ú�Ù ý7Ú ä(âcãMäPå Úië*Ù2ØÑè Ý ß,í�ô7Ú ä�å õsü � Ú ä úgí ã�� ý*Ú ä(âcãtäiå Ú0æ�Ú�úmôMæGß,í�ô Ý �sÙ2Ü�ß=ëeý ÿ Ý ÿ
∫

C1

v • dx =

∫

C2

v • dx,
æ�õ � Ú ä Ù�ô7Ú�Ø�ý*Ú âcãtäiå Ú�Ù[ý*Ú�Ù�æ�Ú�ú�ô7Ú�Ù �(Ù � ítÙ*Ükæ � ã Ù�é�ß xa ã Ù�ý@ý7Ú�Ùhæ�Ú�ú�ô*Ú�Ù@×9Ùeý � ã Ù2é~ß xe Ý í áô*Ú�Ù ÿ Û[ísÙ@æ#è Ý�ä Ú�Ømô*ß6ýkítÙ2Ù í ã è Ý � ç ä ýkíMæ 
rÙ~ß�ÚNÜ ä ítú�ç�ô7Ú ä Ú�ØXÙ�Újæ�õ�úÑè Ý Ú âcãtäPå ÚuÚ�ØBÙ � í7è Ý

∫ xe

xa

v • dx.



����� �

��� ã Ø å ítú�Ú�Ù~ß(ýkítû ã ØgæGß6Ù�í*ß4ç ä úBØÑè Ý ë�ýkísÞhýkítæ 
rÙ�ßrÚNÜ ä ítú,ç�ô*Ú ä �#Úiý7Ú�Ù Ü2Ú�æGè Ý ú�õtæ4æ�Ú�Ù~Ú�Ù ��Ú�Ü å Ú ä�áæGè Ý ÷<ØXÙeý7Úsß ÿ
�,](]4?XW�C�bMEG?XW2Ei]wYJEGKk]6fM^B^XE��2EG^gC*EPL(bM\UW�]wEPL4TsftA4?XT�l
��ËkÎ"!*)�Î�Ë,+<ÒuÔ Õ�Ö � 
rü

R
2 æ�Ú�Ø�Úsßr÷�ícÚ�ØXÙ ��Ú�ú�ýcÜ*Ú�Ü*Útô7Ú�Ùhý ãMä è Ý

� :=

(

x

y

)

7→ v( � ) :=
1

x2 + y2

(

−y
x

)

( � 6= 0).

ù ísÙ2ÙqØXæPßuýkítæ 
rÙ~ß�Ú�Ü ä ísúç�ô*Ú ä ý7Ú�Ù ý ãtä è Ý [0, 2π] 3 t 7→
( nG\U]

t]4?BW
t

)

��í ä ísüaÚsß ä ØXæ4Ø�Ú ä ßrÚ�Ù ×,ØBÙ á
Ý Ú�ØÑßmæwé ä Ú�ØgæJÜ*Ú ä í7ý*Ú
∫

EK

v •dx =

∫ 2π

0

1]4?XW 2 t+
nG\U]

2 t

(

(− ]4?XW t) · (− ]4?BW t)+
n#\k]

t · n#\k] t)dt =

∫ 2π

0

1dt = 2π.

��� Ï��DÒ0ÔhÕ�Ö �Z×9ØBÙ � Ú�é~ß�õ ä#� Ú�ú�ý v í ã�� Ú�ØBÙ�Ú�ü /0ÚsôsØ�Ú�ß
Ω ⊂ R

n ØXæPß*Ü*Ú�Ù�í ã ý7ísÙ2Ù�é*õ�Ù�æ�Ú äiå í*ß�Ø å ë÷9Ú�Ù2Ù Ú#æ�Ú�ØXÙ / ä í*ýMØ�Ú�Ù~ß�Ú�Ù � Ú�úÑý@ØXæPß=ë6ý ÿ Ý ÿ ÷9Ú�Ù2Ù Ú#æ�Ú�ØXÙ�ÚcæPß�Úsß�ØBÜøýMØ �eÚ ä Ú�Ù2ûGØ�Ú ä ôMí ä Ú � ã Ù�é�ßÑØ�õsÙ
U : Ω → R

n
ÜkØmô2ß=ë�æ�õ2ýkísÞcæGßrÚ�ßmæ

v(x) = ∇U(x).
×,æ(ØXæPßýkísÙ�Ù � ç ä �#Úiý7ÚjæPßwç*è=é~÷9Ú�Øgæ�Ú�ÜUú�í*ß4ß�Ú

âcãtäiå Ú α å õsÙ xa Ù�í7è Ý xe
∫

α

v • dx = U(xe) − U(xa).

ù Ø�Ú � ã Ù2é~ßÑØ�õsÙ U Ý Ú�ØXÞ�ß�à  õ7ßrÚ�Ù~ß�Ø�ísúmê�õ2ý7Ú ä à�7~ßmítü�ü �rã Ù�é�ßÑØ�õsÙ�ê�ý7Ú�æ ��Ú�ú�ý7Ú#æ#ëJ÷<õ2ô7Ú�Ø,ØXÙ¶ý7Ú ä
9Ý 3�æwØXé Ý � ã �*Ü_í ã è Ý æGß�í*ß4ß�ý*Ú ä 7~ßmítücü �rã Ù2é~ß�Ø�õ�Ù U ýMØ�Ú � ã Ù�é�ßÑØ�õsÙ −U ìgísúgæ�õ@ücØmß�ý*Ú�ü
ísÙ�ý7Ú ä Ú�Ù � õ ä û�Ú�Ø�è Ý Ú�Ù*ö0ísúgæ  õ7ß�Ú�Ù~ß�Ø�ísú9ô*Ú�û�Ú�Ø�è Ý Ù�Ú�ß�÷<Ø ä ý ÿ
�uí*è Ý 72í2ß�ûcÛ ù ÿBþ�� ã Ù~ßrÚ ä æ#è Ý Ú�Ø�ý*Ú�Ù[æ4ØÑè Ý_å Ú ä æGè Ý Ø�Úiý7Ú�Ù�Ú  õ*ß�Ú�Ù~ßÑØgítú�Ú�û ã ü æ�Ú�ú�ô*Ú�Ù ��Ú�úÑýDÙ ãMä
ã ü/Ú�ØXÙ�Ú â õsÙ�æPßmísÙ~ßrÚ ÿ
��Ë ��ËkÎ"!MÄ ¼ « ¡���4�M¬ « �#¡����G¡P¾#�G�B¬ v = ∇U « ����¦M§t¡2�G�#��¥s�s� « ¥ � Æ R�EP?BW�EGL�`<ftL�ftFcE#ANL4?g]w?XEGLNR2W2K α :
[a, b] → R

n
?XW

Ω
V�?B^gC*EGW�Y�?BL"C2?BE,��R2W2bkA4?X\MW

S(t) := U(α(t))
l Å ?BE,?X]wA.]wA4E#AN?BKuC*?�O~EGLNEGW�}G?XEGLNV�ftLFc?�A0�0V2^XEG?BA4R2W2K

S′(t) = 〈∇U(α(t)), α′(t)〉. �jftW2WD?g]=A��Ñ]w?XEGo�E�ftR�n�o Å fsAN}�> ��lX� ��O �
U(α(b)) − U(α(a)) = S(b) − S(a)

=

∫ b

a

S′(t)dt =

∫ b

a

〈∇U(α(t)), α′(t)〉 =

∫

α

∇U • dx.

¼ « ¡h¦U§s¡2�G�G��¥��t� « ¥s�#��À.�#�X¬�¯��#� « ��®G�0� « ¡ ²(§s�r�#¡�� « �t� � �	?XLuY�to�^BEPW@EG?XW2EGW `,R2W2bkA x0
?XW

Ω
R�W�C

]4E#A4}PEGW£��É2L
x ∈ Ω

U(x) :=

∫ x

x0

v • dx.
�jf£Ei]SW2?gn�oUA�fMR*�JC*EPW[prWkANEGKML�fsAN?B\UW�]4Y6EPK£ftW�bM\MFcF�APd~?X]wA�C2ftFc?BA�EG?XW2E��2R2W�bUAN?B\UWqfMR*�

Ω
C*E#�

��W2?XEGL4APl �0R2W[V�E#ANLNfUn�okA4E�F fMWhFc?�A�EP?BW2EPF V�EG^X?BEPV2?BKUEGW[�9?BW�o2EG?BAN]4TMEPbUAN\MLj?BW 9�?gn�okA4R2W2K�EG?XW2EPL
Qu\k\ULNC2?BW�ftA4EPW�fMn�o�]4E

ek ∈ R
n
��É2Labk^XEG?XW2E

h ∈ R
�Ñ]w\�d9C2ft� ft^X^XEP]���\M^XKMEPW�C*E�W2?gn�oUA�fMR�]

Ωo2EPLNfMR�]=��É�o2LwA �
U(x+ hek) − U(x) =

∫ x+hek

x0

v • dx −
∫ x

x0

v • dx =

∫ x+hek

x

v • dx.

�uEGW2bUEGWhY�?XLjR2W�]jW7R2WhC*?XEP]4E�V�EG?gC*EPWh`9R2W�bUANE C*R2L�n�o EG?XW �jEPLNfUC*EGW�]wA4É�n�b£TUEGLNV2R2W�C*EPW�d�YJfU]
F ftW�É2V�EGL

x+ tek, t ∈ [0, h]
��fMLNfMFcE#A4LN?g]w?XEGLNEGW�bsfMW2W�d�]4\cV�EPbM\MFcFcEGW�Y�?XL�Y6EP?�ANEGL

=

∫ h

0

〈v(x + tek), ek〉dt =

∫ h

0

vk(x+ tek)dt,
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ft^g]4\�KUEGL�fMC*E�C2fU]prWUANEGKULNfM^�É�V�EPL(C*?BE
k
�mA4E�Qu\MFc��\UW2EGWkANEMl

�jftFc?�A�?g]=A�W�fMn�o�C*EGF ÈuftR2�*A�]4ftA4}C*EGL��u?�O~EGLNEGWkA4?gft^B�eR2W�C�prWUANEGKULNfM^BLNEPn�o2W7R2W�K(C*?BE�(V�V2?B^gC*R2W�K
h 7→ U(x+ hek)

C*?BO~EGLNEGW2}P?BEPL4V�fMLR2W�C
∂U

∂xk
(x) =

d

dh
U(x+ hek)

∣

∣

h=0
= vk(x).

�(^g]4\a?g]=A ∇U = v
ftR*�9KkftW2}

Ω
R2W�Ced�C�f�Y�?XLu�<EPbUAN\ML4��EG^gC*EGLid�fM^X]4\�ftR�n�o

v,
]wA4E#A�]ufM^X]u]=ANE#AN?BK

TM\ULNfMR�]4KMEP]4E#AN}#AJo�ftV�EGW�d�?X]wA(C2ftFc?BA0ftR�n�o
U
A4\tA�ft^�C*?BO~EGLNEGW2}P?BEPL4V�fMLPl

�

��Ë��_Ë�� ��� Í��[Ò0ÔhÕ�Ö�� ù Ú ä ûM÷9Ú�Ømß�Ú 1~Ú�ØXú<ýMØ�Ú�æ�Ú65�Ús÷<Ú�ØXæ�Ú�æ Ý í*ß<ücØÑßrÚ ä ô ä í7è Ý ß=ë~ýkítÞ£Ú�ØXÙ �~Ú�úÑý
æGè Ý õ�ÙqýkítÙ2ÙqÚ�ØXÙ / ä í7ýMØ�Ú�Ù~ß�Ú�Ù � Ú�úÑý�ØgæGßwë�÷9Ú�Ù2Ù ýUØ�Ú 5(Ú�ýMØBÙ2Ü ã Ù*ÜDí ã æ ù Ú ��Ù2ØÑßÑØ�õsÙ � � ÿXþ	� ç�ô*Ú äýMØ�Ú ��Ú�Ü ã Ù�í�ô Ý �tÙ*ÜUØBÜUé*Ú�Ømß(ý7Ú#æ 
rÙ�ßrÚNÜ ä ítúXæaìBû ã Ù �7è Ý æGß�öSÙ ãtä�� ç ä æ�õsú�è Ý Ú �aÚNÜ*Ú�ÜUØXúmß=ë<ýMØ�Ú�æwØÑè Ýí ã æ�ì�Ú�Ù�ýMúBØÑè ÝÓå Ø�Ú�ú�Ú�Ù2ö�í*è Ý æ�Ú�Ù ��í ä ítúBú�Ú�ú�Ú�Ù /0Ú ä í7ý7Ú�Ù�æGß4ç*è=é7Ú�Ùhû ã æNítücü�Ú�Ù�æ�Ú�ß�ûsÚ�Ù ÿ �jí7è Ý ý7Ú�üÚ ä æPß�Ú�Ù 1~Ú�ØXú � õ�úBÜ�ßJýkítÙ2ÙqýMØ�Ú �aÚNÜ ã Ù�í2ô Ý �sÙ*ÜkØ�Üké7Ú�ØÑß � ç ä ítúBúBÜ*Ú�ü�Ú�ØBÙ~Ú �aÚNÜ2Ú å õ�ÙDæ�Ú�ú�ôtæGß ÿ
�u?BED�2L�ftKUEMd"\UVøEG?XW_KUEGKUEGV�EGW2Ei]��<EGbkAN\ML4��EG^gC�EG?XW_`�\tANEGWkA4?gft^JV�EP]4?�AN}#APd�?g]=Ac�2o Ç ]w?Xbsft^X?X]Nn�o�Y�?XEF fsANo2EGF fsAN?X]Nn�o ?XWUANEGLNEP]N]4fMWkAPdMC*?XE0V�?X]4o2EGL6KMEPKMEGV�EGW�E�
6o�ftL�ftbkANEGLN?X]4?BEPL4R�W2K�C*R2L�n�o�C*?BE��[EPKMR2W*�
ftV�o��tW2KU?BKUbMEP?�A�C*EP]�QSR�L4TUEGW2?XWkA4EGKULNfM^X]6?g]=A0fMV�EPL��2LNfMbkA4?g]4n�o£TMxM^X^X?BK�R2W2}PR2L4EP?Xn�o�EGW�Cel
È0fMV�EPWcY�?BL<EP?BWc]=ANE#AN?BK�C*?BO�EPL4EPW2}G?XEGLNV�fML4Ei].bU\MW�]4EGLNTsfsAN?BTUEP].�<EGbkA4\ULw��EP^XC

v
dU]w\j?X]wA,ft^g]4\

v = ∇UFc?�A�EG?XW2EGL�}PY6EP?BF fM^9]=ANE#A4?XK C*?BO�EPL4EPW2}G?XEGLNV�fML4EPWÓ��`�\MA4EPWUAN?XfM^�� � ��R2W2bkA4?X\MW U. Æ R�]NftFcFcEGWqFc?�AC*EPF Å ftA4}STM\UW��	�����ò"ð���� Å fsAN}�> ��l �� � KM?X^�A(fM^X]4\
��� Ï��DÒ0ÔhÕ�Ö���5�Ú#æwØmß�ûUß,Ú�ØXÙ�æPß�Úsß�ØBÜ�ýUØ ��Ú ä Ú�Ù2ûPØ�Ú ä ôUí ä Ú�æ � Ú�é~ß�õ ä#� Ú�ú�ý v Ú�ØXÙ  õ*ß�Ú�Ù�ßÑØgítú�ë~ý ÿ Ý ÿ ØgæPßÚ�æé*õ�Ù�æ�Ú äiå í*ßÑØ å ë2æ�õ�Ü2Ú�úmß�Ú�Ù[ýMØ�Újæ�õ�Ü ÿ à�
rÙ~ß�ÚNÜ ä í�ôsØXúBØmß �2ßÑæiô7Ú�ýMØBÙ2Ü ã Ù*Ü2Ú�Ù�ê

∂vi

∂xk
=
∂vk

∂xi
, (i, k = 1, . . . , n).

77Ø�ÚôsØXú�ý*Ú�Ù�ísúgæ�õJÚ�ØBÙ~Ú�Í.Ð�Ï���Ë7Í���Î���Ë 5(ÚiýUØBÙ*Ü ã Ù*Ü � ç ä ýMØ�Ú.× @*ØXæPß�Ú�Ù2ûJÚ�ØXÙ�Ú ä  õ7ß�Ú�Ù~ß�Ø�ísú �rã Ù2é~ß�Ø�õ�Ù ÿ
Ê�Î�Ë,!PË#��Ë��.ÎÑÍ�� � Í���Î !PÏ ��� Ë�� � Ë7Î�Í�Ë,!*��Ë���!��.ÎÑÍ��sË7Î�����Ë7Í����M�9A=YJf(C�fM]e?XW�HJEG?g]w�2?XEG^U����lB� �
V�E#A4L�fMn�okANE#A4Ec�2EP^XC[EGL4��É2^X^�A�C*?XEcprWUANEGKULNfMV2?B^X?BAN�sA�]wV�EPC2?BW2KUR2W2KUEGW�d�?X]wA�ftV�EGLid�Y�?XEc\MV�EGW[KMEG}PEG?XKtAid
Í�Î����~Ï�bU\MW�]4EGLNTsfsA4?XT~l �qfU](Y�?XL(o2?XW2}GR�W2EGo2FcEPW F�É�]N]4EGW ]4?BW�C@��\ML�C*EGLNR2W2KUEGWDftW C*?XE �jEi]=A�ft^BA
C*Ei]}GR2KUL4R2W�C*ES^B?XEGKUEGW�C*EPW �jEGV2?XE#ANEP]

Ω.

Ê�ËUÌ�Í�Î�ÏPÎÑÐ�ÍÓÒ0ÔhÕ���� ×9ØBÙ�/0ÚsôsØ�Ú�ß
Ω ⊂ R

n Ý Ú�ØXÞ�ß�à�Ú�ØBÙ � í*è Ý û ã æNítü�üaÚ�Ù Ý �sÙ2Ü*Ú�Ù�ý�ê�ë6÷<Ú�Ù2Ù
� ç ä �#ÚcûM÷9Ú�Ø (ã Ù2é~ß�Ú xa, xe ∈ Ω

æ4Ø�è Ý �#Ú�ûU÷<Ú�Ø�Ü7ítÙ2û ØBÙ
Ω å õsÙ xa Ù�í7è Ý xe å Ú ä úgí ã�� Ú�Ù�ý7Ú

�aÚNÜ*Ú
C0, C1

æGßrÚ�ßÑØ�Ü ØXÙ�Ú�ØXÙ�ísÙ�ý7Ú ä ç�ô*Ú ä!� ç Ý2ä Ú�ÙDú�ítæNæ�Ú�Ùeë�õ Ý Ù�Ú�ýkí2ô*Ú�Ø Ω û ã�å Ú ä ú�ítæNæ�Ú�Ù ÿ��� ã Ø å ítú�Ú�Ù~ßSýkísû ã ØgæGßwë9ýkítÞ æwØÑè Ý �#Ú�ý7Ú ä Ü*Ú�æGè Ý ú�õsæNæ�Ú�Ù�Ú ��Ú�Ü C ØXÙ Ω
Ü7ítÙ2ûcØBÙ

Ω
í ã�� Ú�ØXÙ�Ú�Ùæ�Ú�ØXÙ�Ú ä (ã Ù2é~ß�Úuû ã æNítü�üaÚ�Ù2ûGØ�Ú Ý Ú�Ù£ú��sÞ�ß ÿ

prF
R

2 ]4?BW�C E#A=Yf�C*?XEuTU\M^X^BE0\tO~EGW2E0QSLNEG?g]N]4n�o2EP?BV�EMdU\tO~EGW2E69�EPn�okANEPn�bMEUdt\tO~EGW�Eu�uL4EP?BEin�bME(EGANntlEG?XW*��fUn�oh}GR�]4fMF�FcEPW2o��tW�KMEGW�C*E �jEPV2?BEGA4EUdeW2?Xn�okA�ftV�EGL�C*?XESvw�2R2W�bUAN?BEPLwANE�y�QSLNEG?g]N]4n�o2EP?BV�EMd~ftR�]
C*EPL�FcfMWDE#A=Yf�C*EPW@>@?�A4A4EP^B�2R�W2bkA0EGWkAw��EPL4WkA�o�ftAPl
prF

R
3 ?g]=ASC2ftKUEGKMEPW@C*?BE�\tO~EGW2E�QSR2KMEP^�\Mo2W�E�>@?BAwA4EP^B��R2W2bkAjW�\7n�o@EP?BW2��fMn�o@}GR�]4fMF�FcEPW2o��tW2�KMEPW�Ced*W2?gn�okA0ftV�EGL(C*?XE�QSR2KUEG^md7fMR�]�C*EPL(EG?XW��uR2L�n�o2FcEP]N]wEPL�EGWkAw��EPL4WkA�Y�R2L�C*EMl

�u?BEc?XW C2EGL��0EG��W2?BA4?X\MW V�EGW7R*A4}GA4E���\MLNF�R2^X?BEPL4R�W2K�vGlBlXl ^XfU]4]4EGWq]w?gn�oq]wA4EGA4?XKD?BW2EP?BW�ftW�C*EPLSÉ2V�EPLw�
��É2o2LNEGW*yjbsftW2W@fMR*�.��\U^BKUEGW�C2E �qEG?g]4Ej��LN�M}G?g]w?XEGL4A�Y6EPLNC*EPW�l
> fMW���\ML�C*EPLwA�C*?XEu���*?g]=ANEGW2}SEP?BW2EPL���Fc?BW�C*EP]wA4EPW�] � ]wA4EGA4?XKMEGW��(V2V�?B^gC*R2W2K ω : [0, 1]× [0, 1] →
Ω,
]4\*C2ft�
�Ul(C*?BE��0V2V2?X^XC*R�W2KMEPW

α0(t) := ω(t, 0)
R2W�C

α1(t) := ω(t, 1)

`�fMLNfMFcE#A4LN?g]w?XEGLNR2W2KUEGW�TU\MW
C0
V�}GY�l

C1
]4?BW�C�d



�������

�2l��É2L�ft^X^BE
s ∈ [0, 1] : ω(0, s) = xa, ω(1, s) = xe,

Cel o�l �=EGYJEG?X^g]�C*EGL�KUEGFcEG?XW�]NftFcE
�(W*��fMW2KU]w�<V2}GY�l2�,W�C*�2R2W�bUAj]w?XW�Cel

�uR2LNn�o C2?BE�`�fMLNfMFcE#A4LN?g]w?XEGLNR2W2KUEGW
αs(·) := ω(·, s) : [0, 1] → Ω (s ∈ [0, 1])

?X]wAjC�ftW2W@EP?BW2E
QSR2LNTMEPW�]4n�o�ftL�?XW

Ω
KMEGKUEGV�EGW�d.C*?BE

C0
?XW
C1
É2V�EGL4��É2o2L4APd�Y6\UV�EP?6fM^B^XEaQSR2LNTMEPW C2EGW�]4EG^XV�EPW

�(W2��ftW2Kk]w�2R�W2bkA
xa
R2W�CDC*EGW�]wEP^BV�EGWD�9W�C2�2R2W2bkA

Xe

o�ftV�EGW�l
��É2L.]4\M^gn�o2E<EP?BW*��fUn�o�}GR�]NftFcFcEGW�o��tW2KUEGW�C2EGW �jEGV�?BEGA4E9bUxMW2W2EPW�Y�?BL.W7R2W�EG?XW2E ��Î�Í��sËkÎ ���.Ë7Í �.Ë
HJEPC*?XW2KUR2W2K���É2L0C*?XES���*?X]wA4EPW2}�EG?XW2EPL�`�\MA4EPWUAN?XfM^���R�W2bkA4?X\MW���\MLNF�R2^X?XEGLNEGW�Ä
��� Ï��DÒ0ÔhÕ���Ö 
=æGß

Ω ⊂ R
n
Ú�ØXÙ¶Ú�ØXÙ � í*è Ý û ã æ�ísücüaÚ�Ù Ý �sÙ*Ü2Ú�Ùeý7Ú#æ8/0ÚtôsØ�Úsß ã Ù�ý�Ú ä!� çtúXúÑß�Ú�ØXÙ

C1 á�� Ú�é�ßrõ ä!� Ú�úÑý v í ã�� Ω
ýMØ�Ú 
rÙ�ßrÚNÜ ä í�ôsØBúXØmß �*ßmæPô*ÚiýUØBÙ*Ü ã Ù*Ü2Ú�Ù
∂vi

∂xk
=
∂vk

∂xi
(i, k = 1, . . . , n),

æ�õaô*Ú�æ4Ømß�ûMß
v
í ã�� Ω

Ú�ØXÙ  õ7ß�Ú�Ù~ß�Ø�ísú ÿ
�9?XW[V�EG^X?XEGV2?XKMEi] �jEPV2?XE#A

Ω ∈ R
n n ≥ 2

EPWkA4o��M^�A �wf�}GR �=EiC*EGF{`9R2W2bkA
x0 ∈ Ω

W2\*n�ohEP?BW2E
KUfMW2}GE(QSR�KMEG^

K(x0, r) ⊂ Ω
R2W�C C2?BEu?X]wA,EG?XW*��fUn�o }GR�]NftFcFcEGW2o��tW2KUEGW�Cel Å \MFc?BA,V�EPbM\UF�FcEPWY�?XL(ftR�]�C*EPF Å ftA4}S����l �*��C*?XES��\M^XKMEGW�C*E#+�Ð � � +�Ë��0R�]N]4fMKMEMÄ

�"Ð�+���Ë�� � Í �qÒ0Ô Õ�� �Z× ä!� çtúXúÑß(Ú�ØXÙ C1 á�� Ú�é�ßrõ ä!� Ú�úÑý v í ã�� Ú�ØXÙ�Ú�ü ô*Ú�úXØ�ÚtôsØ�Ü2Ú�Ù /0ÚsôsØ�Ú�ß
Ω
ýMØ�Ú


rÙ~ß�Ú�Ü ä í2ôsØXúBØmß �2ßÑæiô7Ú�ýMØXÙ*Ü ã Ù2Ü*Ú�Ù�ë�æ�õ�ô*Ú�æ4Ømß�ûMß.Ú#æ � ç ä �#Úiý7Ú�Ù 0ã Ù2é~ß x0 ∈ Ω
ØXÙ Ú�ØBÙ~Ú ä > ü�Ü*Útô ã Ù*Ü

å õsÙ x0
Ú�ØXÙ  õ*ß�Ú�Ù�ßÑØgítú ÿ

�,]�?X]wA�ftV�EGL�W2?Xn�okA�W2\MA=Y6EPW�C*?XK�d"C�ft�@]w?gn�oøC*?XEP]4E ^B\Ubsft^XEGW `�\tA4EPWkA4?gft^XE }GR�EG?XW2EPL�EG?XW2o2EP?�AN^B?gn�o
ftR2��KkftW2}

Ω
EPL4b7^g�tL4A4EPWa`�\tANEGWkA4?gft^B��R2W2bkA4?X\MWD}PR�]4fMFcF�EPW7V�ftR2EPWa^gfM]N]wEPW�l

Æ R2F ��Ë ��Ë7Î !(TU\MW Å fsA4}0����l �2�0W2EPo2FcEGW�Y�?XL6}PR2W��Un�o�]=AJEG?XW �����G��¡P¾��t� ©�« ¢k�#� �jEGV�?BEGA Ω
Fc?�A

C*EPF �(R2^X^B��R2W2bkASfM^X]uEG?XW Æ EGWkA4LNR2FDl��u?XEP]uV�EiC*EGR*ANE#Aid�C2ft��Fc?BA �=EiC*EGF/`,R2W2bkA
x ∈ Ω

fMR�n�o
C*?XE��<EGLNV2?XW�C*R2W2Kk]4]wA4LNEPn�bUE

αx := {tx | 0 ≤ t ≤ 1} ?XW Ω.^X?BEPKtAPl��ufMF�?BA0]4E#A4}PEGW�Y�?BL

U(x) :=

∫

αx

v • dx =

∫ 1

0

〈v(tx), x〉dt =

∫ 1

0

n
∑

i=1

vi(tx)xidt.

�uEGL(prWkA4EPKML�ftW�C�LNEPn�okAN]o��tW2KMA0]=ANE#A4?XK�C*?BO�EPL4EPW2}G?XEGLNV�fML(TM\UW�C*EPFªvw`<ftL�ftFcE#ANEGLwy
x
fMV�l �ufMn�o

C*EPW Å �tA4}PEGW�É2V�EPL(`<ftL�ftFcE#ANEGLN?BWkANEGKML�ft^XE ��E#A=Yf Å fsAN}S> p�lB� � ��E �*?g]=AN?BEPL4EPW£C2fMW2W@C*?XEj��ftL4A4?B�EG^X^XEGW@�(V2^XEG?BA4R�W2KMEPW�TU\MW
U
W�fMn�o

x
R2W�C�EP]KU?B^BA

∂U

∂xk
(x) =

∫ 1

0

n
∑

i=1

∂vi

∂xk
(tx)txidt+

∫ 1

0

vk(tx)dt.

�jfM]^XE#A4}GA4E�prWkA4EPKML�ft^~bsftW2WDF ftW�É2V�EGL(��ftL4A4?XEG^X^BESprWkA4EPKML�fsA4?X\MW£R2F�V�ftR2EPW�}PR
∫ 1

0

vk(tx)dt = t · vk(tx)
∣

∣

∣

∣

1

0

−
∫ 1

0

(

t
d(vk(tx))

dt

)

dt

= vk(x) −
∫ 1

0

( n
∑

i=1

∂vk

∂xi
(tx) · txi

)

dt

�jftFc?�A(V�EGbU\MFcFcEGW�Y�?BL0KMEP]NftF�A
∂U

∂xk
(x) = vk(x) +

∫ 1

0

n
∑

i=1

(

∂vi

∂xk
(tx) − ∂vk

∂xi
(tx)

)

· txidt
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R2W�CDC*EPL�prWkA4EGKULNfMW�C£L4Ein�oUA�]JTMEGL�]Nn�okY�?XW�C*EGAPd*C2fcC*?XE�prWkA4EGKULNfMV2?X^B?BAN�tAN]4V�EiC*?BW�KMR2W2K�EGL4��É2^X^�A(?g]wAPl
�jftFc?�A(?g]wA

U
fM^X]`�\tANEGWkA4?gft^e}PR@C*EGF �2EG^gC

v
W�fMn�o�KMEGY�?XEP]4EGW"l

�uEGLSH6EPY6EP?X](��É2LjEG?XW*��fMn�o }PR�]NftFcFcEGW2o��MW2KMEPW�C*E �jEPV2?XE#A4E�]wEP? ��Y6EPW2?BKk]=ANEGW�]0��É2LSC*EGWh}GYJEG?B�
C*?XFcEGW�]4?B\UW�ft^XEGW@��ft^X^ �ab7R2L4}�]4b7?B}P}G?XEGL4APl��ufMn�o@C*EGF Å ftA4}�����l � �2d�EG?XW2EGL(EP?BW2��fMn�o2EPW��<EPLN]4?X\MW
C*Ei] Å fsA4}PEP]jTM\UW  	�ï � ���tdeC*EGW[Y�?BL�]4���sANEGLS]w?XFc��EP^<Fc?�A���fMLwAN?BEP^B^XEGLjprWkA4EGKULNftA4?X\MW@V�EGYJEG?g]wEPWYJEGL�C*EGW�d*KU?B^BA��\M^XKMEPW�C*EP]PÄ
¿���� R ⊂ Ω ⊂ R

2 � « ¡q�U¯�¢U�#�G¸N³*�B§����G�#¡~��� ° ��¸N³*����¸�¦ ©�« ���M¸�³k�G�#¡ Ã �t�4�s���X�#�B�G¡ Â � « ���G¡ « ¡ � « ¡~� ©
�(�P¯ « �G� Ω ∈ R

2, ∂R �G� « ¡ Ã §s� « � « ¥c¬s�*�4¸�³7�B�t�#¾#�#¡~�#� ° �s¡�¬��*¡~¬ v = (v1, v2)
T : Ω → R

2 � « ¡
�����G� « ¢£¬ «  �#�N�#¡*® « �G�G¯��s�4�#������¦s�r§s��¾#�G�B¬s´9�G§ « ���

∫

∂R

v • dx =

∫

R

(

∂v2

∂x1
− ∂v1

∂x2

)

dx1dx2.

z(W�]wEPLj�<EPbkA4\ML4��EG^gC EPLw��É�^B^BA�C*?BE�prWkA4EPKML�fsA4?X\MW�]wV�EPC*?XW2KUR2W2KMEPW@R2W�Cq]w\UFc?�AS?X]wA�C*?XEP]4EP]uprWUANEGKULNfM^
= 0. Å ?BW�C�ft^g]4\ xa R2W�C xe ?BLNKMEPW�C�}PY6EP?��6n�bMEGW�C*EP]�9�Ein�okA4EPn�b*] R R2W�C C1, C2

C*?XESV�EP?XC*EPW
FcxMKU^B?gn�o2EGW �qEGKMEUd2ftR*�<C*EPF 9(fMW�CaTU\MW

xa
W�fMn�o

xe
}PR£KUEG^gftW2KUEGW�d2]4\c?X]wA

∫

C1

v • dx =

∫

C2

v • dx,
]4\7C�ft��EP]�EPKUft^~?g]=Aid2É2V�EGL(YJEG^gn�o2EPW�C*EPL�V�EP?XC2EGW �[EPKMESY�?XL�?BWkA4EPKMLN?BEPL4EPW�l

Xa

Xe

C1

C2

�(R�Wq]4EG?XEGW
xa, xe ∈ Ω

}GYJEG?�`9R2W2bkANEMd
C1, C2

}PY6EP? �[EPKME�?BW
Ω,
V�EP?XC*E�TM\UW

xa
W�fMn�o

xe,V�EG?gC*E ftR�]uEGW�C2^B?gn�ohT7?XEG^XEGW[fUn�o�]4EGW2��fMLNfM^B^XEG^XEGW Å A4É�n�bUEGWh}PR�]NftFcFcEGW2KUEP]4E#A4}GAPl~�uf Ω
EP?BW*��fUn�o

}GR�]4fMF�FcEPW2o��tW�KMEGW�C�?g]wAPdMbUxMW2W�EGW ?XW�C*EGFºTM\UW�V�EG?gC*EPW�V�EPLNfMW�C*EGA4EGW�HJEPL4EP?Xn�ocbMEP?BW�E�`9R2W2bkA4E
TM\UW

R2 \ Ω
^X?BEPKMEPW�d"]4\7C�ft�DY�?BL�fM^X]4\@ftR*��C*?XEaC*R2L�n�o C2fM]��,?BW2}P?BEPo2EGW TU\MW�fMn�o�]4EGW���ftL�ft^X^BEG�

^XEGW �jEPLNfUC*EGW�]wA4É�n�bMEGW EPWkAN]wA4EGo�EGW�C*EPW89�Ein�oUANEPn�bUE �=EjC2?BEuTM\MLN?XKMEGW � V�EPL4^XEGKUR2W2KMEPWaftW7YJEGW�C2EGW
bMxUW2W2EPW�l�� Å ?XEGo�E��(V2V2?X^gC*R2W2K�l � �	?XL(bMxUW2W2EPW�fM^X]4\�]Nn�o2LN?�A4A=Y6EP?X]4ESÉ2V�EGL,v Æ Y�?X]Nn�o2EPWkYJEGKUE�y0TU\MW
C1
W�fUn�o

C2
É2V�EGLNKMEGo�EGW�d�\Uo2W2EaC�fM]�prWkA4EPKML�ft^9}PR�TMEPLN�MW�C*EGLNW�l��jftFc?BA�EGL4��É2^X^�A�R2W�]4EGL���EG^gC

C*?XE(?XWcHJEPF�EPL4b7R2W�K�����lB� �0��Ei]=ANKMEPo�ft^BA4EPW2E(HJEPC*?XW2KMR�W2K�}GR2L �[EPKMR2W�fMV2o��MW2KM?XKMbUEG?BAPdtC*?XE�W2\*n�o
o2?XW2LNEG?gn�oUA�R2F C*?XE����*?X]wA4EPW2}�EG?XW2EP]`�\MA4EGWkAN?XfM^X]}PRD]4?gn�o2EGLNW�l

�

Æ R2L�bU\MW2b7LNE#ANEGW£HJEi]=AN?BFcF�R�W2K�EP?BW�EP]`�\tANEGWkA4?gft^g] U }PR£EP?BW�EGF�bU\MW�]4EGLNTsfsAN?BTUEGWa��EG^gC v bsftW�WF ftW�Y�?BES��\U^BKMA�TM\MLNKMEPo2EGW"Ä
¼�¯��G¡��#�<À.�#�B¬ � �,]�]wEP? Ω EP?BW�fUn�o�]4EGW2��fMLNfM^B^XEG^XEP] 9(EPn�okA4Ein�bu?XF R

2,
C2ftL�ftR*�*C2fU].��EG^gC

v
KUEGKUEGV�EGW

C*R2L�n�o
v(x, y) =

(

P (x, y), Q(x, y)
)T
.�,]jEGL4��É2^X^BE�C*?XE�prWkA4EPKML�ftV2?X^B?BAN�tAN]4V�EiC*?XW2KMR2W�K ∂P

∂y
= ∂Q

∂x
.
�ufU]0KUEP]4R�n�okA4E�`�\tANEGWkA4?gft^

U
EPLw��É2^X^BA

∂U
∂x

= P,
?X]wA6ft^g]4\�V�EP}GÉ2KU^B?gn�o

x
EP?BW2E Å ANfMF�F���R2W�bUAN?B\UW }GR P (x, y). Å EP?�W7R2W p(x, y) ?BLNKMEPW�C7�EG?XW2E Å A�ftFcF���R2W2bkA4?X\MWD}GR P (x, y)
��V2}PKM^ml

x � d�C2ftW�W£R2WkANEGL�]4n�o2EP?XC2EGWD]w?gn�o U R2W�C p WkR�L�R2FEG?XW2EQ0\UW�]wANftWkANE,V2}PKM^ml
x,
ft^g]4\0o2?XEGL�R2F EP?BW�EJ��R2W2bkA4?X\MW

q(y),
C*?XEW7R2L�W2\*n�o�TM\UW

y
ftV�o��tW2KMAPÄ

U(x, y) = p(x, y) + q(y).



���(�N�U�

��É2L
U
F�R2�cKUEG^BA4EGW

∂U

∂y
(x, y) =

∂p

∂y
(x, y) + q′(y)

!
= Q(x, y)

\*C*EGL

q′(y)
!
= Q(x, y) − ∂p

∂y
(x, y) (∗)

R2W�C�YJEGKUEGWDC*EGL�prWkA4EPKML�ftV2?X^X?�A��sAN]4V�EPC*?XW2KMR�W2K�?g]wA
∂

∂x

(

Q− ∂p

∂y

)

=
∂

∂x
Q− ∂

∂x

∂p

∂y
=

∂

∂x
Q− ∂

∂y

∂p

∂x

=
∂

∂x
Q− ∂

∂y
P = 0.

Å \UF�?BA�?g]=AcC*?XE �j^BEP?Xn�o7R2W�K (∗) R2W�ftV�o��tW2KU?BK@TU\MW x R2W�C Y�?XL�bMxUW2W2EPWøC*R2L�n�o�prWUANEGKULNftA4?X\MWEG?XW2E
(∗) EGL4��É2^X^BEPW�C*Ea��R2W2bkA4?X\MW q(y) V�Ei]=AN?BFcFcEGW�l�>@?BA�C*EPW ]4\@V�EP]wA4?XF�F�A4EPW p R2W�C q ?X]wAC2fMW2W

U(x, y) := p(x, y) + q(y)EG?XWD`�\tA4EPWkA4?gft^ml
° ½t� © � « ¸N³�����À.�#�X¬�� �	?XL�KMEPo2EGW�fMW�ft^X\MK@TU\MLile�,]�]4EG? Ω

EP?BWøfUn�o�]4EGW2��fMLNfM^B^XEG^XEGL��uR�fUC*EGL�?BF
R

3,
C2ftL�ftR*�

v(x, y, z) =
(

P (x, y, z), Q(x, y, z), R(x, y, z)
)

EG?XWDbM\UW�]wEPL4TsftA4?XTMEP]6�<EGbkAN\ML4��EG^gCed2C2fM]�fM^X]4\ C*?XEjprWkANEGKML�ftV�?B^X?�A��sA�]wV�EPC*?XW2KUR2W2KMEPW
∂P

∂y
=
∂Q

∂x
,
∂P

∂z
=
∂R

∂x
,
∂Q

∂z
=
∂R

∂y

EGL4��É2^X^�Ail
Æ R2W��Mn�o�]wA�V�Ei]=AN?BFcFcEGW�Y�?XL�V�EG?,��EP]wA4KMEPo�ft^BA4EPW2EGF y, z

V�EP}GÉ2KU^B?gn�o
x
EG?XW2E Å A�ftFcF���R2W2bkA4?X\MW

p(x, y, z)
}GR

P (x, y, z),
Fc?BA0C*EGL0fM^X]4\ ∂p

∂x
= P,

R2W�CD]4E#A4}PEGWDC2fM]`�\MA4EGWkAN?XfM^�ftW@ft^g]
U(x, y, z) = p(x, y, z) + q(y, z).

�jftW2WD?g]=A
∂U

∂x
=
∂p

∂x
= P,

��EGLNW2EPL�V�EPbM\MFcFcEGW�Y�?XL��É2L0C*?XE�ftW�C2EGLNEGWD�(V2^XEG?BA4R2W�KMEGW@C*?XE �j^BEP?Xn�o7R2W�KMEGW

∂U

∂y
=
∂p

∂y
+
∂q

∂y
= Q,

∂U

∂z
=
∂p

∂z
+
∂q

∂z
= R,

Cel o�l2Ei]?X]wA(?BW�]wV�EP]4\MW�C2EGLNE
q(y, z)

}GR�V�EP]wA4?XF�FcEPW ftR�]

∂q

∂y
(y, z) = Q(x, y, z) − ∂p

∂y
(x, y, z),

∂q

∂z
(y, z) = R(x, y, z) − ∂p

∂z
(x, y, z).
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�u?BEDprWkA4EPKML�ftV2?X^B?BAN�tAN]4V�EiC*?XW2KMR2W�KMEGWÓ]w?gn�o2EPL4W�d<C2fM�qC2?BEDLNEPn�okA4EPW Å EP?�ANEGWÓW2?Xn�okA FcEGo2LcTU\MW xftV�o��tW2KUEGW�R2W�C�W7R2W�b�fMW2WDF ftW�W�fMn�oDC*EGF >@R�]wA4EPL(C*EP]�EPV�EPW2EGW@��ft^X^BEi]Y6EP?�ANEGLNFcfUn�o2EGW"l
��ËkÎ"!*)�Î�Ë,+�� �	?XL�?B^X^XR�]=ANL4?XEGLNEGW�C*?XEP]4E�>@EGA4o2\*C*E�fMW C2EGF HJEP?X]4�2?XEG^,C*Ei]��2EP^XC2EP]�fMR�]�HJEG?g]w�2?XEG^
����lX� ����É2L(EP?BW 9�EPn�okANEPn�b~d�� � ! �.Ë7Í�� � + +�) � Í � ÏcÍ.Î ���~ÏcË7Í~Ï ���(+�ÏMÕ
prW@C*EGL�}PR2^XE#A4}GA(V�EPW7R*A4}PEGW Å n�o2LNEG?XV7Y6EP?X]4Euo�ftV�EGWDY�?BL(fM^X]���EG^gC

v(x, y) = (P (x, y), Q(x, y))T
Fc?�A

P (x, y) =
−y

x2 + y2
, Q(x, y) =

x

x2 + y2
.

�jftW2WD?g]=A
p(x, y) =

∫ x

P (t, y)dt = − ftL�n�ANfMW x
y

(y 6= 0).

�jftFc?�A(?g]wA

Q(x, y) − ∂p

∂y
(x, y) =

x

x2 + y2
+

1
(

x
y

)2

+ 1
·
(

− x

y2

)

= 0,

]4\7C�ft��Y�?BL(o�?BEPL(C*?BESEP?BW*��fUn�o2E �j^XEG?gn�okR�W2K

q′(y) = 0

Fc?�A
q(y) = c =

n#\MW�]=Ail£V�EGbU\MFcFcEGW�l
Å \UF�?BA(^gftR*ANE#A(R2W�]4EGL�`�\MA4EGWkAN?XfM^ÑÄ

U(x, y) = − fMLNn#ANftW x
y

+ c.

�(R�W�bsfMW2WDFcfMW�C2EGWD�9?XW2o2EG?BAN]4b7L4EP?X]��ftL�ftFcE#ANL4?g]w?XEGLNEGW£E#A=Yf�C2R2LNn�o

α(ϕ) := (
]w?XW

ϕ,
nG\U]

ϕ) (0 ≤ ϕ ≤ 2π)

��V�EGKU?BW�W2EV�EP?
(0, 1)

?BF z0o2L4}PEG?XKMEPLN]4?BW�W � l Å EGA4}GEPW�Y�?XL<ft^g]�Qu\MW�]=A�ftWkA4E c := 0,
]4\0V�EGbU\MFcFcEGW

Y�?XL(C2ftW2W@fM^X]4\

U(α(ϕ)) = U(
]4?BW

ϕ,
n#\U]

ϕ) = − ftL�n�A�ftW
]4?BW

ϕnG\U]
ϕ

= − ftL�n�A�ftW6ANfMW ϕ = −ϕ (0 ≤ ϕ ≤ 2π).

�jfM]���ft�MA�ftV�EGL�KUfML4W�?Xn�okA�}GRÓC*EGLc�2Ei]=AN^BEPKMR2W�K[C*EPL�fMLNn#ANftWk�r�2R2W�bUAN?B\UW�d<C*?XE �wfqft^g] �qEGL4A4E#�
V�EGLNEG?gn�o W7R2LuEP?BW[prWkA4EGLNTsft^X^�C2EGL �"�tW�KME

π
R2W�C W�?Xn�okA

2π
o�fsA��	� �cz0W�C YJEG^gn�o2EGW	�[EPLwASo�fsA

U(0, 1)
�
�

�uEGL �	?gC*EGL�]4�2L4R�n�o�bU\MFcF�A9C2fMo2EGLidMC2fM�jY�?XL9W2?gn�okA9ftR*��C2fU] �jEGV2?XE#A9KUEPfMn�okANE#A<o�ftV�EGW"lMz(W�]4EGL
�2EP^XCD?g]wA0?BF �(R2^X^X�2R2W2bkAuW�?Xn�okA(EGLNb7^X�MLwAid2EG?XW �jEGV2?XE#Aid�fMR*�9C*EGF EP]�EPL4b7^g�tL4A�?X]wA0R2W�C@C�fM](C*EPW
�9?XW2o2EP?�A�]wb7LNEG?g]SEGWkA4o��M^�Aid�?g]=A�W2?gn�okA�EG?XW*��fMn�oq}GR�]NftFcFcEGW�o��tW2KUEGW�C�d�]w\*C2fM�£Y�?XL�C2ftL�ftR2�6W2?gn�okA
R2W7V�EPC*?XW2KtA�EG?XW�KM^X\MV�ft^XEP]e`�\tANEGWkA4?gft^Uo�ftV�EGW"li��É2L �=EPC*Ei] 9�Ein�okA4EPn�b~diC2fM].C*EGW �0R2^X^B�2R�W2bkA.W2?gn�okA
EGWkANo��t^BAJKU?BV2A6EP]J]4\�EG?XW£fMLNn#ANfMW7�m`�\tANEGWkA4?gft^md7ftV�EGLJR2FªV�EP?~]4?gn�oaÉ2V�EGLN^XfM�2��EGW�C*EPW89�Ein�oUANEPn�bUEGW
LN?Xn�okA4?XKSftW2}PR�]4n�o�^B?XEG�UEGW�d�F�R��uF ftWcC*?XE�Q0\UW�]=A�ftWkA4EJ��fU]4]4EGW�C�YJ�Mo2^XEGW�d�R2W�CcC2fjKU?BV*A�]�o2?BEPL<EG?XW
`9LN\MV2^XEGFDd�YJEGW2W�F ftW�EP?BW�FcfM^*ftR*�~C*EGF �,?BW2o�EG?BAN]4bkLNEG?g]�R2F±C*EPW �0R2^B^X�2R2W�bUA9o�EGLNR2FcKMEG^gftR2��EGW
?g]=Ail
�(^g]4\�Ò�Ð � !PÎ � �~Ï	��ÒSÐ � ��� !�!iËkÏ�� � Í ��Ë7Í�� � Ë�� � � !��Ë � Î�ËkÏcÍ.Î � �~Ï���Ë�����Ë,!�!iË7Í �
�u?BE \UV�EPW	EGLNYJ�Mo2WkA4E >@EGA4o2\*C*Eh}GR2L�H6Ei]=AN?BFcF�R2W2K�EG?XW2EPL�`�\tA4EPWkA4?gft^B��R2W2bkA4?X\MW	bsftW�W	FcfMW
W7R*A4}PEGW�d�R2F�KUEGY�?g]4]4EMd*]4\MK�lMvwE �2fMbUANE�yj�u?BO�EPL4EPWUAN?XfM^BKU^BEP?Xn�o7R2W�KMEGW£}GRD^XxU]4EGW�l



ù Ø å Ú ä Ü*Ú�Ù�û ã Ù�ý��jõ7ßmí2ß�Ø�õ�Ù ���(�N�	�

��� Ï��DÒ0ÔhÕ�� � ×,æ,æ�Ú�Ø
v(x, y) = (P (x, y), Q(x, y))

Ú�ØBÙ é*õ�Ù�æ�Ú äiå í*ß�Ø å Ú#æ C2 á � Ú�é~ß�õ ä#� Ú�ú�ý�í ã��
Ω ⊂ R

2 ücØÑß  õ7ßrÚ�Ù~ß�Ø�ísú U(x, y).

=æPß,ý7ísÙ2Ù

Q(x, y) 6= 0
í ã�� Ü*ísÙ2û Ω,

æ�õ�ÜUØ�ô*ß<Ú#æ,û ã �#Ú�ý7Ú�ü
(ã Ù�é�ß (x0, y0) ∈ Ω

Ü*Ú�Ù�í ã Ú�ØXÙ�Ú6� ã Ù2é~ß�Ø�õ�Ù y(x), ýMØ�Ú�ýkítæ �0Ù � ísÙ*Ü7æG÷9Ú ä ß � ä õ2ôsú�Ú�ü

P (x, y) +Q(x, y)y′ = 0, y(x0) = y0

ú 	 æPß ÿ ÛhítÙ Ú ä4Ý �súmß�æ4Ø�Ú�ý ãtä è Ý � ã�� 	 æ�Ú�Ù å õsÙ

U(x, y) = U(x0, y0)
Ù�í7è Ý y.

��Ë ��ËkÎ"!MÄ �qEGKMEPW ∂U
∂y

(x, y) = Q(x, y) 6= 0
bsfMW2W�F ftW�C*?XE �j^BEP?Xn�o7R2W2K

U(x, y) = U(x0, y0)W�fUn�o
y
fMR���xk]wEPW�l2�ufMW2WDKM?X^�A

0 =
d

dx

(

U(x0, y0)
)

=
d

dx

(

U(x, y(x))
)

=
∂U

∂x
(x, y) +

∂U

∂y
(x, y) · dy

dx

= P (x, y) +Q(x, y)y′.

�

� 3=),+�'289+.-��Z%u-01
	 �<5*:�523��,-
Ê�ËUÌ�Í�Î�ÏPÎÑÐ�ÍÓÒ0ÔhÕ���-&×,æ�æ�Ú�Ø

Ω ⊂ R
n
Ú�ØBÙ /0ÚsôsØ�Ú�ßwë

f : Ω → R, v : Ω → R
n
Ú�ØXÙ�Ú � ã Ù�é�ßÑØ�õsÙôsûU÷ ÿ Ú�ØXÙ � Ú�é~ß�õ ä!� Ú�úÑý2ë	�#Ús÷<Ú�ØBúgæ Ý ØXÙ ä Ú�ØÑè Ý Ú�Ùeýaõ � ßýUØ ��Ú ä Ú�Ù2ûPØ�Ú ä ôUí ä ÿ ù ísÙ�Ù ô*Úiý*Ú ã ßrÚ�Ù

∇f :=
( ∂

∂x1
f, . . . ,

∂

∂xn
f
) ý7Ú ä à / ä í7ýMØ�Ú�Ù~ßwê å õ�Ù f,

∆f :=

n
∑

i=1

∂2f

(∂xi)2
, ∆ Ý Ú�ØXÞ�ßà��,ò�(�Uò�	 � á�� ��Ú ä í*ßrõ ä ê ,

C*?BT
v :=

n
∑

i=1

∂vi

∂xi

ýMØ�Ú�à ù Ø å Ú ä Ü2Ú�Ù2ûUê å õsÙ v,

ã Ùeý ØXü ��ísúXú�Ú
n = 3

L4\MA
v :=









∂v3
∂x2

− ∂v2
∂x3

∂v1
∂x3

− ∂v3
∂x1

∂v2
∂x1

− ∂v1
∂x2









ýUØ�Ú�à��uõ7ß�í*ßÑØ�õsÙ�ê å õsÙ v.

� ��Ú�ÙeôMí ä ØgæGß

∆f =
C*?XT ∇f.

prW�C*EPF�F ftW£��\MLNF ft^�C*EPW �0ftV�^Xft��
u��EGL�fsAN\ML

∇ :=
( ∂

∂x1
, . . . ,

∂

∂xn

)

ft^g]�vw�<EGbkA4\UL=yDC*EGW2bkAaR�W�CÓF�?BAa?Xo2F ��\MLNFcfM^(C*?XE 
u��EPLNftA4?X\MW2EPW TU\MW Å bsft^gftLN�2LN\7C2R2bkAcR�W�C�<EGbkAN\MLN�2L4\*C*R�bUA(fMR�]=��É�o2LwAid*EGLNo��t^BA�F ftW@C*?XEj?XW@C*EGL�`,o Ç ]4?Bb£KMEPV2LN�MR�n�o2^X?Xn�o�EGW �0\tA�fsA4?X\MW�EGW
∆f = ∇2f,C*?XT
v = ∇ • v = 〈∇ , v〉,LN\tA
v = ∇× v.



������� � ��� �����
	�ï.ð����ó�ò
���������

prF���\M^XKMEGW�C*EGW�?X]wA�EG?XW2E#9�EG?Xo2ESTM\UW 9(EPn�o2EPW2L4EPKMEP^BW�}PR�]NftFcFcEGW2KUEP]wA4EG^X^BAPd2C*?XESKMEG^BA4EPW�d2]4\t��EGLNW
ft^X^XEjTU\MLNbM\UF�FcEPW�C*EGW��(V2^XEG?BA4R�W2KMEPW�E �*?X]wA4?XEGLNEGW�R2W�CD]wA4E#AN?BK ]4?BW�Cel
��É2L(EP?BW��<EGbkA4\ULw��EP^XC

v,
Cel o�l2EP?BW2E��0V2V2?X^XC2R2W2K

R
n ⊃ Ω 3 x 7→ v(x) ∈ R

n
V�EG}GEP?Xn�o�W2E#A

DvC*?XE�î2ò�	~ï����B�r> fsANL4? �
Dv :=

(

∂vi

∂xj

)

,

��EGLNW2EPL
∆v := (∆v1, . . . ,∆vn),Cel o�l�C*?XE��(W7YJEGW�C2R2W2K C*EP]��,ò�(�Uò�	 �7��
u��EGL�fsAN\ML�]6fMR*� �=EiC*E�Qu\MFc��\UW2EGWkANEuTU\MW

v.

��� Ï��DÒ0ÔhÕ���;Z×,æ"æ�Ú�Ø�Ú�Ù
Ω ⊂ R

n
Ú�ØBÙ /0ÚtôsØ�Úsß=ë

f : Ω → R
ã Ùeý v, w : Ω → R

n Ý ØBÙ ä Ú�ØÑè Ý Ú�Ùeýõ � ß�æGßrÚ�ß�ØBÜ�ýMØ ��Ú ä Ú�Ù2ûPØ�Ú ä ôMí ä ÿ 7�õU÷<Ú�ØÑß~ýUØ�Ú �uõ7ß�í*ß�Ø�õ�Ù ô*Ú�ß ä í*è Ý ßrÚ�ß�÷<Ø ä ý2ëiæ�Ú�Ø n = 3. ù ísÙ2ÙSÜ2Ú�úmß�Ú�ÙþUÿ L4\MA ∇f = 0,
��ÿ C*?BTaL4\MA

v = 0,
�2ÿ C*?BT

(f · v) = 〈∇f, v〉 + f
C*?XT

v,
� ÿ L4\MA

(
LN\tA

v) = ∇ C*?XT f − ∆v,
�7ÿ C*?BT

(v × w) = 〈 LN\tA v, w〉 − 〈v, LN\tA w〉,
�7ÿ L4\MA

(f · v) = (∇f) × v + f
L4\MA

v,
� ÿ L4\MA

(v × w) = (
C*?XT

w)v − (
C*?XT

v)w + (Dv)w − (Dw)v.

��Ë ��ËkÎ"!MÄj�MlUR2W�C8�2ltEGLNKMEPV�EPW�]w?gn�ocR2W2Fc?BAwA4EP^BV�ftL6fMR�],C2EGF Å fsAN}0> ��l � ��TM\UW �	 ���ò.ð���� �2l
W7R*A4}GA9C*?BE`9LN\*C*R2bkA4LNEGKUEG^mdsC*?BEYJEG?BA4EPL4EPW�V�EGbM\UFcF�A�FcfMW�C2R2LNn�o�EG?XW2EW7É*A4}P^B?gn�o2E���^BEP?B�kftLNV�EP?�Ail
9�Ein�o2W2EGW Å ?XE�EP]F ft^.C*R2L�n�o �

�

� ;	��
�(+"-/%u-01�� ;	��
�(+"-u3w-65*+�89'2:<;=+&3��
R

3

�,](]4EG?
Ω ⊂ R

2 EG?XW �jEPV2?BEGAPd U := Ω
]wEP?BWD�(V�]4n�o2^XR2��l*�9?BW�E

Cr
�6�(V�V2?B^gC*R2W�K

(r ≥ 1)

Φ : U → R
3, u = (u1, u2)

T → (Φ1(u),Φ2(u),Φ3(u))
T

o2EP?B�MA
Cr
�r�jftL�]=ANEG^X^BR2W�K�EP?BW�EGL(��^X�Un�o2EMl2�jft}PR£?g]wA

DΦ := (∂1Φ, ∂2Φ)

C*?XE�î2ò�	~ï����B�r> fsANL4? �aftR�]�C2EGWD��ftL4A4?XEG^X^XEGWD�(V2^XEG?BA4R2W�KMEGW"l
� « � ¯N� « ���*��¥s�#¡[�G�#��®i�#¡qµ « ��µ « �N¬U�#����� « ���·�G¸�³7µ,� « ¢U�G¡�¬@¥�§t�4�s�7��´(¬M�=¹&¬ « ��»S¯i¯ « �X¬s�*¡k¢ Φ ¬ « �
¼ « ¡��#¸�³7�N½s¡7¦t�*¡k¢�� « ¡~�#�(�t�#¾(� « ¡~�#�(§  �#¡~�#¡��h�G¡k¢k� U ′ ⊃ U r � © �s�7���r�#� « ¢�¬ «  �G�4�#¡*® « �#�G¯��s�N�#¡»S¯i¯ « �B¬t�*¡k¢ « ����´9µ,§U¯N� « r ≥ 1.�9?XW2E

Cr
�e�jftL�]wA4EG^X^XR2W2K0o�EG?X�tA"v=LNEGKUR2^g�tLwy�dPY6EPW2W�fMW �=EPC2EGL Å A4EP^B^XE u ∈ U

C*?XE�î�ò�	�ï����B��> ftA4LN? �
C*EPW 90ftW2K ��o�fsAil
Ê�ËUÌ�Í�Î�ÏPÎÑÐ�ÍÓÒ0ÔhÕ�� � � Ø ä Ù~Ú�Ù2Ù�Ú�ÙZÚ�ØXÙ�Ú�Û[Ú�Ù2Ü*Ú M ⊂ R

3 Ú�ØXÙ&àBÜkúgí2ßwß�Ú#æ �.ú��7è Ý Ú�Ù�æPßwç*è=é~êì�Ü2Ú�Ù�í ã Ú ä Ú�ØXÙ Cr á ��ú��*è Ý Ú�Ù�æPßwç2è=éUöPë,÷9Ú�Ù2Ù Ú#æ�Ú�ØXÙ�Ú Cr á(ù í ä æGßrÚ�úXú ã Ù*Ü Φ : U → R
3 ÜUØ�ô*ß=ë

æ�õ*ý7ísÞ
M = Φ(Ω)

ë"÷9õ*ô*Ú�Ø
Ω :=

◦

U
ýkíMæ 
rÙ2Ù�Ú ä Ú å õsÙ U, ã ÙeýDýkí2ô*Ú�Ø�Ü*Ú�úmß�Ú�ÙþUÿ

U
ØgæGß<é*õ�ü ��íté�ß

��ÿ L4K
(DΦ)(u) = 2 � ç ä ísúXú�Ú u ∈ U,

ý ÿ Ý ÿ Φ ØgæGß ä ÚNÜ ã ú�� ä ë
�2ÿ

Φ
ØgæGß<ØXÙ��#Ú�é~ßÑØ å í ã�� Ω ã Ùeý Φ(

◦

U) ∩ Φ(∂U) = ∅.×9ØXÙ�ÚSæ�õ�úÑè Ý Ú=� ã Ù�é�ßÑØ�õsÙ Φ Ý Ú�ØBÞ�ß6Ú�ØXÙ�Ú�àgû ã ú��tæNæwØBÜ*Ú  í ä ísüaÚ�ß ä Øgæ4Ø�Ú äPã Ù2Ü�êÑëkÜ2Ú�Ù�í ã Ú ä Ú�ØBÙ�Ú�à Cr á
 í ä ísüaÚ�ß ä Øgæ4Ø�Ú äPã Ù2Ü�ê å õsÙ M.



��ú��*è Ý Ú�Ù ã Ùeý ��ú��7è Ý Ú�Ù2ØBÙ~ßrÚNÜ ä ísú�Ú(ØBü
R

3 ���(�N� �

Φ
V�?B^gC*E#A�C*?XE�?BF `<fMLNfMF�EGA4EPL4V�EGLNEG?gn�o

U
^X?BEPKMEPW�C*EGWqC*R2L�n�o[C*EPW[`,R2W2bkA

u0 := (u10, u20)
TKMEPo2EGW�C*EGW�fUn�o�]4EGW2��fMLNfM^B^XEG^XEGW �jEGL�fMC2EGW"��� Å ANÉ�n�bME � u1 = u10

V2}GY�l
u2 = u20

ftR*��C*?XE6QSR�L4TUEGW
s 7→ Φ(u10 + s, u20)

V2}PY�l
t 7→ Φ(u10, u20 + t) (|s|, |t| W�?Xn�okA(}GR�KMLN\M� )

ftV"l2�0EPL4EPWD|�ftW�KMEGWkANEGW7TMEPbUAN\MLNEGWa]4?XW�CaKUEGL�fMC*E
d

ds
Φ(u10 + s, u20)

∣

∣

s=0
= ∂1Φ(u0)

V2}GY�l
d

dt
Φ(u10, u20 + t)

∣

∣

t=0
= ∂2Φ(u0).

�u?BEc?XW �*l~KUE#��\ML�C*EPLwANE�z(W�ftV2o��MW2KM?XKMbUEG?BAjC*?XEP]4EGL�|�ftW2KUEGWkA4EPW7TMEGbkAN\MLNEGW@]w?gn�o2EPLwASW7R2W[KUEGL�fMC*EUd
C2fM��C2fU]6HJ?X^XCaTM\MW

Φ
ftW��=EPC*EPL Å A4EG^X^XEvw}GYJEG?gC*?XF�EPW�]4?B\UW�ft^�y(?X]wAPd*Cel o�l7^B\Ubsft^�R2W�]4EGLNEGLJ�<\ML�]=ANEG^B�^XR2W2KSEG?XW2EGL9��^g�Mn�o2EJEGWkA�]w�2LN?gn�oUAilt�0?XE�HJEPC*?XW2KMR�W2K��2lsTMEPL4o�?BW�C2EGL4APdsC2ft�S]4?Xn�ocC*?XE(�.^g�Mn�o�EJ]4EG^XV�]wA

C*R2L�n�o�C*LN?XW2KMEPWabsftW2W"d �=EPC*\*n�oDbsftW2WD]4?BE�]4?Xn�o�É2V�EGL(C*EPW 9(ftW�C
∂U

��A4EP?B^XY6EP?X]4E � ]Nn�o2^X?BEP�MEGW"l
Ô ��� � ��� Ë@Ò0ÔhÕ�� � ,ä ç � Ú�Ù 77Ø�Ú�ô7Ú�Ø9ý7Ú�Ù � õsú�Ü2Ú�Ùeý*Ú�Ù 5(Ú�Øgæ �~Ø�Ú�ú�Ú�Ù�ë~õ*ô Ú�æ(æ4ØÑè Ýqã ü û ã ú��Mæ4æ4ØBÜ*Ú
 í ä ísüaÚ�ß ä Øgæ4Ø�Ú äPã Ù2Ü*Ú�Ù Ý ítÙeý7Ú�úmß=ë ã Ùeý£ü í*è Ý Ú�Ù 7*Ø�Ú�æwØÑè Ý Ú�ØXÙ%5JØBúÑý å õsÙ ý7Ú�Ù 1�ísÙ2Ü*Ú�Ù~ßÑØgítú å Ú�é áß�õ ä Ú�Ù ∂1Φ

ã Ù�ý ∂2Φ.

��ËkÎ"!*)�Î�Ë,+ÑËaÒ0ÔhÕ�� �
þUÿ � ã a0, a1, a2 ∈ R

3,
÷<õ2ô7Ú�Ø�ýMØ�Úuú�Úsß�ûMßrÚ�Ù�ô*Ú�ØÑý7Ú�ÙDúXØBÙ�ÚGí ä�ã Ù�í2ô Ý �tÙ*ÜUØBÜ æ�Ú�Ø�Ú�Ùeë"ôsØXú�ý7Ú

Φ : (u1, u2) 7→ a0 + u1a1 + u2a2.

ù Ø�Ú�æ0Ú ä ÜkØmô*ß,Ú�ØBÙ�Úu×uô7Ú�Ù�Ú ÿ ù Ø�Ú 1�ítÙ*Ü*Ú�Ù~ß�Ú�Ù å Ú�é~ß�õ ä Ú�ÙaæwØXÙeý
∂1Φ = a1, ∂2Φ = a2.

��ÿ ù Ø�Ú6� ã Ù�é�ßÑØ�õsÙ f : R
2 ⊃ U → R

æ�Ú�Ø�æPß�Úsß�ØBÜ@ýMØ ��Ú ä Ú�Ù�ûGØ�Ú ä ôMí ä ÿ � Ø ä æ�Ú�ßÑû�Ú�Ù
Φ : u := (u1, u2)

T 7→ (u1, u2, f(u))T .

ù Ø�Ú�æ�ØgæGß�ýUØ�Ú å õsÙ�ý7Ú�ü / ä í � Ý Ú�Ù£ý7Ú ä � ã Ù2é~ß�Ø�õ�Ù f Ú ä ûsÚ ã Ü�ß�Ú �.ú��7è Ý Ú ÿ ù Ø�Ú6û ã Ü*Ú Ý 	�ä Ø�Ü2Ú�Ù1�ítÙ*Ü*Ú�Ù�ßrÚ�Ù å Ú�é~ß�õ ä Ú�Ù£æwØXÙeý

∂1Φ = (1, 0,
∂f

∂u1
)T ã Ù�ý ∂2Φ = (0, 1,

∂f

∂u2
)T .

�2ÿ ×9ØBÙ?7���Ú�ûPØgítú � ítúBú å õsÙ �2ÿ ØgæGß�Ú�ßr÷<í�ýMØ�ÚJõ*ô*Ú ä Ú (+)
õ2ý7Ú ä6ã Ù�ßrÚ ä Ú (−)

� ísú�ô á�âcã Ü*Ú�úgæ � Ý � ä Ú "
7�Ú�ßÑû�Ú

U := {u
∣

∣ |u|2 ≤ 1} ⊂ R2, f(u) := ±
√

1 − |u|2.
� ÿ
U := {0 ≤ ϕ ≤ 2π}×{0 ≤ θ ≤ π} ã Ù�ý (ϕ, θ)T 7→ (

]w?XW
θ
n#\k]

ϕ,
]4?BW

θ
]4?BW

ϕ,
nG\U]

θ)TÚ ä ÜUØ�ô*ßJýMØ�Ú å õ�úXú�Ú0×9ØXÙ Ý Ú�ØÑßmæ4æ � Ý � ä Ú S2.
�7ÿ
U := {0 ≤ ϕ ≤ 2π} × {z ≥ 0} ã Ù�ý (ϕ, z)T 7→ (

n#\k]
ϕ,
]4?BW

ϕ, z)T
Ú ä ÜUØ�ô*ßuÚ�ØBÙ�Ú�Ù

��32úBØXÙeý7Ú ä ÿ
�7ÿ 7~ß�Ú ä ÚPõiÜ ä í � Ý ØXæGè Ý Ú 9ä õ �#Ú�é~ß�Ø�õ�Ù "
×,æ"æ�Ú�Ø

S2 = {x ∈ R
3
∣

∣ |x| = 1} ýMØ�Ú�×9ØXÙ Ý Ú�ØÑßmæ4æ � Ý � ä Ú.ücØmß�à �jõ ä ý	��õ�úmê
N := (0, 0, 1)T .

U = R
2 æ�Ú�ØJü�Ømß�ý*Ú ä à ��� ã í*ßrõ ä Úsô*Ú�Ù�Úsê {(u1, u2, 0) | (u1, u2) ∈ R

2} Ø�ý*Ú�Ù~ß�Ø �2ûGØ�Ú ä ß ÿù Ø�Ú � Ú ä ôsØBÙ�ý ã Ù*Ü7æ=Ü2Ú ä í7ý7Ú å õ�Ù N ü�ØmßJý7Ú�ü (ã Ù2é~ß u := (u1, u2, 0)
æ#è Ý Ù~Ú�ØÑý7Ú�ß S2 ØXÙÜ*Ú�Ù�í ã Ú�ØBÙ~Ú�ü å õ�Ù N å Ú ä æ#è Ý Ø�Ú�ý7Ú�Ù�Ú�Ù (ã Ù2é~ß Φ(u)

ü�Ømßý7Ú�Ù â õ7õ ä ýMØXÙ�í*ßrÚ�Ù

Φ(u) =
1

|u|2 + 1





2u1

2u2

|u|2 − 1



 .

ù Ø�Ú�æ�Ú ��ô2ôsØXúÑý ã Ù*Ü Φ Ý Ú�ØXÞ�ß�ýMØ�ÚJæGßrÚ ä ÚGõ�Ü ä í � Ý ØgæGè Ý Ú 9ä õ �#Ú�é�ßÑØ�õsÙ ÿ 77Ø�Ú�Ú ä ÜUØ�ô*ß"ýUØ�Ú�7�� Ý � ä Ú
S2 \N, ý7Ú ä ü�ísÙ[ý7Ú�Ù �jõ ä ý ��õsú<÷<Ú�ÜMÜ*Ú�Ù�õ�ücüaÚ�Ù Ý í*ß ÿ
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Æ R£EG?XW2EGF KU^XftAwANEGW£��^g�Mn�o2Ei]=ANÉ�n�bcKM?XV*AEP]JT7?BEP^BEj}GR2^g�M]N]4?BKUE0`<ftL�ftFcE#ANL4?g]4?BEPL4R2W�KMEGW"lU�jfs��É2LKM?X^BAC*EPL��\M^XKMEGW�C*E
��� Ï��DÒ0ÔhÕ�� � 77ØBÙ�ý

Φ : U → R
3 ã Ùeý Ψ : V → R

3 û ã ú��Mæ4æ4Ø�Ü2Ú Cr á  í ä ísüaÚ�ß ä Øgæ4Ø�Ú äPã Ù2Ü*Ú�Ùý7Ú#æ4æ�Ú�ú�ô7Ú�Ù?�.ú��7è Ý Ú�Ù�æPßwç*è=é*æGëUæ�õ�ÜkØmô2ß�Ú�æ6Ú�ØBÙ~Ú�Ù Cr áÑù Ø ��ÚGõsü�õ ä � Ý ØXæ4ü ã æ h : U → V,
ücØÑß<ý*Ú�ü

Φ = Ψ ◦ h
ØgæGß ÿ ÛhísÙ�Ù�Ú�Ù2Ù~ß

h
Ú�ØXÙ�Ú�à  í ä ítü�Úsß�Ú ä ß ä ítÙ�æ � õ ä ü�í2ß�Ø�õ�Ù�ê�ûM÷<ØgæGè Ý Ú�Ù Φ ã Ù�ý Ψ.

�:+ � � ��Ë7Í.ÎÑÍ�� � +�Ï
HJE#ANLNfUn�oUANEGW£Y�?BL�W2\*n�o2F fM^�C2fM]�EPLN]wA4ESC*EPL0HJEG?g]w�2?XEG^XES����l � �2Ä

Φ : (u1, u2) 7→ a0 + u1a1 + u2a2.

�jfM]:9�Ein�oUANEPn�b�Fc?BA0C*EGWD�,n�bUEGW

u0, u0 + ∆1e1, u0 + ∆2e2, u0 + ∆1e1 + ∆2e2

Fc?�A,��^g�Mn�o2EPW2?XW2o�ft^BA |∆1| · |∆2|
Y�?XL�C�fMV2KMEPV2?X^XC*EGA9ftR*�eC2fM]�`<fMLNfM^B^XEG^X\MKULNfMF�F&Fc?�AJC*EGW��,n�bMEPW

Φ(u0),Φ(u0) + ∆1a1,Φ(u0) + ∆2a2,Φ(u0) + ∆1a1 + ∆2a2.

Å EP?BW@��^X�Un�o2EGW�?BW2o�ft^BA?g]wA

|(∆1a1) × (∆2a2)| = |∆1| · |∆2| · |a1 × a2|.
�uR2LNn�oqC*?XEc�0V2V2?X^XC2R2W2K@�tW�C2EGL4AS]4?Xn�o ft^g]4\£C*EPLS��^g�Mn�o2EPW2?XW2o�ft^BASR2F{C*EPWq��ftbkA4\UL |a1 × a2|.�jftV�EG?�?g]=A(o�?BEPL

a1 = ∂1Φ, a2 = ∂2Φ,
]4\MFc?BA�?X]wA(o2?XEGL

A = (a1, a2) = (∂1Φ, ∂2Φ) = DΦ

C*?XE�î2ò�	~ï����B�r> fsANL4? ��TM\UW
ϕ.prWDR2W�]4EGLNEGL�]4��EP}G?XEG^X^BEPW Å ?�ANR�fsAN?B\UW�?g]wA

Φ(u) = a0 +Au = Φ(u0) +A(u− u0) = Φ(u0) +DΦ(u0)(u− u0)

R2W�C�o2?XEGL�KU?B^BAPÄ
�uR2LNn�o C*?BEi]wE£�(V2V2?X^gC*R2W2K

Φ
Y�?BL�C�C*EPL���^g�Mn�o2EPW2?BW�o�ft^BA�EG?XW2Ei] 9�Ein�okA4EPn�b*]�V�EP?

u0
R2F C*EPW

��fMbkA4\ML |∂1Φ(u0) × ∂2Φ(u0)|
TMEGL��tW�C*EGL4APl

prF fM^B^XKMEPFcEG?XW2EGWD��fM^B^eo�fMV�EPWDY�?BL��É2L �=EPC*E Å ANEG^X^BE u0

Φ(u) = Φ(u0) +DΦ(u0)(u− u0) +R(u, u0),

YJ\MV�EG?�W2\*n�o 1
|u−u0|

|R(u, u0)| → 0 (u → u0).
�0?XE�C*R�LNn�o

Φ
C2ftLNKMEi]=ANEG^X^�ANES��^g�Mn�o2E�Y�?XL�C

ft^g]4\�V�EG?
u0
TM\UW£V�EP]N]4EGLNEGL�ft^g]EGL�]=ANEGL�
uL�C*W7R2W2K C*R2L�n�o�C2?BE�|�ftW2KUEGWkA4?gft^XEGV�EGW�E

Ψ(u) = Φ(u0) +DΦ(u0)(u− u0),

ft���2L4\��*?XFc?BEPLwAilM�ufMW2W�]4?BW�CaftV�EGL6C2?BE0��^g�Mn�o2EPW2?XW2o�ft^BA4EuC*EGLJH6?X^gC*EGL6EG?XW2EP],bk^XEG?XW2EPW 9�EPn�okA4Ein�b*]
V�EG?

u0
R�WUANEGL

Φ
R2W�C[R2WkA4EGL

Ψ
?XF{YJEP]4EGWkAN^B?gn�o2EGW[KM^XEG?gn�o�le�0EPL�prW2o�fM^�A�C*Ei]

Ψ
�rHJ?B^gC*Ei]uY�?XL�C

ftV�EGL�KUEGL�fMC*ESC*R2L�n�oD>@R2^BA4?X�2^B?XbsfsAN?B\UW�Fc?BA0C*EGF ��fMbUAN\ML |∂1Φ(u0) × ∂2Φ(u0)|
KUEGYJ\MW2W�EGW�l

�u?BEi]��É2o2L4A(R2W�]}PR£��\U^BKUEGW�C2EGL



��ú��*è Ý Ú�Ù ã Ùeý ��ú��7è Ý Ú�Ù2ØBÙ~ßrÚNÜ ä ísú�Ú(ØBü
R

3 ���(�N� �

Ê�ËUÌ�Í�Î�ÏPÎÑÐ�ÍÓÒ0ÔhÕ�� ���6ç ä Ú�ØXÙ�Úuû ã ú��tæNæ4Ø�Ü2Ú  í ä ísüaÚsß ä ØXæ4Ø�Ú äPã Ù*Ü

Φ : R
2 ⊃ U → R

3

Ù�Ú�Ù2Ù�Ú�Ù ÷<Ø ä
A(Φ) :=

∫

U

|∂1Φ(u) × ∂2Φ(u)|du1du2

ý7Ú�Ù ��ú��*è Ý Ú�Ù2ØXÙ Ý ítúÑß0ý7Ú�æ å õsÙ Φ
ýkí ä Ü*Ú#æGßrÚ�úXúÑßrÚ�Ù ��ú��*è Ý Ú�Ù�æGß4ç*è=é7Ú#æ ÿ ì ù í U é7õsü ��ísé~ß ã Ù�ý ΦæPß�Ú�ßÑØ�ÜDýMØ ��Ú ä Ú�Ù2ûPØ�Ú ä ôMí ä ØXæPß=ë�Ú�@*ØXæPß�Ø�Ú ä ßJýkítæ 
rÙ~ßrÚNÜ ä ísú ÿ ö

�,]�?g]wA

|a× b|2 = |a|2|b|2 ]4?BW 2(]a, b)
= |a|2|b|2

(

1− nG\U] 2(]a, b))
= |a|2|b|2 − 〈a, b〉2

=
C*EGA (〈a, a〉 〈a, b〉

〈b, a〉 〈b, b〉

)

>@?BA
gij := 〈∂iΦ , ∂jΦ〉 ?g]wA0C2ftW2W@fM^X]4\

|∂1Φ × ∂2Φ|2 =
C*E#A (g11 g12

g21 g22

)

=: g = (
�"�MW2KME�C*EPL �(\MLNF ft^XE

)2.

�(R2� ����������ò��
� �0KMEPoUA(C*?XES��\M^XKMEPW�C*ESEGV�EGW2��ft^X^X]�YJEG?BA4o�?BW�V�EPW7R*A4}GA4E�HJEG}PEG?gn�o2W7R2W2K�}GR2LNÉ�n�b~Ä

E := g11, F := g12 = g21, G := g22.

�jftFc?�A?g]=A�C2ftW�W
g = (EG−F 2).

> ftW£W2EGW�WUA?XW£C*EPLJ�u?�O~EGLNEGWkAN?XfM^BKUEG\MFcEGA4LN?BE
E,F,G

C*?BE
Qu\kE�� }G?XEGWkA4EPW�C*EPL,v=EPLN]wA4EPW���R2W�C2fMFcEGWkANfM^���\UL4F�y�l7�jftFc?BA(EGLNb7^X�ML4EPWaY�?XL(W7R2W
Ê�ËUÌ�Í�Î�ÏPÎÑÐ�Í � Í�� ��� Ï	�£ÒuÔ Õ��"Ö ÛhítÙ£Ù�Ú�Ù2Ù~ß<ØBÙhõ2ôsØ�Ü2Ú ä 77Ømß ã í2ß�Ø�õ�Ù

do := |∂1Φ(u) × ∂2Φ(u)| du1du2 =
√
g du1du2

ýkíMæjàgæ4étísú�í ä Ú � ô*Ú ä � �7è Ý Ú�Ù�Ú�ú�Ú�ü�Ú�Ù~ßwê ÿ ù ísücØmß<ØXæPßýkítÙ2Ù

A(M) =

∫

U

√
g du1du2 =

∫

M

do

ý7Ú ä �.ú��7è Ý Ú�Ù2ØXÙ Ý ítúÑßJý7Ú#æ å õsÙ Φ
ýkí ä Ü*Ú#æGßrÚ�úXúÑßrÚ�Ù �.ú��7è Ý Ú�Ù�æPßwç*è=é*Ú�æ M.

�	?XL.TUEGLNEG?XWkV�ftLNEGW�YJEG?BA4EGLidPC�ft�u]4?gn�o�C*EGL���^X�Un�o2EGW�?BW2o�ft^BA.EG?XW2Ei].��^g�Mn�o2EPW�]=ANÉ�n�b*]�W2?gn�okA��MW�C*EPLwAid
YJEGW2WSY�?XL"EGW�C*^B?gn�oST7?BEP^BE9KU^XftAwANE9QSR2L4TUEGW�]wA4É�n�bME�R2W�CSEGW�C*^B?gn�o�T7?BEP^BE<`,R2W2bkA4E6o2?BW�}GR*��É2KUEGW�\*C*EPL
YJEGKMW�EGo2FcEGW"l
��^X�Un�o2EGW�?BW2o�ft^BAJ?g]=AEG?XW2ESKMEP\MFcE#ANL4?g]Nn�o2E(�9?XKMEPW�]4n�o�fs��APd7V�EGLNEPn�o2W�E#Ao�ftV�EGW£Y�?BL?Xo2W£É�V�EPLJEP?BW�E
`<ftL�ftFcE#ANL4?g]4?BEPL4R2W�K�R2W�C£C2f�TM\UW�KM?XV*AEP]JT7?BEP^BEUl � V�EPL(C*EGW�|"L�ftW�]=��\UL4F ftWkAN?B\UW�]4]NfsAN}��É2LprWkA4E#�
KML�ft^XE<R2W�C�C*?BEJQSE#A4A4EGW�L4EPKMEG^UV�EPbM\UF�FcEPW�Y�?BL�ftV�EGL���\U^BKUEGW�C2EGW Å ftA4}UdPC*EPL"\MV�?BKUE,HJEG}GEP?Xn�o�WkR�W2KLNEPn�okAw��EPLwAN?BKMAPl
��� Ï��DÒ0ÔhÕ�� �Z×,æ0æ�Ú�Ø�Ú�Ù

Φ : U → R
3 ã Ùeý Ψ : V → R

3  í ä ísüaÚ�ß ä Øgæ4Ø�Ú äPã Ù2Ü*Ú�Ù[ý7Ú#æ4æ�Ú�ú�ô7Ú�Ù
��ú��*è Ý Ú�Ù�æGß4ç*è=é7Ú#æ M ã Ùeý h : U → V

Ú�ØXÙ ù Ø ��ÚGõsüaõ ä � Ý Øgæwü ã æ�ü�Ømß Φ = Ψ◦h. ù ísÙ2Ù�Ü*Ú�úÑßrÚ�ÙþUÿ
∂u1

Φ × ∂u2
Φ =

C*EGA
(Dh)

(

∂v1Ψ × ∂v2Ψ
)



������� � ��� �����
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��ÿ ��Ú ä Ù�Ú ä æ�Ú�Ø�Ú�Ù
g =

C*EGA (〈∂iΦ, ∂jΦ〉
)

g∗ =
C2E#A (〈∂iΨ, ∂jΨ〉

)

.

ù ítÙ2Ù£ØgæPß
∫

U

√
g du1du2 =

∫

U

√

g∗ ◦ h | C*E#A Dh| du1du2 =

∫

V

√
g∗ dv1dv2.

��Ë ��ËkÎ"!MÄ Æ R[�MlXÄ7> ?�A�C*EGW@î2ò�	~ï�� �B�r> fsANL4?X}GEPW DΦ, DΨ, Dh
��KMEPW2\MFcFcEGW�ftW£}GR�]NftFcFcEGW*�

KMEPo2xMLNEGW�C*EGW Å A4EP^B^XEGW � ?X]wA�W�fMn�oDC*EGLuQSE#AwANEGW2LNEGKUEG^
DΦ = DΨ ·Dh.

È(?XEGL�o�ftV�EGW
DΦ

R2W�C
DΨ

�=EPY6EP?B^g]}GYJEG? Å ��ft^BA4EGW"d2W��tFc^X?Xn�o
DΦ =

(

∂u1
Φ, ∂u2

Φ
)

, DΨ =
(

∂v1Ψ, ∂v2Ψ
)

.

��É2L��=EPC2EGW@�<EGbkAN\ML
a ∈ R

3 ?g]=A(C2fMW2W

(

a, ∂u1
Φ, ∂u2

Φ
)

=
(

a, ∂v1Ψ, ∂v2Ψ
)

·





1 0 0
0
0

Dh





R2W�CDC2fMFc?�A
C*E#A

(a, ∂u1
Φ, ∂u2

Φ) =
C*EGA

(a, ∂v1Ψ, ∂v2Ψ) · C*E#A (Dh).
��?XEP]wA(F ftW C*?XE�EGL�]wA4EGWDV�EG?gC*EGW �uE#ANEGLNFc?BW�fMWkA4EGW fM^X] Å ��fsAN�2LN\7C2R2bkA(R2W�CDV�EPC*EPW2bkAPd�C�ft� C*EGL�<EGbkAN\ML

a
TUxM^X^B?XK�V�EP^B?XEGV2?XK ?X]wAPd2]4\���\M^XKtA0C*?XE�HJEGo�fMR2�*A4R�W2K@�Ml

�*l���\U^BKMA�C2ftFc?BAaC*?BLNEGbkA�ftR�] C*EGL��uE#��W�?�AN?B\UWÓTU\MW
g
R2W�C¶C*EGF |"L�ftW�]=��\UL4F fsAN?B\UW�]N]4ftA4} ��É2L

prWkA4EPKML�ft^XEMl
�

�jfM] Å ANfMW�C2fMLNC7�rHJEG?g]w��?BEP^M}GR�L 
uV�EGL����Un�o2EGW7V�EP]wA4?XF�F�R2W2Ku?X]wA�C2EGL��.^g�Mn�o�EGW2?XW2o�fM^�A<C*EGL Å ��o��tLNE
Sr := {x ∈ R

3
∣

∣ |x| = r} (r > 0).

�u?BE Å ��o��tLNESb�fMW2WDF ftWDC*R2L�n�o�QSR2KUEG^XbM\7\ML�C*?XW�fsANEGW���ftL�ftFcE#ANL4?g]w?XEGLNEGW"Ä�(R2�
U := {0 ≤ ϕ ≤ 2π} × {0 ≤ θ ≤ π} ]wEP?

Φ(ϕ, θ) =





r
]4?XW

θ
nG\U]

ϕ

r
]4?XW

θ
]4?XW

ϕ

r
n#\k]

θ



 ,

YfM]�C*?XESKUftW�}GE Å �2o��ML4ESEPL4KU?BV*Ail �	?BL�V�EGbU\MFcFcEGW

∂ϕΦ =





−r ]4?XW θ ]w?XW ϕ
r
]4?BW

θ
nG\U]

ϕ

0



 , ∂θΦ =





r
n#\k]

θ
n#\U]

ϕ

r
n#\U]

θ
]4?XW

ϕ

−r ]4?BW θ





R2W�CDC2fMFc?�A
E := gϕϕ =〈∂ϕΦ, ∂ϕΦ〉 = r2

]w?XW 2 θ,
F := gϕθ =〈∂ϕΦ, ∂θΦ〉 = 0,

G := gθθ =〈∂θΦ, ∂θΦ〉 = r2.
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�jftFc?�A(?g]wA √
g =

√
EG− F 2 = r2

]4?BW
θ.�(^g]4\�^gftR2A4E#A0C2EGL(��^X�Un�o2EGW�?BW2o�ft^BA

A(Sr) =

∫ π

0

∫ 2π

0

r2
]w?XW

θ dϕdθ = 2πr2
∫ π

0

]4?BW
θ dθ = 2πr2(− nG\U] θ)∣∣π

0
= 4πr2.

�	?XESC2?BE�HJ\MKUEGW2^g�tW2KUE(TM\UW£QSR2LNTMEPWa?g]=A(fMR�n�o£C*EPL��.^g�Mn�o�EGW2?XW2o�fM^�AEG?XW2EP]���^g�Mn�o2EPW�]wA4É�n�b*]6?BW*�
TsftLN?XfMWkA6R2WkA4EPL�H6EPY6EPKMR2W�KMEGW"dUCel o�l*R2WkA4EPLJ|.L�ftW�]4^XftA4?X\MW2EPW�R2W�C£�0LNEGo7R2W�KMEGW"d Å �2?BEPKMEP^BR2W�KMEGW"l
�(^g]�W��Un�o�]wA4EP]JV�E#ANLNfUn�oUANEGW�Y�?BL(C2?BE�prWkA4EPKML�fsAN?B\UWaÉ2V�EGL(EP?BW�ES��^g�Mn�o2EUÄ
Ê�ËUÌ�Í�Î�ÏPÎÑÐ�ÍÓÒ0ÔhÕ������6ç ä Ú�ØBÙ�ÜUú�í*ßwßrÚ�æ���ú��*è Ý Ú�Ù�æPßwç2è=é M ⊂ R

3 ã Ùeý�Ú�ØXÙ�Ú<æPß�Úsß�ØBÜ*Ú � ã Ù�é�ßÑØ�õsÙ
f : M → R

Ý Ú�ØXÞ�ß
∫

M

f(x) do :=

∫

U

f(Φ(u))
√

g(u) du1du2

ýkíMæ�à�æwétítúgí ä Ú � ô*Ú ä � �*è Ý Ú�Ù2ØXÙ~ß�Ú�Ü ä ísúmê å õsÙ f ç�ô*Ú ä M,
÷9õ*ô*Ú�Ø

Φ
Ø ä Ü2Ú�Ùeý*Ú�ØXÙ�ÚSû ã ú��Mæ4æ4ØBÜ*Ú  í á

ä ísüaÚ�ß ä ØgæwØ�Ú äiã Ù*Ü å õ�Ù M ØgæGß ã Ùeý do =
√

g(u) du1du2
ýkíMæ0æ4ésítúgí ä Ú � ô*Ú ä � �*è Ý Ú�Ù�Ú�ú�Ú�üaÚ�Ù~ßìXæ4Ø�Ú Ý Ú 72í*ßÑû � � ÿ � � ö ÿ ù í2ô*Ú�Ø�ý�ç ä!� Ú�Ù�÷<Ø�Úiý7Ú ä Ú�ØBÙ2ûsÚ�úXÙ�Ú âcãtäiå Ú�Ù�õ2ý7Ú ä (ã Ù2é~ß�Ú å Ú ä Ù�í*è Ý ú��tæNæwØBÜ�ß÷9Ú ä ý7Ú�Ù ÿ

�(W�ft^X\MK@}GR Å fsA4}a����l � �DKM?X^�A�ftR�n�o o2?XEGLid.C2fM� C*?XEP]4EP]�prWkANEGKML�ft^<R�W�ftV2o��tW2KU?BK@TU\MW�C*EGL�KMEG�Y�to2^BA4EPW£`<ftL�ftFcEGA4LN?X]4?BEPL4R�W2K
Φ
?X]wAPl

��ËkÎ"!*)�Î�Ë,+<ÒuÔ Õ�� - �Jç ä ýMØ�Ú 7�� Ý � ä Ú Sr ücØmß �0í7ýMØ ã æ r ØXæPß
Φ : (ϕ, θ) 7→ (r

]w?XW
θ
n#\U]

ϕ, r
]w?XW

θ
]w?XW

ϕ, r
n#\U]

θ)T (0 ≤ ϕ ≤ 2π, 0 ≤ θ ≤ π)
Ú�ØXÙ�û ã ú��tæNæwØBÜ*Ú  í ä ísüaÚ�ß ä Øgæ4Ø�Ú äPã Ù2Ü0ücØÑß √g = r2

]w?XW
θ.

7�õ�ücØÑß~ú�í ã ßrÚ�ß � ç ä Ú�ØBÙ�Ú6æPß�Úsß�ØBÜ*Ú�� ã Ù�é áß�Ø�õ�Ù
f :

∫

Sr

f(x) do =

∫ 2π

0

∫ π

0

f(Φ(ϕ, θ)) r2
]4?XW

θ dθdϕ.

Ô ��� � ��� Ë@Ò0ÔhÕ��4; 5(Ús÷<Ú�ØXæ�Ú�Ù%77Ø�Ú � ç ä ý7ítæ 
rÙ~ß�Ú�Ü ä ísú<ç�ô*Ú ä ýMØ�ÚS×9ØBÙ Ý Ú�ØmßÑæ4é ã Ü*Ú�ú K(0, 1)
ýMØ�Ú

ù í ä æGßrÚ�úXú ã Ù2Ü
∫

K(0,1)

f(x)d3x =

∫ 1

0

( ∫

Sr

f(x)do

)

dr.

Æ R2L�HJEGo�ftW�C*^XR2W2K vwTMEGbkAN\MLN?BEP^B^XEGL 
uV�EPL ���Un�o2EGW�?BWkA4EPKML�ft^XE�y�V2L�ftR�n�o2EPW Y�?XLjY�?XEcV�EP?9C*EGW[EGWkAw�]4�2L4Ein�o2EGW�C*EGWDQSR2LNTMEGW�?BWkA4EPKML�ft^XEGWaC2EGWDH6EPKMLN?�OhC2EGL,v 
uL4?XEGWkA4?XEGLNR2W2Kty�l
��É2L�EG?XW2E�}PR2^X�U]4]4?XKMEj`�fMLNfMFcE#A4LN?g]w?XEGLNR2W2K

Φ
?g]=A

n(x) :=
∂1Φ × ∂2Φ

|∂1Φ × ∂2Φ| (u)
��É�L

x = Φ(u)

EG?XW��9?XW2o2EP?�A�]wTUEGbkA4\ULPd#C*EPL"ftR2�*C2EGL�TU\MW
∂1Φ

R2W�C
∂2Φ

?XF `9R�W2bkA4E
x
fMR*��KMEi]w��ftW2WkA4EPWj|�ftW�KMEGW2�

A4?gft^XEGV�EGW�ESfMW£C*?XE���^X�Un�o2Ej]4EGW�bkLNEPn�okA�]=ANEGokAPl �	?XLW2EGW�W2EGW�?Bo�W£EP?BW2EPWcvw�9?XW2o2EP?�A�]=� �(\UL4F ft^XEGW2�
�<EGbkAN\MLwy�l
HJEG?��0W�C*EGLNR2W2K�C2EGL�`<ftL�ftFcE#ANL4?g]4?BEPL4R2W�K�EGLNKM?XV*A(]4?Xn�o�W�fMn�o Å ftA4}�����l � �*dX�Ml*fMR�]

Φ(u1, u2) = Ψ ◦ h(u1, u2)C*?XE�HJEG}G?XEGo7R2W�K
∂1Φ × ∂2Φ =

C*EGA
(Dh) ·

(

∂1Ψ × ∂2Ψ
)

,YJ\MV�EG?
Dh

C2?BE�î2ò�	~ï�� �B�r> fsANL4? �£C*EPL(|"L�ftW�]=��\UL4F fsAN?B\UW
h
?g]=Ail

�jftFc?�ASF�R�^�AN?B�2^X?X}G?XEGL4Aj]4?Xn�ohfM^X]4\�V�EG?�EG?XW2EPL0`<ftL�ftFcE#ANEGL4��|.L�ftW�]w��\MLNF fsA4?X\MWDC*EPL0�9?XW2o2EP?�A�]wW2\ULw�
F ft^XEGW7TMEPbkA4\ML�Fc?�AhC2EGF �<\UL4}PEG?gn�o2EGW�C*EPL �0EGA4EGLNFc?BW�ftWkA4E�C*EPLhî2ò�	~ï����B��>hfsA4LN? �

Dh
C*EP]

A4L�ftW�]=��\UL4Fc?XEGLNEGW�C*EPW£�u?�O~EG\UFc\MLN�2o2?g]wF�R�]
h.
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Ê�ËUÌ�Í�Î�ÏPÎÑÐ�ÍÓÒ0ÔhÕ�� � ��÷<Ú�Øtû ã ú��Mæ4æ4Ø�Ü2Ú  í ä ítüaÚ�ß ä ØgæwØ�Ú äiã Ù*Ü2Ú�Ù Φ ã Ùeý Ψ
Ú�ØXÙ�Ú�æ
�.ú��7è Ý Ú�Ù�æPßwç*è=é*æ

M ⊂ R
3 Ý Ú�ØXÞ7Ú�Ù àBÜkú�Ú�Ø�è Ý õ ä Ø�Ú�Ù~ßÑØ�Ú ä ß4ê�ë0÷9Ú�Ù�Ù � ç ä ýMØ�Ú  í ä ísüaÚsß�Ú ä ß ä ísÙ�æ � õ ä ü�í*ßÑØ�õsÙ h ücØÑß

Φ = Ψ ◦ h ýMØ�Ú ù Ú�ß�Ú ä ücØXÙ�ísÙ~ßrÚ Dh ý7Ú ä î�ò�	~ï�� � á Ûhí2ß ä Ø @ ��õsæ4Ømß�Ø å ØgæGß ã Ùeý à�Ú�Ù�ß�Ü*Ú�Ü*Ú�Ù2Ü*Ú áæ�Ú�ß�ûUß6õ ä Ø�Ú�Ù~ß�Ø�Ú ä ßwêÑë~÷9Ú�Ù�ÙhýMØ�Ú�æ ù Úsß�Ú ä ücØBÙ�í*ß�Ú0Ù�Ú�Ü7í2ß�Ø å ØXæPß ÿ
ù Ø�Ú�û ã ú��tæNæ4Ø�Ü2Ú�Ù  í ä ísüaÚsß ä ØXæ4Ø�Ú äPã Ù*Ü*Ú�ÙøôsØBúÑý7Ú�Ùøýkítü�ØmßûM÷9Ú�Ø â úgíMæ4æ�Ú�Ù�ë.ýMØ�Ú�÷<Ø ä ísúgæ�ýMØ�Ú�ûU÷<Ú�Øü 	 ÜkúBØÑè Ý Ú�Ùaà �Jä Ø�Ú�Ù~ß�Ø�Ú äiã Ù*Ü2Ú�Ù�ê�ý7Ú#æ���ú��7è Ý Ú�Ù�æPßwç*è=é*æ<ísÙ�æ � ä Úiè Ý Ú�Ù ÿ �uí7è Ý � ã æP÷<í Ý ú�Ú�ØXÙ�Ú ä �Jä Ø áÚ�Ù~ßÑØ�Ú äPã Ù2Ü�ë9ýMØ�Ú�÷<Ø ä ýkítÙ2Ù_ísúgæcýMØ�Ú£à���õtæwØmß�Ø å Ú �Jä Ø�Ú�Ù~ß�Ø�Ú äiã Ù*Ü�ê�ô*Ú�û�Ú�Ø�è Ý Ù�Ú�Ùeë ä Ú�ý7Ú�Ù¶÷<Ø äaå õ�ÙÚ�ØXÙ�Ú�ü à�õ ä Ø�Ú�Ù�ßÑØ�Ú ä ßrÚ�Ù �.ú��7è Ý Ú�Ù�æPßwç*è=é~ê ÿ
HJEG?eKU^BEP?Xn�o2\UL4?XEGWkAN?BEPLwANEGW�`<ftL�ftFcEGA4LN?X]4?BEPL4R�W2KMEPW�]=AN?BFcFcEGWDC*?XEu��É�L�EG?XW2EGW�`9R2W2bkA(V�EP]Nn�o2LN?BEPV�EG�
W2EPWq�,?BW2o�EG?BAN]4W2\MLNF ft^XEGW7TMEPbUAN\MLNEGW É�V�EPL4EP?BW�d"V�EP?9EGWkA4KUEGKUEGW2KUEP]4E#A4}GA�\MLN?BEPWUAN?BEPLwANEGW[}GEG?XKMEPWq]4?XE
?XW�EPWkA4KMEPKMEPW2KMEi]wEGA4}#ANE69(?Xn�okA4R�W2KMEPW�l
��� Ï��DÒ0ÔhÕ�� �Z×9ØBÙDõ ä Ø�Ú�Ù�ßÑØ�Ú ä ßrÚ�æ ��ú��7è Ý Ú�Ù�æPßwç*è=é M ô7Ú#æwØmß�ûUß"ØXÙ �#Úiý7Ú�ü (ã Ù2é~ß x ∈ M

Ú�ØXÙ�Ú�Ù
Ú�ØXÙeý7Ú ã ß�ØBÜhô*Ú�æPß�ØXü�ü£ß�Ú�Ù �Sõ ä ü�ísú�Ú�Ù�Ú�ØBÙ Ý Ú�ØmßÑæ å Ú�é~ßrõ ä

n(x) := ± ∂1Φ × ∂2Φ

|∂1Φ × ∂2Φ| (u)
ü�Ømß

x = Φ(u),

÷9õ*ô*Ú�Ø
+ � ç ä ��õtæwØmß�Ø å Ú �Jä Ø�Ú�Ù~ß�Ø�Ú äiã Ù*Ü*Ú�Ùeë − � ç ä Ù~ÚNÜ7í2ß�Ø å Ú�ë<ý ÿ Ý ÿ û ã ý7Ú�Ù ��õsæ4Ømß�Ø å Ú�ÙøÚ�Ù~ß�Ü*Ú áÜ*Ú�Ù*Ü*Ú#æ�Úsß�ûUß�Ú �Jä Ø�Ú�Ù~ßÑØ�Ú äPã Ù2Ü*Ú�Ùaû ã ÷�� Ý ú�Ú�Ù�ØXæPß ÿ

ù ítæjý ãtä è Ý x 7→ n(x)
Ú ä é7ú�� ä ßrÚ � Ú�é�ßrõ ä!� Ú�úÑý Ý Ú�ØXÞ�ßýkíMæjàX×9ØXÙ Ý Ú�ØÑßmæwÙ~õ ä ü ítú�Ú�Ù � Ú�úÑý�ê6í ã�� M.

��ËkÎ"!*)�Î�Ë,+<ÒuÔ Õ�� � �Jç ä ýMØ�Ú  í ä ísüaÚ�ß ä ØgæwØ�Ú äiã Ù*Ü
Φ : (ϕ, θ) 7→ (

]4?BW
θ
nG\U]

ϕ,
]4?BW

θ
]4?XW

ϕ,
n#\k]

θ)T (0 ≤ ϕ ≤ 2π, 0 ≤ θ ≤ π)
ý7Ú ä ×9ØBÙ Ý Ú�ØmßÑæNæ � Ý � ä Ú S1

ØXæPß

∂ϕΦ =





− ]4?BW θ ]4?BW ϕ]4?BW
θ
nG\U]

ϕ

0



 , ∂θΦ =





nG\U]
θ
nG\U]

ϕnG\U]
θ
]4?XW

ϕ

− ]w?XW θ





ã ÙeýDýkítücØÑß
(

∂ϕΦ × ∂θΦ
)

(ϕ, θ) = − ]w?XW θ




]w?XW
θ
n#\k]

ϕ]w?XW
θ
]w?XW

ϕnG\U]
θ



 = − ]4?BW θΦ(ϕ, θ).

×,æ Ý ísÙeý7Ú�úÑß9æ4ØÑè Ý ítúXæ�õ ã ü ýMØ�ÚuØBÙ�æjà 
rÙ2Ù~Ú ä Ú�ê(ý*Ú ä � õ Ý úXé ã Ü*Ú�úeûsÚ�ØBÜ*Ú�Ùeý7Ú �jõ ä ü�ísú�Ú ÿ
� � �sÍ � Í�� ÒuÔ Õ�� � ù Ø�Ú � õ ä æPß�Ú�úBú ã Ù*Ü�ëtýkísÞ��#Ú�ý7Ú0ì Ý ísú�ôU÷9ÚNÜ7æ"õ ä ý7Ú�Ù~ßÑúBØÑè Ý ÚNö
��ú��7è Ý Ú<Ú�ØBÙc÷9õ Ý ú áý7Ú��2Ù2Ø�Ú ä ß�Ú�æ×,ØBÙ Ý Ú�ØmßÑæ4Ù�õ ä ü�ísú�Ú�Ù � Ú�ú�ý ô*Ú�æ4ØÑßÑû�Úië�ØXæPß<ú�Ú�Ø�ý*Ú ä � � + ! ���,Õ
`9LN\MFc?XW2EGWkA4Ei]=ANEP]�jEGKUEGW7V�EG?g]w�2?XEG^?g]=A C2fU]�]4\MKUEGW�fMW2WkA4E������ � �
���rHJfMW�Ced<C2fU]�F ftWÓEGLNo��M^�Aid
YJEGW2W�F ftWDEG?XW2EGWDLNEPn�okA4Ein�b7?BKUEGW�`<ft��?BEPLN]wA4LNEG?B��EGW

� H
H �

R2F
180◦

TMEPLNC*LN?X^B^BA0R2W�ChC2ftW2Wq]w\a}GR�]NftFcFcEGW2b7^XEGV*Aid�C�ft� �=EPY6EP?B^g]jC*?BE�V�EP?XC2EGWhFc?BA
A
V2}GY�l

Fc?�A
B
V�EP}GEG?gn�o2W2EGA4EPW��6n�bMEGWcftR2��EG?XW�ftW�C2EGL<ANL4EGO�EPW�lM�u?BEi]wEi]<HJfMW�C�bMxUW2W2EGW Å ?XE�É2V�EGL�ft^X^2KMLNÉ2WftW�FcfM^BEPW�d�\Mo2W�E �=EGF fM^X]�?Xo2L4EPW_`9?XW�]4EG^(fMV�]wEGA4}PEGWø}PR_F�É�]4]4EGW�d<Cel o�l<EP?BWÓftR*�uC2EGL � � Í �UËkÍ

��^X�Un�o2E�]=ANE#AN?BKcTsftLN?B?XEGLNEGW�C*EP]�9?XW2o2EP?�A�]wW�\MLNFcfM^BEPW*��EG^gC£b�fMW2WDEP]W2?gn�okA(KMEPV�EPW �
�jftKMEPKMEPW�o�fsA �=EiC*EP]6C*R2L�n�o EG?XW2E(}GR�^X�U]4]4?BKUE`�fMLNfMFcE#A4LN?g]w?XEGLNR2W2K�C2fML4KUEP]wA4EG^X^BA4E(��^X�Un�o2EGW !GÏ ��� �
EG?XWh�,?BW2o�EG?BAN]4W2\MLNF ft^XEGW*��EP^XCedeYJEG?X^�Y�?BL�C*?XE��<\ULNfMR�]N]wEGA4}GR�W2KMEPWhftWqC*?BE�}GR�^X�U]4]4?BKUEGW `<fMLNfMF�EG�
A4LN?g]w?XEGLNR2W2KUEGWaKUEGL�fMC*E�]4\�KUEGY�to2^BA�o�ftV�EGW"l
��\Ubsft^�]4?BW�C ft^g]w\�]4\M^gn�o2E(�2EP^XC2EGL9?XFcF�EPL,TU\MLNo�ftW�C2EGW�dtKU^B\UV�ft^*V�LNfMR�n�o2EGW ]4?BE0W2?Xn�okA,}PR E �*?g]=AN?BEG�
LNEGW�l



��ú��*è Ý Ú�Ù ã Ùeý ��ú��7è Ý Ú�Ù2ØBÙ~ßrÚNÜ ä ísú�Ú(ØBü
R

3 ���(� �2�

Ê�ËUÌ�Í�Î�ÏPÎÑÐ�ÍÓÒ0ÔhÕ.- � ×,æ0æ�Ú�Ø
M
Ú�ØBÙ õ ä Ø�Ú�Ù�ßÑØ�Ú ä ßrÚ�æ:��ú��7è Ý Ú�Ù�æGß4ç*è=é�ë"ýkítû ã Φ : U → R

3 Ú�ØBÙ~Ú
��õsæ4ØÑßÑØ å õ ä Ø�Ú�Ù~ß�Ø�Ú ä ß�Ú�ë�û ã ú��Mæ4æ4Ø�Ü2Ú  í ä ísüaÚ�ß ä ØgæwØ�Ú äiã Ù*Ü�ë M 3 x 7→ n(x)

ý7ítæu×9ØBÙ Ý Ú�ØmßÑæ4Ù�õ ä ü�í áú�Ú�Ù � Ú�ú�ý ã Ùeý v : M → R3 Ú�ØBÙ í ã � M æGßrÚ�ß�ØBÜ*Ú#æ � Ú�é~ß�õ ä#� Ú�ú�ý ÿ ù ítÙ2Ù Ý Ú�ØXÞ�ß
∫

M

v(x) • do :=

∫

M

〈v(x), n(x)〉do =

∫

U

〈v ◦ Φ, ∂1Φ × ∂2Φ〉du1du2

ýkíMæ å Ú�é~ßrõ ä Ø�Ú�úBú�Ú � ô*Ú ä � �*è Ý Ú�Ù2ØXÙ~ß�Ú�Ü ä ísú å õ�Ù v ç�ô*Ú ä M.

do :=
(

∂1Φ × ∂2Φ
)

du1du2 = n(x)do

Ý Ú�ØBÞ�ßýkítæjà å Ú�é�ßrõ ä Ø�Ú�úBú�Ú � ô*Ú ä � �*è Ý Ú�Ù�Ú�ú�Ú�üaÚ�Ù~ßwê ÿÛhítÙ£Ù�Ú�Ù2Ù~ßýMØ�Ú�æ�Ú 
rÙ�ßrÚNÜ ä ítúeí ã è Ý ý7Ú�Ùqà&�.ú ã Þ�ê å õsÙ v ý ãtä è Ý ýMØ�Ú6��ú��*è Ý Ú M.

>@?BA0C*EGF |"L�ftW�]=��\UL4F fsAN?B\UW�]N]4ftA4}0V�EGbU\MFcF�A�F ftW�Y�?XEPC*EPL�^BEP?Xn�okAPÄ

� ��� Ï Ò0Ô Õ�-"Ö ù ítæ å Ú�é~ß�õ ä Ø�Ú�úXú�Ú � ô7Ú ä�� �*è Ý Ú�Ù�ØBÙ~ß�Ú�Ü ä ísú å õ�Ù v ç�ô7Ú ä M �sÙ�ý7Ú ä ß,æ4Ø�è Ý Ù2ØÑè Ý ß=ë÷9Ú�Ù2ÙÓü�ísÙ_û ã Ú�ØBÙ~Ú ä ísÙeý*Ú ä Ú�Ù ��õsæ4Ømß�Ø å õ ä Ø�Ú�Ù~ß�Ø�Ú ä ß�Ú�Ù  í ä ítüaÚ�ß ä ØgæwØ�Ú äiã Ù*Ü_ç�ô7Ú ä Ü2Ú Ý ß=ë<Ü2Ú Ý ß
�#Úiý*õ*è Ý ØXÙ�æ�Ú�ØXÙDÙ�ÚNÜ*í*ßÑØ å Ú�æjç�ô*Ú ä ë"÷<Ú�Ù2Ù�ü ítÙhýUØ�Ú �Jä Ø�Ú�Ù~ß�Ø�Ú äiã Ù*Ü ã ü�ý ä Ú Ý ß ÿ
�uEGL�prWkA4EPKML�ftW�C£o�fsA��wf C*?XE �jEP]wANfM^�A�EP?BW2Ei] Å ��ftA4�2LN\*C*R2bkA4Ei]Gd2]4\*C2ft��Y�?XL�o�ftV�EGW

〈v ◦ Φ, ∂1Φ × ∂2Φ〉 =
C*E#A





v1 ◦ Φ ∂1Φ1 ∂2Φ1

v2 ◦ Φ ∂1Φ2 ∂2Φ2

v3 ◦ Φ ∂1Φ3 ∂2Φ3



 .

��ËkÎ"!*)�Î�Ë,+<ÒuÔ Õ.- � ×,æ(æ�Ú�Ø
M
Ú�ØXÙqà<5Jú�í*ßwß4ê(ý7Ú ä 7�è Ý2ä í ã ô*Ú�Ù � �7è Ý Ú�"

M := {
(

r
nG\U]

ϕ, r
]4?BW

ϕ, ϕ
)T ∣

∣ 0 < r < R, 0 < ϕ < 2π},

ã Ùeý
v(x, y, z) := (y,−x, z)T .

�,]�?g]wA

∂rΦ =





nG\U]
ϕ]4?BW
ϕ

0



 , ∂ϕΦ =





−r ]w?XW ϕ
r
n#\U]

ϕ

1





R2W�CDC2fMFc?�A

∂rΦ × ∂ϕΦ =





]w?XW
ϕ

− n#\k] ϕ
r



 .

�(^g]4\�?g]wA

〈v◦Φ, ∂rΦ×∂ϕΦ〉 =

〈





r
]w?XW

ϕ

−r nG\U] ϕ
ϕ



 ,





]4?BW
ϕ

− nG\U] ϕ
r





〉

= r
]w?XW 2 ϕ+r

n#\U] 2 ϕ+rϕ = r(ϕ+1).

�2\U^BKU^B?gn�o�?X]wA
∫

M

v(x) • do =

∫ 2π

0

∫ R

0

r(ϕ + 1)drdϕ = R2π(π + 1).
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�u?BE�?XF |?BA4EP^�KMEPW�ftW�WUANEGW�prWkA4EGKULNfM^X]N�sAN}GE]w?XW�Cc]N�tF�AN^B?gn�o Å ��EP}G?gft^B���t^X^BEEP?BW2Ei]<EG?XW2}P?BKUEGW Å fsAN}GEi]TM\UW��	eï �����

∫

M

dω =

∫

∂M

ω.

�jftV�EG?"?g]wA
M
EP?BW�Ea��]Nn�o2xMW�E � � > ftW2W�?BKM��ft^BA4?XKMbMEP?�A(?XF R

n, ∂M
C*EPL4EPW���EGV�EGW2��ft^X^X]u]4n�o2xUW2EGL � �9(fMW�Ced�C2fMLNfMR*�

ω
EG?XW2E��0?BO~EGLNEGWkA4?gft^B��\MLNF R2W�C

dω
C*EPL4EPW��u?BO�EPL4EPWUAN?XfM^Ñl

prW£C2?BEi]wEPLJ�0^B^XKMEPF�EP?BW�o2EG?BA�V2LNfMR�n�okA6F ftW£C*?BEi]wEjprWkA4EPKML�ft^g]4�tA4}GE0E#A=Yf�?XW£C*EPLJFc\*C*EPL4W2EPW���ò �
' �&� 	eï.óe]Nn�o2EGW£>@EPn�o�fMW2?Xb \7C2EGL?BWDC*EPL 9�EG^gfsAN?BT7?BAN�sA�]=ANo2EG\UL4?XEMl7�jftLNKMEP]wA4EP^B^BAJ��W�C*EGA(FcfMW£C*?XEP]
E#A=Yf�V�EP? �6ï.ð �*	4��ð�d2�(W�fM^ Ç ]4?X] ��l
�	?XLJV�EGKUW7É2KMEPW�R2W�]Jo2?XEGLFc?�A�C*EPWab7^XfU]4]4?g]4n�o2EPWa�2\UL4F�R2^X?BEPL4R2W�KMEGW�C2?BEi]wEPL Å �sA4}PE0R2W�C���\U^BKUEGWC*EPL(�ufMLN]wA4EP^B^XR2W2Kc?XW ����� 	�� �2ð �"!cò�� ��l
Æ EPWUANLNfM^BE Å �tA4}GE�TU\MF \UV�EPW�W�\tA4?XEGL4A4EPW�| Ç �@]w?XW�C

# �0EPL(È0ftR��*AN]NfsAN}SC2EGL0�u?�O~EGLNEGWkAN?XfM^��9R2W�C£prWkANEGKML�ft^XLNEPn�o2W7R2W2K�Ä
∫ b

a

f ′(x)dx = f(b) − f(a).

# �0Ei]4]4EGW��<EGL�]w?X\MW£��É2L�`�\tANEGWkA4?gft^XE�R2W�C�EP?BW2EPW �qEGK α TM\MW xa W�fUn�o xe
∫

α

∇U • dx = U(xe) − U(xa).

# �0EPL�prWUANEGKULNfM^X]NfsAN}uTU\MW �	eï �����sÄ
∫

M

LN\tA
v • do =

∫

∂M

v • dx,
Cel o"l�C*EPLu��^BR��aC*EGL69�\tA�fsAN?B\UW@EG?XW2EP]0�<EGbkA4\ULw��EP^XC*Ei]0C*R�LNn�oDEG?XW2E��.^g�Mn�o�E

M
?g]wAuKM^XEG?gn�o

C*EGF prWkA4EPKML�ft^~��C*EPL9|.fMW2KMEPWkA4?gft^XbM\MFc��\MW2EPWkA4E � C*EP]<��EG^gC*EP]�^g�tW2Kk]�C2EGL 9(ftW�C*b7R2L4TUE,TU\MW
M.

# �0EPL�prWUANEGKULNfM^X]NfsAN}uTU\MW ��ò�� ���tÄ
∫

Ω

C2?BT
v d3x =

∫

∂Ω

v • n do,
Cel o"lkC2fU]�90ftR2Fc?XWUANEGKULNfM^�C*EPLJ�u?BTUEGLNKMEPW2}(EG?XW2Ei]6��EG^gC*EP]6É2V�EGLEG?XW �jEGV�?BEGA

Ω
?g]=AKM^XEG?gn�o

C*EGF���^XR2��C*Ei]��2EG^gC*Ei](C*R2L�n�o�C2EP]N]wEPW 9(fMW�C�������^g�Mn�o2E � l��É2LfMn�o�]4EGW2��ftL�ft^X^BEP^BE 9(EPn�okA4Ein�bME(V2}PY�l �uR�fMC*EPLJ]4?BW�C�C*?XE Å �tA4}PE0TM\UW  	�ï � ���(R2W�C ��ò��
� �
^XEG?gn�oUA�}PR[V�EGYJEG?g]wEPW[R�W�C C*?BEi]SY6EPLNC2EGWhY�?XL�ftR�n�oqfMR�]=��É�o2L4EPW�l~�<\MW�C2fDftR�]jfML4V�EG?BA4EGA�FcfMW
]4?Xn�o�C2ftW2W�]4n�o�L4?BAwA=YJEG?g]wEuY6EP?�ANEGLJ}GRDft^X^BKUEGFcEG?XW2EPL4EPWa��^X�Un�o2EGW£V2}GY�l �jEGV�?BEGA4EGW"l2È(?XEGLY6EPLNC2EGW
Y�?XL�R2W�]�Fc?BA(EG?XW2?BKUEGW�E �*EGFc�2^gftLN?g]4n�o2EPW£HJE#ANLNfUn�okA4R2W2KUEGW£V�EPKMW7É2KMEPW�l
Ê�Ë���$#Í~ÏPË�� � � + ! � Ï�� ��Ð�Í&%('*),+.-0/

Æ R2W��Mn�o�]wA�V�EPo�ftW�C2EG^XW�Y�?XL�EG?XW2ESEG?XW*��fUn�o2E Å ?BA4R�ftA4?X\MW�l
Q2 V�EP}GEG?gn�o2W2EDC2fU] �uR�fUC*L�fsAPÄ Q2 := (−1,+1) × (−1,+1) ⊂ R

2.
�0Ei]4]4EGW 9(ftW�C

∂Q2V�EP]wA4EGokA0fMR�]�C*EGWDT7?XEGL �qEGKU]wA4É�n�bMEGW
σ1 : [−1,+1] 3 t 7→

(

t

−1

) Fc?�A
σ′

1(t) =

(

1
0

)

σ2 : [−1,+1] 3 t 7→
(

1
t

) Fc?�A
σ′

2(t) =

(

0
1

)

σ3 : [−1,+1] 3 t 7→
(

−t
1

) Fc?�A
σ′

3(t) =

(

−1
0

)

σ4 : [−1,+1] 3 t 7→
(

−1
−t

) Fc?�A
σ′

4(t) =

(

0
−1

)



ù Ø�Ú 
rÙ~ß�Ú�Ü ä ísúgæ!�2ß�ûsÚ å õsÙ��	eï ����� � ��ò��
� � � ��ð �(�2ó ���(� � �

�uEGL �qEGK
σ = σ1+σ2+σ3+σ4

?X]wA9C2ftW2W�KMEPLNfUC*E6C2EGL�EG?XW2F ft^7��\U]4?�AN?BT�C2R2LNn�o�^XfMR*��EGW2E�9(fMW�C
TM\UW

Q2.
��É2LSEG?XWqfMR*�6EP?BW2EPLS\tO~EGW2EPWqz0F�KUEGV2R�W2K£TU\MW

Q2
W2\*n�o[]wA4E#AN?BK@C*?BO~EGLNEGW2}P?BEPL4V�fML4Ei]

�<EGbkAN\ML4��EG^gC (

P1(x1, x2)
P2(x1, x2)

) ?X]wA(C2ftW2W

∫

∂Q2

P1dx1 + P2dx2 =

4
∑

i=1

∫ +1

−1

〈

(

P1(σi(t))
P2(σi(t))

)

, σ′
i(t)

〉

dt

R2W�Cc?XW�C*EPF±F ftWc\UV2?BKUE��ufMLN]wA4EP^B^XR2W2KUEGW���É2L,C*?XE(|.EG?X^BL��tW�C2EGL
σi
EG?XW�]wEGA4}GAPdtEPL4KU?BV*A,]4?gn�ocC2?BEi]wEi]

prWkA4EPKML�ft^~}GR

=

∫ +1

−1

(

P1(t,−1) + P2(1, t) − P1(−t, 1) − P2(−1,−t)
)

dt

=

∫ +1

−1

(

P2(1, x2) − P2(−1, x2)
)

dx2 −
∫ +1

−1

(

P1(x1, 1) − P1(x1,−1)
)

dx1

=

∫ +1

−1

∫ +1

−1

(

∂1P2 − ∂2P1

)

dx1dx2.

�(^g]4\�o�ftV�EGWDY�?BL
��� Ï��DÒ0ÔhÕ.-4�
þUÿ ×,æ6æ�Ú�Ø

Q2 := (−1,+1)× (−1,+1)
ücØÑß ��õsæ4ØÑßÑØ å ý ãtä è Ý ú�í ã�� Ú�Ù�Ú�ü �0ítÙeý

∂Q2, � Ú ä Ù�Ú ä
P1, P2

æGßrÚ�ß�ØBÜ@ýMØ �eÚ ä Ú�Ù2ûGØ�Ú ä ôMí ä í ã�� Ú�ØBÙ~Ú ä > ü�Ü2Úsô ã Ù*Ü å õ�Ù Q2. ù ítÙ2ÙDØXæPß
∫

Q2

(

∂1P2 − ∂2P1

)

dx1dx2 =

∫

∂Q2

P1dx1 + P2dx2.

��ÿ � Ø�Ú ä étítÙ2Ù�ü�ísÙ@ì ã Ù~ß�Ú ä ß ä Ø å Øgítú�Ú ä Û[õ2ýMØ �2étí*ßÑØ�õsÙ ý7Ú�æ�5(Ú�÷9Ú�Øgæ�Ú#æ=ö,ýkítæ.æ ��Ú�ûPØ�Ú�úBúUÜ*Ús÷�� Ý úÑßrÚ
� ã í7ý ä í*ß Q2 ý ãtä è Ý Ú�ØXÙ&ô*Ú�úXØ�ÚtôsØBÜ*Ú�æ�í*è Ý æ�Ú�Ù ��í ä ítúBú�Ú�ú�Ú�æ �uÚ�è Ý ßrÚiè=é Ú ä æ�Ú�ßÑû�Ú�Ù ÿ � � ã �*Ü÷<Ú ä ý7Ú�Ùø÷<Ø ä æ ��Ú�ûPØ�Ú�úBúJýkíMæ�àg×9ØXÙ Ý Ú�ØÑßmæ � ã í*ý ä í2ßwê E2 := (0, 1) × (0, 1)

ô*Ú�Ù ã ßÑû�Ú�Ù ÿ ù Ø�Ú
å Ø�Ú ä /0Ú ä í7ý7Ú�Ù�æPßwç*è=é*Úië�í ã æ�ý7Ú�Ù�Ú�Ùøý7Ú�æNæ�Ú�Ù �0ísÙ�ýaû ã æ�ísücüaÚ�Ù2Ü*Ú�æ�Ú�ßÑûMß9ØgæPß=ë<ô7Ú�û�Ú�ØÑè Ý Ù�Ú�Ù÷<Ø ä í ã è Ý£Ý Ø�Ú ä ÷<Ø�Ú�ý7Ú ä ücØmß σ1, . . . , σ4.

Ô ��� � ��� Ë@Ò0ÔhÕ.-�- 
rÙ~ßrÚ ä � ä Úsß�Ø�Ú ä Ú�Ù 77Ø�Ú�ýMØ�Ú�æ�Ú�æ�× ä Ü*ÚtôsÙ2Øgæ0ísúgæuÚ�ØBÙ�Ú�Ù 7���Ú�ûGØ�ísú � ísúXú9ý*Ú�æ0ítúBúBÜ*Ú áüaÚ�ØXÙ�Ú�Ù%72í2ß�ûsÚ�æ å õsÙ��	eï �����
∫

M

LN\tA
v • do =

∫

∂M

v • dx.

prWhEP?BW�EGF�W��Mn�o�]=ANEGW Å n�o�L4?BAwASEGL�]wEGA4}PEGW@Y�?XLuW7R2W[R2W�]4EGLj�9?BW�o2EG?BAN] �kR�fMC*L�fsASC*R2L�n�oh]4EG?XWhHJ?B^gCR2WkA4EPL�EG?XW2EGL
C2 ���0V2V2?X^XC2R2W2K Φ,

ftW�C*?XE�Y�?BLW2\*n�o�KMEGY�?g]N]wEj}GR�]N�sAN}G^X?Xn�o�ES��\ML�C*EGLNR2W2KUEGWa]wA4EP^��
^XEGW�l
Ê�ËUÌ�Í�Î�ÏPÎÑÐ�ÍÓÒ0ÔhÕ.- ;Z×9ØBÙ�õ ä Ø�Ú�Ù~ß�Ø�Ú ä ß�Ú�æ(ÜUú�í*ß4ß�Ú�æ=��ú��*è Ý Ú�Ù�æPßwç2è=é M ⊂ R

3 Ý Ú�ØXÞ�ß�Ú�ØXÙ�àgûM÷9Ú�Ø áýMØXüaÚ�Ù�æ4Ø�õsÙ�ísú�Ú�æ  � ítæPß�Ú ä êÑë~÷9Ú�Ù�Ù@Ú#æ0Ú�ØXÙ�Ú�ìBû ã ú��Mæ4æ4Ø�Ü2ÚNö C2 á  í ä ísüaÚ�ß ä Øgæ4Ø�Ú äPã Ù2Ü Φ : E2 →MìBücØmßý7Ú�ü�í2ô�Ü2Ú�æGè Ý ú�õsæNæ�Ú�Ù�Ú�Ù�×,ØBÙ Ý Ú�ØmßÑæ � ã í7ý ä í*ß E2 = [0, 1]× [0, 1]
öÜUØ�ô*ßwë�æ�õ2ýkítÞ�Ü2Ú�úmß�Ú�Ù

þUÿ
Φ
ØgæGß,í ã�� E2 Ú�ØXÙ�Ú ��õtæwØmß�Ø å Ú  í ä ísüaÚ�ß ä Øgæ4Ø�Ú äPã Ù2Ü å õ�Ù M,

��ÿ �6ç ä k = 1, 2, 3, 4
ØgæGßýUØ�Ú�àgé á ßrÚ=7�Ú�Ømß�Ú�ê å õsÙ Φ

"

ϕk := Φ ◦ σk
∣

∣

(0,1)

ìgísúgæ�õ�Ú�ØBÙ2Ü*Ú�æGè Ý2ä �sÙ2é~ß�í ã�� ýkíMæ�Ð��,Ë7Í�Ë 
rÙ~ß�Ú äPå ísúXú (0, 1) � ö�Ú�Ù~ßr÷9Úiý7Ú ä é7õsÙ�æGß�ísÙ~ß�ì�ý ÿ Ý ÿû ã Ú�ØXÙ�Ú�ü (ã Ù2é~ßJÚ�Ù�ß�í ä ß�Úsß�öuõ2ý7Ú ä ØXÙ��#Ú�é~ßÑØ å£ã Ùeý ä Ú�Ü ã ú�� ä ÿ



������� � ��� �����
	�ï.ð����ó�ò
���������

�2ÿ ×9ØBÙ@ô*Ú�úXØ�ÚtôsØBÜ*Ú ä (ã Ù2é~ß x ∈ R
3 étísÙ2Ù û ãSÝ 	 è Ý æGßrÚ�Ù�æ�ûU÷<Ú�Ø2Ù2ØÑè Ý ß�Ú�Ù~ß�í ä ß�Ú�ßrÚ�Ù?7�Ú�Ømß�Ú�ÙcÜ*Ú á

Ý 	�ä Ú�Ù ÿ � í2ô*Ú�Ù@ûU÷<Ú�Ø�Ù2ØÑè Ý ß�Ú�Ù~ß�í ä ß�Ú�ßrÚ#7�Ú�ØÑßrÚ�Ù
ϕk
ã Ùeý ϕk′

Ú�ØXÙ�Ú�Ù (ã Ù2é~ß9Ü*Ú�üaÚ�ØXÙ�æNítü�ëæ�õ�æPß�Ú�úXú�Ú�Ù ô7Ú�Ø�ý7Ú�ý*Ú�Ù@æ�Ú�úmô*Ú�Ù �aÚNÜDýkí ä ëeý7Ú�Ù�æ4Ø�Ú��#Úiý7õ2è Ý Ú�Ù~ß�Ü2ÚNÜ*Ú�Ù*Ü*Ú#æ�Úsß�ûUß,ý ãMä è Ý ú�í ãká
� Ú�Ùeë�ý ÿ Ý ÿ Ú�æuÚ�@*ØXæPß�Ø�Ú ä ß,Ú�ØXÙ�ÚSæPß�Ú�ßÑØ�ÜDýMØ ��Ú ä Ú�Ù2ûPØ�Ú ä ôMí ä Ú=� ã Ù2é~ß�Ø�õ�Ù h : [0, 1] → [0, 1]

ü�Ømß
ϕk′ = ϕk ◦ h ã Ùeý d

dt
h < 0.

ù ísÙ2ÙDÙ�Ú�Ù2Ù~ß<ü ítÙ Φ
Ú�ØXÙ�Ú�à  � ítæPß�Ú ä �"í ä ísüaÚ�ß ä ØgæwØ�Ú äiã Ù*Ü�ê ÿ

��ËkÎ"!*)�Î�Ë,+ÑË �
�£p=]wA

Ψ
EG?XW

C2 �r�u?�O~EG\UF�\UL4��o2?X]4F�R�]�}GY�?g]4n�o�EGWDEG?XW2EGF E2
R2F���fM]N]wEPW�C*EGW@L��tR�F�^X?gn�o2EGW �jE#�

V2?XE#A
G
R2W�C¶EG?XW2EGF Y6EP?�ANEGLNEGW �jEGV�?BEGA

G′ ⊂ R
3,
]4\�EGL4��É2^B^BA

Φ := Ψ
∣

∣

E2

\MO�EPWkV�ftL�ft^X^XE
HJEPC*?XW2KUR2W2KMEPW�d*YJ\MV�EG?ebMEP?BW 9(fMW�C�EGWkANfMLwANE#APl
z(W�]wEPL �uR�fUC*LNftA0Y�?XLNCDTUEGLN}GEGLNL4A(R2W�C TUEGLNV�EPR2^BA0?BW[C*EGW

R
3 KMEi]4n�o2\UV�EPW�d�V�EGo��t^BAjftV�EGLj]wEP?BW�ET7?BEPL,v=�6n�bMEGW*yuR2W�CDC*?XE�T7?BEPL(C2ft}PY�?X]Nn�o2EGW�^X?BEPKMEGW�C*EGW vw|.EG?X^XLN�MW�C*EGLwy�l

�9?XW2E�EG?XW*��fUn�o2E��(V2V2?X^gC*R2W2K TU\MWDC*?BEi]wEPF | Ç �£?g]=A(EGA=YJf�KMEPKMEPV�EPW�C*R�LNn�o

Φ : [0, 1]× [0, 1] → R
3, (u1, u2) 7→





n#\k]
(ωu1)]w?XW
(ωu1)
ωu2



 ,

YJ\MV�EG?
0 < ω < 2π.

�u?BEi]wE�(V2V�?B^gC*R2W2KSV2?XEGKMA�C�fM].�9?BW�o2EG?BAN] �kR�fMC*L�fsA�}GR�EG?XW2EGF �0R�]N]4n�o2W�?�A4AwA
EG?XW2Ei] Æ�Ç ^B?XW�C*EPL4F ftWkANEG^g]}GR�]NftFcFcEGW�l2QSEP?BW�E Å EG?BA4E�EGWkA�ftL4A4E#AilprFª��ft^X^XE

ω = 2π
bMxUW2W2EGWcY�?XL,}PYJfML

Φ
W2?gn�okA,FcEGo2L6ftR�],EG?XW2EGFª�0?BO~EG\MFc\UL4�2o�?X]4F�R�]9KMEGY�?XW*�

W2EPW�d*EP]Jo�fMW�C*EG^BA�]w?gn�o£fMV�EPL6?XFcF�EPL�W2\*n�oaR2F EP?BW�Ej` ��fM]wA4EPL4��fMLNfMFcE#A4LN?g]w?XEGLNR2W2K�lM�0?XE Å EG?BA4EPW
ϕ2
R2W�C

ϕ4
��fM^B^XEGW�EGWkANKMEGKUEGW2KUEP]4E#AN}#A6\UL4?XEGWkAN?BEPLwA�ftR*��EP?BW�ftW�C*EPLPd*Cel o�l*Y�?XLo�ftV�EGWDC2ftW�W£EP?BW2EPW

LN?BW2KM��xMLNFc?BKUEGW£�0V�]Nn�o2W2?BAwA(EG?XW2Ei] Æ�Ç ^B?XW�C*EPL4F ftWkANEG^g]Gl
prWDV�EP?XC2EGW@���t^X^BEPW£o�fMV�EPWDY�?BL(fM^X]4\cEG?XW£}PY6EP?XC*?XFcEGW�]4?X\MW�fM^BEi]` ��fM]wA4EPL�EGLNo�ft^BA4EPW�l

���0?XEW2\tAN?BEPLwANEGWc]4n�o7Y�Mn�o2EPL4EPW�H6EiC*?XW2KMR2W�KMEGW�ftW
Φ
^gfM]N]wEPW�ftV�EGL<ftR�n�o�ft^X^XKMEGFcEP?BW2EPL4EHJ?B^gC*EPL

}GR"l
�u?BE��\U^BKUEGW�C*E��0V2V2?X^XC*R�W2K�F fMn�okA9ftR�]�R2W�]wEPL4EPF �9?XW2o2EG?BAN] �kR�fMC2LNftA�EP?BWc�uL4EP?BEin�b�dsYJ\MV�EG?*EP?BW�E
Å EP?�ANE�}GRDEG?XW2EGF�`9R2W2bkAu]Nn�o2LNR2Fc�*��APÄ

Φ : [0, 1] × [0, 1] → R
3, (u1, u2) 7→





u1

u1u2

0





^X?BEG��EGL4AuC2fM]u�0LNEG?XEPn�b£Fc?�ASC*EGW@�,n�bUEGW
(0, 0, 0)T , (1, 0, 0)T , (1, 1, 0)T .

�uR2L�n�oDA4LN?BT7?gft^XE�>@\M�
C*?B��bsfsAN?B\UW2EGWDEGLNo��M^�A�F ftWDft^g]w\ fM^B^XKMEPF�EP?BW"Ä
¼ « ¡D���4� « ��¸N¦ « ���� « ¡D®Gµ,� « ¬ «�© �#¡�� « §s¡��t�B�#�S²��������r�#�GÁ

Å EGA4}GEPWDY�?BL

Φ : [0, 1]× [0, 1] → R
3, (u1, u2) 7→ u1





n#\U]
2πu2]w?XW
2πu2

0





]4\j^X?XE#��EGL4A
Φ
EG?XW2E�`<ftL�ftFcE#ANL4?g]w?XEGLNR2W2KjC*EGL9QSLNEG?g]N]4n�o2EP?BV�ETM\UF 9(fMC2?BR�]�UlM�jftV�EG?2KUEGo2EPW�É2V�EGL

C*?XE�9(�tW�C*EGL
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σ1 :

(

u1

0

)

7→ ϕ1 : = u1





nG\U]
0]4?BW
0

0



 = u1





1
0
0





σ2 :

(

1
u2

)

7→ ϕ2 : =





nG\U]
2πu2]4?BW
2πu2

0



 =
QSLNEG?g]w^X?BW�?BE

σ3 :

(

1 − u1

1

)

7→ ϕ3 : = (1 − u1)





nG\U]
2π]4?BW
2π

0



 = (1 − u1)





1
0
0





σ4 :

(

0
1 − u2

)

7→ ϕ4 : = 0 ·





n#\k]
...]w?XW
...

0



 =





0
0
0





�u?BE Å EP?�ANE ϕ4
?X]wA�}GR2F �(R2^X^X�2R2W2bkAaEPWUA�ftL4A4EGAPd9C*?XE Å EG?BA4EPW ϕ1

R2W�C
ϕ3
]w?XW�CÓKMEPKMEGW�^X�MR*��K

\MLN?XEGWkA4?XEGL4AJC*?XE Å A4LNEPn�bUEjfMR*�.C*EPL x �r��n�o�]4Eu}PY�?X]Nn�o2EGW 0
R2W�C

1, ϕ2
��ftL�ftFcE#ANL4?g]w?XEGL4A6C*?XESTM\U^B^XE

QSLNEG?g]w^X?BW�?BEUl
�(^g]4\�o�ftV�EGWDY�?BL
¼ « ¡~� ���4� « ���#¸�³2� « ¯�� « ����� « ¡D®Gµ,� « ¬ «�© �G¡2� « §t¡��s�X���S² ��s�����G�GÁÔ ��� � ��� Ë � Æ EG?XKMEPW Å ?XEMd7C2ft��ftR�n�o EP?BWaQSEPKMEP^BF ftWkANEG^g]=ANR2Fc�*�=dMEP?BW2EjÈ0fM^BV2b7R2KUEG^g]w��o��tLNEMdtEP?BW�E�<\M^X^XbkR�KMEG^g]4�2o��tLNEj` ��fM]wA4EPL(]w?XW�Cel
�(W[C*EGW HJEG?g]4�2?BEP^BEPW@Y�?BL�C@C*EPR*A4^X?Xn�o"d�C2fM�aC*?XE�HJ?B^gC*EPL

ϕk
C*EPL0|"EP?B^XL��tW�C*EPL

σk
R2W�]4EGLNEP](�,?BW*�

o2EP?�A�] �kR�fUC*LNftA4Ei],W2?gn�okA�R2W7V�EiC*?BW�KtA�W2\*n�o£}PR2F 9(fMW�CaC2EP]�HJ?B^gC*Ei]Gd*Cel o�l�C*Ei]J` ��fM]wA4EPLN]JKUEGo2xM�
LNEGW�l*�,](Y6EPLNC*EPW£?XW@C*?XEP]4EGF Å ?XW2W2E�R�W2EGLNo2EGV�^B?gn�o

# EGWkANfMLwANE#A4E Å EP?�ANEGW�d
# v=o2?XW�R2W�C�o2EGL(C2R2LNn�o�^XfMR*��EGW2E#y Å EP?�ANEGW"���m��fMftLNE � l

�jftFc?�A(?g]wA���\M^XKMEGW�C*E��0EG��W2?BA4?X\MW@]w?XW2W7TM\U^B^mÄ
Ê�ËUÌ�Í�Î�ÏPÎÑÐ�Í � Í�� ��� Ï	�£ÒuÔ Õ.- � � ã Ú�ØBÙ~Ú ä  � ítæPß�Ú ä �"í ä ísüaÚ�ß ä ØgæwØ�Ú äiã Ù*Ü Φ : E2 → R

3 Ú�Ø áÙ�Ú#æ:�.ú��7è Ý Ú�Ù�æPßwç*è=é*æ M æ�Ú�Ø.Ú�ØXÙ�Ú 7�Ú�Ømß�Ú
ϕk
à�÷<Ú#æ�Ú�Ù�ßÑúBØÑè Ý êÑëe÷<Ú�Ù2Ù�æ4Ø�Ú

# Ù2Ø�è Ý ß9í ã æ=Ü2Ú#í ä ß�Úsß.ØgæPß6õ*ý*Ú ä
# Ù2Ø�è Ý ß�û ã Ú�ØBÙ�Ú�ü  íMí äÝ ØBÙ ã Ù�ý Ý Ú ä ý ãtä è Ý ú�í ã�� Ú�Ù�Ú ä 7�Ú�Ømß�Ú�Ù�Ü2Ú Ý 	sä ß ÿ

ù Ú ä �0ísÙ�ý ∂M ô*Ú�æPß�Ú Ý ßjýkítÙ2Ùqí ã æ�ý7Ú�ÙÓ÷<Ú#æ�Ú�Ù~ß�úXØ�è Ý Ú�Ù 7�Ú�ØÑßrÚ�Ù
ϕi1 , . . . , ϕim

å õ�Ù Φ
ôsûM÷ ÿÚ�æØgæPß

∂M = ∅, ÷9Ú�Ù�Ù Ú#æé7Ú�ØBÙ�Úuæ�õ�úÑè Ý Ú�Ùq÷9Ú�æ�Ú�Ù~ß�úXØ�è Ý Ú�Ù 7�Ú�Ømß�Ú�Ù�ÜkØmô*ß ÿ
� Ø ä Ú ä é7ú�� ä Ú�Ù � ç ä Ú�ØBÙ � Ú�é~ßrõ ä!� Ú�úÑý v :

∫

∂M

v • dx =

{

∫

ϕi1

v • dx + . . .+
∫

ϕim
v • dx ÷9Ú�Ù�Ù

m > 0,

0
÷<Ú�Ù2Ù

m = 0.

��Ë��_Ë�� ��� Í����t�9?XW2EJKMEPW�ftR2E 9�EPn�okA4��EGL4A4?XKMR2W2KuC*?BEi]wEPL��uE#��W2?�AN?B\UW�?g]=A�LNEPn�okA�fMR*��Y6EPW�C*?XK�l��	?BL
V�EP]Nn�o2LN�MW2bMEPWaR2W�](ftR*�ev=TUEGLNW7É2W*��A4?XKME#yu`<ftL�ftFcE#ANL4?g]4?BEPL4R2W�KMEGW"dUYJ\ ]w?XE�EGT7?gC*EGWkA�?X]wAPl
prW�C*EPL9EGV�EGW KUEGKMEPV�EPW2EGW �jftL�]=ANEG^X^BR�W2Kj��É2L6C2fU]<prWkA4EPKML�ft^*É2V�EGLJC*EGW 9(fMW�C

∂M
bM\UFcF�EPW C*?BE

prWkA4EPKML�ft^XEuÉ2V�EGLuC*?BE�W�?Xn�okA(YJEP]4EGWkA4^X?Xn�o�EGW Å EG?BA4EGW@W�?Xn�okA�TM\ULPl2�0W�C*LNEGL�]wEP?�A�]o�fsA(C2fU]prWUANEGKULNfM^
∫

ϕi
v • dx É�V�EPL�EP?BW2EDftR�]wKUEPftL4A4EGA4E Å EP?�ANE�C2EGW �qEGL4A ��d���EPL4W2EPL�o�EGV�EGW ]4?gn�o_C*?XEaEGWkA�]w�2LNE#�

n�o2EPW�C*EGW£prWkA4EGKULNfM^BEuÉ2V�EGLEG?XWa`<fMfML6o�?BW�R2W�Cao2EGL�C*R2L�n�o2^gftR*��EPW2EGL Å EP?�ANEGWDftR*�=l*�jftFc?�A�?g]=AEP]��É2LjC*EGW �qEGL4AuC*Ei](EPWUA�]=ANEGo2EPW�C*EPW 9(ftW�C7�mprWkANEGKML�ft^g]R2W2EPL4o�EGV2^X?Xn�o"d�YJEGW2W@Y�?XLuC*?XE�prWkANEGKML�ft^XE
É2V�EGLcC*?XEaW2?gn�okA=Y6Ei]wEPWUAN^B?gn�o2EPW Å EG?BA4EGW o2?XW2}GR2W�EGo2FcEGW"d�Cel o�l�É2V�EGLcft^X^BE Å EG?BA4EPW_]wR�F�Fc?XEGLNEGW�l�u?BEi]�V�EiC*EGR2A4E#A



������� � ��� �����
	�ï.ð����ó�ò
���������

��� Ï��DÒ0ÔhÕ.- ��77ØBÙ�ý
ϕ1, . . . , ϕ4

ýMØ�Ú�7�Ú�Ømß�Ú�Ù�Ú�ØBÙ~Ú ä� � íMæGßrÚ ä ��í ä ísüaÚsß ä ØXæ4Ø�Ú äPã Ù*Ü å õsÙ M,
æ�õ

ØgæGß � ç ä Ú�ØBÙ í ã�� M
Ú ä é7ú�� ä ßrÚ�ææGßrÚ�ßÑØ�Ü2Ú�æ � Ú�é~ßrõ ä!� Ú�úÑý v

∫

∂M

v • dx =

4
∑

i=1

∫

ϕi

v • dx.

�	?XL(}GEP?BKUEGW�WkR�W�C*EPW
��� Ï��DÒ0ÔhÕ.- � � ��Ð�Í�%('*),+.-0/ � ������� � !PÏPË����h×,æuæ�Ú�Ø

Ω ⊂ R
3 Ú�ØXÙ /0ÚsôsØ�Ú�ßwë

M ⊂ Ω
Ú�ØXÙ

ûM÷9Ú�ØÑýMØXüaÚ�Ù�æ4Ø�õsÙ�ísú�Ú�æ  � ítæPß�Ú ä ë v : Ω → R
3 Ú�ØBÙ C1 á�� Ú�é�ßrõ ä!� Ú�úÑý ÿ ù ísÙ2ÙDØgæGß

∫

M

LN\tA
v • do =

∫

∂M

v • dx

��Ë ��ËkÎ"!MÄ �	?XLJY�to�^BEPWaEG?XW2Ej` ��fU]=ANEGLN��ftL�ftFcE#ANL4?g]4?BEPL4R2W�K
Φ
��É2L

M
��C*?XES?X]wA�C2ftW2W�ftR*AN\MF fs�

A4?g]Nn�o[��\U]4?�AN?BT[\MLN?BEPWkA4?XEGL4A � d�]4\*C2ft��Fc?�A�C2EGF{�,?BW2o�EG?BAN] �UR�fMC*L�fsA E2 KU?B^BA Φ(E2) = M
R2W�C

��É2o2LNEGW¶Fc?BAwA4EP^X]aC*?BEi]wEPL `<ftL�ftFcE#ANL4?g]w?XEGLNR2W2K C*?XE@V�EPo�ftR��*A4EGA4E �(R�]4]NftKUEDfMR*�jC2?BE@TU\MW Å fsAN}����l � ��}GR2LNÉ�n�b~l �	?XL�V2LNfMR�n�o2EPW�C2fM}GR£��\M^XKMEPW�C*E�ft^XKMEPV2LNfM?X]Nn�o2Eup=C*EGWkA4?BAN�tAPÄ
À 
*� ���N¦t�r§s�4�G¡

r = (r1, r2, r3)
T , a = (a1, a2, a3)

T , b = (b1, b2, b3)
T ∈ R

3

¢ « � � ©�« ��¬M�G� � �t�Ñ� «��

R := R(r) :=





0 −r3 r2
r3 0 −r1
−r2 r1 0





¬ « �
	u�N® « ��³7�*¡7¢
R · a = r × a

�*¡�¬a¬M� ©�« �(�s��¸�³
〈R · a, b〉 = 〈r × a, b〉 = 〈r, a× b〉.

�u?BE�]4?BFc�2^XE�9�Ein�o2W7R2W2K ]wEP?eÉ2V�EGLNKUftW�KMEGW"l
Æ R@C*EPL�KMEGY�to�^�ANEGW�`�fMLNfMFcE#A4LN?g]w?XEGLNR2W2K Φ : E2 ⊂ U 3 u 7→ Φ(u) ∈ R

3 ]4EG?XEGW�Fc?�A ∂1
R�W�C

∂2
C*?XE��u?�O~EGLNEGWkA4?gfsAN?B\UW@W�fMn�o C2EGW@V�EG?gC*EGW Qu\MFc��\MW2EPWUANEGWDTM\UW

u
V�EG}GEP?Xn�o�W2E#Aid�C2fMF�?BAufM^X]4\

DΦ = (∂1Φ, ∂2Φ)
C*?XE�î2ò�	~ï����B�r> fsANL4? � TM\MW

Φ. Dxv
V�EG}GEP?Xn�o�W2EjC2?BE�î2ò�	~ï�� �B�r> fsANL4? ��C*EP]

ftR2�
M ⊂ Ω ⊂ R

3 EPL4b7^g�tL4A4EGW��<EGbkAN\ML4��EG^gC*EP] v.�	?XL(V2?X^XC*EPW@C*?BE���R2W2bkA4?X\MW

u 7→ P (u) :=

(

P1(u)
P2(u)

)

:=
(

DΦ
)T · v(Φ(u)),

Cel o�l2Ei]?X]wA
Pj(u) = 〈v(Φ(u)), ∂jΦ(u)〉 (j = 1, 2).�(R�](C*EGL�`,L4\*C*R2bkANL4EPKMEG^~��\U^BKMA

∂iPj = 〈∂i(v ◦ Φ), ∂jΦ〉 + 〈v ◦ Φ, ∂i∂jΦ〉
R2W�CDC2fMFc?�A(R2WkANEGL(HJEGW7R*AN}GEGWDC*Ei] Å fsAN}GEi]TM\MW �	�����ò"ð��

∂1P2 − ∂2P1 = 〈∂1(v ◦ Φ), ∂2Φ〉 − 〈∂2(v ◦ Φ), ∂1Φ〉
= 〈Dxv · ∂1Φ, ∂2Φ〉 − 〈Dxv · ∂2Φ, ∂1Φ〉
= 〈

(

Dxv − (Dxv)
T
)

· ∂1Φ, ∂2Φ〉.



ù Ø�Ú 
rÙ~ß�Ú�Ü ä ísúgæ!�2ß�ûsÚ å õsÙ��	eï ����� � ��ò��
� � � ��ð �(�2ó ���(� � �

�(R�W�?g]wA

Dxv =











∂v1
∂x1

∂v1
∂x2

∂v1
∂x3

∂v2
∂x1

∂v2
∂x2

∂v2
∂x3

∂v3
∂x1

∂v3
∂x2

∂v3
∂x3











R2W�CDC2fMFc?�A

Dxv − (Dxv)
T =



















0

(

∂v1
∂x2

− ∂v2
∂x1

) (

∂v1
∂x3

− ∂v3
∂x1

)

(

∂v2
∂x1

− ∂v1
∂x2

)

0

(

∂v2
∂x3

− ∂v3
∂x2

)

(

∂v3
∂x1

− ∂v1
∂x3

) (

∂v3
∂x2

− ∂v2
∂x3

)

0



















.

�u?BEi]wE> fsANL4? ��o�ftA�fM^X]4\uC*?XE �jEP]wANft^BA<C*EGL�?XW�C*EPL�\UV2?XKMEGW�p=C*EGWkA4?BAN�tA<V�EPWkR2A4}#ANEGW�> fsANL4? �
R(r),YJ\MV�EG?eo2?XEGL�KUEGL�fMC*E

r =









∂v3
∂x2

− ∂v2
∂x3

∂v1
∂x3

− ∂v3
∂x1

∂v2
∂x1

− ∂v1
∂x2









=
L4\MA

x v,

Cel o�l7C*?BE 9�\MANfsAN?B\UW�C*EP]6KMEPKMEPV�EPW2E(�<EGbkAN\ML4��EG^gC*EP]6?X]wAPl � V�EGLC*?XE0\UV�EPWaftV2KUEG^XEG?BA4EGA4E0p=C2EGWkA4?BAN�tA
V�EGbM\UFcF�EPW£Y�?XL(ft^g]4\

(

∂1P2 − ∂2P1

)

(u) = 〈
( LN\tA

x v
)

(Φ(u)), ∂1Φ(u) × ∂2Φ(u)〉
R2W�CDC*?XEP]J��É�o2LwAj]4n�o2^X?XEG�M^X?gn�oaW�fUn�o��uE#��W�?�AN?B\UW�����l ���cfMR*�

∫

M

L4\MA
x v • do =

∫

E2

〈
( L4\MA

x v
)

(Φ(u)) , ∂1Φ(u) × ∂2Φ(u)〉du1du2

=

∫

E2

(

∂1P2 − ∂2P1

)

(u)du1du2.

�0fUn�o�C2EGF Å fsA4}S����l � ��?g]=A0C*?XEP]

=

∫

∂E2

P1du1 + P2du2

=
4

∑

j=1

∫ 1

0

〈P (σj(t)) , σ
′
j(t)〉dt

=

4
∑

j=1

∫ 1

0

〈
(

DΦ
)T · v(Φ(σj(t))) , σ

′
j(t)〉dt

=

4
∑

j=1

∫ 1

0

〈v(Φ(σj(t))) , DΦ · σ′
j(t)〉dt

=

4
∑

j=1

∫ 1

0

〈v(Φ(σj(t))) ,
(

Φ(σj(t))
)′〉dt

=

∫

∂M

v(x) • dx,

YJ\MFc?�A(C*?XE�V�EGo�fMR2�*A4EGA4E�prWkA4EPKML�ft^B��\MLNFcEG^~KMEP}GEG?XKtA�?g]=Ail
�



������� � ��� �����
	�ï.ð����ó�ò
���������

>@?BAjC*EPW@` ��fU]=ANEGLNW o�ftV�EGW@Y�?XL0W7R2W[]4n�o2\UWDEG?XW2E�LNEPn�okA0LNEG?gn�o2o�ft^BA4?XKME�Qu\M^X^XEGbkA4?X\MWDTM\UW ��^X�t�
n�o2EPW�d9��É2LDC*?XEhC*EPLaprWkA4EPL4KULNfM^X]NfsAN}�TU\MW  	�ï � � �DKM?X^BAPd6fMV�EPLaEGA=YJføC2?BE 
uV�EGL����Un�o2E@EG?XW2EP]
�uR�fUC*EGL�]c?X]wA�bMEP?BW¶` ��fM]wA4EGLil,�0^B^XEGL�C*?XW2KU]c^g�t�MAa]w?XE ]w?gn�o¶ftR�] ` ��fM]wA4EPL4W¶}GR�]4fMF�FcEPW�]wEGA4}PEGW
R2W�C£C2ftLNÉ2V�EGLJC*EGL Å fsAN}0TU\MW  	�ï � � �(fMR�n�o ��É2L]w?XE0V�EGYJEG?g]4EGW�l7�0?XEP]]4EG?�W2\*n�o�E#A=YfM]6] Ç ]wA4EG�F fsAN?X]Nn�o2EGL�V�EGo�ftW�C*EP^�Ail
Ê�ËUÌ�Í�Î�ÏPÎÑÐ�ÍÓÒ0ÔhÕ.- � ×9ØBÙ~Ú�àgûM÷9Ú�ØÑýMØXüaÚ�Ù�æ4Ø�õsÙ�ísú�Ú  � ítæPß�Ú ä é*Ú�ßwßrÚ�ê M ØXü

R
3 ô*Ú�æPß�Ú Ý ß�í ã æÚ�Ù�ýMúBØÑè Ý�å Ø�Ú�ú�Ú�Ù  � ítæPß�Ú ä �"í ä ísüaÚ�ß ä ØgæwØ�Ú äiã Ù*Ü2Ú�Ù Φ1, . . . ,ΦN : E2 → R

3,
æ�õ2ýkísÞ ücØmß

Mi :=
Φi(E

2), ϕij := Φi ◦ σj : (0, 1) → R
3 (i = 1, ..., N, j = 1, ..., 4)

ÜkØBúmß
# Mi ∩Mk = ∅ � ç ä i 6= k,

# �kÚ�ý7Ú ä (ã Ù2é~ß*Ü*Ú Ý 	�ä ß*û ãÝ 	 è Ý æPß�Ú�Ù�æeûM÷9Ú�ØMÙ2Ø�è Ý ßrÚ�Ù~ßmí ä ßrÚ�ß�Ú�Ù�7�Ú�Ømß�Ú�Ù ÿ � í2ô*Ú�Ù�ûM÷9Ú�ØsÙ�Ø�è Ý ß áÚ�Ù~ßmí ä ßrÚ�ß�Ú 7�Ú�Ømß�Ú�Ù
ϕik

ã Ùeý ϕi′k′

Ú�ØBÙ~Ú�Ù 0ã Ù2é~ß0Ü2Ú�üaÚ�ØXÙ�æ�ísü�ë<æ�õ æGßrÚ�úXú�Ú�ÙZô7Ú�Ø�ý*ÚDý7Ú�Ùæ�Ú�úmô*Ú�Ù ��Ú�Ü ýkí ä ë<ý7Ú�Ù�æ4Ø�Ú �#Ú�ý7õ2è Ý Ú�Ù�ß�Ü*Ú�Ü*Ú�Ù2Ü*Ú�æ�Ú�ßÑûMßuý ãtä è Ý ú�í ã�� Ú�Ùeë<ý ÿ Ý ÿ Ú�æ�Ú�@7ØgæPß�Ø�Ú ä ßÚ�ØXÙ�ÚSæPß�Ú�ßÑØ�Ü[ýMØ �eÚ ä Ú�Ù2ûGØ�Ú ä ôMí ä Ú6� ã Ù2é~ß�Ø�õ�Ù h : [0, 1] → [0, 1]
ücØmß

ϕi′k′ = ϕik ◦ h ã Ù�ý
d
dt
h < 0.

� Ø ä æ#è Ý�ä Ú�Ømô*Ú�Ù � ç ä ýMØ�Ú  � íMæGßrÚ ä é7Ú�ß4ß�Ú0é ãtä û
M := M1 + . . .MN .

�Jç ä Ú�ØXÙ í ã�� ⋃

iMi

Ú ä é7ú�� ä ß�Ú�æ ã Ù�ý æPß�Úsß�ØBÜ*Ú#æ � Ú�é~ß�õ ä#� Ú�ú�ý v æ�Ú�Ø
∫

M

v • do =

∫

M1

v • do + . . .+

∫

MN

v • do.

ù Ú�Ù �0ísÙ�ý ∂M ý7Ú ä  � íMæGßrÚ ä é7Ú�ß4ß�Ú�ý7Ú��2Ù2Ø�Ú ä Ú�Ùq÷<Ø ä ítúXæ � Ú ä Ú�ØBÙ2ØBÜ ã Ù*ÜaísúXú�Ú ä ��Ë !iË7Í~Ï�+ÑÎ����.Ë7Í
� �tÙeý7Ú ä ϕik, ýMØ�Ú�ítúXæ�õD÷9Úiý*Ú ä Ú�Ù~ßmí ä ßrÚ�ßæwØXÙeý2ëeÙ�õ2è Ý û ã Ú�ØXÙ�Ú�ü  íUí äjÝ ØBÙ ã Ùeý Ý Ú ä ý ãtä è Ý�áú�í ã�� Ú�Ù�Ú ä � �tÙeý7Ú ä Ü*Ú Ý 	�ä Ú�Ù ÿ ù í � ç ä æ�Ú�ßÑûMß<ü�ísÙ

∫

∂M

v • dx :=

∫

∂ψ1

v • dx + . . .+

∫

∂ψm

v • dx,

÷9õ*ô*Ú�Ø�ýMØ�Ú
ψi
Ü*Ú ä í7ý*Ú0ítúBú�Ú�÷<Ú#æ�Ú�Ù~ß�úXØ�è Ý Ú�Ù � �tÙeý7Ú ä ý ãtä è Ý úgí ã�� Ú�Ù ÿ

�	?XE0\MV�EGW ?g]wA6ftR�n�o o�?BEPL,C*EGL �jEP]NftF�A4V�EG?BA4L�ftK�ft^X^XEGL9prWkA4EPKML�ft^XE�É2V�EGL6C2?BE(W�?Xn�okA=YJEP]4EGWkA4^X?Xn�o�EGW
9(�MW�C*EGL6KM^XEG?gn�o

0,
]4\*C2ft��Y�?XL6fMR�n�o ft^X^BE=9(�tW�C2EGL6C2EGL6|.EG?X^X����fM]wA4EPL9Fc?�ANW2EGo�F�EPW�bMxUW2W2EGW"lM�,]

?g]=A0C2fMW2WDft^g]w\
∫

∂M

v • dx =

N
∑

i=1

4
∑

j=1

∫

∂ϕij

v • dx.

HJEG?eKUEGKMEPV�EPW2EGL�` ��fM]wA4EPL4bUE#AwANESKM?X^�A��É2L �=EiC*EP]0|"EP?B^X����fU]=ANEGL
Mi

C*EPL Å fsAN}�TM\MW  	�ï � ���
∫

Mi

LN\tA
v • do =

∫

∂Mi

v • dx

R2W�CDC*R�LNn�oD��C2C*?BA4?X\MWDEGLNo��M^�A�F ftW�Ä
��� Ï��DÒ0ÔhÕ<;�� ù Ú ä 72í*ßÑû å õ�Ù  	�ï � ���0ÜkØBúmß,í ã è Ý � ç ä  � ítæPß�Ú ä é*Ú�ßwßrÚ�Ù ÿ
Ê�Ë���$#Í~ÏPË�� � � + ! � Ï�� ��Ð�Í������ /"/
�uEGL ��ò��
� ���r]4n�o�E Å fsAN}6V�EP]NftKMAPd�C2ft�0��É2L.EP?BW �jEGV2?XE#A Ω ∈ R

3 R2W�C�EG?XW�ftR2��EG?XW2EGL�z(FcKUEGV2R2W�KTM\UW
Ω
]=ANE#AN?BK�C*?BO~EGLNEGW2}P?BEPL4V�fML4Ei]J�<EGbkA4\ULw��EP^XC

v
KM?X^�A

∫

Ω

C*?XT
v d3x =

∫

∂Ω

v • do,



ù Ø�Ú 
rÙ~ß�Ú�Ü ä ísúgæ!�2ß�ûsÚ å õsÙ��	eï ����� � ��ò��
� � � ��ð �(�2ó ���(� � �

TM\ULNfMR�]4KMEP]4E#AN}#Aid�C2fM��C*EGL890ftW�C
∂Ω

o2?XW2LNEG?gn�o2EGW�C�v4]4n�o�xMW7y£?g]wA�R2W�C¶?XW�]wV�EP]4\MW�C*EGLNE�����fM]wA �É2V�EGL�ft^X^eEG?XW2E�W�fUn�o�fMR2�MEPW£YJEG?g]wEPW�C*ES�9?XW2o2EP?�A�]wW2\UL4F fM^BE
n(x)

V�Ei]w?BA4}GAPl
�u?BESEG?XKMEPWkA4^X?Xn�o2E Å n�o7Y�?XEGLN?BKUbMEG?BA6V�EG?�C2?BEi]wEPF Å fsAN}j^X?XEGKtAY�?XEPC*EPLJ?XWDC*EGLLN?Xn�okA4?XKMEPW£HJEP]Nn�o2LNEG?B�V2R2W�K_C*EGL£}GR2^g�M]N]4?BKUEGW �jEGV2?XE#ANEMl Æ R2W��Un�o�]=A�V�E#ANLNfUn�okA4EGW¶Y�?XL£fM^X] �jEPV2?XE#A Ω

C*EPW	\tO~EGW2EPW
�9?XW2o2EP?�A�]wY�É2L4��EG^"?BF

R
3

E3 := (0, 1) × (0, 1) × (0, 1) = {(x1, x2, x3)
∣

∣ 0 < xi < 1}.
�u?BEi]wEPL �	É2Lw��EP^�o�ftA0]wEin�o�] Å EG?BA4EPW����Mn�o�EGW�d�C2?BESY�?XL(Y�?BL��\U^BKMA�WkR�F�FcEPL4?XEGLNEGW�Ä
E1µ = {µ} × (0, 1) × (0, 1) (µ = 0, 1)
E2µ = (0, 1) × {µ} × (0, 1) (µ = 0, 1)
E3µ = (0, 1) × (0, 1) × {µ} (µ = 0, 1)�	?XL(^BEPKMEPW�C2fMLNfMR*� �=EPY6EP?B^g]��9?XW2o2EP?�A�]wW2\UL4F fM^BEPW*��EG^gC*EGLid2Cel o�l2EP?BW2E 
uLN?BEPWkA4?XEGLNR2W2K�dk��Ei]=A0C*R�LNn�o

njµ := (−1)1−µej (j = 1, 2, 3; µ = 0, 1).

�jfM]�?g]=A0C2?BE �=EPY6EP?B^g]�W�fUn�oDfMR2�MEPW£}PEG?XKMEPW�C*E��9?XW2o2EP?�A�]wW2\UL4F fM^BEUl Æ R�]NftFcFcEGW�V2?X^XC*EPW ]w?XE�C2fU]
� ��� Ë���Ë��uÎÑÍ���Ë7Î�Ï�!iÍ�Ð �	� � +ÑË7Í � Ë,+��

n
ftR2��C*EPF 9(fMW�CDC*EP] �	É2L4��EG^g]Pl

��� Ï��DÒ0ÔhÕ<;�Ö � $#Í~ÏiË�� � � + ! � Ï	� ��Ð�Í ����� /"/ � ��� ��ËkÍ � ��� � Ë,+ �
þUÿ �6ç ä Ú�ØXÙZí ã � Ú�ØBÙ~Ú ä > ü�Ü*Úsô ã Ù*Ü ý7Ú#æ£í�ô�Ü*Ú#æ#è Ý ú�õsæNæ�Ú�Ù�Ú�Ù ×9ØXÙ Ý Ú�ØÑßmæG÷�ç ä#� Ú�úXæ E3

æPß�Úsß�ØBÜ
ýMØ ��Ú ä Ú�Ù�ûGØ�Ú ä ôMí ä Ú�æ � Ú�é~ß�õ ä#� Ú�ú�ý v ØgæPß

∫

E3

C*?BT
v d3x =

∫

∂E3

v • do,

÷<õ2ô7Ú�Ø<÷<Ø ä Ü2Ú�æ�Ú�ß�ûUß Ý í2ô*Ú�Ù
∫

∂E3

v • do =

3
∑

j=1

1
∑

µ=0

∫

Ejµ

v • do =

3
∑

j=1

1
∑

µ=0

∫

Ejµ

v • n do.

��ÿ ù Ø�Ú � õ ä í ã æNæ�Úsß�û ã Ù*Ü ç�ô*Ú ä v ésítÙ2Ù ü�ísÙ í2ôtæGè Ý ÷��*è Ý Ú�ÙDû ã "
v
æPß�Ú�ßÑØ�ÜqýMØ �eÚ ä Ú�Ù2ûGØ�Ú ä ôMí äØBÙ

E3,
æPß�Ú�ßÑØ�Ü�í ã�� E3 ã Ùeýaô*Ú�æGè Ý2ä �sÙ2é~ßrÚ ��ôsú�Ú�Ømß ã Ù*Ü2Ú�Ùaí ã�� E3. ù Ú ä � õ�úBÜ*Ú�Ù�ý7Ú 5(Ú�÷9Ú�Øgæû�Ú�ØBÜ�ß�û ã ý7Ú�ü�ëeýkítÞcü ítÙhý*Ú�Ù�×9ØBÙ Ý Ú�ØmßÑæP÷�ç ä!� Ú�ú<ý ãMä è Ý Ú�ØXÙ�Ú�Ù ô*Ú�úXØ�ÚtôsØ�Ü2Ú�Ù í7è Ý æ�Ú�Ù ��í ä ísú áú�Ú�ú�Ú�Ù � ã í*ý7Ú ä Ú ä æ�Ú�ßÑû�Ú�Ù£étísÙ�Ù ÿ

��Ë ��ËkÎ"!MÄ��É2L0C*?XE �	É2L4��EG^g]wEP?�ANEGW�TMEPL4YJEGW�C2EGW�Y�?BL(C*?XES��\M^XKMEPW�C*EPW£`<ftL�ftFcEGA4LN?X]4?BEPL4R�W2KMEPW
Γjµ : (0, 1) × (0, 1) → Ejµ (j = 1, 2, 3;µ = 0, 1)

Γ1µ(u1, u2) := (µ, u1, u2)

Γ2µ(u1, u2) := (u1, µ, u2)

Γ3µ(u1, u2) := (u1, u2, µ).

��É2L�C2?BEi]wE�`<fMLNfMF�EGA4LN?X]4?XEGLNR2W2KMEPW[o�ftV�EGW�Y�?XL�ft^g]��<EPbUAN\MLNEGWøC*EPL���fMLwAN?BEP^B^XEGWø�0V2^XEG?BA4R2W2KUEGW�d
Cel o�l�fM^X]�|�ftW2KUEGWkA4?gft^XTMEPbkA4\MLNEGWaE#A=Yf

∂1Γ1µ = e2, ∂2Γ1µ = e3

∂1Γ1µ × ∂2Γ1µ = e2 × e3 = e1.

�uR2LNn�oq�<EGLNKM^XEG?gn�ohFc?BA�C*EGL�\UV�EPWq��EP]wA4KMEP^BEPKtANEGW �0\MLNF ft^XEGW2LN?Xn�okANR2W2K�?X]wA�ft^g]w\
Γ10

EG?XW2EcW2E#�
KUftA4?XT~d

Γ11
EG?XW2E���\U]4?�AN?BT[\MLN?BEPWkA4?XEGL4A4Ec`<ftL�ftFcE#ANL4?g]w?XEGLNR2W2K�TM\UW

E1µ.
�(^X^BKUEGFcEG?XW V�EPbM\MFcF�A

F ftWD]w\
∂1Γjµ × ∂2Γjµ = (−1)j+1ej = (−1)j+µ(−1)1−µej = (−1)j+µnjµ,
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	�ï.ð����ó�ò
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Cel o�l
Γjµ

?g]wA.EG?XW2E6��\k]w?BA4?XTME6V2}GY�l�W2EPKUfsAN?BTUE9`<ftL�ftFcE#ANL4?g]4?BEPL4R2W�K�d �=EJW�fMn�o�C*EGF�\MV
j+µ

KMEPLNfUC*E
\*C*EGL�R�W2KMEPLNfUC*Eu?g]wAPl �	?XL(o�fMV�EPW�]4\MFc?BA

∫

Ejµ

v • do =

∫

Ejµ

v • njµdo = (−1)1−µ
∫

Ejµ

v • ejdo = (−1)1−µ
∫

Ejµ

vjdo

R2W�CDC2fMFc?�A
∫

E3

∂1v1 d
3x =

∫ 1

0

∫ 1

0

( ∫ 1

0

∂v1

∂x1
(x1, x2, x3)dx1

)

dx2dx3

=

∫ 1

0

∫ 1

0

(

v1(1, x2, x3) − v1(0, x2, x3)
)

dx2dx3 (∗)

=

∫ 1

0

∫ 1

0

(

v1 ◦ Γ11

)

(u1, u2)du1du2 −
∫ 1

0

∫ 1

0

(

v1 ◦ Γ10

)

(u1, u2)du1du2

=

∫

E11

v1do−
∫

E10

v1do

=

∫

E11

v • do +

∫

E10

v • do

�(W�ft^X\MKcV�EPbM\UF�F�A�FcfMW�fM^B^XKMEPFcEG?XW
∫

E3

∂jvj d
3x =

∫

Ej1

v • do +

∫

Ej0

v • do,

YJ\ML�ftR�]C*R2L�n�oD��C2C*?BA4?X\MW@C*?XESHJEPo�ftR2�2A4R2W2K }PR[�Ul7��\M^XKtAil
z(WkANEGL�C*EGW��<\ULNfMR�]N]wEGA4}GR�W2KMEPW�TM\MW �2lPbsfMW2W�F ftW�C2?BE6?BW

(∗) C*R2L�n�o2KMEG��É2o2L4A4E9?XW2W2EPL4E6prWUANEGKULNft�A4?X\MWcW2\*n�ocC*R2L�n�ocEG?XW2EGW �jLNEGW2}PÉ2V�EPL4KkftW2KjKMEPY�?BW�W2EGW�R2W�CcC2fMW2WcY�?BE�\UV�EPW�YJEG?BA4EPLN]Nn�o2^X?BEP�MEPW�l
��uEGL �jÉ2^BA4?XKMbUEG?BAN]4V�EPL4EP?Xn�oÓC*?BEi]wEi] Å fsAN}GEi]�]4\M^X^W7R2W	ftR*�Sft^X^BKUEGFcEG?XW2E �jEGV2?XE#ANEDfMR�]4KMEGYJEG?BA4EGAYJEGL�C*EGW�l

Æ R2W��Mn�o�]wA�V�EGA4L�fMn�okA4EPW£Y�?XL�W7R2L,vw]Nn�o2xUW2E�yjHJ?X^XC2EGL(C*Ei]�9?BW�o2EG?BAN]4Y�É2L4��EG^g]Gl
Ê�ËUÌ�Í�Î�ÏPÎÑÐ�ÍÓÒ0ÔhÕ<; �Z×9ØBÙ /0ÚsôsØ�Ú�ß

Ω ⊂ R
3 Ý Ú�ØXÞ�ß�ý ä Ú�Ø�ýMØXüaÚ�Ù�æ4Ø�õ�Ù�ítú�Ú#æ  � íMæGßrÚ ä ëk÷9Ú�Ù2ÙcÚ�æ�Ú�Ø áÙ�Ú

C2 á ��ô�ôsØBúÑý ã Ù2Ü h : U → R
3 Ú�ØXÙ�Ú ä > ü�Ü2Úsô ã Ù2Ü�ý*Ú�æ�í2ô�Ü2Ú�æGè Ý ú�õsæNæ�Ú�Ù�Ú�Ù�×,ØBÙ Ý Ú�ØmßÑæP÷�ç ä#� Ú�úXæ

E3
ÜkØmô*ßwë�æ�õ*ý7ísÞ�Ü*Ú�úmß�Ú�Ù�"
þUÿ ×,æ0ØgæPß

h(E3) = Ω ã ÙeýhýUØ�Ú���ô2ôsØXúÑý ã Ù*Ü h : E3 → Ω
ØXæPßuôtØ �#Ú�é�ßÑØ å ücØmßJC*EGA Dh > 0í ã�� E3.

��ÿ ù Ø�Ú 7�Ú�Ømß�Ú�Ù
Φjµ := h ◦ Γjµ : E2 → R

3

æwØXÙeýaÚ�Ù~ßr÷<Ú�ý7Ú ä Ú�ØBÙ~Ú(û ã ú��tæNæwØBÜ*Ú ��ú��*è Ý Ú�Ù �"í ä ísüaÚ�ß ä ØgæwØ�Ú äiã Ù*Ü å õsÙ
Mjµ := Φjµ(E

2)

õ*ý*Ú ä ýMØ�Ú67�Ú�Ømß�ÚuØgæGß9Ë7Í~Ï � ��ÏPËkÏtë.ý ÿ Ý ÿ
L4K (

DΦjµ
)

≤ 1
í ã�� E2.

�2ÿ � í2ô*Ú�Ù ûU÷<Ú�Ø<Ù2Ø�è Ý ßrÚ�Ù~ßmí ä ßrÚ�ß�Ú 7�Ú�Ømß�Ú�Ù Miµ
ã Ùeý Mjν (iµ) 6= (iν)

Ú�ØBÙ~Ú�Ù (ã Ù2é~ß�Ü2Ú áü�Ú�ØBÙ�æNítü£ë�æ�õ�æwØXÙeý�æ4Ø�Újísúgæ:��ú��*è Ý Ú�Ù�ØÑý7Ú�Ù~ß�ØgæGè Ý ë�í2ô*Ú ä�å Ú ä æ#è Ý Ø�Úiý*Ú�ÙDõ ä Ø�Ú�Ù~ßÑØ�Ú ä ßwëeý ÿ Ý ÿ
C*E#A (

D
(

Φ−1
iµ Φjν

))

< 0

í ã�� ý7Ú�ü ì�õ ��Ú�Ù~Ú�Ù*ö(×9ØXÙ Ý Ú�ØÑßmæ � ã í*ý ä í*ß E2.



ù Ø�Ú 
rÙ~ß�Ú�Ü ä ísúgæ!�2ß�ûsÚ å õsÙ��	eï ����� � ��ò��
� � � ��ð �(�2ó ���(� ���

×9ØXÙ�Újæ�õ�úÑè Ý Ú ��ô2ôsØXúÑý ã Ù*Ü h Ý Ú�ØBÞ�ß6Ú�ØXÙ�Ú ��� � !GÏiË�� ) � � � �øËkÏ �sÎ"!PÎÑË�� � Í�� å õ�Ù Ω.�Jç ä ýMØ�Ú�Ù�Ø�è Ý ß�Ú�Ù~ßmí ä ß�Úsß�Ú�Ù 7�Ú�ØÑßrÚ�Ù
Miµ

ú�ÚNÜ2Ú�Ù ÷<Ø ä Ú�ØXÙÓ×9ØBÙ Ý Ú�ØmßÑæ4Ù�õ ä ü�ísú�Ú�Ù � Ú�ú�ý�ëJý ÿ Ý ÿ Ú�ØBÙ~Ú
��õsæ4ØÑßÑØ å Ú �Jä Ø�Ú�Ù~ß�Ø�Ú äiã Ù*Ü�ë � Ú�æPßcý ãtä è Ý ýMØ�Ú �~õ ä ý7Ú äiã Ù*Ü�ë�ýkísÞ¶ýUØ�Ú  í ä ísüaÚsß ä ØXæ4Ø�Ú äPã Ù*Ü*Ú�Ù Γiµå õsÙ Eiµ ã Ùeý Φiµ

å õsÙ h(Eiµ)
Ükú�Ú�Ø�è Ý û�Ú�Ømß�ØBÜ ��õtæwØmß�Ø å õ2ý7Ú ä Ù�ÚNÜ*í*ß�Ø å õ ä Ø�Ú�Ù~ß�Ø�Ú ä ß<æ�Ú�Ø�Ú�Ù ÿ×9ØXÙ 7�Ú�ØÑßrÚ

Miµ
Ý Ú�ØBÞ*Ú�à�÷<Ú#æ�Ú�Ù~ß�úXØ�è Ý êÑë.÷9Ú�Ù�Ùhæ�Ú�Ø6÷9Úiý*Ú ä Ú�Ù~ßmí ä ßrÚ�ß,ØgæPß=ë~Ù�õ2è Ý û ã Ú�ØXÙ�Ú�ü  íMí äæ4Ø�è Ý Ü*Ú�ü��tÞ �2ÿ Ú�Ù~ßmæ � ä Úiè Ý Ú�Ùeý7Ú ä 7�Ú�Ømß�Ú�Ù£Ü2Ú Ý 	sä ß ÿ×9ØXÙ /0ÚtôsØ�Úsß

Ω ⊂ R3 Ù�Ú�Ù�Ù�Ú�Ù£÷<Ø ä Ú�ØXÙ ����� /"/�� ��Ë � ÎÑËkÏtëU÷9Ú�Ù�Ù�Ú�æ9Ú�ØXÙ�Ú  � ítæPß�Ú ä �"í ä ísüaÚ�ß ä Ø áæ4Ø�Ú äPã Ù2Ü h å õ�Ù Ω
ÜUØ�ô*ßwë�æ�õ2ýkísÞSý7Ú ä ßrõ ��õ�ú�õiÜkØXæGè Ý Ú �0ítÙeý ∂Ω

ý*Ú�æ ��ôtæGè Ý ú ã æ4æ�Ú�æ6ôsØgæ.í ã � Ú�ÙeýMúXØÑè Ý
å Ø�Ú�ú�Ú âcãtäiå Ú�Ù�æGß4ç*è=é7ÚjýMØ�Ú � Ú ä Ú�ØXÙ2ØBÜ ã Ù2Ü£ý7Ú ä ÷<Ú#æ�Ú�Ù�ßÑúBØÑè Ý Ú�Ù 7�Ú�Ømß�Ú�Ùhý*Ú ä  í ä ítüaÚ�ß ä ØgæwØ�Ú äiã Ù*Ü hØgæGß ÿ
>@?BA0C*?XEP]4EGL(�uE#��W2?BA4?X\MWDV�EGbU\MFcF�A�F ftW@C2fMW2W
� ��� Ï Ò0Ô Õ&;�� � ã � ý7Ú�ü �0ísÙeý Ú�ØXÙ�Ú�æ ��ò��
� � á /0ÚsôsØ�Ú�ßrÚ�æuØXæPßJü�Ømß0õ*ôsØBÜ*Ú ä �~Ú�æPßÑæ�Ú�ß�û ã Ù*ÜhÚ�ØXÙìmôtØXæ(í ã�� ýMØ�Ú 0ã Ù2é~ß�Ú å õ�Ù�Ú�ÙeýMúXØ�è Ý[å Ø�Ú�ú�Ú�Ù âcãtäiå Ú�Ù�æGß4ç*è=é7Ú�Ù*ö0÷9õ Ý úÑý7Ú��2Ù2Ø�Ú ä ß�Ú�æ6×9ØXÙ Ý Ú�ØÑßmæwÙ�õ ä�áü�ísú�Ú�Ù � Ú�ú�ý£Ú ä é7ú�� ä ß=ë~ýkítæÙ�í7è Ý í ã Þ*Ú�Ùq÷<Ú�ØXæPß ÿ
�,]u?X]wASY6\Uo2^"b7^gftLid�C2fM��F ftWh]wANftAwAjC2EP]u�9?BW�o2EG?BAN]4Y�É2L4��EG^g]

E3 ftR�n�o@?BLNKMEPW�C@EG?XW2EPWhftW�C2EGLNEGWfMn�o�]wEPW2��ftL�ft^X^XEG^XEGW �uR�fUC*EGL(fM^X]`<fMLNfMF�EGA4EPL4V�EGLNEG?gn�o�TMEPL4YJEGW�C*EGW£b�fMW2W�l
Ô ��� � ��� Ë7Í¶Ò0Ô Õ&;(- ��Ú�Ø�Ü2Ú�Ù 77Ø�Ú�ë�ýkítÞaýMØ�Ú � õ�úBÜ*Ú�Ùeý7Ú�Ù /0ÚtôsØ�Úsß�Ú ��ò��
� � á /0ÚtôsØ�Úsß�Ú0æwØXÙeý "

# ×9ØBÙ~ÚaìBÙ2ØÑè Ý ß<Ù�õ7ßr÷9Ú�ÙeýUØ�Ü�í7è Ý æ�Ú�Ù ��í ä ísúXú�Ú�ú�Ú ä ö � ã í7ý*Ú ä ë
# Ú�ØXÙ�Ú  3 ä ísücØÑý7ÚjücØÑß å Ø�Ú ä Ú�è=é7Ø�Ü2Ú ä / äiã Ùeý � �*è Ý Ú£ì�Ú�ØXÙ�Ú��øç ä!� Ú�úgæ�Ú�Ømß�ÚSû ã ü (ã Ù�é�ß�Ú�Ù~ß áí ä ß�Ú�Ù�ú�ítæNæ�Ú�Ù*öGë
# Ú�ØXÙ�Ú âcã Ü*Ú�úìmô*Ú�Ù ã ß�ûsÚ âcã Ü*Ú�úBé*õ7õ ä ýMØBÙ�í*ß�Ú�Ù*öGë
# ýMØ ��ÚGõsüaõ ä � Ý Úiëeý ÿ Ý ÿ à Ý í ä ücú�õsæPê å Ú ä ô*õiÜ2Ú�Ù�Ú ã Ùeý å Ú ä ûsÚ äNä ßrÚ 5JØXú�ý*Ú ä æ�õ�úÑè Ý Ú ä � ô �#Ú�é�ßrÚ ÿ

�jfM] 90ftW�C*?XWkA4EPKML�ft^ ∫
∂Ω v • do

EG?XW2EP]0�<EGbkA4\ULw��EP^XC2EP]
v
É2V�EGLuC2EGW 9(fMW�C

∂Ω
EG?XW2EP] ��ò��
�����

�jEGV�?BEGA4EP]
Ω
EGLNb7^X�ML4EPWaY�?XL�É2V�EGL0C*?XE Å EP?�ANEGW@C*EGL�`<fMLNfMF�EGA4LN?X]4?XEGLNR2W2K h }GR

∫

∂Ω

v • do :=
∑

Mjµ
���������
	��  ���

∫

Mjµ

v • do =
∑

Mjµ
���������
	��  ���

∫

Mjµ

(

v • n
)

do,

YJ\MV�EG?eLNEPn�okAN]�C*?XEj��EP]wA4KUEP]4E#A4}GA4EUd2W�fMn�oDftR��MEGW£Y6EP?X]4EGW�C*E �(\MLNF ft^XES}GRDW2EGo�F�EPWD?X]wAPl
�	?XEu?XFª}GYJEG?gC*?BFcEPW�]w?X\MW�^BEPWa��fM^B^~^X?BEG��EGLNW�EGWkANfMLwANE#ANE Å EP?�ANEGW�bUEG?XW2EGW�H6EP?�ANLNfMK�dUEGV�EGW�]4\�o2EPV�EPW]4?Xn�o C*?XE(prWkA4EPKML�ft^XEJÉ�V�EPL9EGWkAN]4�2LNEPn�o2EPW�Cc�0EG��W2?BA4?X\MW ����l � �2d ��ls}GYJEG?XFcfM^2TM\UL4o�ftW�C*EPW2E Å EG?BA4EPWYJEGK�dJ]w\*C2fM�øF ftW EPV�EPW�]4\MKMR2A£Y�?XEPC*EPL£É2V�EGLDft^X^XE Å EP?�ANEGWZC*EPL£` ��fM]wA4EPL4��fMLNfMFcE#A4LN?g]w?XEGLNR2W2K?XWUANEGKUL4?XEGLNEGW£b�fMW2W�l2�6]�?X]wA(C2ftW�WDfM^X]4\D��]4?BEPo2E��0EG��W2?BA4?X\MWD����l ��� �
∫

∂Ω

v • do =

3
∑

j=1

1
∑

µ=0

∫

Mjµ

v • do

=
3

∑

j=1

1
∑

µ=0

(−1)j+µ
∫

E2

〈

v ◦ Φjµ, ∂1Φjµ × ∂2Φjµ
〉

du1du2 (1)

�jftFc?�A(KU?B^BA(W7R2WDC*EGL
��� Ï��DÒ0ÔhÕ<;�; � $#Í~ÏiË�� � � + ! � Ï	� ��Ð�Í ����� /"/ � 
=æGß

Ω ⊂ R
3 Ú�ØBÙ ��ò�� ��� á /0ÚtôsØ�Ú�ß=ë v Ú�ØXÙ

C1 á�� Ú�é�ßrõ ä!� Ú�úÑý í ã�� Ú�ØBÙ~Ú ä?> ü�Ü2Úsô ã Ù2Ü å õ�Ù Ω,
æ�õ�ØgæPß

∫

Ω

C*?XT
v d3x =

∫

∂Ω

v • do,

÷9õ*ô*Ú�Ø ä Úiè Ý ßÑæjýkíMæÙ�í7è Ý í ã Þ7Ú�ÙaÜ*Ú ä ØÑè Ý ß�Ú�ßrÚ�ß�×9ØXÙ Ý Ú�ØÑßmæwÙ�õ ä ü�ítú�Ú�Ù � Ú�úÑý û ã Ù�Ú Ý üaÚ�Ù�ØgæPß ÿ
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��Ë��_Ë�� ��� Í��[Ò0ÔhÕ<; � # � Ø�Ú�ØBü ��ítúBú�Ú�ý7Ú�æ�×,ØBÙ Ý Ú�ØmßÑæP÷�ç ä#� Ú�úXæ�ésítÙ2Ù ü�ísÙÓýMØ�Ú���õ ä ý7Ú á
äPã Ù2Ü�ísÙ ýMØ�Ú?/ú�í*ß4ß Ý Ú�ØÑßuý7Ú#æ � Ú�é�ßrõ ä!� Ú�úÑý7Ú�æjí2ôtæGè Ý ÷��*è Ý Ú�Ù ÿ 7�õ ä Ú�ØÑè Ý Ú�Ù[Úsßr÷�í v æPß�Úsß�ØBÜýMØ ��Ú ä Ú�Ù�ûGØ�Ú ä ôMí ä í ã � Ω,

æPß�Úsß�ØBÜ£í ã�� Ω ã Ùeý�C*?XT v ô7Ú#æ#è Ý2ä �sÙ�é�ß9í ã�� Ω.

# 7~ßmí2ßwß�Ú�ØBÙZí ã æ�Ë7Î�Í�Ë��  � íMæGßrÚ ä ô7Ú#æGßrÚ Ý Ú�Ùeý7Ú�æ /0ÚsôsØ�Ú�ß�û ã ô7Úsß ä í7è Ý ß�Ú�Ùeë6étítÙ2Ù¶ü ítÙÙ�í*ß4ç ä úXØÑè Ý í ã è Ý ÷<Ø�Ú�ý7Ú ä Ú�Ù�ýMúBØÑè Ý_å Ø�Ú�ú�Ú  � ítæPß�Ú ä ítÙ�Ú�ØXÙ�ítÙeý7Ú äNÝ �tÙ*Ü*Ú�Ùeë.÷9Ú�Ù2Ù[ü�ísÙqítÙ
ý7Ú�Ù � �sÙ�ý7Ú ä Ù@Ú�Ù~ßÑæ � ä Ú�è Ý Ú�Ù�ý å õ ä æwØÑè Ý ß�ØBÜ�ØgæGß ÿ

��Ë ��ËkÎ"!MÄ �	?XL0]4n�o�?Xn�bUEGWaY�?XEPC2EGL�EG?XW2E�fM^BKUEGV2L�ft?g]4n�o�E0p=C*EPWUAN?�A��sA(TU\ML�ftR�]PÄ
À 
*� � �t�Ñ� « ®i�G¡ A,B ∈ R

3×3, µ,§M¯�� « B ¬ « � ÂMÃ �t� �r�#¡ bi ³2�t��´ « ���
C*EGA

(Ab1, b2, b3) +
C*EGA

(b1, Ab2, b3) +
C*EGA

(b1, b2, Ab3) =
]4�2R2L

(A) · C*E#A B.
Æ R2F HJEGYJEG?g]���fM]N]wE�F fMW C*?BEi]wEPW �(R�]NC*LNR�n�b fM^X] ��R2W2bkA4?X\MW C2EGLhC*LNEG? Å ��fM^�ANEGW7TMEPbUAN\MLNEGW
b1, b2, b3

ftR*�=l~> ftWhEGLNbMEGW�WUAj^BEP?Xn�okAid�C2fM�aC*?XEP]4E���R2W2bkA4?X\MW
3
��^B?XW2EPfML0R2W�Chft^BA4EPL4W�?BEPL4EPW�CD?X]wAPd

]4\MFc?�A�TU\MWhC*EPL��2\UL4F
C · C2E#A B l���É2L�C*?XEc�9?XW2o2EG?BAN]4F fsANL4? � B = I

V�EP]wA4?XFcF�A�]w?gn�o[C2?BEi]wE
Qu\MW�]wANfMWUANEu}PR

C =
]w�2R�L

A.

�	?XL���É2o2LNEGW�WkR�W�C*EGW�prWkANEGKML�ft^g]NfsA4}���É�L.C2fU] ��ò��
� ��� �jEGV�?BEGA
Ω
}GR2LNÉ�n�bSftR*��C*EPW Å fsAN},����l �*�UdCel o�l2C*EPW£EPWUA�]w��L4Ein�o2EGW�C2EGW Å ftA4}j��É2L�C*EPW£�9?XW2o2EP?�A�]wY�É�Lw��EP^Ñl2�jft}PR£V�EG}PEG?gn�o2W2E h : E3 3 y 7→

x = h(y) ∈ Ω
C*?XE�` ��fU]=ANEGLNR2W2K�dkYJ\MV�EG?�fM^X]4\ C*E#A

(Dh) > 0
ftR2�

E3, Γjµ
]wEP?BEPW£Y�?XEPC*EPL(C*?XE

Å EP?�ANEGW@TM\UW E3,Φjµ := h ◦ Γjµ
C*?XE Å EP?�ANEGWDTM\UW Ω. ∂i

V�EP}GEP?Xn�o2W�E�C*?XE��(V2^XEG?BA4R2W�KMEGW@W�fMn�o
C*EPW V�EP?XC*EPWc��É2L6C2?BE

Γjµ,Φjµ
V�EGW7R*A4}GA4EPW89(ftW�C*��ftL�ftFcEGA4EGLNW�d

∂yi

C*?BEu�(V2^XEG?BA4R2W�K�W�fMn�o C*EPW
�9ftLN?gftV2^XEGW�?BW

E3, ∂xi

C*?XE��(V2^XEG?BA4R2W�K W�fMn�oDC*EGWD�9fML4?gftV2^XEGW�?XW
Ω.�Ml Æ R@R2W�]4EGLNEGF KMEPKMEPV�EPW2EGW@�2EP^XC v : Ω → R

3, x 7→ v(x)
C*E#��W�?BEPL4EPW@Y�?BL(EP?BWhW2EGR2Ei]0��EG^gC

w : E3 → R
3, y 7→ w(y)

C*R�LNn�o

(Dh)(y)w(y) :=
C*EGA (

Dh(y)
)

· (v ◦ h)(y). (2)

���jfh��É2L�EP?BW�E �kR�fMC2LNftA4?g]4n�o2E£> fsANL4? �
(
C*E#A

A) · A−1 ft^g]�> fsANL4? � fMR�]�C*EGW_fM^BKUEGV2L�ft?g]Nn�o2EGWQu\MFc�2^XEGFcEGWkA4EPWhftR�n�o@��É2LSW2?gn�oUAN?BW7TUEGL4A4?XEGLNV�ftLNE�> fsANL4?X}GEPW YJ\Mo2^gC*E#��W2?BEPLwAS?g]=Aid�?g]wAjC2fU]j��EG^gC
w
ftR�n�o�W2\*n�o@ftR*��C*EGF 9(ftW�C�C2EP]�9?XW2o2EP?�A�]wY�É2L4��EG^g]�EPL4b7^g�tL4APl ��(R2��EP?BW2EPL Å EP?�ANE Ejµ ?g]wA�C�ftW2W

〈

v ◦ Φjµ, ∂1Φjµ × ∂2Φjµ
〉

=
〈

v ◦ h ◦ Γjµ, ∂1(h ◦ Γjµ) × ∂2(h ◦ Γjµ)
〉

=
1C*E#A
(Dh)

〈 C*EGA
(Dh) · (v ◦ h) ◦ Γjµ, (Dh)∂1Γjµ × (Dh)∂2Γjµ)

〉

(2)
=

1C*E#A
(Dh)

〈

(Dh) · w ◦ Γjµ, (Dh)∂1Γjµ × (Dh)∂2Γjµ
〉

=
〈

w ◦ Γjµ, ∂1Γjµ × ∂2Γjµ
〉

,

YJ\MV�EG?j?BF ^XE#A4}GA4EPW Å n�o2LN?�A4A�C*?XEqprWUANEGLN�2LNE#ANftA4?X\MW	C*Ei] Å ��fsA4��L4\*C*R2bkANEP]�ft^g]a�uE#A4EPL4Fc?XW�ftWkANEV�EGW7R*A4}GA(Y�R2L�C*EMl
�	?XL(o�ftV�EGWDft^g]4\���É�L��=EPC*E Å EP?�ANE�Fc?�A0C*EPF�W2EPRDEG?XW2KMEG��É2o2L4A4EGWD�2EP^XC w :

〈

v ◦ Φjµ, ∂1Φjµ × ∂2Φjµ
〉

=
〈

w ◦ Γjµ, ∂1Γjµ × ∂2Γjµ
〉

. (3)

�*l*�uR2L�n�o�>@R�^�AN?B�2^X?Xb�ftA4?X\MW�TM\UWh�"� � Fc?BA ∂y2h× ∂y3h
EPL4o��M^�AF ftWDft^g]�ufMLN]wA4EP^B^XR2W2K���É2L(C*?XE

EGL�]wA4E�Q0\UFc��\UW2EGWkA4EjTM\UW
w

w1 =
〈

v ◦ h , ∂y2h× ∂y3h
〉



ù Ø�Ú 
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R2W�CDfMW�ft^X\MK

w2 =
〈

v ◦ h , ∂y3h× ∂y1h
〉

w3 =
〈

v ◦ h , ∂y1h× ∂y2h
〉

`<ftL4A4?XEG^X^BEi]��(V2^XEG?BA4EPWD^B?XE#��EPLwA

∂y1w1 =
〈

(Dv ◦ h) · ∂y1h , ∂y2h× ∂y3h
〉

+
〈

v ◦ h , ∂y1∂y2h× ∂y3h+ ∂y2h× ∂y1∂y3h
〉

∂y2w2 =
〈

(Dv ◦ h) · ∂y2h , ∂y3h× ∂y1h
〉

+
〈

v ◦ h , ∂y2∂y3h× ∂y1h+ ∂y3h× ∂y2∂y1h
〉

∂y3w3 =
〈

(Dv ◦ h) · ∂y3h , ∂y1h× ∂y2h
〉

+
〈

v ◦ h , ∂y3∂y1h× ∂y2h+ ∂y1h× ∂y3∂y2h
〉

Å R2FcFc?XEGL4AF fMW£C*?XEP]�fMR*�=d2]w\�o2EPV�EPW�]4?Xn�o�C*?XE �=EPY6EP?B^g]ft^g]J}GYJEG?BA4E Å R2FcF ftW�C*EPW�fMR*��A4LNE#ANEGW*�C*EPWD|.EGLNFcESY6EPK�d*R2W�C�Y�?XL�V�EPbM\UF�FcEPW
C*?XT

y w =
〈

(Dv ◦ h) · ∂y1h , ∂y2h× ∂y3h
〉

+
〈

(Dv ◦ h) · ∂y2h , ∂y3h× ∂y1h
〉

+
〈

(Dv ◦ h) · ∂y3h , ∂y1h× ∂y2h
〉

.

��?XEP]wA�F ftW�C*?XE�o2?XEGL�ftR*��ANL4EGA4EGW�C*EGW Å ��fsA4��L4\*C*R2bkANE Y�?BEiC*EGL�fM^X]��0EGA4EGLNFc?BW�ftWkA4EPW�d.]4\@��ft�MAo2?XEGL�ftR*��C*?XE�EG?XW2KUfMW2KU]ftV�KMEG^XEG?BA4EGA4ESp=C*EPWUAN?�A��sA(R2W�C£YJEGKUEGW
]4�2R2L

(Dv) =
C2?BT

x v

��\M^XKtA
C*?XT

y w =
(

(
C*?BT

x v) ◦ h
)

· C*EGA (Dh) (4)

�jftFc?�A(V�EGbU\MFcFcEGW�Y�?BL
∫

∂Ω

v • do (1)
=

3
∑

j=1

1
∑

µ=0

(−1)j+µ
∫

E2

〈

v ◦ Φjµ, ∂1Φjµ × ∂2Φjµ
〉

du1du2

(3)
=

3
∑

j=1

1
∑

µ=0

(−1)j+µ
∫

E2

〈

w ◦ Γjµ, ∂1Γjµ × ∂2Γjµ
〉

du1du2

=

∫

∂E3

w • do.

�0fUn�o�C2EGF Å fsA4}S����l �*�STM\UW ��ò�� ���0��É2LuC*EGW��9?XW2o2EG?BAN]4Y�É2L4��EG^.?X]wA(C*?BEi]

=

∫

E3

(
C*?BT

y w) d3y

(4)
=

∫

E3

(

(
C*?XT

x v) ◦ h
)

· C*E#A (Dh) d3y

=

∫

Ω

C*?BT
x v d

3x,

YJ\MV�EG?6C2?BE£^BEGA4}#ANE£z0F���\UL4F�R2W2K YJEGKUEGWøC*EGA
(Dh) > 0

KMEGL�fMC2E�C*EGL�|"L�ftW�]w��\MLNF fsAN?B\UW�]4]NfsAN}
��É2L(prWkANEGKML�ft^XEj?X]wAPl
�jftFc?�A(?g]wA0C*EGL�prWkA4EPKML�ft^g]4ftA4}jTM\UW ��ò��
� �0��É2L(EP?BW�` ��fU]=ANEGL4� �jEPV2?BEGA(V�EPY�?BEi]wEPW�l

�

�	?XL0]=ANEG^X^BEPW£W�\7n�oDEP?BW2?XKME���\M^XKMEGLNR2W2KUEGW�ftR�]�C*EPF ��ò��
� �G]4n�o2EPW Å ftA4}SV�EGLNEG?BAPl
Æ R2W��Mn�o�]wA�EG?XW2ES�<EGL�ft^X^BKUEGFcEG?XW2EGLNR2W2KcC*EPL���ftL4A4?XEG^X^BEPWDprWUANEGLNKML�fsAN?B\UW�l



����� ��� ��� �����
	�ï.ð����ó�ò
���������

��� Ï��DÒ0ÔhÕ<; � � � � �iÏiÎ�Ë,+ +ÑË $#Í~ÏiË�� � � ÏPÎÑÐ�Í �h×,æJæ�Ú�Ø
Ω
Ú�ØBÙ ��ò��
� � á /0ÚsôsØ�Ú�ßwë G ⊃ Ω

Ú�ØBÙ /0Ú áôsØ�Ú�ß ã Ù�ý f, g : G → R
æGßrÚ�ßÑØ�Ü ýMØ �eÚ ä Ú�Ù2ûGØ�Ú ä ôMí ä ÿ �~Ú ä Ù�Ú ä æ�Ú�Ø f = 0

í ã�� ý7Ú�ü �0ísÙeý
∂Ω.ù ísÙ2Ù�ÜUØXúmß � ç ä k = 1, 2, 3

∫

Ω

f
∂g

∂xk
d3x = −

∫

Ω

g
∂f

∂xk
d3x.

��Ë ��ËkÎ"!MÄ �	?XL(V�EGA4L�fMn�okA4EPW£}PR@C*EGF bsfMW2\MW2?g]Nn�o2EGW��9?XW2o2EG?BAN]4TMEPbkA4\ML
ek
C2fM]�<EPbkA4\ML4��EG^gC

v(x) := f(x) · g(x) · ek.
�0fUn�o£�<\ULNfMR�]N]wEGA4}GR�W2K�TUEGL�]4n�o7Y�?XW�C*EGAC*?XEP]4EP]���EG^gCDftR*�<C*EGF 9(ftW�C

∂Ω.
�2EPL4W�EGL?X]wA

C*?BT
v =

∂

∂xk

(

f · g
)

= f · ∂g
∂xk

+ g · ∂f
∂xkR2W�CDC*EPL���ò��
� �#]Nn�o2EjprWUANEGKULNfM^X]NfsAN}u^X?BEG��EGL4A0C*?XESHJEPo�ftR2�2A4R2W2K�l

�

�(o�W2^B?gn�oDV�EPbM\UF�F�A�FcfMW@C*?BEj��\U^BKUEGW�C*EPW@�2\MLNFcEG^XW�l
��� Ï��DÒ0ÔhÕ<; � � $#Í~ÏiË�� � � + � Ð �	�øË,+�Í ��Ð�Í���� -�-�� �@×6æjæ�Ú�Ø

Ω ⊂ R
3 Ú�ØBÙ ��ò��
��� á /0ÚsôsØ�Ú�ßwë

n
ô*Ú�ûsÚ�ØÑè Ý Ù�Ú ýkíMæ � ã Þ*Ú ä Úc×9ØXÙ Ý Ú�ØÑßmæwÙ�õ ä ü�ítú�Ú�Ù � Ú�úÑý_í ã�� ý7Ú�ü �uísÙeý

∂Ω, f, g
æ�Ú�Ø�Ú�Ù ûU÷<Ú�Ø áü�ísú,æPß�Úsß�ØBÜ�ýMØ �eÚ ä Ú�Ù2ûGØ�Ú ä ôMí ä í ã�� Ú�ØXÙ�Ú ä%> ü�Ü*Úsô ã Ù*Ü å õsÙ Ω ã Ùeý ∂f

∂n
:= 〈∇f(x), n(x)〉 =

∂f(x+t·n(x))
∂t

∣

∣

t=0

ô*Ú�û�Ú�Ø�è Ý Ù�ÚDýUØ�Ú ��ØÑè Ý ß ã Ù*Ü7æNí�ôsú�Ú�ØÑß ã Ù*Ü å õ�Ù f ØBÙ ��Ø�è Ý ß ã Ù*Ü_ý*Ú ä � ã Þ*Ú ä Ú�Ù
�jõ ä ü�ítú�Ú�Ù ÿ ù ítÙ2Ù�Ü*Ú�úÑßrÚ�Ù
þUÿ

∫

Ω

(

〈∇f,∇g〉 + f∆g
)

d3x =

∫

∂Ω

f · ∂g
∂n

do,

��ÿ
∫

Ω

(

f∆g − g∆f
)

d3x =

∫

∂Ω

(

f · ∂g
∂n

− g · ∂f
∂n

)

do.

��Ë ��ËkÎ"!MÄj�MlXÄ �	?XL�V2?X^XC*EPW@C2fM]���EG^gC
v := f · ∇g. �0fUn�o Å ftA4}�����l � ��?g]=A0C2fMW2W

C*?XT
v = 〈∇f,∇g〉 + f · ∆g

R2W�C�Fc?BA0C*EGF ��ò��
���G]Nn�o2EGW Å fsAN}�ft^g]w\
∫

Ω

(

〈∇f,∇g〉 + f∆g
)

d3x =

∫

Ω

C*?XT
v d3x

=

∫

∂Ω

(v • n) do

=

∫

∂Ω

f · 〈∇g, n〉 do

=

∫

∂Ω

f · ∂g
∂n

do.

�*lXÄe�0R�LNn�o }PY6EP?BF fM^B?XKMEi]u] Ç F�FcEGA4LN?X]Nn�o2EP]u�(W7YJEGW�C*EPWhTU\MWø�Ul�R�W�Ch�u?�O~EGLNEGW�}GV2?X^XC2EGWqEGLNo��t^BAF ftW �*l
�


