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R
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R
/B>�5?/2>6587�zO5?>6sS5

A
/_1+Z%58/B>65D{|5?/2GBRU58>6sQ5

R ⊂ A × A. }~h 7 (a, b) ∈ R1]\�367458/B;6Z�RD:Q>�:Q[�\�3
aRb

PECE587�;�58>�[EZ4K?Z)1f[�sQsQ5e1+Z]/B�S5��=58/2\�3�5?>ut6@�/25
=, <,≤, ...

L
���S�'�~�i�8�������v���A�M�2�=�)�)�����E������� ≤ �E�<�n���2�=������� �E¡E�

A ¢ ���2£��¤� �B�=��¥+¦0�?§S�=�Q�E¡c¨4� � �_�6���i�©�uª�6§�����«¬�<�]9¥®¦0�8§Q�¬�<�E¡=ª�¯I°M���6��§Q�i�)���©�B¡E� �I§����F±��S¨4¨��©¡6����²Q³I´��_¨kµE³�¡6���¶�·� �-¸
²S³0�¤¨��_¨?�n¨8�·�©�¶¨

a ≤ a,
§�³ ¢ ³ ≤ �_¨?�n���¹=��ºE��»E³

¼ ³�½¿¾Q�À���2�i�
a, b ∈ A

�����Á¡=�¿�E�S¨
a ≤ b

�Q�I§
b ≤ a,

§c�<£
a = b,

§�³ ¢ ³ ≤ �_¨8�¿���¬���_¨+ÂEÃUÃ��Ä���]�2¨?Å ¢ ³µ6³�½¿¾Q�D�<�B�i�
a, b, c ∈ A

���©�B¡��%�E�Q¨
a ≤ b

�<�I§
b ≤ c,

§c��£��E�EÅ ¢ a ≤ c,
§�³ ¢ ³ ≤ �_¨?���� ����¨4������»E³

Æ �2���nS�E§���Ã
Ç ³�½¿¾Q�k���2���

a, b ∈ A
�2¨8�

a ≤ b
�6§����

b ≤ a,
¨ � ¢ ���2£���§S���U¦0�8§Q�¬�<�E¡�¥¶»��©�2�2¨8�¶È<�I§Q�B¡�ª0�6§�� �¥¶�®���¶�<��ª·³

mH/270G258145?>
a ≤ b

:<G_1 w a N�G25?/2>65?7�PECE5870sSGB58/2\�3 b
x);6K8@%L�14l�>6PQ>�l�RÉ:<G_1 w b sQ7]bQ^S5?7¤PECE587�sQG25?/_\�3

a
x�L

b ≥ a
/21fZ�sQG25?/_\�3�;�5eCE5?[6Z45?>�C�RU/BZ

a ≤ b, X 5?7]>65?7�1fZ458365?> b > a
[6>�C

a < b
;=5?/_CE5 Xih 7J a ≤ b

[6>�C
a 6= b W Ld)/B5O:<[�19C65?7�gE\�3�[6G25�@0PQ3�GB;=5?N�:<>�>SZ]5?>HÊ)7]CE>�[6>�sS147458G2:<Z4/2PQ>658>Ë:<[ X N, Z, Q, R

1f/2>�Cr1fPSG2\�3�5Z4PQZ]:QGB58>OÊ)7�CE>�[6>6sS5?>utE@0PQ;=5?/�Ì+58@¿58/BG_1�CE/25%>�ÍQ\�3�1fZ45%CE/25%�QPS743�5?7]sQ5?3�5?>�CE5 X PQ74Z]145Z]KZ8Ljv[ X CE58>�>�:<Z h 7]GB/_\�3658>��¬:Q36GB58> N = {0, 1, ...} /_1+Z%CE/258145DÊ)7�CE>�[6>6s�14PQsc:<7)5?/2>65 w m�PQ36G2PQ7�C��>�[6>6s<x�t6CIL 3uL
Î-Ï �8Ð��v�_ÑÓÒ��e§��k�6��Å ¢ ���i�?����9Ô=� �B�2Ã����E¡6� M ⊂ N

���¬� ¢ È��¶�¿���2��«��i���2��¨8�·� ¨v�M��� Ã����¬�4³
J q¤/B>658>`.¿58@¿58/21ÀN�:<>�>�RD:Q>�>�[67 h ;=5?7%58/B>65�:<VE/BPSRU:<Z4/_14\�3�5Y.05?sS7 h >�CE[6>6sFCE5?7%>�:�Z h 74G2/2\�3�5?>�¬:Q36GB58> Xih 367458>F[6>�CFCE/25�14\�3658>6NQ58>�@�/27�[6>�18L WÕv/25?7�:<[�1�5?7]sQ/2;EZv1f/_\�3�:QG21�@�/_\�3cZ4/2sQ5e10.058@¿58/214T67]/B>6K8/BT-Ö
Î-Ï �8Ð��v�2×AØ®Ù%�=Ú�Ú�Û?�eÜ6�|Ý~��Þ=�Fß�~Ý|à|áI�8�����nâ��¤¨�¨ ���

n0 ∈ N
�Q�I§`�®¾<�����2�i�

n ≥ n0
¨�� ��� �

A(n)
±��Q¨]¨]��¡E� �I¯6�®¾<�%§Q�i�v¡E� ���®���

²S³
A(n0)

�2¨8��°n� ¢ �9ã�¥_ä®�I§��Q«=��������¨����6���<�E¡�ªBå¼ ³ ∀n ≥ n0
¡S�2���]¸Eä+¨8�

A(n)
°n� ¢ �8¯6¨��9�6�EÅ ¢ A(n + 1)

ã�¥2ä®�u§��<«¬���i�©��¨]¨?Å ¢ �4�¶�f�4ªÁå©³æ����6�F�_¨?�
A(n)

°'� ¢ ���®¾<�)�<�B�i� n ≥ n0.ç9�SèY�c��ÛQÖ�g�58/
M := {n ≥ n0, A(n)

/_1fZ X :<G_14\�3uL }é+1fZ
M = ∅, 1fPU/_1+Zv[�>�1f58745%.05?3�:<[6TEZ][6>6sUsQ58K?58/BsQZ8Lm�Í<7]5

M 6= ∅, 1fP9sSÍQ;�5À581�/2> M
5?/2>�587]1fZ45e1¿q¤GB58R958>cZ

n1
t Xih 7vC6:Q1�:<G_14P A(n1) X :QG21]\�3�[�>�CC6:Q;�58/

n1 ≥ n0.
d):

A(n0)
@0:Q367v/_1+Zet6@�Í<7]5�14PQsc:<7vC6:Q>6>

n1 > n0
[6>�COC�:<RU/ÁZÀ:<[�\�3�>6PE\�3

n1 − 1 ≥ n0. ê [�>O/21fZnÌf: n1
C6:Q1�N�G25?/2>�1fZ45%qMG25?RU5?>cZk�SPQ>

M,
:<G_14P9@�Í<7]5À>6P<Z+@05?>�C6/BsDC6:Q>6>

A(n1 − 1)
@0:Q3678t X PQG2sQG2/2\�3�>�:S\�3�C65?Rëé®>�CE[6NcZ4/2PQ>�141]\�36G2[6^ì:<[�\�3

A(n1)
@�:<367etu@�:Q1%58/B>658>mH/_CE5?7�1fT�74[�\�3�sQ/2;EZeL

�zO/BZfZ]5?G_1vCE581�é®>�CE[6NcZ4/2PQ>�14T67]/B>�K?/2T�1�5?7]3�ÍQGÁZ�RD:<>�;�58/214T6/25?G_1f@05?/_145 X PSGBsS5?>�C65Àq¤74sS5?;6>6/_1]1f5SÖ
• ∑n

i=1 i = 1 + 2 + ... + n = n(n+1)
2 .
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• ∑n

i=1(2i − 1) = 1 + 3 + ... + (2n − 1) = n2.

• zO/ÁZ
0! := 1, n! := 1 · 2 · ... · n =:

∏n

i=1 i
t J�Xih 7 n ≥ 1 W t�RD:<>FGB/2581fZÀC6/B5e1f5e1kg�l�R	;=PQG:<G_1 w n � } :<N�[6GBZ]Í�Zfx�tE145Z]K?5 Xih 7 k, n ∈ N :

(

n

k

)

:=
n!

k!(n − k)!
=

n(n − 1) · ... · (n − k + 1)

1 · 2 · ... · k
.

dk/2581%14/B>�C�CE/25D1fPSsQ58>�:<>6>cZ]5?> w .0/B>�PQRU/2:QGBNSP�5"!DK?/25?>cZ458>�x t�sS5?G258145?> w n h ;=5?7 k
x�L }~h 71f/25�sQ5?GBZ458>�5?Z+@0:�Ö

(

n

k

)

=

(

n

n − k

)

,

(

n

k

)

+

(

n

k + 1

)

=

(

n + 1

k + 1

)

,

1fP�@�/25ÀC6/B5�:QGBG2sQ58R958/B>�5 w .0/B>�PQRU/2:QG X PS74RU58G x

(x + y)n =

n
∑

k=0

(

n

k

)

xkyn−k.

• xn − yn = (x − y)(xn−1 + xn−2y + xn−3y2 + ... + xyn−1 + yn−1).

J d)5?>ìgE\�36G2[6^U�QPS> n
:<[ X n + 1

RU:S\�365�RD:<> h ;=5?7
xn+1 − yn+1 = xnx − xny + xny − yny = (x − y)xn + (xn − yn)y = .....)

d)/B5e1f5�jk>6PQ7�CE>�[6>6sU:<[ X N, Z, Q, R
�S5?74Z47�Í<sQZ�14/2\�3�RU/ÁZkC65?>O:<7]/ÁZ]36RU5Z]/21]\�365?>ìÊ)T=5?7�:�Z4/2PQ>�5?>uL

Î-Ï �8Ð��v�$# æ)����¦0�?§S�=�Q�E¡c¨4� � �_�6���i�©� ≤ �6�<�
R
�_¨?�v���2�=���·�E�¶���i��¦0�8§Q�¬�<�E¡�¯=ÃU�¶�À§����À�®¾<�����2���

a, b, c ∈ R
¡6���¶�·���

²S³�±��Q¨
a ≤ b

���©�B¡��
a + c ≤ b + c

ã_���©�¬���·���6�i�%§E���v±À§6§Q�¶���i�©�6åe³
¼ ³�±��Q¨

a ≤ b
�<�I§

c ≥ 0
���©�B¡��

ac ≤ bc
ã_���©�=�E�·���6����§�� �v�`�<�¶���&%¬�2�B«<�E�������Eåe³

���<�Y�=� �6�¬�'§�� ¨ ¢ �<�¶´ R
� �B�¬����¥��<�E¡E�8�©�8§Q�=���·���-ª�')(��*%'���8¯�§�����¾�´�� �?§Q�i� ¨0¥i���8Å ¢ �2Ã��e§Q�_¨Å ¢ ªu�2¨8�+¯§�³ ¢ ³E�®¾<��§�����¡S�2���µ6³,+~�.-�©§����k� �8���2��� �/+I� ¢ � a ≥ 0

��ºE�2¨8���i���e�¿���2�=�k���E�4¾<�]�B��Å ¢ �)+I� ¢ � n ÃU���
a ≤ n.

0u5?Z4K?Z45?7]581�N�:Q>6>�RD:Q>�>�:�Z h 74G2/2\�3��Q587]1]\�3�ÍQ7 X 58>�K?[
+'�.-�©§�������?� �B�i���1+I� ¢ � a �]ºE�_¨?����� �8�¤���2�=�k¡E���6��2+I� ¢ � n

Ã9�¶�
n − 1 < a ≤ n.

dÀ: Xih 7k1]\�367]5?/2;EZ�RD:<>F:<[�\�3
n = dae :=

RU/2> {m ∈ Z | a ≤ m}, sQ5?G258145?>-Ö w zO/2>6/2R	[6RYx ,
;6K8@%L

bac :=
RD:�V {m ∈ Z | m ≤ a}, sQ58GB5e1f58>uÖ w z�:�VE/BRY[6RYx .jv[�1Ug6:�Z4Kì�~L 3�5874sS5?;=5?>o14/_\�3o5?/2>65Fy�5?/2365��QPS>py�5e\�365?>67]5?sS5?G2>ut|C6/B5F@�/279C6:Q[65?7]>�Co>c[6Z4K?58>@05?7�CE5?>

Î-Ï �8Ð��v�54 ½0¾<�
a, b, c, d ∈ R

¡6���¶�·� �
²S³�±��Q¨

a < b
���©�B¡��

a + c < b + c.¼ ³�±��Q¨
a < b

�<�I§
c > 0

���©�B¡��
ac < bc.µ6³�±��Q¨

a < b
�<�I§

c ≤ d
���©�B¡��

a + c < b + d.



+I� ¢ ��� � �����

Ç ³�±��Q¨
a ≤ b

���©�B¡�� −a ≥ −b,
¨ %'��8��� �B�¬¡6���¶�·���

�E�Q¨
a ≤ 0

���©�B¡�� −a ≥ 0,�E�Q¨
a ≥ 0

���©�B¡�� −a ≤ 0.
� ³�±��Q¨

a ≤ b
�<�I§

c ≤ 0
���©�B¡��

ac ≥ bc,
¨*%~� ?�i���2�

�E�Q¨
a ≥ 0

�<�I§
c ≤ 0

¨?�®�©��¨
ac ≤ 0.

� ³0�¤¨��_¨?�
a2 ≥ 0

¯�¨ %'��8��� �B�
1 = 12 > 0.

� ³�±��Q¨
a > 0

���©�B¡�� 1
a

> 0,
�E�Q¨

0 < a < b
�����Á¡=� 1

b
< 1

a
.

gE\�36G2/25?^QG2/_\�3�>6P<Z]/B587458>�@�/27�>6PE\�3�K?@05?/¬jv[�141]:<sS5?>utECE/25À14/_\�3�:<[�1¿CE587�qM/BsS5?>�1]\�3�: X Z w :<7�\�36/2R95?�CE/_14\�3ExÀ5?7]sQ58;�58>uÖ
Î-Ï �8Ð��v���
²S³,+~� -�©§�������?� �B�i���/+I� ¢ � x ∈ R

�<�I§,-�e§E��Ã
n ∈ N

¡S�·´E�¤� ¨v���2�=�k� �E���i�©�=���i� +I� ¢ � q Ã9�¶�
0 ≤ q − x < 1

n
.¼ ³ Æ �B�¶�n�®¾<�)���2�F� �8���2���¨

a ∈ R
¯u§c��£U�®¾<�k�<�B�i�

n ∈ N
¨8�·����¨

0 ≤ a ≤ 1
n
,
¨����2¨8�

a = 0.

ç9�SèY�c��ÛQÖ
�SLvzO/ÁZ

p := dnxe /21fZ 0 ≤ p − nx < 1
[6>�C�RU/ÁZ

q := p
n
X PQG2s<ZvCE/25�.05?3�:Q[6TEZ][6>6s�L

�6L�é+1+Z
a > 0,

1fP�/_1fZ 1
a

C65���>6/25?74Z)[�>�C
> 0

[�>�CìC6:QR9/BZ
n := d 1

a
e + 1

5?/2>65	>�:�Z h 74G2/2\�3�5�¬:<36G
> 1

a
. }~h 7�14/B5U/_1+Z�>�:S\�3�gE:<Z4K��~L
	EL���:Q[�\�3 1

n
< a

/2R mH/_CE5?7�14T674[�\�3�K?[�7�nPS7f�:<[�1]1f5?Z4K8[6>6s�L
�

æ)�i�0«���Ã %I����º�� � +I� ¢ �i��� C
���<¨]¨�� �9«E���2�=�0¨ �©��Å ¢ �0±v�=���?§S�=�Q�E¡�Ã�� ¢ �MS�E¯�§�� i2 = −1

�6��Å ¢ �ÃU�������E�� +n³ � »©� � � �B�I´Q�<�¿�_¨8�4³
mH/27v;�58K?58/2\�36>�5?> Xih 7 x ∈ R

|x| :=

{

x Xih 7 x ≥ 0

−x Xih 7 x < 0

:<G_1 w .¿5?Z47�:<s<xk�QPQ>�VIL=Ê��¬5?>�;�:<7�/_1+Z |x| =
RD:�V {x,−x} L } 5874>6587�sQ58GÁZ]5?>

Î-Ï �8Ð��v���
²S³ | − x| = |x|,¼ ³ |x| ≥ 0, = 0,

¡6�����6�Y�®¾<�
x = 0,µ6³ |xy| = |x| · |y|,

∣

∣

∣

x
y

∣

∣

∣
= |x|

|y| ,
¨ �©�����]�

y 6= 0,

Ç ³ | |x| − |y| | ≤ |x + y| ≤ |x| + |y|, ¨ %'��8��� �B� |x − y | ≥ |x| − |y|.
é®R >�ÍQ\�3�1fZ458>�jk;�14\�3�>6/ÁZ4Z�@¿587]C65?>�@�/B7%K85?/2sQ5?>-tuC6:<^F581�K8[�Ì+58CE587�>6/_\�3SZ%>658sS:<Z4/2�Q5?>�7]5?5?G2G25?>�¬:Q36G¬5?/2>65��)[�:QCE7�:�Z+@�[�74K85?G�sS/B;6Z8L6dÀ:<RU/ÁZ�/_1+Z Xih 7�NSPQRUT6G25VE5��I:<36G25?> z = u + iv (u, v ∈ R)CE587 w .05Z]7]:Qs�x

|z| :=
√

u2 + v2

@0PQ36G_CE5���>6/B587fZeL
�¤à|Û Ï �8Ð��v���Ó±	�EÅ ¢ �®¾<��§������v�©������¡9�2�

C
¡6���¶�·� ��§Q�i�À�)��¡E���2��»©�©���6�6�� +'³ � ³

mH/27k1+Z]5?G2GB58>�>�P�\�3F58/B>65�@�/_\�3cZ4/2sQ5��v>6sSGB58/2\�3�[6>�s9;=5?7]5?/BZ8Ö
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Î-Ï �8Ð��v���AØ������	��
�������+Û����~�����~Þ=Ú��������Ià~�|ÞIâ
½0¾<�

x ∈ R, > −1, 6= 0
�<�I§

n ∈ N , n ≥ 2
�_¨?�

(1 + x)n > 1 + nx.

ç9�SèY�c��ÛQÖ }~h 7 n = 2
3�:<Z�RD:Q>

(1 + x)2 = 1 + 2x + x2 > 1 + 2x,
@¿58>6>

x 6= 0.}~h 7vCE58>Og6\�36GB[�^9�SPQ> n
:Q[ X n + 1

7]58\�3�>65Z�RD:<>
(1 + x)n+1 = (1 + x)n(1 + x) > (1 + nx)(1 + x) = 1 + (n + 1)x + nx2

> 1 + (n + 1)x.

�

d)/B5UPQ;=5?>�;�58>�[EZ4K?Z45UqnVE/21fZ458>6KUCE5?7��)[�:SCE7]:<Z+@�[67]K?5?G X PQG2s<Z%:<[�1À58/B>6587��c/25?G'[6R X :S14145?>�C65?7]5?>qM/2sQ58>�14\�3�: X Z%CE5?7�7]5?5?G2G25?>��¬:Q36G25?>utICE587�14PQsS5?>�:Q>6>cZ458> w nPSGBG_1fZ]Í<>�CE/BsSNQ58/ÁZfx�t=CE/B5U@�/27)>�[6>�:<>6�sQ58365?>-L6d):QK?[F;67�:<[�\�3658>�@�/27
���S�'�~�i�8�������v����� �M�B�¬��Ô¬���2�BÃ�� �E¡E�

A ⊂ R
�6§�� �

A ⊂ C ¢ � �B£��v¥®´��¨Å ¢ ��È<�6«¬�fª�¯~°M���6��� ¨���2�=� +I� ¢ � s ∈ R
¡c�¶´6�+¯�¨ �E§���£ |a| ≤ s

�®¾<�)�<�B�i�
a ∈ A.�M�2�=�9Ô=� �B�2Ã����E¡6�

A ⊂ R ¢ � �B£��¤¥_����Å ¢ �E´E����´��¨Å ¢ � È���«=�4ª�¯¬°M���6�O� ¨v���2�=�)+I� ¢ � s ∈ R
¡c�¶´6�+¯¨ �E§���£

a ≤ s
�®¾<�)���2�i�

a ∈ A.
æ)��� +I� ¢ � s ¢ � �B£���§c���6��¥��E´E���� �¬Å ¢ ���<�6«���ªn�®¾<� A.±v�=���i�e¡����]«��_È<�8�~Ã������<�¬�·������=Å ¢ � ���6«E���-³

�v��EÅ ¢ �®��� ���i�e¯�§c��£�¨ �©��Å ¢ � �=Å ¢ � ����«����U�6��Å ¢ � �2�F§����0�����E¡6� A
¨ ���·´<¨?�-Q�%�2����¡E���ì´<���6�EÅ ¢ ���|³�M�2�=� +I� ¢ � c ∈ R ¢ ���2£��0¥ �¬� %¬���Ã��<ÃFª��6§�����¥_«���� �B��¨?�®�À�6´�� � � �=Å ¢ � ����«��©ªk»©�©� A,

¡6� ¨?Å ¢ �]���?Ä´E���O1f[�T
A,

°M���6�
²S³

c
�6´�� � ���=Å ¢ � ����«���»©�©� A

�2¨8���<�I§
¼ ³

c ≤ s
�®¾<��-�©§����E´E������=Å ¢ � ���6«E� s

»��©�
A.±v�=���i�e¡`� �4«���È��e�vÃ����H§��<¨�¥2ä®����Ã��<ÃFªY�6§�����§Q�i�F¥2¡S�"(©£��·���Q�=�®���� �=Å ¢ ���<�6«���ª�¯-�¬�����i���e�%���_¨/2> X A.

�v����§�� Æ � (�£�� ��/2> X A �<�I§�14[6T
A
¡E� ¢ (©������2Ã!�<�B�B¡E� Ã����2�=�����6��Å ¢ �'S� A.

�u�i�]¡=�D§c�Q¨ �¬� %¬� � Ã��<Ã »©���
A
¨ �e¡E���D�2�

A,
§c����� ¢ ���2£��D� ¨ì¥_����ºE�BÃ��<ÃFª�¯¿¡E� ¨?Å ¢ �]���<´�� �RD:�V

A,
� �=�¶¨ %I� �©Å ¢ ���I§F°n�2�?§�§c�<¨�ä®���6Ã��<Ã Q�<Ã ¥_�ì�B�6�2Ã��QÃ�ª�¯6¡6� ¨?Å ¢ �4�i��´E����RU/B> A.

Î-Ï �8Ð��v���=�ËØ®Ù%��Ú�Ú�Û8�8Ü6�~Ý~��Þ�á����i�eÛ Ï�� ��� �râ�½¿¾Q��§S����� �8���2��� � +I� ¢ ��� � R
¡S�2�¶�	§Q�i�����©�B¡E���u§���M�B¡E� ��¨Å ¢ ���®�0§�����¥"!=�©�2�_¨?�·È��I§Q�B¡S«E���¶�fª·¸+~�-�©§����¿�6��Å ¢ �u�i�?� � � �I¯Q���EÅ ¢ �E´E���ì´E� ¨?Å ¢ � È��6«¬�·� �D�����E¡6� A ⊂ R

¡S�·´E�~�¨0� �B� �¬� %¬� � Ã��<Ã�¯Q�,-�©§������6��Å ¢ �n���8������I¯6�=��Å ¢ �<�¬�·���`´E� ¨?Å ¢ � È��6«¬�·� ����� �E¡E� A ⊂ R
� �B�Fä®���6Ã��<ÃO³

�=[6R T67�:<NcZ4/_14\�3�5?>�Õ):<>�C63�:<;=5?>OCE/258145?7v.05?sS74/ �¬5)36/2G X Z)CE5?7 X PSGBsS5?>�C65
Î-Ï �8Ð��v���6Ñ ä®�

R
¨f�2�I§�È$#E�<�¶»���i���¬�4¸

²S³
c =

1f[6T
A
�Q�I§

¼ ³Fã_��åOä+¨?�
x > c,

¨��	�_¨?�
x /∈ A,ã·´©å��6´E����Q�,-�©§���Ã

ε > 0
¡S�·´E�¿�¨k���2�

a ∈ A
ÃU�¶�

c − ε < a ≤ c;´�S°v³������<���©¡
µ6³

d =
/2> X A �<�I§

Ç ³Fã_��åOä+¨?�
y < d,

¨��	�_¨?�
y /∈ A,ã·´©å��6´E����Q�,-�©§���Ã

ε > 0
¡S�·´E�¿�¨k���2�

a ∈ A
ÃU�¶�

d ≤ a < d + ε.



+I� ¢ ��� �6���©�B¡E� � ��� 	

ç9�SèY�c��ÛQÖÓg�5?/
c =

14[6T
A :

dÀ:<>�>9/_1fZ
c
PQ;=5?7]5vgE\�367�:<>6NS5Qt©1fPSRU/ÁZMsS/BGBZ J : W L<m�Í<7]5 J ; W~X :QG21]\�3ut14P%sSÍ<;=5v5e1n5?/2>

ε0 > 0,
1fPEC6:Q^�/B>

A
NQ5?/2>DqMG25?RU5?>cZ

> c− ε0
G2ÍQsQ5SLQd):Q>6>D@�Í<7]5?>D:<G2GB5

a ∈ A1]\�36PQ> ≤ c − ε0
[6>�CoC6:<RU/BZ9:<[�\�3

c − ε0
58/B>�5�PQ;=5?7]5�gE\�3�7]:Q>6NQ5St-/2RëmH/_CE587]14T67][�\�3`K?[67d)5���>6/BZ4/2PQ>F�SPQ>

c
:QG21vgE[6T67]5?R	[�R�Lq¤1�sS5?GBZ45��EL2Ö J : W GB/25 X 587fZet=C6:Q^�:<G2G25 a ∈ A

1]\�36PS> ≤ c
1f/2>�CIt=1fPEC6:Q^

c
5?/2>65	PS;�587459gE\�367�:<>6NS5

/_1+ZeL�m�ÍQ745
c′ < c

>6PE\�3O5?/2>65�N�GB58/B>�5?7]5�PQ;=5?7]5YgE\�367�:<>�NQ5Qt�1fP X PSGBsQZ45	:Q[�1 J ; W RU/BZ ε := c−c′

25?/2>FmH/2C65?7�1fT67][�\�3uL
�mH/27v�Q587]:Q;6745eCE5?>�>6PE\�3 X PSGBsS5?>�C65

ç9�cÐS�������|�Ià~�~Þ���� �v���E× �¿¨v¨�� ��� �
a, b ∈ R

ÃU�¶�
a < b.

æÀ�<�6��¨ ���
[a, b] :={x ∈ R | a ≤ x ≤ b}
[a, b) :={x ∈ R | a ≤ x < b}
(a, b] :={x ∈ R | a < x ≤ b}
(a, b) :={x ∈ R | a < x < b}.

���<���=� �6�¬�
[a, b]

� �B��¥i�6´©¡6� ¨?Å ¢ ���<¨4¨ ���¬� ¨8ª�¯ (a, b)
���2��¥����u���¬� ¨�ä®�¬�·� �8»���2�¶ª��<�I§F§Q�i�)�<�I§�� � � �´E����§�����¥����2��¨�� �����Á¡����I� �=�)ä®�¬�·���e»���2����ª¶³����<��¨?Å ¢ ����·´E�M�E�EÅ ¢ �6´<«=¾Q�4����I§

R≥a := [a,∞) := {x ∈ R | x ≥ a}
�<�I§��<�����i�e¡6� �0�2��§��Q�E¡E� ��� ¢ �i���v¨*%¬�4��Å ¢ �'ÃD�<��»©�©��¥¶�Q�=���B¡E� �=���B��Å ¢ � �uª¤ä®�¬�·� �8»�<�B�i���-³ä®��§�����«E�©Ã�%¬�i�]º������k´E���=�

C
�=� �6�=����°n�2���®¾<�

x0 ∈ C
�<�I§

r ∈ R, r > 0
§Q�i�À�����E¡6�

K(x0, r) := {x ∈ C ; |x − x0| < r}
§Q�i�	¥i���I� �=�2'�� � �2¨]¨?Å ¢ ���·´���ªv�<Ã x0

ÃU���M�)��§Q�¶�Q¨
r,
§Q�i�À��� �E¡E�

K(x0, r) := {x ∈ C ; |x − x0| ≤ r}
§Q�i�	¥���´©¡E�¨Å ¢ ���<¨4¨ ���=� '�� � �2¨]¨Å ¢ ���·´���ªv�<Ã x0

ÃU���¤�)��§Q�¶�Q¨
r.�M�2�����u���¬� ¨vä®�¬�®���e» �<�B�

(x0 − ε, x0 + ε)
�2�

R
´�S°v³=���2�=�����I� �=� '�����_¨]¨Å ¢ � �¶´E� K(x0, ε)

�2�
C ¢ ���2£��¤���2�=� “ε

Ä��-Ã9¡E�<´E�<�E¡=ªv»©���
x0.�M�2�=�¿�����6¡E�

A ⊂ R
�6§�� �

A ⊂ C ¢ ���2£��~¥i���I� �uª�¯�°M�����Y¨4���¤ÃU��� -�©§���Ã��k�<�6«¬�
x0
�6�EÅ ¢ � �B�¬�

ε
Ä	�|Ã9¡E��´6�<�E¡O»©���

x0
���¬� ¢ È��¶�4³ �E��� ¢ ���2£���¥i�6´©¡6� ¨?Å ¢ ���<¨4¨ ���-ª�¯¬°n� �6�O¨f�i� '%�©Ã�%¬�i��Ã����¬�¿���2�=� ����u���¬���F�2¨8�4³��¤�B�=�D´��¨Å ¢ � È���«=�®�%�Q�I§��6´©¡6� ¨?Å ¢ ���<¨4¨ ���¬������� �E¡E� ¢ � �B£��¤�E�EÅ ¢ ¥_«��©Ã�%u�<«¬�fª·³

qnZ+@�:9R9/BZfZ]5?G_1vCE587kdk7]5?/258\�NE14[6>6sSGB58/2\�3�[6>6sY;�58NQPSR9R	Z�RU:Q>
Î-Ï �8Ð��v��� #Ó�M�B�ì���u���¬� ¨�ä®�¬�·� �8»���2�I�2�

R
�E§E���)���2�=�����u���¬� '�����_¨]¨Å ¢ � �¶´E���2� C

¨4�B�I§D¨ ���·´<¨?����u���¬�9�����E¡6���I¯n���2�o�6´©¡6� ¨?Å ¢ ���<¨4¨ ���¬� ¨Àä®�¬�·���e»���2�n�B� R
�6§����U���2�=�D�6´�¡E� ¨?Å ¢ �i��¨]¨�� �=� '�� � �2¨�Ä¨?Å ¢ ���·´��v�2� C

¨4�B�u§Y�_¨?�n�E�EÅ ¢ �6´©¡6� ¨?Å ¢ ���<¨4¨ ���D�2Ã ���2�6�=�%§�����S�<������S�-¡6�]¡E�<´�� �=����æ�� �6�6�¶���i�©�I¯���2�Fä®�¬�·���e»���2�
[a, b]

Ã9�¶�
a, b ∈ R

�_¨?�'«���Ã�%u��«¬�4³
#%$'&)(+*-,�
�¤(��M*|,
���S�'�~�i�8�������v����4 �M�B�¬��¥_½¬�©�B¡E��»©�©���M�i��Ã����¬�®���o���2�=���������E¡6�

M
ªk�2¨8�)���2�=�9±	´�´��B��§��<�6¡»©���

N
����Å ¢ M

¸
n 7→ an.

�=Å ¢ ����·´c°n� �2¨ ����§c���®¾Q�v¨f�2�I§
(an)n∈N, (an)n,

�6§����k���2�6���EÅ ¢ (an).

�u�i�]¡=�M§Q�i�������E¡6�
M

�2�ì§�� ��� �8���2��� ���6§����0«���Ã�%¬����º���� +I� ¢ ��� �I¯E¨���¨*%¬�]��Å ¢ �|ÃD�<�ì»©�������2�=� ���?���2�i���ì�E§E����«���Ã�%¬����º�����¥ +I� ¢ �i���6�����Á¡6�©ª·³
mH/27¿;=5?3�:Q>�CE58GB>�K8[6>�ÍS\�3�1+Z¿>c[�7��¬:Q36GB58> X PQG2sQ58>utSC6/B5v/2RÉ:<G2GBsS5?RU5?/2>658>DNQPQRUT6G25VD145?/2>�C h 7 X 5?>uL
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���S�'�~�i�8�������v��� � �M�B�¬� +I� ¢ � a ¢ ���2£���¥ Æ � � �6Q°M���e�fª�§E���v½=���Á¡6� an

¯u°n� �6��¡S�2���]¸
∀ε>0 ∃n0∈N ∀n≥n0(ε) |an − a| < ε.

���<��¨?Å ¢ ����·´E�0§c���®¾<�
an −→

(n→∞)
a
�6§����

a =
G2/BR

n→∞
an

�6§�� �
a =

G2/BR
n

an

�6§����v¨ � ¢ �v¨?Å ¢ ����Ã�%¬�B¡ a =
GB/2R

an.

�M�2�=�F½¬�©�B¡E� ¢ � �B£��U¥2«E�©�¬»©� �f¡6���¬�fª�¯�°n� �6��¨4���O� �B�=� � Æ � � �6Q°M���e��´E� ¨4����Q�+¯v���2�=�F½¬�©�B¡E��ÃU���Æ ����6S°n� �8�
0 ¢ ���2£��0¥����<�2�2���©�B¡E�©ª·³

qnZ+@�: ( 1
n

)

,
(

1
2n

)

, (qn) Xih 7 |q| < 1
14/B>�C�.05?/_1fT�/B58GB5 Xih 7 ê [6G2G X PSGBsS5?>uLqM/2>F@�/2\�3cZ4/2sQ587vakPS>��Q5?7]sQ58>6K81]:�Z]KvG_:<[EZ]5Z

Î-Ï �8Ð��v��� �rØ®Ù%���©Þ=Ú���� � �~Û8á��©���8������à �pâ�ä+¨8�
(an)

� �B�¬� +I� ¢ �i�������©�B¡E�Y�<�I§ a
���2�=� +I� ¢ ��¯�¨ �<Ä§c�<£9ÃU�¶�¿���2�=�����	�<�2�B�����Á¡6�

(εn)
�®¾<�k���2�i�

n ∈ N
¡S�2�¶�

| an − a | < εn,

¨ ���_¨8�
a =

G2/BR
an.

ç9�SèY�c��ÛQÖv�=[
ε > 0

5VE/_1+Z]/B587fZ|5?/2>
n0,

1fPEC6:Q^ Xih 7|:QGBG25 n ≥ n0
sS/BGBZ8teC6:<^ | εn−0 | = | εn | < ε.dÀ:<>6>F/_1+Zk:Q;�587v:<[�\�3 | an − a | ≤ | εn | < ε,

@0:S1�CE/25�akPS>c�S5?7]sQ58>6KvK?58/BsQZ8L
�

Î-Ï �8Ð��v��� � �M�B�¬�)«��©�¬»����4¡E���¬�®��½=���Á¡6��´E� ¨4�¶��Q�M¡E���=�E�U� �B�¬��� Æ � � �6Q°M���e�4³
ç9�SèY�c��ÛQÖ�g�/2>�C`>�ÍQRUGB/_\�3

a
[6>�C

a′ � 7]5?>�K?@05?74Z45D�QPS> (an),
1fP�/21fZ Xih 79;�58GB/25?;�/BsS581 ε > 0[6>�CYÌ+5eCE581

n ≥ n0(ε)

| a − a′ | = | a − an + an − a′ | ≤ | a − an | + | an − a′ | < ε + ε = 2ε.

dÀ:<>6>FR	[�^U:Q;�587�>�:Q\�3OgE:<Z4K	�~L �91]\�36PS>
a − a′ = 0

145?/2>ut�CuL 3uL
a = a′. �

���S�'�~�i�8�������v����� �M�B�¬� +I� ¢ ��� �6���©�B¡E� (an)
�2�

R ¢ ���2£���¥_Ã��©�=�E�·�©�`°n��Å ¢ ¨�� �I§�ª�¯-°n� �6�O�®¾<����2�i�
n ∈ N

¨8�·�©�¶¨
an ≤ an+1

�_¨?�]³ä+¨8�M¨��©¡�����¨8�·�©�¶¨
an < an+1,

¨��	��e§����nÃD�<��»��©��¥_¨8������6¡9Ã��©�¬���·����°n��Å ¢ ¨�� �I§�ª·³±v�=���i�e¡����]«��_È<�8�~Ã�����¥2Ã��©�¬���·�������<�B�i���u§�ª)´�S°v³¬¥�¨?��� � �E¡9Ã����=���®�©�������2��� �I§�ª·³
Î-Ï �8Ð��v�_Ñ �Óæk�i�	� �8���2���	½=���Á¡6�

(an)
¨ ����´E� ¨?Å ¢ ��È<�6«¬�)�Q�I§�Ã����=���®�©�o°n��Å ¢ ¨�� �I§�³=æÀ�<�6���_¨8�¨4���k«����¬»©���4¡E� �¬�¤�<�I§��¨�¡S�2���

an → 14[6T {a1, a2, ...}.±v�=���i�e¡�«����=»����4¡S�i���e�E� �B�¬�|Ã����=���®�©�������2�i���I§��0´E� ¨?Å ¢ � È��6«¬�®�-½¬�©�B¡E�-¡6�]¡E� �	§��<¨I/2> X {a1, a2, ...}.
ç9�SèY�c��ÛQÖ�d)/B5 } PSGBsS5À145?/¬RUPQ>�P<Z4PS>�@�:Q\�3�145?>�CuLcdÀ:Q1�g�[6T�7458R	[6R a :=

1f[6T {a1, a2, ...}
5VE/Á�1fZ4/25?74Z8t6C6:DCE/25 } PSGBsS5À;=581]\�367�Í<>6NcZ�/_1+ZeL ê :S\�3FgE:<Z4K	�~L2� �Y/_1+ZkC6:Q>6>

	 Xih 7'Ì+58CE5e1 n ∈ N
1+Z]5Z]1

an ≤ a,
[�>�C X 5?7]>65?7

	 sQ/2;EZ�581�K?[9Ì+5eCE5?R
ε > 0

58/B>
n0,

1fPEC6:Q^
a − ε < an0

≤ a.

m�5?sQ58>ìCE5?7)zOPQ>6PQZ4PS>6/B5%/_1fZ)C6:<>�> Xih 7nÌ+58C6581 n ≥ n0
:<[�\�3

a − ε < an0
≤ an ≤ a,

14PQRU/ÁZ
Xih 7 n ≥ n0

:Q[�\�3 | an − a | < ε,
@0:S1�CE/25�akPS>c�S5?7]sQ58>6KvK?58/BsQZ8L

�


 ;=5?7
R
[6>�C h ;�587 C

NSbQ>6>�5?>9@�/B7¤C6/B5va)PQ>��Q5874sS5?>6KSteCuL 3uLSCE/B5�qMV�/_1fZ45?>�Kv5?/2>6581 � 7458>6K?@05?74Z45e1:<[�\�3�:Q[�1�CE5?7v14PQs w�� ���� ���|�·.05eCE/B>�sQ[6>6s<xk14\�36G2/25?^Q58>uÖ



+I� ¢ ��� �6���©�B¡E� � ��� �

���S�'�~�i�8�������v�_Ñu��M�2�=�À½=���Á¡6�
(an) ¢ ���2£���¥ � ���� ���~Ä�½¬�©�B¡E�©ª¿�6§�� ��¥ � ���� ���|Ä�«��©�¬»����4¡E���¬�4ª�¯�°M������¡c�B�¶�

∀ε>0 ∃n0∈N∀n,m≥n0
| an − am | < ε.

Î-Ï �8Ð��v�_Ñ=ÑÓÒc�©§��k«��©�¬»����4¡E���¬�®��½=���Á¡6���_¨8� � ���� ���|Ä�½=���Á¡6��³
ç9�SèY�c��ÛQÖ

an → a
;�5eCE5?[6Z45Zet

∀ε>0 ∃n0∈N∀n≥n0
| an − a | < ε.

m�Í<3�GB5
ε,
C6:QK?[

n′
0

1fP�t6C6:<^ | an − a | < ε
2 Xih 7 n ≥ n′

0.
d):Q>6>F/21fZ Xih 7 n, m ≥ n′

0 :

| an − am | ≤ | an − a | + | a − am | <
ε

2
+

ε

2
= ε.

�

Î-Ï �8Ð��v�_Ñ�× Òc�©§�� � ���� ���~Ä�½¬�©�B¡E�k�2¨8��´��¨Å ¢ ��È<�6«¬�4³
ç9�SèY�c��ÛQÖ�.0581fZ4/2RUR95

n0
K8[

ε := 1.
dÀ:<>6>F/_1+Z Xih 7 n ≥ n0 :

| an − an0
| < 1,

CIL 3uL | an | < | an0
| + 1.

�dÀ:<RU/ÁZ X PSGBsQZvCE/B5%K85?>cZ47�:<G25%jv[�1]1]:<sQ5
Î-Ï �8Ð��v�_Ñ #Óä®�

R
�2¨8� -�e§E� � ���� ���~Ä�½¬�©�B¡E�v«��©�¬»����4¡E���¬�]³ç9�SèY�c��ÛQÖ0q¤1�1f58/
(an)

5?/2>65 � � �  ���-� } PSGBsS5QLMdÀ:<>6>�/_1fZ�14/B5ì/2>�14;�5e1fPS>�CE58745ì;=581]\�367�Í<>6NcZet14PQRU/ÁZ�sS/B;EZv5e1�5?/2>65�a)PQ>�1fZ]:Q>SZ]5
C,
1fPEC6:Q^ Xih 7v:<G2GB5 n

−C ≤ an ≤ +C.

ê [�>�;�/BG_CE5?>F@�/27vCE/25 } PQG2sQ5 (un)
RU/BZ

un :=
/2> X {an, an+1, an+2, .....} =

/2> X {ak | k ≥ n}.
{|74/2��/2:QGB5874@05?/_1f5)/21fZv@�/258CE587

−C ≤ un ≤ +C,

X 5?7]>65870CE/25 } PQG2sQ5 (un)
RUPQ>�P<Z4PS>�@�:Q\�3�145?>�CuL ê :S\�3�gE:<Z4K��'L � � /_1+Z�C6:<RU/BZ�CE/258145 } PQG2sQ5 (un)NQPS>��Q5?7]sQ58>cZ¿[6>�C�K8@0:Q7

un → u :=
14[6T {u1, u2, .....}.mH/27vK?58/BsS5?>uÖ

u
/_1+Zk:Q[�\�3FCE5?7 � 7]5?>6K8@¿587fZ�CE587�[67]14T67 h >6sSGB/_\�365?> } PSGBsS5Qt6CIL 3uL (an) → u.m�Í<3�GB5

ε > 0.
m�58sQ5?>

un → u
sQ/2;EZ�5e1%5?/2>

n0,
R9/BZYCE58R |un − u | < ε

3 Xih 7 n ≥ n0.dÀ:
un :=

/B> X {ak | k ≥ n} sQ/2;EZv581kK?[9Ì+58CE58R n
58/B>

k(n) ≥ n,
14PEC6:<^ |un − ak(n) | < ε

3 .gE\�36G2/25?^QG2/_\�3O/21fZMÌf:�CE/25 } PQG2sQ5 (an)
5?/2>65 � ���� ���|� } PQG2sQ5St61fPSRU/ÁZksS/B;6Z)581k5?/2> n1,

RU/ÁZ�CE5?R
| an − am | < ε

3 Xih 7 n, m ≥ n1. }~h 7 n ≥ RD:<V {n0, n1}
/_1+ZvC6:Q>6>

| an − u | ≤ | an − ak(n) | + | ak(n) − un | + |un − u | <
ε

3
+

ε

3
+

ε

3
= ε.

�

�vRÉCE/25�jv[�1]14:QsQ5��SPQ>�gE:<Z4K��'L � 3	:<[�\�3 Xih 7¿NSPQRUT6G25VE5 } PSGBsS5?>�K8[�;=5?NQPSRUR958>utQ>�[EZ]K?58>�@�/B7
Î-Ï �8Ð��v�_Ñ 4 ���B�u§

an → a,
�<�I§

bn → b
Q°M���I«E�©Ã�%¬�i�]º��)+I� ¢ ��� �6���©�B¡E� �I¯6�����]�=��� α, β ∈ C,¨ �%¡6���¶�·� �
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�������������� 


²S³
αan + βbn → αa + βb.¼ ³
anbn → ab.

µ6³�½����2�_¨
b 6= 0

�Q�I§
cn :=

{

an

bn

�®¾<�
bn 6= 0

0
�®¾<�

bn = 0
,

¡S�2�¶�
cn → a

b
.

Ç ³ | an | → |a|
ç9�SèY�c��ÛQÖ
�SL�q¤1�/21fZ

| (αan + βbn) − (αa + βb) | ≤ |α|| an − a | + |β|| bn − b |.
}|h 7 n ≥ RD:�V {n0(a, ε

2|α| ), n0(b,
ε

2|β|)}
/21fZ0C6:Q>6> | an −a | < ε

2|α| , | bn− b | < ε
2|β| ,1fPSR9/BZvCE/25%sS:<>�K?5ÀPQ;6/2sQ5�7]58\�3cZ45�g�58/ÁZ]5

< ε.

�6L | anbn−ab | ≤ | anbn−anb |+ | anb−ab | = |an|| bn− b |+ |b|| an−a |. d)/25 } PSGBsS5
(an)

/21fZvNQPS>c�S5?7]sQ58>SZetS14PQRU/BZ � ���� ���|�·NQPQ>��S5?7]sQ5?>cZetQ:<G_1fP9;=581]\�367]ÍQ>6NcZ8LEdÀ:<RU/ÁZvN�:Q>6>RU:Q> |an| ≤ α
R9/BZvsQ585?/2sQ>65?Z458R

α
:<;�14\�3�Í<Z4K85?>�[�>�C�@�/B5%;=5?/M�SLE@¿58/ÁZ]5?7]RD:Q\�3658>uL

��Lkg�P X 5874> b 6= 0
/_1+Z Xih 7 n ≥ n0(

|b|
2 )

:<[�\�3 |bn| ≥ |b|
2 .
d):%5e1 Xih 7¤C6/B5ka)PQ>��S5?7]sQ5?>�K¤>6/_\�3cZ:<[ X CE/25�5?7�1+Z]5?> � G2/B5eCE5?7kC65?7 } PQG2sQ5�:<>�NQPQRUR	Z8t6NSbQ>6>658>F@�/B7k:QG214PUsQG25?/_\�3O:<>6>65836RU5?>utC6:<^ Xih 7k:QGBG25 n

1]\�36PQ>
cn = an

bn

/_1+ZeL6d):Q>6>F/21fZ
∣

∣

∣

∣

an

bn

− a

b

∣

∣

∣

∣

=
1

|bn||b|
| ban − abn | .

q¤1�/21fZ 1
|bn||b| ≤ 1

1
2
|b||b|

= 2
|b|2 , X 5874>6587�sQ/2GÁZ%>�:S\�3�{|5?/2G��QL (ban − abn) → 0

tI1fPEC6:Q^
CE/B5�PS;6/BsS5%dk/ �=587458>6K%;=5?G2/B58;6/BsUN�G25?/2>�@�/27�CIL

3�L ||an| − |a|| ≤ | an − a |. �

Î-Ï �8Ð��v�_Ñ � ä+¨?�
(an) = (αn + iβn)

���2�=�Y«E�©Ã�%¬�i�]º�� � ���� ���~Ä�½¬�©�B¡E�e¯u¨ ��¨4�2�I§��E�EÅ ¢ §Q�i�½=���Á¡6���
(αn)

�<�I§
(βn)

�6�Q¨)§����F�)��<���®���2��� ��´<Q°v³=§�� ��ä®Ã��©¡c�B�=È��e�·���2�i���2-��°n� �B�_¨ � ���� ���~Ä½=���Á¡6���-³
ç9�SèY�c��ÛQÖ

| an − am |2 = | (αn + iβn) − (αm + iβm) |2

= | (αn − αm) + i(βn − βm) |2

= | (αn − αm) |2 + | (βn − βm) |2

dÀ:<RU/ÁZv/_1fZ
|αn − αm | ≤ | an − am |
|βn − βm | ≤ | an − am |,

@0PQ7�:<[�1�CE/25%.¿583�:<[�TEZ4[6>�s X PQG2s<Z8L �d)/B5e1�GB/25 X 587fZ�[6>�1vCE/25%qM74@05?/BZ45874[�>6sY�SPQ>OgE:�Z]KY�~L&� 39/B>�1kakPSR9T�GB5?V�5SÖ
Î-Ï �8Ð��v�_Ñ � ä®�

C
�2¨8� -�e§E� � ���� ���~Ä�½¬�©�B¡E�v«��©�¬»����4¡E���¬�]³

ç9�SèY�c��ÛQÖ ê :S\�3�gE:�Z]KY�~L&� �U;6/2G2C65?>ì:<[�\�3FC6/B5 } PQG2sQ58>F:Q[�1vCE58>ìy�58:QGÁZ]5?/2GB58>O;6K?@%L=CE5?>Oé®RD:<�sQ/2>�ÍQ7fZ]5?/2GB58>)Ì+58@¿58/BG_1M58/B>�5k7]5?5?G2G25 � � �  ���-� } PSGBsS5QtQCE/25v>�:S\�3�gE:�Z]KÀ�~L&� 3%NSPQ>��Q5874sS5?>cZn/21fZ8L�zO/BZgE:<Z4K	�~L&� 	EL2�ÀNQPQ>��S5?7]sQ/25?74Z0C6:Q>6>O:<[�\�3FCE/25Àsc:<>6K85 } PQG2sQ5SL �



+I� ¢ ��� �6���©�B¡E� � �����

� Ï ���Ià~�|Þ������
	
R �� ��	 C ��� ���
� � ���� ������� ��� � �
������������� 	!���#"�$%�
	'&�(*)+��	,$%��	 � ��� � ����	-/.10 &2��	 ����� � ��34��������	!�657�
	!���98 � �;:<�
�=����� � ��	'�����1>�$ �+� �9� � � ���?�@� �BA7C -�- ��� �*DFE�GIHKJKLM� - &�(qM/2>F@�/2\�3cZ4/2sQ587v.05?sQ7]/ �F/_1fZkCE5?7vCE587k{|5?/2G X PSGBsS5QL

���S�'�~�i�8�������v�_Ñ � �¤¨�¨�� �
(an)

���2�=�)+I� ¢ ��� �6���©�B¡E�©¯ (nk)k∈N

���2�=�)¨?��� � �E¡9Ã����=���®�©��°n��Å ¢ Ä¨ ���I§���½=���Á¡6�����6�f¾<�]�B��Å ¢ � �)+I� ¢ ��� �-³�æ������ ¢ � �B£��v§Q�i�%½¬�©�B¡E� (ank
)k∈N

���2�=�D¥®Ô¬���2�B�����Á¡6�©ª)§����½=���Á¡6�
(an)n∈N.

} PSGBsS5?>�C65�jk[�1]14:QsQ5?> h ;=5?7v{|5?/2G X PSGBsS5?>F1f/2>�C�G25?/_\�3SZ�K8[�;=5?@05?/_145?>uÖ
Î-Ï �8Ð��v�_Ñ �
²S³�Òc�©§��9Ô=� �B�2���©�B¡E�����2�=� � � ���� ���|Ä�½=�©�B¡E�v�_¨?�M¨ ���·´<¨8� � ���� ���|Ä�½=�©�B¡E�<³¼ ³�Òc�©§��ìÔ¬���2�B�����Á¡6��� �B�=� �	¡6�]¡6���A§�� � Æ ����6S°n� �8�

a
«E�©�¬»©� �f¡c��� � � �I§����`½¬�©�B¡E�9�_¨?��¨ ���·´<¨?�«��©�¬»����4¡E���¬�|Ã9�¶� Æ ����6S°n� �8�

a.µ6³.'����=»����4¡S�i���e�¬� �B�=��½=�©�B¡E�
(an)

�<�I§ ¢ �E�~� �B�=��Ô=� �B�2���©�B¡E�)§E��� Æ ����6S°n� �8� a ¯c¨ �À«����=»���� Ä¡S�i���e�
(an)

¨�� �¶´<¨8�~¡E��¡E���
a.

jv[�1kCE58> 
 ;=5?7]GB58sQ[6>6sS5?>FK?[ � ���� ���|� } PQG2sQ58>�5874sS/B;6Zk1f/_\�3OC6:Q1 X PQG2sQ5?>�CE56NM7]/B>6K8/BTìC65?7vé®>E�Z45874��:QGBG_14\�3�:Q\�3cZ458GB[6>�s�Ö
Î-Ï �8Ð��v�2× �AØ+ß�¬�e���PO Ï Ú�Ú�Û ��� Ï ���¬�e�cÚ�à|�~ÞIâ��M�B�¬�'½=���Á¡6�

([an, bn])n∈N

»��©���6´�¡E� ¨?Å ¢ �i��¨]¨�� �=���ä®�¬�·� �8»���2�i���pãB�2�
R
å	´<�B��§��©�¿� �B�¬�	¥2ä®�¬�·� �8»�<�B�_¨Å ¢ ��Å ¢ �·� ���<�6¡�ª�¯�°M���6�²S³0�®¾<�k���2���

n ∈ N
¨?�®�©�¶¨

[an+1, bn+1] ⊂ [an, bn]
�Q�I§

¼ ³
bn − an → 0

�®¾<�
n → ∞.

dÀ: Xih 7vsS/BGBZ
Î-Ï �8Ð��v�2×-� +~�	���2�=���¿ä®�=�®���e»���2�2¨?Å ¢ ��Å ¢ �®���¶�<�E¡��6´©¡6� ¨?Å ¢ ���<¨4¨ ���¬���'ä®�¬�·���e»���2��� [an, bn]

¡S�·´E�|� ¨¡E� ���E�����2�=�)+I� ¢ � c, §Q�i�)�2�O�<�B�i�����2����¡��+¯I§=³ ¢ ³6�®¾<�%§Q�i�
⋂

n∈N

[an, bn] = {c}.

�¤¨��_¨8�
c =

GB/2R
an =

GB/2R
bn.

ç9�SèY�c��ÛQÖ 
 ;=5?7)CE/B5�.05eCE/B>�sQ[6>6s
[an+1, bn+1] ⊂ [an, bn]

5?7]sQ/2;EZv1f/_\�3
a1 ≤ a2 ≤ ... ≤ an ≤ an+1 ≤ ... ≤ bn+1 ≤ bn ≤ ... ≤ b2 ≤ b1.

dÀ:<RU/ÁZ�/21fZOCE/B5 } PSGBsS5 (an)
R9PS>6P<Z]PQ>H@�:Q\�3�145?>�Cp[�>�C�>�:S\�3HPQ;=5?> C6[67]\�3ËÌ+58CE5e1

bk

;=5�1]\�367]ÍQ>6NcZ8t�5?>cZ�1fT67]58\�3�5?>�C�CE/B5 } PQG2sQ5 (bn)
RUPQ>�P<Z4PS> X :QGBG25?>�C�[6>�C�>�:Q\�3�[�>SZ]5?>FCE[67�\�3	Ì+5eCE581

ak

;=581]\�367�Í<>6NcZeL ê :Q\�3OgE:<Z4KY�~L&� � sQ/2GÁZkC�:<>6>
an → a :=

14[6T {a1, a2, ...}
bn → b :=

/2> X {b1, b2, ...}.
dÀ:ÀÌ+58CE5e1

bk

PS;�58745�gE\�3�7]:Q>6NQ5 Xih 7 {an | ∈ N} /_1fZv/21fZv1fPSR9/BZ
a ≤ bk Xih 7'Ì+58C6581 k ∈ N

[6>�CF:Q>�:<G2PQs
b ≥ ak Xih 7nÌ+58CE5e1 k ∈ N.g�PSR9/BZv/_1+Zk1fZ45?Z]1

a − b ≤ bk − ak.
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jv>�CE74587]145?/BZ]1�/_1fZ�@05?sS5?>FCE5?7vzìPQ>6PQZ4PQ>�/B5%:<[�\�3 Xih 7):<G2GB5 k ∈ N

a ≥ ak, b ≤ bk

[6>�CF14PQRU/BZ�1fZ45?Z]1
b − a ≤ bk − ak.jvG_14P93�:<;=5?>F@�/B7

| b − a | ≤ bk − ak → 0 (k → ∞),14P�C�:<^
b = a =: c.

g6\�36GB/25?^SGB/_\�3�/21fZvC6:<RU/BZkC6:<>6> Xih 7�;=5?G2/25?;6/2sQ5 n

an ≤ a = c = b ≤ bn,
CIL 3-L

c ∈ [an, bn],

14P�C�:<^
c
/2>ì:<G2GB58>Oé®>SZ]5?7]��:<G2GB58>OGB/25?sQZ8L�m�5?sS5?>

bn − an → 0
N�:<>6>O5e1v>�[67v58/B>65Y1fPSG2\�365U�¬:<36GsQ58;�58>uL

�

jv[�1vCE5?R NM7]/B>6K8/BTFCE587vé®>cZ45?7]��:<G2G21]\�3�:S\�3SZ]5?G2[6>6sY5?7]3�:<GBZ458>�@�/27vCE5?>
Î-Ï �8Ð��v�2×¬ÑrØ�� 
� ��� ��
���� � � ���	��
 � � ���câ�Ò��e§��~½¬�©�B¡E�

cn

�B�Y� �B�¬��Ã ¥_«���Ã�%u��«¬�·� �uª�¯�§�³ ¢ ³´E� ¨?Å ¢ ��È<�6«¬�·� ���Q�I§9�6´�¡E� ¨?Å ¢ �i��¨]¨�� �=���9ä®�¬�·� �8»���2� [a, b] ⊂ R
´E� ¨4�¶��Q�n���2�=�0«E�©�¬»©� �f¡6���¬�·�)Ô=� �B��Ä���©�B¡E�<³Eæ�� � � � Æ � � �6Q°M���e�|�2�i�]¡���°n�i�e§�� �v�2�

[a, b].

ç9�SèY�c��ÛQÖ0mH/27¤:<7];�58/ÁZ]5?>YR9/BZMé®>cZ45874��:<G2G_14\�3�:S\�3cZ45?G2[6>6s�L©gE5Z4K85
[a0, b0] := [a, b]

[6>�C
n0 := 0.dÀ:<>6>�/_1fZ�14/2\�36587

cn0
∈ [a0, b0]

[6>�C
[a0, b0]

5?>cZ]3�Í<GBZ�[6>�5?>�CEG2/_\�3���/B58GB5 J >�Í<RUG2/2\�3 :<G2GB5 W� G2/B5eCE5?7�[6>�1f58745 } PSGBsS5 (cn).
dÀ:<7�:<[ X :<7];�58/ÁZ]5?>�@�/B7�7]5?N�[67�1f/2�D@05?/BZ45?7eÖdÀ:Q10K?[6G25Z]KZ�5?7]7]5?/_\�3SZ]5ké®>cZ45874��:QGBG

[ak, bk]
Z]5?/2GÁZ�RD:<>�/B>FCE587�zì/ÁZ4Z45�/B>

[ak, dk]
[6>�C

[dk , bk]
LqM>cZ43�Í<GBZ

[ak, dk]
[�>65?>�C6GB/_\�3F�c/25?G25 } PSGBsS5?>6sSGB/258CE5878tE14PY@�/27�C�5e1�C6:Q1�>�ÍS\�3�1fZ45�é®>cZ45?7]��:<G2G�t6CuL 3uLC6:Q>6>O1f5?Z4K?58>�@�/27

[ak+1, bk+1] := [ak, dk],:<>�CE5?7]> X :<G2G_1�GB/25?sS5?>�[6>65?>�CEGB/_\�3F��/B58GB5 } PSGBsS5?>6sSGB/258C65?7�/B> [dk, bk]
[�>�C�@�/B7v145Z]K?5?>

[ak+1, bk+1] := [dk, bk].

} 5874>�5?7�@0ÍQ36GB58> @�/27
nk+1 > nk

14P�t�C6:<^
cnk+1

∈ [ak+1, bk+1].
d)/25�é®>cZ]5?7]�©:QGBG25�14/2>�CsQ5e14\�3�:Q\�3cZ458GÁZetc/2367]5 0-Í<>�sQ5À3�:<G2;6/25?74Z�14/_\�3	Ì+58@¿58/BG_1?t614PQRU/BZvGB/25?sQZ�5?/2>65�é®>SZ]5?7]��:<G2G21]\�3�:Q\�3cZ]5?G2[6>6s�QPS7�[6>�C

(cnk
)
GB/25 X 587fZkC6/B5�sQ5e1f[�\�3SZ]5�NQPQ>��S5?7]sQ5?>cZ]5k{-58/BG X PQG2sQ5SL �

mH/27v>�[EZ4K85?>FCE/B5e1 Xih 7
Î-Ï �8Ð��v�2×=× +~��-�e§�� �����E�4¾<�]�B��Å ¢ ����+I� ¢ � k ≥ 1

�<�u§ -�e§�� �2%~�<¨f�¶���¶»©� ��+I� ¢ � a ∈ R, > 0¡S�·´E�)�¨À¡E���=�E�ì���2�=� %~�<¨f�¶���¶»©� +I� ¢ � w ∈ R
ÃU�¶�

wk = a.
�������=���6�¬��§Q�i� ¨ � +I� ¢ � w

§Q���¥ %~�<¨f�¶���¶»©�
k
Äf�·��F�<�4����|�6�Q¨

a
ª�¯E¡6� ¨?Å ¢ �4�i��´E���F���_¨ w := k

√
a := a

1
k .

ç9�SèY�c��ÛQÖ�d)/B5�zO58>6sQ5
A := {x > 0 |xk ≤ a}/_1+Z�>�:Q\�3�CE587��)����
��������	�B���v>�sQG25?/_\�3c[�>6s`1f/_\�365?7�CE[67�\�3

1 + a
>�:S\�3HPQ;=5?>�;=581]\�367�Í<>6NcZ8L

} 5874>�5?7�/_1+Z u :=
RU/2> {1, a} ∈ A

[6>�CFC6:QR9/BZ
A 6= ∅. jvG_1fPU5?V�/_1fZ4/25?74Z

w :=
14[6T

A.

d)/B5e1M/_1+Z¿C6/B5)sQ5814[�\�3cZ45�m�[67]K?5?G¶LSdÀ:<K8[DK?58/BsS5?>D@�/278tcC6:<^
wk = a.

d):
w
5?/2>�g�[6T67]5?RY[6R /21fZ8t

X PQG2s<Z h ;=5?7)CE/B5��¿3�:<7�:<NcZ45874/_1f/25?7][6>6s	/B>ìgE:<Z4KY�~L2� �6t�C�:<^ Xih 7nÌ+5eCE581 n ∈ N
Ì+58CE58> X :<G2G_1

w +
1

n
/∈ A,

CIL 3uL
(w +

1

n
)k > a,



+I� ¢ ��� �6���� ¢ ��� �����Q�

X 5?7]>6587 Xih 7nÌ+58C6581 n
R9/BZ

w − 1
n

> 0
14\�36PS>

w − 1

n
∈ A,

CIL 3uL
(w − 1

n
)k ≤ a.

Ê��¬5?>�;�:<7�/_1+Z
(w − 1

n
)k < (w +

1

n
)k.

mH/27v;�5?Z47�:Q\�3cZ458>�CE/25 } PSGBsS5%CE5?7�é®>cZ45874��:QGBG25

Jn := [(w − 1

n
)k, (w +

1

n
)k].

{|74/2��/2:QGB5874@05?/_1f5À1f/2>�CFCE/25%sQ5e14\�3�:S\�3cZ45?GBZ8tECIL 3uL
Jn+1 ⊂ Jn

[�>�C�@¿58sQ5?>

(w +
1

n
)k − (w − 1

n
)k =

[

(w +
1

n
) − (w − 1

n
)

] [

(w +
1

n
)k−1 + (w +

1

n
)k−2(w − 1

n
) + ...+

]

≤ 2

n
k(w + 1)k−1 → 0

sQ58365?>FCE/25�é®>SZ]5?7]��:<G2GBG_Í<>6sS5?>�sQ5?sS5?> ê [6G2G�t�1fPEC6:Q^Y58/B>65�é®>cZ45874��:QGBG_14\�3�:Q\�3cZ458GB[6>�s	�QPS74G2/25?s<ZeLEÊ X �X 5?>�;�:Q7¤G2/B58s<Z wk
/B>�Ì+58CE58R C65?7¤é®>cZ]5?7]�©:QGBG25QtS@¿58sQ58>

(w + 1
n
)k > a,

[6>�C
(w− 1

n
)k ≤ a

:<;=5?7:<[�\�3
a.
g�PSR9/BZ�/21fZv>6PQZ+@¿58>�CE/2s

wk = a,
:<G_14P

w
CE/25%sQ5e1f[�\�3cZ]5Àm�[67]K?58G�LdÀ:<^�5e19>c[�7958/B>�5�14PQG_\�365 . � - ��&/���P�ìm�[67]K?58G�sQ5?;=5?>pN�:<>6>ut X PSGBsQZU:Q[�1YC65?7UzOPQ>6PQZ4PS>6/B5�CE5?7zO[6GBZ4/2T6G2/BN�:<Z4/2PQ>uL

��=[67M.058745e\�36>�[6>6s�CE/B5e1f587nm�[�74K85?G2>9�S5?7]@¿58>�CE5?Z~RD:<>DC6:S1�� ��������
=� n5?7 X :<367]5?>ut�C6:S1n@�/27n/BR>�ÍS\�3�1+Z]5?>Fa%:<T6/BZ458GINQ58>6>65?>�GB5874>658>�@05?7�CE58>uL
#%$'&)(+*-,	�6*�
4&v*-,
���S�'�~�i�8�������v�2× #Ó�¤¨�¨�� �

(an)n∈N

���2�F½¬�©�B¡E�k�2�
C.²S³ ∑∞

j=1 aj

�E§E���D�E�EÅ ¢ ∑∞
j=k aj

�®¾Q��� �B�
k ∈ Z ¢ � �B£���¥·�<�=���u§Q�B��Å ¢ ���)��� ¢ ��ÃU���9§�� �

�¬�<ÃUÃ����I§�� �
aj

ª·³
�������=������� �8�0§c�<�®¾<�À���®�~�¬�<� ∑

j aj

�6§�����¡E�����¬�<� ∑
aj .¼ ³

sn := a1 + a2 + ... + an =
∑n

j=1 aj ¢ ���2£���§Q�i��¥ n Ä+�®���n�<�8���_�<�2¨8�<ÃUÃ��©ª·³µ6³ ∑∞
j=1 aj ¢ ���2£��)¥_«��©�¬»����4¡E���¬�4ª�¯-°M�����Ë§Q�i�Y½=�©�B¡E� (sn)n∈N

§�� � �n�<�8���_�<�2¨8�<ÃUÃ�����«��©�=Ä»©���4¡S�i���e�4³
ä+¨?�

s =
GB/2R

sn,
¨ � ¢ ���2£�� s

�E�EÅ ¢ §Q���`¥ �¬�<ÃUÃ��©ªO§�� �O�)��� ¢ �Ë�<�I§AÃD�<� ¨?Å ¢ ����·´E�
s =

∑∞
j=1 aj .Ç ³0ä+¨?�0§Q�i�À�)��� ¢ � ∑∞

j=1 aj

�6��Å ¢ �'«����¬»©���4¡E� �¬�+¯E¨�� ¢ � �B£��M¨f�i��¥�§Q�¶»©� �f¡6���¬�fª·³
� Ï ���Ià~�|Þ����æ��<¨�+u� ��Å ¢ ��� ∑∞

j=1 aj

�_¨?�IS�<��ÈEÅ ¢ ¨?�I�¬�<�����2�=�0±�� �u�©�8§�� �8�<�6¡�S�,%¬�8¾Q�����I¯��6´§Q�i��½¬�©�B¡E�U§�����Q�<¡E� ¢ (©�]�Á¡6��� �M���e�������_¨?�QÃ9Ã�� ��«����¬»©���4¡S�i���e�+¯|�<�I§O� �]¨8�À°n� �6�Ë§Q�i� ¨)Q�����]� �~�+¯´E� ¨4����Q�¿� ¨À���2�=��� �� �8�¤�<�2¨�«E�©Ã�%¬�i�]º����6§�������?� �B�i�2+u� ¢ �·³
qM/2>F5?7�1+Z]581�a)PQ>��Q5874sS5?>6K8Nc7]/BZ45?7]/2[6R 58>cZ43�ÍQGÁZ
Î-Ï �8Ð��v�2× 4 �M�B�¬�À�)��� ¢ � ∑∞

j=1 aj

ÃU�¶�M�6��Å ¢ ���=��¡��E����»������ �8���2��� � Æ �2�i�e§�� �4� aj

«E�©�¬»©� �f¡c��� �8�¡E� ���E��§c�<�6�I¯u°M���6��§Q�i�)½=�©�B¡E��§�� � �M���e�������_¨?�QÃ9Ã�� �����EÅ ¢ �6´�� ��´E� ¨?Å ¢ � È��6«¬�'�_¨?�]³
ç9�SèY�c��ÛQÖ0q¤1'/_1+Z

sn+1 = sn+an+1 ≥ sn,
1fPSRU/ÁZ'CE/B5 } PSGBsS5¿CE587 N':Q7fZ]/2:QG214[6RURU5?>�RUPS>6P<Z]PQ>@�:Q\�3�145?>�CuL�dÀ:<RU/BZ X PQG2s<ZkCE/25�.05?3�:Q[6TEZ][6>6sD:<[�1vg6:�Z4K	�~L&� � L

�



����� � � �������	��
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�������������� 


ç9�c��Û��'����Ú¿�v�2× �
²S³�æk�i�	¥ ¢ ���]Ã����6�_¨Å ¢ �v�)��� ¢ ��ª ∑∞

j=1
1
j

�_¨8��§Q��»����4¡E� �=�]³
¼ ³�æk�i�À�)��� ¢ � ∑∞

j=1
1
j2

�_¨8�~«E�©�¬»©� �f¡6���¬�4³
µ6³�æk�i��¥B¡6�?�©Ã������]�2¨?Å ¢ ���)� � ¢ �©ª ∑∞

j=0 qj
�2¨8�0§Q�¶»©���4¡E� �¬�|�®¾<� |q| ≥ 1

�<�u§9«E�©�¬»©� �f¡6���¬�u�®¾<�
|q| < 1.

ä®Ã ������Q�®���O½��<�B�I�_¨8�n� ¢ ����¬�<ÃUÃ��
∞
∑

j=0

qj =
1

1 − q
(|q| < 1).

ç9�SèY�c��ÛQÖ�.05?/M�SLE[6>�C/�ELEG2/25?sQ58>�yv5?/2365?>�RU/ÁZvT=PS14/ÁZ]/B�S5?> � GB/258C65?7]>��SPQ7etE1fPEC6:Q^Y@�/27�>�[67vCE/25.0581]\�367�Í<>6NcZ43�5?/BZ�CE587 Nn:<74Z4/_:<G_1f[�R9RU5874>�K?[FT67 hEX 5?>�3�:<;=5?>-L�=[��QL2Ö
s2n = 1 +

1

2
+

1

3
+

1

4
+

1

5
+ ... +

1

8
+ ... +

1

2n−1 + 1
+ ... +

1

2n

≥ 1 +
1

2
+

1

4
+

1

4
+

1

8
+ ... +

1

8
+ ........ +

1

2n
+ ........ +

1

2n

= 1 +
1

2
+ 2

1

4
+ 4

1

8
+ .... + 2n−1 1

2n

= 1 + n
1

2
= 1 +

n

2
.

dÀ:<RU/ÁZk14/2>�CFCE/B5BNn:<74Z4/_:<G_14[6RUR958>�>�/2\�3cZv;=581]\�367]ÍQ>6NcZ8L�=[ �EL2Ö
sn = 1 +

1

22
+

1

32
+ ... +

1

n2

≤ 1 +
1

1 · 2 +
1

2 · 3 + ... +
1

(n − 1)n

ê [�>�/_1fZ 1
(k−1)k = 1

k−1 − 1
k
,
1fPSRU/ÁZ

sn = 1 +
1

22
+

1

32
+ ... +

1

n2

≤ 1 +

(

1 − 1

2

)

+

(

1

2
− 1

3

)

+

(

1

3
− 1

4

)

+ .... +

(

1

n − 1
− 1

n

)

= 1 + 1 − 1

n
≤ 2.

} PSGBsSGB/_\�3F1f/2>�C�36/B587kCE/25BN':Q7fZ]/2:QG214[6RURU5?>�;�5e14\�3�7]ÍQ>6NcZ8L�=[ �6L2Ö
sn = 1 + q + q2 + ... + qn = 1−qn+1

1−q
Xih 7 q 6= 1. }|h 7 |q| < 1

/_1+Z
(qn)

58/B>�5
ê [�GBG X PQG2sQ5St�1fPSRU/ÁZ

sn =
1 − qn+1

1 − q
→ 1

1 − q
.

dÀ:<RU/ÁZY/21fZ	36/25?7	C6/B5�sS5?PSR95?Z47]/21]\�365Dy�58/B365�NQPQ>��S5?7]sQ5?>cZ�[6>�C�K8@0:Q7�RU/ÁZYC65?7	:Q>6sQ58sQ5?;=5?>�5?>g�[6RURU5QLé+1fZ |q| ≥ 1,
1fPk/21fZ~1fZ45?Z]1-:Q[�\�3 |qj | ≥ 1

[�>�C�C6:QR9/BZ
(qj)

NS5?/2>65 ê [6GBG X PQG2sQ5¤[6>�C�CE/25¤d)/B�S5?7]sQ58>6KCE587vy�5?/2365%5?7]sQ/2;EZv14/2\�3F:<[�1�C65?R [�>SZ]5?>O1fZ45?3�5?>�CE58>ìgE:�Z]K��'L � �6L
�mH/27¿3�:<ZfZ]5?>�sS581]:<s<ZetSC6:Q^�5?/2>65Ày�5?/2365kNSPQ>��Q5874sS/B587fZet�@¿58>6>�CE/25 } PQG2sQ5 (sn)

CE587%Nn:<74Z4/_:<G_14[6R9�RU5?>�NQPS>c�S5?7]sQ/25?74Z8L�0u5Z]KZ]5?7]581�/_1+Z�;=5?/|�¬:Q36GB58> X PQG2sQ58>�/2> C
Ìf:9sQG25?/_\�3c;=58C65?[EZ]5?>�C�C6:<RU/BZ8t6C6:Q^CE/25 } PSGBsS5�C65?7 Nn:<74Z4/_:<G_1f[�R9RU58>�58/B>65 � ���� ���|� } PQG2sQ5À/21fZ8L�m�58sQ5?>

| sm − sn | = |
m
∑

1

aj −
n
∑

1

aj | = |
m
∑

n+1

aj |,



+I� ¢ ��� �6���� ¢ ��� ����� �

@0PQ;=5?/'@�/B7�PS36>65D.0581]\�367]ÍQ>6N�[6>6s�C65?7%jvG2GBsS5?RU5?/2>63658/ÁZ�1fZ4/2GBG_1]\�3c@05?/2sQ58>�C
m > n

:<>6sS5?>6PSR9�RU5?>F3�:Q;�58>ut6;=58CE58[EZ45?ZkCE/B5e1
Î-Ï �8Ð��v�2× � æk�i�À�)��� ¢ � ∑ aj

�2¨8�'¡E� ���E��§c������«E�©�¬»©� �f¡6���¬�+¯¬°n� �6��¡S�2���]¸

∀ε>0∃n0(ε)∀m>n≥n0(ε) |
m
∑

n+1

aj | < ε,

°M���6���<�2¨ �9�®¾<� -�e§��¨v�=�6Å ¢ ¨ �9«��i���2�=� %'��¨4������»�� ε
���2�=���¬�®���2���

n0
�]ºE�_¨?����� �8�f¯=¨ �6§c��£��®¾Q�À���2�i�§c� ¢ �B�¬�®�����2����¡E���u§����F�)��� ¢ � ���6´<¨?Å ¢ �6�¶�f�®� ∑m

j=n+1 aj

§���� �v�©������¡9«��i���2�=���
ε
�2¨8�4³

g�5?Z4K?58>F@�/B7�36/25?7�/2>�14;�5e1fPS>�CE58745
m = n + 1,

14P9/_1fZkC6:<>6> | ∑n+1
n+1 aj | = | an+1 |.g�PSR9/BZv5?7]3�:QGÁZ]5?>�@�/B7

Î-Ï �8Ð��v�2× � ä+¨?� ∑
aj

«��©�¬»����4¡E���¬�f¯�¨ �	�2¨8�
(aj)

���2�=� �	�<�B�2���©�B¡E�<³
� Ï ���Ià~�|Þ��� �9� - �BA7C -�- ��� � �<� 	��63 � � ���98 � &,C 3 � 	!� � �
��> � �9��� 3;:<� � 	'C � � � - &�� ��� - 8 ���
���S�'�~�i�8�������v�2× �Óæk�i�9�)��� ¢ � ∑ aj ¢ ���2£���¥i�6´<¨ �©�¶�6�0«����=»����4¡E� �=�4ª�¯'°M���6�p§Q�i�9�)��� ¢ �U�E�S¨§�� �O��´<¨ �©�¶�6�·� � �v�©����È�¡E� �I¯����_¨�� ∑ | aj |

«E�©�¬»©� �f¡c��� �8�]³
Õv/25?7 Xih 7�sS/BGBZ
Î-Ï �8Ð��v�$# � �M�B�¬���6´<¨ �©�¶�6�'«����=»����4¡E� �=�®���)� � ¢ �v�_¨8�n«��©�¬»����4¡E���¬�]³
ç9�SèY�c��ÛQÖ }~h 7 m > n

/_1+Z | ∑m
n+1 aj | ≤

∑m
n+1 | aj |

L<dÀ:<>�>Y@05?>�C650RD:Q>UgE:<Z4Kv�~L � �k:<>uL
�d)/B5 �kR9NS5?367][6>6sU�SPQ>FCE/B5e1f587�jv[�1]14:QsQ5�/_1+Z X :QG21]\�3uL6d)5?>6>OCE/25�y�5?/2365

∑ (−1)j

j/_1+Zn>�:S\�3Y.05?/_1fT�/B58G6�'L ���)14/2\�3�5?7~>6/2\�3cZM:<;�1fPSGB[EZ'NQPS>��Q5?7]sQ58>cZ8L8jk>�CE7]5?7�1f58/ÁZ�1-/_1fZn14/25058/B>9.05?/_1fT6/25?G
Xih 7kC�:Q1 X PQG2sQ58>�CE5
	�� ��
 � � ���� �����8������à � ��� #-�A�M�2�=�¿���¶�·���]�6�i������I§E�~�)��� ¢ � ∑aj

�B�
R,
§Q�i�M�<�2¨ �0��?���2�i� Æ �B�i�Ä§�� �%Ã9�¶�)��´S°M�eÅ ¢ ¨�� �B�I§E��� !=���4�����Å ¢ ��� ¢ �6�+¯-�_¨?��«E�©�¬»©� �f¡6���¬�+¯I¨ �©�����]� (|aj |)

� �B�=�YÃ����=���®�©������2�i���I§�� �	�<�2�B�����Á¡6�v�_¨8�4³
ç9�SèY�c��ÛQÖ }~h 7 j ∈ N

1f58/I5Z+@�:91fZ45?Z]1
a2j ≥ 0, a2j+1 ≤ 0.

dÀ:<>�>�/_1+Z
s2n+2 = s2n+1 + a2n+2 ≥ s2n+1

s2n+2 = s2n + (a2n+1 + a2n+2) ≤ s2n

s2n+1 = s2n−1 + (a2n + a2n+1) ≥ s2n−114PQRU/ÁZ
s2n−1 ≤ s2n+1 ≤ s2n+2 ≤ s2n,[6>�C�@¿58/BGcCE/B5

(|aj |)
>6PE\�3%5?/2>65 ê [6G2G X PSGBsS5M;6/2G2CE58>uteGB/25?sQZ~:<G_14P�;�58/cCE58>�é®>cZ458�©:QGBG25?> [s2n−1, s2n]5?/2>659é®>cZ45?7]��:<G2G21]\�3�:S\�3SZ]5?G2[6>6sD�SPQ7eL=d)/B59>�:S\�3�gE:<Z4KU�'L ���	36/25?7�CE[67�\�3ì;=581fZ4/2R9R	Z45��¬:Q36G

s
/_1fZC6:Q>6>

s =
GB/2R

s2n−1 =
G2/BR

s2n,
14PEC6:<^`14PQsc:<7

s =
G2/BR

sn

sS/BGBZ8tM@�:Q1UCE/25ìa)PQ>��Q5874sS5?>6K[6>�145?7]5?7�y�58/B3�5%K?5?/2s<ZeL
�

���S�'�~�i�8�������v�$#IÑ �M�B�¬�	½¬�©�B¡E� �
(bn)

»��©� %~�<¨f�¶���¶»©� ����?� �B�i��� +I� ¢ �i��� ¢ ���2£��k� �B�=��¥���� -�QÄ� ���¬�·��ª~S�<��½=���Á¡6�
(an),

°M�������®¾<�����2���
n
¨8�·�©�¶¨ | an | ≤ bn

�2¨8�4³����<��¨]��¡��¤§c���6�F�E�EÅ ¢ ¯�§c�<£
∑

bj

��� -�©� ���¬�·��Q� ∑ | aj |
�_¨?�]³

dÀ:<RU/ÁZvsS/BGBZkC6:S1
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� Ï�� � � Ï �¬�8��� ��� ���i�e������à ����� #=× ä+¨8�
(bj)

��� -�©� ���¬�·�9S�
(aj)

�<�I§ ∑
bj

«����¬»©���4¡E� �¬�+¯¨ ���_¨8� ∑
aj

��´<¨��������~«E�©�¬»©� �f¡6���¬�4³
ç9�SèY�c��ÛQÖ }~h 7 m > n

/_1+Z
0 ≤∑m

n+1 | aj | ≤
∑m

n+1 bj .d)/B5�akPS>c�S5?7]sQ58>6K9C65?7	RD:<Ì+PQ7]/214/B587458>�CE58>�y�58/B3�5�G2/B5 X 5?74Z	RU/ÁZDgE:�Z]K��~L � ��CE/25�.05?3�:Q[6TEZ][6>6s�tJ >�P�\�3FN h 7]K?5870sS5?3cZ]1�RU/BZ)gE:�Z]K	�~L � 	 W L �

� à~���8�����¬�e�c� ��� �����8������à � ��� # #Ó�O�¶�n� �B�=� Ã
q ∈ (0, 1)

�<�I§U� �B�¬��Ã
k ∈ N

¡6���¶�·���®¾<���<�B�i�
n ≥ k

¨?�®�©��¨
an 6= 0

�Q�I§ ∣
∣

∣

an+1

an

∣

∣

∣
≤ q.

æ��������_¨8�¿§S���À�)� � ¢ � ∑aj

��´<¨ �©�¶�6�'«��©�¬»����4¡E���¬�]³
ç9�SèY�c��ÛQÖ,N'5?7Dé®>�C6[6NcZ4/2PQ>p1]\�36G2/B58^<ZURD:<>utMC6:Q^ Xih 7 n ≥ k

[6>�Cp;�58GB/25?;�/BsS5
m ∈ N

1fZ45?Z]1
| an+m | ≤ | an |qm

sS/BGBZ8L�d):QR9/BZv3�:<Z ∑
j an+j

C6/B5%NSPQ>��Q5874sS5?>cZ45Àzì:�Ì+PS7]:Q>SZ]5 | an |∑j qj .
�qM/2>65%@05?/BZ45?7]5%jv>�@05?>�CE[�>6sDCE581vz�:�Ì+PQ7�:<>cZ]5?>E�®a�74/BZ45874/2[6R �~L 3 �9/21fZvC6:Q1�14PQs�L

� à ��ÐQ��Ú � � �©���8������à � ��� # 4 �O�¶�Y���2�=� Ã
q ∈ (0, 1)

�Q�I§p���2�=��Ã
k ∈ N

¡6���¶�·���®¾<���<�B�i�
n ≥ k

§Q���À±Y´<¨?Å ¢ ÈE��Q�<�E¡ n
√

|an| ≤ q.
æÀ�<�6�F�2¨8� ∑

aj

�6´<¨ �©�¶�6�'«����=»����4¡E� �=�]³
ç9�SèY�c��ÛQÖ

n
√

|an| ≤ q
/2R9T�GB/2K?/25?74Z |an| ≤ qn,

1fPEC6:Q^ J /BR m�58145?>cZ4G2/2\�3�5?> W CE/25vsS5?PQRU5?Z47]/21]\�365y�58/B365%58/B>�5ÀNSPQ>��Q5874sS5?>cZ45Àzì:�Ì+PS7]:Q>cZ45ÀGB/25 X 587fZeL �

ç9�c��Û��'����Ú¿�v�$# � ²Q³Eæ)���À¨ �e¡¬³=¥2�Mº %'�©�¬���¬�������2� � � ¢ �©ª
5VET

(x) :=

∞
∑

n=0

xn

n!

�_¨?�'�®¾<��-�e§E�v«E�©Ã�%¬�i�]º�� +u� ¢ � x ∈ C
�6´Q¨������6�~«����¬»©���4¡E� �¬�M�<�I§U¨?�®���2���0§c�<Ã9�¶�¤���2�=�)�E�<�-¡�����

C
���]«c��È��e�·�k½u�Q�6«¬���i�©��§c���8¯¬§Q�i�À¨��©¡=³=¥_�nº %~���=���¬�������2�®�<�6«¬�������uª¶³

d)5?>6> Xih 7 m ≥ 2|x| [�>�CYÌ+58CE5e1 n ≥ m
3�:<;=5?>F@�/27

|xn|
n!

=
|xm|
m!

· |x|
m + 1

· |x|
m + 2

· · · |x|
n

≤ |xm|
m!

(

1

2

)n−m

=
|2x|m
m!

(

1

2

)n

.

dÀ:<RU/ÁZ�Z�:<[6sQZ�CE/25�sQ58PQRU5Z]74/_14\�3�5ky�5?/2365�RU/ÁZ
q = 1

2

:QG21�zì:<Ì+PQ7�:<>cZ45SLSjvG_1 } PSGBsS5?7][6>6sY5?7]sQ/2;EZ14/2\�3
�EL

n
∑

m=0

1

m!
≤ e :=

5?V�T
(1) = 2, 7182818......

[6>�CFC6:QRU/ÁZv/_1+Zk:Q[�\�3
�6L

(

1 +
1

n

)n

= 1 +

(

n

1

)

1

n
+

(

n

2

)

1

n2
+ ... +

(

n

n

)

1

nn

≤ 1 +
n

1

1

n
+

n2

2!

1

n2
+ ... +

nn

n!

1

nn

=

n
∑

m=0

1

m!
≤ e.

d)/B5e1�>�[EZ4K85?>F@�/B7�@05?/BZ4587 Xih 7
ç9�c��Û��'����Ú¿�v�$# � �¤¨�¡c�B�¶�

n
√

n → 1.



+I� ¢ ��� �6���� ¢ ��� ����� 	

d)5?>6>FK?[�>�ÍQ\�3�1fZ�/21fZvRU/ÁZ
an := n

√
n
1fZ45Z�1

an > 1 Xih 7 n > 1. } 5?7]>65?7�/_1+Z
(

an

an+1

)n(n+1)

=
nn+1

(n + 1)n
= n

(

n

n + 1

)n

= n
1

(

1 + 1
n

)n ≥ n

e
,

14PQRU/ÁZ
> 1 Xih 7 n > e.

g�PQRU/BZ	/_1+ZUCE/B5 } PQG2sQ5�CE5?7 an

14\�36G2/25?^QG2/_\�3`R9PS>6P<Z]PQ> X :<G2G25?>�C`[�>�C>�:S\�3�[6>cZ]5?>F;�5e14\�3�7]ÍQ>6NcZ8t6:<G_14PYNSPQ>��Q5874sS5?>cZ8Ö
an = n

√
n → a (≥ 1).

dÀ:<RU/ÁZv3�:<;=5?>F@�/B7v14T=5?K?/25?G2G-:Q[�\�3
a2n → a[6>�CF14PU>�:Q\�3OgE:�Z]K	�~L � 	9:<[�\�3

a2
2n → a2.q¤1�/_1fZ

a2
2n =

(

2n
√

2n
)2

=
n
√

2n =
n
√

2 · n
√

n =
n
√

2 · an.

ê [�>�sQ/2GBZ J K?5?/2sQ58>�g�/259C�:Q1)RU:QG~145?G2;�1fZ�� W n
√

2 → 1, X 5?7]>6587 an → a,
:QG214P�>�:S\�3�gE:<Z4KU�'L � 	:<[�\�3

a2
2n → 1 · a = a.

} PSGBsSGB/_\�3�/21fZ a = a2 [�>�C�@¿58sQ5?> a ≥ 1
C�:<RU/ÁZ

a = 1,
@�:Q1�@�/27'Ìf:9K?58/BsS5?>�@¿PSGBGBZ458>uL

ç9�c��Û��'����Ú¿�v�$# �Ó½0¾<� |x| < 1
�<�I§ -�e§��¨

k ∈ N
«����=»����4¡S�i���e�¬§Q�i�M�)� � ¢ � ∑n nkxn

�6´<¨ �©�¶�6�]³
ç9�SèY�c��ÛQÖ0m�5?sQ58>

n
√

n → 1
sQ/2GÁZ�:<[�\�3 n

√
nk → 1

[6>�C�14PQRU/ÁZ
n
√

|nkxn| → |x| < 1.
zO/ÁZ

q := 1+|x|
2 < 1

/21fZvC6:<>�>FC�:Q1�m�[674K85?G2N�74/BZ45874/2[6R :Q>c@05?>�CE;�:<7eL
�d)/B5YqnVET�PS>65?>cZ4/_:<G27]5?/2365�@�/25	CE/25	K?[�GB5?Z4KZÀ;�5?Z47�:Q\�3cZ45?Z45	yv5?/2365Y14/B>�CO1fPSsQ5?>�:<>6>cZ456N'PQZ45?>�K?7]5?/B�3658>uÖ

���S�'�~�i�8�������v�$# � �M�B�¬�F�)��� ¢ ��§�� ��½=���4Ã ∑∞
n=0 an(x − x0)

n
ÃU���

x0, an ∈ C ¢ ���2£���¤���®���68� � � ¢ �DÃU���)'������98��� �¬�·�������©�B¡E� (an)
�<Ã

x0.
'����=»����4¡S�i���e��¨f�i�U�®¾<��� �B�`¡6�]¡6��´E���=�¨

x ∈ C
¯�¨��Y¨��©¡=�|Ã����ì�6�EÅ ¢ ¥¶§Q�i���M�E�·� �6?���� ¢ �k«����=»����4¡S�i���e�~�<��§�� ���¬�·� �B�i� x

³Bª
g�PSG2\�365 N'P<Z]5?>6K87458/B3�5?>	@05?7�CE58>Y[6>�1'>6PE\�3Y��/25?GE;=581]\�3�Í X Z]/BsS5?>uL<Õk/B587nRU:S\�365?>9@�/27n>c[�7 X PQG2sQ5?>6�CE5�587]1fZ45Yjv[�1]14:QsQ58>FC�:<7 h ;�5878L�mH/B7)�Q5?7�1fZ45?3�5?>OC6:<;=5?/~[6>cZ4587kCE587 w :<;6sS581]\�36GBPc14145?>�5?>Fa�7458/21f�1]\�365?/2;�5�[6R!CE5?> NM[�>6NcZ

x0 ∈ C
x�CE/25�zO58>6sQ5

K(x0, r) := {x ∈ C ; |x − x0| ≤ r}.
Î-Ï �8Ð��v�54 � �¤¨-¨ ���i��� ∑∞

n=0 an(x−x0)
n
� �B�=� �M�E�·� �6?���� ¢ �|ÃU����«��©Ã�%¬�i�]º�� �)'%�����U?�i���¬�®����<�I§

q
���2�=�k� �8���2���)+I� ¢ �IÃU��� 0 < q < 1.

æ����6��¡E� ���®���-¸
²S³.'����=»����4¡S�i���e�M§Q�i�%�À��� ¢ �%����� �B�¬��� �¬�®���2��� x1 6= x0

�B�
C,

¨��9«E�©�¬»©� �f¡c��� �8�'¨4���%��´<¨ �©�¶�6��<�I§U¥B¡c��� ��Å ¢ ÃDÈ<£Q�B¡�ª-�6�<� K(x0, q|x1−x0|),
§�³ ¢ ³�Q� -�e§E��Ã ε > 0

�]ºE�_¨?����� �8�|� �B�
n0(ε),¨���§c�<£Y�®¾<�À���2���

m > n > n0(ε)
�<�u§��<�B�i�

x ∈ K(x0, q|x1 − x0|)

|
m
∑

j=n+1

aj(x − x0)
j | < ε

¡S�2���]³
½=���]�=� �v��ºE�2¨8���i���e�¿���2�=�2'�����¨8�¶���¬�®�

C ∈ R,
Ã9�¶��§�� �

∣

∣

∣

∣

∣

∞
∑

n=0

an(x − x0)
n

∣

∣

∣

∣

∣

≤ C
�®¾<�)�<�B�i�

x ∈ K(x0, q|x1 − x0|).
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¼ ³,+~�D§�� � �¤���®���68� � � ¢ �0¡S�·´E�M� ¨����2�=� +I� ¢ � r > 0,
§�� ��¨ �e¡E� �������=�®���F¥�'����¬»©���4¡E� �6?� ��§S�_Ä�Q¨?ª�¯6ÃU����§E��Ã �®¾Q�%§�����¥�'����=»����4¡E� �6?«�����_¨?ª

K(x0, r)
¡S�2���]¸

½¿¾Q� -�e§E� ¨
x ∈ K(x0, r)

�_¨?�D§S��� �¤�E�·����?���� ¢ �F�6´<¨ �©�¶�6��«E�©�¬»©� �f¡6���¬�+¯n�®¾<�)-�e§��¨ x�E�<£E��� ¢ ���·´D»©��� K(x0, r),
§�³ ¢ ³�Ã9�¶� |x − x0| > r

�_¨?�n¨4���k�6��Å ¢ �~«E�©�¬»©� �f¡6���¬�4³��v�i�����_¨?�§����%½��<�B�
r = ∞ Q�<¡E�����<¨]¨ ���Hã�§Q���¨D´��©§��©���·�©��§����6�I¯n§���£�§Q���Y�)� � ¢ ���2�p§����À¡��<�6©� �«��©Ã�%¬�i�]º�� ���k´E���=��«��©�¬»����4¡S�i���e���c¨4�i�9´��¨?���BÃUÃ��¿� �B��¥2¡��<�6©��ª¤½u�<��«=�������Eåe³

æk�i� ¨ ��� '����¬»©���4¡E� �6?� ��§S���Q¨
r
«<�����9Ã��<��´E� ¨8���2ÃUÃ�� �ì´�Q°v³<��´<¨?Å ¢ ÈE��©���D�E�S¨0§����M½¬�©� ÄÃ�� �

1

r
=
GB/2RH1f[�T

n→∞

n
√

|an| :=
/B> X
n

{ 14[6T
k≥n

k
√

|ak|}.

�M�f¡c�¶´6�|§S���¨�� ��¥ �-�BÃ�� ¨¤¨?� %'���]�i�©�eªn§���� ����e�
0,
°n�<¨

r = ∞ ´E�e§����6�·���+¯c¨ �k«����=»����4¡S�i���e�§Q�����)��� ¢ ��¾�´�� ���<�B��¯6� �f¡c�¶´6�-¨f��Å ¢ §�� � ����e� ∞,
°n�<¨

r = 0
´��©§��©�6�®�©�f¯�¨ �À�_¨?�¤§Q���v�)��� ¢ ��6�B�4¡E� �I§S¨Yã_�6�<£�� �%���]��»©�����i���e°n� �2¨ �%´E���

x = x0
åv«E�©�¬»©� �f¡6���¬�4³

µ6³�±��EÅ ¢ §Q�i�À�)��� ¢ �
∞
∑

n=1

n · an(x − x0)
n−1

«��©�¬»����4¡S�i���e�|�6´<¨ �©�¶�6���<�I§U¡c��� ��Å ¢ Ã�È<£Q�B¡9�2��§����,'�����_¨4¨?Å ¢ � �¶´E� K(x0, q|x1 − x0|)
³

ç9�SèY�c��ÛQÖv�=[A�QL2ÖudÀ:�C6/B5�y�58/B3�5 ∑∞
n=0 an(x1 − x0)

n NSPQ>��Q5874sS/B587fZet�14/B>�C�Ì+5eCE5?> X :<G2G21�/2367]5y�58/B3658>6sQG2/258CE587M;�5e14\�3�7]ÍQ>6NcZ8tQCIL 3uLS581n5?V�/_1fZ4/25?74ZM5?/2>65ka)PQ>�1fZ]:Q>SZ]5
M,

RU/ÁZ0CE5?7 Xih 7¿:<G2G25 n
sS/BGBZ8tC6:Q^ |an(x1 − x0)

n| < M.
d):QR9/BZv/_1+ZkC6:Q>6> Xih 7kCE/25%;�5?Z47�:Q\�3cZ45?Z458> x

Ö

|an(x − x0)
n| = |an| · |x1 − x0|n

( |x − x0|
|x1 − x0|

)n

≤ Mqn.

dÀ:<RU/ÁZ�NQbS>6>658>�@�/B7�CE/25ksS5?PQRU5?Z47]/21]\�365ky�58/B3�5):<G_10zì:�Ì+PS7]:Q>SZ]5v�Q5874@05?>�CE5?>uLcdk/25 � GB58/2\�36RDÍ<�^Q/2sQNS5?/BZ¿CE5870a)PQ>��Q5874sS5?>6K X PSGBsQZ0C6:Q7]:Q[�1?tcC6:<^	/B>�CE5?7�zì:�Ì+PS7]:Q>cZ45vCE/25kNSPQ>6N�7]5Z45ÀgcZ458GBG25 x
sS:Q7>6/_\�3cZvR958367v:<[ X Z47]/ÁZ4Z8Ld)5?7Àm�587fZ%CE/258145?7kRD:<Ì+PQ7]/214/B587458>�CE58>OsQ5?PSRU5Z47]/_14\�3658>Oy�5?/2365YZ]:<[�s<ZÀ:QG21)jv;�1]\�3�Í<Z4K?[�>6sS14NQPS>E�1fZ]:<>cZ]5

C.�=[ �6LBÖSé+1+Z�CE/B5)y�5?/2365v>6/_\�3cZ¿/2>�CE5?7¿sS:Q>6K?58>9q¤;�58>65)NSPQ>��Q5874sS5?>cZ8t�14P�sQ/2;EZ¤5e1¤:QG214P%5?/2>65Àg�Z45?G2G25
x1,

:<>UCE587M1f/25�>6/2\�3cZnNQPS>��Q5?7]sQ/25?74Z8Led):Q>6>UN�:<>6>U1f/25�>�:Q\�3��QL<14/2\�3�5?7 Xih 7MNS5?/2> x
NQPS>��Q5?7]sQ/25?7]5?>RU/ÁZ |x − x0| > |x1 − x0|.g�58/~>�[6>

r
C6:S1Àg�[�T67458R	[6R :QGBG25?7%jk;�1+Z�Í<>�C65 |x − x0|,

1fPEC6:Q^�CE/25Uy�5?/2365U:<>�C65?7%gcZ458GBG25
xNQPS>��Q5?7]sQ/25?74Z8LEd)/B5e1f5e1kg�[6T�7458R	[6R!/21fZk>�[6>O58>�CEG2/2\�3O[6>�CF/21fZ)CE587vsQ58>�:<>6>cZ]5�akPS>c�S5?7]sQ58>6K?7�:��CE/2[�18L'd)5?>�> Xih 7 |x − x0| > r

N�:Q>6>pCE/25Fy�5?/2365�>�:Q\�3rCE5?7Dd)5���>6/BZ4/2PQ>rCE581Dg�[�T67458R	[6RD1>6/_\�3cZYRU5?367YNQPS>c�S5?7]sQ/25?7]5?>ut Xih 7 |x − x0| < r
sQ/2;EZ	5e1	@�/258CE587	>�:S\�3ËCE5?7Ud)5���>6/BZ4/2PQ>pCE581g�[6T�7458R	[6RD1�5?/2>

x′ RU/BZ |x − x0| < |x′ − x0| < r, Xih 7vC6:Q1�CE/25%y�5?/2365�NQPS>��Q5?7]sQ/25?74Z8L ê :S\�3�QLENSPQ>��Q5874sS/B587fZ�1f/25%C6:<>�>F:Q[�\�3 Xih 7 x
1f58GB;�1+Zv[6>�C�K8@0:Q7�@�/B5eCE5?7v:Q;�1fPSGB[6Z8L

�=[670d):Q7]1fZ458GBG2[6>6sYCE581¿akPS>c�S5?7]sQ58>6K?7�:QCE/2[�1~;=581]\�367]ÍQ>6NQ58>U@�/B7¿[6>�10:<[ X CE58>�g�T=5?K?/_:<G X :<G2G¶tcC6:Q^
ρ :=

G2/BR
n

n
√

| an | 5?VE/21fZ4/25?74Z8L6q¿1�/21fZvC6:<>�>F:Q[�\�3�GB/2Rr14[6T n
√

| an | = ρ.mH/27¤@05?>�CE58>�C6:Q1Mm�[67]K?58GÁ�®a�7]/ÁZ]5?7]/B[6RÉ�~L 3 	�:<[ X C6/B5Ày�5?/2365vRU/BZ¿CE5?> � GB/258CE5874> an(x−x0)
n:<>-tE@¿PS;�58/u@�/B7vC6/B5 } Í<G2GB5 r = 0

[6>�C
r = ∞ K8[6>�ÍS\�3�1+Z�>6PE\�3F:<[�1]1]\�36GB/25?^S5?>uL

é+1fZ |x − x0| < r := 1
ρ
,
14P�/21fZ%R9/BZ%5?/2>65?R

q, 0 < q < 1
:<[�\�3 |x − x0| < q2r

[6>�C Xih 7sQ7]PQ^S5
n
:<[�\�3

n
√

| an | < 1
q
ρ,
14PQRU/ÁZ

n
√

|(x − x0)nan| = |x − x0| n
√

| an | < q2 1

ρ

1

q
ρ = q < 1,

14P�C�:<^UCE/B5�yv5?/2365%36/25?7 J :Q;�14PQG2[EZ W NSPQ>��Q5874sS/B587fZeL



+I� ¢ ��� �6���� ¢ ��� ����� �

é+1fZ�:Q>�CE7]5?7�1f58/ÁZ�1 |x − x0| > r := 1
ρ
,
14P9/_1fZ�RU/BZv5?/2>65?R

q, 0 < q < 1
:<[�\�3 |x − x0| > 1

q2 r[6>�C Xih 7ksQ7]PQ^Q5 n
C�:<>6>

n
√

| an | > qρ,
14P�C�:<^

n
√

|(x − x0)nan| = |x − x0| n
√

| an | >
1

q2

1

ρ
qρ =

1

q
> 1.

dÀ:<>6>F/_1+Zk:QG214P91fZ45?Z]1 |(x − x0)
nan| > 1

[6>�CFC6:QR9/BZkCE/25�y�5?/2365%14/2\�36587vCE/2�Q5?7]sQ58>cZ8Ld)/B5�/2R } :<G2GB5 r = 0
PECE5?7

r = ∞ ;=5?/~CE/B5e1f58R .05?@05?/_1�>6bQZ4/2sQ5?>OzOPECE/ ��N�:�Z]/BPS>65?>ì145?/25?>O:QG21

 ;�[6>6sDsQ5e1+Z]5?G2GÁZeL�=[��6L2Ö6zO/BZkCE5?R!1f58GB;=5?>

M
@�/B5�/2>��SLE3�:<;=5?>F@�/27vCE/25�jv;�1]\�3�Í�Z]K?[6>�s

|nan(x − x0)
n−1| = n · |an| · |x1 − x0|n−1

( |x − x0|
|x1 − x0|

)n−1

≤ n
M

|x1 − x0|
qn−1 =

M

q|x1 − x0|
· n · qn.

ê :S\�3O.¿58/214T6/25?G|�~L 3 �9/_1+ZÀCE/B5�C�:<RU/ÁZvsS5?;6/2G_CE5Z]5�y�5?/2365	:Q;�587v:<;�14PQG2[EZvNQPS>��Q5?7]sQ58>cZ8L�dk/25	zì:<�Ì+PQ7�:<>cZ]5�/_1+ZD@�/258CE587U[6>�:<;�3�Í<>6sS/Bs��QPSR NQPS>6N�745?Z45?>
x,
@�:Q19@�/258CE587�CE/B5 � G25?/_\�36RDÍ<^S/BsSNQ5?/BZ;=5?@05?/_1+ZeL

�

mH/27|;=581]\�36G2/B58^Q5?>�C6/B5e1f5e1-a%:<T�/ÁZ]5?GQRU/BZ~58/B>	T�:Q:Q7uqM7]sQ5?;�>6/21]145?>%K?[�R �kRUPQ7�CE>65?>	�QPQ>�yv5?/2365?>uL.05?/�5?/2>6587Fg�[�R9RU5��QPS>�5?>�CEGB/_\�3 ��/25?G25?> g�[6RURD:<>�CE58> NSPQRURUR�Z�581�;�58N�:<>6>cZ4G2/_\�3 >6/_\�3cZC6:Q7]:Q[ X :Q>utM/2>r@05?G_\�36587�y�5?/2365?> X PQG2sQ5FRD:<>H1f/25ì:<[ X 1f[6RURU/25?74Z8t¤C6:S1DqM7]sQ58;6>6/_1U/21fZ�/BRURU5?7CE/25D1f58GB;=5��¬:<36G¶LI.05?/n[6>658>�CEG2/2\�3�5?>�y�5?/2365?>�/_1+Z%C6:Q14�=�98 � &À14P�LId)/B5Dy�58/B3�5 ∑∞
j=2

(−1)j

j

/_1fZ
>�:S\�3�CE5?R��� ��� 
����©�·a�7]/BZ45?7]/2[6RÉ�'L 3���NQPQ>��S5?7]sQ5?>cZnRU/ÁZ�5?/2>658R � 7]5?>�K?@05?74Z s ∈ ( 1

6 , 1
2 ).

mH/B7@�/_14145?>ut6C�:<^DCE/256N':Q7fZ]/2:QG214[6RURU5?>FCE5?7�3�:<7]R9PS>6/_14\�3658>�y�58/B3�5

sn := 1 +
1

2
+

1

3
+

1

4
+ ....

>6/_\�3cZv;�5e14\�367�Í<>�NSZ�14/B>�C�[6>�C�C6/B5e1�sQ/2GÁZkC6:Q>6>�Z47]/B��/_:<G25?7]@¿58/2145À:Q[�\�3 Xih 7
1

2
sn :=

1

2
+

1

4
+

1

6
+

1

8
+ ....

dÀ:<RU/ÁZ0sQ/2;EZ¿5e1¤58/B>�5k1+Z]7458>6s�RUPQ>�P<Z4PS>D@0:S\�3�145?>�CE5 } PQG2sQ5 (mn)n

�QPS>D>�:�Z h 7]GB/_\�365?>F�¬:<36G25?>-t14P�C�:<^ Xih 7nÌ+58C6581 n ∈ N
mn
∑

j=1

1

2j
≥ 2n.

d)/B5 � G2/B5eCE5?7n[6>�1f5874587 } PQG2sQ5St©CuL 3uL�q¤GB58R958>cZ45vCE587'zì5?>6sS5 { (−1)j

j
| j = 2, 3, ...

} PQ7�CE>65?>Y@�/B7
>�[6>F>65?[F:<>���RD:<>�;�5e:Q\�3cZ45St6C6:<^UT=PS14/ÁZ]/B��sQ58>�:<[FCE/25 � G2/258CE587vRU/ÁZvsS5?7�:QCE58R j

14/B>�C��=L
	 �=[6>�ÍS\�3�1+Z�>65836RU5?>F@�/B7)CE/B5�T=PS14/ÁZ]/B�S5?> � GB/258C65?7vRU/BZ J sQ587]:SCE5?> W¿ê [6RURU5?7]> ≤ 2m1,

	 C6:<>6> − 1
3 ,

	 C6:<>6>FCE/25%T�Pc1f/BZ4/2�Q58> � G2/258CE587�R9/BZ J sS5?7�:QCE58> W0ê [6RURU5?7]> 2m1 < j ≤ 2m2,

	 C6:<>6> − 1
5 ,
5Z]\QL

m�5?>6>D@�/27¤:<G_14P�14P�:<;�@058\�3�145?G2>�CY@¿58/ÁZ]5?7]�Q587 X :Q367458>ut©5?7]3�:<GBZ458>U@�/B7 Xih 7MsQ58@�/21]1f5 Nn:<74Z4/_:<G_14[6R9�RU5?>FsQ58>�:<[FCE58>�m�5?74Z
mn
∑

j=1

1

2j
−
(

1

3
+

1

5
+ ... +

1

2n + 1

)

≥ 2n − n = n → ∞.
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d)/B5�14PU[6RUsQ5?PS7]C6>65Z]5�yv5?/2365�N©:Q>6>O:<G_1fP9>6/_\�3cZvNQPQ>��S5?7]sQ/25?7]5?>uLSq¤1�sQ/2GBZk1fPSsS:<70sQ58>�:<[�5?7eÖ
� C���� � ��	+��� � �9� ��� � �
� 	!��� ��� �
��� ��#� a

: � ��� 3 � � ������� � 3 � 	 � ��C � ��� � � �
��> � �9� � � � ��� a: � � ����	 � �9��	'&�> ����
� - � : � ��� 3 � � ����� � ��� � � �
&��
	 � 3 � 	 � ��C � � � ��	;� � � � � � �9��� � 	'&/� ��� - C 3 �3 �
� � � � ��� +∞ � � �
	 � � � ��� −∞ � �����
	 � �9��	!�
� �?� -@- ����(zì:Q>�;=58:S\�3SZ]5%:<G_1fPDCE/25
� Ï ���Ià~�|Þ ¦0�8§Q�=���IÃ�����§Q�i���)��� ¢ � �6���©�B¡E�k§�� � Æ �2���©§����0� �B�¬���k�Q�=���I§S�B��Å ¢ ���D�)� � ¢ �À�<Ã�¯c¨ �È��u§����e�'ÃD�<�F�BÃ �<�B�B¡E� Ã����2�=����§c�<¨ '%�©�¬»����4¡E����Q»©� � ¢ ���¶�·���ì´<Q°v³=§�� � Æ �����Q°M���e�4³q¤1�sS/B;6ZnÌ+58CEPE\�3�5?/2>65%@�/2\�3cZ]/BsS5Àjk[�1f>�:<36RU5QÖ
Î-Ï �8Ð��v�54u�A�¤¨v¨ ��� ∑

an

���2�=�	��
���������������������! ������"���)� � ¢ �kÃU�¶� Æ � � �6Q°M���e� a.
æ�������_¨?�u�E�6Å ¢ -�e§E� �|Ã��©�8§Q�¬�<�E¡	§S���¨�� �'�À��� ¢ �0�6´<¨ �©�¶�6�=«��©�¬»����4¡E���¬�u�Q�I§ÀS°'�<�-¡6�]¡6����§E����¨ ���·´�� �Æ ����6S°n� �8�

a.mH/27 h ;=5?7]sQ5?3�5?>FCE5?>F.05?@05?/_1?L J g�/B58365%5Z+@�:�ÊYL } PQ7�1+Z]5?7etEjv>�:QGBlE14/21��SL W
ç9� Ï � �¬�e��� Î ���# Æ ����� ¢ �]���<¨À§�¾<�]�����������)�¬�<�k��´<¨ �©�¶�6�'«��©�¬»����4¡E���¬�®���)� � ¢ � ���<Ã��©�8§Q�=���|³qM/2>65v5?Z+@0:S1~:Q>�14T674[�\�3�1f�SPQG2GB58745 M:<7]/2:Q>cZ45�CE581��vRUPQ7�CE>�[6>6sc1fT67]/2>6K?/2T�1~;67�:<[�\�3cZnRD:<> Xih 7¤CE58>X PQG2sQ58>�CE58>�gE:�Z]KQtcCE5?7�14:Qs<ZetQ@�/25kRD:<>�58/B>�5 N'P<Z458>6K?7]5?/2365);�58K h sSGB/_\�3D5?/2>65?70;=5?G2/B58;6/BsS5?>�g�Z45?G2G25/236745e1�akPS>��Q5?7]sQ58>6K?N�7]5?/_1f5e1MC6:Q7]1fZ458GBG25?>�N�:<>6>uL
Î-Ï �8Ð��v�54=Ñ �¤¨U¨�� � ∑∞

n=0 anxn
���2�=� �¤���·� �6?���� ¢ ��ÃU���)'����¬»©���4¡E� �6?� ��§S���Q¨ R > 0, x0´E���2���<´��Á¡��6�Q¨À§�� Ã '%�©�¬»©� �f¡6���68«c����_¨

K(0, R)
³EæÀ�<�6�O¨f�2�I§����2���À�À��� ¢ ���

bk :=

∞
∑

n=k

an

(

n

k

)

xn−k
0

�6´Q¨������6�'«E�©�¬»©� �f¡6���¬�¤�<�u§�§S���À�)� � ¢ �
∞
∑

k=0

bk(x − x0)
k

«����¬»©���4¡S�i���e��ÃU�B�I§E� ¨8�·����¨��2� §�� Ã ¡S�"(©£��®��� '�����_¨ì�<Ã
x0,

§�� ���=�6Å ¢ ¡E���6ì�2� K(0, R)�2����¡��+¯¬§�� � '%�©�¬»����4¡E����?� ��§Q�¶�Q¨0§�� �0�¬�©�c� ���)� � ¢ �v�_¨?�n���_¨�� ≥ (R− |x0|).
ä®Ã ¡E� Ã����2��¨]�<Ã����æ%� �6�6�¶���i�©��¨8´E�������Å ¢�¢ �6´E���`´�� ��§E�À�)��� ¢ ����-��°n� �B�_¨v����¡S�i����Å ¢ � � �¬�®���2��� ��¡c��� ��Å ¢ � ����e�·�<³

n5?7]sQG25?/_\�3658>Fg�/25%C6:<K8[O:<[�\�3OgE:�Z]K	�~L 	 � L �6L�mH/27k1fN�/2K?K8/B587458>�CE58>Fç9�cè	����ÛÀ>�[67eL
}~h 7 x ∈ K(0, R)

/21fZ
∞
∑

n=0

anxn =

∞
∑

n=0

an(x0 + (x − x0))
n =

∞
∑

n=0

an

(

n
∑

k=0

(

n

k

)

xn−k
0 (x − x0)

k

)

.

g�P�@05?/BZD@0:Q7U:QGBG25819[6>�T674PS;6G25?RD:�Z]/21]\�3uLnzì:<> h ;=5?7]K?58[6s<ZD14/2\�3utMC�:<^`:<[�\�3ACE/25FK?[6G25Z]KZ�>6PQ�Z4/25?74Z459y�5?/23659:<;�14PQG2[EZ)NSPQ>��Q5874sS5?>cZ�/21fZ8t=[6>�C�N�:<>6>�C�:<7�:<[�1)14\�36G2/25?^Q58> J C6:S1k/_1fZ)RU/ÁZ%jv7];=5?/BZ�Q5874;�[6>�CE58> W t'C6:<^�RD:<>oCE/25�yv5?/2365?> X PSGBsS5�CE587Y;=5?/_CE58>rg�[6RURD:�Z]/BPS>65?> h ;�587 n
[�>�C h ;=5?7

k
�S5?74Z]:Q[�14\�3�5?>oC6:Q7 X t'PS36>65�5Z+@�:Q19:<R a)PQ>��Q5874sS5?>6K8�Q5?7]3�:QGÁZ]5?>�[6>�Cpm�587fZ�CE587Uyv5?/B3�5�K8[Í<>�CE5?7]>uL6dÀ:<>6>F3�:Q;�58>�@�/27k:<G_14P

∞
∑

n=0

anxn =

∞
∑

k=0

(

∞
∑

n=k

an

(

n

k

)

xn−k
0

)

(x − x0)
k =

∞
∑

k=0

bk(x − x0)
k.

�qM/2>�@05?/BZ458745e1ky�5e1f[6GBZ]:<Z8t¬C6:Q1kRU/ÁZ�CE5?R �kR9PS7]C6>65?>OK8[�14:QRUR958>63�ÍQ>6s<Zk[�>�C�C6:Q365?7ÀCE/25Y:<;6�14PQG2[EZ45%a)PQ>��Q5874sS5?>6K)�QPQ7�:<[�14145Z]KZ8tc/_1+Z



+I� ¢ ��� �6���� ¢ ��� ����� �

Î-Ï �8Ð��v�54�×AØ�� � ������� ��� �©�-Ý|à|áI�©â��¤¨�¨�� ��� � ∑∞
n=0 an

�<�u§ ∑∞
n=0 bn

Q°M���9��´<¨ �©�¶�6�«����¬»©���4¡E� �¬�·���À��� ¢ ���-³�½¿¾Q� n ∈ N
¨ �©��©����°n�2�

cn :=

n
∑

k=0

an−kbk.

æ����6�F�_¨?�¤�6�EÅ ¢ §S���)�)� � ¢ � ∑∞
n=0 cn

��´<¨��������~«E�©�¬»©� �f¡6���¬�¤�Q�I§�� ¨�¡c�B�¶�
∞
∑

n=0

cn =

(

∞
∑

n=0

an

)

·
(

∞
∑

n=0

bn

)

.

d)5?>D>6/_\�3cZMsS:<>�K0N�[67]K?58>D.¿58@¿58/21n1]\�3658>6NQ58>Y@�/27M[6>�18L J g�/B58365v5?Z+@0:�ÊYL } PQ7�1fZ45?7et<jv>�:<G2l�14/_1��QL Wd)/B5v3�/B587n5?/2>6sQ5 Xih 3674Z45va)PQ>�1fZ47][6NcZ4/2PQ>UCE581 � � �  ���-�2NM7]P�C6[6NcZ]1~NQPSR9R	ZMsS:Q>6K�>�:�Z h 74G2/_\�39;=5?/N'P<Z]5?>6K87458/B3658>Y�SPQ7eLe.0/2G2C65ZnRD:<>936/B587 Xih 7 J K?[�>�ÍQ\�3�1fZ X PQ7]RD:<G W (
∑∞

n=0 αnxn) ·(∑∞
n=0 βnxn)[6>�CF14PQ74Z4/25?74Z0>�:Q\�3 N~PQZ458>6K?58>��SPQ>

x,
14PU5?7]sQ/2;EZv1f/_\�3�R9/BZ

γn :=

n
∑

k=0

αn−kβk.

5?;=5?>FsS5?7�:QCE5
∞
∑

n=0

γnxn =

(

∞
∑

n=0

αnxn

)

·
(

∞
∑

n=0

βnxn

)

.

a)PQ>��Q5874sS/B587458>�CE/25�;�58/2CE58>p7]58\�3cZ�141fZ458365?>�C65?>oy�58/B3�5?>p:Q>oCE587Dg�Z45?G2G25
x ∈ C

:Q;�14PQG2[EZ8tn14P:<[�\�3�CE/25%G2/B>6NS5Qt6CIL 3uL�C65?7]5?> � � �  ���-�2NM7]P�C6[6NcZ8Lé®>O.05?/_1fT6/25?G|�'L 3��	3�:<ZfZ]5?>F@�/B7�sS5?K85?/2s<Z8t6C�:<^ Xih 7nÌ+5eCE581 x ∈ C
C6/B5�y�58/B3�5

5VET
(x) :=

∞
∑

n=0

xn

n!

:<;�1fPSGB[EZ9NQPS>c�S5?7]sQ/25?74Z8L-g�PSRU/ÁZUNQbS>6>65?>o@�/B7936/25?7�:<[ X 5?Z+@0:�CE5?>pg6:�Z4K h ;=5?7UC6:Q1 � ���� ���|�NM7]PECE[6NcZk:<>�@05?>�CE58>uL6zO/BZ
an :=

xn

n!
, bn :=

yn

n!

/_1+Z

cn =
n
∑

k=0

an−kbk

=

n
∑

k=0

xn−k

(n − k)!

yk

k!

=
1

n!

n
∑

k=0

(

n

k

)

xn−kyk =
(x + y)n

n!

[6>�C�CE/2581�/_1fZ�Ìf:OC6:Q1
n
�¶Z45 � G2/B5eC�C65?7�y�58/B365DK8[�5?VET (x + y).

jkG214P X PQG2s<Z%>�:S\�3�CE58RëgE:<Z4K
h ;=5?7kC�:Q1 � ���� ���|�/NM7]PECE[6NcZ
Î-Ï �8Ð��v�54 #HØ
	-à~�|áI�8���=� Ï Ú�Þ=Ú��������Ià~�|Þ�Ý~����� � �¿���~���¬�8� Ï Ú�·à|�|áI�8�����nâ½0¾<��´E���2���<´��Á¡6�)«���Ã %I����º��

x, y ∈ C
¡c�B�¶�

5VET
(x + y) =

5?VET
(x) · 5?V�T (y).
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