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F>GIHKJ>L>M%NPORQTSPM%UWVXUWM)UWVIY*Z[QXZ\G�G]G]G�G]G�G]G�G]G]G^G]G�G]G�G]G]G�G]G�G]G^G]G]G�G]G�G]G�G]G�G]G_H�`
F>GIHaGIH bcS*dfe%M>gihkjmlnMmO[g9oahfUWVpG�G]G�G]G�G]G]G^G]G�G]G�G]G]G�G]G�G]G^G]G]G�G]G�G]G�G]G�G]G_H9q
F>GIHaGr` s*tugiNmO[hfUWVTO[e>g9SahRQTg]Uav%Z[dfe%VTQIgiwPv%UWhRgih�xyt)g9hRUWO[SahRgiMzG�G]G�G]G^G]G]G�G]G�G]G�G]G�G]G_H|{

F>Gr`~}�e>giSPh[QIg��&gih�J%L>M>NmO[QISaM>g9M>hf�WL>��g�G]G�G]G]G^G]G�G]G�G]G]G�G]G�G]G^G]G]G�G]G�G]G�G]G�G]G�`a�
F>Gr`&GIH ��QIg����aL>��g

S
L>M%�

S
′ �

D
L>M%�

D
′ � Bs

p,q(R
N ) � Hs

p(RN )
G]G�G]G�G]G�G]G�G]G�`a�

F>Gr`&Gr` ��QIg���g9v)g ZkoPL>g�j&���WL%��g
Lp(Ω)

G]G�G]G�G]G�G]G]G�G]G^G]G�G]G]G�G]G�G]G�G]G^G]G�`Wq
F>Gr`&G F ��QIg]oag9��QIdfemORg�O[g9M���givug9Z[oaL>g�j*���aL>��g

Lpg(Ω)
G�G]G^G]G�G]G]G�G]G�G]G�G]G^G]G�`P�

F>Gr`&G q ��QIg�s*SPv)SPVTg9�aj&���WL%��g
W k

p (Ω)
G]G�G]G�G]G�G]G]G�G]G^G]G�G]G]G�G]G�G]G�G]G^G]G�`m{

F>Gr`&Gr� ��QIg]oag9��QIdfemORg�O[g9MAs&SavuSaVIgi�Pj*���aL>��g
W 1

pg(Ω)
G]G�G]G^G]G�G]G]G�G]G�G]G�G]G^G]G�FP�

F>Gr`&G � ��QIg]oag9��QIdfemORg�O[g9MAs&SavuSaVIgi�Pj*���aL>��g
W k

p (Ω, %µ, %ν)
G]G^G]G]G�G]G�G]G�G]G�G]G�FPF

F>G F }�e>giSPh[QIg^giMmORUahkORg�O[g9h�giVIVTQIt&ORQIZRdfe>gihyxytugihfU|ORSahRgiM�G]G�G]G]G�G]G�G]G^G]G]G�G]G�G]G�G]G�G]G�FP�
F>G F>GIH ��gi�%M>QTO[QISaM�G]G�G]G]G�G]G�G]G�G]G]G^G]G�G]G�G]G]G�G]G�G]G^G]G]G�G]G�G]G�G]G�G]G�FP�
F>G F>Gr` ���2t>hRQTSPh[QT�2��v%ZRdfe%�|OR�iL>M>o G]G�G]G]G^G]G�G]G�G]G]G�G]G�G]G^G]G]G�G]G�G]G�G]G�G]G�qm�
F>G F>G F l¡ZkSP��SahRt>e>QIg9ZR�|O[�9g�G]G�G]G�G]G�G]G]G^G]G�G]G�G]G]G�G]G�G]G^G]G]G�G]G�G]G�G]G�G]G�q*�

F>G q ¢£g9Q¤ORgihRg]¥�QIV¤¦7Z[��Q¤O[O[giV§G�G]G]G�G]G�G]G�G]G]G^G]G�G]G�G]G]G�G]G�G]G^G]G]G�G]G�G]G�G]G�G]G��P�
+ ¨�F*D ? GB?7(�F�E�JLF©4 ADCª� E�ADC«8�E�JLE&¬	� GB?'4 ADC�F I© G7(¯® :)°

q%GIH$±²hRSav>VIgi�pZkO[giVIVIL>M>o�G^G]G�G]G]G�G]G�G]G�G]G]G^G]G�G]G�G]G]G�G]G�G]G^G]G]G�G]G�G]G�G]G�G]G��a�
q%Gr`~���2t>hRQTSPh[QT�2��v%ZRdfe%�|OR�iL>M>oPgiM³G�G]G�G]G�G]G]G^G]G�G]G�G]G]G�G]G�G]G^G]G]G�G]G�G]G�G]G�G]G��P�
q%G F ´�SPM*�agihRoag9M>�ig9QToPgiM%ZRdfe%UW¦µO[giM�G�G]G�G]G�G]G]G^G]G�G]G�G]G]G�G]G�G]G^G]G]G�G]G�G]G�G]G�G]G�{WF

:~¶p@�E>4 ? GB?'(.F�E�JLFA4 ADCª� E!A C�8�E�JDE>¬	�)G ?74 ADC.F I� G7(¯® ·u·
�&GIH$¸²QIM&¦E¹>e>hRL>M>oºG�G]G^G]G�G]G]G�G]G�G]G�G]G]G^G]G�G]G�G]G]G�G]G�G]G^G]G]G�G]G�G]G�G]G�G]G�{P{
�&Gr`<±²hRSav>VIgi�pZkO[giVIVIL>M>o�G^G]G�G]G]G�G]G�G]G�G]G]G^G]G�G]G�G]G]G�G]G�G]G^G]G]G�G]G�G]G�G]G�G]G�{W�
�&G F ��j*t>h[QISahRQ¤j*��v)Z[dfe%�WO[�9L>M>oag9M�G�G]G�G]G�G]G]G^G]G�G]G�G]G]G�G]G�G]G^G]G]G�G]G�G]G�G]G�G]G�»%H
�&G q ´�SPM*�agihRoag9M>�ig9QToPgiM%ZRdfe%UW¦µO[giM�G�G]G�G]G�G]G]G^G]G�G]G�G]G]G�G]G�G]G^G]G]G�G]G�G]G�G]G�G]G��m�
�&Gr� ¼^gioPgiM*v)g9QIZ[t>QIgiV£G]G^G]G�G]G]G�G]G�G]G�G]G]G^G]G�G]G�G]G]G�G]G�G]G^G]G]G�G]G�G]G�G]G�G]GyH �a�
½²@B4 E%D¾D F*(0/ E>4 4 @0(B "&¿ª,
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�yUPZ��uQIgiVB�&QIg9Z[gih���h[vugiQTOyQXZ¡O^�&QTg���MmO[g9hRZ[L%dfe*L>M>o Z[gi��QIVTQIM>g9Uah[g9h�L>M%�	�mL%UPZkQIVTQIM>g UWhRgih�giMmOfUWh[O[g�ORgih�t)UWhfU|�
v)SPVTQXZRdfe>gih��yQ�
ªgihRgiMmO[QXUWVIoaVIgiQXdfe*L>M>oPgiM�G&�^UWvugiQ vug9ZkO[giemO��&QIg�¸²MmORUWh[O[L%M>o��%UWhRQTM � �%UWw��&gih�¥�UaL>t&O[O[giQIV��&g Z
giVIVTQIt&ORQIZRdfe>giM xytugihfU|ORSahfZ¯M%QIdfemO�oaVIgiQXdfe>�p�WwPQTo�giVIVTQIt&ORQIZRdfe©QXZkO9G
��QIg9Z[g£¼^VIgiQXdfe*L>M>oag9M �cgihf�&g9Mz��QTO©¥�QIVT¦Eg �&gih ��SWO[e%g�j� g�O[e%S*�>g v)g9e%UWM%�>giVTO9G¯�yQIg ��SWORe>g�j�� g�ORe>S&�&g
v)g9h[L%ePO�UaL&¦ �&gih�s*g9��QI�&QXZ[NmhRg�ORQIZ[QIgihRL>M>o��&gih��ug9Q¤OR�|UWhRQIUav>VTg9M��
¸	Zp�cgihf�&giMz���mL>QX�&QXZ¡OfUWMmO[g���MmO[g9hkORgiQIVTL%M>oPZ[t>L>M>NmORgA�>g9Z��ug9Q¤ORQTMmO[g9h[�|UaVTVIg9Z6oag9�c�ae>V¤O G²��QIg ��Q�
ªgihRgiMmO[QXUWVT�
oaVIgiQXdfe*L>M>o���QThf��v)g9�i¹>oPVTQXdfe��>gih��ug9Q¤OR��Uah[QXUWv%VTg9M©�&QXZkN*hRg�ORQIZ[QTg9hkO � g9Z�g9MPOfZ¡ORgiemO�giQIM>g�J%Ua��QTVIQTg�g9VTVIQTt>O[QXZ[dfe>g9h
¥�QIV¤¦7Z[t>hRSav>VIgi��gPG%��QIg9Z[g��¯g9hR�>giM�oagiV��PZkO � e>QIgih[¦E¹>h�ZkO[g9ePO�g9QTM%g^L%�6¦7UaM>oahRgiQXdfe>g]}�e>g9SahRQTg^�iL>h�� g9hk¦E¹%oaL>M>o)G
JB¹>h��&QIg����mZkL>M%oagiM��&QIg9Z[gih�¥�QIVT¦7Zkt>hRSav%VTg9��g��cgihf�&giMA��j*t>hRQTSPh[Q¤j*��v%Z[dfe)�|O[�9L>M>oPgiM vugi��QIg9Z[giM�G
��QIg9Z[g�J%UW��QIVTQIg^�aSaM©J>L>M>NmORQTSPM>giM©��QThf�p�iL©giQIM>gih�UWL>¦�giQIM>gi� �9L%ZRUW����giM>e%�aM>oag9M%�&g9M }�g9QTV �&g Z��ªgiQTO[QIM&�
O[g9h[�|UWVIVXZ��&g��)M>QTg9hkORgiM J>L%M>NmO[QISaM�¦ESah[O[oPg9Z[g�O[�iO9G%��M%ZRdfe>VTQIgiwPgiM%�©��QIhR�A�&QIg�´�SPM*�agihRoag9M>�y�>QTg Zkg9h�J>L>M%NPORQTSa�
M>giM oagi�9giQIoWO � ¦7UWVIVIZy�&QIg���MmO[g9hkORgiQIVTL%M>oPZRZ[dfe%h[QTOkO¡�cgiQTO[g]oPgioag9M	��L>VIVBZkO[hRgiv>O9G%¸¯Z�VX�Ww Z[QIdfeAvugi�cgiQXZkg9M � �%UWw�&gih^¼^h[g9M>�i�cgih[O��>QTg Zkg9h�J>SaVIoag^OfU|ORZR�adfe%VTQXdfe©���PZ[L>M>o�QIZkO�L>M%�A�>Uaw�g Z�Nag9QTM%g^�cgiQTO[g9h[g]���PZ[L>M>o�oaQIv&O9G
¼^h[L%M%�&VXUWoag��&gih^bcgie%UaM%�&VIL>M>o©�>gih^giVIVTQIt&O[QXZRdfe>giM ¥�QTVT¦7Z[t>h[SPv>VIgi��g�QXZ¡O��&QIg6g9QTM>oPgie>g9M%�&g���MmO[g9hRZ[L%dfe*L>M>o
oag9��QIdfemO[giO[g9h�s*SPv)SPVTg9�Pj*���aL>��gaGP�yQIg^�&g9� ±²hRSav>VIgi� UaM>oag9t%UWwaO[g��yg��%M%Q¤ORQTSPM©�&QIg9Z[gih�s*SavuSaVIgi�Pj&���WL>��g
oag Z¡OfU|OkORg�Oy�>QTg�¥�gihRVIgiQTO[L>M>o©�&gih�g9hk¦ESPhR�>gihRVTQXdfe>giM ��L%Z[ZRUWoPgiM�¦E¹>hygiVIVTQIt&O[QXZRdfe>g�xytugihfU|O[SPh[g9M�G%�^UWvugiQBZkQIM%�
QT��J%UaVTVIg��mL%UaZ[QTVIQIM>g9Uah[g9h�¼^VIgiQXdfe*L>M>oag9M�UaM%�&g9h[g]���aL>��g^�9LA�c�ae>VTg9M�UaVIZ�QI�\Z[gi��QIVTQIM>g UWhRgiM©J)UWVIV'G
��QIgA��SWORe>g�j�� g�ORe>S&�&g ��QIhR�¾UaL%Z6��g9e>hRgihRgiM¼^hR¹>M%�&g9M¾�ag9h[�cgiM%�>g�O�� �uL>� ¸²QIM>giM oag Z¡OfU|OkORg�O�ZkQIg �&QIg
��M*�cgiM%�&L%M>oC�&gih L%�6¦7UaM>oahRgiQXdfe>g9M�}�e>g9SahRQTg�giVIVIQTt&ORQIZRdfe>g9h£xyt)g9hRUWO[SahRgiM � �9L>� ��M%�&gihRgiM N|UWM%M �>UPZ
!#"%$'&(*)+",!.-'/102-�3 UaL%dfe*Yaj*±²hRSav>VIgi���&L%hRdfe giQIM>g�oag9giQIoaM>giO[gp��QXZ[NmhRg�ORQIZ[QIgihRL>M>oAQTM giQIM>g J)UW��QTVIQIg )+",!.-'/405-60¥�QIV¤¦7Z[t>hRSav>VIgi��g]L>��oPgi��UWM%�&g9V¤O��cgihf�&giM � ZkQIgie>g��PG b^G87 ´]U�9i»m��: � 7 ¢ giv%�%H6:2G
�yUav)g9Qp�¯g9hR�>giM NPgiQIM>gihRVTg9Q6¢�Uadfe)Z¡ORL>�pZk�PSahfUWL%ZRZkgiO[�9L>M>oag9M UWM �&QTg;��QXdfemO[VIQTM%g9UWhRQTOR�|ORgiM oPg9ZkO[g9VTVTO9G�lnM
�&QIg9Z[gi��J%UaVTV�QIZkO g Z¾g9hk¦ESPhR�&g9h[VIQXdfe � L∞(Ω)

j*��v%ZRdfe%�|OR�iL>M>oPgiM ¦E¹>hz�&QIg����mZkL%M>oag9M �iL oPgi��QIM>M>giM ��*oaV G87 ±²VIL%»P»4: � 7 ±	VTL%�%H6: � 7 ±	VTL%�PF4:2G
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s*giQ
Ω ⊂ RN giQIMvug9ZRdfe>hf�WM>NmORg9Z�¼^giv>QIg�Op��Q¤O ��QTt%ZRdfe>QTO[�9hRUaM%� � T > 0 � I = [0, T ] � Q = Ω × I �

Γ = ∂Ω×I G9s*g9Q ‖.‖p

�>QTg ��SahR��QI� ��UWL>� �&g9h
p
j*QTMmORgioahRQIgihRv%UWhRgiM^��givug9Z[oaL%g�jm��g9wav%Uah[g9M^J%L>M>NmO[QISaM>g9M

Lp(Ω) � ‖.‖∞ �&QIg ��SPh[��QI� ��UWL>�
L∞(Ω)

L>M%��Z[giQ
(., .)

�>UaZ�s&N�UaVIUah[t%h[S&�&L>NmO^QT�_��UWL>�
L2(Ω)

G
W 1

2 (Ω)
L>M)� o

W 1
2 (Ω)

vugi�ig9QIdfe%M>giM �&QIg�¹>v>VIQIdfe>g9M s*SavuSaVIgi�*hf�WL>��g^��QTO��&g9h ��SahR�

‖u‖2
2,1 :=

N∑

i=1

∥
∥
∥
∥

∂u

∂xi

∥
∥
∥
∥

2

2

+ ‖u‖2
2 .

��QIg	���aL>��g o

W 1
pg (Ω) � W 2

p (Ω, %µ, %ν)
Z[QTM%��oPgi��QXdfemO[g�ORg	s*SavuSaVIgi�Pj&���WL>��g ��QTOB¼^gi��QXdfemORZk¦EL>M>NmO[QISaM>g9M

g, %
L%M%�A�&giM	��SPh[��g9M

‖u‖p
p,1,g =

N∑

i=1

∥
∥
∥
∥
g

1
p
∂u

∂xi

∥
∥
∥
∥

p

p

+ ‖u‖p
p ,

‖u‖p
W 2

p (Ω,%µ,%ν) =
∑

|α|=2

∥
∥
∥%

µ
pDαu

∥
∥
∥

p

p
+
∑

|α|=1

∥
∥
∥%

µ+ν
2p Dαu

∥
∥
∥

p

p
+
∥
∥
∥%

ν
p u
∥
∥
∥

p

p
.

c, C
v)g9�igiQXdfe>M>g9M©oPgiM>g9h[QXZRdfe>gytuSPZ[QTO[QI�ag�´ySaM%ZkORUaMPORgiM�G

q
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lnM �&giM ´]Uat>Q¤ORgiVIM©qpL%M%� ����QThf�A�&QTg���SWO[e%g�j� g�O[e%S*�>g�UaM>oag9�¯g9M%�&giO��cgihf�&g9M � L>��Zkg9��QIVIQTM>g UWhRg�L>M%�
�mL%UaZ[QTVIQIM>g9Uah[g�g9MmORUWh[O[giO[gyt%UWhfUWvuSaVIQIZRdfe>g���UaM%�mj&��M&¦7UaM>oPZ[�¯g9hkORt>hRSav>VIgi��g��iL v)g9e%UWM%�>giVIM�G&��QIg9Z[g���MPORgih[�
ZkL)dfemL%M>oag9M ZkQIM%� Z[gie>hcUWL&¦E�cgiM)�&QTo�L>M%�pvugiM �aO[QIoag9M �*QTg9VTg�¥�QTVT¦7Z[��QTOkORgiV � �¯g9VIdfe%g�QT� ¦ESPVToPgiM%�&g9M ´]UWt>QTO[g9V
v)g9h[g9Q¤ORoag Z¡ORgiVIV¤O��cgihf�&giM�G
�yUPZ��uQTg9VB�>QTg Zkg Zy´]Uat>Q¤ORgiVXZ�vug9ZkO[g9emO��>Uah[QIM � �&QIg���SaO[e>g�j� giO[e>S&�&g�UWM g9QTM%gi��giQIM&¦7UPdfe>giM bcg9QIZ[t>QIgiVB�iL
�&gi��SPM%Z¡ORh[QIgihRgiM � L>�\�>UPZ � gihfZ¡Of�WM%�>M>QIZ��>gih�Z[t%�|ORgihRgiMA´]UWt>QTO[g9V q � �6�iLAgihRVIgiQXdfePORgihRM�G
��QIg]e>QIgih��PgihR�¯g9M%�&giO[giMAs&�|OR�ig]UWL)Z��&gih�J%L>M>NmO[QISaM)UWVXUWM%UaVTY&Z[QIZ�Z[QTM%�©QIMA´]Uat>QTO[giV�F�UaL&¦Eoagi¦E¹>e>h[O9G
��MmO[g9hRZ[L%dfemO ��QIhR���>UPZ t%UahRUav)SPVTQXZ[dfe%g���UWM%�mj&��M&¦7UaM>oPZ[�cgih[O[t>hRSav>VIgi����QTO e>SP��SPoag9M>giM��yQThRQIdfe%VTgiO¡j
��UWM)�&v)g �&QIM>oaL>M%oagiM

ut(x, t) +Au(x, t) =f(x, t)
QIM

Q, � `&GIH�
u(x, 0) =U0(x)

QIM
Ω, � `>G `�

u(x, t) =0
UaL&¦

Γ. � `>G F�
�yUav)g9Q�Z[giQ

Au := −
N∑

i,k=1

∂

∂xi

(

aik(x)
∂u

∂xk

)

+ a0(x)u, � `>G q�

aik ∈ L∞(Ω)
¦E¹>h

i, k = 1, . . . , N, � `>G ��
a0 ∈ L∞(Ω), � `>G ��

N∑

i,k=1

aik(x)ξiξk ≥ c0|ξ|2, c0 > 0, ∀(x, ξ) ∈ Ω × R
N , � `&G {�

a0(x) ≥ c0 > 0, ∀x ∈ Ω, � `>G »�
f ∈ C0,1(I, L2(Ω)),

�>UPZ�e>giQIwWO ‖f(., t1) − f(., t2)‖2 ≤ C|t1 − t2| ∀t1, t2 ∈ I, � `>G ��
U0 ∈

o

W 1
2 (Ω), AU0 ∈ L2(Ω). � `&GIH9��

��QIg���SaO[e>g�j� giO[e>S&�&g]��QIhR�©�ag9h[�cgiM)�&g�O � L%� ¦ESaVIoag9M%�&g9M s>U|O[���9L�vugi�cgiQXZ[giM��
¨�E>�9? , ® "�� /���� /1!�������!��6/1!����! - 0 (#".0%$�&6)�-(' � `&GIH�!) � `&Gr`*+) � `&G F� &'-,� ",(.- (/� - !./�0 - ",!.-1� $5&2 /�$'& -4365�7
�+0�!�� ) ��/�� & - " 8 (�-+� -:9 ";�'(*"%- 0 (<� - !./�0 -6",! ->=/0�!�?1(*"@$4! u ∈ W 1

2 (I,
o

W 1
2 (Ω)) ∩ C0,1(I, L2(Ω)) '�",(

�
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ut ∈ L2(I,
o

W 1
2 (Ω)) ∩ L∞(I, L2(Ω))

) �($ � / 8 �'&�0)( -!��- =/0�!�?1( "@$1! v ∈ L2(I,
o

W 1
2 (Ω)) ��",)+(%*

∫

I

(ut(x, t), v(x, t)) dt+

∫

I

a(u(x, t), v(x, t)) dt =

∫

I

(f(x, t), v(x, t)) dt. � `>GTHPH�
� /�&5- " &'-!��-(0�( - (

a(u, v) :=

N∑

i,k=1

∫

Ω

aik(x)
∂u

∂xk

∂v

∂xi
dx+

∫

Ω

a0(x)u(x)v(x) dx.

��g9h6bcgi�cgiQXZ�v)g9h[L%ePO�UWL&¦��&gih�� g�ORe>S&�&g �&g9h6�yQIZ[N*h[giO[QXZkQIgihRL>M>o �&g9h��ugiQTO[�|Uah[QXUWv>VIgiM�L>M)� ZkO[¹>O[��O�ZkQXdfe
UWL&¦ ��gie>hRgihRg^¥�QTVT¦7ZRZ[�WO[�igPG
s*giQIgiM

n
giQIM>gct)SmZkQTO[QI�agcM%UWO[¹>hRVTQXdfe>g��ªUWe>V � h := T

n

L>M%�
tj := jh � j = 0, . . . , n � ��MmO[gih[O[g9QTVIL>M>omZkt%L>M>NmO[g

�&g9Z�lnMmORgihR��UaVTVIg9Z
[0, T ]

G
¸²QTM%g ��QXZ[NmhRg�ORQIZ[QIgihRL>M>o �&g9Z���M&¦7UaM>oPZ[�¯g9hkORt>hRSav>VIgi�pZ^VTQIg�¦Eg9hkO�g9QTM%g J>SaVIoag�g9VTVIQTt>O[QXZ[dfe>g9h�±²hRSav>VIgi��gp��QTO
e>Sa��SaoPgiM>g9M��yQIh[QXdfe>VIg�O¡j&��UWM)�&v)g �&QIM>oaL>M%oagiM��

δuj(x) +A(x)uj(x) = fj(x), j = 1, . . . , n,

uj(x) = 0,
UaL&¦

∂Ω,

u0(x) = U0(x)
QTM

Ω,

e>QTg9h[vugiQ�QIZkO
δuj := 1

h (uj − uj−1)
� fj(x) := f(x, tj)

� � uj
QIZkO�giQIM>g����ae>gihRL>M>o6¦E¹>h

u(x, tj)
�G

�uL>M%�Pdfe%Z¡O^��QThf� M%UPdfe>oag9��QTg Zkg9M � �%UWw �&QIg9Z[g�giVIVTQIt&O[QXZRdfe>giM ��UWM%�&�cgih[O[t%h[SPv>VTg9��g�Z[dfe*��Uadfe>g����PZ[L>M>oPgiM
v)g ZkQTO[�9giM�Gc��M%ZRdfe>VIQTg9wagiM)� �cgihf�&g9Mz�PgihfZ[dfe%QTg �&giM>gA���2t>hRQTSPh[QT�n��v%ZRdfe%�|OR�iL>M%oagiM¦E¹>h©�>QTg ���PZ[L>M>oag9M

uje>gihRoag9VTg9Q¤ORg�O9G ��MmO[gih���L&OR�iL>M>o �>QTg Zkg9h���v%ZRdfe%�|OR�iL>M>oPgiM�VI�awWO�Z[QIdfe��ig9QToPgiM � �>Uawp�&QTg�J%L>M>NmO[QISaM%giM
un(x, t) := ui−1(x) + (t− ti−1)δui(x) (ti−1 < t ≤ ti, i = 1, . . . , n, )

un(x, t) := ui(x) (ti−1 < t ≤ ti, i = 1, . . . , n)

¦E¹>h
n → ∞ QIMoPgigiQIoaM%g�O[g9Mb�UWM%UPdfe>hf�WL>��giM§oPgioPgiM§giQIM>gAJ>L>M%NPORQTSPM

u(x, t)
NPSaM*�ag9h[oPQTg9h[g9M�G��yQTg Zkg

J>L>M>NmORQTSPM
u(x, t)

QXZkOyZ[dfe*��Uadfe>g����mZkL%M>o��aSaM � `&GIH� � � `&Gr`* � � `&G F�fGu��v%ZRdfe>VIQTg9wagiM)�©��QIhf���>QTg�¸	QTM%�>giL&�
O[QIoaNag9Q¤O�M%UPdfe>oag9��QTg Zkg9M�G
��QIg]¸)+&QIZkO[g9M>���&g9h�J>L>M>NmORQTSPM>giM

uj
��QIhR�A�&L>hfdfeA�>UaZc¦ESPVToPgiM%�&g]��gi���pU6oPg9Z[QIdfe%gih[O9G

,�F*D¾D E , ® ".- ��-:9�";� (*"%-605-6! -6",! ��-(0�( "#� &'-+� (*".' '�( - uj ∈
o

W 1
2 (Ω)

)
j = 0, . . . , n

) �($ ��/ 8

(δuj , v) + a(uj , v) = (fj , v) j = 1, . . . , n, ∀v ∈
o

W 1
2 (Ω), � `&GIH `�

u0(x) = U0(x)
",! Ω.

5 Fm� F�?74 ¸¯Z�g/+&QXZ¡ORQTg9h[g9M tuSPZ[Q¤ORQT�Pg�´�SPM%Z¡OfUWMmO[g9M
c0, C

� Z[Sp�>UWw
|a(u, v)| ≤ C ‖u‖2,1 ‖v‖2,1 ,

a(u, u) ≥ c0 ‖u‖2
2,1

¦E¹>h�UaVTVIg
u, v ∈

o

W 1
2 (Ω)

Gc�ygi���iL>¦ESaVIoag QXZ¡O
ah(u, v) := a(u, v) + 1

h (u, v)
giQIM>g Z[Y*����giO[hRQIZRdfe>g �

giVIVTQIt&O[QXZRdfe>g^bcQIVTQIM>g UWh[¦ESahR� QI� ¥�QIVTvugih[O[hfUWL%� o

W 1
2 (Ω)

G��UPdfe©�&g9� s>U|O[�^�aSPM ��U0+Pj�� QIVToPhRUa� g�+*QXZkO[QIgih[O
�>UWM>MAoPgiM%UaL giQIM>g�J%L>M>NmO[QISaM

uj ∈
o

W 1
2 (Ω) � ZkSp�>Uaw

ah(uj , v) =

(

fj +
1

h
uj−1, v

)

∀v ∈
o

W 1
2 (Ω).



{

�yUa��Q¤O�QXZ¡O��%UaZ���g9����U�vugi��QIg9Z[giM�G
���VXZkS©g/+&QXZ¡ORQTg9h[g9M �&QIg6J>L%M>NmO[QISaM>g9M
un � un GuJB¹>h��&QIg���MmO[gihfZ[L%dfe*L>M>o �&g9h^´ySaM*�PgihRoagiM%���>QTg Zkg9hyJ>L%M>Nm�

O[QISaM>g9M �cgihf�&giMAgiQIM>QIoag���� t%h[QISahRQ¤�n��v)Z[dfe%�WO[�9L>M>oag9M©vugiM#�WO[QIoWO � �>QTg�QI��M%�adfe)Z¡ORgiM ��g9����U e>gihRoag9VTg9Q¤ORg�O
�¯g9hR�>giM�G
,�F*D¾D E , ® , - ��-:9 ";�'(*"%- 0 ( - ",!.- � $4! � ( /4! ( - C ) �,$ ��/ 8 �'&�0�/4),)�- h, j �1",)+(%*

‖uj‖2,1 ≤ C,

‖δuj‖2 ≤ C,

h
n∑

j=1

‖δuj‖2
2,1 ≤ C.

5 Fm� F�?'4 ��QIg]¢ Uae>V��&g9h�}�g Z¡O[¦EL>M>NmO[QISaM
v = δuj

QIM � `&GIH `�²VIQTgi¦Egih[O
(δuj , δuj) + a(uj , δuj) = (fj , δuj) ,

(δuj−1, δuj) + a(uj−1, δuj) = (fj−1, δuj) .

�yUahRUaL%Zc¦ESaVIoWO

(δuj − δuj−1, δuj) + ha(δuj , δuj) = h (δfj , δuj) .

��QIg�J>SPh[��g9V
(p− q)p = 1

2

(
p2 − q2 + (p− q)2

) VTQIg�¦Eg9hkO
1

2

(

‖δuj‖2
2 − ‖δuj−1‖2

2

)

+
1

2
‖δuj − δuj−1‖2

2 + ch ‖δuj‖2
2,1 ≤ h ‖δfj‖2 ‖δuj‖2 ,

UWVXZkS
1

2

(

‖δuj‖2
2 − ‖δuj−1‖2

2

)

+ ch ‖δuj‖2
2,1 ≤ Ch ‖δfj‖2 ‖δuj‖2,1 ≤ Cεh ‖δfj‖2

2 + εh ‖δuj‖2
2,1 .

��UPdfe©oPgigiQIoaM%g�O[g9h���M%�>gihRL>M>o��aSPM
c, Cε

¦ESPVToaO

‖δuj‖2
2 − ‖δuj−1‖2

2 + ch ‖δuj‖2
2,1 ≤ Cεh ‖δfj‖2

2 .

��UPdfeAs*L%���pUWO[QISaM
(j = 2, . . . , i)

gihRoaQIv&O�ZkQXdfe

‖δui‖2
2 − ‖δu1‖2

2 + ch
i∑

j=2

‖δuj‖2
2,1 ≤ Cεh

i∑

j=2

‖δfj‖2
2 ≤ C(ti) ≤ C(T ),

�>U �cgioPgiM��&gih���QIt%Z[dfe%Q¤OR�9ZkO[g�ORQToPNag9Q¤O]�aSPM
f

�>QTg ��SahR� ‖δfj‖2

oaVIgiQXdfe>�p�WwPQTo�¦E¹>h
h

M%UPdfe SPv)g9M�v)gi�
Z[dfe%hR�aM>NmO�QXZkO9G
��L>M§Z[QTM)� M>S&dfe ‖δu1‖2

L>M)�
h ‖δu1‖2

2,1

UWv>�9L%ZRdfe%�|OR�igiM�Gª�^UW�9L£���We%V¤O]�pUWM QTM � `>GTH�`* j = 1
L%M%�

�&QIg�}�g Z¡O[¦EL>M>NmO[QISaM
v = δu1

L>M)�©g9h[e)�WVTO
(δu1, δu1) + a(u1, δu1) = (f1, δu1) ,

UWVXZkS

‖δu1‖2
2 + ha(δu1, δu1) = (f1, δu1) − a(u0, δu1).



» ���������
	������	�������������	�����	��! "	��#�$���%	��

¢£g9oagiM
AU0 ∈ L2(Ω)

oaQIV¤O
a(u0, δu1) = (AU0, δu1)

L>M%��g9Zc¦ESPVToaO

‖δu1‖2
2 + ha(δu1, δu1) = (f0, δu1) + h (δf1, δu1) − (AU0, δu1) . � `&GIH9F�

�yUahRUaL%Z�gihRoaQIv&O�ZkQXdfe���QTO�¥�QIVT¦Eg��&gih ��M>oaVIgiQXdfe*L>M>o��aSPM 3 UaL%dfe*Yaj>s&dfe*�cUah[�
‖δu1‖2 ≤ ‖f0 −AU0‖2 + h ‖δf1‖2 ≤ C.

�yUaM>M�¦ESaVIoWO�UWL%Z � `&GIH9F�
ch ‖δu1‖2

2,1 ≤ ‖f0 −AU0‖2 ‖δu1‖2 + h ‖δf1‖2 ‖δu1‖2 ≤ C.

�yUa��QTO�QXZ¡O
h
∑n

j=1 ‖δuj‖2
2,1 ≤ C

vugi��QIg9Z[giM�G
��QIg]¢ Uae>V��&g9h�}�g Z¡O[¦EL>M>NmO[QISaM

v = uj
VIQTgi¦Egih[O

(uj − uj−1, uj) + ha(uj , uj) = h (fj , uj) .

� Q¤O
(p− q)p = 1

2

(
p2 − q2 + (p− q)2

) g9h[oPQTv>O�Z[QXdfeA�%UWhfUWL%Z
1

2

(

‖uj‖2
2 − ‖uj−1‖2

2 + ‖uj − uj−1‖2
2

)

+ ch ‖uj‖2
2,1 ≤ h ‖fj‖2 ‖uj‖2 ≤ Cεh ‖fj‖2

2 +εh ‖uj‖2
2,1 .

�yUahRUaL%Zc¦ESaVIoWO�M%UPdfeAs*L%���pUWO[QISaM
(j = 1, . . . , i)

‖ui‖2
2 − ‖u0‖2

2 + ch

i∑

j=1

‖uj‖2
2,1 ≤ Cεh

i∑

j=1

‖fj‖2
2 ≤ C(ti) ≤ C(T ),

UWVXZkS ‖ui‖2 ≤ C
G

¢£g9M>MAQTM � `>GTH�`*cUWVXZ�}0g9ZkOk¦EL>M>NmORQTSPM
v = uj

oPgi���We>VTO���QThf� � gihRoaQIv&O�Z[QIdfe
(δuj , uj) + a(uj , uj) = (fj , uj) ,

UWVXZkS
c ‖uj‖2

2,1 ≤ (fj , uj) + | (δuj , uj) | ≤ C.�yUahRUaL%Z�gihRoaQIv&O�ZkQXdfeA�&QTg]bcgie)UWL>t&ORL>M>o �&g Z���g9���pUPZiG
���L>MA��QIhR�A�&QIg]´�SPMm�PgihRoag9M>�y�&g9h�J>SPVToPg

(un)
L%MPORgihfZkL)dfePO G

,�F*D¾D E , ®I! - ��-:9�";� (*"%-60 (�- ",!.- = 0�!2?4(*"@$4! u ∈ W 1
2 (I,

o

W 1
2 (Ω)) '�",( ut ∈ L∞(I, L2(Ω))

) �,$ ��/ 8
�,$4) � -6! ��- � $4!�� - 0 � -6!2- /�0��!� /(� -6! � - )+( -6! *

un → u ",! L∞(I,
o

W 1
2 (Ω)),

un ⇀ u ",! W 1
2 (I,

o

W 1
2 (Ω)),

un
t → ut

",! L2(I, L2(Ω)).

5 Fm� F�?74 �ygih�bcg9�¯g9QIZ�vug9ZkO[g9ePO�UaL%Z���gie>hRgihRgiMA}0giQIVTg9M�G
����� $5&�0 ",( ( � un → u ",! C(I, L2(Ω)) 0�! � un → u ",! L2(I,

o

W 1
2 (Ω))��L%Z¾�>giM ���2t>h[QISahRQT�2��v%Z[dfe)�|O[�9L>M>oPgiM�¦ESPVToaO

un
t ∈ L∞(I, L2(Ω)) ∩ L2(I,

o

W 1
2 (Ω))

L>M%�
un ∈

L∞(I,
o

W 1
2 (Ω))

Gy�yQTg � giM>oPgiM {un
t : n ∈ N} v>�9�]G {un : n ∈ N} Z[QTM)� QTM �&g9M����WL>��g9M

L∞(I, L2(Ω)) � L2(I,
o

W 1
2 (Ω))

v>�i�]G
L∞(I,

o

W 1
2 (Ω))

vug9ZRdfe>hf�WM>NmO9G



�

��L%Z � `&GIH `�¯gihRe%�WVTO���UaM

(un
t , v) + a(un(., t), v) =

(

f
n
(., t), v

)

∀v ∈
o

W 1
2 (Ω). � `&GIHiq�

¥�QIgihRv)g9Q�vug9�&g9L&O[giO
f

n
(., t) = f(., ti)

¦E¹>h
ti−1 < t ≤ ti

G²¸	QTM>g g9MmORZ[t>h[g dfe>giM)�&g ¼^VTg9QIdfe*L>M>o§oPQTVTO
¦E¹>h�giQIM>g6UaM%�&g9h[g��yQXZkN*hRg�O[QXZ[QTg9h[L>M%o � v)g9QB�&g9h I QIM

m
}�g9QTVIQTMmORgihR��UaVTVIg��9gihRVTg9oWO���QIhf� Gª¸	ZyZ[giQ

t ∈ I
¦Eg9ZkO

oag9�c�ae>V¤O G ��UPdfeAs*L%v&O[hfUWNmO[QISaM�vugiQX�&gihy¼^VIgiQXdfe*L>M>oPgiM�L>M%�A�&gih�¢�UWe%V
v = un(., t) − um(., t)

¦ESaVIoWO

((un − um)t, u
n − um) + a(un − um, un − um) =

(

f
n − f

m
, un − um

)

,

UWVXZkS

((un − um)t, u
n − um) + a(un − um, un − um) =

(

f
n − f

m
, un − um

)

+

((un − um)t, u
n − un) + ((un − um)t, u

m − um) .

�yUahRUaL%Zc¦ESaVIoWO

((un − um)t, u
n − um) + c ‖un − um‖2

2,1 ≤ Cε

∥
∥
∥f

n − f
m
∥
∥
∥

2

2
+ ε ‖un − um‖2

2 +

+ (‖un
t ‖2 + ‖um

t ‖2) (‖un − un‖2 + ‖um − um‖2) .¢£g9oag9M
un(., t) − un(., t) = δui(t− ti−1)

oaQIVTO ‖un − un‖2 ≤ ‖δui‖2 T/n ≤ C/n
G&¢£g9Q¤ORgihRe>QTMAQXZ¡O

�¯g9oag9M
f

n
(., t) − f

m
(., t) = f

n
(., t) − f(., t) + f(., t) − f

m
(., t)

UaL%dfe ∥∥
∥f

n
(., t) − f

m
(., t)

∥
∥
∥

2
≤

C(n−1 +m−1)
G%�^UW��QTO�gihRoaQIv&O�ZkQXdfe

((un − um)t, u
n − um) + c ‖un − um‖2

2,1 ≤ C

(
1

n
+

1

m

)2

+ C

(
1

n
+

1

m

)

≤ C

(
1

n
+

1

m

)

.

lnMmO[gioPhRUWO[QISaM��&QTg Zkg9h�¼^VTg9QIdfe*L>M%o�¹%v)g9h
[0, t]

VIQTgi¦Egih[O�� � g9Z�QXZ¡O
un(x, 0) − um(x, 0) = 0



‖un(., t) − um(., t)‖2
2 + c

∫ t

0

‖un(., τ) − um(., τ)‖2
2,1 dτ ≤ C

(
1

n
+

1

m

)

.

��g9���iL&¦ESPVToPg QIZkO
(un)

giQIM>g 3 UWL%dfe*Ym¦ESaVIoag�QI� b�UWM%UPdfe>hRUaL>�
C(I, L2(Ω)) � g9Z�g/+&QXZ¡ORQTg9hkO UaVIZ[S£g9QTM%g

J>L>M%NPORQTSPM
u ∈ C(I, L2(Ω)) � ZkS �%UWw

un → u
QIM
C(I, L2(Ω))

Gª¢£g9Q¤ORgihRe>QIM QIZkO
(un)

g9QTM>g 3 UWL%dfe*Ym�
¦ESaVIoag QI��b�UWM%UPdfe>hRUaL>�

L2(I,
o

W 1
2 (Ω)) � UaVIZ[S g/+&QXZ¡ORQTg9hkO

ũ ∈ L2(I,
o

W 1
2 (Ω)) � Z[S �>Uaw

un → ũ
QIM

L2(I,
o

W 1
2 (Ω))

G
��L>M QXZ¡O

u = ũ
�iL �igiQIoag9M�G�¸	ZAQXZ¡O

un − un g9QTM%g ��L>VIV¤¦ESPVToPg QI� ��UWL>�
L∞(I, L2(Ω))

G���VIZ[S
oaQIV¤O

un → u
QI� s&QTM>M%g©�&g Z

L∞(I, L2(Ω))
G ��L%Z��>giMZkO[giO[QIoagiM§¸	QTM*vug�OkORL>M>oPgiM

L∞(I, L2(Ω)) ⊂
L2(I, L2(Ω))

L>M)�
L2(I,

o

W 1
2 (Ω)) ⊂ L2(I, L2(Ω))

¦ESaVIoWO]�>UaM>M
un → u

L>M)�
un → ũ

QT� s&QTM>M%g
�&g9Z

L2(I, L2(Ω))
Gu�yUPZ�e>giQIwWO

u = ũ
G

� ��� $5&�0 ",( ( � un → u ",! L∞(I,
o

W 1
2 (Ω))��QIg]¢�UWe>V��>gih�}0g9ZkOk¦EL>M>NmORQTSPM

v = un(., t) − um(., t)
VIQIg�¦Egih[O

a(un − um, un − um) =
(

f
n − f

m
, un − um

)

− (un
t − um

t , u
n − um) ,

�����	�
�
u ∈ L2(I,W 1

2
(Ω)) �

��
ut ∈ L2(I, (W 1

2
(Ω))′) �

������������ �
2

R

t

0
(ut, u) dτ = ‖u(t)‖2

2
− ‖u(0)‖2

2
���

�����
� �����! 
��"���"	#
�



H9� ���������
	������	�������������	�����	��! "	��#�$���%	��

UWVXZkS

a(un − um, un − um) = a(un − un, un − um) + a(um − um, un − um)+

+
(

f
n − f

m
, un − um

)

− (un
t − um

t , u
n − um) .

¸	Z�QIZkO]�¯g9oag9M
un(., t) − un(., t) = δui(t − ti−1) =

∫ t

ti−1
1δui(x) dτ

L>M)�£�&g9h ��M>oPVTg9QIdfe*L>M>o��aSPM
3 UWL%dfe*YPj&s&dfe*��UWhR�

‖un(., t) − un(., t)‖2,1 ≤
√

t− ti−1

(
∫ t

ti−1

‖δui(x)‖2
2,1 dτ

) 1
2

≤ Cn− 1
2

(
∫ T

0

‖un
t (., τ)‖2

2,1 dτ

) 1
2

≤ Cn− 1
2 . � `&GIH ��

�yUaM>M�¦ESaVIoWO

c ‖un − um‖2
2,1 ≤ C ‖un − um‖2,1

(

‖un − un‖2,1 + ‖um − um‖2,1

)

+

+
∥
∥
∥f

n − f
m
∥
∥
∥

2
‖un − um‖2 + (‖un

t ‖2 + ‖um
t ‖2) ‖un − um‖2 ,

UWVXZkS

c ‖un − um‖2
2,1 ≤ Cε

(

‖un − un‖2
2,1 + ‖um − um‖2

2,1

)

+

+ C(n−1 +m−1)
√

n−1 +m−1 + C
√

n−1 +m−1,

≤ C
√

n−1 +m−1.

��VXZkS�QXZ¡O
(un)

giQIM>g 3 UaL%dfe*YP¦ESPVToPg QI� b�UWM)Uadfe>hfUWL>�
L∞(I,

o

W 1
2 (Ω)) � g Z�g/+&QXZ¡ORQTg9hkO �&g9��M)UadfezgiQIM

˜̃u � Z[SC�>UWw
un → ˜̃u

QT� s*QIM>M>g¾�&g Z
L∞(I,

o

W 1
2 (Ω))

G�¸	Z ¦ESaVIoWO UaL%Z �&gih ZkO[giO[QIoag9M ¸	QTM*vug�OkORL>M>o
L∞(I,

o

W 1
2 (Ω)) ⊂ L∞(I, L2(Ω))

L>M%� UaL%Zc�&giM SPv)g9M vugi��QIg9Z[giM>g9M ´�SPM*�agihRoag9M>�ig9QToPgiM%ZRdfe%UW¦µO[giM6L>M&�
��QTOkORgiVIv%UWh ˜̃u = u

G
� ��� $5&�0 ",( ( � un

t → ut
",! L2(I, L2(Ω)) 0�!�� un

t ⇀ ut
",! L2(I,

o

W 1
2 (Ω))¸	Z�oaQIVTO

∫

I

((un − um)t, v) dt+

∫

I

a(un − um, v) dt =

∫

I

(

f
n − f

m
, v
)

dt ∀v ∈ L2(I,
o

W 1
2 (Ω)).

��QIg]¢ Uae>V
v(., t) := (un(., t) − um(., t))t

VTQIg�¦Eg9hkO

‖(un − um)t‖2
L2(I,L2(Ω)) ≤

∫

I

|a(un − um, (un − um)t)| dt+ Cε

∥
∥
∥f

n − f
m
∥
∥
∥

2

L2(I,L2(Ω))
+

+ ε ‖(un − um)t‖2
L2(I,L2(Ω)) ,

‖(un − um)t‖2
L2(I,L2(Ω)) ≤C ‖un − um‖

L2(I,
o

W 1
2 (Ω))

‖(un − um)t‖
L2(I,

o

W 1
2 (Ω))

+C

(
1

n
+

1

m

)2

.

�yUp�&QIg�J>SPVToPg
(un

t )
QT����UWL%�

L2(I,
o

W 1
2 (Ω))

vug9ZRdfe>hR�aM>NmO�QIZkO � ¦ESaVIoWO � �%UWw (un
t )

g9QTM>g 3 UaL%dfe*Ym¦ESaVIoagQT����UWL>�
L2(I, L2(Ω))

QXZkO9G>¸	Z�g�+&QIZkO[QIgih[O�UWVXZkS�giQIM ¼^h[g9M>�ig9VTg9��giMmO
v
G.�ªL©�9giQIoagiM�v>VIgiQIv&O

v = ut
G



HaH

�yUa�iL�Z[giQ � QI� s*QIM>M>g	giQIM>g9Z0b¯S&dfe>M%gihkjmlnMmO[g9oahfUWVXZ:
w(t) =

∫ t

0
v(τ) dτ+U0

G9¸	Z�oPQTVTO
un(t)=

∫ t

0
un

t (τ) dτ
+U0

G%�yUahRUaL%Z¯¦ESaVIoWO

‖un(t) − w(t)‖2 ≤
∫ t

0

‖un
t (τ) − v(τ)‖2 dτ ≤

√
t ‖un

t − v‖L2(I,L2(Ω)) ,

UWVXZkS�NPSaM*�ag9h[oPQTg9hkO
(un)

oPgioPgiM
w

QI�\��UaL>�
L∞(I, L2(Ω))

G)�^UWhfUWL)Z	¦ESPVToaO
u = w � UWVXZkS v = ut

G
��QIg�J>SPVToPg

(un
t )

QIZkO�QT��¥�QIVTvugih[O[hfUWL>�
L2(I,

o

W 1
2 (Ω))

v)g Z[dfe>hf�WM%NPO G&��L%Z���gi���pU�F>GIHaGIH�¦ESPVToaO��>UWM>M �
�>UWw

v ∈ L2(I,
o

W 1
2 (Ω))

L>M%�
un

t ⇀ v
QTM
L2(I,

o

W 1
2 (Ω))

G
����� $5&�0 ",( ( � ut ∈ L∞(I, L2(Ω))¸	Z�oaQIVTO ‖un(t1) − un(t2)‖2 ≤

∫ t2
t1

‖un
t ‖2 dt ≤ C|t2 − t1|

G��ygih�¼^hRgiM>�9¹>vugihRoPUWM%o
n → ∞ VIQTgi¦Egih[O

u ∈ C0,1(I, L2(Ω)) � UaVIZ[S ut ∈ L∞(I, L2(Ω))
G

�yUa��Q¤O�QXZ¡O��>QTg�´ySaM*�ag9h[oPgiM>��v)g9��QTg Zkg9M�G
�¸	Z�QXZ¡O�M%S*dfeA�9L��9giQIoag9M � �>UWwp�&QIg�¼^hRgiM>�i¦EL>M>NmO[QISaM©ORUWORZR�adfe>VIQIdfeA���mZkL%M>o�QIZkO9G%�yQIg9Z���QIhR�©QI��M%�Pdfe%Z¡ORgiM

��g9���pU�vugi��QIg9Z[giM�G
,�F*D¾D E , ®I+ � "%- =/0�!�?1(*"@$4! u ";� ( 365 �+0�!�� � $1! � `&GIHaH  �
5 Fm� F�?'4 ¸	Z�oaQIVTO

∫

I

(un
t , v) dt+

∫

I

a(un, v) dt =

∫

I

(

f
n
, v
)

dt ∀n, ∀v ∈ L2(I,
o

W 1
2 (Ω)).

��L>MAQXZ¡O
|a(un(., t), v(., t)) − a(u(., t), v(., t))| ≤ C ‖un(., t) − u(., t)‖2,1 ‖v‖2,1 → 0,

�>U
un → u

QT����UWL%�
L∞(I,

o

W 1
2 (Ω))

L%M%�
(un − un)

giQIM>g ��L>VTVT¦ESaVIoagAQIMC�&QTg Zkg9� ��UaL>� QXZ¡O ��*oaV G � `&GIH ���G&¢ giQTO[g9h[e>QIMAQIZkO
|a(un(., t), v(., t))| ≤ C ‖un(., t)‖2,1 ‖v‖2,1 ≤ C ‖v‖2,1 ,UWVXZkS©QIZkO��&gih�´ySaM*�ag9h[oPgiM>� Z[UWO[�]�aSPM ��g9v)g ZkoPL>g�UWM*�¯g9M%�&v%Uah9Gu��QIgp´�SPM*�agihRoag9M>���&g9h^vugiQX�&g9M£UWM)�&gihRgiM

lnMmO[gioPhRUaVTgA¦ESPVToaO©UWL)Z �&g9M«´�SPMm�PgihRoag9M>�ig9QToPgiM%ZRdfe%U|¦µORgiM �aSaM
(un

t )
L>M%�«�&g9h�smORg�ORQToPNagiQTO �PSaM

f(., t)
G

�yUaM>M�¦ESaVIoWO�L>M>��QTOkORgiVIv%UWh � `&GIHaH fG�yUa��Q¤O�QXZ¡O��>QTg]¸)+&QXZ¡ORgiM>�]g9QTM%gih����mZkL%M>o6oPgi�9giQIoWO9G
��uLAv)g9�¯g9QIZ[giM�v>VIgiQIv&O�M>S&dfe �&QIg^¸	QTM%�>giL&ORQToPNagiQTO9G

,�F*D¾D E , ®µ: - ��-%9 ";� (*"%-60 ( & 5�$'&�� ( -6! ��- ",!.- 3 5��!0�!�� ��$4! � `&GIHaH� ".' ��/�02' L2(I,
o

W 1
2 (Ω)) ∩

W 1
2 (I, L2(Ω))

�

5 Fm� F�?'4 s*g9QTg9M
u1

� u2
�i�cgiQ����PZ[L>M>oPgiMC�PSaM � `&GIHaH��G�s*g9Q

w := u1 − u2
Gc�^UWM>M�oaQIV¤O©¦E¹>h��¡g9�&g Z

v ∈ L2(I,
o

W 1
2 (Ω))

∫

I

(wt(x, t), v(x, t)) dt+

∫

I

a(w(x, t), v(x, t)) dt = 0.

��QIg]¢�UWe>V
v := w

VIQIg�¦Egih[O
‖w(., T )‖2

2 − ‖w(., 0)‖2
2 + c ‖w‖2

L2(I,
o

W 1
2 (Ω))

≤ 0,

�¯g9oag9M
w(., 0) = 0

UaVIZ[S
w ≡ 0

G
�
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¨�E&� ? !�® " ® "#" -!��-1&'-+� $'&0%$1!�?1( - = $1) � - ",! - ",!.-('#&�",) &'-60 (*02/�02'(' &:-( � 02-*)�-%9 " �4-6! � /�02',+ &'-,� ",(.- ( - ",!.-
�6$'&� / $5& ?�$4!�� - 0 � -6! ( -�-#- ",) �,$4) � - �
¨�E&� ? !�® " ® , � -6"%- ! B1, B2 . /4! /�$'&0%$�02' - � � "%- - ",! &'-6(*( 0�!�� B1 ⊂ B2

� -6" � ( -6(*"#� � � /4! ! �1",)�(6�'&�0
�4"%- � 0#/1)+0%$�02' - �4"%-�� ( - ( "#� - - ",!�&'- ( ( 0�!�� B′

2 ⊂ B′
1

�

�yUPZc¦ESaVIoagiM)�&g���g9���pU�QXZ¡O�g9QTMA¥�QIV¤¦7ZRZRU|O[��¦E¹%h���gi���pU `&G F>G
,�F*D¾D E !�® " ® " � - "%-6! V,H -( - "/& ",) &'- 0 ( 0%$�02' - '�",( �'( - ( "#� -60 - ",! &'-6(*( 0�!�� V ⊂ H

� � -6" (un) ⊂ V-6",! - =6$4) � - ) �4"%-�",! H � $'&� / $5& � - � - ! h ∈ H ?*$1! �4-60 �1"%- 0 ( 0�!�� ",! V &5-,� $5&�0%$4!2?4( ";� ( *
‖un‖V ≤ C ∀n

� /1!#! ��",)+(�/�0#$'& h ∈ V 0�! � un
V
⇀ h

�

5 Fm� F�?74 ��QIg J>SPVToPg
(un)

vug9Z[Q¤OR��O�g9QTM%g QTM
V

Z[dfe*��Uadfe NaSaM*�PgihRoagiMmORg�}0giQIV¤¦ESPVToPg
(u′n)

GB¸	Z�g�+&QIZkO[QIgih[O
UWVXZkS

v ∈ V � Z[Sp�>UWw
u′n

V
⇀ v.J>SaVIoaVIQXdfe©oPQTVTO�¦E¹>h �¡g9�>g9Z

ϕV ∈ V ′

〈ϕV , u
′
n〉V → 〈ϕV , v〉V .¢£g9oagiM s&UWO[�]F>GIHaGr`�QIZkO��>UWM%MAUaL%dfe

ϕH ∈ H ′ ¸²VTg9��giMmO��aSPM
V ′ � UaVIZ[S�oaQIV¤O

〈ϕH , u
′
n〉H → 〈ϕH , v〉H .

��VXZkS^e%U|O �&QIg�J>SaVIoag
(u′n)

QTM
H

�&g9M�ZRdfe*�cUPdfe>giM�¼^hRgiM%�i�cgih[O
v
GW�^U^�&QTg Zkg�J>SPVToPg¯QIM

H
�&g9M6ZRdfem��Uadfe%giM

¼^h[g9M>�i�cgih[O
h

v)g ZkQTO[�iO � oPQTVTO v = h
G

��L>M�QXZ¡O²M>S&dfe��iL��ig9QToPgiM � �>Uaw�M>QIdfemO M*L>h giQIM>g�}0giQIV¤¦ESPVToPg�oagioPgiM
v
NaSPMm�PgihRoaQIgih[O � ZkSPM%�&gihRM��&QTg�oPg9ZRUW��O[g

J>SaVIoag
(un)

G
��M>oPgiM>SP����g9M � g Z���¹%hR�&g6M>QXdfePO��&QIg6omUWM>�9g�J>SPVToPg�NaSPMm�PgihRoaQIgihRgiM�G>�^UWM%M g/+&QXZ¡ORQTg9h[g9M giQIM

ε > 0 � giQIMJ>L>M>NmORQTSPM%UWV
ϕ0 ∈ V ′ L%M%��giQIM>g�}�g9QTVT¦ESaVIoag

(un) � ZkSp�>Uaw
| 〈ϕ0, un − v〉V | ≥ ε ∀n.

H `



� ��� � ������� �
��� �����������������$�#� H9F

��QIg9Z[g�}�g9QTVT¦ESaVIoag
(un)

QXZ¡O�QI��¥�QIVTvugih[O[hfUWL>�
V

vug9ZRdfe>hR�aM>NmO � v)g ZkQTO[�iO]UaVIZ[S g9QTM>g�QIM
V

Z[dfe*��Uadfe NaSPM&�
�ag9h[oPgiMmO[g�}0giQIV¤¦ESPVToPg

(u′n)
��Q¤O�¼^h[g9M>�i�cgih[O

w
G �yUadfepSPv>QToPgiMp�^UWhRVTg9oaL>M>oPgiM���L>w6�>UWM>M

w = h
oPgiVTO[giM�G

�yUPZ�QXZ¡O�giQIMA¢CQI�>gihfZkt>hRL%dfe�G>��VIZ[S�NaSPMm�PgihRoaQIgih[Oc�&QIg�oag Z[Ua��O[g]J%SaVIoag]Z[dfe*��Uadfe QIM
V

oag9oagiM
h
G
�¸²QIM b¯g9�¯g9QIZ¯¦E¹>hy�&giMAM%�Pdfe%Z¡ORgiM s&U|OR�^�%M%�&giO�ZkQXdfeAQTM 7 ��giN&»Wq4:2G

¨�E>�9? !�® " ®I!
	�,�E���<> ? G7)JLE>D�� � -6" H - ",!�&�",) &'-60 (*02/�02' '�",( ��-(' � ? /4)�/10 ".0%$���0�?1( (., .) 0�!�� A(., .)-6",! - . ",)+",! -5/10 �,$40+' & &'- 0 H ×H
�
A � -6" &'-,� $5&�0%$4!2?4( 0�!��1" $ � ",(*" � ��-�� !#",( ) ��/���& - " 8 ( ) -,��-%9 ";� ( "%- 02- !

" $�� ",( " �4- � $1! � ( /4!#( - ! K,α ) �($ � / 8 �'&�0�/1),)�- u, v ∈ H

|A(u, v)| ≤ K ‖u‖H ‖v‖H ,

A(u, u) ≥ α ‖u‖2
H�1",)�( �� /1!#! -:9 ";�'(*"%- 0 ( -(0 ( -!��-(' )+",!.-'/405-6! ) &'-,� $5&�0%$4!2?4( -6! =/0�!�?1(*"@$4!./1) F & &'- 0 H � -6! /�0 - ",! z ∈ H

) �($
��/ 8

F (v) = A(v, z) ∀v ∈ H.
� - ",( - 02&",! ��",)+(

‖z‖H ≤ 1

α
‖F‖H′ =

1

α
sup

‖v‖H=1

|F (v)|.

JB¹>h]�&QTg�}�e>giSPh[QIg��&g9h^J%L>M>NmO[QISaM%giM>hf�WL>��g6��QThf� �&g9h^bcgioPh[Q�
 �>g9Z^VTSPN|UWVINaSaM*�Pg/+&giMA��UWL%��g Z�L%M%� �&g9h
Z¡OfUWhRNag9M�}0SatuSaVISaoPQTg^v)g9M �WORQToaO � �*oaV G87+�ugiQE{|� :2G
IKF�� (.?7� ?'�)(C!�® " ® " � - " K - ",! &'-( -60 ( -6( - 0 � 510 " - 0 '�",( . -( -60 ( 0�!���� �!0�!�?1( "@$1! |.| ) -,02' . - ";� "."%- )
K = R

$���- 0 K = C
�

- ",! ) $�? /4) ?�$4!�� -:9-60>� /�02' (X, (pj))
&5-,� ( -'&( /�0���- ",!.-(' )+",!.-'/405-,' � /�02' X & &'-60 K 0�!�� - ",!.- 0

=�/�'�",)�"%- ��$4! &�/1) &6! $40+' -6! (pj)j∈I
) �($ � / 8 ��",)+( *

pj(x) = 0 ∀j ∈ I =⇒ x = 0.

� "%- - -6",) ' - !�� - U ⊂ X & - " 8 ( $�� -6! )  - !#! -(0�( -!��-(' x0 ∈ U - ",! " $ � ",( " �4-,� ε 0�! � j1, . . . , jn ∈ I-%9 ";� (*"%-602- ! ) �($ ��/ 8
{x : pji(x− x0) < ε, i = 1, . . . , n} ⊂ U

�1",)�( � � "%-,�6- $���-6! -6!�� - !�� - ! - 0%-�-(0*� -6! ",! X -6",! -�- $:" $4) $%��"%- τ �
5 F*D FHJ���@B(0§!�® " ® " � "%- - $!" $1) $%��"%- τ ! -6! !#( ' /4!����4"%- ��0�02$'& (pj)j∈I

- 0%- -,0*��( - - $:" $4) $:�1"%- � �
5 F*D FHJ���@B(0§!�® " ® ,�� - 0 ��/�02' (X, τ) ";� ( - ",!	( $!" $1) $%��";� $5&#-60"!.-:?1( $10 02/�02' ) ��/ 8 & - " 8 ( ) �1"%-$#6"#-,7
02/4(*"@$4! -6!

ı + ı : X ×X → X, ı · ı : K ×X → X,

(x, y) 7→ x+ y (λ, x) 7→ λ · x
� ",!�� �'( - ( "#� ",! ��- 0�- $:" $4) $:�1"%- τ �
5 F*D FHJ���@B(0§!�® " ®I! � - 0 � /�02' (X, τ) ";� ( � - " /10 "%-60 ( �
IKF�� (.?7� ?'�)(C!�® " ® , � "%- = $1) � - (xn) ⊂ X ?*$1! �4-60 ��"%- 0 ( � - � - ! x ∈ X

)  - !#!��'&�0)( -!� -+� j ∈ I �1",)+(%*
pj(xn − x)

n→∞−−−−→ 0.



Hiq ���������
	�� � � �������)��� � ��� 	 �
��� ����� �)��� �����
	��

IKF�� (.?7� ?7�u(C!�® " ®X! � "%- � - !�� - M ⊂ X &#-6" 8 ( ",! X &'-,� $5&�0%$4!2?4( )  -6! ! �'&�0 ( -!��-,� j ∈ I

sup
x∈M

pj(x) <∞

�1",)+( �
IKF�� (.?7� ?7�u(C!�® " ®I+ � -6" X - ",! ) $�?�/1) ?�$4! �4-:9 - 04� /�02' & &'- 0 K � � - 01��0#/1)�-4� /�02' -(0 X ' ����- 0 � 0#/1)
X ′ � + ";� ( �1"%- � - !�� -�/4),)�- 0�)+",! -5/102- ! 0�!��>�'( - ( "#� -6! � &�& ",) ��0�!�� -6! f : X → K

�
� "%- =�/�'�",)�"%- � -60 &�/4) &6! $40+' -6!

{

pM : f ∈ X ′ 7→ pM (f), pM (f) := sup
x∈M

|f(x)|, M ⊂ X,M &'-+� $'&0%$1!�?1( }

-60%- -(0*�1( ",! X ′ �4"%- � ( /10%?�- ∗ - $:" $4) $%��"%- τ∗S 0�!�� �1"%- =�/�'�",)+"%->� -60 &�/4) & !�$10+' - !
{px : f ∈ X ′ 7→ px(f), px(f) := |f(x)|, x ∈ X}

-60%- -(0*�1( ",! X ′ �4"%- � $5&2 /�$'& - ∗ - $!" $1) $%��"%- τ∗W �

IKF�� (.?7� ?7�u(C!�® " ®µ: � "%- �6$'&� / $5&#- - $!" $1) $%��"%- τW /�0,� X   ",0%� ��0�02$'& �4"%- &�/4) & !�$10+' - !
{pf : x ∈ X 7→ pf (x), pf (x) := |f(x)|, f ∈ X ′}

-60%- -(0*�1( �
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¦E¹>h��&QIg]��g�
%g�+&QT�*QTOR�|O��PSaM�M>SahR��QTg9hkORgiM����WL>��g9MAUaM>oag9oag9v)g9M�G
IKF�� (.?7� ?7�u(C!�® " ®� - ",! !�$10+'�"%- 0 ( -60 ��/�02' &#-6" 8 ( �1)�-6"%$'&�' $ 8 "#� ?�$4!�� -:9 )  -6! ! ��",)+( *
�10�� ‖xn‖ ≤ 1

) ‖yn‖ ≤ 1
) ‖xn + yn‖ → 2 �,$4) �1( ‖xn − yn‖ → 0

�

J0¹%h�oaVIgiQXdfe>�p�WwPQToPg�NaSPM*�ag/+&g����WL%��g�oPQTVTO��
¨�E&� ? !�® " ®I+
	R¨�E>�9?��)�u( > ? G7D E>( ��� )�- "%$5&2' $ 8 "#� ?*$1! �4-%9- � $�02' - �'",! � 02-*)�-%9 " � �
¢£g9Q¤ORgihRe>QTMAoPQTVTO��
¨�E&� ? !�® " ®µ: � "%- � $�02' - Lp(Ω)

)
1 < p <∞ � ",!�� �1)�-6"%$'&�' $ 8 "#� ?�$4!�� -:9 �

��������� � �=�! +�,
��H7�� ���
�	-���'�

�yUPZ¯bcS&dfe>M>g9h¡j*lnMPORgioPhRUaV&�agihfUWVIVIoagi��g9QTM>g9hkO lnMmO[g9oahfUWVIg��&g9hc¼^g9ZkORUaV¤O ∫ b

a f(x) dx � f h[g9giVIVT�cgih[O[QIo%GalnM �&giM
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s*giQ

V
giQIM£b�UWM%UPdfe>hfUWL>� � I = (0, T )

G s*giQ
V ′ �&gih]�yL%UWV �iL

V
L%M%� 〈f, v〉 �&QIgp��L)UWVIQ¤Of�|O��i��QXZ[dfe>g9M

f ∈ V ′ L%M%� v ∈ V
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IKF�� (.?7� ?'�)(C!�® " ®X· � "%- =/0�!�?1( "@$1! u : I → V &#-6" 8 (�- ",!��6/ $5& )  - !#! - !��)+"%$'& � "%-6)�- ai ∈ V
) ' -@8 &'/102-

Ei ⊂ I (i = 1, . . . , n) -%9 ";� (*"%-602- ! '�",( ∪n
i=1Ei = I

)
Ei ∩ Ej = ∅ �'&�0 i 6= j 0�!��

u =
n∑

i=1

aiχEi ,

 $*&'- " χEi

�4"%- $'& /102/�?1( - 0 ";� ( ";� $'& - =/0�!�?1( "@$1! ��$4! Ei
";� ( �

� - !#! �1"%- � - !�� - ! Ei
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IKF�� (.?7� ?'�)(C!�® " ®�� � "%- =/0�!�?1( "@$1! u : I → V & - " 8 ( ' . $ $5&�!.- 0+��+�' - 8 &'/40 )  - !#! -6",! -�= $1) � - (un)-6",!��6/�$'& - 0 =/0�!�?1( "@$1!.- ! -%9 ";� ( "%- 0 ( ) �($ � / 8 �6/��'(�& &'-602/1),) ",! I un(t) → u(t) ��",)+( � � - !#! -(0���$4( - )+"%$5&
�1",)�(

lim
n→∞

∫

I

‖un(t) − u(t)‖V dt = 0,

��/1!#!�&#-6" 8 ( u ' . $�$'&! -60+��+4",!#( - ��0 "%- 0(&5/10�0�! � -+� ";� (
∫

I

u(t) dt := lim
n→∞

∫

I

un(t) dt.

IKF�� (.?7� ?'�)(C!�® " ®I° � "%- =/0�!�?1(*"@$4! u : I → V ";� ( ' � ( /10%? + �4" � - 02- !�- "%-60(&'/10�",! t0 ∈ I
)  - !#! w ∈ V-%9 ";� (*"%-60 ( ) �($ ��/ 8

lim
h→0

∥
∥
∥
∥

1

h
(u(t0 + h) − u(t0)) − w

∥
∥
∥
∥

V

= 0.

� /1!#! � - " du(t0)
dt := u′(t0) := w

�

ln��M%�Pdfe%ZkO[giMA��g9����U��cgihf�&giM�giQIM>QIoag�¸²QIoag9M%Z[dfe)U|¦µO[g9MA��g9wav%Uah[g9hcJ%L>M>NmO[QISaM%giMA�iL%ZRUW����giM%oag9ZkO[g9VTVTO9G
¨�E>�9? !�® " ® � � - " u . $�$'&! -60+��' - 8 &'/40 � � /4! ! ��",)+( *

� �
u ";� ( ",! ( - ��0 "%-60(&'/40 � - !./�0 � /4! ! )  - !#! ‖u(t)‖V ∈ L1(I)

)
� �

∥
∥
∥
∥

∫

I

u(t) dt

∥
∥
∥
∥

V

≤
∫

I

‖u(t)‖V dt,

� �  - !#! u ",! ( - ��0 "%-60(&'/10 ";� ( ) ��/4! !�";� ( v(t) :=
∫ t

t0
u(s) ds �4" ��-602- !�- "%- 0(&'/40 �6/ � (�& &'- 02/4),).",! I 0�! �-,� �1",)�( vt(t) = u(t)

)
� �  - !#! u ",!#( - �10 "%- 0(&'/40�";� ( 0�!�� f ∈ V ′ ) ��/4! ! ��",)+(

∫

I

〈f, u(t)〉 dt =

〈

f,

∫

I

u(t) dt

〉

.

IKF�� (.?7� ?'�)(C!�® " ® "&¿ =�&�0 1 ≤ p < ∞ � -6" Lp(I, V ) � -60�)�",!.-'/402- ��/�02' /1),)�- 0�' -@8 &'/405-6! = 0�!2?4(*"@$�7
!.- ! u : I → V

) �'&�0��4"%-
‖u‖p

Lp(I,V ) :=

∫

I

‖u(t)‖p
V dt

-6! �)+"%$'& ";�'( �
�	",( L∞(I, V ) �6- "�� -60 )+",! -'/402- � /�02' ��- 0 ' -@8 &'/405-6! = 0�!2?4(*"@$4! -6! u : I → V &'-!-�- "%$'&!.- ( ) �'&�0��4"%-

‖u‖L∞(I,V ) := sup ess
t∈I

‖u(t)‖V <∞.
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Lp(I, V ) 0�!�� L∞(I, V ) � ",!�� . /1!./ $5&�0%$�02' - )
� �  - !#! u ∈ Lp(I, V ) 0�!�� v ∈ Lq(I, V

′)
)  $�&'-6" p−1 + q−1 = 1

) �6/1),) � 1 < p <∞ 0�!�� q = 1
(q = ∞)

) �6/1),) � p = ∞ (p = 1)
) � /4!#! �1",)�(

∫

I

〈v(t), u(t)〉 dt ≤ ‖v‖Lq(I,V ′) ‖u‖Lp(I,V ) ,

� �  - !#! V - ",! 02-*)�-%9 " �4-60 . /4! /�$'&02/�02' ";� (�0�! � 1 ≤ p < ∞ ) � /4! ! ";� ( ��- 0 ��0#/1)�- ��/�02'
-(0 Lp(I, V ) ";�($�' - ( 0 ";� $'& ";�($�' $40 " & -(0 Lq(I, V

′)
) � / � &#-6" 8 ( ) -(0 ( -!� -,' f ∈ (Lp(I, V ))′-:9 ";�'(*"%- 0 ( - ",! v ∈ Lq(I, V

′) '�",(

f(u) =

∫

I

〈v(t), u(t)〉 dt ∀u ∈ Lp(I, V ).

=�&�0 p > 1 ";� ( ��/4! ! Lp(I, V ) - ",! 05- )�-:9�" �4- 0 . /1!./�$'&05/�02' �ln� ¦ESaVIoag9M%�&g9M©�cgihf�&giMA���aL>��g�ZkO[giO[QIoag9h�L>M%�A�&Q�
ug9h[g9M>�iQIgihRv%UWhRgih�J%L>M>NmO[QISaM>g9M �&g��%M%QTg9hkO G
IKF�� (.?7� ?7�u(C!�® " ® ")" �	",( C(I, V )   ",0%� � -60 . /4! /�$'&02/�02' /4),)�- 0 =/0�!�?1( "@$1!.- ! u : I → V &5-!- -6"%$'&�7
!.- ( ) �'&�0 �4"%- �'&�0 /4),)�- t0 ∈ I limt→t0 ‖u(t) − u(t0)‖V = 0 ��",)+( � � -6" ‖u‖C(I,V ) := ‖u‖L∞(I,V )

�
� - "  -6",( -602&�",! C1(I, V ) ��- 0 . /4! /�$'&02/�02' ��- 0 � ( /40%? �4" � - 02- !�- "%- 0(&5/102- ! u ∈ C(I, V )

) �'&�0 �1"%-
ut ∈ C(I, V )

� � - 0 . /4! /�$'&02/�02' C0,1(I, V ) &'-,� ( -'&( /�0�� /4),)�- ! = 0�!2?4(*"@$4! -6! u ∈ C(I, V )
) �'&�01�1"%-

-6",! - � $4! � ( /1!#( - Cu > 0 -%9 ";� (*"%-60 (�'�",(
‖u(t) − u(t′)‖V ≤ Cu|t− t′| ∀t, t′ ∈ I.

� - " W 1
p (I, V ) ��- 0 . /4! /�$'&02/�02' � -60 � ( /40%? �4" � - 02- !�- "%- 0(&5/102- ! u ∈ Lp(I, V ) '�",( ut ∈ Lp(I, V )

�

�yUa��QTO�oaQIVTO��
¨�E&� ? !�® " ® � ���

C1(I, V ) ";� ( �4"%$'&( ",! Lp(I, V )
)  - !#! 1 ≤ p <∞ )

� � � "%- � - !�� - � -60 � ( 0,�6- !��!0�!2?4(*"@$4! -6! ";�'(<�4"%$'&( ",! Lp(I, V )
) �6/1),) � 1 ≤ p <∞ �

¢£g9Q¤ORgihRe>QTMAVX�WwaO�Z[QXdfe©�9giQIoagiM��
¨�E&� ? !�® " ®X° � -6! ! un ⇀ u ".' ��/�02' Lp(I, V ) 0�! � dun

dt ⇀ v ",! Lp(I, V )
) ��/1!#! ";�'( du

dt = v
�

s*giQ M*L>M
H

g9QTM�¥�QIVIv)g9hkORhRUaL>����Q¤O�ZkO[giO[QIoagih�L>M)�£�&QXdfemO[g9h]¸²QTM*vug�O[O[L>M>o
V ⊂ H

G���g9h���UWL>�
V

Z[giQ
h[g 
%g/+&QI�uGW�^UWM%M6QXZ¡O	UaL%dfe��&QTg�¸	QTM*vug�OkORL>M>o

H ′ ⊂ V ′ �&QXdfePO GW��g9h²��UWL%�
H

N�UaM>M���Q¤O
H ′ QX�&g9MPORQ¤�)�iQIgih[O�¯g9hR�&g9M � Z[S��%UWw

V ⊂ H ⊂ V ′ ¦ESPVToaO9G>�^UWM>MAg/+&QXZ¡ORQTg9hkO��9L��¡g �&gi�
y ∈ H

g9QTM
fy ∈ V ′ � ZkSp�>Uaw

(y, v)H = 〈fy, v〉 ∀v ∈ V.

¸	Z�QIZkO��&gi��M%UPdfe � �aoPVTQXdfe � �>UPZ�s*N|UWVXUWhRt>h[S&�&L%NPO
(., .)

�>g9Z�¥�QIVIv)g9hkORhRUaL>��g9Z
H

��QTO��&gih�bcQIVTQIM>g9Uahk¦ESPh[�
〈., .〉 ¹>v)g9h

V ′ × V
�iLAQX�&giMmORQ¤�%�9QTg9h[g9M�G

� Q¤O��>QTg Zkg9MAbcg9�igiQXdfe>M*L>M>oPgiM©oaQIV¤O�¦ESPVToPgiM%�&g9h�s&U|OR���
¨�E&� ? !�® " ® "*¿ � - " u, v ∈ Lp(I, V )

)
(1 < p <∞) 0�! � ut, vt ∈ Lq(I, V

′)
)  $*&'- " p−1 + q−1 = 1

�
� /1!#! ��",)+( u, v ∈ C(I,H) 0�! �

(u(t), v(t)) − (u(s), v(s)) =

∫ t

s

〈
du(τ)

dτ
, v(τ)

〉

+

〈
dv(τ)

dτ
, u(τ)

〉

dτ.
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¨�E>�9? !�® " ® "u" � -6" V - ",! &�",) &'-60 (*02/�02' � � /4! ! � ",!�� /�0#$'& L2(I, V ) 0�!�� W 1

2 (I, V ) & ",) &'- 0 ( 0 $�02' -'�",(<��- ! � ?�/1)�/40 " 0%$���0�?1( - !
(u, v)L2(I,V ) =

∫

I

(u(t), v(t))V dt,

(u, v)W 1
2 (I,V ) = (u, v)L2(I,V ) + (ut, vt)L2(I,V ) .
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ln� ¦ESaVIoag9M%�&giM Z[giQ

H
g9QTM�Zkg9t%UWhfUWv>VIgih � L>M%giM%�&VIQXdfe%�&QI��g9M%Z[QTSPM%UWVIgih¯NaSa��t>VIg/+&g9h	¥�QIVTvugih[O[hfUWL%� ��QTO�s&N�UW�

VIUah[t%h[S&�&L>NmO
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L%M%�
A

giQIM�VTQIM>g9Uah[g9h�xytugihfU|ORSah � �>g9ZRZkg9M©�yg��%M>QTO[QISaM)ZkvugihRgiQXdfe
D(A)

L>M%� ¢£g9hkORgivug��
h[g9QIdfe

R(A)
QIM
H

VTQIgioPgiM�G
��QIg�¦ESaVIoag9M%�&g9M s>�|O[�9g^�%M%�&g9MAZ[QXdfe©QIM 7 }0h[QE{W` : G
IKF�� (.?7� ?'�)(C!�® " ® ">, � -60 # "#- 02/4( $40 A & - " 8 ( /*& � -,� $5&�) $ �!� - ! )  - !#!>�'&�0�( -!��- = $1) � - xn → x ∈ H'�",( (xn) ⊂ D(A) 0�!�� Axn → y �,$4) �1( ) ��/ 8 x ∈ D(A) 0�!�� Ax = y

�

� g �&gih�VIQTM%g9UWhRg�vug9ZRdfe>hf�WM>NmORg�xytugihfU|O[SPh¯��QTO
D(A) = H

QXZkO�Uav>oag Z[dfe%VTSmZ[Z[giM�GP¸	ZcoaQIV¤O�L>��oPgiNag9e>h[Oc�&g9h
s&U|OR���
¨�E>�9? !�® " ® ">, � -6! ! A /*& � -+� $'&) $��!�6- ! ";� ( 0�!�� D(A) = H

) � /4!#! ";� ( A &5-,� $5&�0%$4!2?4( �
¢£g9Q¤ORgihRe>QIM�oPQTVTO
¨�E>�9? !�® " ® " !

A ";� ( � - !./�0 � /4! ! /*& � -+� $'&) $��:� - ! )  - !#! (D(A), [., .]) -6",! &�",) &'-60 (*02/�02' ";� ( � &�"%-60(&'- "
";� ( [x, y] := (x, y) + (Ax,Ay)

�

��QIg§Zkt)�|O[g9h©L%MPORgihfZkL)dfePORgiM�xyt)g9hRUWO[SahRgiM«Z[QIM%��M%QIdfemO UWv>oPg9ZRdfe>VTSmZ[Z[giM � UWvugih�QIe>h ��gi�%M>QTO[QISaM%Z[oag9v>QTgiO
VI�awWO©Z[QXdfe�Z[S§gihR�cgiQTO[gihRM � �%UWw¾�&QIg9Z[g xytugihfU|O[SPh[g9MzUav>oag Z[dfe%VTSmZ[Z[giM �¯g9hR�&g9M�G¯�yg9Z[e%UaVTv��cgihf�&giM�M*L>M
¸²hR�¯g9Q¤ORgihRL>M>oag9M©�PSaM xyt)g9hRUWO[SPh[g9M©�&gi�%M>QIgih[O9G
IKF�� (.?7� ?'�)(C!�® " ® " ! � -60 )+",!.-'/102- #6"#-602/1( $10 B & - " 8 ( - 0+ - ",( - 0+0�!�� $���- 0 = $10 (@� - (.-(0�!�� � $1! A ) (A ⊂
B)

)  -6! !
D(A) ⊂ D(B) 0�!�� Ax = Bx �'&�0)( -!��-,� x ∈ D(A)

�1",)�( � A & - " 8 ( /�&+� $'&)+"%- 8 &'/40 )  -6! ! -+��- ",!.- ! /�& � -,�6$'&) $ �!� -6! -6!
#6" - 02/4( $40 B '�",( A ⊂ B ��"@& ( �
��g9h�M%�Pdfe%Z¡ORg�s&U|OR��Z[QXdfe>gih[O��&QTg]¸�+*QXZkO[giM%�]giQIM>gih�Z[SaoPgiM%UaM>MmO[giM
	2��QIM>QI��UaVTg9M �]¸	h[�cgiQTO[g9h[L>M%o%G
¨�E>�9? !�® " ® " + � -6" A /*&,� $5&�)+"%- 8 &5/10 � � /1!#! -:9 ";� ( "%- 0 (�-6",! -	-6",! ��-(0�( "#� &'-,�'(*".' '�( - - 0+ -6",( -60+0�!�� A )�($ ��/ 8 A /�& � -,�6$'&) $ �!� -6! ";� ( 0�!�� ��/ 8 �'&�0
( -!� - - 0+ -6",( -60+0�!�� B ��$4! A A ⊂ A ⊂ B ��",)+( � A & - " 8 (
� &+� $'&) 0,8 ��-,� #6" - 02/4( $40!� A � � -60 � -�� ! ",( "@$1! �(&'-602- "%$'& D(A) ��$4! A ";� ( ��- 0 � &,� $5&�) 0,8 ��-,� ��/�02' -+�
D(A) ",! ��- 0���$40+' ‖x‖A :=

√

[x, x]
�

��L>MA�cgihf�&giMAUa� �¡L>M>oaQIgih[O[g�xytugihfU|ORSahRgiM©�>g��%M>QIgih[O9G
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x ∈ H :

∞∑

j=1

λ2
j | (x, xj) |2 <∞






,

Ax =
∞∑

j=1

λj (x, xj)xj .
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(Ax, x) ≥ c ‖x‖2

H ∀x ∈ D(A).

� - " λ ∈ R
'�",( λ+ c > 0
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‖x‖λ :=

√

(Ax, x) + λ (x, x) �'&�0 x ∈ D(A).

� - "  -6",( - 02&",!
HA := Hλ :=

{

x ∈ H : ∃(xn)n∈N, xn
H−→ x, xn ∈ D(A) ∀n, ‖xn − xm‖λ

n,m→∞−−−−−→ 0
}

.

5 F*D FHJ���@B(0§!�® " ® � �	",( ��- 0 =6$40+' 0�)+"%- 0+0�!�� ‖xn − xm‖λ

n,m→∞−−−−−→ 0 ";� ( � -(' - ",!#( ) ��/ 8 �1"%- =6$4) � -
(xn) - ",!.-�� /�0#$5& 	 �,$4) � -�",! ��- 0 � $40+' ‖.‖λ

";� ( � Hλ
";�'( -6",!�&�",) &'-60 (*02/�02' ) D(A) )+"%- �1( ",! H �4"%$'&( �
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e−i〈x,ξ〉f(x) dx,



� � �� � ��	 � ���%	 ��	�� ������� �
��� ��	���� � � � 	 `&H

 $*&'- " x = (x1, . . . , xN )
)
ξ = (ξ1, . . . , ξN ) 0�! � 〈x, ξ〉 := x1ξ1 + · · · + xN ξN

� � "%- =6$�0�0 "%- 0 0 &#$!?�7
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ei〈ξ,x〉g(ξ) dξ.

ln� ¦ESPVToPgiM%�&g9M©��QIhf�©�&QIg�� L>VTO[QIQIM%�&g/+>ZRdfe>hRgiQIvm�cgiQXZ[gy�PgihR�¯g9M%�&g�O � �>UaZ�e>g9QTwaO � ¦E¹%h α = (α1, . . . , αN ) ∈
NN L>M%�

x = (x1, . . . , xN ) ∈ RN Z[giQ
|α| := α1 + · · · + αN , xα := xα1

1 · · ·xαN

N ,

D
αj

j :=
∂αj

∂x
αj

j

, Dα := Dα1
1 · · ·DαN

N .
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jFϕ
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∫

(Fϕ)ψ dx =

∫

ϕ(Fψ) dx,

∫

ϕψ dx =

∫

(Fϕ)(Fψ) dx,

F (ϕ ∗ ψ) = (Fϕ)(Fψ),

F (ϕψ) = (Fϕ) ∗ (Fψ).

& "%- 0(&'-6"<&'-:� -,0�( - ( ψ �1"%-�?�$�' ".)�-:9 ?�$4! (+0*�1"%- 0 ( - � /�&�)6-,0 ψ 0�!�� (ϕ ∗ ψ)(x) :=
∫
ϕ(y)ψ(x − y) dy�4"%- = /4)+( 0�!�� ��- 01= 0�!2?4(*"@$4! -6! ϕ 0�! � ψ �

��L>MA��QIhR�A�&g9h���UWL%�
S′ �&g��)M>QTg9hkO G

IKF�� (.?7� ?'�)(C!�® , ®I! � - 04� /�02' ��- 0�( -('4"#-60 "%- 0 ( -6! � ";� ( 0 "@&(0�(*"@$4!.- ! ";� ( � -60 -(0
S

��0#/4)�- � /�02'
S′ �� "%-,� -60 ) $�? /4) ?�$4!�� -:9- � /�02'   ",0%� '�",(<��- 0 �'( /40%? - ! - $:" $4) $:�1"%- �4- 0!�6-'& - ! �

5 F*D FHJ���@B(0§!�® , ® , � -6" f - ",!.-�' -@8 &'/405-1=/0�!�?1( "@$1! ) �4"%- & 5�$'&�� ( -6! �   "%-�- ",! �<$1) 	4!�$�'  $ $5&�� ( *
∃Cf > 0, n ∈ N : |f(x)| ≤ Cf (1 + |x|)n ∀x ∈ R

N



`a` ���������
	�� � � �������)��� � ��� 	 �
��� ����� �)��� �����
	��

� /1!#! ";� ( Tf
'�",(

Tf (ϕ) :=

∫

f(x)ϕ(x) dx ∀ϕ ∈ S

-6",! - ( -,' "#-60 "%- 0 ( - � ";�'(*0 "@&(0�( "@$1! � � /4! !.- !#!#(
S′ /�0#$'& � -6!>� /�02' ��- 0 � � ";� (*0 "@&,0�(*"@$4! -6! '�",( �6$'&� /�7

$5&#-,' � / $5&��'( 02' � �
� ' �,$4) � -6! ��- !   ",0:� f '�",( Tf

"@� -6! ( " � -6"%- 0 ( �
� Q¤O��>QTg Zkg9h�´�SPMm�PgiMmO[QISaM oaQIV¤O �
¨�E&� ? !�® , ®X! =�&�0 ( -!��-,� 1 ≤ p <∞ �1",)�( Lp(R

N ) ⊂ S′ �

��QIg�J>SPL>h[QIgih[O[hfUWM)Z¡¦ESPh[�pU|ORQTSPM VX�WwWO�Z[QIdfeAUWL)dfe ¦E¹>h�O[gi��tugihRQTg9hkORg]��QXZ¡ORh[QIv>L&ORQTSPM>giMAg9h[N*VX�WhRgiM��
IKF�� (.?7� ?7�u(C!�® , ®I+ � "%- = $�0�0 "%-60 (*02/4! � �,$40+'�"%-60 ( - -(0 u ∈ S′ � - "

Fu : ϕ 7→ (Fu)(ϕ) := u(Fϕ).

� "%- = $�0�0 "%-60 0 &#$!?1( 02/1! � �,$40+'�"%- 0 ( -   ",0%� -6! (@� ".05-5$'& - !�� ��-�� ! "%-60 ( �
��QIg9Z[g�J>SPL>h[QIgih[O[hfUWM)Z¡¦ESPh[�pU|ORQTSPMpe%U|O�¦ESPVToPgiM%�>g^¸	QToPgiM%ZRdfe%U|¦µORgiM��
¨�E&� ? !�® , ®I+ � "%- = $�0�0 "%-60 (*02/4! � �,$40+' /4(*"@$4! &6",) ��- (

S′ 02' ? -'&0(&'/40�- ",!�� -,0�(*"#� 0�!�� �'( - ( "#� /�0,� S′ /*& �=�&�0)( -!� -+� ϕ ∈ S′ ";�'( F−1Fϕ = ϕ
�

¢£g9Q¤ORgihRe>QTMAoPQTVTO
¨�E&� ? !�® , ®µ: � -6! ! u ∈ L2(R

N )
) � /4! ! ";� ( /�0#$5& Fu ∈ L2(R

N ) 0�! � �'&�0 �4"%- L2
� � $40+' -6! �1",)+(

‖u‖2 = ‖Fu‖2

�

��L>MA�cgihf�&giM�M>S&dfe��>QTg����aL>��g
D

L>M%�
D′ �&gi�%M>QIgih[O9G

IKF�� (.?7� ?7�u(C!�® , ®µ: � - 0�� /�02' C∞
0 (Ω) ��- 0 ",! Ω 0�!.- !���)+"%$5& $ �'( �1" � - 02-6!2- "%-60(&'/405-6! =/0�!�?1( "@$1!.- !

'�",( ?�$�' "#/�?1( -(' - 0%$(� - 0�",! Ω   ",0%� '�",(
D

&'-:- - "%$5&�!.- ( � � - "
D′ ��- 0 � /�02' � -60 � ( -6(*"#� - ! 3 ",! -'/40+7

�,$40+' -6! & &5- 0
D
) ��/�� &#-6" 8 (%*� "%-�)�",!.-'/402- � &�& ",) ��0�!�� F : D → R

";�'( - )�-(' - !#( ��$4!
D′ )  -6! ! -,0�( -!��- 0 ?�$�' "#/�?1( - ! � -6!�� -

K ⊂ Ω " $�� ",( " �4- � $1! � ( /4!#( - ! C ∈ R
0�!�� k ∈ N

-%9 ";� ( "%- 02- ! ) �($ � / 8 �'&�0)( -!��-,� ϕ ∈ C∞
0 (K) �1",)�( *

|F (ϕ)| ≤ C
∑

|α|≤k

sup
x∈K

|Dαϕ(x)|.

��g9h���UWL>�
D′ ��QThf�§��Q¤O �&g9h�ZRdfe*�cUPdfe>giM¾}0SatuSaVISaoPQTg �agihfZ[gie>g9M � �>UPZ�e%giQIwWO � �&QIg©}0SatuSaVISaoPQTg©��QThf�

�&L>hfdfe��&QIg�¥�UaVTv%M>SahR��giM
{pϕ : pϕ(F ) := |F (ϕ)|, ϕ ∈ D}gihR�igiL%oWO9G

5 F*D FHJ���@0(B�!�® , ®X! - ��";� (�/�0#$'& ' 5:�1)+"%$'& ) ��- ! � /�02'
D′ /1) � ��0#/1)�- ! ��/�02' ��-,��) $�? /4) ?�$4!�� -:9-6!

� /�02' -,�
D

-6",!2-(0,�'& &02- ! � � /4!#! ";�'( -+� /4),)�-60%�1",!���� -60 �,$10%��- 0 )+"%$'& ) ��- ! � /�02'
D

'�",( � -'- "#�1! -6( - !&�/4) &6! $40+' -6! -,0 �4-60!� -'& - ! � � "%-,�6- &�/1) & !�$40+' - ! � ",!���02-'$5&�( ?�$�' ".)+" - "%- 0 ( ) �!��) ��� & 540������ �
¸	Z�VXUaZRZkg9M�Z[QIdfeAUWL)dfe���v>VTg9Q¤ORL>M>oPgiM�¦E¹>h��yQIZkO[hRQIv>L&O[QISaM%giMA�&g��%M%QTg9h[g9M��
IKF�� (.?7� ?7�u(C!�® , ®� � -6" u ∈ D′ ) ��/4! !   ",0%� �4"%- � ";�'(*0 "@&(0�( "@$1! Dαu ��-�� ! "%-60 (<��0�05$5&

(Dαu)(ϕ) := (−1)|α|u(Dαϕ) ∀ϕ ∈ D.



� � �� � ��	 � ���%	 ��	�� ������� �
��� ��	���� � � � 	 `WF

� g �&g�J>L%M>NmO[QISaM
f ∈ L � ���1 (Ω)

N|UWM>M���Q¤O�g9QTM%gih��yQIZkO[hRQTv%L&O[QISaM
Tf

�

Tf (ϕ) :=

∫

Ω

fϕ dx,

QI�>giMmO[QT�%�iQIgih[O��cgihf�&giM�G>�^UW��QTO�QIZkO�¦ESaVIoag9M%�&g]�yg��%M>QTO[QISaMA��SWORQT�*QIgih[O��
IKF�� (.?7� ?'�)(C!�® , ®X· � - " f ∈ L

�����
1 (Ω) 0�!�� α - ",! � 0�)+(*",",!�� -%9 � � "%->= 0�!2?4(*"@$4! g ∈ L

��� �
1 (Ω) &#-6" 8 (� ";� (*0 "@&,0�(*"@$4! -6! /*& )�- ",( 0�!�� Dαf ' �6$'&� / $5&#- � &6)�- ",( 0�!�� ) � &6)�- ",( 0�!�� ".' � $�&!$4)�- ��7 � ",!#! + )  -6! ! �1",)�( *

∫

Ω

f(Dαϕ) dx = (−1)|α|
∫

Ω

gϕ dx ∀ϕ ∈ D.

J%UaVTVXZ
f ∈ C |α|(Ω) � �>UaM>M Z¡ORQT����giM �&QIg�N*VIUPZ[Z[QIZRdfe>g � oPgi� �ae>M>VIQXdfe>g � ZkORUWhRNag 	��v>VIgiQTO[L>M>opL%M%�©ZRdfe*�cUW�

dfe>g���v%VTg9Q¤ORL>M>op¹>vugihRgiQIM � ��Q¤Oy��L%Z[M%UWe>��g�giQIM>g9h�}�g9QTVI��giM>oPg]�aSaM
Ω

��QTO��&gi� � UWw ��L>VTV.�G
� g �&g�ZkORUah[NPg���v>VIgiQTO[L>M>o6QIZkO¯UaVIZ[S�UWL%dfepZRdfe*�cUPdfe>g���v>VIgiQTO[L>M%o%G*J0¹%h	Zktugi�9QTg9VTVIg��yQ�
ªgihRgiMmORQIUaVTSPt)g9hRUWO[SahRgiM
oaQIV¤O�UaL%dfe�giQIM>g ����Nag9e>h[L%M>o#�
¨�E>�9? !�® , ® �
		�@F�
�G74 ADC.F*4 ,�F*D¾D�E � � -6" u ∈ L

�����
1 (Ω) 0�! ��".' � ";�'(*0 "@&(0�( "@$1!.- ! � ",!#! � - " 4u = 0

)
��/���& - " 8 ( ) �'&�0)( -!��-,� ϕ ∈ D

�1",)+(
∫

Ω

u4ϕdx = 0.

� /1!#! ";� ( u ∈ C∞(Ω) ' u ";�'(��($%� /40�/1!./1) 	4( ";� $'& + 0�! ��-,�4��",)+( 4u = 0
�

¸²QIM¾UWL%Zk¦E¹>e>hRVTQXdfe>g9h�bcg9�¯g9QIZ � ¦E¹>h��&g9M�J)UWVIV
N = 2

yv)gi�%M%�&giO6Z[QIdfe�QIM 7 }0L&OR»PF : � ZkQIgie>g UaL%dfe 7 }0h[QE{|» :
L>M%� 7 ¥ �ahf�a�4: G
lnM£�&QIg9Z[gih���hRvugiQTO^��QIhR� M>QXdfePO^M*L>h^�%UaZy¢£g9YmVXZRdfe>g���gi���pU �PgihR�¯g9M%�&g�O^�¯g9hR�>giM � ZkSPM%�&g9h[M UaL%dfe giQIM
�¯g9Q¤ORgihRgih���g9oaL>VXUWhRQTOR�|OfZ[ZRU|OR�aG��^U|¦E¹>h��¯g9hR�&g9M§UWVIVTg9hR�&QIM>omZ�giQIM>QToPgpJ>L>M>NmORQTSPM>giM>hf�WL%��gpvugiM#�WO[QIoWO G0�yg9Zk�
e%UWVIvAQIZkO��&QIg9Z[gih���g9oaL>VXUWhRQ¤Of�|OfZ[ZRU|OR�yQI�\��v%Z[dfe%M>Q¤O[O�F>G q��iL©�%M%�&g9M � �*oaV G%s&UWO[�]F>G q%GIHaG
JB¹>h�ZRdfem��Uadfe%gy��v%VTg9Q¤ORL>M>oag9MAoaQIV¤O�¦ESPVToPgiM%�&g]´�giOkO[g9M>hRgioag9V �
¨�E>�9? !�® , ®X· � - " u ∈ Lloc

1 (Ω)
) ∂u

∂xi
∈ Lloc

1 (Ω)
)
f ∈ C1(R)

)
f ′ ∈ L∞(R)

� � /1!#! ��",)+(%* ∂
∂xi

(f ◦ u)-%9 ";� (*"%-60 ( ",! Ω 0�!�� -+� ";� (
∂

∂xi
(f ◦ u) = (f ′ ◦ u) ∂u

∂xi
.

¸²QIM b¯g9�¯g9QIZcQXZ¡O�QIM 7 �ªgiQX�a� : � ��v%ZRdfe>M>QTOkO�`&HaGr`WF��iL��%M%�>giM�G
��L>MA�cgihf�&giMA�&QIg����WL%��g

Bs
p,q(R

N )
L>M%�

Hs
p(RN )

�&g��%M%QTg9hkO G
�yUa�iLA��QIhR���&gih���UWL>�

RN QTM�hRQTM>oa¦ �ahR��QToPg�� g9M>oag9M©�9gihRVTg9oWO �
Mj :=

{
ξ ∈ R

N : 2j−1 ≤ |ξ| ≤ 2j+1
}
, j = 1, 2, . . . ,

M0 :=
{
ξ ∈ R

N : |ξ| ≤ 2
}
.

��QIg�bcgi�9giQXdfe>M*L>M>o
f

S
′

=
∑∞

j=0 fj
vug9�&g9L&O[giO � �%UWw �&QIg���giQIe>g�UaL&¦ �&gih�hRg9dfemORgiM s*giQTO[g�QIM �&gihyZ¡OfUWhRNagiM

}�SPt)SPVTSPoaQIg^�>g9Z���UaL>��g9Z
S′ oPgioag9M f NaSPMm�PgihRoaQIgih[O9G

� QTO��&QTg Zkg9M b¯g9�ig9QIdfe>M*L>M%oagiM©��QThf�A�&g��)M>QTg9hkO � �moPV'G�7 }0h[QE{|» : � ��v%Z[dfe%M>Q¤O[Oy`&G F>GIH�6�
IKF�� (.?7� ?'�)(C!�® , ®�� =�&�0 −∞ < s <∞ )

1 < p <∞ 0�!�� 1 ≤ q <∞ � - "

Bs
p,q(R

N ) :=
{

f ∈ S
′ : f

S
′

=

∞∑

j=0

aj(x), suppFaj ⊂Mj ∀j,
∞∑

j=0

(

2sj ‖aj(x)‖p

)q

<∞
}

.



`|q ���������
	�� � � �������)��� � ��� 	 �
��� ����� �)��� �����
	��

=�&�0 −∞ < s <∞ )
1 < p <∞ 0�!�� 1 < q <∞ � - "  -6",( - 02&",!

F s
p,q(R

N ) :=
{

f ∈ S
′ :f

S
′

=

∞∑

j=0

aj(x), suppFaj ⊂Mj ∀j,
∫

RN





∞∑

j=0

2sjq |aj(x)|q




p
q

dx< ∞
}

.

� "%- ��$10+' - ! ",! �1"%-+� - ! �,$�02' -6!  -60%� -6! ��0�02$'&

‖f‖Bs
p,q

:= inf
f=

P

aj





∞∑

j=0

(

2sj ‖aj(x)‖p

)q





1
q

0�!��

‖f‖F s
p,q

:= inf
f=

P

aj






∫

RN





∞∑

j=0

2sjq |aj(x)|q




p
q

dx






1
p

��-�� !#"%- 0 ( � � - ",( - 02&",! � -6" �'&�0 −∞ < s <∞ 0�!�� 1 < p <∞ Hs
p(RN ) := F s

p,2(R
N )

�
=�&�0 1 < p <∞ � - "

W s
p (RN ) :=

{

Hs
p(RN ) s = 0, 1, 2, . . . ,

Bs
p,p(R

N ) 0 < s, s 6∈ N.

5 F*D FHJ���@0(B�!�® , ®I+ � "%- � $�02' - Bs
p,q

& - " 8 -6! . -,�($ ����� $�02' - ' �'&�0 s > 0 +��/�4"%- �,$�02' - Hs
p
!.- !#! (

' /1! . -+�!� - ) � �<$1( - !#(*"%/4)#��� $�02' - ' �6/4),) � s > 0 + � � "%- �,$�02' - W s
p
& - " 8 - ! � $*&!$4)�- �����,$�02' -�' �6/1),) � s� /1!�-!- /�&)�"#��+ &!-( � � $�&:$1)�- ��� � ) $�&:$���-'$!?4" (+� � $�02' - ' �6/1),) � s !#"%$'&( � /1!�-!- /�&)�"#��+ �

��QIg9Z[g����WL%��g�e%Uav)g9M�¦ESaVIoagiM)�&g�¸²QToPgiM%ZRdfe%UW¦µO[giM��
¨�E&� ? !�® , ® � � "%- �,$�02' - Bs

p,q
0�!�� F s

p,q
� ",!�� . /4! /�$'&0%$�02' - � � "%-�� $�02' - C∞

0 (RN ) 0�!�� S
)�"%- � - !

",! Bs
p,q

0�!�� F s
p,q

�4"%$'&( �
��� ��� � "$��
1� 
���
��H	��,
87*6���� / 


Lp(Ω)
lnM©�&QIg9Z[gi� ��v%Z[dfe%M>Q¤O[O��¯g9hR�&g9M giQIM>QIoag^¥�QIV¤¦7ZRZ[�WO[�9gy¹>vugih��&QIg ��SahR��giM �>gih���g9v)g ZkoPL>g�j&���WL>��g�vugi��QIg��
Zkg9M�G
,�F*D¾D E !�® , ® " � - " u ∈ L∞(Ω)

� � /1!#! ��",)+( limp→∞ ‖u‖p = ‖u‖∞ .5 Fm� F�?74 �ygih�bcg9�¯g9QIZ�vug9ZkO[g9ePO�UaL%Z��i�cgiQ�}0giQIVIgiM�G
- 0!� ( - 0�-#- ",) *¸	Z�QXZ¡O

lim sup
p→∞

‖u‖p = lim sup
p→∞

(∫

Ω

|u(x)|p dx
) 1

p

≤ ‖u‖∞ lim
p→∞

(∫

Ω

1 dx

) 1
p

= ‖u‖∞ ,

UWVXZkS
lim supp→∞ ‖u‖p ≤ ‖u‖∞

G
�  -6",( - 0�-#- ",) *s*giQ

Mε := {x ∈ Ω : |u(x)| ≥ ‖u‖∞ − ε} , ε > 0.
¸	Z�¦ESaVIoWO

‖u‖p =

(∫

Ω

|u(x)|p dx
) 1

p

≥
(∫

Mε

|u(x)|p dx
) 1

p

≥
(∫

Mε

(‖u‖∞ − ε)p dx

) 1
p

= (‖u‖∞ − ε)

(∫

Mε

1 dx

) 1
p



� � �� � ��	 � ���%	 ��	�� ������� �
��� ��	���� � � � 	 `a�

�yUahRUaL%Zc¦ESaVIoWO
lim infp→∞ ‖u‖p ≥ ‖u‖∞ − ε ∀ε > 0.�yUahRUaL%Z�g9h[oPQTv&O�Z[QXdfe

lim infp→∞ ‖u‖p ≥ ‖u‖∞
G)¢£g9oag9M

lim supp→∞ ‖u‖p ≤ ‖u‖∞
¦ESPVToaO��&QTg6b¯gi�

e%UWL%t&O[L>M%o%G
�

,�F*D¾D E£!�® , ® , � -6" u ∈ Lp(Ω) �'&�0 /1),)�- p '�",( 1 ≤ p <∞ � � -6"  - ",( - 02&",! ‖u‖p ≤M �'&�0 /4),)�- p �� /1!#! ";� ( u ∈ L∞(Ω) 0�!�� ‖u‖∞ ≤M
�

5 Fm� F�?'4 J0¹%h
R > 0

Z[giQ

uR(x) :=

{

u(x) |u(x)| ≤ R,

R sign(u(x)) |u(x)| > R.

¸	ZpQXZ¡O
uR ∈ L∞(Ω), |uR(x)| ≤ |u(x)| ∀x ∈ Ω

G²�^UWhfUWL)Z�¦ESPVToaO ∥
∥uR

∥
∥

p
≤ ‖u‖p ≤ M

¦E¹>h
UWVIVTg

p
G �yUadfe¾��gi���pU F>Gr`&GIH�gihRoaQIv&O6Z[QIdfe ∥

∥uR
∥
∥
∞ ≤ M

G s*giQ¯M*L>M
R > M

oagi���We%V¤O G��yUaM>M§¦ESPVToaO
sup essx∈Ω |uR(x)| =

∥
∥uR

∥
∥
∞ ≤ M

GuJ)UaZkO�¹>vugihfUWVIV0QIM
Ω

oPQTVTO^UaVIZ[S |uR(x)| ≤ M < R � UaVIZ[S UaL%dfe
uR(x) = u(x)

G%�^UWhfUWL)Z�gihRoaQIv&O�ZkQXdfe��>QTg�bcgie)UWL>t&ORL>M>o)G
�

,�F*D¾D E£!�® , ®X! � -6"%- ! u, v ∈ Lp(Ω)
)
1 < p <∞ )

p−1 + p′−1
= 1

� � /4!#! ";�'(
∥
∥|u|p−2u− |v|p−2v

∥
∥

p′ ≤ (p− 1)
(

‖u‖p + ‖v‖p

)p−2

‖u− v‖p .

5 Fm� F�?'4 ¸	Z�QXZ¡O
∥
∥|u|p−2u− |v|p−2v

∥
∥

p′ =

∥
∥
∥
∥

∫ 1

0

∂

∂s

(
|su+ (1 − s)v|p−2 (su+ (1 − s)v)

)
ds

∥
∥
∥
∥

p′

=

∥
∥
∥
∥

∫ 1

0

(p− 1)|su+ (1 − s)v|p−2(u− v) ds

∥
∥
∥
∥

p′

≤ (p− 1)
∥
∥
∥(|u| + |v|)p−2 |u− v|

∥
∥
∥

p
p−1

≤ (p− 1)







∫

Ω

(|u| + |v|)
p(p−2)

p−1

︸ ︷︷ ︸
p−1
p−2

|u− v| p
p−1

︸ ︷︷ ︸

p−1

dx







p−1
p

.

��QIg�¥ �PVI�>gihfZ[dfe>g ��M>oaVIgiQXdfe*L>M>o�VTQIg�¦Eg9hkO���QTO��&QTg Zkg9MA¸)+&t)SPM>giMmO[g9M
∥
∥|u|p−2u− |v|p−2v

∥
∥

p′ ≤ (p− 1)
(

‖u‖p + ‖v‖p

)p−2

‖u− v‖p .

�yUPZ�QXZ¡O��&QIg�bcgie%UaL>t&O[L%M>o%G
�
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5	�
�� ���) ��
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��H	��,
87*6���� / 

Lpg(Ω)

lnM �&QTg Zkg9�\��v%Z[dfe%M>Q¤O[O��¯g9hR�>giM�oagi��QXdfemO[giO[g���givug9Z[oaL%g��n���WL>��g]�&gi�%M>QIgih[O�L%M%��L>MmO[gihfZ[L%dfemO9G
IKF�� (.?7� ?'�)(C!�® , ®I° � "%- = 0�!2?4(*"@$4! g(x) &#-6" 8 ( � -,  "%$'&( � �!0�!�?1( "@$1! )  - !#! �1",)+(%*

� �
g ∈ L∞(Ω)

)
� �
g(x) > 0 �6/��'("& &'-605/4),)�",! Ω

)



`W� ���������
	�� � � �������)��� � ��� 	 �
��� ����� �)��� �����
	��

� � 1
g(x) ∈ L1(Ω)

�

IKF�� (.?7� ?7�u(C!�® , ® "*¿ =�&�0 1 ≤ p <∞ �6- "

Lpg(Ω) :=

{

u(x) :

∫

Ω

g(x)|u(x)|p dx <∞, u ' -@8 &'/10 } .
¨�E&� ? !�® , ®X° � "%- � - !�� - Lpg(Ω) ";� ( - ",! . /4! /�$'&02/�02' '�",(<��- 0���$10+'

‖u‖p,g :=

(∫

Ω

g(x)|u(x)|p dx
) 1

p

.

5 Fm� F�?74 �ªL>M%�adfe)Z¡O���QThf��oag9�igiQIoWO � �>UWw Lpg(Ω)
g9QTMAVIQTM>g UWhRgih���UaL>� QXZ¡O G

HaG�s*g9Q
u ∈ Lpg(Ω)

L>M%�
λ ∈ R

G%�^UWM>M�QXZ¡O�S�
ug9M%ZkQXdfemO[VIQIdfeAUWL)dfe
λu ∈ Lpg(Ω)

G
`&G�s*g9QTg9M

u1, u2 ∈ Lpg(Ω) � �>UahRUaL%Z ¦ESPVToaO u1g
1/p, u2g

1/p ∈ Lp(Ω)
G*�yUaM>M�¦ESaVIoWO

(u1 +u2)g
1/p ∈

Lp(Ω) � UWVXZ[S�UaL%dfe
u1 + u2 ∈ Lpg(Ω)

G
��L>M �¯g9hR�>giM£�>QTg ��SPh[��g9QToPgiM%ZRdfe%U|¦µORgiM M)Uadfe>oPgi��QIg9Z[giM�Gª¸	Z]Z[giQ e>QIgih�M*L>h��&QIg��yhRgiQIg9dfN&ZkL%M>oaVIgiQXdfe*L>M>o
oagi�9giQIoWO G>��QIg]�¯g9Q¤ORgihRgiM���SPh[��giQIoag9M%ZRdfe%U|¦µORgiM©Z[QIM%��S1
ªgiM%Z[QIdfemORVTQXdfe g9hk¦E¹>VIVTO9G
s*giQIgiM

u1, u2 ∈ Lpg(Ω) � �>UaM>M�¦ESaVIoWO

‖u1 + u2‖p,g =
∥
∥
∥u1g

1/p + u2g
1/p
∥
∥
∥

p
≤
∥
∥
∥g1/pu1

∥
∥
∥

p
+
∥
∥
∥g1/pu2

∥
∥
∥

p
= ‖u1‖p,g + ‖u2‖p,g .

�uLA�igiQIoag9M©v%VTg9QTv&OyM>S&dfeA�>QTg � SPVTVXZ¡Of�WM%�>QToPNagiQTO��&g9Z���UWL>��g Z
Lpg(Ω)

G)s&giQ
(un) ⊂ Lpg(Ω)

giQIM>g 3 UWL&�dfemYm¦ESPVToPg � �%UaZ²e%giQIwWO ‖un − um‖p,g < ε ∀n,m ≥ N0(ε)
G� Q¤O

vn := g1/pun
¦ESaVIoWO ‖vn − vm‖p < ε

∀n,m ≥ N0(ε)
� UWVXZkS QIZkO

(vn)
g9QTM%g 3 UWL)dfemYm¦ESPVToPg QT����UaL>�

Lp(Ω)
G ¸	Z6oaQIv&O��&gi��M%UPdfe¾giQIM

v ∈
Lp(Ω) � ZkS6�>UWw ‖vn − v‖p < ε ∀n ≥ N1(ε)

G&s*giQ
u := vg−1/p � �>QTg Zkg^��gi�%M>QTO[QISaM QXZ¡O	¦7UaZkO¯¹>vugihfUWVIV%QIM

Ω
ZkQIM>M*�aSPVTV � S1
ªgiM)ZkQXdfemO[VIQIdfe]oPQTVTO

u ∈ Lpg(Ω)
G9�^UWhfUWL%Z�gihRoaQIv&O0Z[QIdfe ∥∥

∥g
1
pun − g

1
pu
∥
∥
∥

p
< ε ∀n ≥ N1(ε)

�
UWVXZkS ‖un − u‖p,g < ε ∀n ≥ N1(ε)

G
�yUa��QTO�QXZ¡O��&g9h�s&U|OR�]v)g9��QTg Zkg9M�G

�� giO[��O��cgihf�&g9M©g9QTM>QIoag�¸²QIM*v)giOkORL>M>oPZRZR�|O[�9g�e>gihRoag9VTg9Q¤ORg�O9G
¨�E&� ? !�® , ® "*¿ � - " 1 ≤ q < p

)
u ∈ Lpg(Ω) 0�! �

(
1

g

) q
p−q

∈ L1(Ω).

� /1!#! ��",)+( u ∈ Lq(Ω) 0�!�� -,� ";� (

‖u‖q ≤
∥
∥g−1

∥
∥

1
p

q
p−q

‖u‖p,g .

5 Fm� F�?74 ��L%Z��&g9h�¥ �PVI�&g9h¡j���M>oPVTg9QIdfe*L>M%o���Q¤O��>giMA¸)+&t)SPM>giMmORgiM
t1 = p/(p− q) � t2 = p/q

¦ESPVToaO
∫

Ω

|u(x)|q dx =

∫

Ω

(
1

g

) q
p

· g q
p |u|q dx ≤

(
∫

Ω

(
1

g

) q
p−q

dx

) p−q
p

·
(∫

Ω

g|u|p dx
) q

p

.

�yUahRUaL%Z�gihRoaQIv&O�ZkQXdfeA�&QTg]bcgie)UWL>t&ORL>M>o)G
�



� � �� � ��	 � ���%	 ��	�� ������� �
��� ��	���� � � � 	 `P{

,�F*D¾D E£!�® , ®I+ � -6" q > p 0�! � u ∈ Lqg(Ω)
� � /4! ! �1",)�( u ∈ Lpg(Ω) 0�!��

‖u‖p,g ≤ ‖g‖
q−p
qp

1 ‖u‖q,g .

5 Fm� F�?'4 ��QIg�¥ �PVI�&g9h¡j���M>oPVTg9QIdfe*L>M%o�VIQTgi¦Egih[O���QTO��&g9M�¸�+*tuSaM%giMmO[g9M
t1 = q/(q − p) � t2 = q/p

∫

Ω

g|u|p dx =

∫

Ω

g
q−p

q ·
(

g
p
q |u|p

)

dx ≤
(∫

Ω

g dx

) q−p
q

·
(∫

Ω

g|u|q dx
) p

q

�yUahRUaL%Zc¦ESaVIoWO�L>M%��QTOkORgiVIv%UWhy�&QTg�bcg9e%UWL>t>O[L>M>o)G
�

��� ����� "5�(
 � �-������
���7*6���� / 

W k

p (Ω)
lnM �&QTg Zkg9�\��v%Z[dfe%M>Q¤O[O��¯g9hR�>giMA�&QTg�s*SPv)SPVTg9�Pj*���aL>��g

W k
p (Ω)

giQIM>oagi¦E¹>e>h[O�L>M%��L>MmO[g9hRZ[L%dfemO9G
IKF�� (.?7� ?'�)(C!�® , ® "u" '�!���) � � - 0 "���� � ) � - � !#",(*"@$4! ��� � � �	� � + � - " Ω ⊂ R

N -6",! &5- )+"%-�&6"#� -,� � -�& "%-6( )
−∞ < s < ∞ )

1 < p < ∞ )
1 ≤ q ≤ ∞ � � - 0 ��/�02' Bs

p,q(Ω) � - " �4"%- - ",! � $'&0%$1!�?�0�!�� � -+�
� /�02' -,� Bs

p,q(R
N ) /�0,� Ω

) ��/���& - " 8 (
Bs

p,q(Ω) :=
{
f ∈ Lp(Ω) : ∃g ∈ Bs

p,q(R
N ) '�",( f(x) = g(x) ∀x ∈ Ω

}

'�",(<��- 0���$10+'
‖f‖Bs

p,q(Ω) := inf
g|Ω=fg∈Bs

p,q(RN )
‖f‖Bs

p,q(RN ) .

��!./1) $%��";� (
Hs

p(Ω) :=
{
f ∈ Lp(Ω) : ∃g ∈ Hs

p(RN ) '�",( f(x) = g(x) ∀x ∈ Ω
}

'�",(<��- 0���$10+'
‖f‖Hs

p(Ω) := inf
g|Ω=fg∈Hs

p(RN )
‖f‖Hs

p(RN ) .

� - ",( - 02&",! � -6"
W s

p (Ω) :=

{

Bs
p,p(Ω) : 0 < s, s 6∈ N,

Hs
p(Ω) : s = 0, 1, 2, . . . .

¢£g9M>M �&g9h���UWM%�A�&g Z�¼^giv>QIg�ORg9Z�g9QTM%g]oagi��QXZRZkg]��g9oaL>VXUWhRQ¤Of�|OfZkvug9�&QIM>oPL>M>o�gih[¦E¹>VTVTO � ´�g9oag9VTvug9�&QIM>oPL>M>o� ��>UWM%M�VXUaZRZ[giMAZkQXdfe�� �mL>QT�|UaVTg9MPORg���SahR��giM UWM>oPgivugiM�G
IKF�� (.?7� ?'�)(C!�® , ® ">, '�!���) � � � � /
��� � ) � � ) $�� � � + � -6" x ∈ RN )

Bx
-6",! - $�� - !.- � 0*� -6)6'�",( �	",(*( - ) 7

"�0�!2?4( x 0�! � B′ -6",! -  - ",( -602- $���-6! - � 0*� -6) ) �4"%- x !#"%$'&(�- !#( & $4)�( �� /1!#! &#-6" 8 (
Cx := Bx ∩ {x+ λ(y − x) : y ∈ B′, λ > 0}

� -6! �)+"%$'& - 0 � - � - )/'�",( � ".",( - -�",! x � �� /���&5-,� $5&�0%$4!2?4( - � -�& "%-6( Ω -60 �'&�),)�( �1"%- � - � -6) &'-!�4",!���0�!�� ) �6/4),) ��*
� � - ��-:9 ";� ( "%- 0 ( - ",! - !��)�"%$5&#-60 � - � -6) C0

) �($ � / 8�*
� � �60�( -:� -,' x ∈ Ω -%9 ";� (*"%-60 (�-6",! - !��)+"%$'& - 0 � - � -6) Cx

'�",( � ".",( - -�",! x ) �($ � / 8 Cx ⊂ Ω 0�! �
Cx

?*$1!���0+0#-6! ( -(0 C0
";� ( �

��) � � $4!���0+0#- !�-�&'-, - �*0�!�� -6! � ",!�� � 02-5&20�!�� -6! 0�!�� ! - 0!� $5&�"%-�&(0�!�� - ! -(0*� - )�/��:� - ! �



`W» ���������
	�� � � �������)��� � ��� 	 �
��� ����� �)��� �����
	��

��g9h6M%�Pdfe%ZkO[g©s&UWO[�©oaQIv&O6g9QTM>g�UWM%�>gihRg � � �mL>QT�|UaVTg9MPORg � ��gi�%M>QTO[QISaM§¦E¹>h��&g9Mzs*SPv)SPVTg9�aj&��UWL%�
W s

p (Ω)UWM � ¦7UWVIVIZ6�>UaZ�¼^giv>QIg�O��&QIg©´�gioPgiVIv)g �&QIM>oaL>M%o gih[¦E¹>VIV¤O � �*oaV G 7 }0h[QE{|» :�}�e>giSPh[g9� q)G q)G `��W` � b¯g9��gihRNmL%M>o
q%G q%Gr`��W` � bcg9��g9h[N*L>M%o�q)G `>GTH��W`>G
¨�E&� ? !�® , ® ")" � - " Ω -6",!�&'-,�6$'&0 $4!�?1( -+� � -�& "%-6( ) � / � �4"%- � - � - ) &'-!�4",!���0�!�� -60 �'&�),)�( � � - "  - ",( - 02&",!
1 < p <∞ 0�!�� s > 0

�
� /1!#! � ",!�� ' �6/4),) � s - ",!.-�!./4( &�0 )+"%$'& - � / &)�";� ( +

‖f‖(1)
W s

p (Ω) :=




∑

|α|≤s

‖Dαf‖p
p





1
p

,

‖f‖(2)
W s

p (Ω) :=



‖f‖p
p +

∑

|α|=s

‖Dαf‖p
p





1
p

,

&:-( � �6/1),) � s = [s] + {s} ) [s] ∈ N
)
0 < {s} < 1

‖f‖(3)
W s

p (Ω) :=



‖f‖p
p +

∑

|α|=[s]

∫

Ω×Ω

|Dαf(x) −Dαf(y)|p
|x− y|N+{s}p

dx dy





1
p

$ �(0�" � /1)�-6! ( - � $40+' -6! ".' � /�02' W s
p (Ω)

�

5 F*D FHJ���@0(B�!�® , ®µ: � "%-�",! � - � !#",(*"@$4! � � � � ��� - ",!�� -@�'& &�0 ( - ! � $�02' - � ( ".' ' - ! '�",( ��- !>� -( 5�&! 7
)+"%$5&#-6! � $*&!$4)�- ��� � ) $*&!$���-'$:?1" (+���,$�02' -6!!& &5- 02- ",! ) �6/4),) � Ω - ",!.- � - � - ) &'-!�4",!��*0�!�� - 0 �'&�),)+( ) �+�1) � � - 0 "���� � )
. -(' - 0%?�0�!�� ��� � � �	� �*) . -,' - 0%?�0�!�� � � � � � �=�&�0�- ",!.- � - � !#",(*"@$4! �1"%-+� - 01� $�02' - �'"%-'& - - � . ��� � � /
� ��� ) � =�0 "�� ��� �
��g9h M%�Pdfe%Z¡ORg\s&UWO[� oPQTv&O UWM � �cUaM>M ¸²QTM*vug�O[O[L>M>oPgiM �9��QIZRdfe>g9M s*SavuSaVIgi�Pj*���WL>��giM vug9ZkO[g9e>giM�G
� � oaV G�7 }�hRQE{|» : � }�e>giSPh[g9� q%G �>GIH � bcgi��g9h[N*L>M>o�q)G �%G `�
¨�E&� ? !�® , ® "&, 	 - ?7(ª¬�FP�9�9@B(0u4 4 E&� ? �u�)(�¨��)¬	�)G F � � � -6" Ω - ",! &'-+� $'&0%$1!�?1( -,� � -�&6"%- ( ) ��/ �<�4"%- � -,7
� - ) &'-!�4",!��*0�!�� - 0 �'&�),)+( �

� � � -6" 1 < p <∞ )
t ≥ 0

)
t ∈ N

)
s > t+ N

p

� � /4! ! ";� ( �1"%- - ",!�&'- ( ( 0�!��

W s
p (Ω) ⊂ C

t
(Ω)

� ( -6(*"#� �
� � � -6" 0 ≤ t ≤ s <∞ )

1 < p ≤ q <∞ � � /1!#! ";� ( �'&�0

s− N

p
≥ t− N

q

�1"%- - ",! &'-6(*( 0�!��
W s

p (Ω) ⊂W t
q (Ω)

� ( -6(*"#� �



� � �� � ��	 � ���%	 ��	�� ������� �
��� ��	���� � � � 	 `W�

& "%- 0(&'-6" ";� ( C t
(Ω) ��- 0 � /�02' /4),)�- 0 t �%�6/ $5& ",! Ω � ( - ( "#� �4" � - 02- !�- "%- 0(&5/102- ! =/0�!�?1( "@$1!.- ! ) ��- 02- !

� &6)�-6",( 0�!�� -6! �'"%$'& �'( - ( "#� /�0,� � -6! � /4! � ∂Ω �,$40 ( �6- ( -�- ! )�/��!�6- ! � � "%-,� -60 ��/�02' &#/4(<�4"%- ��$10+'
‖f‖

C
t
(Ω)

:=
∑

|α|≤t

sup
x∈Ω

|Dαf(x)|.

5 F*D FHJ���@B(0§!�® , ® � � - 0�- 0!�'( - -#- ",) �4"%-,� -+� � /4( - -+�1��",)+( ",! ' $��1" � - "%-60 ( - 0 =6$40+' /�0#$5& �'&�0 t 6∈ N
�

� ! �4"%-,� -,' =�/1),)/&5-,� ( -'&( � -60<� /�02' C
t /�0�� � -'-6"#��!.- ( -6!�& 54) � -60!� ( -6(*"#� - ! =/0�!�?1( "@$1!.- ! ) �+�1) � � - 0 "���� � )

� &+� $'&! ",( ( ����� � - ",!.-�/4! ��- 02- � $'&02- "@&( -6";� -�";� ( Ct(Ω)
�

- � ";� (��'&�0 t ∈ N C
t
(Ω) ⊂ Ct(Ω)

�

JB¹>h��&QIg����WL%��g
W k

p (Ω)
oaQIV¤O�¦ESPVToPgiM%�&g9h�lnMPORgihRt)SPVIUWO[QISaM%ZRZRU|O[� � ZkQIgie>g 7 ���>Um{W» : � }�e>giSPh[g9� q%GIH�{��

¨�E>�9? !�® , ® " ! � -6" Ω - ",! &'-+� $'&0%$1!�?1( -,� � -�& "%-6( ) ��/ � �4"%- � - � - ) &'-:�1",!��*0�!�� - 0 �'&�),)+( ) 1 ≤ p < ∞ �
� /1!#! -:9 ";� ( "%- 0 ( - ",!.- � $4! �'( /4! ( - C ) �($ � / 8 �'&�0 u ∈Wm

p (Ω)
)
0 ≤ j ≤ m �1",)+(%*

‖u‖p,j ≤ C ‖u‖
j
m
p,m ‖u‖

m−j
m

p .

��QIgp¦ESPVToPgiM%�&g9M b�UaM%Uadfe>hf�WL%��g�Z[QTM%� �PSaM v)g ZkSPM%�&gihRgih]bcg9�>giL&ORL>M>o%GBs*QTgpvug9ZRdfe>hRgiQIv)g9M � UaM%Z[dfe)UWL>VIQIdfeoag Zkt>hRS&dfe>giM � �&QTg � giM>oPgpoagi��QXZRZkg9h�ZRdfe*�cUPdfe �>Q�
ªgihRgiM>�9QTg9h[v)UWhRgih]J>L>M%NPORQTSPM>giM � �&QIgp¦7UaZkO�¹>vugihfUWVIV²UWL&¦
�&gi��¼^giv>QIg�OfZkhfUWM)�©�&g9MA¢£g9hkO ��L>VTV0UWM>M>g9e>��giM�G
¸²QIM>g�UWL)Z¡¦E¹>e%h[VIQIdfe%g���MPORgihfZkL)dfemL%M>op�&QTg Zkg9h����WL%��g�QXZ¡O��PG b^G&QIM 7 ��g9N&»Wq4:�S&�&g9h 7 ¢CVISP»m` :��iL��%M)�&giM�G
IKF�� (.?7� ?'�)(C!�® , ® " ! � -6" �'&�0 1 ≤ p <∞

o

W 1
p (Ω) :=

{

u ∈ W 1
p (Ω) : ∃(un) ⊂ D(Ω) : ‖un − u‖p,1

n→∞−−−−→ 0
}

.

��g9h���UaL>� o

W 1
p (Ω)

QXZkO�giQIM�Z[git%UahRUav>VIgih�b�UWM%UPdfe>hRUaL>� L>M%��vug9Z[Q¤OR��Oy�&QIg9Z[giVIvug ��SahR� ��QIg
W 1

p (Ω)
G

��g9h�¦ESaVIoag9M%�&g�s&UWO[��oag Z¡OfU|OkORg�O��&QIg]´�SPM%ZkO[hRL>NmO[QISaM©� �mL>QT�|UaVTg9MPORgih ��SahR��g9M � Z[QTg9e>g 7 ��g9N&»Wq4:2G
¨�E>�9? !�® , ® " +
	���JL?BF*3.JD? ADC04 ADC.F���(B)G FH? ADC @0(B � - ��-%9 ";� (*"%-60 ( - ",!.- � $1! � ( /4!#( - C ) �($ ��/ 8 �'&�0�/4),)�-
u ∈

o

W 1
2 (Ω)

‖u‖2
2 ≤ C

N∑

i=1

∥
∥
∥
∥

∂u

∂xi

∥
∥
∥
∥

2

2�1",)�( �
JB¹>h��&QIg9Z[giMA��UWL%��oaQIVTOc¦ESPVToPgiM%�>gih�lnMmO[g9h[tuSaVXU|ORQTSPM%Z[ZRU|OR� � �*oaV G87 �Bs����*{�:2G
¨�E>�9? !�® , ® " : 	 # ? JLF*(ª¬�FHJ���� E>)G ?BE�J|3B� � � - " 1 ≤ q ≤ p ≤ s

) 1
p <

1
s + 1

N

� � /1!#! -:9�";� (*"%-60 ( -6",! -
� $4! � ( /4! ( - c > 0

) �($ � / 8 �'&�0�/4),)�- u ∈
o

W 1
p (Ω) ��",)+(%*

‖u‖s ≤ c ‖u‖θ
p,1 ‖u‖

1−θ
q ,

 $*&'- "
0 ≤ θ :=

1
q − 1

s
1
q − 1

p + 1
N

≤ θ ≤ 1.

� - !#! q = 1
) ��/4! ! � - " θ < θ ≤ 1

�
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)  $�&�02-6! � �1"%- ! $10+7

/�0��!� -6( -(0�!�� 1
p <

1
s + 1

N
� "%$'& - 0!�'( - ),)+( ) ��/ 8 θ < 1

�
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W 1

pg(Ω)
��QIg�QTMA�&QIg9Z[gi����v%Z[dfe%M>Q¤O[O�giQIM>oagi¦E¹>e>h[O[giM�oag9��QIdfemORg�O[g9M�s*SPv)SPVTg9�Pj*���aL>��g��cgihf�&giM©v)g9Q��&gih���MPORgihfZkL>�
dfemL%M>opZkg9��QIVIQTM>g UWhRgih�t%UahRUav)SPVTQXZ[dfe%gih���UWM%�*j*��M>¦7UWM>omZk�cgih[O[t>hRSav%VTg9��gy�ag9h[�cgiM%�>g�O9G
IKF�� (.?7� ?7�u(C!�® , ® " + � - " �'&�0 p > 1

W 1
pg(Ω) :=

{
u ∈W 1

1 (Ω) ∩ Lp(Ω) : uxi ∈ Lpg(Ω), ∀i = 1, . . . , N
}
.

¸	Z�oaQIVTO��
¨�E&� ? !�® , ® " � =�/1),) �

(
1

g

) 1
p−1

∈ L1(Ω), � F%GTH 
��/4! ! ";� ( W 1

pg(Ω) - ",! . /4! /�$'&02/�02' '�",(<��- 0���$10+'

‖u‖p,1,g :=

(

‖u‖p
p +

N∑

i=1

‖uxi‖p
p,g

) 1
p

5 Fm� F�?74
¸	Z�QXZ¡O�VIgiQXdfemO��9LA�igiQIoag9M � �>Uaw W 1

pg(Ω)
giQIMAVTQIM>g9Uah[g9h���UWL>�\QIZkO9G

��L>MA�cgihf�&giMA�&QIg���SahR��giQIoag9M%Z[dfe)U|¦µO[g9M M%UPdfe>oag9��QTg Zkg9M�G
�uL>h��yh[g9QTg dfN*Z[L>M>oPVTg9QIdfe*L>M%o � �&QTg�UaM%�&g9h[g9M ��SPh[��g9QToPgiM%ZRdfe%U|¦µORgiM�ZkQIM%��S1
ªgiM%Z[QXdfePORVTQXdfe�gih[¦E¹>VTVTO!6�
s*giQIgiM

u1, u2 ∈ W 1
pg(Ω)

G)�yUaM>M�¦ESaVIoWO���Q¤Oy�>gih � QIM>NaS|��Z[N*Q¤� ��M%oaVIgiQXdfemL%M>o

‖u1 + u2‖p,1,g =

(

‖u1 + u2‖p
p +

N∑

i=1

‖u1xi + u2xi‖p
p,g

) 1
p

≤
(
(

‖u1‖p + ‖u2‖p

)p

+

N∑

i=1

(

‖u1xi‖p,g + ‖u2xi‖p,g

)p
) 1

p

≤
(

‖u1‖p
p +

N∑

i=1

‖u1xi‖p
p,g

)1/p

+

(

‖u2‖p
p +

N∑

i=1

‖u2xi‖p
p,g

) 1
p

= ‖u1‖p,1,g + ‖u2‖p,1,g .

¸	Z�QXZkOyM>S&dfe �&QIg�� SPVTVXZ¡Of�WM%�>QToPNagiQTOy�&g Z
W 1

pg(Ω)
�9L �igiQIoag9M�Gus&giQ

(un) ⊂ W 1
pg(Ω)

giQIM>g 3 UaL%dfe*YP¦ESPVToPgQT����UWL>�
W 1

pg(Ω)
G¯�yUaM>M QXZkO

(un) ⊂ Lp(Ω)
giQIM>g 3 UWL%dfe*Ym¦ESaVIoag©QT�

Lp(Ω) � g9Z�oaQIv&O UWVXZ[S£g9QTM>g
J>L>M>NmORQTSPM

u ∈ Lp(Ω) � Z[S©�>Uaw
un → u

QT� s&QTM>M%g��&g Z
Lp(Ω)

G ��L>wPgihf�&gi��Z[QTM)�
(unxi) ⊂ Lpg(Ω)3 UWL%dfe*Ym¦ESaVIoag9M QI� b�UWM%UPdfe>hfUWL>�

Lpg(Ω) � �&gi��M%UPdfe£g�+&QIZkO[QIgihRgiM
vi ∈ Lpg(Ω) � Z[SA�%UWw

unxi → viQT��s*QTM%M>g��&g9Z
Lpg(Ω)

G.�uL��ig9QToPgiM�v>VIgiQIv&O
vi = uxi

G
�yUa�iL Zkg9Q

ϕ ∈ D(Ω)
vugiVIQTg9v>QTopoPgi���We>VTO9G&�^UWM>MAoPQTVTO

∣
∣
∣
∣

∫

Ω

(unxi − vi)ϕdx

∣
∣
∣
∣
≤ Cϕ ‖unxi − vi‖1 ≤ CϕC ‖unxi − vi‖p,g < ε,

�¯g9M>M
n ≥ N0(ε, ϕ)

G%��VIZ[S�oaQIV¤O
∫

Ω

unxiϕdx →
∫

Ω

viϕdx.



� � �� � ��	 � ���%	 ��	�� ������� �
��� ��	���� � � � 	 F>H

��M%�>gihRgihfZkg9Q¤OfZ�QIZkO
∫

Ω

unxiϕdx = −
∫

Ω

unϕxi dx→ −
∫

Ω

uϕxi dx.

�yUahRUaL%Zc¦ESaVIoWO
∫

Ω

viϕdx = −
∫

Ω

uϕxi dx.

��VXZkS©QIZkO
vi

ZRdfem��Uadfe%g���v>VIgiQTO[L>M%o �aSPM
u

M)Uadfe
xi

Gª��g9��M)Uadfe oPQTVTO
u ∈ W 1

pg(Ω) � �&g9M>M uxi = vi ∈

Lpg(Ω)
G%¸	Z�QXZ¡O

un

W 1
pg(Ω)−−−−−→ u

G%�^UW��QTO�QIZkO��&QIg�� SPVTVXZkOR�WM)�&QToPNag9Q¤O��&g Z���UWL>��g Z
W 1

pg(Ω)
oag9�igiQIoWO G

�
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pg(Ω)

) �6/1),) � � F>GIH� ! "%$5&�( - 0 �'&�),)+( ";� ( �
¸	Z�oPQTVTO�¦ESaVIoag9M%�&g9Z
,�F*D¾D E£!�® , ®µ: � -604��/�02' W 1

2g(Ω) ";� ( - ",!�&�",) &'-60 (*02/�02' '�",( � -,' � ? /4)�/10 ".0%$���0�?1(

(u, v)2,g,1 := (u, v)L2 +

N∑

i=1

∫

Ω

g(x)uxi(x)vxi(x) dx.

��g9h�bcgi�cgiQXZcQIZkO�Zkg9e>h�giQIM&¦7UPdfe�G
��M%UaVTSPo��iL �&giMA���aL>��giM o

W 1
p (Ω)

�cgihf�&giM�M*L>MAoagi��QXdfemO[giO[g]���WL%��g o

W 1
pg (Ω)

giQIM>oagi¦E¹>e>h[O��
IKF�� (.?7� ?'�)(C!�® , ® " : =�&�0 1 < p <∞ 0�!�� g(x) '�",( � F%GTH  � -6"

o

W 1
pg (Ω) :=

{

u ∈ W 1
pg(Ω) : ∃(un) ⊂ D(Ω) : ‖un − u‖p,1,g

n→∞−−−−→ 0
}

.

¸	Z�oPQTVTO�¦ESaVIoag9M%�&gih�s&UWO[� �
¨�E>�9? !�® , ® " · � -604��/�02' o

W 1
pg (Ω) ";� ( - ",! . /4! /�$'&02/�02' '�",(<��- 0!�6- ) &'- ! ��$10+'   "%- W 1

pg(Ω)
�

5 Fm� F�?'4 �ygih¯��UWL>�
D

QXZkO¯giQIM ��MmORgihRhRUaL>� �PSaM o

W 1
pg (Ω)

GP�ygih���v%ZRdfe>VIL>w��aSPM
D

QIM �&g9h ��SPh[� �&g Z
��UWL%��g Z

W 1
pg(Ω)

g9h[oPQTv>O�g9QTM%giM b�UWM%UPdfe>hRUaL>� � �%U W 1
pg(Ω)

g9QTM b�UWM%UPdfe>hfUWL>� QXZ¡O G
���QIg�¦ESPVToPgiM%�>giM ��g9���pUWORU��cgihf�&giMA�iL ��v%ZRdfe%�|OR�iL>M>o �aSaMAoPgi��QXZ[Z[giM���SPh[��giM QIM �&g9M ´]UWt>QTO[g9VTMAq � ��ag9h[�cgiM%�>g�O9G

,�F*D¾D E£!�® , ®� � -6" g−1 ∈ LN ′(Ω) '�",( N ′ > N
)
N ′ ∈ R

� � /4! ! � ",!�� �1"%- - ",!�&'- ( ( 0�!�� -6!
W 1

2g(Ω) ⊂W 1
2N′

N′+1

(Ω) ⊂ L 2N′

N′−1

(Ω)

� ( - ( "#� �
5 Fm� F�?'4 ¸	Z�QXZ¡O

g−N ′ ∈ L1(Ω)
L%M%�

N ′ =
2N ′

N ′+1

2 − 2N ′

N ′−1

.

��g9hys&UWO[�]F>Gr`&GIH9�6VTQIg�¦Eg9hkO��%UWM>MA�&QIg]gihfZ¡ORg�bcg9e%UWL>t>O[L>M>o)G&¢£g9Q¤ORgihRe>QIM�QXZkO

1 − N
2N ′

N ′+1

> − N
2N ′

N ′−1

,



FP` ���������
	�� � � �������)��� � ��� 	 �
��� ����� �)��� �����
	��

�&giM>M

1 >
N

2N ′ +
N

2N ′ ,⇐⇒ 1 − N

2
− N

2N ′ > −N
2

+
N

2N ′

⇐⇒ 1 −N

(
N ′ + 1

2N ′

)

> −N
(
N ′ − 1

2N ′

)

.

��L%Zp�&g9� ¸²QIM*v)giOkO[L%M>oPZRZ[UWO[�A�aSPMzs*SPv)SPVTg9��¦ESaVIoWO � �%UWw��&QTgA¸²QIM*v)giOkORL>M>o
W 1

2N′

N′+1

(Ω) ⊂ L 2N′

N′−1

(Ω)Z¡ORg�O[QIopQXZ¡O G>�yUa��QTO�QXZ¡O��>UPZ���g9���pU�vugi��QIg9Z[giM�G
�

5 F*D FHJ���@0(B�!�® , ®X° � "%- ! $102/�0��!� -6( -(0�!�� N ′ > N  0�0:��- ! 0�0 �'&�0 �1"%-�-( -6",( - - ",! &'-6(*( 0�!�� � - ! 0�( -6( �
,�F*D¾D E !�® , ®X· � - " 2N ′ > N

)
N ≥ 2

)
N ′ ≥ 1

)
N ′ ∈ R

)

r1 :=
2N ′

N ′ + 1
, 2 ≤ s <

r1N

N − r1
, 1 ≤ q ≤ r1.

� /1!#! -:9 ";�'(*"%- 0 ( -(0 ( -!��-(' ε > 0 - ",! Cε > 0
) �,$ ��/ 8 �'&�0�/4),)�- u ∈

o

W 1
2g (Ω) ��",)+(%*

‖u‖2α
s ≤ ε ‖u‖2

2,1,g + Cε ‖u‖2β
q .

� /�&5- " ��",)+( *
� � � -6! ! 0 < α < 1

) �($ ";� ( 0 < β ≤ β < α 0�!�� Cε ∼ ε−
α−β
1−α

)
� � � -6! ! α = 1

) ��/4! ! ";� (�/�0#$'& β = 1 0�! � Cε ∼ ε−σ ) σ ≤ σ <∞ )
� � � -6! ! 1 < α < α

) � /4!#! ";� ( α < β ≤ β <∞ 0�!�� Cε ∼ ε−
β−α
α−1

)
 $*&'-6"

θ :=

1
q − 1

s
1
q − 1

r1
+ 1

N

,

σ :=
θ

1 − θ
,

α :=
1 + σ

σ
=

1

θ
,

β :=
α

1 + (1 − α)σ
.

� - !#! q = 1
) � /4! ! ";� ( β 6= β 0�!�� σ 6= σ

�

5 Fm� F�?74 ¸¯Z�QIZkO
1 ≤ r′ < 2 ≤ N � UWVXZkS�QIZkO r1N

N−r1
> 0

L>M%���cgioag9M 1
2N ′ <

1
N

oaQIV¤O
2 < r1N

N−r1

G
��L>Mp��QIhR��M%UPdfe>oag9��QTg Zkg9M � �>Uaw��&QTg�� SPhRUaL%ZRZkgiO[�iL%M>oag9M�¦E¹>h¯�&giMplnMmO[g9h[tuSaVXU|ORQTSPM%ZRZ[UWO[�c�aSaM ��QThRgiM*vugihRo|j
¼�UWoaVIQXUWhf�&S6g9hk¦E¹%VTVTO�ZkQIM%�8�
¸	Z�QXZ¡O

1 ≤ q ≤ r1 < 2 ≤ s
G

¢£g9oagiM
s < r1N

N−r1

QXZkO�UaL%dfe 1
r1
< 1

s + 1
N

G
��VXZkS�QXZ¡O

0 < θ < 1
L%M%����QTO

θ ≤ θ < 1
oPQTVTO

‖u‖s ≤ C ‖u‖θ
r1,1 ‖u‖

1−θ
q ≤ C ‖u‖θ

2,1,g ‖u‖
1−θ
q ,



� � �� � ��	 � ���%	 ��	�� ������� �
��� ��	���� � � � 	 FaF

�*oaV G>�>UaZ��PSahRQToPg^��gi���pU>G
s*giQ

α < α = 1
θ

oPgi���We>VTO9G>�^UWM%M�QXZkO�¦E¹>h
θ ≤ θ < min( 1

α , 1)
�&QIg���M>oPVTg9QIdfe*L>M>o

αθ < 1
gih[¦E¹>VIV¤O G

JB¹>h�giQIM ZkSPVIdfe%g9Z
θ
QIZkO��>UWM%M

‖u‖2α
s ≤ C ‖u‖2αθ

2,1,g ‖u‖
2α(1−θ)
q ≤ ε ‖u‖2

2,1,g + Cε ‖u‖2 α−αθ
1−αθ

q , Cε ∼ ε−
αθ

1−αθ .

¥�QIgihRv)g9Q>��L>hf�&g��&QIg��²SaL>M>omZ[dfe%g ��M>oaVIgiQXdfe*L>M>o���Q¤O	�>giM�¸)+&t)SPM>giMmORgiM
t1 = (αθ)−1 � t2 = (1−αθ)−1UWM>oPgi��UWM%�&O9G

��� = /4),) * α 6= 1s*giQ
β = β(θ) = α−αθ

1−αθ

G
¸	ZB��QThf�]oPgi�ig9QToaO�� J%UWVIVXZ

θ ≤ θ < min( 1
α , 1) � �%UWM>M�g9hk¦E¹%VTVIgiM

β
L>M%�

Cε
�&QIg	vugie%UaL>t&O[giO[g9M6��g9VIUWO[QISaM>g9M�G

�uL>M%�Pdfe%ZkO�QXZkO αθ
1−αθ = α−β

1−α

G>�^UW��QTO�QIZkO��&QIg�b¯g9e%UWL%t&O[L>M%o6¦E¹%h
Cε

oPgi�ig9QToaO9G
¸	Z�QXZ¡O

β′(θ) = α(α−1)
(1−αθ)2

G
s*giQ

1 < α < α
G%�^UWM%M©QXZ¡O

min( 1
α , 1) = 1

α

G%¸	Z�QXZ¡O
β(θ)

��SaM>SaO[SaM���Uadfe%Z[giM%� � UWVXZkS6¦ESaVIoWO

α = β(0) < β(θ) ≤ β(θ) <∞,
¦7UWVIVIZ

0 < θ ≤ θ <
1

α
.

��M%�>gihRgihfZkg9Q¤OfZ�QIZkO
β(θ) =

α− αθ

1 − αθ
=

α

1 + (1 − α)σ
. � F>Gr`*

�yUahRUaL%Zc¦ESaVIoWO��&QIg�bcgie%UaL>t&ORL>M>o%G
s*giQ�M*L>M

0 < α < 1
G �^UWM>MzQIZkO

min( 1
α , 1) = 1

L>M%�
β(θ)

QXZkO���SaM%SWO[SPM§¦7UWVIVIgiM%�zUWL&¦
[0, 1]

��Q¤O
β(0) = α

L%M%�
β(1) = 0

G
�yUaM>M�¦ESaVIoWO�¦E¹>h

0 < θ ≤ θ < 1
�&QIg���M>oPVTg9QIdfe*L>M>o

0 = β(1) < β(θ) ≤ β(θ) < β(0) = α.

�yUahRUaL%Z�gihRoaQIv&O�Z[QIdfe��¯g9oag9M � F>Gr`*c�&QIg�b¯g9e%UWL%t&O[L>M%o%G
J%UaVTVXZ

q = 1 � �>UaM>M QIZkO
θ = θ

UWL%Z[oag Z[dfe>VISPZRZ[giM � �moPV'G�s&UWO[��F>Gr`&GIH �>G)lnM �&QTg Zkg9��J%UaVTV ¦E¹>e%hkO
θ > θ

�iL
β 6= β

G
� � = /4),) * α = 1lnM �>QTg Zkg9� J%UaVTV QXZ¡O

β(θ) = α−αθ
1−αθ = 1

L%M%� g9Zy¦ESaVIoWO
Cε = ε−

θ
1−θ = ε−σ G���L%Z

θ ≤ θ < 1
¦ESPVToaO

�>UWM%M
σ ≤ σ <∞ G

¢£g9M>M
q = 1 � �>UaM>MAQIZkO

θ = θ
UWL)ZkoPg9ZRdfe>VTSmZ[Z[giM � UaVIZ[S�UaL%dfe

σ = σ
G

�yUa��Q¤O�QXZ¡O��>gih�s&UWO[�]vugi��QIg9Z[giM�G
�

5 F*D FHJ���@B(0§!�® , ® "&¿ � "%-��10��!�6/�� - �1"%-+� -,� � /4( -�-,� ��",)+( /�0#$'& �'&�0 N = 1 ' �4"%-�� !���)�- "%$5&20�!�� 2 ≤
s < r1N

N−r1

";�'(�&�"%-60(&'- ">��0�02$'& 2 ≤ s < ∞ -(0 -60!� - (.- - ! + � � ! - ",!.-(' �($4)�$'& - ! = /4),) ";� (  - � -6!
1
r1
< 1

s + 1
1
��- 0 � !#( -60 " $4)�/1( "@$1! �!� /4( - � $1! � ",05-6! &5- 0 �*� � /(��)+"%/10%�*$�/4!  -6! �*&'/40 �

��� ����� "5�(
5	�
�� ���) ��
��
.� � �-�����(
 ��7:6 �'� / 

W k

p (Ω, %µ, %ν)
��QIg	QI� �aSPh[QIoag9M���v%ZRdfe>M>QTOkOB�>g��%M>QIgih[O[g9M�s*SavuSaVIgi�Pj&���WL>��g	Z[QIM%�^¦E¹>h �&QTg ��MmO[g9hRZ[L%dfe*L>M>o �mL%UPZkQIVIQTM>g UWhRgih
¼^VTg9QIdfe*L>M%oagiM M>QIdfemO��PgihR�¯g9M%�&v%Uah9G)��L%Z^�&QIg9Z[gi��¼^h[L%M%� �cgihf�&giM e>QIgih^UWM%�>gihRg�oag9��QIdfemO[giO[g6s&SavuSaVIgi�m�
���WL%��g]�PSahRoag Z¡ORgiVIV¤O G



FWq ���������
	�� � � �������)��� � ��� 	 �
��� ����� �)��� �����
	��

!�® , ®��® " �]�!J�¬�FHJLF�?E�9@B(B)F*(
¸	Z�QXZkOygih[¦ESahf�&g9h[VIQIdfe � UWM �&QIg�¼^g9��QIdfemOfZ¡¦EL>M%NPORQTSPM giQIM>QIoag�� SPhRUaL%ZRZkgiO[�iL%M>oag9M��9L ZkO[giVIVIgiM�Gª��QIg9Z[g�giO¡�cUPZ
NaSa��t>VIQI�iQIgih[O[giM���vugihRVIgioaL%M>oag9M©�cgihf�&giM�QIM��&QIg9Z[gi����v%ZRdfe>M>QTOkO��%UWhRoagiVIgioaO9G
��QIg���MmO[g9hRZ[L%dfe*L>M>oPgiM�ZkQIM%��UWM>oPgiVIgie>MmO�UWM 7 }0hRQµ{W» : � F%G `>G F � �>G F>GIHaG&��QIg]�yUahRZkO[g9VTVIL>M>o�QIM��>QTg Zkg9�\bcL%dfe
�agihR�cgiM%�&giO^�&QIg��iL%ZR�|OR�iVIQIdfe>g�� SahfUWL%ZRZ[g�O[�9L>M>o

% ∈ C∞(Ω) � �cgiVXdfe>g�¦E¹%h��>QTg���gi�%M>QTO[QISaM �&gih����WL%��g
W k

p (Ω, %µ, %ν)
UWVIVTg9hR�&QIM>omZ²M>QXdfemO	M �WORQTo6QIZkO9G*�yg9Z[e%UWVIv ��QIhR� �>QTg Zkg�� SahfUWL%ZRZkgiO[�9L>M>o�UWv%oag9ZRdfe*�c�PdfemO �9L

% ∈ C1(Ω)
G

��L>MA��QIhR�A�&QIg�¼^gi��QXdfePOfZ¡¦EL%M>NmO[QISaM �&g��)M>QTg9hkO G
IKF�� (.?7� ?7�u(C!�® , ® " � � "%- =/0�!�?1(*"@$4! % & - " 8 ( � -(  "%$5&�(@� �!0�!�?1(*"@$4! ",! Ω

)  - !#!>�,$4) � - !���- . -!�4",!���0�! 7� - ! - 0 �'&�),)+(��'",! � *
� �
% ∈ C1(Ω)

)
� � ∃c > 0 : %(x) ≥ c ",! Ω

)
� � ∃c% > 0 : |∇%(x)| ≤ c%%(x)

2 )
� � ∀K > 0 ∃εK > 0 ∀x : dist(x, ∂Ω) ≤ εK : %(x) > K

�

& "%- 0(&5- "�&'-!��-(0�( - ( dist(x, ∂Ω) � -6! � &+� ( /4!�� ��-,�
� 0�!�?1( -,� x ��$�' � -�& "%-6( � 02/4! � ∂Ω
�

��QIg�J>L>M%NPORQTSPM
%
�&QI�agihRoaQIgih[O�UWVXZkS�UW����UWM%�A�&g Z�¼^giv>QIg�ORg9Z�oPgioag9M ∞ G

5 F*D FHJ���@0(B�!�® , ® ")".- ",! . - ";� "."%- ) * - � -%9 ";� ( "%- 02- ! " $ � ",(*" � - � $4! � ( /1!#( -6! d1
)
d2

0�!�� -6",! - � -(7
  "%$5&�(@� �!0�!�?1(*"@$4! % ) �($ � / 8 �'&�0�/4),)�- x ∈ Ω

d1 dist(x, ∂Ω) ≤ %(x)−1 ≤ d2 dist(x, ∂Ω)

�1",)+( �
J0¹%h��&QIg��yg��)M>Q¤ORQTSPM �&gih����WL>��g

W k
p (Ω, %µ, %ν)

��QIhR��g9QTM>g��ug9h[VIgioPL>M>o��&g9Zy¼^giv>QIg�ORg9Z
Ω

vugiM#�WO[QIoWO �
IKF�� (.?7� ?7�u(C!�® , ® " · � - "

Ωj := {x ∈ Ω, %(x) < 2j}, j = M,M + 1, . . . .

& "%- 0(&5- " � - " M �($ � -( $�&�)+( ) ��/ 8 ΩM 6= ∅ 0�! � ΩM−1 = ∅ � � -6",( - 02&",! � - "
Ωj := Ωj+2\Ωj−1 �'&�0 j = M + 1,M + 2, . . . ,

ΩM := ΩM+2.

- � �6- " Ψ = (ψ(x))∞j=M
-6",! - =�/�'�",)+"%- ��$4! = 0�!2?4(*"@$4! -6! '�",(

0 ≤ ψj(x) ∀j,
ψj ∈ C∞

0 (Ωj) ∀j,
∞∑

j=M

ψj(x) = 1 ∀x ∈ Ω,

|Dγψj(x)| ≤ Cγ2j|γ| ∀j = M,M + 1, . . . , ∀|γ| ≥ 0.

� - ",( - 02&",! -%9 ";� ( "%- 02- ! � 0*� -6)+!
Kl,j = {x : |x− xj,l| ≤ c02

−j} j = M,M + 1, . . . , l = 1, . . . , Nj � F%G F�



� � �� � ��	 � ���%	 ��	�� ������� �
��� ��	���� � � � 	 FP�

'�",(
Ωj ⊂ ∪Nj

l=1Kl,j ⊂ Ωj−1 ∪ Ωj+1,�($ � / 8 ",! ( -!��-(' � 0�!2?4( x ∈ Ω & 5 $5&��'( - ! � L � 0*� - )+!�- ",!.- ! !#"%$'&(*)�-'-602- ! � 0�05$5&��6$'&! ",( (�& /�&'-6! � � /�7&'-6"�? /4! !�",! � F%G F� �4"%- � $1! � ( /1!#( - c0 &'-6)+"%-�& "#� ?4)�- ",! � -( $�&�)+(  -60%� -6! � � 0 �1"%-+� - ! � 0*� -6)+!�-%9 ";� (*"%-602- !
= 0�!2?4(*"@$4! -6! ϕj,l

)
j = M,M + 1, . . .

)
l = 1, . . . , Nj

'�",(
0 ≤ ϕj,l(x), ∀x ∈ Ωj , ∀j, l,
ϕj,l ∈ C∞

0 (Kl,j), ∀j, l,
Nj∑

l=1

ϕj,l(x) = 1 ∀x ∈ Ωj , ∀j,

|Dγϕj,l(x)| ≤ cγ2j|γ| ∀|γ| ≥ 0, ∀x ∈ Ωj , ∀j, l.
5 F*D FHJ���@B(0§!�® , ® ">,�� "%- � $4! � ( /1!#( -6! cγ & $1!�� -6! � $1! c0 /*& ) �+�1) � � F>G F� �
!�® , ®��® , I F � (�?E� ?'�)(�3�FHJ�� =>@BD F

W k
p (Ω, %µ, %ν)

��L>MAN �aM>M>g9M��>QTg]oPgi��QXdfePORg�ORgiM s*SavuSaVIgi�Pj*���WL>��g��&g��%M%QTg9hkO��cgihf�&giM � �moPV'G87 }0h[QE{|» : � F>Gr`&G F � F%G `>G q)G
IKF�� (.?7� ?'�)(C!�® , ® " � � -6"%- ! % 0�!�� Ψ   "%- $*&'-6! ��-�� ! "%-60 ( � � - "%-6! 1 < p <∞ )

s ≥ 0
)
1 ≤ q <∞ )

ν
)
µ ∈ R

'�",( ν ≥ µ+ sp
� � /1!#! � - "

Hs
p(Ω, %µ, %ν) :=

{

f ∈ Lloc
p (Ω) :

‖f‖Hs
p(Ω,%µ,%ν) :=





∞∑

j=M

2jµ ‖ψjf‖p
Hs

p(RN ) + 2jν ‖ψjf‖p
Lp(RN )





1
p

<∞
}

.

=�/1),) � s = 0
) � /4!#! � -6"�-(0���$4( - )+"%$5& ν = µ 0�! � -+� ";� ( � /4! ! H0

p (Ω, %µ, %ν) =: Lp(Ω, %
µ)
� � - !#!

s > 0
) ��/1!#! � - "

Bs
p,q(Ω, %

µ, %ν) :=

{

f ∈ Lloc
p (Ω) :

‖f‖Bs
p,q(Ω,%µ,%ν) :=





∞∑

j=M

2jµ ‖ψjf‖p
Bs

p,q(RN ) + 2jν ‖ψjf‖p
Lp(RN )





1
p

<∞
}

.

� - ",( - 02&",! � -6"

W s
p (Ω, %µ, %ν) :=

{

Hs
p(Ω, %µ, %ν) �6/4),) � s = 0, 1, 2, . . . ,

Bs
p,q(Ω, %

µ, %ν) �6/4),) � 0 < s, s 6∈ N.

5 F*D FHJ���@B(0§!�® , ® " ! - �	) $ 8 ( � "%$5& - -6"#� - ! ) � / 8 �4"%-,� - � $�02' -	! "%$5&�( ��$4! ��- 0 =�/�'�",)�"%- Ψ /*&(7
& $1!�� -6! � � /�� & - " 8 ( * � -6"%- ! Ψ 0�! � Ψ′ -( -6"1= /�'�",)+"%- ! � -(' $ 8 � -�� ! ",( "@$1! � � � � � � � � "%- �,$�02' -
Hs

p(Ω, %µ, %ν) 0�!�� Hs
p
′(Ω, %µ, %ν) �6- "%- ! '�",( �1"%-+� - ! Ψ &:-( � Ψ′ ��-�� ! "%-60 ( �� /1!#! ��",)+( ' ".' � ",!#! -���- 0 � )�- "%$5& & - ",( � $1! � -6!�� - ! + Hs

p(Ω, %µ, %ν) = Hs
p
′(Ω, %µ, %ν)

�
� - ",( - 02&",! -:9�";� (*"%-605-6!>" $ � ",(*" � - � $4! � ( /1!#( -6! c1 ) c2 ) �,$ ��/ 8 �'&�0�/4),)�- f ∈ Hs

p(Ω, %µ, %ν) ��",)+(%*
c1 ‖f‖Hs

p(Ω,%µ,%ν) ≤ ‖f‖Hs
p
′(Ω,%µ,%ν) ≤ c2 ‖f‖Hs

p(Ω,%µ,%ν) .



Fa� ���������
	�� � � �������)��� � ��� 	 �
��� ����� �)��� �����
	��

- ",!.-�/4! /4) $:� - �10��!� /(� -1��",)+( �'&�0��4"%- � $�02' - Bs
p,q(Ω, %

µ, %ν)
�

=�&�0��1"%-+� - � )�-6"%$'&�&#-6",(�";� (<�4"%- ! $102/�0��!� -6( -(0�!�� ν ≥ µ+ sp  -+� - !#(*)+"%$'& �
��QIg9Z[g����WL%��g�vug9Z[Q¤OR�ig9M©¦ESPVToPgiM%�>g^¸	QToPgiM%ZRdfe%U|¦µORgiM��
¨�E&� ? !�® , ® " � � "%- �,$�02' - Bs

p,q(Ω, %
µ, %ν) 0�!�� Hs

p(Ω, %µ, %ν) � ",! � . /4! /�$'&0%$�02' - � =�&�0 q < ∞)+"%- �1( C∞
0

�4"%$'&( ",! Bs
p,q(Ω, %

µ, %ν) 0�!�� �4"%$'&( ",! Hs
p(Ω, %µ, %ν)

�

��QIg�Sav>QIoag9M���SPh[��giM ¦E¹>h��&QTg�oPgi��QXdfePORg�ORgiM ���aL>��g^Z[QIM%� �PgihRoaVIgiQXdfe%Zk�cgiQXZ[g�L>M>e%UaM%�&VIQIdfe�G&�yg9Z[e%UWVIv QXZkO
�&QTg�s&L%dfe>g�M%UadfeAUWM)�&gihRgiM � � �mL>QT�|UaVTg9MPORgiM � ��SahR��giM��aSaMAbcg9�&g9L&O[L%M>o%G&¸	Z�VI�awWO�ZkQXdfeA�ig9QToPgiM��
¨�E&� ? !�® , ® " ° =�&�0 s ∈ N

� - "

‖f‖∗W s
p (Ω,%µ,%ν) :=





∫

Ω

∑

|α|=s

%µ(x)|Dαf(x)|p + %ν(x)|f(x)|p dx





1
p

.

=�/1),) � s 6∈ N
)
s = [s] + {s} '�",( [s] ∈ N

0�!�� 0 < {s} < 1
) � /4!#! �6- "

‖f‖∗W s
p (Ω,%µ,%ν) :=





∫

Ω×Ω

∑

|α|=[s]

∣
∣
∣%

µ
p (x)Dαf(x) − %

µ
p (y)Dαf(y)

∣
∣
∣

p

|x− y|N+{s}p
dx dy +

∫

Ω

%ν(x)|f(x)|p dx





1
p

.

� /1!#! ";� ( ‖.‖∗W s
p (Ω,%µ,%ν)

- ",!.-�$ �(0�" � /1)�-6! ( - � $40+' ",! W s
p (Ω, %µ, %ν)

�

5 F*D FHJ���@0(B�!�® , ® " + � - 0 . -, - ";��";� ( 05-5$'&(�/�0,�! - !��1"#� ) -60�  0%��&�"%-60�!#"%$'&(   "%-:� -60 � - � -�&'- ! � �10��"�&�' -60 �1"@& ( � "%$'& - ",!   "%$'&(*"#� - 0 &�",!  - ";��*� - 0 � /4( - &'-+� /(��( ) � / 8 �'&�0�( -!��-�=/0�!�?1(*"@$4! f ∈ Lloc
p (Ω) '�",( ‖f‖W k

p (Ω,%µ,%ν) < ∞ ' /4) �,$ �'&�0�( -!��-
= 0�!2?4(*"@$4! f ∈W k

p (Ω, %µ, %ν) + ��",)+(%*
c1 ‖f‖∗W k

p (Ω,%µ,%ν) ≤ ‖f‖W k
p (Ω,%µ,%ν) ≤ c2 ‖f‖∗W k

p (Ω,%µ,%ν) .

� - 0 � /4( - ' /�$'&( ?�- ",!.- �10��:� /�� -4� /40 & &'- 0 ) $*& �'&�0 ( -!��- = 0�!2?4(*"@$4! f ∈ Lloc
p (Ω) '�",( - !���)+"%$5&#-60 � $40+'

‖f‖∗W k
p (Ω,%µ,%ν)

/�0#$5& f ∈W k
p (Ω, %µ, %ν) �1",)�( �

��g9hp¦ESaVIoag9M%�&g s&UWO[� oPg9ZkORU|O[O[giO �&QTg ��v%ZRdfe%�|OR�iL>M>o§oPgi��QXZ[Z[gih ¥yUWVIv>M>SPh[��giMzL>M%��oPQTv>O giQIM>g UWM)�&gihRg
3 e%UWhfUWNmO[g9h[QXZ[QTg9h[L>M%o6�&g9h�oagi��QXdfemO[giO[giM s*SPv)SPVTg9�aj&���WL%��g�UWM�G
¨�E&� ? !�® , ® ,%¿ � - " 0 ≤ t ≤ s 0�!��

κt := µ
t

s
+ ν

s− t

s
.

� /1!#! ��",)+(%* � - !#! t � /1!�-!- /�&�)+"#� ";� ( ) � /4!#! -:9�";� (*"%-60 (�- ",!.-4" $�� ",( " �4- � $1! � ( /4!#( - c ) �($ ��/ 8 �'&�0)( -!��-,�
f ∈W s

p (Ω, %µ, %ν) �1",)+(%*
∫

Ω

∑

|α|=t

%κt(x)|Dαf(x)|p dx ≤ c ‖f‖p
W s

p (Ω,%µ,%ν) .

� - !#! t ! "%$5&�( � /4!2-:- / &)+"#� ";� ( ) ��/4! ! -:9 ";�'(*"%- 0 ( - ",! " $ � ",(*" � -,� c ) �($ ��/ 8 '�",( t = [t] + {t} ) [t]� /1!�-!- /�&)�"#� ) 0 < {t} < 1 0�! �4�'&�0 ( -!��-,� f ∈W s
p (Ω, %µ, %ν) ��",)+(%*

∫

Ω×Ω

∑

|α|=[t]

∣
∣
∣%

κt
p (x)Dαf(x) − %

κt
p (y)Dαf(y)

∣
∣
∣

p

|x− y|N+{t}p
dx dy ≤ c ‖f‖p

W s
p (Ω,%µ,%ν) .



� � �� � ��	 � ���%	 ��	�� ������� �
��� ��	���� � � � 	 Fm{

- � �1",)�(
W s

p (Ω, %µ, %ν) =
{

f ∈ D
′(Ω) :

‖f‖∗∗p
W s

p (Ω,%µ,%ν) = ‖f‖∗p
W s

p (Ω,%µ,%ν) +
∑

|α|≤[s]

∫

Ω

%κ|α|(x)|Dαf(x)|p dx <∞
}

.

� "%- ��$10+' - ! ‖.‖∗∗W s
p (Ω,%µ,%ν)

0�!�� ‖.‖W s
p (Ω,%µ,%ν)

� ",!�� ".' � /�02' W s
p (Ω, %µ, %ν) $ �(0�" �4/4)�- !#( �

��g9h�M%�Pdfe%Z¡ORg�s&U|OR��Zkt>QIgiVTO�vugiQ��&g9h�¥�g9h[VIgiQTO[L%M>o��aSaMA���2t>hRQTSPh[QT�n��v%ZRdfe%�|OR�iL>M%oagiM©giQIM>g]��QXdfePORQToPg]��SaVIVTg ��*oaV G87 }0h[QE{|»4: � �%G F%GTHPG
¨�E>�9? !�® , ® ,�"�� "%- � $40+'

‖f‖+
W k

p (Ω,%µ,%ν) :=





∞∑

j=M

Nj∑

l=1

2jµ ‖ψjϕj,lf‖p
W k

p (RN ) + 2jν ‖ψjϕj,lf‖p
Lp(RN )





1
p

";� ( - ",!.-�$ �(0�" � /1)�- !#( - � $40+' ".' ��/�02' W k
p (Ω, %µ, %ν)

�

5 F*D FHJ���@B(0§!�® , ® " : � "%- � $4! � ( /1!#( -6! c, c′ ��- 0 � !��1)�- "%$'&�0�!��
c ‖f‖W k

p (Ω,%µ,%ν) ≤ ‖f‖+
W k

p (Ω,%µ,%ν) ≤ c′ ‖f‖W k
p (Ω,%µ,%ν)

& $1!�� -6! � $1! c0 /*& ) � "%-5&#- � F>G F� �
!�® , ®��®X! ��(ª� F J�8	� GBE>� ?7�u(B4 @B(03 - ?7(ª¬�Fm�9�9@B(0u494 =&� ? F
��QIgy¦ESaVIoagiM)�&giM©s>�|O[�9g��cgihf�&giMpvugiQ �&g9M©Z[t%�|ORgihRgiM ��v%Z[dfe)�|O[�9L>M>oPgiMp�ag9h[�cgiM)�&g�O � Z[QTg9e>g�7 }0h[QE{|» : � F>G q%GIH �F>G q%Gr`&G
¨�E>�9? !�® , ® ,u, � -6"%- ! 0 ≤ s1, s2 < ∞ )

1 < p1, p2 < ∞ 0�!�� ν1 ≥ µ1 + s1p1
)
ν2 ≥ µ2 + s2p202-'-6),)�-�� /�&)�-6! ) �($ ��/ 8

(µ1 − ν1)s2p2 = (µ2 − ν2)s1p1.� - ",( - 02&",! � -6" 0 < θ < 1 0�!��
s = (1 − θ)s1 + θs2,

1

p
=

1 − θ

p1
+

θ

p2
,

ν

p
= (1 − θ)

ν1
p1

+ θ
ν2
p2
,

µ− ν

sp
=
µ1 − ν1
s1p1

=
µ2 − ν2
s2p2

.

'@=�/1),) � s1 = 0
)
s2 > 0

) ��/4! ! �6- " µ1 = ν1
0�!�� µ−ν

sp = µ2−ν2

s2p2

� = /4),) � s1 = 0 0�!�� s2 = 0
) � /4! !

� -6" µ1 = ν1
)
µ2 = ν2

0�!�� µ = ν
� +� /1!#! -:9�";� (*"%-60 ( - ",!.- " $ � ",(*" � - � $1! � ( /4!#( - c

) �($ ��/ 8 �'&�0 ( -:� -+� f ∈ Hs1
p1

(Ω, %µ1 , %ν1) ∩
Hs2

p2
(Ω, %µ2 , %ν2) �1",)�( *

‖f‖Hs
p(Ω,%µ,%ν) ≤ c ‖f‖1−θ

H
s1
p1

(Ω,%µ1 ,%ν1 ) ‖f‖
θ
H

s2
p2

(Ω,%µ2 ,%ν2 )

0�!�� ' �6/1),) � s1 6= s2
+
‖f‖Bs

p,p(Ω,%µ,%ν) ≤ c ‖f‖1−θ
H

s1
p1

(Ω,%µ1 ,%ν1 ) ‖f‖
θ
H

s2
p2

(Ω,%µ2 ,%ν2 ) .



Fa» ���������
	�� � � �������)��� � ��� 	 �
��� ����� �)��� �����
	��

J0¹%h��&QIg^oPgi��QXdfemO[g�ORgiM s*SavuSaVIgi�Pj&���WL>��g^oaQIV¤O�¦ESPVToPgiM%�>gih�¸²QIM*v)giOkO[L%M>oPZRZ[UWO[� � �moPV'G87 }0h[QE{|» : � F%G �>GTH��
¨�E&� ? !�® , ® , ! � - " Ω -6",! &'-6)+"%-�& "#� -,� � -�& "%- ( �
� - " t ≥ 0

)
1 < p ≤ q <∞ )

ν ≥ µ+ sp 0�! �

s− N

p
= t− N

q
.

� - "  -6",( -602&�",!
κ

q
=
µ

p
,

τ

q
=
µ

p

s− t

s
+
ν

p

t

s
.

� /1!#! ";� (<�4"%- - ",!�&'- ( ( 0�!��
W s

p (Ω, %µ, %ν) ⊂W t
q (Ω, %κ, %τ )

�'( - ( "#� 0�!�� -,� �1",)�( τ ≥ κ+ tq
�

��g9h�¦ESaVIoagiM)�&g s&U|OR�©vug9ZRdfe>hRgiQIv&O � ��UWM>M�Z[t)g9�iQIgiVIVTgAoag9��QIdfemORg�O[g s*SPv)SPVTg9�aj&���WL%��g©QTM�oPgi� �ae>M>VIQXdfe>giM
s*SavuSaVIgi�Pj&s&VTSPv)Sm�&g9diNmQ �2j*���WL>��giM©giQIM>oag9v)giOkORg�O�Z[QTM%��G
¨�E&� ? !�® , ® , + � - " µ < 0 < ν

)
ν > µ+ 2

)
µ+ ν 6= 0 0�!�� 1 < p <∞ � � /4! ! ��",)+(

W 2
p (Ω, %pµ, %pν) ⊂W t

p(Ω)

'�",( t = 2ν
ν−µ

�

5 Fm� F�?74 JB¹>h��>QTg Zkg Z
t
oPQTVTO

0 < t < 2 � t 6∈ N
L>M%�

κt := pµ
t

2
+ pν

2 − t

2
= 0.

s*giQ
u ∈ W 2

p (Ω, %pµ, %pν)
G%�ygihys>U|O[�]F%G `>G `a��VIQTgi¦Egih[O��>UWM>M

St :=

∫

Ω×Ω

∑

|α|=[t]

|Dαu(x) −Dαu(y)|p
|x− y|N+{t}p

dx dy ≤ c ‖u‖p
W 2

p (Ω,%pµ,%pν) .

¢£g9Q¤ORgihRe>QTMAQXZ¡O

S0 :=

∫

Ω

|u(x)|p dx ≤ c

∫

Ω

%pν(x)|u(x)|p dx ≤ c ‖u‖p
W 2

p (Ω,%pµ,%pν) .

J0¹%h
t > 1

QXZkO

S1 :=
∑

|α|=1

∫

Ω

|Dαu(x)|p dx ≤ c
∑

|α|=1

∫

Ω

%
p
2 (ν+µ)(x)|Dαu(x)|p dx ≤ c ‖u‖p

W 2
p (Ω,%pµ,%pν) .

J0¹%h
t < 1

QIZkO��>UaM>M ‖u‖p
p,t ≤ c(S0 + St) ≤ c ‖u‖p

W 2
p (Ω,%pµ,%pν)

L>M)�§¦E¹>h
t > 1

oaQIVTO ‖u‖p
p,t ≤

c(S0 + S1 + St) ≤ c ‖u‖p
W 2

p (Ω,%pµ,%pν)

G)��VXZkS�QXZ¡O
u ∈ W t

p(Ω)
G
���g9h	M%�Pdfe%Z¡ORgys&UWO[��L>MmORgihfZkL%dfemO¯�>QTg�¸	QTM*vug�OkORL>M>o�oag9��QIZRZkg9h²oag9��QIdfemORg�O[g9h¯s*SPv)SPVTg9�aj&���WL%��g�QIM ���aL>��g

Z¡ORg�O[QIo �&Q�
ug9h[g9M>�iQIgihRv%Uah[g9hcJ%L>M>NmO[QISaM>g9M��



� � � � � ��	 � ���%	 	�� � �����
	��
	�� 	�� � �%���
�#��� ��	�� �"��	������ � ��	�� Fa�

¨�E>�9? !�® , ® , : � -6" µ < 0 < ν
)
ν > µ + 2

)
µ + ν > 0

� � /4!#! -%9 ";� (*"%-60 ( 1 < p0 < ∞ ) �($ ��/ 8 �'&�0
p ≥ p0

��",)+(%*
W 2

p (Ω, %pµ, %pν) ⊂ C1(Ω).

5 Fm� F�?'4 ��QIg�´�SPM%ZkORUWMmORg
1 < p0 <∞ Z[giQ0ZkS�oag9�c�ae>VTO � �>UWw

2ν

ν − µ
> 1 +

N

p0
.

��QIg9Z�QIZkO�� �aoaVIQXdfe � �>U��¯g9oag9M
ν + µ > 0

�&g9h�}�g9h[��UWL&¦ �&gih�VIQIM>Nag9M s&giQTO[g]oah5�awPgih�UWVXZ�H�QIZkO9G
��g9hys*SPv)SPVTg9�aj*¸²QIMmvug�O[O[L>M%oPZRZ[UWO[��F>Gr`&GIH `�VTQIg�¦Eg9hkO��9L%Z[Ua����g9M©��QTOys&U|OR��F>Gr`&Gr`|q��&QTg�bcg9e%UWL>t>O[L>M>o)G

�

�	� � ����	 � � � 	 	 � �����!� 	 � 	�� 	 ��������� ��������	������ 	�� � � � � 	 �
��� ��� � "$

	 �+�&��(���

lnMp�&QTg Zkg9� ��v)Z[dfe>M%Q¤O[O²�¯g9hR�&g9M6g9MmORUWh[O[giO[g�giVIVIQTt&ORQIZRdfe>g��yQ�
ªgihRgiMmO[QXUWVISatugihfU|ORSahRgiM��&g��%M%QTg9hkO GW��QIg9Z[gyxyt)gi�
hRUWO[SPh[g9M]�¯g9hR�&g9M]v)g9Q&�&gih ��MmO[g9hRZ[L%dfe*L>M>o �mL%UPZkQIVIQTM>g UWhRgih�t)UWhfUWvuSaVIQIZRdfe>gih0��Q�
ug9h[g9MmO[QXUWVIoaVIgiQXdfemL%M>oag9M]�agih[�
�¯g9M%�&giO9G
��QIg��^UWhRVTg9oaL>M>oPgiM�QTMA�&QIg9Z[gi����v%ZRdfe>M>QTOkO�g9hk¦ESPVToPgiM�QTMA��M>VIgie%MmL%M>o UWM 7 }0hRQµ{W» : � ´]UWt>QTO[g9V��>G
IKF�� (.?7� ?'�)(C!�®I!�® " � - " %(x) - ",!.- � -,  "%$'&( � �!0�!�?1( "@$1! � -,' $ 8 � - � !#",(*"@$4! � � � � � � � � - " m ≥ 1 - ",!.-
!./1( &�0 )+"%$'& - � / &)/0�! � ν, µ 02-'-6),)�-�� / &)�- ! '�",( ν > µ+ 2m

� � - ",( - 02&",! � -6"

κl = ν
2m− l

2m
+ µ

l

2m
, l = 0, 1, . . . , 2m.

� "%- � -6!�� -
A

(m)
µ,ν

&'-+� ( -5&�( /�0���/1),)�- ! � " � - 02-6! ( "%/1) $:"#- 02/4( $402- ! � -60 � -,� ( /1)+(

Au =

m∑

l=0

∑

|α|=2l

%κ2l(x)bα(x)Dαu+
∑

|β|<2m

aβ(x)Dβu,

 $*&'- "��4"%- �,$4) � - !�� -6! . -!�1",!��*0�!�� -6! � - )+( -6! *
bα ∈ C1(Ω) '�",( ",! Ω &5-,� $5&�0%$4!2?4( - ! � & )�-6",( 0�!�� - ! ∀α, � F%G q�
∃CE > 0 : (−1)m

∑

|α|=2m

bα(x)ξα ≥ CE |ξ|2m ∀(ξ, x) ∈ R
N × Ω,

b(0,...,0)(x) ≥ CE ∀x ∈ Ω,

(−1)l
∑

|α|=2l

bα(x)ξα ≥ 0, ∀(ξ, x) ∈ R
N × Ω, l = 1, . . . ,m− 1,

aβ ∈ C(Ω) ∀β, � F%G ��
∀ε > 0 ∃jε ∈ N : |aβ(x)| ≤ ε%κ|β|(x) ∀x ∈ Ω\Ωjε∀β. � F>G ��

JB¹>h�giQIM>QIoag]¥�QIVT¦7Zkvug�ORhRUPdfePORL>M>oPgiM���QThf� g9QTM%g]��S&�&QT�%�9QTg9hkORg��yg��)M>Q¤ORQTSPM �ag9h[�cgiM%�>g�O��
IKF�� (.?7� ?'�)(C!�®I!�® , � - " % - ",!.- � -(  "%$5&�(@� �!0�!2?4(*"@$4! � -,' $ 8 � -�� ! ",( "@$1! � � � � � � ) �1"%- -(0���$4( - )+"%$5& �,$1) 7
� - !�� -60 . -!�4",!���0�!�� � - ! &*��( *

% ∈ C∞(Ω), � F%Gr{*
|Dγ%(x)| ≤ Cγ%

1+|γ|(x) ∀x ∈ Ω, ∀γ. � F%G »�



qP� ���������
	�� � � �������)��� � ��� 	 �
��� ����� �)��� �����
	��

� "%- � -6!�� -
A

(m)
µ,ν

′ &'-,� ( -'&( /�0���/4),)�- ! A ∈ A
(m)
µ,ν

) �'&�0��1"%-�/1! � ( /4(*( � F>G q�+) � F>Gr�* 0�!�� � F%G �� ��",)+(%*
bα ∈ C∞(Ω) ∀α,  $*&'-6" ( -!� - � & )�- ",( 0�!�� ",! Ω &5-,� $5&�0%$4!2?4( ";� ( ,
aβ ∈ C∞(Ω) ∀β,
∀ε > 0 ∃jε ∈ N : |Dγaβ(x)| ≤ ε%κ|β|+|γ|(x) ∀x ∈ Ω\Ωjε , ∀βγ.

J0¹%h�Zkt)�|O[g9h[g�bcg�ORhRUPdfePORL>M>oPgiM ��QIhf� ¦ESPVToPgiM%�&g Z���g9���pU�vugiM �aO[QIoWO �
,�F*D¾D E !�®I!�® " � - " A ∈ A

(m)
µ,ν

′ � � /4! ! �1",)�(��'&�0)( -!��-,� k = 1, 2, . . . , Ak ∈ A
(km)
kµ,kν

′ �

��g9h�bcgi�cgiQXZ¯QXZkO�QTM 7 }�hRQµ{W» : � ��gi���pUp�>Gr`&Gr`��iL©�%M%�&g9M�G
��� ��� � ��� �+�!�(���!� ��� �+���! �.����+�,	

��QIg�QIM �&QIg9Z[gi� ��v%ZRdfe>M>QTOkOcv)g9��QTg Zkg9M>g���� t>hRQISahRQ¤�n��v%ZRdfe%�WO[�iL%M>o���QThf�pZkt)�|O[g9h	Sa¦µO¯�ag9h[�cgiM)�&g�O²�cgihf�&giM�G
¨�E&� ? !�®X!�® " � -6" A ∈ A

(m)
µ,ν

)
ν ≥ 0

)
τ ∈ R

)
1 < p <∞ �

� /1!#! -:9 ";� ( "%- 0 ( - ",!.- � $4! �'( /4! ( - λ0 ≤ 0
) �($ � / 8 �'&�0)( -!��-,� λ ≤ λ0

� $1! � ( /1!#( -6! C1 > 0
)
C2 > 0-%9 ";� ( "%- 02- ! ) �($ � / 8 �'&�0)( -!��-,� u ∈ W 2m

p (Ω, %τ+pµ, %τ+pν) �1",)+(%*
C1 ‖u‖W 2m

p (Ω,%τ+pµ,%τ+pν) ≤ ‖Au− λu‖Lp(Ω,%τ ) ≤ C2 ‖u‖W 2m
p (Ω,%τ+pµ,%τ+pν) .

5 Fm� F�?74 �yQTg©h[g dfePORg ��M>oaVIgiQXdfe*L>M>o QXZkO6VIgiQXdfePO��iL �igiQIoag9M�G ¥�QIgih[¦E¹>h6QXZkO��&QIg � SahfUWL%ZRZkgiO[�9L>M>o
ν ≥ 0��QIdfemO[QIo%G

��L>MA��QIhR�A�&QIg�VTQIM>Nag���M>oaVIgiQXdfe*L>M>o�oag9�igiQIoWO G
� SahR¹>v)g9h[oPgie>g9M%� ��QIhf�

suppu ∈ Kk,j
UaM>oag9M>Sa����giM � �*oPV'G � F%G F�fG>�yQTg]J>L%M>NmO[QISaM

u
��QIhf� UWL%wagihRe%UaVTv

�aSaM
Kk,j

�&L>hfdfe
0
¦ESPhkORoag ZkgiO[��O G

¸	Z�Z[giQ

A1u =

m∑

l=0

∑

|α|=2l

%κ2l(xj,k)bα(xj,k)Dαu− λu,

A2u =

m∑

l=0

∑

|α|=2l

(%κ2l(x)bα(x) − %κ2l(xj,k)bα(xj,k))Dαu,

A3u =
∑

|β|<2m

aβ(x)Dβu,

g9Z�oaQIVTO
Au− λu = A1u+A2u+A3u

G
��L>MAQXZ¡O

‖A1u‖p
Lp(Ω,%τ ) =

∫

RN

%τ (x) |A1u(x)|p dx

≥ c%τ (xj,k)

∫

RN

∣
∣
∣
∣
∣
∣

m∑

l=0

∑

|α|=2l

%κ2l(xj,k)bα(xj,k)Dαu− λu

∣
∣
∣
∣
∣
∣

p

dx,

�¯SPv)g9Q��&QTg�´ySaM)Z¡OfUWMmO[g
c
M>QIdfemO��aSPM

j, k, A
UWv%e%�WM>oaO9G

��QIg�´�S*SPhR�&QIM%UWO[giMmORhRUaM%Z¡¦ESPh[�pUWO[QISaM
y := %

ν−µ
2m (xj,k)x, v(y) := u(x)



� � � � � ��	 � ���%	 	�� � �����
	��
	�� 	�� � �%���
�#��� ��	�� �"��	������ � ��	�� q%H

VTQIg�¦Eg9hkO
Dα

xu =
(

%
ν−µ
2m (xj,k)

)|α|
Dα

y v, dx =
(

%−
ν−µ
2m (xj,k)

)N

dy.

JB¹>h��&QIg�J>SPL>h[QIgih[O[hfUWM)Z¡¦ESPh[��QIgih[O[g��PSaM
Dαv

oPQTVTO
F (Dαv) = i|α|ξαFv = (−1)lξαFv.

¢£g9Q¤ORgihRe>QIM�QXZkO
κ2l + 2l

2m (ν − µ) = ν
G

�yUaM>M�¦ESaVIoWO

‖A1u‖p
Lp(Ω,%τ ) ≥ c%τ− N

2m (ν−µ)(xj,k)

∫

RN

∣
∣
∣
∣
∣
∣

F−1F





m∑

l=0

∑

|α|=2l

%ν(xj,k)bα(xj,k)Dαv − λv





∣
∣
∣
∣
∣
∣

p

dy

≥ c%τ+νp− N
2m (ν−µ)(xj,k)

∫

RN

∣
∣
∣
∣
∣
∣

F−1









m∑

l=0

∑

|α|=2l

(−1)lbα(xj,k)ξα − λ%−ν(xj,k)



Fv





∣
∣
∣
∣
∣
∣

p

dy,

�¯SPv)g9Q
c
M>QIdfemO��PSaM

j, k
S&�&g9h

A
UWv>e%�aM>oWO G

��L>MA��QIhR�A�>UPZ�� L>VTO[QIt>VIQTg9hk�n}�e>giSPh[g9� � �*oaV G%F%G q)G `�	UaL&¦ �>QTg]vugiQX�&giM	� L%V¤ORQTt>VIQIgih

T1(ξ) =
(1 + |ξ|2)m

∑m
l=0

∑

|α|=2l(−1)lbα(xj,k)ξα − λ%−ν(xj,k)
,

T2(ξ) =
λ%−ν(xj,k)

∑m
l=0

∑

|α|=2l(−1)lbα(xj,k)ξα − λ%−ν(xj,k)

UWM>oPgi��UWM%�&O9G
T1

L>M)�
T2

gih[¦E¹>VIVTg9M�¦E¹>h
λ < 0

�&QTg � SahfUWL)Z[Z[g�OR�iL>M>oPgiM��>g9Z � L>VTO[QIt>VIQTg9hk�n}�e>g9SahRgi�pZ � �&g9M>M�&QIg���giM%M>gih�VXUaZRZkg9M�Z[QXdfe©M%UPdfe©L%MPORgiM �&L>hfdfe
CE |ξ|2m + CE − λ%−ν(xj,k) ≥ CE

(
1 + |ξ|2m

)

UWv%ZRdfe%�WO[�ig9MpL>M%�©�&gih�¼^hRUP� �&gih��ª�We%VTg9h	QXZ¡O�e �&dfe%ZkO[giM)Z
2m � Z[QIgie>g^��gi���pU�F%G q)G q)GP�yQTg�´�SPM%ZkORUWMmORg

BUWL%Z��>gi� � L>V¤ORQTt%VTQIgih[�2}�e%giSahRgi��e%�WM>oaO�e>QTg9h[vugiQ��¯g �&gih��aSPM
j, k

M>S&dfe��aSPM
λ

Uav � UWvugih��PSaM
CE

G
lnM �&gih ��M>oaVIgiQXdfe*L>M>o ∥

∥F−1TFf
∥
∥

p
≤ C ‖f‖p

Z[giQ
T = T1

v>�9�]G
T = T2

L>M%�

f = F−1









m∑

l=0

∑

|α|=2l

(−1)lbα(xj,k)ξα − λ%−ν(xj,k)



Fv



 .

�yUaM>M�¦ESaVIoWO
∥
∥
∥
∥
∥
∥

F−1









m∑

l=0

∑

|α|=2l

(−1)lbα(xj,k)ξα − λ%−ν(xj,k)



Fv





∥
∥
∥
∥
∥
∥

p

≥ c

(∥
∥
∥F−1

(
1 + |ξ|2

)m
Fv
∥
∥
∥

p
+ |λ|%−ν(xj,k) ‖v‖p

)

,

�¯SPv)g9Q�UWL)dfe e>QIgih
c
M>QXdfemO��aSaM

λ, j, k
UWv>e)�WM>oaO9G

�yUPZ � L>VTO[QIt>VIQTg9h¡j&}�e>giSPh[g9� ��QThf�©giQIM��cgiQTO[g9h[g Z�� UWV�UaM>oag9�¯g9M%�&giO � ��Q¤O��>giM	� L>VTO[QIt>VIQTg9h[M

T3(ξ) =
ξα

(1 + |ξ|2)m
, T4(ξ) =

1

(1 + |ξ|2)m



qm` ���������
	�� � � �������)��� � ��� 	 �
��� ����� �)��� �����
	��

L>M%����Q¤O
f = F−1(1 + |ξ|2)mFv

G)�yUaM>M ¦ESPVToaO

∥
∥
∥F−1

(
1 + |ξ|2

)m
Fv
∥
∥
∥

p
≥ c




∑

|α|=2m

‖Dαv‖p + ‖v‖p



 .

�yUahRUaL%Z�gihRoaQIv&O�ZkQXdfe

‖A1u‖p
Lp(Ω,%τ ) ≥ c%τ+νp− N

2m (ν−µ)(xj,k)




∑

|α|=2m

‖Dαv‖p
p + ‖v‖p

p + |λ|p%−νp(xj,k) ‖v‖p
p





≥ c%τ (xj,k)




∑

|α|=2m

‖Dαu‖p
p %

pµ(xj,k) + ‖u‖p
p %

pν(xj,k) + |λ|p ‖u‖p
p





≥ c1 ‖u‖p
W 2m

p (Ω,%τ+pµ,%τ+pν) + c2|λ|p ‖u‖p
Lp(Ω,%τ ) ,

�¯SPv)g9Q��&QTg]tuSPZ[QTO[QI�agiMA´ySaM%ZkORUaMPORgiM
c1, c2

�aSPM
CE

UWv>e)�WM>oPgiM � M>QXdfemO�UWvugih��aSPM
j, k, λ

G
��L>MA��QIhR�

A2u
UWv>oPg9ZRdfe%�|OR��O G

¢£g9oagiM
bα ∈ C1(Ω)

L>M%� |∇%κ2l(x)| ≤ c%κ2l+1(x)
¦ESaVIoWO�¦E¹>h

x ∈ Kk,j
�&QIg���v)Z[dfe%�WO[�9L>M>o

|%κ2l(xj,k)bα(xj,k) − %κ2l(x)bα(x)| ≤ c2j(κ2l+1)|x− xj,k | ≤ ε2jκ2l ,

�>U QIM � F>G F���>QTg ´ySaM)Z¡OfUWMmO[g
c0

v)g9VTQIgiv>QIo N*VTg9QTM§oPgi���We>VTO��cgihf�&giM�N|UWM>M�G0�yQTg ´ySaM)Z¡OfUWMmO[g
c0

e%�WM>oaO
UWVXZkS��aSPM ‖bα‖C1

UWv�G
�yUahRUaL%Zc¦ESaVIoWO

‖A2u‖p
Lp(Ω,%τ ) ≤ εp

m∑

l=0

∑

|α|=2l

∫

Ω

%τ (x)2jκ2lp |Dαu(x)|p dx

≤ ε′
m∑

l=0

∑

|α|=2l

∫

Ω

%τ+κ2lp(x) |Dαu(x)|p dx

= ε′ ‖u‖p
W 2m

p (Ω,%τ+pµ,%τ+pν) .

¥�QIgihRv)g9Q�Zkg9Q
ε′ � UaVIZ[S c0 � e%QTM>hRgiQXdfe>g9M%��NmVIgiQIM�oagi���We%V¤O G

��L>MAQXZ¡O�M>S&dfe
A3u

UWv>�9L%ZRdfe%�|OR�igiM�G
�yUa�iLAZkg9Q

ω ⊂ Ω
giQIMAv)g9VTQIgiv%QToPg9Z�¼^giv%QTgiO���QTO

ω ⊂ Ω
G%�yUaM>M�oaQIV¤O���QTO�giQIM>gi� oPgig9QToPM>g�ORgiM

0 < θ < 1
� �*oaV G%s&U|OR��F>Gr`&GIH9F�

‖u‖W 2m−1
p (ω) ≤ c ‖u‖θ

W 2m
p (ω) ‖u‖

1−θ
Lp(ω)

≤ c(ω) ‖u‖θ
W 2m

p (Ω,%pµ,%pν) ‖u‖
1−θ
p

≤ ε ‖u‖W 2m
p (Ω,%pµ,%pν) + c(ε, ω, θ) ‖u‖p .

��QIg]t)SmZkQTO[QI�ag]´ySaM%ZkORUaMmO[g
ε
N|UWM>M�vugiVIQTg9v>QTopN*VIgiQIM©oPgi���We>VTO��¯g9hR�>giM�G



� � � � � ��	 � ���%	 	�� � �����
	��
	�� 	�� � �%���
�#��� ��	�� �"��	������ � ��	�� qPF

�yUaM>M�¦ESaVIoWO��cgioag9M � F>G �� � ε Zkg9Q oag9M>gihRQIZRdfe>g^t)SmZkQTO[QI�ag�´ySaM)Z¡OfUWMmO[g 

‖A3u‖p
Lp(Ω,%τ ) ≤ c

∫

ω

∑

|β|<2m

∣
∣aβ(x)Dβu(x)

∣
∣
p
%τ (x) dx + c

∫

Ω\ω

∑

|β|<2m

∣
∣aβ(x)Dβu(x)

∣
∣
p
%τ (x) dx

≤ c(ω)

∫

ω

∑

|β|<2m

∣
∣Dβu(x)

∣
∣
p
%τ (x) dx + ε

∫

Ω\ω

∑

|β|<2m

%pκ|β|(x)
∣
∣Dβu(x)

∣
∣
p
%τ (x) dx

≤ c(ω)

∫

ω

∑

|β|<2m

∣
∣
∣Dβ2jτ/pu(x)

∣
∣
∣

p

dx+ ε ‖u‖p

W 2m−1
p (Ω\ω,%τ+pκ2m−1 ,%τ+pν)

≤ c(ω)
∥
∥
∥2jτ/pu

∥
∥
∥

p

W 2m−1
p (ω)

+ ε ‖u‖p
W 2m

p (Ω\ω,%τ+pκ2m ,%τ+pν)

≤ ε ‖u‖p
W 2m

p (Ω,%τ+pµ,%τ+pν) + c(ε, ω) ‖u‖p
Lp(Ω,%τ ) ,

¦7UWVIVIZ
Ω\ω ⊂ Ω\Ωjε

¦E¹%h�giQIMAoagig9QToPM>g�ORg9Z
jε ∈ N

G
¢£g9M>M

ε′
L>M%�

ε
e%QTM>hRgiQXdfe>g9M%� N*VIgiQIM©oPgi���We>VTO��¯g9hR�>giM � ¦ESPVToaO

‖Au− λu‖p
Lp(Ω,%τ ) ≥ c′1 ‖u‖p

W 2m
p (Ω,%τ+pµ,%τ+pν) + (c2|λ|p − c3) ‖u‖p

Lp(Ω,%τ ) .

�yUav)g9Q²QXZ¡O
λ ≤ 0 � c′1, c2 e%�aM>oag9M M*L>h]�aSPM

CE
UWv � c3 e%�aM>oWO]�PSaM£�>giM���v%ZRdfe%�|OR�iL>M%oPZ[NaSaM)Z¡OfUWMmO[g9M

¦E¹>h
bα

� c = c0(‖bα‖ � aβ
UWv�G

��QIg�´ySaM%ZkORUaMPORg
λ0

N|UWM%M�Z[S�oagi���We%V¤O��cgihf�&giM � �%UWw�¦E¹>h
λ ≤ λ0

oaQIV¤O �
c2|λ|p − c3 > 0

G
��L>M«Z[giQ

u ∈ W 2m
p (Ω, %τ+pµ, %τ+pν)

��QTO
suppu ∈ Ω

G	s*giQ�Uav �¡g�O[�iO
c2|λ|p − c3 > 0

G �yUadfe
��gi�%M>QTO[QISaM F%G `>GTH|{�oaQIVTO

u(x) =
∞∑

j=M

Nj∑

l=1

ψj(x)ϕj,l(x)u(x).

¸	Z�¦ESPVToaO

c′1 ‖u‖p
W 2m

p (Ω,%τ+pµ,%τ+pν)+(c2|λ|p − c3) ‖u‖p
Lp(Ω,%τ ) ≤ c

∞∑

j=M

Nj∑

l=1

‖ψjϕj,lu‖p
W 2m

p (Ω,%τ+pµ,%τ+pν) .

��QIg9Z[g���M%oaVIgiQXdfemL%M>o�¦ESaVIoWO�UWL%Z�s>U|O[�]F%G `>G `>HyL>M)�

‖u‖p
Lp(Ω,%τ+pν) =

∫

Ω

%τ+pν(x)
∣
∣
∣

∞∑

j=M

Nj∑

l=1

ψj(x)ϕj,l(x)u(x)
︸ ︷︷ ︸

��� � �������	���
L6=0

∣
∣
∣

p

dx

≤ CL,p

∫

Ω

%τ+pν(x)

∞∑

j=M

Nj∑

l=1

|ψj(x)ϕj,l(x)u(x)|p dx

��VXZkSpoPQTVTO
c′1 ‖u‖p

W 2m
p (Ω,%τ+pµ,%τ+pν) + (c2|λ|p − c3) ‖u‖p

Lp(Ω,%τ )

≤ c

∞∑

j=M

Nj∑

l=1

‖A(ψjϕj,lu) − λψjϕj,lu‖p
Lp(Ω,%τ ) .



qaq ���������
	�� � � �������)��� � ��� 	 �
��� ����� �)��� �����
	��

¸	Z�QXZ¡O
A(ψjϕj,lu) − λψjϕj,lu = ψjϕj,l(Au− λu) +

∑ |β|<2m
1≤|α|≤2m−|β|cβ,α(x)Dα(ψjϕj,l)D

βu,

�¯SPv)g9Q
cβ,α = O(%|α|+|β|)

L>M%�
Dα(ψjϕj,l) = O(%|α|)

G�¢ gioag9M
κ|α|+|β| + |α| < κ|β| � |α| ≥ 1


g/+&QIZkO[QIgih[O�giQIM

δ > 0
��QTO

cβ,α(x)Dα(ψjϕj,l) = O(%κ|β|−δ).�yUaM>M�¦ESaVIoWO
∞∑

j=M

Nj∑

l=1

‖A(ψjϕj,lu) − λψjϕj,lu‖p
Lp(Ω,%τ )

≤ c

∞∑

j=M

Nj∑

l=1

∫

Ω

%τ (x)|ψj(x)ϕj,l(x)(Au(x) − λu(x))|pdx

+ c

∞∑

j=M

Nj∑

l=1

∑

|α|,|β|

∫

Ω

%τ |cβ,αD
αψjϕj,l|p

∣
∣Dβu

∣
∣
p
dx

≤ CL,p

∫

Ω

%τ
∣
∣
∣

∞∑

j=M

Nj∑

l=1

ψjϕj,l|Au− λu|
∣
∣
∣

p

dx + c
∑

|β|≤2m−1

∫

Ω

%τ+pκ|β|−pδ
∣
∣Dβu

∣
∣
p
dx

≤ CL,p ‖Au− λu‖Lp(Ω,%τ ) + ε ‖u‖p
W 2m

p (Ω,%τ+pµ,%τ+pν) + c(ε, ω) ‖u‖p
Lp(Ω,%τ ) .

¥�QIgihRv)g9Q���L>hf�&g]�>UaZ��9�¯g9Q¤ORg^lnMmORgioahfUWV��ae>M>VIQIdfe���QIg
A3u

Uav>oag Z[dfe)�|O[�iO9G
¢£g9M>M

ε
e>QIM>hRgiQXdfe>giM%�©N*VTg9QTM�QXZ¡O � ¦ESaVIoWO

c′′1 ‖u‖p
W 2m

p (Ω,%τ+pµ,%τ+pν)+(c2|λ|p − c3) ‖u‖p
Lp(Ω,%τ ) ≤ c ‖Au− λu‖p

Lp(Ω,%τ )+c(ε) ‖u‖
p
Lp(Ω,%τ ) ,

UWVXZkS
c′′1 ‖u‖p

W 2m
p (Ω,%τ+pµ,%τ+pν) + (c2|λ|p − c′3) ‖u‖p

Lp(Ω,%τ ) ≤ c ‖Au− λu‖p
Lp(Ω,%τ ) .

��L>MA��QIhR�
λ0

ZkS�oag9�c�ae>VTO � �>UWw�¦E¹>h
λ ≤ λ0

oaQIVTO��
c2|λ|p − c′3 > 0

G
� Q¤O

C1 := c′′1/c
¦ESaVIoWO��>UaM>M �&QIg�b¯g9e%UWL%t&O[L>M%o%G

�

5 F*D FHJ���@0(B�!�®X!�® "�� "%- � $4! � ( /1!#( -6! C1, λ
& $1!�� -6! ! 0�0 ��$4! � -60 - ),)�" ".(*" -6",( $4( �%?*$1! � ( /4!#( - ! CE

)
��- 0
��/40 (*",( "@$1! �%?�$4! � ( /4! ( - ! c0 0�!�� � -6! � &+� $'& $1(.-(0�!����%?*$1! � ( /4!#( - !��'&�0 bα ) ∇bα ) aβ

/�& �
��QIg9Z[g����2t>hRQTSPh[QT�2��v%ZRdfe%�|OR�iL>M>o6VI�awWO�Z[QIdfe�g�O¡��UaZ��PgihfUWVIVToPgi��giQIM>gihRM��
��� G7 F J|@B(0§!�®I!�® " � - " A ∈ A

(m)
µ,ν

)
σ ≤ ν

� � /1!#! ��",)+( Au − λ%σu = %σ(Ãu − λu)
)  $*&'- " Ã/�0�� A ��0�02$'& �4"%- - 0!�6- ( -,0�!�� - ! µ 7→ µ − σ

)
ν 7→ ν − σ & - 0 ��$40 � -5&�( � � -6" λ0

�1"%- -(0 Ã � -'& 540 "#� -
� $1! � ( /4!#( -�/�0�� � /4( - � � � � � �
=�/1),) � λ ≤ λ0

) ��/1!#!��,$1) �1(
‖Au− λ%σu‖Lp(Ω,%τ ) =

∥
∥
∥%σ(Ãu− λu)

∥
∥
∥

Lp(Ω,%τ )
=
∥
∥
∥Ãu− λu

∥
∥
∥

Lp(Ω,%τ+pσ)

≥ C1 ‖u‖W 2m
p (Ω,%τ+pσ+p(µ−σ),%τ+pσ+p(ν−σ)) = C1 ‖u‖W 2m

p (Ω,%τ+pµ,%τ+pν) .

- � �1",)+(�/4) �,$ /�0#$'& �'&�0 Au− λ%σu - ",!.- � 7 " 0 "@$40 ".7 � &,� $5& $4( -,0�!�� �



� � � � � ��	 � ���%	 	�� � �����
	��
	�� 	�� � �%���
�#��� ��	�� �"��	������ � ��	�� qm�

��� ��� � �H�H� / �-���+ +�(
�� ����<


lnM �&QTg Zkg9�\��v%Z[dfe%M>Q¤O[O���QThf�©M%Uadfe>oPgi��QIg9Z[giM � �>Uawp�&QTg]g9MmORUWh[O[giO[g�giVIVIQTt&ORQIZRdfe>g]�yQ�
ªgihRgiMmO[QXUWVIoaVIgiQXdfe*L>M>o
Au− λu = f � F%G ��

L>MmO[g9h�oag9��QIZRZ[giM]�iL)Z[�WO[�iVIQXdfe>giM � SahfUWL)Z[Z[g�OR�iL>M>oPgiM�oag9M%UWL�g9QTM>gc���mZkL>M%o
u ∈W 2

p (Ω, %pµ, %pν)
vug9Z[Q¤OR��O �

¦7UWVIVIZ
f ∈ Lp(Ω)

L>M%�
A ∈ A

(2)
µ,ν

G
��QIg9Z[gih �yUadfe*�cgiQXZ���QThf� QIMA��gie>hRgihRgiMAs&dfe>hRQ¤O[O[giMAoPg�¦E¹>e>h[O��

HPG �ªL>M%�adfe)Z¡O���QIhR�©M%Uadfe%oagi��QIg9Z[giM � �%UWw
−4u+ %νu− λ%σu = f, (ν > 2, ν > σ, λ ≤ 0) � F%GTH ��

oPgiM%UaL©g9QTM%g����PZ[L>M>o
u ∈ W 2k

2

(
Ω, %0, %2kν

) v)g ZkQTO[�iO � ¦7UaVTVXZ f ∈W
2(k−1)
2

(
Ω, %0, %2(k−1)ν

) G
�yQIg9Z[gih]bcgi�cgiQXZy�PgihR�¯g9M%�&giO^�&QIg s*t)g9NmO[hfUWVTO[e>g9SahRQTg�Zkg9VTv%ZkORUP� �¡L>M>oPQTg9hkORgih�xyt)g9hRUWO[SPh[g9M � �*oPV'G ��v>�
ZRdfe>M>QTOkO�F%GTHPG `>G
lnM �&QIg9Z[gi��s&dfe>hRQ¤O[O��¯g9hR�&g9M��>QTg��iL)Z[�WO[�iVIQXdfe>giM � SahfUWL%ZRZ[g�O[�9L>M>oPgiM � F>G {� � � F>G »�cvugiM#�WO[QIoWO G

`>G���M%ZRdfe>VTQIgiwPgiM%� �¯g9hR�>giM ¸	QTM*vug�OkORL>M>omZ[ZR�|OR�ig��agihR�cgiM%�&giO � L>��M)Uadfe>�9Lm�cgiQXZ[giM � �>UWw � F%GTH ���giQIM>g
���PZ[L>M>o

u ∈W 2
p (Ω, %pµ, %pν)

vug9Z[Q¤OR��O � ¦7UWVIVIZ f ∈ Lp(Ω)
G

F%GclnM��&QIg9Z[gi�\s&dfe%h[QTOkO��¯g9hR�>giM©�>QTg���Q�
ªgihRgiM>�9QTg9h[v%Uah[NPgiQTORZ[�aSPhRUaL%Z[Z[g�OR�iL>M%oagiM � F%Gr{* � � F>G »�¯UWM % UWv>�
oPg9ZRdfe*�c�PdfePO G�¥�QIgihRvugiQc��QThf�§giQIM>gAZkSPoag9M%UWM>MmORg ¥�SP��SaO[SPt>QTgiO[g dfe>M>QIN£oPgiM*L&O[�iO9G ��QIg9Z[gA}�g dfe>M>QIN
�PgihR�¯g9M%�&giO�UaVIZ���QXdfemO[QIoag � SahfUWL%ZRZ[g�O[�9L>M>o��&QIg����2t>h[QISahRQT�2��v%Z[dfe)�|O[�9L>M>o�UWL%Z���v%Z[dfe%M>Q¤O[O�F>G F>Gr`&G

q)G��yQIg�¥�SP��SaO[SPt>QTgiO[g dfe>M>QIN ��QIhR��giQIM �cgiQTO[gihRg9Z � UWV�oPgiM*L&OR��O � L>���&QTg����PZ[v%UWhRNag9Q¤O��PSaM � F%G ��c�iL
�9giQIoag9M�G

�yUa��Q¤O�QXZ¡O��>gih�bcgi�cgiQXZ�gihRv>hfUadfemO9G
!�®X!�®X!�® " - J�49� FHJ�¨�ADC�JL?7�i�
lnM �&QTg Zkg9�\��v%Z[dfe%M>Q¤O[O���QThf� ¦ESaVIoagiM)�&gih�s&UWO[��vugi��QIg9Z[giM��
¨�E>�9? !�®I!�® , � - " % - ",!.- � -(  "%$5&�(@� �!0�!�?1(*"@$4! � -,' $ 8 � -�� !#",(*"@$4! � � � � � � ) �4"%- -,0���$1(.- )+"%$'& � F%Gr{*0�!�� � F>G »� - 0 �'&�),)+( �� - "  -6",( - 02&",! ν > 2

)
σ < ν

)
λ ≤ 0

)
k ∈ N

)
k ≥ 1

�
� /1!#! &'-,� ",(.- ( �'&�0
( -!� -+� f ∈W

2(k−1)
2

(
Ω, %0, %2(k−1)ν

) �1"%- � )�-6"%$'&�0�!��
−4u+ %νu− λ%σu = f

� - !./�0 -6",! - 365 �+0�!�� u ∈W 2k
2

(
Ω, %0, %2kν

) �

��g9h�bcgi�cgiQXZcoahR¹>M%�&giO�ZkQXdfe�UaL&¦0��g9e>h[g9h[g]¥�QTVT¦7Z[ZR�|OR�igPG
,�F*D¾D E£!�®X!�® , � -60 #6"#-602/1( $10

Au = −4u+ %νu, D(A) = C∞
0 (Ω)

";� (� -,� -6! ( )+"%$'& �6- ) &,� ( /��%(+0�!���"%- 0 ( ".' & ",) &'- 0 ( 05/�02' L2(Ω)
�
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5 Fm� F�?74 JB¹>h
u, v ∈ C∞

0 (Ω)
QIZkO

(Au, v) = (u,Av)
L>M%�

(Au, u) =
N∑

i=1

(uxi , uxi) + (%νu, u) ≥ c (u, u) , c > 0.

��VXZkS�QXZ¡O
A

Z[Y*����giO[hRQIZRdfe©L%M%��t)SmZkQTO[QI� �&gi�%M>QTO9G
¸	Z���QIhR�©v)g9��QTg Zkg9M��
¸	Z�g/+&QXZ¡ORQTg9hkO�g9QTM

α > 0 � Z[S��%UWw
N(A∗ + αE) = {0} G¢£g9oagiM

L2(Ω) = H = R(A+ αE) ⊕N(A∗ + αE)
¦ESPVToaO��>UWM%M

H = R(A+ αE)
G

¸	Z�QXZ¡O
R(A+ αE) ⊃ R(A+ αE) � UWVXZ[S R(A+ αE) = H

G
��Uadfe s&UWO[��F>GIHaGIH9��QIZkO��>UaM>M

R(A+ αE) = H
G

��g9hys&U|OR�]F>GIHaGIH�{�VTQIg�¦Eg9hkO��>UaM>MA�&QTg�bcg9e%UWL>t>O[L>M>o)G
¸	Z�oag9M*¹>oWO�UWVXZ[S � N(A∗ + αE) = {0} �9L��9giQIoag9M � ¦7UWVIVIZ α e>QTM%h[g9QIdfe>g9M%�©oahRSaw�oagi���We%V¤O���QIhR� G
s*giQ

A∗v + αv = 0 � α > 0 � v ∈ L2(Ω)
G)�yUPZ�e>giQIwWO �>JB¹>h�UWVIVTg

ϕ ∈ C∞
0 (Ω)

QIZkO
(Aϕ, v) = (ϕ,A∗v)

G
��QIg9Z�vug9�>giL&ORg�O�QI�\�yQIZkO[hRQTv%L&O[QISaM>g9M%Z[QTM>M

−4v + %νv + αv = 0.

s*giQ
ω ⊂ Ω

giQIM ¼^giv>QIg�O � ZkSp�>Uaw
ω ⊂ Ω

G ��MmO[gihfZ[L%dfemO���QIhf���%UaZ�¥�QIVT¦7Zkt>hRSav%VTg9�
−4w = −%νv − αv

QTM
ω,

w = 0
UWL&¦

∂ω.

��L%Z �&g9� s&UWO[���aSPM6�0U +mj� QIVIoahfUW� L>M%���&gih²J%h[QIg9�>h[QXdfe%ZRdfe>giM���M>oaVIgiQXdfe*L>M>oy¦ESaVIoWO � �>UWw��&QIg9Z[g9Z giVIVIQTt&ORQ¤�
Z[dfe>g�¥�QTVT¦7Zkt%h[SPv>VTg9� g9QTM>g����PZ[L>M>o

w ∈
o

W 1
2 (ω)

vug9Z[Q¤OR��O GP�ygih	s&UWO[��F>G q%GIHcVTQIg�¦Eg9hkO	�>UaM>M
u ∈W 2

2,loc(Ω)
G

lnM
ω

oPQTVTO 4(v −w) = 0
L>M%�

v −w ∈ D
′(ω) � UWVXZkS6QIZkO�M%Uadfe��&gi� ¢ giY*VXZ[dfe%giM©��gi���pU

v −w
giQIM>g

L>M>giM)�&VTQXdfeASW¦µO��&Q�
ªgihRgiM>�9QTg9h[v%Uah[g�J>L%M>NmO[QISaM�G%�^UWhfUWL)Z	¦ESPVToaO
v ∈W 2

2,loc(ω)
G

� Q¤O[O[g9VIZ��PSaVIVIZkOR�aM%�&QIoag9hclnM)�&L>NmO[QISaM�VI�awWO�Z[QIdfe
v ∈W 2k

2,loc(ω)
�ig9QToPgiM��

¸	Z�Zkg9Q
v ∈ W

2(k−1)
2,loc (ω) � k ≥ 2

Gu�^UWM>M QIZkO −%νv − αv ∈ W
2(k−1)
2,loc (ω) � �>U©�&QTg���v>VIgiQTO[L%M>oag9M �aSPM

%
UWL>¦

ω
v)g Z[dfe>hf�WM%NPO�Z[QIM%� G%�^UWM>MA¦ESPVToaO�UWL%Zys&U|OR��F>G q%GIH

w ∈ W 2k
2,loc(ω)

G#� Q¤Oy¥�QTVT¦Eg��&g Z�¢ giY*VXZ[dfe>g9M
��gi���pUaZc¦ESPVToaO��>UWM>M

v ∈ W 2k
2,loc(ω)

G
�yU

ω
QTM

Ω
vugiVIQTg9v>QIopoagi���We%V¤O��cgihf�&giM�N|UWM>M � ¦ESPVToaO v ∈ C∞(Ω)

G
s*giQ

Ψ = (ψl)
∞
l=M

giQIM>g��ug9h[VIgioPL>M>o��&gih�¸	QTM%Z�oagi�p�aw��yg��%M%Q¤ORQTSPMAF%G `>GTH|{*G>s*g9Q

ϕj(x) :=

∑j
l=M ψl(x)

√

%ν(x) + α
, j = M,M + 1, . . . .

¸	Z�oaQIVTO
ϕj ∈ C∞

0 (Ω)
G

��QIg�¼^h[g9giM%ZRdfe>g]J>SPh[��g9V VTQIg�¦Eg9hkO
∫

Ω

(−4(ϕjv) + %νϕjv + αϕjv)ϕjv dx =

∫

Ω

|∇(ϕjv)|2 + (%ν + α) (ϕjv)
2 dx

≥
∫

Ω

(%ν + α)ϕ2
jv

2 dx =

∫

Ω

(
j
∑

l=M

ψl(x)

)2

v2(x) dx. � F>GIHaH 
�yU

v
L%M%�

ϕj
QI� N*VIUPZ[Z[QIZRdfe>g9M�s*QIM>M>g��&Q�
ªgihRgiM>�9QTg9h[v%Uah�ZkQIM%� � oPQTVTO

2(∇ϕj)(∇v)ϕjv = 2
N∑

k=1

∂ϕj

∂xk

∂v

∂xk
ϕjv =

1

2

N∑

k=1

∂(ϕ2
j )

∂xk

∂(v2)

∂xk
. � F>GIH `�



� � � � � ��	 � ���%	 	�� � �����
	��
	�� 	�� � �%���
�#��� ��	�� �"��	������ � ��	�� q*{

¸	Z�QXZ¡O

−4(ϕjv) = −(4ϕj)v − 2(∇ϕj)(∇v) − ϕj4v
= −(4ϕj)v − 2(∇ϕj)(∇v) − (%ν + α)ϕjv. � F%GTH F�

��L%Z � F>GIHaH  � � F>GIH `* � � F%GTH F�	¦ESaVIoWO��>UaM>M
∫

Ω

(
j
∑

l=M

ψl

)2

v2 dx ≤
∫

Ω

(−4(ϕjv) + %νϕjv + αϕjv)ϕjv dx

=

∫

Ω

−(4ϕj)ϕjv
2 − 1

2

(
∇ϕ2

j

) (
∇v2

)
dx. � F>GIHiq�

��QIg�¼^hRgigiM)Z[dfe>g]J%SahR��g9V L>M%�A�&QIg]±²hRS*�>L>NmO[hRgioag9VªVTQIg�¦Eg9h[M
∫

Ω

−(4ϕj)ϕjv
2 dx =

∫

Ω

(∇ϕj)(∇(ϕjv
2)) dx =

∫

Ω

(∇ϕj)
2v2 dx+

∫

Ω

(∇ϕj)ϕj(∇v2) dx

=

∫

Ω

(∇ϕj)
2v2 dx+

1

2

∫

Ω

(∇ϕ2
j )(∇v2) dx. � F>GIH ��

��L%Z � F>GIHiq�¯L>M%� � F%GTH��*¯gihRoaQIv&O�ZkQXdfe
∫

Ω

(
j
∑

l=M

ψl(x)

)2

v2 dx ≤
∫

Ω

(∇ϕj)
2
v2 dx. � F>GIH9��

��L>MAQXZ¡O
∂

∂xk
ϕj =

(
∂

∂xk

∑j
l=M ψl

)√
%ν + α−

(
∑j

l=M ψl

)
1
2

ν%ν−1 ∂
∂xk

%
√

%ν+α

%ν + α
,

�¯g9oag9M |∇%(x)| ≤ C%2(x)
UaVIZ[S

∣
∣
∣
∣

∂

∂xk
ϕj

∣
∣
∣
∣
≤

∣
∣
∣

∂
∂xk

∑j
l=M ψl

∣
∣
∣

√
%ν + α

+ c

(
j
∑

l=M

ψl

)

%ν+1(x)

(%ν(x) + α)
3
2

. � F%GTH|{�

¼^gi�p�Wwp�yg��%M%Q¤ORQTSPMAF%G `>GTH|{]QXZkO

suppψl ⊂ Ωl =
{
x ∈ Ω : 2l−1 ≤ %(x) < 2l+2

}
.

J%UaVTVXZ
x ∈ Ωj−1 � UWVXZkS %(x) ≤ 2j−1 � �>UaM>M QXZ¡O ∑j

l=M ψl(x) = 1
L>M%� ∂

∂xk

∑j
l=M ψl(x) = 0

Gª��g9h
gihfZ¡ORg]b¯hRL%dfe�QTM � F>GIH�{�¯N|UWM%M�UaVIZ[S�MmL%h�¦E¹>h

%(x) ≥ 2j−1 giQIM>giMAtuSPZ[Q¤ORQT�PgiM�¢£g9hkO�UaM>M>g9e>��giM�G
JB¹>h��&QIg9Z[g

x
QIZkO

ψl(x) = 0 � ¦7UWVIVIZ M ≤ l ≤ j − 3
G>�yUaM>MAQIZkO

∣
∣
∣
∣
∣

∂

∂xk

j
∑

l=M

ψl(x)

∣
∣
∣
∣
∣
≤ c2j

c
L>M%UWv%e%�WM>oPQTo��aSPM

j � �*oaV G>�yg��%M>QTO[QISaM F%G `>GTH|{*G&��M%�>gihRgihfZkg9Q¤OfZ¯QXZkO��>UWM>M
√

%ν(x) + α ≥ %
ν
2 (x) ≥ 2(j−1) ν

2 ≥ c2j ν
2 .



qP» ���������
	�� � � �������)��� � ��� 	 �
��� ����� �)��� �����
	��

�yUaM>MAgihRoaQIv&O�ZkQXdfe©��QTO�t)SmZkQTO[QI�ag9M � �aSPM j L>M%�
x

L>M%Uav>e%�WM%oaQIoagiM�¯´ySaM)Z¡OfUWMmO[g9M
c1

� c2
∣
∣
∣
∣

∂

∂xk
ϕj(x)

∣
∣
∣
∣

2

≤ c12
2j−νj + c2

(
j
∑

l=M

ψl(x)

)2

%2ν+2(x)

(%ν(x) + α)
3

¦E¹>h�UaVTVIg
x ∈ Ω. � F>GIH9»�

¢£g9oagiM
ν > 2

QXZ¡O�UaL%dfe
2ν + 2 < 3ν

G>J>SPVToPVTQXdfe©QXZkO

lim
x→∂Ω

%2ν+2(x)

(%ν(x) + α)
3 = 0,

UWVXZkSpUWL)dfe
%2ν+2(x)

(%ν(x) + α)
3 ≤ C ∀x ∈ Ω.

s*giQ�M*L>M
α > 0

ZkS�oahRSaw6oag9�c�ae>V¤O � �>UWw�¦E¹>h�giQIM©vugiVIQTg9v>QIoag9Z � UWvugih�¦Eg Z¡ORg9Z!
1 > ε > 0

Nc2
%2ν+2(x)

(%ν(x) + α)
3 ≤ ε ∀x ∈ Ω � F>GIH9��

oaQIV¤O G%�yUaM>M�¦ESaVIoWO�UWL)Z � F>GIH9�� � � F>GIH9»� � � F%GTH ��

(1 − ε)

∫

Ω

(
j
∑

l=M

ψl(x)

)2

v2(x) dx ≤ Nc12
2j−νj

∫

Ω

v2(x) dx.

J0¹%h
j → ∞ ZkO[hRgiv&O��&QIg�VTQIM>Nagps*g9Q¤ORgpoagioPgiM

(1 − ε)
∫
v2(x) dx � ´�SPM*�agihRoag9M>�9ZRU|OR�]�aSPM ��givug9Z[oaL>g 

L>M%�A�&QIg]h[g dfePORg�s&giQTO[g]oag9oag9M�� � �>U ν > 2
G

��VXZkS�¦ESaVIoWO
v(x) = 0

¦7UaZkO�¹>vugihfUWVIV�QTM
Ω
G

�yUaM>MAQIZkO
A

Zkg9VTv)Z¡OfUa� �¡L>M%oaQIgih[OcQI�\¥�QTVIv)g9hkORhRUaL>�
L2(Ω)

G
�¢CQTgpUWL)Z�g9QTM>g9� ¼^gioPgiM*v)g9QIZ[t>QIgiV QIM 7 }�hRQX�m{ : ¦ESaVIoWO � QXZkO]�>QTg���L%ZRZRUWoag��&QIg9Z[g9Z���g9���pUPZ�¦E¹>h

ν = 2
QI�

��VIVToPgi��giQIM>giM�¦7UaVIZRdfe�G
,�F*D¾D E !�®I!�®I! - � �1",)�( D(A) = W 2

2

(
Ω, %0, %2ν

) �

5 Fm� F�?74 �ygih���UWL>�
D(A)

QXZkO��&gih���v%Z[dfe%VTL>wp�&g Z���UaL>��g9Z
D(A)

QTM �&g9h ��SPh[�

‖u‖A =
√

(u, u)H + (Au,Au)H .

¢£g9Q¤ORgihRe>QTM QIZkO
D(A) = D(A−λ1E)

G*s&giQ
λ0 < 0

ZkS�oagi���We%V¤O � �>UWw�¦E¹%h �¡g9�>g9Z
λ1 ≤ λ0

´ySaM%ZkORUaMPORgiM
c1

� c2 g/+&QIZkO[QIgihRgiM � ZkSp�>Uaw�¦E¹>hyUWVIVTg
u ∈W 2

2

(
Ω, %0, %2ν

)

‖u‖W 2
2 (Ω,%0,%2ν) ≤ c1 ‖Au− λ1u‖2 ≤ c2 ‖u‖W 2

2 (Ω,%0,%2ν)

oaQIV¤O G*�yQIg9Z¯QIZkO�UaL&¦0¼^hRL>M%� �>g9Z�s&U|OR�ig9ZcF>G F>GIH�� �aoPVTQXdfe�G*��g9hc��UWL>�
W 2

2

(
Ω, %0, %2ν

) QIZkO�QTM��&gih ‖.‖A

j
��SahR� UWv%oag9ZRdfe>VISPZRZkg9M]L>M%�6giMmO[e)�WVTO �&g9M���UWL>�

C∞
0 (Ω)

UaVIZ �&QXdfemO[g�}�g9QTVI��giM>oPgaG|�^UWM>M6¦ESaVIoWO
D(A) ⊂

W 2
2

(
Ω, %0, %2ν

) G%�yQIg�UWM%�&g9h[g�lnM>N*VIL%Z[QTSPM©g9h[oPQTv&O�Z[QIdfe�L>M>��QTO[g9VTv%Uah�UWL)Z��&giM���M>oPVTg9QIdfe*L>M%oagiM
‖u− u′‖W 2

2 (Ω,%0,%2ν) ≤ c ‖A(u− u′) − λ1(u− u′)‖2 ≤ c′ ‖u− u′‖A

≤ c′′(‖A(u− u′) − λ1(u− u′)‖2 + ‖u− u′‖2) ≤ c′′′ ‖u− u′‖W 2
2 (Ω,%0,%2ν)

¦E¹>h
u, u′ ∈ C∞

0 (Ω)
G
�
G
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	��
	�� 	�� � �%���
�#��� ��	�� �"��	������ � ��	�� qP�

,�F*D¾D E£!�®X!�®I+ - � ";� ( HA = W 1
2

(
Ω, %0, %ν

) �

5 Fm� F�?'4 J0¹%h��&QTg���SahR� ‖u‖γ =
√

(Au, u) + γ (u, u) (γ > 0)
oaQIVTO

‖u‖2
γ = (Au, u) + γ (u, u)

=

∫

Ω

−(4u)u dx+

∫

Ω

%νu2 dx+ γ

∫

Ω

u2 dx

=

∫

Ω

|∇u|2 dx+
∥
∥%

ν
2 u
∥
∥

2

2
+ γ ‖u‖2

2 ,

UWVXZkS
c1 ‖u‖W 1

2 (Ω,%0,%ν) ≤ ‖u‖γ ≤ c2 ‖u‖W 1
2 (Ω,%0,%ν) ∀u ∈W 1

2

(
Ω, %0, %ν

)
. � F%G `a����QIg�bcgie%UaL>t&ORL>M>op��QIhR�©QTM `�s&dfe>hRQTOkO[g9M©vugi��QIg9Z[giM�G

����� $5&�0 ",( (s*giQ
u ∈W 1

2

(
Ω, %0, %ν

) G
¢£g9oag9M s>U|O[�]F%G `>GTH »�g�+*QXZkO[QIgih[O�g9QTM%g�J>SaVIoag

(un) ⊂ C∞
0 (Ω)

��Q¤O

un

W 1
2 (Ω,%0,%ν)−−−−−−−−→ u.

�yUaM>MoPQTVTO6�cgioPgiM � F>Gr`W��]UWL%dfe ‖un − u‖γ → 0 � UWVXZkS ‖un − u‖2 → 0
L%M%� ‖un − um‖γ → 0

G
�yUaM>MAQIZkO

u ∈ HA
� �>UWhfUWL%Z¯¦ESPVToaO W 1

2

(
Ω, %0, %ν

)
⊂ HA

G
� ��� $5&�0 ",( (s*giQ

u ∈ HA
G

�yUaM>M g�+*QXZkO[QIgih[O¯giQIM>g^J>SaVIoag
(un) ⊂ C∞

0 (Ω)
��Q¤O ‖un − u‖2 → 0

L>M%� ‖un − um‖γ → 0
GP�^UWM>M QXZkO

UWL%dfe ‖un − um‖W 1
2 (Ω,%0,%ν) → 0

Gu��VXZkSpQXZkO
(un)

QI��b�UaM%Uadfe>hfUWL%�
W 1

2

(
Ω, %0, %ν

) g9QTM%g 3 UWL%dfe*Ym�
¦ESaVIoag�L>M%��vug9Z[Q¤OR��Oy�>g9Z[e%UWVIv©g9QTM ¼^hRgiM>�9giVIgi��giMmO

v ∈W 1
2

(
Ω, %0, %ν

) G
��L%Z ‖un − v‖W 1

2 (Ω,%0,%ν) → 0
¦ESaVIoWO ‖un − v‖2 → 0 � UaVIZ[S u = v

G
�yUahRUaL%Z�gihRoaQIv&O�Z[QIdfe

HA ⊂W 1
2

(
Ω, %0, %ν

) G
�

,�F*D¾D E£!�®X!�®µ: � -60 #6"#-602/1( $10 A ";� (�-6",!�# "#- 02/4( $40 '�",( 02- ",!.-('�� 0�!�?1(@� "#-:?1(*0+02' �
5 Fm� F�?'4 �yUadfe �>gi��´�hRQ¤ORgihRQTL%� �aSaM©��giVIVTQXdfe oPgiM*¹>oaOcg Z¯�9L �9giQIoagiM � �%UWw��&gih�¸²QIM*v)giOkO[L%M>oPZ[SatugihfU|ORSah
E(HA → H)

NaSP��t%UWNmO�QIZkO9G
¸	Z�QXZ¡O

HA = HA = W 1
2

(
Ω, %0, %ν

)
� ��� ��� �

⊂ W 1
2 (Ω)

� �����
	 � �
⊂ L2(Ω) = H.��VXZkSpQXZkO��>QTg]¸²QIM*v)giOkORL>M>o

HA ⊂ H
NPSa��t%UaNPO G

��yUPZ�¦ESaVIoag9M%�&g]��g9����U�QXZ¡O�¦E¹%h��&QTg]�cgiQTO[g9h[g9M ��MmO[gihfZ[L%dfe*L>M>oag9M �PSaM�v)g ZkSPM%�&gihRgih�bcg9�>giL&ORL>M>o%G
,�F*D¾D E£!�®X!�®� � "%-"� - !�� - � -60 -6! �)+"%$'& - !�3 ",!.-'/40%?�$�' & ",!./4(*"@$4! -6! ��- 0 - "#� - !.- )�-,' - !#( - ��$4! A)+"%- �1( ",! L2(Ω) �4"%$'&( �
5 Fm� F�?'4 ��UPdfe�s&U|OR�	F>GIHaGr`W��v>QIVX�&giM��&QIg	SPhkORe>SaM%SahR��QIgih[O[g9My¸	QToPgiM>g9VTg9��g9MmO[g

(uj)j∈N

giQIM]�aSPVTVXZ¡Of�WM%�>QToPg9Z
s*Y&Z¡ORgi�\QT����UWL>�

L2(Ω) � �>UPZ�e>giQIwWO � ¦E¹>h �¡g �&g9Z u ∈ L2(Ω)
NPSaM*�ag9h[oPQTg9hkO��&QIg�J>SaVIoag





n∑

j=1

(uj , u)uj





n∈Noag9oagiM
u
G>�yUahRUaL%Zc¦ESaVIoWO��&QIg�bcgie%UaL>t&O[L%M>o%G

��yUPZ�M%�Pdfe%Z¡ORg]��gi���pU�QIZkO�giQIM>g�gihfZkO[g]���mZkv%Uah[NPgiQTORZRUWL%ZRZRUWoagPG
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	��

,�F*D¾D E !�®I!�®X· =�&�0)( -:� -+� f ∈ L2(Ω) -%9 ";� (*"%-60 ( � - !./�0 -6",! u ∈ W 2
2

(
Ω, %0, %2ν

) '�",(
Au = f.

5 Fm� F�?74 �ygih�bcg9�¯g9QIZ�g9h[oPQTv&O�Z[QIdfeAZ[SW¦ESah[O�UWL%Z�s>U|O[�]F%GTHPG `>HaG
��yUPZc¦ESaVIoagiM)�&g���g9���pU�vug9ZRdfe>h[g9QTv>O��>QTg]¸²QIoag9M&¦EL>M>NmORQTSPM>giMAoag9M%UWL%gih G

,�F*D¾D E !�®I!�®�� " -:� - - "#� - !��!0�!2?4(*"@$4! � $1! A )�"%- ��( ",! ∩∞
k=1W

2k
2

(
Ω, %0, %2kν

) �

��g9h�bcgi�cgiQXZ¯N|UaM>MAQTM 7 }�hRQµ{W» : � ��v%ZRdfe>M>QTOkO��%G q)G `6M%UPdfe>oag9VTg Zkg9M �cgihf�&giM�G
lnM 7 }0hRQI�*{ :uQXZ¡O¯giQIM bcgiQXZkt>QIgiVuUWM>oPgioPgivugiM � �%UWw��&QIgy��L%ZRZ[Uaoag��&QIg9Z[g9Z¯��gi���pUaZ ¦E¹>h

ν = 2
QT� ��VTVIoag9��g9Q¤�

M>giM�¦7UWVXZRdfe©QXZ¡O G
,�F*D¾D E !�®I!�®I° � - " k = 1, 2, . . . 0�!�� A0 := −4+%ν ) ν > 2

� � /4! ! ";� ( ��- 0�# "#- 02/4( $40 Ak
0 = A0

k

�6- ) &,� ( /��%(+0�!���"%- 0 ( ".' L2(Ω) 0�! � -,�4��",)+( L2(Ω) = R(Ak
0)
�

5 Fm� F�?74 ��QIg � giM%oag �&g9h�giM)�&VTQXdfe>g9M���QTM%g9UWhRNaSP��v>QIM%UWO[QISaM>g9M �aSPM�¸²QToPgiM&¦EL%M>NmO[QISaM>g9M§�aSaM
A0

VTQIgioaO
�&QIdfemOpQI�

L2(Ω)
G � g9�&gA¸²QIoag9M&¦EL>M>NmO[QISaMz�aSPM

A0
QXZkOpUaL%dfe¸	QToPgiM&¦EL>M%NPORQTSPM �PSaM

A0
k G²�yUaM>M¾¦ESPVToaO

L2(Ω) = R(Ak
0)

G)¢£g9QTV
Ak

0

t)SmZkQTO[QI�©�>g��%M>QTO�QXZ¡O � oPQTVTO�M%Uadfe s&UWO[��F%GTHPGTH �
L2(Ω) = R(Ak

0)
G)�^UWM%M�QXZkO

Ak
0

Zkg9VTv)Z¡OfUa� �¡L>M%oaQIgih[O9G
�

,�F*D¾D E !�®I!�® "&¿ � -6" A = A0 − λ%σ ) λ ≤ 0 0�!�� σ < ν
� � /1!#! � ",!�� Ak

)
k = 1, 2, . . . � - ) &+� ( /*��7(+0�!���"%-60 ( �

5 Fm� F�?74 s*g9Q
D

�&g9h �yQ�
ug9h[g9MPORQIUaVTSPt)g9hRUWO[SPh���Q¤O
Ak = Ak

0 +D
G��yUaM>M6oPQTVTOB¦E¹>h

u ∈W 2k
2

(
Ω, %0, %2kν

)

‖Du‖2 ≤ ε ‖u‖W 2k
2 (Ω,%0,%2kν) + c(ε) ‖u‖2 ≤ ε′

∥
∥Ak

0u
∥
∥

2
+ c′(ε′) ‖u‖2 .

¥�QIgihRv)g9Qu��L%hR�&g
Du

QTM©oaVIgiQXdfe>gih¯¢£g9QIZ[g^Uav>oag Z[dfe)�|O[�iO	��QIgy�&g9hc}0gihR�
A3u

QI� bcgi�cgiQXZ	�9L©s&U|OR�^F%G F%GTHPG
��QIg�´�SPM%ZkORUWMmORgiM

ε � ε′ N �aM>M>g9M©vugiVIQIgiv>QIopN*VTg9QTM�oag9�c�ae>V¤O��cgihf�&giM�G>�yUPZ�´�h[QTO[g9h[QIL>� �PSaMA´]U|O[S�VIQTgi¦Egih[O
�&QTg�bcg9e%UWL>t>O[L>M>o)G

�J>SaVIoaVIQXdfe©oPQTVTO
R(A

k
) = L2(Ω)

G
��L>MAZ¡ORgie>g9M©UaVTVIg^¥�QTVT¦7Z[��QTOkORgiV��9L>� bcgi�cgiQXZ��&g9Zc�ig9MmO[hfUWVIgiM©s&UWO[�9g9Z��&QIg9Z[g9Z ��MmO[g9hRUav%ZRdfe>M>QTOkO[g Z	vugihRgiQTO9G
¨�E&� ? !�®X!�®X! � -6"%- ! k = 1, 2, 3, . . . 0�! � λ ≤ 0 � -( $�&)�( � � /1!#! -:9 ";�'(*"%- 0 ( -(0 ( -!��-(' f ∈
W

2(k−1)
2

(
Ω, %0, %2(k−1)ν

) � - !./�0 -6",! u ∈W 2k
2

(
Ω, %0, %2kν

) '�",(
Au = −4u+ %νu− λ%σu = f.

5 Fm� F�?74 ¸	Z�QXZkO
Ak−1f ∈ L2(Ω)

G���VXZkSAg�+*QXZkO[QIgih[O�oPgiM%UaL g9QTM
u ∈ W 2k

2

(
Ω, %0, %2kν

) ��QTO
Aku =

Ak−1f
G%x 
ªgiM%Z[QIdfemORVTQXdfe oaQIVTO

Ak−1 (Au− f) = 0
G*�^U

Ak−1 tuSPZ[Q¤ORQT� �&gi�%M>QTO�QIZkO � ¦ESaVIoWO Au− f = 0
G

�

!�®X!�®X!�® , , ®²¨�A C.JL?E�9�
lnMA�>QTg Zkg9� ��MmO[g9hRUav%ZRdfe>M>QTOkO���QIhR� ¦ESaVIoag9M%�&gih�s&UWO[�]vugi��QIg9Z[giM��
¨�E&� ? !�®X!�®I+ �60 ( -:� -,' τ ≤ 0

)
p
)

1 < p < ∞ -%9 ";� ( "%- 0 (�-6",! - � $4! � ( /4! ( - λ0 < 0
) �($ ��/ 8 �'&�0

λ ≤ λ0
�1",)+(%*

� 0 ( -:� -,' f ∈ Lp(Ω, %
τ ) -:9 ";� ( "%- 0 ( � - !./�0 - ",! u ∈ W 2

p (Ω, %τ , %τ+pν) '�",(
Au = −4u+ %νu− λ%σu = f.
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JB¹>h��&g9MAbcg9�¯g9QIZc��QIhR��giQIMA��gi���pU�vugiM �aO[QIoWO��
,�F*D¾D E£!�®X!�® ")" � - " 1 < p < ∞ � � /4!#! -:9�";� (*"%-60 ( - ",! k ∈ N

) �($ ��/ 8 ��- 0 ��/�02'
W 2k

2

(
Ω, %0, %2kν

) � ( -6(*"#� ",! W 2
p (Ω, %τ , %τ+pν) -6",!�� -�&'-6(*( - ( ";�'( �

5 Fm� F�?'4 s*giQ
k
giQIM>g]M%UWO[¹>hRVIQIdfe>g��ªUae>V ��Q¤O

t := 2k +
N

p
− N

2
≥ 2.

�yUaM>MAQIZkO
t− N

p = 2k − N
2

L>M)�©M)Uadfe�¸²QTM*vug�O[O[L>M>omZ[ZRU|OR��F>Gr`&Gr`WF6QIZkO��&QIg]¸²QTM*vug�O[O[L>M>o

W 2k
2

(
Ω, %0, %2kν

)
⊂W t

p

(

Ω, %0, %pν t
2

)

Z¡ORg�ORQTo � �&giM%M
0

p
=

0

2
,

pν t
2

p
=

0

2

2k − t

2k
+

2kν

2

t

2k
.

J%UaVTVXZ
u ∈ W t

p

(

Ω, %0, %pν t
2

) � �%UWM>MAoaQIVTO � �*oaV G%s&U|OR��F>Gr`&Gr`W��
∫

Ω

∑

|α|=r

%κr (x) |Dαu(x)|p dx ≤ c ‖u‖
W t

p

“

Ω,%0,%pν t
2

”

��Q¤O
κr = 0 r

t + pν t
2

t−r
t

� r ∈ N
� 0 ≤ r ≤ t

G
¸	Z�QXZ¡O

κ0 = pν
t

2
≥ pν + τ, κ1 = pν

t

2

t− 1

t
≥ pν

2
+ τ, κ2 = pν

t

2

t− 2

t
≥ τ.

��VXZkSpQXZkO ‖u‖W 2
p (Ω,%τ ,%τ+pν) ≤ c ‖u‖

W t
p

“

Ω,%0,%pν t
2

”

G)�yUa��QTO�¦ESaVIoWO

W 2k
2

(
Ω, %0, %2kν

)
� ��� � � �

⊂ W t
p

(

Ω, %0, %pν t
2

) � ��� ��� �

⊂ W 2
p

(
Ω, %τ , %τ+pν

)
.

�yUa��Q¤O�QXZ¡O��%UaZ���g9����U�vugi��QIg9Z[giM�G
�½²@BD 5 Fm� F�?74�3�Fm4 ¨�E&�9? F*4

�uL ¦Eg9ZkO[g9�
p

Z[giQ
k

ZkSAoag9�c�ae>VTO � �>Uaw W 2k
2

(
Ω, %0, %2kν

)
⊂ W 2

p (Ω, %τ , %τ+pν)
G�¸	Z]g�+&QIZkO[QIgih[O]giQIM>g

´�SPM%ZkORUWMmORg
λ0 = λ0(p)

� ZkSp�>Uaw�¦E¹>h�UWVIVIg
λ ≤ λ0

oaQIVTO��
c1 ‖u‖W 2

p (Ω,%τ ,%τ+pν) ≤ ‖Au‖p ≤ c2 ‖u‖W 2
p (Ω,%τ ,%τ+pν) . � F%G `>H�

s*giQ
f ∈ Lp(Ω, %

τ )
oPgioPgivugiM�G%�^U

C∞
0 (Ω)

�&QIdfemO�QIM
Lp(Ω, %

τ )
VTQIgioaO � g�+&QIZkO[QIgih[O��iL �¡g9�>gi�

ε > 0
giQIM

fε ∈ C∞
0 (Ω)

��Q¤O
‖fε − f‖Lp(Ω,%τ ) < ε.

¸	Z�QXZ¡O
fε ∈ W

2(k−1)
2

(
Ω, %0, %2(k−1)ν

) � UaVIZ[S6g�+&QIZkO[QIgih[O
uε ∈W 2k

2

(
Ω, %0, %2kν

) ��QTO
Auε = fε

G
¸	Z�oPQTVTO�UWL&¦EoPh[L%M%�©�>gih�¢�UWe>V��PSaM

k uε ∈W 2
p (Ω, %τ , %τ+pν)

G
¢£g9M>M

(εn)
g9QTM>g���L>VIVT¦ESaVIoag�tuSPZ[QTO[QI�agih �ªUWe%VTg9M QIZkO � �>UaM>M QXZ¡O

(uεn)
g9QTM>g 3 UWL)dfemYm¦ESPVToPg]QT��b�UWM%UPdfe&�

hRUaL>�
W 2

p (Ω, %τ , %τ+pν) � v)g ZkQTO[�iO�UWVXZkS�giQIM ¼^h[g9M>�ig9VTg9��g9MmO
u ∈W 2

p (Ω, %τ , %τ+pν)
G

� QTO�¥�QIV¤¦Eg��>gih����2t>hRQTSPh[QT�n��v%ZRdfe%�|OR�iL>M%o�VX�WwWO�Z[QIdfe
Au = f

�9giQIoag9M�G
��QIg]¸²QIM%�&g9L&O[QIoaNPgiQTO�gihRoaQIv&O�ZkQXdfeAgivugiM&¦7UaVTVXZ�UWL%Z��>gih����2t>hRQTSPh[QT�n��v%ZRdfe%�|OR�iL>M%o � F>Gr`&H fG �
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!�®X!�®X!�®X! !�®²¨�A C.JL?E�9�
lnMA�>QTg Zkg9� ��MmO[g9hRUav%ZRdfe>M>QTOkO���QIhR� ¦ESaVIoag9M%�&gih�s&UWO[�]vugi��QIg9Z[giM��
¨�E&� ? !�®X!�®µ: � -6" % -6",! - � -(  "%$5&�(@� �!0�!2?4(*"@$4! ) �4"%- �4"%- . -:�1",!��*0�!�� -6! ",! � - � !#",(*"@$4! � � � � � ��-60 �'&�),)+( �
� 0���$4( -6)�"%$5&   ",0%� ��$405/�0�� � -,� -6( - ( *
- ��-%9 ";� ( "%- 0 (�-6",! - =/0�!�?1( "@$1! %0(x)

0�! � � $4! � ( /4! ( - ! 0 < c1 < 1 < c2
'�",(

� �
c1%(x) ≤ %0(x) ≤ c2%(x) ∀x ∈ Ω

)
� �
%0

";� ( � -(  "%$5&�(@� �!0�!2?4(*"@$4! ".' � ",!#! - ��$4! � -�� !#",(*"@$4! � � � � ��) -,� �1",)�( /1) �($
|Dγ%0(x)| ≤ C|γ|%

1+|γ|
0 (x) ∀x ∈ Ω, ∀γ. � F>Gr`a`*

� - " τ ≤ 0, 1 < p < ∞ � � /4! ! -:9 ";� ( "%- 0 ( -6",! - � $4! �'( /4! ( - λ0 < 0
) �,$ � / 8 �'&�0�( -!��-,� λ ≤ λ0

��- 0
# "#- 02/4( $40

A = −4 + (%ν − λ%σ)E

��- ! � /�02' W 2
p (Ω, %τ , %τ+pν) 02' ?�-'&0(&'/10�-6",! ��-(0�( "#��/�0,� Lp(Ω, %

τ ) /�&�& ",) � -6( �
5 Fm� F�?74 ��L%Z��&g9M b¯g �&QIM>oaL>M%oagiMAUWM

%0
¦ESaVIoWO�L>M>��QTOkORgiVIv%UWh � �>Uaw�giQIM>g�t)SmZkQTO[QI�ag�´ySaM%ZkORUaMmO[g

M
��QTO

|%ν
0(x) − %ν(x)| ≤ M%ν(x) ∀x ∈ Ω

g�+*QXZkO[QIgih[O9G�¸¯Z�oaQIVTO
W 2

p (Ω, %τ
α, %

τ+pν
α ) = W 2

p (Ω, %τ
0 , %

τ+pν
0 )

� QI��s*QIM>M>g��&g9h�¼^VTg9QIdfe%e>giQTO��&gih � giM>oPgiMAL>M%� ���mL>QI��UaVTg9M>�]�&gih ��SahR��giM  � �¯SPv)g9Q
%ν

α(x) := α%ν(x) + (1 − α)%ν
0 , 0 ≤ α ≤ 1.

��QIg�´�SPM%ZkORUWMmORgiM ¦E¹%h��&QIg���SahR�p���mL>QI�|UWVIgiM>��ZkQIM%��e>QIgihRv)g9Q �aSPM
α

L%M%UWv>e)�WM>oPQTo)G
��QIg�´�SPM%ZkORUWMmORg

λ0
��QThf����QTg�QI��s&UWO[��F%G F%G q�oag9�c�ae>V¤O�L>M)�©e)�WM>oaO�M%QIdfemO��aSPM

α
Uav�G

��L>MA��QIhR�A�&g9hyxyt)g9hRUWO[Sah
Aαu := −4u+ (α%ν + (1 − α)%ν

0)u− λ (α%σ + (1 − α)%σ
0 )u

L>MmO[gihfZ[L%dfemO9G&¸	Z�QXZkO
‖u‖W 2

p (Ω,%τ ,%τ+pν) ≤ c0 ‖Aαu‖Lp(Ω,%τ ) ∀α ∈ [0, 1], ∀u ∈W 2
p

(
Ω, %τ , %τ+pν

)
.

��g9h xyt)g9hRUWO[Sah
A0

vug9ZRdfe>hRgiQIv&O g9QTM%gzL%��NPgie>hRv%Uah£g9QTM%�>giL&ORQToPg���v>v>QIVI�>L>M>o��&g9Z���UaL>��g9Z
R1 =

W 2
p (Ω, %τ , %τ+pν)

UaL&¦ �>giM ��UWL%�
R2 = Lp(Ω, %

τ ) � �*oPV'G%s&UWO[�]F>G F>G q � L%M%��g9Z�oaQIVTO
∥
∥A−1

0

∥
∥ ≤ c0.

¸	Z�Zkg9QcM*L>M�aSahfUWL)ZkoPg9Z[g�O[�iO � �>UWw �>gih xyt)g9hRUWO[SPh
Aα0

� 0 ≤ α0 < 1 � �>giM ��UWL>�
R1

L>��Nagie%h[v%Uah
giQIM%�&giL>O[QIo UWL&¦

R2
Uav>v>QIVI�&giO9G

s*giQ
α0 < α ≤ 1

oag9�c�ae>V¤O G ��L>MA��QIhR���&QIg�¼^VTg9QIdfe*L>M%o
Aαu = f ∈ Lp(Ω, %

τ )

L>MmO[gihfZ[L%dfemO9G>�yQTg Zkg�¼^VIgiQXdfe*L>M>o�QIZkO����mL>QI�|UWVIgiMmO��iL
u+A−1

α0
(Aα −Aα0)u = A−1

α0
f. � F>Gr`WF�

s*giQ
T : R1 → R1

�&gih�ZkO[giO[QIoag�xytugihfU|O[SPh
Tv := A−1

α0
f −A−1

α0
(Aα −Aα0) v.



� � � � � ��	 � ���%	 	�� � �����
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�#��� ��	�� �"��	������ � ��	�� �WF

�yUaM>MAN|UWM>M � F%G `aF�¯UWVXZ u = Tu
oPg9ZRdfe>hRQTg9v)g9M �cgihf�&giM�G&¸¯Z�QIZkO

‖Tu− Tv‖R1
≤ c0 ‖(Aα −Aα0) (u− v)‖R2

≤ c0|α0 − α|
(
‖(%ν − %ν

0) (u− v)‖R2
+ ‖λ (%σ − %σ

0 ) (u− v)‖R2

)

≤ c0|α0 − α|CM ‖u− v‖R1
,

C
L>M%Uav>e%�WM%oaQIop�aSaM

α, α0, u, v
Gu��VXZkS g/+&QIZkO[QIgih[O�g9QTM>g6´�SPM%Z¡OfUWMmO[g

d > 0 � L>M%Uav>e%�aM>oaQIop�aSPM
α0

� α  �ZkSp�>Uaw�¦E¹>h |α0 − α| ≤ d
�&g9hyxyt)g9hRUWO[SPh

T
NaSPMPORhRUae>QIgihRgiM%� QIZkO9G

��g9h J0Q +&t>L>M>NmOfZ[UWO[���aSPM b�UWM%UPdfe VTQIg�¦Eg9hkO �>UaM>M g9QTM>g�giQIM%�&g9L&O[QIo v)g Z¡ORQT����O[g����PZ[L>M>o
u ∈

W 2
p (Ω, %τ , %τ+pν)

�&gih�¼^VIgiQXdfe*L>M>o � F%G `aF�fG��QIg9Z[g���hRoaL%��g9MmORU|ORQTSPM©VX�WwaO�ZkQXdfe©M*L>M���Q¤O
α0 := α

UaM%ZkORU|O[O��&g9Z�v%QIZ[e>gihRQIoagiM
α0

��QTg �&gihRe>SaVIgiM�G
��UPdfe]giM%�&VIQXdfe]�mQIgiVIgiM�s>dfe>h[QTOkORgiM�¦ESPVToaO � �>Uaw A1

�&giM���UaL>�
W 2

p (Ω, %τ , %τ+pν)
L>��Nagie%h[v%Uah giQIM%�&g9L&O[QIo

UWL&¦
Lp(Ω, %

τ )
UWv>v>QIVX�&g�O G

�
G

¸	Z�Z¡ORgiVIV¤OpZ[QIdfe�>QTgAJ>hfUWoPg � SPv¾M>QXdfemO��*QIgiVIVTg9QIdfemO6�9L �¡g9�>gih
C1 j>¼^gi��QXdfePOfZ¡¦EL%M>NmO[QISaM

%
QT� s&QTM>M%g��&g9h

��gi�%M>QTO[QISaM F%G `>GTH ��g9QTM>g�Z[SaVXdfe>g�J>L>M%NPORQTSPM
%0

��QTO	�&giM�SPv>QToPgiM�¸²QIoagiM)Z[dfe%UW¦µO[g9M6g�+*QXZkO[QIgih[O9Ga�yQTg Zkg�J%hRUaoag
ZkSPVTV e%QTg9h�UWVIVTg9hR�>QTM>omZcM>QIdfemO��cgiQTO[gih��Pgih[¦ESaVIoWO��¯g9hR�>giM�G

!�®X!�®X!�®I+ +0® ¨�ADC�JL?E�9�
lnM �&QTg Zkg9�\��v%Z[dfe%M>Q¤O[O���QThf�©v)g9��QTg Zkg9M��

¨�E>�9? !�®I!�® � � - " A ∈ A
(2)
µ,ν

)
ν ≥ 0

�
� /1!#! -:9�";� (*"%-60 ( - ",!.- � $1! � ( /1!#( - λ0 < 0

) �,$ � / 8 �'&�0 λ ≤ λ0
0�!�� σ ≤ ν ��- 0 #6" - 02/1( $10 A−λ%σE-6",! - 02' ? -'&0(&'/40 -6",! ��-(0�( "#� - � &�& ",) ��0�!�� ��-,� ��/�02' -+� W 2

p (Ω, %pµ, %pν) /�0,� � -6! � /�02' Lp(Ω)&'-+� $'&02- "@&6( �

��g9�\bcgi�cgiQXZ���QIhR� ¦ESaVIoag9M%�&g9Z���gi���pU��aSPhRUaL%ZkoPg9ZRdfe>QXdfNPO �

,�F*D¾D E£!�®X!�® "&, � - " β > α+ 2p 0�! � u ∈W 2
p

(
Ω, %α, %β

) �
� /1!#! ��",)+( %µu ∈W 2

p

(
Ω, %α−pµ, %β−pµ

) �

5 Fm� F�?'4 ¸	Z�QXZ¡O

∑

|γ|=2

∫

Ω

%α |Dγu|p dx+
∑

|γ|=1

∫

Ω

%
1
2 (α+β) |Dγu|p dx+

∫

Ω

%β|u|p dx <∞.

JB¹>h
%µu

oPQTVTO��>UaM>M � |γ| = 2, 1


|Dγ (%µu)| ≤ c (|Dγ%µ| |u| + |∇%µ| |∇u| + %µ |Dγu|) ≤ c
(
%µ+2|u| + %µ+1|∇u| + %µ |Dγu|

)
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	��

L>M%� |Dγ (%µu)| ≤ c
(
%µ+1|u| + %µ |Dγu|

) G%��VXZ[S6¦ESPVToaO
‖%νu‖W 2

p (Ω,%α−pµ,%β−pµ)

≤ c
∑

|γ|=2

∫

Ω

%α−pµ |Dγ (%µu)|pdx+ c
∑

|γ|=1

∫

Ω

%
1
2 (α+β)−pµ |Dγ (%µu)|pdx+ c

∫

Ω

%β−pµ |%µu|pdx

≤ c

∫

Ω

%α−pµ%p(µ+2)|u|p dx+c
∑

|γ|=1

∫

Ω

%α−pµ%p(µ+1) |Dγu|p dx+c
∑

|γ|=2

∫

Ω

%α−pµ%pµ |Dγu|p dx

+ c

∫

Ω

%
1
2 (α+β)−pµ%p(µ+1)|u|p dx+ c

∑

|γ|=1

∫

Ω

%
1
2 (α+β)−pµ%pµ |Dγu|p dx

+ c

∫

Ω

%β−pµ%pµ|u|p dx

≤ c ‖u‖W 2
p (Ω,%pα,%pβ) .

�yUa��QTO�QXZ¡O��>UPZ���g9���pU�vugi��QIg9Z[giM�G
�½²@BD 5 Fm� F�?74�3.F*4 ¨�E&�9? Fm4 s*giQ

λ0
�&QIg�´�SPM%ZkORUWMmORg^�&g9h����2t>hRQTSPh[QT�2��v%ZRdfe%�|OR�iL>M>o)G

��g9h^xyt)g9hRUWO[SPh
B0 := −4+

(
%ν−µ − λ%σ−µ

)
E

v>QTVX�&giO�¦E¹>h �¡g9�&g Z
κ ≤ 0

�&g9M���UaL>�
W 2

p

(
Ω, %κ, %κ+p(ν−µ)

) L>��Nagie%h[v%Uah¯g9QTM)�&giL&ORQTopUaL&¦B�&g9M���UWL>�
Lp(Ω, %

κ)
UWv�G%s*g9Q

B = %µB0
L>M%�

Aα := α (A− λ%σ) + (1 − α)B = αA+ (1 − α)(−%µ4 + %νE) − λ%σE, 0 ≤ α ≤ 1.

¸	Z�QXZ¡O
Aα ∈ A

(2)
µ,ν

¦E¹>h �¡g9�&g Z
0 ≤ α ≤ 1 � �>QTg�´ySaM)Z¡OfUWMmO[g9M

C1
� λ0

UWL)Z��&gihy���2t>h[QISahRQT�2��v%Z[dfe)�|O[�9L>M>o
e%�WM>oPgiM�M>QXdfePO��PSaM

α
UWv � �moPV'G>bcg9��g9h[N*L>M%o�F%G F%GTHPG

¸	Z�QXZ¡O
A0 = %µB0

giQIM>g]L>��Nag9e>h[v)UWh�giQIM%�&g9L&O[QIoag���v>v>QIVI�&L%M>o �&g Z���UWL>��g Z
R1 = W 2

p (Ω, %pµ, %pν)UWL&¦ �&giM ��UaL>�
R2 = Lp(Ω)

G
��g9M>M���J)UWVIVIZ

u ∈ R1
� �>UaM>M QIZkO]S1
ªgiM%Z[QIdfemORVTQXdfe

%µB0 ∈ R2
G�J)UWVIVIZ

f ∈ Lp(Ω) � �%UWM>M QIZkO
%−µf ∈

Lp(Ω, %
pµ)

L>M%�
B−1

0 (%−µf) ∈W 2
p (Ω, %pµ, %pν)

G
��M>oPgiM>SP����g9M � Aα0 (0 ≤ α0 < 1)

g9h[�9giL>oaO�giQIM>g�L>��NPgie>hRv%UWh�g9QTM)�&giL&ORQToPg���v%v>QTVX�&L>M%o �aSPM
R1

UaL&¦
R2

G
�yUaM>MAoaQIV¤O � �*oPV'G%�>QTg���� t>hRQISahRQ¤�n��v%ZRdfe%�WO[�iL%M>o�

∥
∥A−1

α0

∥
∥ ≤ 1

C1
.

��L>M���QThf�«�&QIg ¼^VIgiQXdfe*L>M>o
Aαu = f ∈ R2

� α0 < α ≤ 1
L%MPORgihfZkL)dfePO G¯�yQTg Zkg§¼^VIgiQXdfemL%M>o¾QXZ¡O

���mL>QI��UaVTg9MmO��9L
u+A−1

α0
(Aα −Aα0)u = A−1

α0
f ∈ R1.¸	Z�QXZ¡O

Aα −Aα0 = (α− α0)(A−B − λ%σ),UWVXZkS ‖Aα −Aα0‖ ≤ c|α− α0|
G>�yUaM>M�¦ESaVIoWO

∥
∥A−1

α0
(Aα −Aα0)

∥
∥ ≤ c

C1
|α− α0| < 1,

¦7UWVIVIZ |α − α0| < C1

c

G²��g9h JBQ +&t>L>M%NPOfZ[UWO[� �PSaM b�UaM%Uadfe oPUWhfUWMmORQTg9hkO��&QTg ¸�+*QXZkO[giM%��g9QTM%gih ���mZkL%M>o
u ∈ R1

¦E¹>h
Aαu = f

G



� � � ��� 	����
	���	.����� �)��� �����
	�� �a�

��UPdfe giM%�>VTQXdfe �*QTg9VTg9M©s&dfe>hRQTOkO[g9M QXZ¡O�v)g9��QTg Zkg9M � �>UWw A−λ%σE
giQIM>g�L>��NPgie>hRv%UWh¯giQIM%�&g9L&O[QIoag^��v>v>QIVT�

�&L>M>op�PSaM
W 2

p (Ω, %pµ, %pν)
UaL&¦

Lp(Ω)
g9h[�9giL>oaO9G

�JB¹>h��>QTg Zkg Z�¸)+&QXZ¡ORgiM>�9h[g ZkL%V¤OfU|O6QXZkO��&QIg�� SPhRUaL%Z[Z[g�OR�iL>M%o
ν > µ + 2

�cg9Z[giMmO[VIQXdfe � ��QIg��%UaZ]¦ESPVToPgiM%�>g
¼^gioPgiM*v)g9QIZ[t>QIgiV �9giQIoWO � �moPV'G87 }0h[QX�m{�:2G
� F*)F*(ª¬�F�?7498�?BF�G s*g9Q

Ω = (−1, 1) � %(x) = (1 − x2)−1 � ν = 2 � µ = 0
G>�yUaM>MAe%U|O��&QIg�¼^VTg9QIdfe*L>M%o

(

− d2

dx2
+ 3%ν

)

u = 6(1 − x2)
1
2

�&QIg ���mZkL>M%o
u(x) = (1 − x2)

3
2
G¯¸	ZpoPQTVTO �¡g9�>S*dfe

u 6∈ W 2
2

(
Ω, %0, %2ν

) � �>U uxx 6∈ L2(Ω)
L%M%�

%νu 6∈ L2(Ω)
G

�	��� � 	 � � 	���	�� ���	� � � � �/� 	 �
ln� ��v%Z[dfe%M>Q¤O[O	F>Gr`&GIH	��L>hf�&g�giQIMp��gioPL>VXUWhRQ¤Of�|ORZRZRU|O[�cUWM>oPgiN*¹>M%�>QToaO9G|��QIg9Z[g9Z ��g9Z[L>V¤OfU|O²��QIhR� �¡g�OR��O²M%UPdfe&�
oag9e>SaVTO9G
�yUW¦E¹>h�QXZ¡O�g9QTM��cgiQTO[gihRgih����PZ[L>M>omZkvugioPh[Q�
 gih[¦ESahf�&gihRVTQXdfe��
IKF�� (.?7� ?'�)(C!�®T+0® " � "%- = 0�!2?4(*"@$4! u ∈ W 1

2 (Ω) &#-6" 8 (�� $5&2 /�$'& - 365 �+0�!�� � $1!
−4u = f ∈ L2(Ω),

 -6! ! �'&�0 ( -!��-,� ϕ ∈ D ∫

Ω

∇u∇ϕdx =

∫

Ω

fϕ dx

�1",)�( �
�yUaM>MAoaQIV¤O�¦ESPVToPgiM%�>gih�s&U|OR���
¨�E>�9? !�®T+0® " � - " u ∈ W 1

2 (Ω) � $'&� / $5&#- 3 5��!0�!�� ��$4!
−4u = f

0�!�� �6- " f ∈W k
2 (Ω)

)
k ∈ N

� � /4! ! ��",)+(��'&�0)( -!� -+� � -�& "%- ( Ω0
'�",( Ω0 ⊂ Ω u ∈W k+2

2 (Ω0)
�

��QIg9Z[gih�s>U|O[�]QXZkO�giQIMAs*tugi�9QIUaV¤¦7UaVTV0�&g9Z�}�e>g9SahRgi�pZ�H9�%G ��QIM 7 J>hRQE{|� :2G
�yUPZ�¦ESaVIoag9M%�&g]��g9����U���QIhR�©SW¦µO��PgihR�¯g9M%�&giO � giQIMAb¯g9�¯g9QIZc�)M%�&g�O�Z[QXdfe©QIM 7 ´]U 9i»P��:2G
,�F*D¾D E£!�®I+�® " 	 �KJ��u(ª� E�G G � � - "%- ! (ai)

)
(Ai)

=6$4) � -6! " $ � ",(*" � - 0�05-5- ),)�- 0 � / &)�- ! 0�!�� L > 0
� � "%-

= $1) � - (Ai)
� -6"�'>$1!�$1( $1! ! "%$5&�( �6/1),)�- !�� 0�! � -,� � -6" 0 < h < 1

L
- ",!.- &'- )+"%-�& "#� - 02-'- ),)�- � /�&�) � � - !#!

�'&�0)( -!��-,� i = 1, 2, . . . �1"%- � !���)�- "%$5&20�!��

ai ≤ Ai + L

i∑

j=1

ajh

-60 �'&�),)�( ";� ( ) ��/1!#! ��",)+(
ai ≤

Ai

1 − Lh
e

(i−1)hL
1−Lh

�'&�0�/4),)�- i = 1, 2, . . .
�

¸	Z�oPQTv&O�UaL%dfe�giQIM>g]Z¡ORg�O[QIoag � g9hRZ[QISaMA�&QTg Zkg Z���g9���pUPZ �



�W� ���������
	�� � � �������)��� � ��� 	 �
��� ����� �)��� �����
	��

,�F*D¾D E !�®T+0® , 	 �KJ|�u(ª� E�G G � � - " h(t) ∈ C([a, b]) - ",!.- '>$1!�$1( $1! !#"%$'&( �6/4),)�-6! ��- =/0�!�?1( "@$1! '�",(
h(t) ≥ 0 ",! [a, b]

�
� - " y(t) - ",!.- �'( - ( "#� - =/0�!�?1(*"@$4! '�",(

y(t) ≤ h(t) + C0

∫ t

a

y(τ) dτ ∀a ≤ t ≤ b, C0 > 0.

� /1!#! ��",)+( �'&�0)( -:� -+� a ≤ t ≤ b �4"%- � !���)�-6"%$'&�0�!��
y(t) ≤ h(t)eC0(t−a).

J0¹%h�Zkt%�WO[g9h[g���v%ZRdfe%�WO[�iL%M>oag9M ��QIhR�©�>UaZ¯¦ESaVIoag9M%�&g � �agihRoaVIgiQXdfe%Z[�¯g9QIZ[g�O[g dfe>M>QXZ[dfe%g � ��g9����U6vugiM �aO[QIoWO9G
��QIg9Z[g9Z���gi���pU�QIZkO�giQIM>g � S&�&QT�%N|U|O[QISaMAg9QTM>g Z��We>M%VTQXdfe>giMA��g ZkL>VTORUWORZ�QIM 7 ±²VIL%�PF4:2G
�yUa�iLAQIZkO�giQIM>g��yg��%M>QTO[QISaMA�PSaM>M �aO[g9M�G
IKF�� (.?7� ?7�u(C!�®I+�® , � -6"%- ! λ1, λ2 > 0

�
� /1!#! � - "

Qλ1,λ2(t) :=

{

tλ1 : 0 ≤ t ≤ 1,

tλ2 : t > 1.

,�F*D¾D E !�®T+0®I! � - "%-6! (mν), (β1,ν), (β2,ν), (pν) =6$4) � - ! ! "%$5&�( ! - � /4(*" �4-60 � /�&)�-6! '�",(
0 < β1,ν ≤ β2,ν ≤ 1,
∞∏

ν=1

β1,ν = β1 > 0,
∞∏

ν=1

β2,ν = β2 > 0,

pν = p0λ
ν , λ > 1, p0 ≥ 1

� - "  -6",( -602&�",!
mpν

ν ≤ C0p
C1
ν t
(

mpν

ν−1 +m
β1,νpν

ν−1 +m
β2,νpν

ν−1

)

, ∀ν = 1, 2, . . . , 0 ≤ t ≤ T.

� /1!#! ��",)+(
lim sup

ν→∞
mν ≤ cQλ1,λ2(t)m

β̃
0 ,

 $*&'-6" β̃ =
∏∞

ν=1 β̃ν
)

β̃ν :=

{

β1,ν : mν−1 < 1,

1 : mν−1 ≥ 1,

γ2 =
1

p0(λ− 1)
, γ1 = β1γ2.

5 Fm� F�?74 ¸¯Z�QIZkO
mpν

ν−1 +m
β1,νpν

ν−1 +m
β2,νpν

ν−1 ≤ 3mβ̃νpν

ν−1

L%M%�AZkSP��QTO

mν ≤
(
3C0p

C1
ν t
) 1

pν mβ̃ν

ν−1

≤
ν∏

i=1

(

3C0p
C1

i t
)β̃ν ...β̃i+1/pi

mβ̃ν ...β̃1

0

≤
ν∏

i=1

(

3C0p
C1

i

)β̃ν ...β̃i+1/pi

tS(i,ν)mβ̃ν ...β̃1

0

≤
ν∏

i=1

(

3C ′
0p

C1

i

) 1
pi
tS(i,ν)mβ̃ν ...β̃1

0 ,



� � � ��� 	����
	���	.����� �)��� �����
	�� �P{

�¯SPv)g9Q
C ′

0 = max(C0,
1
3 )

L>M%�
S(i, ν) =

∑ν
i=1 β̃ν . . . β̃i+1/pi

G
¸	Z�QXZ¡O

ν∏

i=1

(3C ′
0)

1
pi = (3C ′

0)
Pν

i=1 1/pi ≤ (3C ′
0)

γ2 =: K1 <∞,

ν∏

i=1

p
C1
pi

i =

ν∏

i=1

(
p0λ

i
) C1

p0λi =

ν∏

i=1

p
C1
pi
0

ν∏

i=1

λ
iC1

p0λi ≤ pC1γ2

0

ν∏

i=1

λ
iC1

p0λi ≤ K2 <∞,

ν∑

i=1

β̃ν . . . ˜βi+1/pi ≤
∞∑

i=1

1

pi
= γ2,

ν∑

i=1

β̃ν . . . ˜βi+1/pi ≥
ν∑

i=1





∞∏

j=1

β̃j




1

pi
≥ β1

ν∑

i=1

1

pi
.

JB¹>h
t ≥ 1

¦ESaVIoWO��>UaM>M
mν ≤ K1K2t

γ2mβ̃ν ...β̃1

0 ,

lim sup
ν→∞

mν ≤ K1K2t
γ2mβ̃

0 .JB¹>h
t ≤ 1

gihRoaQIv&O�ZkQXdfe
mν ≤ K1K2t

β1
Pν

i=1 1/pimβ̃ν ...β̃1

0 ,

lim sup
ν→∞

mν ≤ K1K2t
γ1mβ̃

0 .�yUPZ�QXZ¡O��&QIg�bcgie%UaL>t&O[L%M>o%G
���g9h�¦ESaVIoag9M%�&g]s&U|OR�^QXZkO�e%QTVT¦Eh[g9QIdfe©v)g9Q��&gih���v%ZRdfe%�|OR�iL>M>o��aSPM©���PZ[L>M>oag9M giVIVIQTt&ORQIZRdfe>g9hc±	h[SPv>VTg9��g^��QTO

NaSPM%Z¡OfUWMmO[g9M�´yS*g��p�iQIgiMmORgiM�G&JB¹>h�g9QTM>g9M b¯g9�¯g9QIZ�Z[QTg9e>g 7 ¥ �ahf�a� :2G
¨�E>�9? !�®T+0® , 	(> @�GE� ?E8�GB?BFHJ�� C�F*�!JLF*D�� � -6" T ∈ L∞(RN )

� =�&�0�( -!��-,� R ≥ 0 0�!�� |α| ≤
[

N
2

]
+ 1� -6"

∫

R
2 ≤|ξ|≤2R

|DαT |2 dξ ≤ BRN−2|α|.

� /1!#! -:9 ";� ( "%- 0 ( - ",!.- � $4! �'( /4! ( - C ) �($ � / 8 �'&�0�/4),)�- ϕ ∈ S
��",)+( *

∥
∥F−1TFϕ

∥
∥

Lp(RN )
≤ C ‖ϕ‖Lp(RN ) .

��� G7 FHJ�@B(B�!�®T+0® " � - " T (ξ) = P (ξ)
Q(ξ)

)
P,Q �<$1) 	4!�$�' - ) degQ = 2m

)
Q(ξ) ≥ C(1 + |ξ|2)m )

(C > 0)
)
degP ≤ 2m

� � /4! ! ��",)+(��'&�0 T �1"%- . -'& /�0�".( 0�!�� ��-,��� 0�)+(*" ".)�"%-60 ( & -!$405-,' � �
��� G7 FHJ�@B(B�!�®T+0® , � "%- ! $102/�0��!� - (.-(0�!�� - ! ��-,��� 0�)+(*" ".)�"%-60 ( & -!$405-,' � � ",!���- 0 �'&�),)+( ) �6/4),) �

|DαT (ξ)| ≤ B̃

|ξ||α| � F%G `Wq�
�'&�0�/4),)�- ξ 6= 0 0�! � /4),)�- |α| ≤ [N

2

]
+ 1

�

,�F*D¾D E£!�®I+�®I+ � -6"
T (ξ) =

K

P (ξ) +K
,

 $*&'- " K - ",!.-4" $ � ",( " �4- � $4! � ( /4! ( -�";�'( 0�!�� P (ξ) -6",! �<$4) 	4! $�' ��$�' � 02/*� - 2m ";� ( (m ≥ 1) '�",(
P (ξ) ≥ CE(1 + |ξ|2m)

)
CE > 0

� � /1!#! ��",)+( �'&�0 T �4"%- � &,� $5& $4( -,0�!�� � F>Gr`|q�!)  $�&5- " B̃ !#"%$'&( � $1!
K /*&'& $1!���( �



�W» ���������
	�� � � �������)��� � ��� 	 �
��� ����� �)��� �����
	��

5 Fm� F�?74 ¸¯Z�oaQIV¤O�¦E¹>h |α| ≥ 1

DαT (ξ) =

|α|+1
∑

j=2

K

(P (ξ) +K)j
P2m(j−1)−|α|(ξ),

�¯SPv)g9Q
Pl(ξ)

giQIM�± SPVTY*M>SP� �aSP�\¼^hRUP�&g
l
QIZkO��

Pl(ξ) ≡ 0 � ¦7UaVTVXZ l < 0
G&¸	Z�QXZ¡O

K

(P (ξ) +K)j
P2m(j−1)−|α|(ξ) ≤ Cj,m,|α|

K

(1 + |ξ|2m +K)j
|ξ|2m(j−1)−|α|.

��QIg�J>L>M%NPORQTSPM
B(r) :=

K

(1 + r2m +K)j
r2m(j−1), 2m(j − 1) − |α| ≥ 0

��QThf��M*L>MUWL>¦ � U +&QI��U L>MmO[gihfZ[L%dfemO9G�¸	Z6oaQIVTO
B(0) = 0 � limr→∞B(r) = 0

L>M%�
B(r) ≥ 0

¦E¹%h
r ≥ 0

G>��VXZ[S6vug9Z[Q¤OR��O
B

giQIM�� U +&QI��L>�AG%�yQTg Zkg Z���QThf��UWM>oPgiM>SP����g9M ¦E¹>h
r2m
max = (1 +K)D � �cSavugiQ

D
g9QTM%g^oPgi��QXZ[Z[g��aSPM |α| UWv>e%�aM>oaQIoag�´ySaM%ZkORUaMPORgyQXZkO9G%�^UWM>M�oaQIVTO

B(rmax) =
K

(1 +K)j
(1 +K)j−1D′ =

K

1 +K
D′ ≤ D′′.

�yUahRUaL%Zc¦ESaVIoWO��&QIg�bcgie%UaL>t&O[L%M>o%G
�



� � � ���	��
��

� � � ������� ��� ��� 
C��� � � ��� 
$� ����� ������
C��� �

� ��� ������� �������	� �������������
�����

����
 � � ����	 � �/� 	 ��������
¸	Z�Z[giQ��%UaZc¦ESaVIoag9M%�&g]Z[gi��QTVIQIM>g9Uah[g�Z[dfe*��Uadfe©t%UWhfUWvuSaVIQIZRdfe>g���UWM)�*�2��M&¦7UWM%oPZ[�¯g9hkORt>h[SPv>VIgi� oag9oagivugiM��

ut(x, t) +Atu(x, t) = f(x, t) ∀(x, t) ∈ Q, � q%GIH�
u(x, t) = 0, ∀(x, t) ∈ Γ, � q%Gr`*
u(x, 0) = U0(x) ∀x ∈ Ω. � q)G F�

¥�QIgihRv)g9Q¯Z[giQ
Ω ⊂ R

N g9QTM§vug9ZRdfe>hf�WM>NmO[g Z]¼^giv>QIg�O � �>UPZ]�&QTg©´�gioag9VTvug9�>QTM>oPL>M>o�gih[¦E¹>VIV¤O � T > 0 � I =
[0, T ] � Q = Ω × I � Γ = ∂Ω × I �

Atu = −
N∑

i,k=1

∂

∂xi

(

g(x)aik(x, t)
∂u

∂xk

)

+
N∑

i=1

ai(x, t)
∂u

∂xi
, � q%G q�

g(x)
QXZ¡Oy¼^g9��QIdfemOfZ¡¦EL>M%NPORQTSPMAQT�\s&QTM>M%g]�aSaMA�yg��%M>QTO[QISaM F%G `>G �

, � q)G ��
g−N ′ ∈ L1(Ω)

¦E¹>h�giQIM
1 ≤ N < N ′ ∈ R, � q)G ��

aik ∈ C0,1(I, L∞(Ω)), � q)Gr{*
N∑

i,k=1

aik(x, t)ξiξk ≥ CE |ξ|2 CE > 0, ∀ξ ∈ R
N ,

¦7UaZkO�¹>vugihfUWVIV QTM
Q, � q)G »�

ai ∈ C0,1(I, L∞(Ω)), � q)G ��
U0 ∈ L∞(Ω) ∩

o

W 1
2g (Ω), A0U0 ∈ L2(Ω), U0 ∈W 2

r (Ω)
¦E¹>h�giQIM

r > N, r ≥ 2, � q%GIH9��J0¹%h�oagioPgivugiM>g Z
R > 0

Z[giQ
BR(U0) = {u ∈ L∞(Ω) : ‖u− U0‖∞ ≤ R}.�yUaM>M Zkg9Q

f(., t, u) : I ×BR(U0) → Lr(Ω)
��Q¤O

‖f(x, t, u(x)) − f(x, t′, u′(x))‖2 ≤ Cf (|t− t′| + ‖u− u′‖2) � q)GTHPH�
��QIg9Z[g�±²hRSav>VIgi� ��QIhf� ��QTO�¥�QIV¤¦Eg��&g9h���SWORe>g�� � g�ORe>S&�&g�L>MmO[g9hRZ[L%dfemO9G>¥�QTg9hk¦E¹>hc�%M)�&giM �&QIg]¥�QIV¤¦7Z[��Q¤O[O[giV
UWL%Z��>giM ��v%ZRdfe>M>QTOkORgiM F>GIHaGIH � F%G `>G ` � F>Gr`&G F � F>Gr`&G q � F%G `>G ��L>M%�AF>G qp��M*�cgiM%�&L%M>o%G
��QIg���SaO[e>gi� � giO[e>S&�&g]QXZkO�QI�\´]Uat>QTO[giV�`�vugihRgiQTORZ�Z[N*QT�9�iQIgih[O��¯SPhR�&g9M�G
¸	Z���QIhR�©¦ESPVToPgiM%�&g9h�s&U|OR�]v)g9��QTg Zkg9M��

�a�



�a� ���������
	�� � � �$	 � ��� ����	�����	 ��� � � � � � � ������ � � �#��� ��	 ������� �

¨�E&� ? +�® " ® " - � -%9 ";� ( "%- 0 ( T ∗ > 0
) �($ � / 8 � / � � 0%$*& )�-(' � q)GTH :) � q%Gr`*:) � q)G F� 0�! ( - 0 ��- ! . -!�4",! 7��0�!�� - ! � q)G q�!) . . . ) � q%GIHaH  - ",!.- - ",!�� -,0�(*"#� &'-,�'(*".' '�( - � $5&2 /�$'& ->3 5��!0�!�� u ∈ C0,1(I∗, L2(Ω)) ∩

W 1
2 (I∗,

o

W 1
2g (Ω))

)
ut ∈ L∞(I∗, L2(Ω)) ∩ L2(I

∗,
o

W 1
2g (Ω)) &'-,� ",(.- ( �

� "%-,� - 365 �+0�!�� -60 �'&�),)�( �'&�0 ( -!��-,� v ∈ L2(I
∗,

o

W 1
2g (Ω)) �1"%- � )�-6"%$'&�0�!��

∫

I∗

(ut(x, t), v(x, t)) dt+

∫

I∗

at(u(x, t), v(x, t)) dt =

∫

I∗

(f(x, t, u(x, t)), v(x, t)) dt, � q)GTH�`*

 $*&'-6"
at(u, x) =

N∑

i,k=1

∫

Ω

g(x)aik(x, t)
∂u

∂xk

∂v

∂xi
dx+

N∑

i=1

∫

Ω

ai(x, t)
∂u

∂xi
v dx.

��QIg9Z[gih s&UWO[�A��QThf��ae>M>VIQIdfe ��QTgAQI� ´]UWt%Q¤ORgiV�` vugi��QIg9Z[giM�G²��QIg �yUah[VIgioPL>M>oag9M¾QIMz�&QIg9Z[gi� ´]UWt>QTO[g9V
��¹%ZRZkg9M�UaVTVIgihf�&QIM>oPZcgiO¡�cUPZ�UWv>oPgi��UWM%�&g9V¤O��cgihf�&giM � UaL%Zc¦ESaVIoag9M%�&g9MA¼^hR¹>M%�&g9M��

HaG�¸	Z�O[hRg�O[g9M�}0gihR��g���QTO�g9hRZkO[g9M xyh[ORZRUWv>VIgiQTO[L%M>oag9M©UWL>¦¡G
`&G��yQTg�´yS*g��p�iQIgiMmORgiM

ai,k, ai
e%�aM>oag9M �¡giO[�iOyUWL%dfe��aSPM©�&g9h��ug9Q¤OR��Uah[QXUWv%VTg9M©UWv�G

F>G��ygih�¥�UaL>t&OkORgiQIV QIZkO�Z[dfe*��Uadfept%UahRUav)SPVTQXZ[dfe�GP�yQTg^¸²MmORUahkORL>M>o�ORh[QTOkO�QIM©�&g9M ±²L%M>NmO[giM
x ∈ Ω

UWL&¦ �¦E¹>h��>QTg
g(x) = 0

G%�yQIg9Z�gih[¦ESahf�&g9hkO��&QIg�¸²QTM>¦E¹>e>hRL>M>opoag9��QIdfemORg�O[g9h�s*SavuSaVIgi�m�n���WL%��gPG
q%G��yQTgyh[g dfemO[g�s*g9Q¤ORg�QXZ¡OcM>QIdfemORVTQIM>g9Uah9Gm��g Zke)UWVIvpQIZkO¯g Z²M �aO[QIo � L∞(Ω)

�n��v)Z[dfe%�WO[�9L>M>oag9M�¦E¹>h
u−U0�9L©oPgi��QIM>M>giM�G

��QIg���SWORe>g�� � giO[e>S&�&g��ag9h[�cgiM)�&g�O giQIM>g���QXZ[NmhRg�ORQIZ[QIgihRL>M>o��&gih �ug9Q¤OR�|UWhRQIUav>VTg9M�GWs*giQ)UWVXZkS
n ∈ N

� h = T
n
�

tj = jh (j = 0, 1, . . . , n) �
aj(u, v) = atj (u, v),

fj(x) = f(x, tj , uj−1(x)), j ≥ 1, f0(x) = f(x, 0, U0(x)),

δuj =
1

h
(uj − uj−1),

un(x, t) = ui−1(x) + (t− ti−1)δui(x), (ti−1 < t ≤ ti, i = 1, . . . , n),

un(x, t) = ui(x) (ti−1 < t ≤ ti, i = 1, . . . , n).

����� ��� ��� ��� � ����� � ������� ��� �����	 �

¼^g9Z[L%dfemO���QIhf�©g9QTM%g�J)UW��QIVTQIg]�aSPM�J%L>M>NmO[QISaM>g9M
u0, u1, . . . ui ∈

o

W 1
2g (Ω)

��QTO

(δuj , v) + aj(uj , v) = (fj , v) ∀v ∈
o

W 1
2g (Ω), j = 1, . . . , i � q%GIH9F�

L>M%�
u0 = U0

Z[S|��QTg
u0, u1, . . . ui ∈ BR(U0)

G
��g9h�¦ESaVIoag9M%�&g�s&U|OR��oaQIv&O�giQIM>g�¸)+&QIZkO[g9M>�9UaL%ZRZ[Uaoagy¦E¹>h��&QIg9Z[g

uj
�

¨�E&� ? +�® , ® " - ��-:9 ";� ( "%- 0 ( - ",!.- � $4! � ( /4! ( - h0 > 0
) �($ � / 8 �'&�0 h ≤ h0

�1",)�( *
� - "%-6! u0, . . . ui−1 ∈

o

W 1
2g (Ω)

) �($ ��/ 8 � q)GTH F� - 0 �'&�),)+(�";� ( 0�!�� u0, . . . , ui−1 ∈ BR(U0)
� � /4! !

-%9 ";� ( "%- 0 ( � - !./�0	- ",! ui ∈
o

W 1
2g (Ω)

) �($ � / 8 � q)GTH F� ��",)+( �



� � �� ��� ������� ����� �� ���� � � ��� ����� 	�� �>H

5 Fm� F�?'4 � q%GIH9F�¯QIZkO����mL>QI��UaVTg9MmO��9L

Ah,i(ui, v) =

(

fi +
1

h
ui−1, v

)

∀v ∈
o

W 1
2g (Ω),

�¯SPv)g9Q
Ah,i(u, v) := 1

h (u, v) + ai(u, v)
G

��L>MA��QIhR��oPgit>hR¹&¦µO � SPv ZkQXdfe��>gih�s&UWO[���aSPM��0U +*� � QTVIoahfUW� UWM*�cgiM%�>giM�VI�awWO��
¸	Z�oPQTVTO � Z[QTg9e>g]��g9���pUpF%G `>G ��

at(u, u) =

∫

Ω

N∑

i,k=1

g(x)aik(x, t)
∂u(x)

∂xi

∂u(x)

∂xk
dx+

∫

Ω

N∑

i=1

ai(x)
∂u(x)

∂xi
u(x) dx

≥ CE

∫

Ω

N∑

i=1

g(x)

(
∂u

∂xi

)2

dx− C

N∑

i=1

∫

Ω

∣
∣
∣
∣

∂u

∂xi

∣
∣
∣
∣

︸ ︷︷ ︸

2N′

N′+1

|u|
︸︷︷︸

2N′

N′−1

dx

≥ CE ‖u‖2
2,1,g − C ‖u‖2

2 − C ‖u‖ 2N′

N′+1
,1 ‖u‖ 2N′

N′−1

≥ CE ‖u‖2
2,1,g − C ‖u‖2

2 − C ‖u‖2,1,g ‖u‖ 2N′

N′−1

.

��L>MAQXZ¡O
1

2N ′

N ′+1

<
1

2N ′

N ′−1

+
1

N
,

UWVXZkS�g�+*QXZkO[QIgih[O � �*oaV G%s&U|OR��F>Gr`&GIH �*	giQIM
0 < θ < 1

��Q¤O
‖u‖ 2N′

N′−1

≤ c ‖u‖θ
2N′

N′+1
,1 ‖u‖

1−θ
1 ≤ c ‖u‖θ

2,1,g
︸ ︷︷ ︸

1
θ

‖u‖1−θ
2

︸ ︷︷ ︸
1

1−θ

≤ ε ‖u‖2,1,g + Cε ‖u‖2 .

��VXZkSpoPQTVTO
at(u, u) ≥ C ‖u‖2

2,1,g − C ‖u‖2,1,g ‖u‖2 − C ‖u‖2
2

≥ C ‖u‖2
2,1,g − (δ ‖u‖2

2,1,g + Cδ ‖u‖2
2) − C ‖u‖2

2

≥ C ‖u‖2
2,1,g − C0 ‖u‖2

2 .

J%UaVTVXZ 1
h > C0

� �>UaM>MAQIZkO
Ahi ≥ C ‖u‖2

2,1,g , C > 0.¢£g9Q¤ORgihRe>QIM�QXZkO � �*oaV G%s&U|OR��F>Gr`&G ��

|at(u, v)| ≤
N∑

i,k=1

∫

Ω

|aik|g
∣
∣
∣
∣

∂u

∂xi

∣
∣
∣
∣

∣
∣
∣
∣

∂v

∂xk

∣
∣
∣
∣
dx+

N∑

i=1

∫

Ω

|ai|
∣
∣
∣
∣

∂u

∂xi

∣
∣
∣
∣
|v| dx

≤ c

N∑

i,k=1

∫

Ω

√
g

∣
∣
∣
∣

∂u

∂xi

∣
∣
∣
∣

︸ ︷︷ ︸

2

√
g

∣
∣
∣
∣

∂v

∂xk

∣
∣
∣
∣

︸ ︷︷ ︸

2

dx+ c

N∑

i=1

∫

Ω

∣
∣
∣
∣

∂u

∂xi

∣
∣
∣
∣

︸ ︷︷ ︸

2N′

N′+1

|v|
︸︷︷︸

2N′

N′−1

dx

≤ c ‖u‖2,1,g ‖v‖2,1,g + c ‖u‖ 2N′

N′+1
,1 ‖v‖ 2N′

N′−1

≤ c ‖u‖2,1,g ‖v‖2,1,g ,



�P` ���������
	�� � � �$	 � ��� ����	�����	 ��� � � � � � � ������ � � �#��� ��	 ������� �

UWVXZkSpUWL)dfe |Ah,i(u, v)| ≤ c ‖u‖2,1,g ‖v‖2,1,g

G
�yUahRUaL%ZB¦ESaVIoWO �

Ah,i(., .)
QIZkO²giQIM>g�tuSPZ[Q¤ORQT���&g��)M>Q¤ORg�vug9ZRdfe>hR�aM>NmO[g�bcQTVIQIM>g9Uahk¦ESPh[��¦E¹%h	�&giMp¥�QTVIv)g9hkORhRUaL>�

o

W 1
2g (Ω)

G%�^UWhfUWL%Z¯¦ESPVToaO��>QTg�bcgie)UWL>t&ORL>M>o)G
�

5 F*D FHJ���@0(B +�® , ® "�� "%-+� - 0 � /4( - ' / $5&�( ? -6",! - �10��:� /�� - ) $�& ui ∈ BR(U0)
� =�&�0 - ",!.-��,$1) 7

$5&#- �10��:� /�� -  - 0%��- ! L∞(Ω) 7 � &,� $5& $4( -(0�!�� -6! �'&�0 �4"%- =/0�!�?1( "@$1!.- ! ui
&5- !�51( "#��( � � "%-+� - L∞(Ω) 7� &+� $'& $4( -(0�!�� -6!  -60%� -6! /�0,� �,$1) � - !�� -,' � - � -1� -( $4! !.- ! *

� � � -6"%- ! u0, . . . ui−1 ∈ BR(U0)

� � � /4! - -6"#��( -(0�! $�$'&�� ( ui ∈ L∞(Ω)
�

� � � /4! !   ",0%� ‖uj‖2 ≤ C &'-,  "%-,� -6! ) j = 0, . . . , i
�

� � =�&�0 p > 2 - - "#�1( ' /4! � /4!#! -6",! -�05-:?�0�0!� " � - � &,�6$'& $1(.-(0�!��
‖ui − U0‖p

p ≤ ctip
c max

1≤j≤i
(‖uj − U0‖p

αp + ‖uj − U0‖β1p
αp + ‖uj − U0‖β2p

αp ),

 $�&5- " 0 < β1, β2, α < 1
�

� � =�&�0 p→ ∞ ) $ 8 ( � "%$'& � /4! ! - ",!.- � &+� $'& $4( -(0�!�� ��- 0 � -+� ( /4)+(
‖ui − U0‖∞ ≤M(ti)

� -,  ",! !.- ! )  $*&'- " M(t) - ",!.->�'( - ( "#� - ) ��$4! h 0�!./�&5& $4!��1"#� - ' $4! $4( $4!  /�$'&�� - !�� - =/0�!�?1( "@$1!
";� ( '�",( M(0) = 0

�

��) �($�-:9�";� (*"%-60 (�- ",! T ∗ > 0
) �($ ��/ 8 �'&�0 t ≤ T ∗ �1",)�( * M(t) ≤ R

�

��QIg�¦ESaVIoagiM)�&giM�s&�|OR�ig�v)g9�¯g9QIZ[giM �&QIg�g9QTM%�igiVIM>g9M£��L)Z[ZRUWoPgiM£�>gih]bcgi��gihRN*L>M>o%Gª�^UW�iL �cgihf�&giM£giQIM>QToPg
¥�QIV¤¦7ZRUWL%ZRZRUWoag9M vugiM �aO[QIoWO G
��QIg]M%�adfe)Z¡ORgiMA��gi���pU|OfU�v)g9�¯g9QIZ[giM��
J%UWVIVXZ

u ∈
o

W 1
2g (Ω) � �%UWM>M©QIZkO�UaL%dfe

uR(x) := max(u(x)−R, 0) ∈
o

W 1
2g (Ω)

¦E¹>h �¡g9�>g9Z
R > 0

L>M%�
g9Z�oaQIVTO

∂

∂xk
uR =

{
∂

∂xk
u : u(x) > R,

0 : u(x) ≤ R.

��QIg9Z[g ��L)Z[ZRUWoPg�QXZkO6�&g9Z[e%UaVTv�gih[¦ESahf�&g9h[VIQIdfe � �¯g9QTV²g9QTM%g ZkSPVIdfe%g�J%L>M>NmO[QISaM
uR UWVXZ�}�g Z¡O[¦EL>M>NmO[QISaM§�Pgih[�

�¯g9M%�&g�O��cgihf�&g9M©��QIhR��G
,�F*D¾D E +0® , ® " � - " ε > 0

)
fε(u) =

√
u2 + ε2 − ε 0�! � u ∈

o

W 1
2g (Ω)

� � /4!#! ";� (�/�0#$5& fε(u) ∈
o

W 1
2g (Ω)

�

5 Fm� F�?74 ¸	Z©g/+&QIZkO[QIgih[O g9QTM>g£J>SaVIoag
(ϕn) ⊂ C∞

0 (Ω)
��QTO

ϕn

o

W 1
2g(Ω)

−−−−−→ u
Gc¸	Z oPQTVTO©S�
ug9M%ZkQXdfemO[VIQIdfe

fε(ϕn) ∈ C∞
0 (Ω)

G
��L>MAQXZ¡O � ��vugihRoPUWM%o��9L©oPgig9QToPM>g�ORgih�}�g9QTVT¦ESaVIoag

ϕ∗
n

L>M%�A´ySaM*�ag9h[oPgiM>� Z[UWO[���PSaM©��givug9Z[oaL>g 

‖fε(ϕ
∗
n)−fε(u)‖2

2 =

∫

Ω

|
√

u2 + ε2−
√

ϕ∗2
n + ε2|2 dx=

∫

Ω

∣
∣
∣
∣
∣

u2 − ϕ∗2
n√

u2 + ε2 +
√

ϕ∗2
n + ε2

∣
∣
∣
∣
∣

2

dx
n→∞−−−−→0.



� � �� ��� ������� ����� �� ���� � � ��� ����� 	�� �aF

¸	Z QXZ¡O
f(.) ∈ C1(R) � f ′(.) ∈ L∞(R) � UWVXZkSyQIZkO²�&QTg�´�g�O[O[g9M>h[g9oag9VP¦E¹%h �agihfUWVIVIoagi��g9QTM>g9hkORg	��v%VTg9Q¤ORL>M>oag9M

UWM*�cgiM%�&v)UWh G*�^UWM%M©¦ESPVToaO
∥
∥
∥
∥

∂

∂xk
(fε(ϕ

∗
n) − fε(u))

∥
∥
∥
∥

2

2,g

=

∫

Ω

g(x)

∣
∣
∣
∣
∣

u√
u2 + ε2

∂

∂xk
u− ϕ∗

n
√

ϕ∗2
n + ε2

∂

∂xk
ϕ∗

n

∣
∣
∣
∣
∣

2

dx

≤
∫

Ω

g(x)

∣
∣
∣
∣
∣

ϕ∗
n

√

ϕ∗2
n + ε2

(
∂u

∂xk
− ∂ϕ∗

n

∂xk

)
∣
∣
∣
∣
∣

2

dx+

∫

Ω

g(x)

∣
∣
∣
∣

∂u

∂xk

∣
∣
∣
∣

2
∣
∣
∣
∣
∣

u√
u2 + ε2

− ϕ∗
n

√

ϕ∗2
n + ε2

∣
∣
∣
∣
∣

2

dx

≤
∫

Ω

g(x)

∣
∣
∣
∣

∂

∂xk
(u− ϕ∗

n)

∣
∣
∣
∣

2

dx+

∫

Ω

g(x)

∣
∣
∣
∣

∂

∂xk
u

∣
∣
∣
∣

2
∣
∣
∣
∣
∣

u√
u2 + ε2

− ϕ∗
n

√

ϕ∗2
n + ε2

∣
∣
∣
∣
∣

2

dx → 0

�¯g9oag9M
ϕn

o

W 1
2g(Ω)−−−−−→ u

L%M%� �&g9� ´�SPMm�PgihRoag9M>�9ZRU|OR�¯�PSaM ��g9v)g ZkoPL>gaG*�yQTg Zkg9h¯QXZ¡O�UWM*�cgiM%�&v)UWh � �cgiQIV ∂u
∂xkL>M%� ∂ϕ∗

n

∂xk

J%L>M>NmO[QISaM>g9M �&g9Z
L2g(Ω)

Z[QTM)�©L%M%� |u| ≤
√
u2 + ε2

v%�i�]G |ϕ∗
n| ≤

√

ϕ∗
n + ε2

G
�yUp�>gih���UaL>� o

W 1
2g (Ω)

�aSPVTVXZkOR�WM)�&QTo�QXZ¡O � ¦ESaVIoWO��&QIg�bcgie%UaL>t&O[L%M>o%G
�
G

¸	Z�oPQTVTO�giQIMA�¯g9Q¤ORgihRg9Z�¥�QIV¤¦7Z[VIgi���pU �
,�F*D¾D E +�® , ® , = /4),) � u ∈

o

W 1
2g (Ω)

) � /4! ! �1",)+( /�0#$'& |u| ∈
o

W 1
2g (Ω) 0�!�� ∇|u| = signu(x)∇u �& "%- 0(&'-6"6��",)+(

sign y =

{
y
|y| : y 6= 0,

0 : y = 0.

5 Fm� F�?'4 ¸	ZpQXZ¡O
fε(u(x))

ε→0−−−→ |u(x)| � |fε(u(x))| ≤ |u(x)| G �yUadfe��&gi��´�SPM*�agihRoag9M>�9ZRU|OR� �aSPM
��g9v)g ZkoPL>g�oaQIV¤O�UaVIZ[S�¦E¹%h �¡g9�&g Z

ϕ ∈ C∞
0 (Ω)

∫

Ω
fε(u)

∂ϕ
∂xk

dx −
∫

Ω
u√

u2+ε2

∂u
∂xk

ϕdx

ε→0



y



yε→0

∫

Ω
|u| ∂ϕ

∂xk
dx −

∫

Ω
signu ∂u

∂xk
ϕdx

��VXZkSpvug9Z[QTO[��O |u| �&QTg�ZRdfe*�cUPdfe>gy��v>VIgiQTO[L>M>o
sign(u)∇u G �uLA�igiQIoag9M©v%VTg9QTv&O |u| ∈ o

W 1
2g (Ω)

G
¸	Z�QXZ¡O � ´�SPM*�agihRoag9M>�9ZRU|OR���aSPM���givug9Z[oaL>g 

∫

Ω

|fε(u) − |u||2 dx ε→0−−−→ 0

L>M%�
∫

Ω

g

∣
∣
∣
∣

∂

∂xk
(fε(u) − |u|)

∣
∣
∣
∣

2

dx =

∫

Ω

g

∣
∣
∣
∣

∂u

∂xk

∣
∣
∣
∣

2 ∣
∣
∣
∣

u√
u2 + ε2

− signu

∣
∣
∣
∣

2

dx
ε→0−−−→ 0.

��VXZkSpQXZkOcOfU|OfZ[�Pdfe>VTQXdfe |u| ∈
o

W 1
2g (Ω)

G
�
G

��L>MA��QIhR�A�>UPZ�UWM>oPgiN*¹>M%�>QToaO[g���gi���pU�vugi��QIg9Z[giM�G
,�F*D¾D E +�® , ®X! � -6" R > 0

)
u ∈

o

W 1
2g (Ω)

� � /4! ! ";� ( /�0#$5& max(u−R, 0) ∈
o

W 1
2g (Ω)

�

5 Fm� F�?'4 ¸	Z²QXZ¡O
max(u−R, 0) = |u−R|+u−R ∈W 1

2g(Ω)
GP¢£g9M>M

ϕn ∈ C∞
0 (Ω) � ϕn

W 1
2g(Ω)−−−−−→ u �ZkS�QXZ¡O

supp(max(ϕn −R, 0)) ⊂ Ω � UWVXZkS max(ϕn −R, 0) ∈
o

W 1
2g (Ω)

G&¸	QTM �yQIdfemO[g Z[dfe%VTL>w��We%M>VTQXdfe
��QTg]QIM �&giMASPv>QToPgiM���gi���pU|OfU��igiQIoWO

max(u−R, 0) ∈
o

W 1
2g (Ω)

G
�
G



�Wq ���������
	�� � � �$	 � ��� ����	�����	 ��� � � � � � � ������ � � �#��� ��	 ������� �

��L>M�Z¡ORgie>g9M£UaVTVIg�¥�QTVT¦7Z[��QTOkORgiV ¦E¹%h��>giM ��Uadfe*�cgiQXZ��PSaM
ui ∈ L∞(Ω)

v)g9h[g9Q¤O Gª�^UWvugiQ ��QIhf� giQIM s>U|O[�
�aSaMA��UP�&Y&Zke%giM%Z[N|U �kU6�agihR�cgiM%�&giO � �*oaV G87 �Bs����*{ : � }�e>giSPh[g9�\�&GIH
¨�E&� ? +�® , ® , � -6" u(x) ∈ W 1

m(Ω) ∩ Lq(Ω)
) �($ ��/ 8 - ",!.- � $1! � ( /4!#( - K0

-:9 ";� ( "%- 0 ( ) � / 8
sup ess∂Ω u(x) ≤ K0

� =�&�0 K ≥ K0
� -6"

∫

AK

|∇u|m dx ≤ γ

(∫

AK

(u−K)l dx

)m
l

+ γKα (measAK)
1−m

N +ε
,

 $*&'-6" l < Nm
N−m

)
ε > 0

)
m ≤ α ≤ εq +m

� � /1!#! ";� ( u ∈ L∞(Ω)
�

& "%- 0(&5- " ";� ( AK = {x ∈ Ω : u(x) ≥ K} �

¨�E&� ? +�® , ®X! � -6"
1

h
(u− uj−1, v) + aj(u, v) = (fj , v) ∀v ∈

o

W 1
2g (Ω). � q%GIHiq�

� /1!#! ";� ( u ∈ L∞(Ω)
) �6/1),) � h ≤ h0

�'&�0�- ",! � -5- "#��!.- ( -,� h0 > 0
�

5 Fm� F�?74 � q%GIHiq�²��QIhR��QIM �&gih�J%SahR�

1

h
(u, v) +

N∑

i,k=1

∫

Ω

g(x)aik
∂u

∂xk

∂v

∂xi
dx =

(

f̃j , v
)

−
N∑

i,k=1

∫

Ω

ai
∂u

∂xi
v dx

oag9ZRdfe>hRQTg9v)g9M�G>�^UWvugiQ�QXZkO
f̃j = fj + 1

huj−1
G)s&giQ

v = max(u−K, 0) � AK = {x ∈ Ω : u(x) > K} �
K > 0 � m = 2N ′

N ′+1

L>M%�
l = m

m−1
� UaVIZ[S m−1 + l−1 = 1

G
�yUaM>M�¦ESaVIoWO

1

h
(u, u−K)AK

+

N∑

i,k=1

∫

AK

gaik
∂u

∂xi

∂u

∂xk
dx =

(

f̃j , u−K
)

AK

−
N∑

i,k=1

∫

AK

ai
∂u

∂xi
(u−K) dx,

1

h
‖u−K‖2

2,AK
+ c

N∑

i=1

‖uxi‖2
2,AK ,g

≤
∥
∥
∥f̃j

∥
∥
∥

m,AK

‖u−K‖l,AK
+ C

N∑

i=1

‖uxi‖m,AK
‖u−K‖l,AK

− 1

h
(K,u−K)AK

≤
∥
∥
∥f̃j

∥
∥
∥

2

m,AK

+ ‖u−K‖2
l,AK

+ ε

N∑

i=1

‖uxi‖2
m,AK

+ Cε ‖u−K‖2
l,AK

.

��L>MAQXZ¡O
∥
∥
∥f̃j

∥
∥
∥

m

m,AK

=

∫

AK

|f̃j |m
︸ ︷︷ ︸

r
m

1
︸︷︷︸

r
r−m

dx ≤
∥
∥
∥f̃j

∥
∥
∥

m

r,AK

(measAK)
r−m

r ,

UWVXZkS

1

h
‖u−K‖2

2,AK
+ c

N∑

i=1

‖uxi‖2
2,AK ,g ≤ C ‖u−K‖2

l,AK
+ C (measAK)

2
m

r−m
r ,



� � �� ��� ������� ����� �� ���� � � ��� ����� 	�� �P�

�>UWhfUWL)Z	¦ESPVToaO��¯g9oag9M
L2g(AK) ⊂ Lm(AK)

∫

AK

|∇u|m dx ≤ C
(

‖u−K‖m
l,AK

+ (measAK)
r−m

r

)

.

¢£g9oag9M
r > N

g/+&QXZ¡ORQTg9hkO�g9QTM
ε > 0

��QTO
r −m

r
> 1 − m

N
+ ε

L>M%�
0 < ε ≤ m

N
.

s*giQ�S%G byG � G ��G
measAK < 1

G>��QIg9Z�QIZkO�¦E¹>h�e>QIM>hRgiQXdfe>giM%�©oahRSawPg
K

g9hk¦E¹>VIVTO � �>U u ∈ L1(Ω)
G%�yUaM>MAQIZkO

(measAK)
r−m

r ≤ (measAK)
1−m

N +ε
,

g9Z�¦ESPVToaO
∫

AK

|∇u|m dx ≤ C
(

‖u−K‖m
l,AK

+Km (measAK)1−
m
N +ε

)

.

�yU
l = m

m−1

L>M%�
N ′ > N � UWVXZkS 2N

N+1 < m � ¦ESaVIoWO l < Nm
N−m

G
�yUaM>M ZkQIM%�A�&QIg � SahfUWL%ZRZ[g�O[�9L>M>oPgiM �&g Z�s&UWO[�ig Z��aSPM��0Ua�&Y&Z[e>giM%Z[N|U �kU�gih[¦E¹>VTVTO�L>M%��g Z�oaQIV¤O

sup ess
Ω

u(x) ≤ C.

¸²QIM>g�UWM)UWVISaoag^��hRoaL>��g9MPOfU|ORQTSPM©VX�WwaO�Z[QXdfe ¦E¹>h
ũ = −u ¦E¹>e>hRgiM � g9Zc¦ESaVIoWO

inf essΩ u(x) ≤ C
G

�yUaM>M�¦ESaVIoWO
u ∈ L∞(Ω)

G
���L>M ��QThf� giQIM>g���v%ZRdfe%�|OR�iL>M>o ¦E¹>h ‖δuj‖2

L>M%� ‖uj‖2

e>g9h[oPgiVIgiQTO[g�O G%¸²QIM>g���v%ZRdfe%�|OR�iL>M%op¦E¹>h ‖uj‖pVI�awWO6Z[QXdfe§�igiQIoag9M � �cgiM%M§QTM � q%GIH9F���&QTg�}�g Z¡O[¦EL>M>NmO[QISaM |uj |p−2uj
�PgihR�¯g9M%�&g�O���QIhf� G�� �uL>M%�Pdfe%ZkO�QIZkO

UWVIVTg9hR�>QTM>omZ �&QIg �uL%VI�PZ[Z[QToPNag9Q¤O �&QIg9Z[gih�}�g Z¡O[¦EL>M>NmO[QISaM«M)Uadfe>�9Lm�cgiQXZ[giM�G	�^UaZ oag Z[dfe>QIgiemO QI��¦ESaVIoagiM)�&giM
��g9���pU%G
,�F*D¾D E +�® , ®I+ � -6" u ∈

o

W 1
2g (Ω) ∩ L∞(Ω) 0�! � p > 2

� � /4! ! ";�'( /�0#$'& |u|p−2u ∈
o

W 1
2g (Ω) ∩

L∞(Ω) 0�!�� -+� ��",)+(
∇|u|p−2u = (p− 1)|u|p−2∇u.

5 Fm� F�?'4 ¢£g9oag9M
u ∈

o

W 1
2g (Ω)

g/+&QXZ¡ORQTg9hkO g9QTM%g J>SPVToPg
(un) ⊂ C∞

0 (Ω)
��QTO

un

o

W 1
2g(Ω)−−−−−→ u

G¯s&giQ
M > ‖u‖∞

oagi���We%V¤O G%s*giQ
f ∈ C1(R)

g9QTM>g�J%L>M>NmO[QISaMA��QTO

f(v) =

{

|v|p−2v : |v| ≤M,

(M + 1)p−1 sign v : |v| ≥M + 1.

¢£g9oag9M
p > 2

QIZkO
f

Z¡ORg�ORQToA�&Q�
ug9h[g9M>�iQIgihRv%UWh^¦E¹>h
v = 0

G JB¹>h |v| ≤ M
QXZkO

f ′(v) = (p − 1)|v|p−2 G�yUaM>MAoaQIV¤O
‖f(un)‖∞ ≤ k = k(M), ∀n, � q%GIH �*
‖f ′(un)‖∞ ≤ k = k(M), ∀n. � q%GIH9��

JB¹>h��&QIg9Z[g
un

oaQIV¤O
∂

∂xk
f(un) = f ′(un)

∂

∂xk
un.

� � ����� ����� � ��
�
�� ������ ���
	 ��� ���

�
�� �������� � ����� � �

�
��� ������������� � ���������

�
�������������� ����� ��#�� �

�
��!#"  �



�a� ���������
	�� � � �$	 � ��� ����	�����	 ��� � � � � � � ������ � � �#��� ��	 ������� �

¸	Z�g/+&QXZ¡ORQTg9hkO�g9QTM>g�}0giQIVT¦ESaVIoag
u∗n

� Z[Sp�>UWw

u∗n
��� ���
−−→ u

L>M%� ∂

∂xk
u∗n

��� ���
−−→ ∂

∂xk
u.

��L%Z]�&g9� ´ySaM*�ag9h[oPgiM>� Z[UWO[���PSaM£��givug9Z[oaL>g6¦ESaVIoWO��>UaM>M ‖f(u∗n) − f(u)‖2
2 → 0 � �cgioPgiM � q%GIH ���QXZ¡O

�&gih�´ySaM*�ag9h[oPgiM%ZRU|OR��UWM*�cgiM%�>v%UWh+�G
¢£g9Q¤ORgihRe>QTMAQXZ¡O

∥
∥
∥
∥
f ′(u∗n)

∂u∗n
∂xk

− f ′(u)
∂u

∂xk

∥
∥
∥
∥

2

2,g

≤
∫

Ω

g

∣
∣
∣
∣
f ′(u∗n)

∂u∗n
∂xk

− f ′(u∗n)
∂u

∂xk

∣
∣
∣
∣

2

dx+

∫

Ω

g|f ′(u∗n) − f ′(u)|2
∣
∣
∣
∣

∂u

∂xk

∣
∣
∣
∣

2

dx

≤ k2

∫

Ω

g

∣
∣
∣
∣

∂u∗n
∂xk

− ∂u

∂xk

∣
∣
∣
∣

2

dx+

∫

Ω

g|f ′(u∗n) − f ′(u)|2
∣
∣
∣
∣

∂u

∂xk

∣
∣
∣
∣

2

dx.

�yUPZ�g9hRZkO[g²lnMmORgioahfUWVPNaSPMm�PgihRoaQIgih[Ou�cgioPgiM
u∗n

W 1
2g(Ω)−−−−−→ u

oPgioPgiM���L%VTV � �>UaZ��i�cgiQTO[g	lnMmORgioahfUWVaNaSaM*�PgihRoaQIgih[O
oagioPgiM���L>VIV M%Uadfe��&gi� ´ySaM*�ag9h[oPgiM>� Z[UWO[���PSaM ��givug9Z[oaL>g � �&QIg9Z[gihcQXZ¡O�UWM*�cgiM%�>v%UWh¯�¯g9oagiM � q%GIH9��²L%M%�
u ∈W 1

2g(Ω)
�G

�yUahRUaL%Z�¦ESPVToaO � �>UWw f(u∗n)
giQIM>g 3 UaL%dfe*Ym¦ESaVIoag]QI��b�UaM%Uadfe>hfUWL%� o

W 1
2g (Ω)

QXZkO9Gª��QIg9Z[g6J%SaVIoag�vug9Z[QTO[��O
UWVXZkS�giQIM>g9MA¼^hRgiM>�9�¯g9hkO � �&QIg9Z[gih���L%w

f(u)
Z[giQIM�G%�^UWhfUWL%ZcgihRoaQIv&O�Z[QIdfe

f(u) ∈
o

W 1
2g (Ω)

L>M%�
∇f(u) = f ′(u)∇u.

¢£g9oagiM |u| < M � ¦¡G ¹�G c¦ESPVToaO��>QTg�bcgie)UWL>t&ORL>M>o)G
�J0¹%h��&QIg���v%ZRdfe%�|OR�iL>M>o��PSaM ‖uj‖p

Z[QTM%� ¦ESaVIoag9M%�&g]��v)Z[dfe%�WO[�9L>M>oag9M��>gih�bcQTVIQIM>g9Uahk¦ESPh[� ��QXdfemO[QIo#�
,�F*D¾D E +0® , ®X: � - " u, v ∈

o

W 1
2g (Ω) ∩ L∞(Ω)

)
p > 2

� � /4! ! ��",)+(�'�",( w := |u| p−2
2 u

at(u, |u|p−2u) ≥ c1
p
‖w‖2

2,1,g − c2
p
‖w‖2

2 , � q%GIH�{*
|at(u, v) − at′(u, v)| ≤ C|t− t′| ‖u‖2,1,g ‖v‖2,1,g . � q%GIH9»�

5 Fm� F�?74 ¸¯Z�QIZkO |w| = |u| p
2
� UaVIZ[S ‖w‖2

2 = ‖u‖p
p

L>M%� ∇w = p
2 |u|

p−2
2 ∇u �

∇
(
|u|p−2u

)
= (p− 1)|u|p−2∇u =

2(p− 1)

p
|w| p−2

p ∇w.
�yUaM>M�¦ESaVIoWO

N∑

i,k=1

∫

Ω

gaik
∂u

∂xi

∂

∂xk

(
|u|p−2u

)
dx = (p− 1)

N∑

i,k=1

∫

Ω

gaik|u|p−2 ∂u

∂xi

∂u

∂xk
dx

≥ c(p− 1)
N∑

i=1

∫

Ω

g|u|p−2

(
∂u

∂xi

)2

dx =
4c(p− 1)

p2

∫

Ω

g|∇w|2 dx

≥ c

p
‖w‖2

2,1,g ,

N∑

i=1

∫

Ω

|ai|
∣
∣
∣
∣

∂u

∂xi

∣
∣
∣
∣
|u|p−1 dx ≤ c

p

N∑

i=1

∫

Ω

∣
∣
∣
∣

∂w

∂xi

∣
∣
∣
∣
|w| dx ≤ ε

p
‖w‖2

2,1,g +
Cε

p
‖w‖2

2 ,



� � �� ��� ������� ����� �� ���� � � ��� ����� 	�� �m{

�*oaV G>b¯g9�¯g9QIZ��9L s&U|OR�^q)G `>GTHPG>�yUahRUaL%Z¯¦ESaVIoWO��&QIg]gihfZ¡ORg]b¯g9e%UWL%t&O[L>M%o%G
¢£g9Q¤ORgihRe>QIM�QXZkO

|at(u, v) − at′(u, v)|

≤
N∑

i,k=1

∫

Ω

g(x)|aik(x, t) − aik(x, t′)|
∣
∣
∣
∣

∂u

∂xi

∣
∣
∣
∣

∣
∣
∣
∣

∂v

∂xk

∣
∣
∣
∣
dx

+

N∑

i=1

∫

Ω

|ai(x, t) − ai(x, t
′)|
∣
∣
∣
∣

∂u

∂xi

∣
∣
∣
∣
|v| dx

≤ c|t− t′|
N∑

i,k=1

∫

Ω

g(x)

∣
∣
∣
∣

∂u

∂xi

∣
∣
∣
∣

∣
∣
∣
∣

∂v

∂xk

∣
∣
∣
∣
dx+ c|t− t′|

N∑

i=1

∫

Ω

∣
∣
∣
∣

∂u

∂xi

∣
∣
∣
∣
|v| dx

≤ c|t− t′| ‖u‖2,1,g ‖v‖2,1,g .¥�QIgihRv)g9Q���L>hf�&g]�We>M%VTQXdfe UWv>oPg9ZRdfe%�|OR��O���QTg�QI�\bcgi�cgiQXZ��iL s&U|OR�]q%Gr`&GIHaG
���L>MA��QIhR��g9QTM>g�g9hRZkO[g]���2t>hRQTSPh[QT�n��v%ZRdfe%�|OR�iL>M%o6vugi��QIg9Z[giM�G

,�F*D¾D E +�® , ®� = /4),) � h ≤ h0
) ��/1!#! -:9 ";� ( "%- 0 (�- ",!.- � $1! h 0�! /*&'& $4!��1"#� - � $4! � ( /4! ( - C ) �($ � / 8

�1",)�( *
=�/1),) � u0, u1, . . . , ui ∈ BR(U0)

) ��/1!#! ";� (

‖δuj‖2 ≤ C, ‖uj‖2,1,g ≤ C, h

j
∑

l=1

‖δul‖2
2,1,g ≤ C � q%GIH9��

�'&�0�/4),)�- 1 ≤ j ≤ i
�

5 Fm� F�?'4 ¸	Z�QXZ¡O
(δuj , v) + aj(uj , v) = (fj , v) ,

(δuj−1, v) + aj−1(uj−1, v) = (fj−1, v) .

� QTO
v = δuj

¦ESaVIoWO�M%Uadfe s*L>v>O[hfUWNmO[QISaM
(δuj − δuj−1, δuj) + haj(δuj , δuj) = h (δfj , δuj) − (aj(uj−1, δuj) − aj−1(uj−1, δuj)).

��L%Z
(p− q)p = 1

2 (p2 − q2 +(p− q)2)
L>M%� �>giM ��v%Z[dfe)�|O[�9L>M>oPgiM�¦E¹>h��&QIgybcQTVIQIM>g9Uahk¦ESPh[� ¦ESaVIoWOc�%UWM>M

1

2

(

‖δuj‖2
2 − ‖δuj−1‖2

2

)

+
1

2
‖δuj − δuj−1‖2

2 + ch ‖δuj‖2
2,1,g

≤ Cf (h+ ‖uj−1 − uj−2‖2) ‖δuj‖2 + h ‖uj−1‖2,1,g ‖δuj‖2,1,g + Ch ‖δuj‖2
2

≤ Cεh
(

1 + ‖δuj−1‖2
2

)

+ 2εh ‖δuj‖2
2,1,g + Cεh ‖j−1‖2

2,1,g + Ch ‖δuj‖2
2 ,

UWVXZkS
‖δuj‖2

2 − ‖δuj−1‖2
2 + ch ‖δuj‖2

2,1,g ≤ Ch
(

1 + ‖δuj−1‖2
2 + ‖δuj‖2

2 + ‖uj−1‖2
2,1,g

)

.

s*L>���pU|ORQTSPM
(j = 2, . . . , l)

VTQIg�¦Eg9hkO

‖δul‖2
2 − ‖δu1‖2

2 + ch

l∑

j=2

‖δuj‖2
2,1,g ≤ Ctl + Ch

l∑

j=1

‖δuj‖2
2 + Ch

l−1∑

j=1

‖uj‖2
2,1,g .



�a» ���������
	�� � � �$	 � ��� ����	�����	 ��� � � � � � � ������ � � �#��� ��	 ������� �

��L>M Z[QTM)�©M%S*dfe ‖δu1‖2

L>M%�
h ‖δu1‖2

2,1,g

UWv>�9L%Z[dfe)�|O[�9giM�G>�^UW�9L ��QThf��QTM � q%GIH9F���>QTg�}0g9ZkOk¦EL>M%NPORQTSPM
v = δu1

oag9�c�ae>VTO9G*¸	Z�¦ESPVToaO��
(δu1, δu1) + a1(u1, δu1) = (f1, δu1) ,

‖δu1‖2
2 + ha1(δu1, δu1) = (f1, δu1) − a1(U0, δu1)

= (f0, δu1)−a0(U0, δu1)+h (δf1, δu1)+(a0(U0, δu1)−a1(U0, δu1)).

¢£g9oagiM
A0U0 ∈ L2(Ω)

QXZ¡O
a0(U0, δu1) = (A0U0, δu1)

L%M%�AZkSP��QTO
‖δu1‖2

2 + ch ‖δu1‖2
2,1,g

≤ ‖f0 −A0U0‖2 ‖δu1‖2 + Ch ‖δu1‖2 + Ch ‖U0‖2,1,g ‖δu1‖2,1,g + Ch ‖δu1‖2
2

≤ Cε ‖f0 −A0U0‖2
2 + ε ‖δu1‖2

2 + Cεh+ Cεh ‖U0‖2
2,1,g + 2εh ‖δu1‖2

2,1,g + Ch ‖δu1‖2
2 ,

UaVIZ[S

(1 − Ch− ε) ‖δu1‖2
2 + ch ‖δu1‖2

2,1,g ≤ C(‖f0 −A0U0‖2
2 + ‖U0‖2

2,1,g + 1).

�yUaM>M�¦ESaVIoWO

‖δul‖2
2 + ch

l∑

j=1

‖δuj‖2
2,1,g ≤ C + Ctl + Ch

l∑

j=1

‖δuj‖2
2 + Ch

l−1∑

j=1

‖uj‖2
2,1,g .

�yUPZ�¼^h[SPMm��UWVIVT�2��gi���pU���QTO
al = ‖δul‖2

2

L>M%�
Al = C + Ctl + Ch

∑l−1
j=1 ‖uj‖2

2,1,g

VIQIg�¦Egih[O

‖δul‖2
2 ≤ C(T )Al ≤ C

(

1 + h

l−1∑

j=1

‖uj‖2
2,1,g

)

,

UWVXZkS
h

l∑

j=1

‖δuj‖2
2 ≤ lhC

(

1 + h

l−1∑

j=1

‖uj‖2
2,1,g

)

≤ tlC
(

1 + h

l−1∑

j=1

‖uj‖2
2,1,g

)

L>M%�AZkSP��Q¤O
‖δul‖2

2 + ch

l∑

j=1

‖δuj‖2
2,1,g ≤ C

(

1 + h

l−1∑

j=1

‖uj‖2
2,1,g

)

. � q%Gr`W��
��L>M�QIZkO�M>S&dfe©�&QIg�s&L>����g]UaL&¦0�&g9h¯hRg9dfemO[g9M�s*g9Q¤ORg^Uav>�iL)Z[dfe%�WO[�9giM�G*�yUa�iL©�c�ae>V¤O��pUWM�UWVXZ¯}0g9ZkOk¦EL>M%NP�
O[QISaM

v = uj
L>M%��gihRe%�WVTO

(uj − uj−1, uj) + haj(uj , uj) = h (fj , uj) ,

UWVXZkS
1

2

(

‖uj‖2
2 − ‖uj−1‖2

2

)

+ ch ‖uj‖2
2,1,g ≤ h ‖fj‖2 ‖uj‖2 + Ch ‖uj‖2

2 ≤ Ch ‖fj‖2
2 + Ch ‖uj‖2

2 .

s*L>���pU|O[QISaM
(j = 1, . . . , l)

VTQIg�¦Eg9hkO

‖ul‖2
2 + ch

l∑

j=1

‖uj‖2
2,1,g ≤ Ch

l∑

j=1

(

‖fj‖2
2 + ‖uj‖2

2

)

+ ‖U0‖2
2 .
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�yUPZ�¼^hRSaM*�cUaVTVT�n��gi���pU�VIQIg�¦Egih[O��>UWM%M

‖ul‖2
2 ≤ C

(

Ch

l∑

j=1

‖fj‖2
2 + ‖U0‖2

2

)

eCtl ≤ C,

UWVXZkS�oPQTVTO
‖ul‖2

2 + ch

l∑

j=1

‖uj‖2
2,1,g ≤ C. � q%Gr`&H 

��L%Z � q%Gr`W��¯L>M%� � q)G `>H�	¦ESaVIoWO��&QIg�bcgie%UaL>t&O[L%M>o%G
���L>M�N�UaM>M�g9QTM>g

L∞(Ω)
�2��v%Z[dfe)�|O[�9L>M>o�¦E¹%h

uj−U0
e>g9h[oPgiVIgiQTO[giO��¯g9hR�>giM�Gi�yQIg9Z[g¯��v)Z[dfe%�WO[�9L>M>o�omUWhfUWM&�

O[QIgih[O � �>Uaw uj ∈ BR(U0)
� ¦7UaVTVXZ tj ≤ T ∗ G&¥�QTg9h[vugiQ QXZ¡O

T ∗ M>QXdfemOc�PSaM©�>gih���MmO[g9hkORgiQIVTL%M>oPZRZ[dfe%h[QTOkO¡�cgiQTO[g
UWv>e)�WM>oPQTo)G*�yQIg9Z�g9h[oPQTv&O�Z[QIdfeAUWL)Z��&gi��¦ESaVIoagiM)�&giM s&U|OR���
¨�E>�9? +0® , ®T+ - � -%9 ";� (*"%-602- ! � $1! � ( /1!#( -6! h0 > 0

)
0 < T ∗ ≤ T 0�!�� - ",!.- ' $4! $4( $4!  /�$'&�� -6! ��-

= 0�!2?4(*"@$4! M(t) ∈ C([0, T ∗]) '�",( M(0) = 0
) �,$ ��/ 8 �'&�0 h ≤ h0

�1",)+(%*
=�/1),) � tj ≤ T ∗ ) ��/1!#! ";� ( ‖uj − U0‖∞ ≤M(tj) ≤ R

�

5 Fm� F�?'4 ��g9h�b¯g9�¯g9QIZ�QXZkO�h[g dfePO�VXUWM>o � �&g9Z[e%UWVIvA��QThf�©e>QTg9h��iL>M)�adfe%ZkO��>UaZ�bcgi�cgiQXZ[t>h[QIM>�9QTtA�>UWhRoag9VTg9oWO G
¸	Z�Z[giQ�g9QTM%g]s>dfe>h[QTOkO¡�cgiQTO[g

h
�PSahRoag9oagivugiM�G

��MmO[g9hB�>gih � SahfUWL%ZRZkgiO[�9L>M>o
u0, u1, . . . , ui−1 ∈ BR(U0)

��QThf��giQIM>g���v%ZRdfe%�WO[�iL%M>o ‖ui − U0‖∞ ≤ Cie>gihRoag9VTg9Q¤ORg�O Gu¸¯Z�VI�awWO]ZkQXdfe �9giQIoagiM � �%UWw©�>QTg Zkgp´ySaM%ZkORUaMPORgiM
Cj

� (j = 0, . . . , i) � �iL£giQIM>gih���SaM%SWO[SPM
�cUPdfe%Z[giM%�&g9M�ZkO[giO[QIoag9M�J%L>M>NmO[QISaM

M
¦ESah[O[oPg9Z[g�O[�iO �¯g9hR�&g9M�N��aM%M>giM���Q¤O

M(0) = 0
L>M)�

Cj = M(tj)
G

��QIg9Z[g�J>L%M>NmO[QISaMAQIZkO��aSPM
h

L%M%UWv>e)�WM>oPQTo)G
¸	Z�Z[giQ

0 ≤ j ≤ i � zj = uj − U0
� �>UaM>M©¦ESaVIoWO

δzj = δuj
L>M%�

(δzj , v) + aj(zj , v) = (fj , v) − aj(U0, v) ∀v ∈
o

W 1
2g (Ω).

¸	Z�QXZ¡O
uj ∈ L∞(Ω) ∩

o

W 1
2g (Ω) � UWVXZ[S�UaL%dfe

zj ∈ L∞(Ω) ∩
o

W 1
2g (Ω)

G>J0¹%h
p > 2

Zkg9Q
v = |zj |p−2zjL>M%�

wj = |zj |
p−2
2 zj

G �yQTg Zkg�¢ Uae>V �&gih]}0g9ZkOk¦EL>M%NPORQTSPM>giM£QIZkO��¯g9oagiM
v ∈

o

W 1
2g (Ω)

�9L>VX�aZRZkQIo%Gu�yUaM>M
¦ESaVIoWO
1

h

(
zj , |zj |p−2zj

)
− 1

h

(
zj−1, |zj |p−2zj

)
+
c1
p
‖wj‖2

2,1,g

≤ ‖fj‖r

∥
∥|zj |p−1

∥
∥

r′ + |aj(U0, |zj |p−2zj)| +
c2
p
‖wj‖2

2 ,

1
r + 1

r′ = 1
G ��L>MAQIZkO���Q¤O 1

p + 1
p′ = 1

•
(
zj , |zj |p−2zj

)
= ‖zj‖p

p = ‖wj‖2
2 ,

•

(
zj−1, |zj |p−2zj

)
≤‖zj−1‖p

∥
∥|zj |p−1

∥
∥

p′ =‖zj−1‖p





∫

Ω

|zj |p
′(p−1) dx





1
p′

=‖zj−1‖p
︸ ︷︷ ︸

p

‖zj‖p−1
p

︸ ︷︷ ︸
p

p−1

≤ 1

p
‖zj−1‖p

p+
p− 1

p
‖zj‖p

p =
1

p
‖wj−1‖2

2+
p− 1

p
‖wj‖2

2 ,
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•

∥
∥|zj |p−1

∥
∥

r′

r′ =

∫

Ω

1
︸︷︷︸

p

|zj |(p−1)r′

︸ ︷︷ ︸
p

p−1

dx ≤ (measΩ)
1
p

(∫

Ω

|zj |pr′

dx

) p−1
p

≤ c

(∫

Ω

|wj |2r′

dx

) p−1
p

= c ‖wj‖
2r′ p−1

p

2r′ ,

UaVIZ[S ∥
∥|zj |p−1

∥
∥

r′ ≤ c ‖wj‖
2 p−1

p

2r′
�

• ¢ gioPgiM
U0 ∈ W 2

r (Ω)
oPQTVTO ∂U0

∂xk
∈ W 1

r (Ω) ⊂ L∞(Ω) � �%U r > N
G>�yUaM>M�¦ESaVIoWO

|aj(U0, |zj |p−2zj)| ≤ C
p− 1

p

N∑

i,k=1

∫

Ω

√
g

∣
∣
∣
∣

∂U0

∂xk

∣
∣
∣
∣

︸ ︷︷ ︸

∞

|wj |
p−2

p

︸ ︷︷ ︸

2

√
g

∣
∣
∣
∣

∂wj

∂xk

∣
∣
∣
∣

︸ ︷︷ ︸

2

dx

+ C

N∑

i=1

∫

Ω

∣
∣
∣
∣

∂U0

∂xi

∣
∣
∣
∣

︸ ︷︷ ︸

r

|zj |p−1

︸ ︷︷ ︸

r′

dx

≤ C ‖wj‖
p−2

p

2 p−2
p

‖wj‖2,1,g + C
∥
∥|zj |p−1

∥
∥

r′

≤ C
p

ε
‖wj‖

2 p−2
p

2 p−2
p

+
ε

p
‖wj‖2

2,1,g + C ‖wj‖
2 p−1

p

2r′ .

¢ giQTO[g9h[e>QIMAQIZkO

‖wj‖
2 p−2

p

2 p−2
p

=

∫

Ω

|wj |2
p−2

p

︸ ︷︷ ︸
p

p−2

1
︸︷︷︸

p
2

dx ≤ ‖wj‖
2 p−2

p

2 (measΩ)
2
p ≤ C ‖wj‖

2 p−2
p

2 .

��QIg��uL%ZRUW����giM&¦7UPZ[Z[L>M>o��&QIg9Z[gih�¸²hRoag9v>M>QXZ[Z[g�VTQIg�¦Eg9hkO
1

ph

(

‖wj‖2
2 − ‖wj−1‖2

2

)

+
c1
p
‖wj‖2

2,1,g

≤ ‖fj‖r ‖wj‖
2 p−1

p

2r′ +
ε

p
‖wj‖2

2,1,g + C
p

ε
‖wj‖

2 p−2
p

2 + C ‖wj‖
2 p−1

p

2r′ +
C2

p
‖wj‖2

2

��VXZkS�QXZ¡O
1

h

(

‖wj‖2
2 − ‖wj−1‖2

2

)

+ c ‖wj‖2
2,1,g

≤ Cp(‖fj‖r + 1) ‖wj‖
2 p−1

p

2r′ + Cp2 ‖wj‖
2 p−2

p

2 + C ‖wj‖2
2

≤ C

(

p ‖wj‖
2 p−1

p

2r′ + p2 ‖wj‖
2 p−2

p

2 + C ‖wj‖2
2

)

,

�>U��¯g9oagiM
uj−1 ∈ BR(U0) ‖fj‖r ≤ C

oPQTVTO9G
��L>MzZkQIM%�§M>S&dfe�>QTg ��SahR��giMUaL&¦��&g9h6hRg9dfemO[g9Ms*giQTO[g�UWv>�9L%ZRdfe%�|OR�igiM�G0�^UWvugiQ���QThf�¾��gi���pU F>Gr`&G {
oagiM*L&OR��O G
��� � &,� $5& $4( -,0�!�� ��$4! ‖wj‖

2 p−1
p

2r′
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¸	Z�QXZ¡O
2 ≤ 2r′ < r1N

N−r1

� �&giM%M r′ > 1 � N ′ > N
L>M)�

1

2N
+

1

2N
>

1

2r
+

1

2N ′ ⇐⇒ 1

2
− 1

2r
>

1

2
+

1

2N ′ −
1

N
=

1

r1
− 1

N

⇐⇒ r − 1

2r
>
N − 1

r1N
⇐⇒ 2r′ <

r1N

N − r1
.

��VXZkSpQXZkO���gi���pUpF>Gr`&G {�UaM*�¯g9M%�&v%Uah9G
¸	Z�Z[giQ

α = p−1
p

� 1 < q < r1 � L>M%UWv%e%�WM>oPQTo��aSPM
p
 �

θ =

1
q − 1

2r′

1
q − 1

r1
+ 1

N

, σ =
θ

1 − θ
,

β =
α

1 + (1 − α)σ
=
p− 1

p+ σ
,

�¯SPv)g9Q
σ

L>M%UWv%e%�WM>oPQTo��aSPM
p
QXZ¡O G>¸	Z���QIhR�

β = β1(p) := β
oag9�c�ae>VTO9G

�yUaM>MAQIZkO
‖wj‖2α

2r′ ≤ ε ‖wj‖2
2,1,g + Cε ‖wj‖2β

q , Cε ∼ ε−σ, σ =
α− β

1 − α
.

¸	Z�QXZ¡O
α− β

1 − α
=

(p− 1)σ

p+ σ
≤ σ1,

¦7UaVTVXZ
p→ ∞.

��VXZkSpoPQTVTO
‖wj‖2α

2r′ ≤ ε ‖wj‖2
2,1,g + Cε−σ1 ‖wj‖2β1

q , C
L>M%Uav>e%�WM%oaQIo6�PSaM

p
L>M)�

h.

�yUaM>M�¦ESaVIoWO���Q¤O
ε = δ

p
� δ L>M%Uav>e%�aM>oaQIo6�PSaM

p
e%QTM>hRgiQXdfe>g9M%� N*VIgiQIMAoagi���We%V¤O �

p ‖wj‖2α
2r′ ≤ δ ‖wj‖2

2,1,g + Cδp
σ1 ‖wj‖2β1

q .

� � � &,� $5& $4( -(0�!�� ��$4! ‖wj‖
2 p−2

p

2¸	Z�QXZ¡O�S�
ug9M%Z[QIdfemO[VIQXdfe
2 ≤ 2 < r1N

N−r1

� UWVXZ[S�Z[QTM)���>QTg � SPhRUaL%Z[Z[g�OR�iL>M%oagiM©�aSPM©��g9����UpF%G `>Gr{�gih[¦E¹>VIV¤O G
¸	Z�QXZ¡O

α = p−2
p

� 1 < q < r1 � ��QTg]SPv)g9M  �

θ =

1
q − 1

2
1
q − 1

r1
+ 1

N

, σ =
θ

1 − θ
,

β =
α

1 + (1 − α)σ
=

p− 2

p+ 2σ
,

σ
L%M%UWv>e)�WM>oPQTo��aSPM

p
G%¸	Z�Z[giQ

β = β2(p) := β
G

�yUaM>M�¦ESaVIoWO

‖wj‖2α
2 ≤ ε ‖wj‖2

2,1,g + Cε ‖wj‖2β2

q , Cε ∼ ε−σ, σ =
α− β

1 − α
,

α− β

1 − α
=

(p− 2)σ

2(p+ σ)
≤ σ2,

¦7UaVTVXZ
p→ ∞.

��VXZkSpoPQTVTO
‖wj‖2α

2 ≤ ε ‖wj‖2
2,1,g + Cε−σ2 ‖wj‖2β2

q ,
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s*giQ�M*L>M
ε = δ

p2
� δ L>M%Uav>e%�aM>oaQIo6�PSaM

p
e%QTM>hRgiQXdfe>g9M%��NmVIgiQIM�oagi���We%V¤O G>�yUaM>MAgihRoaQIv&O�ZkQXdfe

p2 ‖wj‖2α
2 ≤ δ ‖wj‖2

2,1,g + Cδp
2σ2 ‖wj‖2β2

q .

� � � &,� $5& $4( -,0�!�� ��$4! ‖wj‖2
2¸	Z�QXZkO

α = 1 � UWVXZkS UaL%dfe
β = 1

G0�yQTg©´�SPM%Z¡OfUWMmO[g9M
θ � σ e%Uav)g9M�&giM§oPVTg9QIdfe%giM§¢ gih[O���QTg QTM�>gih

`&G>��v)Z[dfe%�WO[�9L>M>o%G � Q¤O
σ3 = σ

¦ESaVIoWO
‖wj‖2

2 ≤ δ ‖wj‖2
2,1,g + Cδ−σ3 ‖wj‖2

q .

J%UWVIVXZ
δ
e>QIM>hRgiQXdfe>giM)� N*VIgiQIM�QXZkO � ¦ESPVToaO
1

h

(

‖wj‖2
2 − ‖wj−1‖2

2

)

+ c ‖wj‖2
2,1,g ≤ Cδ

(

pσ1 ‖wj‖2β1

q + pσ2 ‖wj‖2β2

q + ‖wj‖2
q

)

≤ Cδp
σM

(

‖wj‖2β1

q + ‖wj‖2β2

q + ‖wj‖2
q

)

,

σM = max(σ1, 2σ2, 1)
G>¥�QIgihRvugiQ�e%�aM>oWO

Cδ
M>QXdfemO��aSaM

h
S&�&gih

p
UWv�G

s*L>���pU|O[QISaM
(j = 1, . . . , i)

VIQTgi¦Egih[O

‖wi‖2
2 − ‖w0‖2

2 ≤ ChpσM

i∑

j=1

(

‖wj‖2β1

q + ‖wj‖2β2

q + ‖wj‖2
q

)

.

¸	Z�QXZ¡O
w0 = |u0 − U0|

p−2
2 (u0 − U0) = 0

L>M)� ‖wj‖q = ‖zj‖
p
2

pq/2

L>M%�AZ[Sa��QTO

‖zi‖p
p ≤ ctip

σM max
1≤j≤i

(

‖zj‖pβ1

pq/2 + ‖zj‖pβ2

pq/2 + ‖zj‖p
pq/2

)

.

¸	Z�Z[giQ M*L>M ¦E¹>h
ν = 0, 1, 2 . . . pν = 2

(
2
q

)ν � β1,ν = β1(pν) = pν−1
pν+σ

� β2,ν = β2(pν) = pν−2
pν+2σL>M%�

mi,ν = max1≤j≤i ‖zj‖pν

G
�yUaM>M�¦ESaVIoWO

‖zi‖pν

pν
≤ ctip

σM
ν

(

m
pνβ1,ν

i,ν−1 +m
pνβ2,ν

i,ν−1 +mpν

i,ν−1

)

,

UWVXZkS
mi,ν ≤

(

ctip
σM
ν

(

m
pνβ1,ν

i,ν−1 +m
pνβ2,ν

i,ν−1 +mpν

i,ν−1

)) 1
pν
.

¸	Z�QXZ¡O ∏∞
ν=1 β1,ν =

∏∞
ν=1

pν−1
pν+σ > 0 � �%U

∞∑

ν=1

∣
∣
∣
∣
1 − pν − 1

pν + σ

∣
∣
∣
∣
=

∞∑

ν=1

σ + 1

pν + σ
≤ (σ + 1)

∞∑

ν=1

1

pν
<∞,

�>U
pν = 2

(
2
q

)ν G
��VXZkS�QXZ¡O��>UPZ���g9���pU�F>G q%G F�UWM*�cgiM%�&v)UWh � g Z�g/+&QXZ¡ORQTg9h[g9M�´ySaM%ZkORUaMmO[giM

γ1, γ2, β0 > 0
��QTO

lim sup
ν→∞

mi,ν ≤ cQγ1,γ2(ti)m
β0

i,0.

��L>MAQXZ¡O
mi,0 = max1≤j≤i ‖uj − U0‖2 ≤ max1≤j≤i ‖uj‖2 + ‖U0‖2 ≤ C(ti) ≤ C

G
��UadfeA��g9����U�F%G `>G `6oaQIVTO��%UWM>M

‖ui − U0‖∞ ≤ CQγ1,γ2(ti) =: M(ti).
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��QIg9Z[g�J>L%M>NmO[QISaM
M

QXZ¡O�ZkO[giO[QIo � �PSaM h L>M%Uav>e%�WM%oaQIo6L>M)�©g Z�oaQIV¤O
M(0) = 0

G
s*giQ

0 < T ∗ ≤ T
Z[S�oagi���We%V¤O � �%UWw M(t) ≤ R

¦E¹>h
t ≤ T ∗ G�yUaM>MAgihRoaQIv&O�ZkQXdfeA�&QTg�bcg9e%UWL>t>O[L>M>o)G

�
G

��QIg����2t>hRQTSPh[QT�n��v%ZRdfe%�|OR�iL>M%oagiM � q)GTH ��	VIUPZ[Z[giMAZkQXdfe©¦ESaVIoagiM)�&gihR�pUWwag9M �9L%Z[Ua����g9M&¦7UaZRZ[giM��
¨�E>�9? +0® , ®X: - ��-%9 ";� ( "%- 02- ! � $4! � ( /1!#( -6! N0 ∈ N

)
C > 0

)
0 < T ∗ ≤ T

) �,$ ��/ 8 �'&�0�/4),)�- n ≥ N0
)

t ≤ T ∗ �1",)+(%*
‖un(t)‖2,1,g ≤ C,
∥
∥
∥
∥

d

dt
un(t)

∥
∥
∥
∥

2

≤ C,

∥
∥
∥
∥

d

dt
un

∥
∥
∥
∥

L2(I∗,
o

W 1
2g(Ω))

≤ C,

‖un(t) − U0‖∞ ≤M(t+ h),

‖un(t) − U0‖∞ ≤M(t).

��� G7 FHJ�@B(B +0® , ® " � - " tj−1 < t ≤ tj
� � /4! ! ";� (

un(t) = uj−1 + (t− tj−1)δuj = uj−1 +
t− tj−1

tj − tj−1
(uj − uj−1)

=
t− tj−1

tj − tj−1
uj +

tj − t

tj − tj−1
uj−1,

/4) �($ ‖un(t)‖2,1,g ≤ C
�

��QIg9Z[g����ae>gihRL>M>omZ¡¦EL%M>NmO[QISaM>g9M
un, un g9hk¦E¹>VIVIgiMA�&QTg�¼^VIgiQXdfe*L>M>o

(
dun(t)

dt
, v

)

+ ai(u
n(t), v) =

(

f
n
(t), v

)

∀t ∈ I∗ = [0, T ∗], ∀v ∈
o

W 1
2g (Ω), ti−1 < t ≤ ti,

�¯SPv)g9Q
f

n
(t) := f(., ti, ui−1(.))

G

��� � � ������	�� ��	 � � 	 � ��	 ��������� � � 	 �
¸	ZpQXZ¡Op�9L�ig9QToPgiM � �%UWw��&QTg J%SaVIoagiMz�&gih J%L>M>NmO[QISaM%giM

(un) � (un)
QTMzoag9giQIoaM>giO[g9Mzb�UWM)Uadfe>hf�WL>��g9M

oag9oagiM g9QTM%g�J%L>M>NmO[QISaM
u

NaSPM*�agihRoaQIgihRgiM�G&¸	Z���QIhf� oag9�igiQIoWOy�¯g9hR�&g9M � �%UWw©�>QTg Zkg�J%L>M>NmO[QISaM
u

���PZ[L>M>o
�&gih�¼^VIgiQXdfe*L>M>o � q)GTH�`* QXZkO9G*¢£g9Q¤ORgihRe>QIM©��QIhR� oag9�igiQIoWOc�¯g9hR�>giM � �>UWw�Nag9QTM%g��cgiQTO[gihRg����PZ[L>M>o��&gih�¼^VIgiQT�
dfe*L>M>o � q)GTH�`*¯g/+&QXZ¡ORQTg9h[g9M©N|UaM>M�G
�uL>M%�Pdfe%ZkO��cgihf�&g9M©g9QTM>QIoag]¥�QTVT¦7Z[Uav%ZRdfe%�|OR�iL>M>oPgiM�v)g9h[g9Q¤ORoag Z¡ORgiVIV¤O G
s*giQ

h = T
n
� tj−1 < t ≤ tj

G>�^UWM%M�oPQTVTO

‖un(t− h) − un(t)‖2 ≤ ‖uj−1 − uj‖2 = ‖δuj‖2 h ≤ C

n
,

‖un(t) − un(t)‖2 ≤ ‖δuj‖2 h ≤ C

n
,

un(t) − un(t) = (t− tj−1)δuj ,
UWVXZkS ‖un(t) − un(t)‖2,1,g ≤

∫ t

tj−1

1 ‖δuj‖2,1,g dτ

≤
√
t− tj−1

(
∫ t

tj−1

‖δuj‖2
2,1,g dτ

) 1
2

≤ C√
n

(
∫ T

0

‖δuj‖2
2,1,g dτ

) 1
2

≤ C√
n
.
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s*giQ�M*L>M
hn = T

n
� hm = T

m
� ti−1,n < t ≤ ti,n

� tj−1,m < t ≤ tj,m
G%�yUaM>MAQIZkO

∥
∥
∥f

n
(t) − f

m
(t)
∥
∥
∥

2
= ‖f(., ti,n, u

n(t− hn)) − f(., tj,m, u
m(t− hm))‖2

≤ C(|ti,n − tj,m| + ‖un(t− hn) − um(t− hm)‖2)

≤ C(hn + hm + ‖un(t− hn) − un(t)‖2 + ‖un(t) − um(t)‖2) + ‖um(t) − um(t− hm)‖2)

≤ C

(
1

n
+

1

m
+ ‖un(t) − um(t)‖2

)

.

��g9h�¦ESaVIoag9M%�&g]´�SPM*�agihRoag9M>�9ZRU|OR����QIhR��UWL&¦ �We%M>VTQXdfe>g�¢ giQXZkg���QIg���gi���pUp`&G F�v)g9��QTg Zkg9M�G
¨�E&� ? +�®X!�® " - ��-:9 ";�'(*"%- 0 ( - ",!.- = 0�!2?4(*"@$4! u ∈ W 1

2 (I∗,
o

W 1
2g (Ω)) '�",( ut ∈ L∞(I∗, L2(Ω))

) �($���/ 8
�,$4) � -6! ��- � $4!�� - 0 � -6!2- /�0��!� /(� -6! � - )+( -6! *

un → u ",! L∞(I∗,
o

W 1
2g (Ω)),

un ⇀ u ",! W 1
2 (I∗,

o

W 1
2g (Ω)),

un
t → ut

",! L2(I
∗, L2(Ω)).

5 Fm� F�?74 s&giQ
ti−1,n < t ≤ ti,n

L>M)�
tj−1,m < t ≤ tj,m

G%¸	Z�oaQIVTO
(
dun(t)

dt
, v

)

+ ai,n(un(t), v) =
(

f
n
(t), v

)

∀v ∈
o

W 1
2g (Ω),

(
dum(t)

dt
, v

)

+ aj,m(um(t), v) =
(

f
m

(t), v
)

∀v ∈
o

W 1
2g (Ω).

s*giQ
v = un(t) − um(t)

G#��UPdfeAs*L%v&O[hfUWNmO[QISaM�¦ESPVToaO

((un − um)t, u
n − um) + ai,n(un − um, un − um) =

(

f
n − f

m
, un − um

)

− (ai,n(um, un − um) − aj,m(um, un − um))

+ ((un − um)t, u
n − un) + ((un − um)t, u

m − um) .

¸	Z�QXZ¡O
ai,n(un − um, un − um) ≥ C1 ‖un − um‖2

2,1,g − C2 ‖un − um‖2
2 ,

(

f
n − f

m
, un − um

)

≤ C

(
1

n
+

1

m

)2

+ C ‖un − um‖2
2 ≤ C

(
1

n
+

1

m

)

+ C ‖un − um‖2
2 ,

|ai,n(um, un − um) − aj,m(um, un − um)| ≤ C(hn + hm) ‖um‖2,1,g ‖un − um‖2,1,g

≤ C

(
1

n
+

1

m

)

,

((un − um)t, u
n − un) ≤ (‖un

t ‖2 + ‖um
t ‖2) ‖un − un‖2 ≤ C

n
,

UWVXZkS

((un − um)t, u
n − um) + c ‖un − um‖2

2,1,g ≤ C

(
1

n
+

1

m

)

+ C ‖un − um‖2
2 . � q%Gr`a`�
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lnMmO[gioPhRUWO[QISaM��&QTg Zkg9h�¼^VTg9QIdfe*L>M%o�¹%v)g9h
[0, t]

VIQTgi¦Egih[O

‖un(t) − um(t)‖2
2+c

t∫

0

‖un(τ)−um(τ)‖2
2,1,g dτ ≤ C1

(
1

n
+

1

m

)

+C2

t∫

0

‖un(τ)−um(τ)‖2
2 dτ,

�*oaV G%s&U|OR��F>GIHaGIH9�>G��yUadfeA��M*�¯g9M%�&L>M%o��>g9Z�¼^hRSaM*�cUaVTVT�n��gi���pUaZcF>G q%Gr`6gihRoaQIv&O�ZkQXdfe

‖un(t) − um(t)‖2
2 ≤ C1

(
1

n
+

1

m

)

eC2t ≤ C

(
1

n
+

1

m

)

,
UaVIZ[S

‖un(t) − um(t)‖2
2 + c

∫ t

0

‖un(τ) − um(τ)‖2
2,1,g dτ ≤ C1

(
1

n
+

1

m

)

+ Ct

(
1

n
+

1

m

)

.

�yUaM>M6Z[QIM%�
(un), (un) 3 UaL%dfe*YP¦ESPVToPgiM�QIM6�&g9M�b�UWM%UPdfe>hR�aL>��giM

C(I∗, L2(Ω))
v>�9�]G

L2(I
∗,

o

W 1
2g (Ω))

��Q¤O
un C(I∗,L2(Ω))−−−−−−−−→ u, un

L2(I
∗,

o

W 1
2g(Ω))−−−−−−−−−→ ũ

G
��e>M%VTQXdfeA��QTg]QIM ��gi���pUp`&G F��igiQIoWO��pUWM

u = ũ
G>¢ gioPgiM ‖un − un‖2 ≤ C

n

oPQTVTO�UWL%dfe

‖un − um‖2
2 ≤ C

(
1

n
+

1

m

) L>M%�
un L∞(I∗,L2(Ω))−−−−−−−−−→ u.

��L%Z � q%Gr`a`� � ‖un
t ‖2 ≤ C � ‖um

t ‖2 ≤ C
¦ESaVIoWO��>UaM>M

un
L∞(I∗,

o

W 1
2g(Ω))−−−−−−−−−−→ u

G
¢£g9oag9M ‖un − un‖2,1,g ≤ Cn− 1

2
oaQIV¤O

un
L∞(I∗,

o

W 1
2g(Ω))−−−−−−−−−−→ u

G&¸¯Z�QIZkO
((un − um)t, (u

n − um)t) =
(

f
n − f

m
, (un − um)t

)

− ai,n(un − um, (un − um)t)

− (ai,n(um, (un − um)t) − aj,m(um, (un − um)t)).��VXZkSpoPQTVTO
‖(un − um)t‖2

L2(I∗,L2(Ω)) ≤ C

∫

I∗

‖un − um‖2,1,g ‖(un − um)t‖2,1,g dt

+
∥
∥
∥f

n − f
m
∥
∥
∥

L2(I∗,L2(Ω))
‖(un − um)t‖L2(I∗,L2(Ω))

+

(
1

n
+

1

m

)

‖um‖
L2(I∗,

o

W 1
2g(Ω))

‖(un − um)t‖
L2(I∗,

o

W 1
2g(Ω))

≤ C ‖un − um‖
L2(I∗,

o

W 1
2g(Ω))

‖(un − um)t‖
L2(I∗,

o

W 1
2g(Ω))

+ Cε

∥
∥
∥f

n − f
m
∥
∥
∥

2

L2(I∗,L2(Ω))

+ ε ‖(un − um)t‖2
L2(I∗,L2(Ω)) + C

(
1

n
+

1

m

)

.

�yUahRUaL%Zc¦ESaVIoWO
‖(un − um)t‖2

L2(I∗,L2(Ω))

≤ C ‖un − um‖
L2(I∗,

o

W 1
2g(Ω))

+ Cε

∥
∥
∥f

n − f
m
∥
∥
∥

2

L2(I∗,L2(Ω))
+ C

(
1

n
+

1

m

)

≤ C ‖un − um‖
L2(I∗,

o

W 1
2g(Ω))

+ C

((
1

n
+

1

m

)2

+ ‖un − um‖2
L2(I∗,L2(Ω))

)

+ C

(
1

n
+

1

m

)

≤ C ‖un − um‖
L2(I∗,

o

W 1
2g(Ω))

+ C

(
1

n
+

1

m

)

.



{|� ���������
	�� � � �$	 � ��� ����	�����	 ��� � � � � � � ������ � � �#��� ��	 ������� �

��g Zke%UaVTv QXZ¡O]�&QIg�J%SaVIoag
(un

t )
giQIM>g 3 UWL%dfe*Ym¦ESaVIoag�QI� b�UWM)Uadfe>hfUWL>�

L2(I
∗, L2(Ω))

��QTO�¼^hRgiM%�i�cgih[O
v
G#� UWM�v)g9�¯g9QIZkO���QTg]QIMA��gi���pU `&G F

v = ut
G

¸²v)g9M&¦7UWVIVXZ�UWM%UaVTSPo6�9L ��gi���pUp`&G F�VI�awWO�ZkQXdfe

un
t ⇀ ut

QTM
L2(I

∗,
o

W 1
2g (Ω))

L>M%�
ut ∈ L∞(I∗, L2(Ω))

�9giQIoag9M�G
���L>MA��QIhR��oag9�ig9QToaO � �>UWwp�&QIg�J>L%M>NmO[QISaM

u
���mZkL>M%o6�PSaM � q%GIH `�¯QIZkO9G

,�F*D¾D E +0®I!�® "�� "%- =/0�!�?1( "@$1! u ";� ( 3 5��!0�!�� ��$4! � q)GTH�`* �
5 Fm� F�?74 ¸¯Z�oaQIV¤O

∫

I∗

(un
t , v) dt+

∫

I∗

a(un, v) dt =

∫

I∗

(

f
n
, v
)

dt ∀n, ∀v ∈ L2(I,
o

W 1
2g (Ω)).

¸	Z�QXZ¡O
∥
∥
∥f

n − f(., ., u(., .))
∥
∥
∥

L2(I∗,L2(Ω))
≤ C

∫

I∗

hn + ‖un(t) − u(t)‖2 dt ≤
C√
n
,

UWVXZkS�oaQIVTO
∫

I∗

(

f
n
, v
)

dt
n→∞−−−−→

∫

I∗

(f(., t, u(., t)), v) dt.

��g9h ´�SPMm�PgihRoag9M>�9ZRU|OR�p�aSaMz��g9v)g ZkoPL>g©VIQIg�¦Egih[O �>UWM%M �We%M>VTQXdfez��QTg�QT� b¯g9�¯g9QIZ��9Lz��gi���pU `>G q��&QIg
b¯g9e%UWL%t&O[L>M%o%G

���L>MAQXZ¡O�M>S&dfeA�&QIg]¸²QTM)�&giL&ORQToPNag9Q¤O��&g9h����mZkL>M%o
u
M)Uadfe>�9Lm�cgiQXZ[giM�G

,�F*D¾D E +0®I!�® , - ��-%9 ";� (*"%-60 ( & 5�$'&�� ( -6! ��-6",! - 365 �+0�!�� � $1! � q%GIH `* ".' � /�02' L2(I
∗,

o

W 1
2g (Ω)) ∩

W 1
2 (I∗, L2(Ω))

�

5 Fm� F�?74 s*g9QTg9M
u1

� u2
�i�cgiQ]���mZkL>M%oagiM��aSPM � q)GTH�`*fG�JB¹>h

w := u1 − u2
oaQIVTO �%UWM>M ��Q¤O

v ∈
L2(I

∗,
o

W 1
2g (Ω))

∫

I∗

(wt(x, t), v(x, t)) dt+

∫

I∗

a(w(x, t), v(x, t)) dt =

∫

I∗

(f(., t, u1(., t)) − f(., t, u2(., t)), v) dt.

J0¹%h
0 < t0 ≤ T ∗ Z[giQ

v(t) =

{

w(t) : t ≤ t0,

0 :
ZkSPM%Z¡O

.

¸	Z�oaQIVTO ‖f(., t, u1(., t)) − f(., t, u2(., t))‖2 ≤ C ‖w(t)‖2

G%�^UWM%M©¦ESPVToaO

‖w(t0)‖2
2 + C1

∫ t0

0

‖w(t)‖2
2,1,g dt ≤ C

t0∫

0

‖w(t)‖2
2 dt,

UWVXZ[S ‖w(t0)‖2
2 ≤ C0

t0∫

0

‖w(t)‖2
2 dt ∀t0.

�yUPZ�¼^h[SPMm��UWVIVT�2��gi���pU�VIQTgi¦Egih[O��>UWM>M
‖w(t0)‖2

2 ≤ 0eC0t = 0.

�yUahRUaL%Z�gihRoaQIv&O�ZkQXdfeA�&QTg�¸²QIM%�&g9L&O[QIoaNPgiQTO9G
�
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 � ��� ���
�
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�yUPZ �uQIgiV �&QIg9Z[g9Z�´]UWt>QTO[g9VIZcvug9ZkO[g9ePO�QIM��>gih���MmO[g9hRZ[L%dfe*L>M>o6�aSPM©��UaM%�mj*��M&¦7UWM%oPZ[�¯g9hkORt>h[SPv>VIgi��giM �&g9h
J>SPh[�

ut −A(x, t, u)u = f(x, t, u),

u(x, 0) = U0(x),

u(x, t) = 0
QIM

Γ,

�¯SPv)g9Q��aG b^G

A(x, t, v)u := −
N∑

i,k=1

∂

∂xi

(

g(x)ai,k(x, t, v)
∂u

∂xk

)

+

N∑

i=1

ai(x, t, v)
∂u

∂xi
.

��QIg�bcgie%UaM%�&VIL>M>o�ZkSPVIdfe%gih�¼^VTg9QIdfe*L>M%oagiM©QIZkO��¯g Zkg9MmO[VIQIdfe�Z[dfe*��QIgihRQToPgih�UWVXZc�>QTg ��MmORgihfZkL%dfe*L>M%o�Z[gi��QIVTQT�
M>g9Uah[g9h	¼^VTg9QIdfe*L>M%oagiM � �*oaV G|�aSahRQIoag9Z ´]Uat>Q¤ORgiV Ga�yQTg Z²VIQTg9oWO	�>UahRUaM � �>UWw]Z[QIdfe�M>QXdfemO	UWVIVTg���v%ZRdfe%�|OR�iL>M>oPgiM
UWL&¦ �&g9M��mL%UPZkQIVIQTM>g UWhRgiM�J%UWVIV ¹>vugih[O[hfUWoPgiM�VIUPZ[Z[giM�G
� Sah UWVIVIgi���&QIg���v%ZRdfe%�|OR�iL>M>oy�aSPM ‖δuj‖2

v)g9h[g9Q¤ORg�O²s&dfe*��QTg9h[QIoaNPgiQTO[giM��9�^UW�iL�Zkg9Q
at,w(u, v)

�&QTg��&L>hfdfe
at,w(u, v) = (A(x, t, w)u, v)

¹>vugih]�&gi��¥�QTVIvugih[O[hfUWL>� o

W 1
2g (Ω)

g9h[�9giL>oaO[g�b¯QIVIQTM>g UWh[¦ESahR�AG)bcgiQ �&g9h
��v%ZRdfe%�WO[�iL%M>o��aSaM ‖δuj‖2

O[hRg�ORgiM }0gihR��g

at,w(u, v) − at′,w′(u, v)

UWL&¦ � �&QTg�Uav>�iL)Z[dfe%�WO[�9giM©Z[QIM%� G#��L>MAQIZkO � vugiQ�oPgig9QToPM>g�ORgiM � SahfUWL%ZRZkgiO[�9L>M>oag9M©UaM��&QIg�´ySmg �p�iQIgiMmO[g9M 

|at,w(u, v) − at′,w′(u, v)| ≤ C
N∑

i,k=1

∫

Ω

(|t− t′| + |w(x) − w′(x)|)√q
∣
∣
∣
∣

∂u

∂xi

∣
∣
∣
∣

√
g

∣
∣
∣
∣

∂v

∂xk

∣
∣
∣
∣
dx

+ C

N∑

i=1

∫

Ω

(|t− t′| + |w(x) − w′(x)|)
∣
∣
∣
∣

∂u

∂xi

∣
∣
∣
∣
|v| dx.

{P{
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	���� ��� �����$��� ����	�����	 ��� � � � � � � ������ � � �#��� ��	 ������� �

��QIg£lnMmORgioahfUWVIg Z[QTM)�«��Q¤O ¥�QIVT¦Eg��>gihA¥ �aVX�&g9hRZRdfe>giM ��M>oPVTg9QIdfe*L>M>o UWv>�9L%Z[dfe)�|O[�9giM�Gc¸	Z�QXZ¡O √
g|uxi | �√

g|vxk
| ∈ L2(Ω)

G*�^UWM%M ���WhRg�¦E¹>h |w−w′| M*L>h�M>S&dfe©�&QIg
L∞(Ω)

j��SPh[� � �aoPVTQXdfe � ZkS��>Uaw�¦ESaVIoag9M
��¹>hR�>g��

|at,w − at′,w′ | ≤ C ‖w − w′‖∞ ‖u‖2,1,g ‖v‖2,1,g .��VIVTg9hR�&QIM>omZ�oPgiVIQTM>oaO6g Z6M%QIdfemO � �&QIg ��SahR� ‖w − w′‖∞
��QTO�¥�QTVT¦EgA�aSaM�aG byGBlnMmO[g9h[tuSaVXU|ORQTSPM%ZkL%M>oaVIgiQT�

dfemL%M>oag9M©�cgiQTO[g9h�UWv>�9L%Z[dfe)�|O[�9giM�G
��VXZkS^oag9VIUaM>oWO UWL&¦)�>QTgch[g dfemO[gcs&giQTO[g��&gih ��M%oaVIgiQXdfemL%M>o�g9QTM�}�g9h[� � ¦E¹>h �&giM�ZkQXdfe�NPgiQIM>gcSavugihRgcs&dfe>hfUWM%Nag
UWM>oPgivugiM�VI�awWO9G
��QIg }�e>g9SahRQTg �&g9h ¥�QIVTvugih[O[hf�WL%��g o

W 1
2g (Ω)

QXZkO©UWVXZkS�L>M%oagig9QToPM>g�O � ¦7UWVIVXZ �&gih giVIVTQIt&O[QXZRdfe>g£xyt)g9hRUWO[SPh
M>QIdfemORVTQIM>g9Uah�QIZkO9G
��g9��M)Uadfep�cgihf�&giM ��L%Z[ZRUWoPgiMpQI� ��UWe>��giM©�&gihc}�e>giSPh[QIg��&gih

Lp(Ω)
j&���WL%��gyv)g9M �WORQToaO9Gm�yUav)g9QuZ[QTM)�

¦E¹>h�VIQTM>g UWhRgyg9VTVIQIt&O[QXZ[dfe%g]±²h[SPv>VIgi��g]�&gih�J%SahR�
Au = f ∈ Lp(Ω), A

VIQTM%g9UWh
, � �>GTH 

�i�cgiQ�}¯YmtugiMA�PSaMA��g9Z[L>VTORU|ORgiM���QIdfemORQTo �
�  8.JL?7�)JL?  � ¬ 4 ADCB=&�9?P@0(B J%UaVTVXZ

u
QIM giQIM>g9�\oPgigiQIoaM%g�O��iL �&gi�%M>QIgihRgiM%�>giM oag9��QIdfemORg�O[g9MAs&SavuSaVIgi�Pj

��UaL>�
W k

pg(Ω) (k = 1, 2)
VIQIgioWO]L>M)�£���PZ[L>M>o��aSaM � �>GTH �QXZkO � �>UaM>M oPQTVTO � L>MmO[g9h]oag9giQIoaM>giO[giM

� SPhRUaL%Z[Z[g�OR�iL>M%oagiM6QTM)Zkvug9Z[SaM%�>gihRg�UaMp�>UaZ²��v%Z[SaVIL&O[oPVTQIg9���aSPM
A
 giQIM>g���v%Z[dfe)�|O[�9L>M>o��&g9h	J>SPh[�

‖u‖p,g,k ≤ C ‖f‖p .

- ��?'4i� Fm(B? JLF*4 @.G7� E&� J%UaVTVXZ
f ∈ Lp(Ω)

L>M)�C�&QTg£´�S*g��p�9QTg9MPORgiM��aSPM
A

oag9giQIoaM>giO[g bcg9�&QIM>oPL>M>oag9M
g9hk¦E¹>VIVIgiM � �>UaM>MAg/+&QXZ¡ORQTg9hkO�oag9M%UWL�giQIM>g]���mZkL%M>o

u ∈W k
pg(Ω) � k = 1

S&�&g9h
k = 2

G
J0¹%h��&g9M«M>QXdfemO[giMmOfUWh[O[giM�J%UWVIV�ZkQIM%�«Z[gie>h©�*QTg9VTg ZkSPVIdfe>g9h©��g ZkL%V¤OfU|O[g£v)g9N|UWM>MmO � Z[QTg9e>g �PG b^G�7 s*QI� {W` :
S*�>gih 7 � QIh�{|� : � ���We%h[g9M%�C�&gih�J%UaVTV^giMmORUahkORg�ORgih g9VTVIQIt&O[QXZ[dfe%gih xyt)g9hRUWO[SahRgiM�M>S&dfe«M%QIdfemO©QIM�Z[SaVXdfe>gi�
����¦7UWM>o©Z¡ORL%�&QIgih[O���L>hR�>gaG%lnM 7 ´�s&»m{ :0�cgihf�&giMAoag9��QIdfemORg�O[g�s&SavuSaVIgi�Pj*���aL>��g�L>MmO[gihfZ[L%dfemO9G%�yQTg6�&Sah[O
�aSahRoag Z¡ORgiVIV¤ORgiM�� g�ORe>S&�&giM VIUPZ[Z[giM Z[QIdfe UWVIVIgihf�&QTM%oPZ�M*L>h�¦E¹%hy¥�QIVIv)g9hkORhR�aL>��g � UaVIZ[S�¦E¹>h

p = 2
�UaMm�cgiM>�

�&giM�G
��g9�>QToPVTQXdfe¾QIM 7 }�hRQµ{W» :�NaSaM%MPORgiM�>QTg©gih[¦ESahf�&gihRVTQXdfe>g9M¾��g9Z[L>VTORU|ORg ¦E¹>h

p > 2
oagi¦EL>M%�&g9M�cgihf�&giM�GB�yQTg

� SahfUWL%ZRZkgiO[�9L>M>oag9M¾QIM �&QIg9Z[gi� bcL%dfe VTQIg�¦Eg9h[M giQIM>g���giQIe>g©�PSaM¾¸	QTM%ZRdfe>hf�WM>N*L>M%oagiM UWM �>QTgAZ[dfe*��Uadfe
t%UWhfUWvuSaVIQIZRdfe>g9M ±²hRSav>VIgi��gPG
¼^gioag9M*¹>v)g9h��&giM�� SPhRUaL%Z[Z[g�OR�iL>M%oagiM©QT���aSahRQIoagiM�´]UWt>QTO[g9V gihRoag9v)g9M�Z[QIdfe©¦ESaVIoag9M%�&g ��MmORgihfZ[dfe>QIg9�>g��

HaG��yQTg�¦E¹%h��&giMAgiVIVIQTt&ORQIZRdfe>g9MA¥yUWL>t>OkO[g9QTV�t%UWhfUWvuSaVIQIZRdfe>g�xyt)g9hRUWO[SPh[g9M ¹>v>VIQIdfe%g � SahfUWL%ZRZkgiO[�9L>M>o
N∑

i,k=1

aikξiξk > 0, ξ 6= 0

�>Uahk¦BM*L>h�UW����UWM%���aSPM
Ω

�ag9h[VIg�OR��O�Zkg9QTM�G
`&G��ygih�´yS*g��p�iQIgiMmO��&g9Z���v%Z[SaVIL&O[oPVTQIg9�&g Z���L>wpUa��¼^giv%QTgiORZ[hRUaM%� oPgioPgiM ��M>giM)�&VTQXdfe �&QI�agihRoaQIgihRgiM�G
F>G���MA�>QTg�¼^gi��QXdfemORZk¦EL>M>NmO[QISaM Z[QTM)�©g9QTM%QToPg���gioaL%VIUah[QTOR�WORZ[�aSahfUWL)Z[Z[g�OR�iL>M>oPgiM��iL ZkO[g9VTVIgiM�G

��QIg��i�cgiQTO[g�bcg9�>QTM>oPL>M>o�QXZ¡O	¹%v)g9h[hfUaZRdfe>giM)� G�¸²QTM ¼^g9oag9MmvugiQXZ[t>QTg9V&��QThf���&QIg9Z[g�b¯g �&QIM>oaL>M%o^��SaO[QI�mQIgihRgiM�G
��QIg]�ag9h[�cgiM%�>g�O[g9M©��L%Z[ZRUWoPgiM�UWL%Z��&g9h

Lp(Ω)
j&}�e>giSPh[QIg^giMmORUahkORg�O[g9h�giVIVTQIt&O[QXZRdfe>gihyxytugihfU|ORSahRgiM VXUaZRZkg9M

ZkQXdfe©��QIg�¦ESaVIoWO��9L%Z[Ua����g9M&¦7UaZRZ[giM��



� � ������ �  � 	 �!� �
	�� � ��� � {|�

HPG�J)UWVIVIZ
A ∈ A

(2)
µ,ν

L>M%�
%
�&QIgybcg �&QTM%oaL>M>oPgiM UaL%Z¯s&UWO[�^F>G F>Gr��gih[¦E¹>VIV¤OcL>M%�

λ ≤ λ0 < 0
oaQIV¤O � �>UaM>Mvug9Z[QTO[��O��>QTg�¼^VIgiQXdfe*L>M>o

Au− λu = f ∈ Lp(Ω)
oPgiM%UaL©g9QTM%g����PZ[L>M>o

u ∈ W 2
p (Ω, %pµ, %pν)

G
`>G��^UWM%M�oPQTVTO��iL%ZR�|OR�iVIQIdfe

‖u‖W 2
p (Ω,%pµ,%pν) ≤ C ‖f‖p . � �&Gr`*

F%G�J)UWVIVIZ
p
e%QTM>hRgiQXdfe>g9M%� oPh[SPw�oPgi���We>VTO���L>hR�>g � oaQIVTO u ∈ C1(Ω)

G
��QIg9Z[g�¸²h[oPgiv>M%QIZRZkg�oag9ZkORUWOkORgiM g Z � �&QIg6¸)+&QXZ¡ORgiM>���&gih�J>L%M>NmO[QISaM>g9M

uj
UWL&¦	UaM%�&gihRg�¢ giQXZ[g6UWVXZyQTM �>giM

´]UWt>QTO[g9VTM `�L>M%�Cq�iL«vugi�cgiQXZkg9M�G	lnM��&QTg Zkg9M«´]UWt>QTO[g9VTMC��L%hR�&g �>UaZ giVIVTQIt&ORQIZRdfe>g ±²hRSav%VTg9��QIM«�&QIg
�²UWhRQIUWO[QISaM%Zk¦ESahR��L%VTQIgihRL>M>o ¹%v)g9hk¦E¹>e%hkO L>M)� UaM%Z[dfe%VTQIgiwPgiM%���L>hR�>g©��QTO ¥�QIV¤¦Eg �&g Z s&U|OR�ig9Z��PSaMz��U +mj
� QIVToPhRUa� giQIM>g]Z[dfe*��Uadfe>g����mZkL%M>o

u ∈
o

W 1
2 (Ω)

v>�i�]G
u ∈

o

W 1
2g (Ω)

M%UPdfe>oag9��QTg Zkg9M�G
� giO[�iO�N�UaM>MAUWL&¦ �&QIh[g9NPORgi� ¢ gioPg � Sae%M>g]�iL>h��²Uah[QXU|ORQTSPM%Zk¦ESahR��L>VIQTg9h[L%M>o�¹>vugihR�iL>oPgie>g9M ��&QIg�¸)+&QIZkO[g9M>�
�aSPM

uj ∈W 2
p (Ω, %pµ, %pν)

M)Uadfe>oPgi��QIg9Z[giM �cgihf�&g9M � ¦7UWVIVIZ −h−1 ≤ λ0
G

��QIg]¢�UWe>V��PSaM
p
oPUWhfUWMmORQTg9hkO��>UWM%M

uj ∈ C1(Ω)
G

��VIVTg9hR�>QTM>omZ�oPgiM*¹>oaO�giQIM>g¯��v%ZRdfe%�|OR�iL>M>o^�&gih J>SPh[� � �>G `� M>QXdfemO � L>� �&QIg¯´ySaM*�ag9h[oPgiM>� �&g9hBJ%L>M>NmO[QISaM%giM
un M)Uadfe>�9Lm�cgiQXZ[giM�G%¥�QTg9hk¦E¹%hyQXZ¡O��&QIg��²UWhRQXU|O[QISaM)Z¡¦ESPh[�6L>VTQIgihRL>M>o�M>SaO¡�¯g9M%�&QIo%Gu��g Zke%UaVTv ��QThf� UWM)Z[dfe>VIQIg��
wag9M%��g9QTM>gcQI� ¥�QIVTvugih[O[hfUWL%�

W 1
2 (Ω, %µ, %ν)

giVIVIQTt&ORQIZRdfe>g�bcQTVIQTM%g9UWh[¦ESahR� NaSPM%Z¡ORh[L%QTg9hkOBL>M%��L%MPORgihfZkL)dfePO G
��QIg]�cgiQTO[gihRgiMA��v)Z[dfe%�WO[�9L>M>oag9M©�PgihRVIUaL&¦EgiMA�We%M>VTQXdfe���QTg�QI�\´]UWt%Q¤ORgiV�q)G

� ��� � � ����	 � �/� 	 ��������
J>SPVToPgiM%�&g Z��mL%UaZ[QTVIQIM>g9Uah[g Zc��UWM%�mj&��M&¦7UaM>oPZ[�cgih[O[t>hRSav>VIgi� ��QIhR�©L>MmO[g9hRZ[L%dfemO��

ut −
N∑

i,k=1

∂

∂xi

(

%µ(x)bik(x, t, u)
∂u

∂xk

)

+

N∑

i=1

%(µ+ν)/2(x)ai(x, t, u)
∂u

∂xi

+ %ν(x)b0(x, t, u)u = f(x, t, u), � �&G F�
u(x, t) = 0, (x, t) ∈ Γ, � �&G q�
u(x, 0) = U0(x), x ∈ Ω. � �>G ��

JB¹>h��&QIg���MmO[g9hRZ[L%dfe*L>M>o��cgihf�&giM�giQIM>QIoag � SahfUWL%ZRZ[g�O[�9L>M>oPgiM vugiM#�WO[QIoWO G
JB¹>h�giQIM�¦Eg9ZkO[g Z

R > 0
Z[giQ

MR(U0) := {(x, t, u) ∈ R
N+2 : (x, t) ∈ Ω × [0, T ], |u− U0(x)| ≤ R},

BR(U0) := {u ∈ L∞(Ω) : ‖u− U0‖∞ ≤ R}.
��QIg�¦ESaVIoag9M%�&g9M � SPhRUaL%ZRZkgiO[�iL%M>oag9M Zkg9QTg9MAgih[¦E¹>VTVTO��

HPGc¸¯Z�Zkg9Q
ν > µ+ 2, µ < 0 < ν, ν + µ > 0, � �>G ��

`>G��yQIgAJ%L>M>NmO[QISaM
%

Zkg9Q�¼^gi��QXdfePOfZ¡¦EL%M>NmO[QISaMQI� s*QIM>M>g �&g9h��yg��)M>Q¤ORQTSPMzF%G `>GTH � L>M%� gih[¦E¹>VIVTgA�&QIg
� SPhRUaL%ZRZkgiO[�iL%M>oag9M©�&g Z�s&U|OR�ig9Z�F%G F%G �>G � QTO�giQIM>gi� ¦Eg Z¡ORgiM

N ′ > N
Zkg9Q��>UWM%M

%−µ ∈ LN ′(Ω), %ν 6∈ L1(Ω). � �>Gr{*
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	���� ��� �����$��� ����	�����	 ��� � � � � � � ������ � � �#��� ��	 ������� �

F>G�¸	Z�Zkg9Q
U0 ∈W 2

p0
(Ω, %p0µ, %p0ν) � �cSavugiQ

p0 ≥ 2
L>M%�

2ν

ν − µ
> 1 +

N

p0
. � �>G »�

q%G�¸	Z6g/+&QXZ¡ORQTg9hkO6giQIM>g tuSPZ[Q¤ORQT�Pg ´�SPM%ZkORUWMmORg
CE

� Z[S �>UawA¦E¹>h�UWVIVTg
ξ ∈ RN L>M%�UWVIVTg

(x, t, u) ∈
MR(U0)

oPQTVTO��
N∑

i,k=1

bik(x, t, u)ξiξk ≥ CE |ξ|2, b0(x, t, u) ≥ CE . � �>G ��

�&G�¸	Z�g/+&QIZkO[QIgihRgiM©t)SmZkQTO[QI�ag�´ySaM)Z¡OfUWMmO[g9M
C1, δ

� ZkSp�>Uaw�¦E¹>h�UWVIVTg
(x, t, u) ∈MR(U0)

oPQTVTO��
|ai(x, t, u)| ≤ C1%

−δ(x). � �&GIH9��
�>G�JB¹>h�UaVTVIg

i, j, k
QXZ¡O

bik
� ∂bik

∂xj

� ∂bik

∂u ∈ C(MR(U0))
L>M%�©g9Z�oPQTVTO�¦E¹>h�UWVIVIg

t, t′ ∈ [0, T ]
L>M%�AUWVIVIg

u, u′ ∈ BR(U0)
�

‖bik(., t, u(.)) − bik(., t′, u′(.))‖β1
≤ Cb(|t− t′| + ‖u− u′‖σ), � �&GIHaH 

�cSavugiQ
σ ≥ β1,

1

β1
<

1

2

(
2

N
− 1

N ′

)

. � �&GIH `�
�yQTg]VIg�OR��ORg���M>oPVTg9QIdfe*L>M>o�QXZ¡O�oPgioag9M%ZkORUWM)�>ZkVISPZ � ¦7UWVIVIZ bik M>QXdfePO��PSaM

u
UWv>e)�WM>oPgiM�G

{*G�¸	Z�QIZkO�¦E¹>h�UaVTVIg
j b0

� ∂b0
∂xj

� ∂b0
∂u ∈ C(MR(U0))

L>M%� g9Z]oPQTVTO�¦E¹>h6UWVIVTg
t, t′ ∈ [0, T ]

L>M%�§UWVIVIg
u, u′ ∈ BR(U0)

�
‖b0(., t, u(.)) − b0(., t

′, u′(.))‖β0
≤ Cb(|t− t′| + ‖u− u′‖σ), � �&GIH9F�

�cSavugiQ
σ ≥ β0,

1

β0
+

1

p0
<

2

N
− 1

N ′ . � �&GIHiq�
�yQTg]VIg�OR��ORg���M>oPVTg9QIdfe*L>M>o�QXZ¡O�M>QXdfemO�gih[¦ESahf�&gihRVIQIdfe � ¦7UWVIVXZ b0 M>QXdfePO��PSaM

u
UWv>e)�WM>oaO9G

»>G�JB¹>h�UWVIVIg
i
QXZkO

ai ∈ C(MR(U0))
L>M%�©g9ZcoPQTVTO�¦E¹>h�UWVIVTg

t, t′ ∈ [0, T ]
L%M%�©UaVTVIg

u, u′ ∈ BR(U0)
�

‖ai(., t, u(.)) − ai(., t
′, u′(.))‖α1

≤ Ca(|t− t′| + ‖u− u′‖σ), � �&GIH ��
�cSavugiQ

σ ≥ α1,
1

α1
+

1

p0
<

2

N
− 1

N ′ . � �&GIH9��
�yQTg]VIg�OR��ORg���M>oPVTg9QIdfe*L>M>o���QIhR��M>QXdfemO�vugiM#�WO[QIoWO � ¦7UWVIVXZ ai

M%QIdfemO��aSPM
u

Uav>e%�aM>oag9M�G
�>G�JB¹>h �¡g9�&g Z

t ∈ [0, T ]
L>M)� �¡g9�>g9Z

u ∈ BR(U0)
Zkg9Q ‖f(., t, u(.))‖ϕ ≤ Cf

L>M%� g9ZyZkg9Q�¦E¹>h]UaVTVIg
t, t′ ∈ [0, T ]

L>M%�AUWVIVIg
u, u′ ∈ BR(U0)

�
‖f(., t, u(.)) − f(., t′, u′(.))‖ϕ ≤ Cf (|t− t′| + ‖u− u′‖σ), � �&GIH�{*

�cSavugiQ
σ ≥ ϕ ≥ p0. � �&GIH9»�
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H9�%Gc¸¯Z�Zkg9Q
p0

2σ
>
N ′ + 1

2N ′ − 1

N
. � �>GTH ��

�yUaM>MAoaQIV¤O�¦ESPVToPgiM%�>gih�s&U|OR���
¨�E>�9? :�® , ® " � !#( - 0 ��- ! ! $102/�0��!� -6( -(0�!�� -6! � �&G ��!) � � �+) � �>GTH �� -:9�";� (*"%-60 (�-6",! 0 < T ∗ ≤ T

) �($ � / 8
��/��1� /4! ������!��6/4!����+ - 0 ( " 0%$*& )�-(' � �>G F�!) � �>G q�:) � �&Gr�* � -6! /�0 - ",!.- � $5&2 /�$'& - 3 5��+0�!��
u ∈ C(I∗, C1(Ω)) ∩ L∞

(

I∗,W 1
p0

(

Ω, %p0(ν+µ)/2, %p0ν
))

∩ L2

(
I∗,W 2

2

(
Ω, %2µ, %2ν

)) '�",(
ut ∈ L∞(I∗, Lp0(Ω))

&'-+� ",( -6( � =�&�0)( -!��-,� v ∈ L1(I
∗,W 1

p′
0
(Ω)) (p−1

0 + p′0
−1

= 1) �1",)+(
∫

I∗

(ut, v) dt+

N∑

i,k=1

∫

I∗

∫

Ω

%µbik(x, t, u)
∂u

∂xk

∂v

∂xi
dx dt � �&Gr`W��

+

N∑

i=1

∫

I∗

∫

Ω

%(µ+ν)/2ai(x, t, u)
∂u

∂xi
v dx dt+

∫

I∗

∫

Ω

%νb0(x, t, u)uv dx dt

=

∫

I∗

(f(x, t, u), v) dt.

5 F*D FHJ���@B(0¾:�® , ® " . - � $10 �4"%-,� -60 � /4( -�&'-(  "%-+� - !   ",0%� ) �6- "6?�0�0%-�� /40 � -6)�- ��( ) ��/ 8 -,� '>5:�1)�"%$5& ";� ( )
�4"%- ! $102/�0��!� -6( -(0�!�� -6! -(0 - 0 �'&�),)�-6! �� /�-(0�� -6" % �($ � -( $�&)�( ) ��/ 8 '�",( � -'- "#�1! -6( -6! " $ � ",(*" � - ! � $1! � ( /4!#( - ! c1 ) c2 �1"%- � !��1)�-6"%$'&�0�!��
c1 dist(x, ∂Ω) ≤ %−1(x) ≤ c2 dist(x, ∂Ω) ��",)+( � � /4! ! ";� ( %−µ ∈ LN ′(Ω)

) �6/4),) � −N ′−1
< µ < 0�1",)�( �

� - " ν = 2
� � /1!#! ";� ( %ν 6∈ L1(Ω)

� - ��-%9 ";� ( "%- 0 (�-6",! p0 ≥ 2
)
p0 > N

) �($ � / 8 � �&G »� �'&�0 /4),)�-
−N−1 < µ < 0 ��",)+( � � -6",( - 02&",! � - "

β1 = β0 = α1 = ϕ = σ = p0 > N.

� "%- � !��1)�- "%$'&�0�!�� - ! � �&GIH `*!) � �&GIHiq�:) � �>GTH ��:) � �>GTH �� � ",!�� -60 �'&�),)+( ) �6/4),) � N ′ &",! 02- "%$5&#-6! � ��0%$ 8�� -,7
 $�&�)+(� 0�0:��- � � - !#! N ′ > N �6-+� (.� - )�- ��(� 0�0%� - ) ? /4! ! µ '�",( −N ′−1

< µ < 0 �6-,� (;� -6)�- ��(  -60%� -6! �� "%-�/4! ��- 02- ! ! $102/�0��!� -6( -(0�!�� -6! ?�54! !.- ! $�� -6! � "%$5&�( )+"%$'& -60 �'&�),)+(  - 0%��- ! �
��) �($�-:9 ";�'(*"%- 0 ( - ",! � $���- ),)��'&�0��4"%- � !#( -60!�+0#$'&�0�!�� - ! �4"%-,�6-,� � /:" ",( - ) � �

� � � �
�
�
� ��� � �

�
� � ������� ��� �����	 �

¸	Z�Zkg9Q
n

g9QTM%g6M%UWO[¹>hRVIQIdfe>g �ªUWe>V � h = T
n
� tj = jh � (j = 0, . . . , n)

Gª¼^g ZkL%dfemO^��QThf� giQIM>g�J>SPVToPg��aSPM
J>L>M%NPORQTSPM>giM

(uj)
� ¦E¹>h��&QIg

1

h
(uj − uj−1) −

N∑

i,k=1

∂

∂xi

(

%µ(x)bik(x, tj , uj−1)
∂uj

∂xk

)

+

N∑

i=1

%(ν+µ)/2(x)ai(x, tj , uj−1)
∂uj

∂xi

+ %ν(x)b0(x, tj , uj−1)uj = f(x, tj , uj−1),

u0 = U0

oaQIV¤O G



»P` ���������
	���� ��� �����$��� ����	�����	 ��� � � � � � � ������ � � �#��� ��	 ������� �

J0¹%h��&QIgy¦ESPVToPgiM%�>giM	��MmO[g9hRZ[L%dfe*L>M>oPgiM©QIZkO�g9Z��9�¯g dfNm�p�awaQIo � �&QTg��yQI�agihRoag9M>��¦ESPh[� UaL&¦E�iL%V��mZkg9M��

−
N∑

i,k=1

%µbik(x, tj , uj−1)
∂2uj

∂xi∂xk
−

N∑

i,k=1

%µ

(
∂

∂xi
bik(x, tj , uj−1)

)
∂uj

∂xk

−
N∑

i,k=1

%µ ∂bik
∂uj−1

(x, tj , uj−1)
∂uj−1

∂xi

∂uj

∂xk

−
N∑

i,k=1

µ%µ−1 ∂%

∂xi
bik(x, tj , uj−1)

∂uj

∂xk
+

N∑

i=1

%(µ+ν)/2ai(x, tj , uj−1)
∂uj

∂xi

+

(

%νb0(x, tj , uj−1) +
1

h

)

uj = f(x, tj , uj−1) +
1

h
uj−1. � �&Gr`&H 

��QIg9Z[g ¼^VIgiQXdfe*L>M>o�Z¡ORgiVIV¤O giQIM Z[dfe*��Uadfe�giVIVIQTt&ORQIZRdfe>g Z�±	h[SPv>VTg9�<¦E¹>h
uj

�>UWh G©¸¯Z�Zkg9Q
uj−1 ∈

W 2
p0

(Ω, %p0µ, %p0ν)
L%M%�

uj−1 ∈ BR(U0)
G%��g9h�¸²QIM*v)giOkO[L%M>oPZRZ[UWO[��F%G `>G `P��omUWhfUWMmO[QIgih[Oc�>UaM>M

uj−1 ∈
C1(Ω)

G²�yUa��Q¤O Z[QTM)� �&QIg ��Q�
ªgihRgiM>�9QTg9h[v%Uah[NPgiQTORZ[�aSPhRUaL%Z[Z[g�OR�iL>M%oagiM ¦E¹>h �>giMCs&U|OR�AF%G F%G �£gih[¦E¹>VIV¤O G²�yU
�&QTg h[g dfePORg©s*g9Q¤ORg �aSPM � �&Gr`&H �giQIM>g J%L>M>NmO[QISaM¾�&g Z���UaL>��g9Z

Lp0(Ω)
QIZkO � ¦ESaVIoWO6�&QIg ¸)+&QXZ¡ORgiM>�©giQIM>gih

giQIM%�&giL>O[QIo vug9ZkO[QI����ORgiM����PZ[L>M>o
uj ∈ W 2

p0
(Ω, %p0µ, %p0ν)

�PSaM � �&Gr`&H  � ¦7UWVIVIZ −h−1 ≤ λ0
G � �yQIg

b¯g �&giL>O[L>M>o �>gih�´ySmgi�%�iQIgiMmORgiM
ai

e)U|O�ZkQXdfe�oagioPgiM*¹>vugih�F>G F>GIH�L>M*�¯g Zkg9MmO[VIQIdfe©oag9�aM%�&g9hkO G 
�yUa��QTO���L>hf�&g�v)g9��QTg Zkg9M��
,�F*D¾D E£:�®I!�® " - ��-%9 ";� (*"%-60 (�-6",! - � $1! � ( /1!#( - h0 > 0

) �($ ��/ 8 �'&�0 h ≤ h0
��",)+(%*

=�/1),) � u0, u1, . . . , uj−1 ∈ BR(U0) ∩W 2
p0

(Ω, %p0µ, %p0ν) �1",)+( ) ��/1!#! -:9 ";� ( "%- 0 (�- ",!.- -6",! ��-(0�( "#� &5-(7
�'(*".' '�( -1365 �+0�!�� uj ∈ W 2

p0
(Ω, %p0µ, %p0ν) ��$4! � �&Gr`&H  ��yUa��QTO©QXZkO©�&QIg ¸)+&QIZkO[g9M>� �PSaM«J>L%M>NmO[QISaM>g9M

uj
oag ZkQXdfe>g9hkO G²¸	Z v%VTg9QTv&O�M>S&dfe��iLC�ig9QToPgiM � �>UWw§g9QTM%g

´�SPM%Z¡OfUWMmO[g
T ∗ > 0

g/+&QXZ¡ORQTg9hkO � Z[S �>Uaw ¦E¹>h
tj ≤ T ∗ uj ∈ BR(U0)

oPQTVTO9G �yQTg Zkg9h��yUadfe*�¯g9QIZ���QThf�
�We>M>VIQXdfe©��QIg]QT�\�aSPh[QIoag9M ´]UWt>QTO[g9V�oagi¦E¹>e>h[O��¯g9hR�&g9M�G
J0¹%h��&QIg9Z[g���v%ZRdfe%�|OR�iL>M>oPgiM���QThf�©giQIM>g�bcQTVIQTM%g9UWh[¦ESahR� vugiM �aO[QIoWO9G%¸	Z�Z[giQ

aj(u, v) :=

N∑

i,k=1

∫

Ω

%µbik(x, tj , uj−1)
∂u

∂xk

∂v

∂xi
dx+

N∑

i=1

∫

Ω

%(µ+ν)/2ai(x, tj , uj−1)
∂u

∂xi
v dx

+

∫

Ω

%νb0(x, tj , uj−1)uv dx.

¢£g9Q¤ORgihRe>QTM Z[giQ

Aju := −
N∑

i,k=1

∂

∂xi

(

%µbik(x, tj , uj−1)
∂u

∂xk

)

+

N∑

i=1

%(µ+ν)/2ai(x, tj , uj−1)
∂u

∂xi

+ %νb0(x, tj , uj−1)u.¸	Z]QXZ¡O
uj

ZkO[g�ORQToAL>M)�
%νuj ∈ Lp0(Ω) � Uav)g9h %ν 6∈ L1(Ω)

G0�yUahRUaL%Zy¦ESaVIoWO � �%UWw uj
ZkO[g�ORQTo UaL&¦c�&g9M

��UWM%�©¦ESPhkORoag9Z[g�OR��O��¯g9hR�>giM�N�UaM>MAL>M%��g9Z�oPQTVTO
uj(x) = 0 � ¦7UaVTVXZ x ∈ ∂Ω

G
�yUaM>MAQIZkO

(Ajuj , v) = aj(uj , v)
� ¦7UWVIVXZ v ∈ C1(Ω)

L%M%�
v(x) = 0

UaL&¦
∂Ω

G
��VXZkS�oaQIVTO

(δuj , v) + aj(uj , v) = (fj , v) ∀v ∈ C1(Ω), � �&Gr`a`��¯SPv)g9Q
v
UWL&¦ �&g9�\��UaM%� ��L>VIV���QThf��L>M%�

fj(x) := f(x, tj , uj−1(x))
G �

¸	Z�¦ESaVIoag9M©g9QTM%QToPg���v%ZRdfe%�|OR�iL>M>oPgiM©¦E¹>h��&QIg�bcQTVIQIM>g9Uahk¦ESPh[�
aj(u, v)

G
� � � ��� ������������" �

�
� !#� ���� 	 ����� �

�
�� �������� � ����
��� �����

�
� � �����

C1(Ω)
�
�

�	������ � � � ����� ����
 �	������� � ����� ������
��������� ������� ���" � � � � � � ���

�
����� �������

�
��� � ��" � �� ������ � � � ��� ������ ��� � � � ��	�
� ������ ��� ��� ���� � � �
!�� �� � �



� � � � ���0������� ����� �� ���� � � ��� ��� � 	�� »aF

¨�E>�9? :�®I!�® " � - "%-6! u, v ∈ W 2
p0

(Ω, %p0µ, %p0ν)
)
p ≥ 2 0�!�� w = |u| p−2

2 u
� � /4! ! ��",)+( *

aj(u, u) ≥ c1 ‖u‖2
W 1

2 (Ω,%µ,%ν) − c′1 ‖u‖2
2 , � �>G `aF�

aj(u, |u|p−2u) ≥ c2
p
‖w‖2

W 1
2 (Ω,%µ,%ν) −

c′2
p
‖w‖2

2 , � �>G `Wq�

|aj(v, |u|p−2u)| ≤ C ‖v‖W 2
p0

(Ω,%p0µ,%p0ν) ‖w‖
p−2

p
s ‖w‖W 1

2 (Ω,%µ,%0) , � �>G `P�*
|aj(v, u)| ≤ C ‖v‖W 1

2 (Ω,%µ,%ν) ‖u‖W 1
2 (Ω,%µ,%ν) , � �>G `a��

|aj(v, |u|p−2u) − am(v, |u|p−2u)| � �>G `m{�
≤ C(|tj − tm| + ‖uj−1 − um−1‖σ) ‖v‖W 2

p0
(Ω,%p0µ,%p0ν) ‖w‖

p−2
p

s ‖w‖W 1
2 (Ω,%µ,%0) ,

 $*&'- " 1
s >

N ′+1
2N ′ − 1

N

�

5 Fm� F�?'4 ¸	Z�oaQIVTO

aj(u, u) =

N∑

i,k=1

∫

Ω

%µbik
∂u

∂xk

∂u

∂xi
dx+

N∑

i=1

∫

Ω

%(µ+ν)/2ai
∂u

∂xi
u dx+

∫

Ω

%νb0u
2 dx

≥ CE

N∑

i=1

∫

Ω

%µ

(
∂u

∂xi

)2

dx+

N∑

i=1

∫

Ω

%(µ+ν)/2ai
∂u

∂xi
u dx+ CE

∫

Ω

%νu2 dx.

�yUPZ��i�cgiQTO[g�lnMmO[g9oahfUWVª��QIhR�©��QTg�¦ESPVToaO�UWv>oPg9ZRdfe%�|OR��O��
N∑

i=1

∫

Ω

%(µ+ν)/2|ai|
∣
∣
∣
∣

∂u

∂xi

∣
∣
∣
∣
|u| dx ≤ C1

N∑

i=1

∫

Ω

%(µ+ν)/2−δ

∣
∣
∣
∣

∂u

∂xi

∣
∣
∣
∣
|u| dx

≤ C1

N∑

i=1

∥
∥
∥
∥

∂u

∂xi

∥
∥
∥
∥

L2(Ω,%µ)

‖u‖L2(Ω,%ν−2δ) .

��L>MA��QIhR�A�&g9h�lnMmO[gihRtuSaVXU|O[QISaM)Z[ZRU|OR�^F%G `>G `P`�UWM%oagi�cgiM)�&g�O G>�yUav)g9Q�Zkg9Q
s1 = 0, µ1 = 0, ν1 = 0, p1 = 2,

s2 = 1, µ2 = µ, ν2 = ν, p2 = 2,

sθ =
ν − 2δ

ν
, µθ =

ν − 2δ

ν
µ, νθ = ν − 2δ, pθ = 2.

�yUaM>MAgihRoaQIv&O�ZkQXdfe
‖u‖L2(Ω,%ν−2δ) ≤ C ‖u‖1−θ

2 ‖u‖θ
W 1

2 (Ω,%µ,%ν) .��UPdfe©�9�¯g9QT�pUWVIQIoagih���Mm�cgiM)�&L>M>op�&g9h �²SaL>M%oPZRdfe>giM ��M>oPVTg9QIdfe*L>M>o�g9h[e%�aV¤O��pUWM
N∑

i=1

∫

Ω

%(µ+ν)/2|ai|
∣
∣
∣
∣

∂u

∂xi

∣
∣
∣
∣
|u| dx ≤ ε ‖u‖2

W 1
2 (Ω,%µ,%ν) + Cε ‖u‖2

2 .

�yUahRUaL%Zc¦ESaVIoWO � �&Gr`WF��G��L>MA��QIhR� � �&Gr`|q�¯oPgi�ig9QToaO9G*¸	Z�QXZkO

∇|u|p−2u = (p− 1)|u|p−2∇u =
2(p− 1)

p
|w| p−2

p ∇w,

∇w =
p

2
|u| p−2

2 ∇u,

|u| = |w| 2p .



»Wq ���������
	���� ��� �����$��� ����	�����	 ��� � � � � � � ������ � � �#��� ��	 ������� �

��e>M>VIQXdfe���QIg]QIM���gi���pU�q%Gr`&Gr�]¦ESPVToaO
N∑

i,k=1

∫

Ω

%µbik
∂u

∂xk

∂

∂xi
|u|p−2u dx ≥ 4CE(p− 1)

p2

N∑

i=1

∫

Ω

%µ

(
∂w

∂xi

)2

dx

≥ 2CE

p

N∑

i=1

∫

Ω

%µ

(
∂w

∂xi

)2

dx.

¢£g9Q¤ORgihRe>QTMAQXZ¡O
N∑

i=1

∫

Ω

%(µ+ν)/2|ai|
∣
∣
∣
∣

∂u

∂xi

∣
∣
∣
∣
|u|p−1 dx ≤ C

p

N∑

i=1

∫

Ω

%(µ+ν)/2−δ

∣
∣
∣
∣

∂w

∂xi

∣
∣
∣
∣
|w| dx

≤ ε

p
‖w‖2

W 1
2 (Ω,%µ,%ν) +

Cε

p
‖w‖2

2 .

s&dfe>VIQTg9waVIQIdfe�oaQIV¤O
∫

Ω

u|u|p−2u dx = ‖w‖2
2 ≥ 1

p
‖w‖2

2 .

�yUahRUaL%Zc¦ESaVIoWO � �>G `Wq�fG¸	Z�oaQIVTO
|aj(v, |u|p−2u) − am(v, |u|p−2u)|

≤
N∑

i,k=1

∫

Ω

%µ|bik(x, tj , uj−1) − bik(x, tm, um−1)|
∣
∣
∣
∣

∂v

∂xk

∣
∣
∣
∣

∣
∣
∣
∣

∂

∂xi
|u|p−2u

∣
∣
∣
∣
dx

︸ ︷︷ ︸

I1

+

N∑

i=1

∫

Ω

%(µ+ν)/2|ai(x, tj , uj−1) − ai(x, tm, um−1)|
∣
∣
∣
∣

∂v

∂xi

∣
∣
∣
∣
|u|p−1 dx

︸ ︷︷ ︸

I2

+

∫

Ω

%ν |b0(x, tj , uj−1) − b0(x, tm, um−1)| |v| |u|p−1 dx.

︸ ︷︷ ︸

I3

��L>MAQXZ¡O���QTO 1
β1

+ 1
s1

= 1
2
� 1

α1
+ 1

p0
+ 1

s2
= 1

L>M%� 1
β0

+ 1
p0

+ 1
s3

= 1

I1 ≤ C

∫

Ω

|bik(x, tj , uj−1) − bik(x, tm, um−1)|
︸ ︷︷ ︸

β1

∣
∣
∣
∣

∂v

∂xk

∣
∣
∣
∣

︸ ︷︷ ︸

∞

|w| p−2
p

︸ ︷︷ ︸

s1

∣
∣
∣
∣

∂w

∂xi

∣
∣
∣
∣
%

µ
2

︸ ︷︷ ︸

2

dx

≤ C(|tj − tm| + ‖uj−1 − um−1‖σ) ‖v‖C1 ‖w‖
p−2

p

s1
p−2

p

‖w‖W 1
2 (Ω,%µ,%0) ,

I2 ≤
∫

Ω

|ai(x, tj , uj−1) − ai(x, tm, um−1)|
︸ ︷︷ ︸

α1

%(µ+ν)/2

∣
∣
∣
∣

∂v

∂xi

∣
∣
∣
∣

︸ ︷︷ ︸

p0

|w|2 p−1
p

︸ ︷︷ ︸

s2

dx

≤ C(|tj − tm| + ‖uj−1 − um−1‖σ)

∥
∥
∥
∥

∂v

∂xi

∥
∥
∥
∥

Lp0 (Ω,%p0(µ+ν)/2)

‖w‖2 p−1
p

2s2
p−1

p

,
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I3 ≤
∫

Ω

|b0(x, tj , uj−1) − b0(x, tm, um−1)|
︸ ︷︷ ︸

β0

|%νv|
︸ ︷︷ ︸

p0

|w|2 p−1
p

︸ ︷︷ ︸

s3

dx

≤ C(|tj − tm| + ‖uj−1 − um−1‖σ) ‖v‖Lp0(Ω,%νp0 ) ‖w‖
2 p−1

p

2s3
p−1

p

.

¢£g9oag9M � �&GIH `� � � �>GTH9q� � � �&GIH9��	oPQTVTO

s := max(s1, 2s2, 2s3) <

(
N ′ + 1

2N ′ − 1

N

)−1

.

��L%Z��&giM s&�WO[�ig9M�F%G `>G `a� � F>Gr`&Gr`a��¦ESaVIoWO��>UaM>M � �>G `m{�fG �

��QIg���M>oaVIgiQXdfe*L>M>o � �&Gr`a��c��QThf� �We%M>VTQXdfe vugi��QIg9Z[giM�Gu��g9hybcgi�cgiQXZ��PSaM � �>G `a�����QIhR� �ae>M>VIQIdfe ��QIg��&g9h
bcgi�cgiQXZ�g9QTM>g9h�UaM%UWVISaoPgiM¾��L%Z[ZRUWoPg QI� b¯g9�¯g9QIZ��aSPM s&U|OR�©q)G `>GTH oag�¦E¹%e>hkO G s&QTg9e>g�UaL%dfe�&g9Mbcgi�cgiQXZ
�aSPM � �&Gr`WF��G ���L>M ZkO[g9e>giM UWVIVIg�¥�QTVT¦7Z[��QTOkORgiV�¦E¹>h��&g9MAbcg9�¯g9QIZ��&g Z�¦ESaVIoag9M%�&giM s&UWO[�ig Z��iL>h�� g9hk¦E¹%oaL>M>o �
¨�E>�9? :�®I!�® , - ��-:9�";� (*"%-605-6! � $4! �'( /4! ( - ! K > 0

)
h0 > 0

)
0 < T ∗ ≤ T

) �($ ��/ 8 �'&�0 /4),)�- h ≤ h00�!�� /4),)�- tj ≤ T ∗ �1",)+(%*
uj ∈ BR(U0), ‖uj‖W 2

p0
(Ω,%p0µ,%p0ν) ≤ K.

��g9h�bcgi�cgiQXZcv)g9h[L>emO�UaL&¦Bg9QTM%QToPgiMA¥�QIV¤¦7ZRZ[�WO[�9giM�G
,�F*D¾D E : ®X!�® , - ��-:9�";� (*"%-605-6! h0 > 0, C > 0

) �,$ ��/ 8 �1",)+(%*
=�/1),) � u0, u1, . . . , ui−1 ∈ BR(U0)

) ��/1!#! ";� ( ‖ui‖2 ≤ C
�

5 Fm� F�?'4 ��g9h�b¯g9�¯g9QIZ���QIhf�©�ae>M>VIQIdfe���QTg��>gih�bcgi�cgiQXZ��iL ��g9����U�q)GTH ��oPg�¦E¹>e>h[O9G
JB¹>h �¡g9�>g�J>L>M>NmORQTSPM

v ∈ C1(Ω) � �&QTg�UaL&¦
∂Ω

�agihfZRdfem��QIM%�&giO � oaQIVTO
(δuj , v) + aj(uj , v) = (fj , v) , j = 1, . . . , i.

¸	Z�Z[giQ
v = uj

G%�yUaM>M�¦ESaVIoWO
(uj − uj−1, uj) + ch ‖uj‖2

W 1
2 (Ω,%µ,%ν) ≤ h ‖fj‖2 ‖uj‖2 + Ch ‖uj‖2

2 ,

M%Uadfe s*L>���pU|ORQTSPM
(j = 1, . . . , i)

L%M%�A��M*�¯g9M%�&L>M%o �&gih �²SPL>M>oPZRdfe>g9M ��M>oaVIgiQXdfe*L>M>o�gihRoaQIv&O�ZkQXdfe

‖ui‖2
2 − ‖u0‖2

2 + ch

i∑

j=1

‖uj‖2
W 1

2 (Ω,%µ,%ν) ≤ Cf + Ch

i∑

j=1

‖uj‖2
2 .

��L%Z��&gi��¼^h[SPMm��UWVIVXZ[dfe>g9M ��g9����U�g9h[oPQTv>O�Z[QXdfe��&QIg]bcgie%UaL>t&O[L%M>o%G
�JB¹>h��&g9MAbcg9�¯g9QIZ��&g Z�¦ESaVIoag9M%�&giM s&UWO[�ig Z�ZkQIgie%g�UaL%dfe s&U|OR�]q%Gr`&G q%G

¨�E>�9? :�®I!�®I! - � -%9 ";� ( "%- 0 (�- ",!.- ' $4!�$1( $1!  / $5&��6- !�� - = 0�!2?4(*"@$4! M(t) '�",( M(0) = 0
) �,$ ��/ 8

‖uj − U0‖∞ ≤M(tj)
) �6/1),) � h ≤ h0

0�! � uj−1 ∈ BR(U0)
�

5 Fm� F�?'4 ¸	Z�Z[giQ
zj = uj − U0

� �>UWM>MAQXZ¡O
δzj = δuj

L>M)�
(δzj , v) + aj(zj , v) = (fj , v) − aj(U0, v)

� � ��� � ��� ��� ��� �
������������� ��� ��� � �
��� ������ ��� �

�
����� � ��� � � � � ��� ��� � � �

���� � ��� � �  ����� �
�
��� �#� ��������

�
���

p
��� �	���� �

� ��� �� � �
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¦E¹>h �¡g9�>g�J%L>M>NmO[QISaM
v ∈ C1(Ω)

��Q¤O��PgihfZ[dfe*��QIM%�&g9M%�&giM���UWM)�&�¯g9hkORgiM�G&JB¹>h
p ≥ 2

Z[giQ
v = |zj |p−2zjL>M%�

wj = |zj |
p−2
2 zj

G>�^UWM>M�¦ESPVToaO
1

h

(
zj , |zj |p−2zj

)
− 1

h

(
zj−1, |zj |p−2zj

)
+
c2
p
‖wj‖2

W 1
2 (Ω,%µ,%ν)

≤ ‖fj‖ϕ

∥
∥|zj |p−1

∥
∥

ϕ′ + C ‖U0‖W 2
p0

(Ω,%p0µ,%p0ν) ‖wj‖
p−2

p
s ‖wj‖W 1

2 (Ω,%µ,%0) +
c′2
p
‖wj‖2

2 .

��e>M>VIQXdfe���QIg]QI�\bcgi�cgiQXZc�iL s&U|OR��q%Gr`&G q�VX�WwaO�ZkQXdfe©�9giQIoag9M��
1

ph

(

‖wj‖2
2 − ‖wj−1‖2

2

)

+
c

p
‖wj‖2

W 1
2 (Ω,%µ,%ν)

≤ ‖fj‖ϕ ‖wj‖
2 p−1

p

2ϕ′ + C ‖wj‖
p−2

p
s ‖wj‖W 1

2 (Ω,%µ,%0) +
C

p
‖wj‖2

2 .

¢£g9oagiM
uj−1 ∈ BR(U0)

oaQIV¤O ‖fj‖ϕ ≤ Cf
G%�^UWM>MAg9h[oPQTv&O�Z[QIdfe

1

ph

(

‖wj‖2
2 − ‖wj−1‖2

2

)

+
c

p
‖wj‖2

W 1
2 (Ω,%µ,%ν)

≤ C ‖wj‖
2 p−1

p

2ϕ′ + Cεp ‖wj‖2 p−2
p

s +
ε

p
‖wj‖2

W 1
2 (Ω,%µ,%0) +

C

p
‖wj‖2

2 .

�yUahRUaL%Z�gihRe%�WVTO��pUWM
‖wj‖2

2 − ‖wj−1‖2
2 + ch ‖wj‖2

W 1
2 (Ω,%µ,%ν)

≤ Cph ‖wj‖
2 p−1

p

2ϕ′ + Cp2h ‖wj‖2 p−2
p

s + Ch ‖wj‖2
2 .¢£g9M>M

g(x) := %µ(x)
oag9Z[g�OR��Op��QThf� � �%UWM>M�Z¡ORQT����giMC�&QIg ��SPh[��g9M ‖.‖W 1

2 (Ω,%µ,%0)

L>M%� ‖.‖2,1,g¹>v)g9h[g9QTM�G
��QIg���SahR��giM£UaL&¦¯�&g9hyhRg9dfemORgiM s&giQTO[g�N��aM%M>giM UaVIZ[S ��QIg�QT� s&UWO[��q%Gr`&G q UWv%oag9ZRdfe%�WO[��O^�¯g9hR�>giM�Gª��QIg9Z
QIZkO�� �aoaVIQXdfe � �>U N ′ > N

L%M%�
%0(x) ≤ C%ν(x)

Gus>dfe>VTQIgiwPVTQXdfe�QIZkO

2 ≤ s <
r1N

N − r1
,

�>U 1

s
>
N ′ + 1

2N ′ − 1

N
.

�yUaM>MAoaQIV¤O���Q¤OygiQIM>gi� �PSaM
p
L>M%Uav>e%�WM%oaQIoagiM

1 < q < r1

1

h

(

‖wj‖2
2 − ‖wj−1‖2

2

)

+ c ‖wj‖2
W 1

2 (Ω,%µ,%ν) ≤ CpσM

(

‖wj‖2β1

q + ‖wj‖2β2

q + ‖wj‖2
q

)

,

�¯SPv)g9Q
σM

g9QTM>g �aSaM
p, h

L%M%UWv>e)�WM>oPQToPg�´ySaM)Z¡OfUWMmO[gpvugi�9giQXdfe>M>g�O�L>M%�
β1 = β1(p) = p−1

p+σ
� β2 =

β2(p) = p−2
p+2σ

G
��L>M Zkg9Q�¦E¹>h

k = 0, 1, 2 . . . pk = 2
(

2
q

)k � β1,k = β1(pk) = pk−1
pk+σ

� β2,k = β2(pk) = pk−2
pk+2σ

L%M%�
mj,k = max1≤l≤j ‖zl‖pk

G
�yUaM>M�¦ESaVIoWO�UWL&¦ oaVIgiQXdfe>g�¢ giQXZkg���QIg]QT��b¯g9�¯g9QIZc�9L s>U|O[�]q)G `>G q

lim sup
k→∞

mj,k ≤ cQγ1,γ2(tj)m
β0

j,0.

¸	Z�QXZ¡O
mj,0 = max1≤l≤j ‖ul − U0‖2 ≤ max1≤l≤j ‖ul‖2 + ‖U0‖2 ≤ C(tj) ≤ C

G
��L%Z��>gi�\��gi���pU�F>Gr`&Gr`]¦ESPVToaO��>UWM>M

‖uj − U0‖∞ ≤ CQγ1,γ2(tj) =: M(tj).��QIg9Z[g�J>L>M%NPORQTSPM
M

vug9Z[Q¤OR��O��&QIg]oagi¦ESahf�&gih[O[g9M ¸²QIoag9M%Z[dfe)U|¦µO[g9M�G
�
G
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��� G7 FHJ�@B(B§:�®I!�® " � "%- �10��!� /(� -��1"%-+� -,� � /4( - -+� ? /4!#! � - 02/1),) � -(' -6",! -60 (  - 0%��- ! *
� - " u1, . . . , ui−1 ∈ BR(U0)

)
0 ≤ k < i− 1

) ‖uk‖W 2
p0

(Ω,%p0µ,%p0ν) ≤ C
�

� /1!#! ��",)+( ‖uj − uk‖∞ ≤M(tj − tk) �'&�0 k ≤ j ≤ i
�

5 Fm� F�?'4 �ygih�bcg9�¯g9QIZ^�ag9h[VX�WL>¦µOy¦7UPZ¡O]���PVTVIQIo©UWM)UWVISao �9L£SPv>QIoagiM�s&U|OR�aG���g9�&QIoaVIQIdfe �&QIg�QI� J%SaVIoagiM)�&giM
gihR�c�ae>MmO[g9MAsmORgiVIVTg9M ZkQIM%��UWM>�9L>t%UaZRZ[giM��
s*giQ

zj := uj − uk
� wj := |zj |

p−2
2 zj

G%�yUaM>M©¦ESaVIoWO�M%UPdfe©g9QTM>QIoag9M ����¦ESahR��L>M>oPgiM
1

h

(

‖wj‖2
2 − ‖wj−1‖2

2

)

+ c ‖wj‖2
W 1

2 (Ω,%µ,%ν) ≤ CpσM

(

‖wj‖2β1

q + ‖wj‖2β2

q + ‖wj‖2
q

)

.

��L>MA��QIhR�AZ[L>����QTg9hkO
(j = k + 1, . . . , i) � wk = 0 � g9Z�g9h[oPQTv>O�Z[QXdfe

‖zi‖p
p ≤ c(ti − tk)pσM max

k≤j≤i
(‖zj‖β1p

pq/2 + ‖zj‖β2p
pq/2 + ‖zj‖p

pq/2).

s*giQ�MmL%M
mi,l := maxk≤j≤i ‖zj‖pl

� �>UWM%M©¦ESPVToaO

lim sup
l→∞

mi,l ≤ cQγ1,γ2(tj − tk)mβ0

i,0.

���L>M���QIhR�zM>S&dfezgiQIM>g ��v%ZRdfe%�WO[�iL%M>o§�&gih �yQ�
ªgihRgiM%�igiM �PL%SWO[QIgiMmORgiM ‖δuj‖p0

vugiM#�WO[QIoWO G	�yQTg Zkg ��v>�
Z[dfe)�|O[�9L>M>o���QIhR�©v)g9Q��&g9h ��MmO[g9hRZ[L%dfe*L>M>o��aSPM ‖uj‖W 2

p0
(Ω,%p0µ,%p0ν)

�agihR�cgiM%�&giO9G
¨�E>�9? :�®I!�®T+ � - " K > 0 � - � -�&5- ! �� /1!#!�-:9 ";�'(*"%- 0 ( - ",!.- � $1! � ( /1!#( - h0 > 0 0�!�� ��$4! h 0�!�� K 0�! /*&'& $4!��1"#� - � $1! � ( /4!#( - ! c1, c2, c3, γ )�($ ��/ 8 �1",)�( *
=�/1),) � h ≤ h0

) ‖uj‖W 2
p0

(Ω,%p0µ,%p0ν) ≤ K �'&�0 0 ≤ j ≤ i− 1
) ��/1!#! ";�'(

‖δuj‖p0

p0
≤ 1

1 − hc2Kγ
(c1 + c3tj) exp

(

tj−1
c2K

γ

1 − hc2Kγ

)

=: SK(h, tj−1), 1 ≤ j ≤ i.

5 Fm� F�?'4 J0¹%h �¡g9�&g�J%L>M>NmO[QISaM
v ∈ C1(Ω)

��Q¤O��PgihfZ[dfe*��QIM%�&giM)�&giM���UWM%�>�¯g9hkORgiM�oaQIV¤O
(δuj − δuj−1, v) + haj(δuj , v) = (fj − fj−1, v) + aj−1(uj−1, v) − aj(uj−1, v), j = 2, . . . , i.

s*giQ
v = |δuj |p0−2δuj

� wj = |δuj |
p0−2

2 δuj
G��^UWM%M�¦ESPVToaO � �*oaV G��We>M>VIQXdfe>g§��v%ZRdfe%�|OR�iL>M%oagiM�QT�

s&U|OR�]q%Gr`&G q�

aj(δuj , |δuj |p0−2δuj) ≥
C2

p0
‖wj‖2

W 1
2 (Ω,%µ,%ν) −

C ′
2

p0
‖wj‖2

2 ,

(
fj − fj−1, |δuj |p0−2δuj

)
≤ ‖fj − fj−1‖ϕ

∥
∥|δuj |p0−1

∥
∥

ϕ′

≤ Ch(1 + ‖δuj−1‖σ) ‖wj‖
2

p0−1
p0

2ϕ′ p0−1
p0

≤ Ch(1 + ‖δuj−1‖σ) ‖wj‖
2

p0−1
p0

2ϕ′ ,

(
δuj − δuj−1, |δuj |p0−2δuj

)
≥ 1

p0

(

‖wj‖2
2 − ‖wj−1‖2

2

)

,
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aj−1(uj−1, |δuj−1|p0−2δuj) − aj(uj−1, |δuj−1|p0−2δuj)

≤ Ch(1 + ‖δuj−1‖σ) ‖uj−1‖W 2
p0

(Ω,%p0µ,%p0ν) ‖wj‖
p0−2

p0
s ‖wj‖W 1

2 (Ω,%µ,%0) .

�yUaM>MAgihRoaQIv&O�ZkQXdfe
‖wj‖2

2 − ‖wj−1‖2
2 + ch ‖wj‖W 1

2 (Ω,%µ,%0)

≤ Ch(1 + ‖δuj−1‖σ) ‖wj‖
2

p0−1
p0

2ϕ′ + Ch(1 + ‖δuj−1‖σ)K ‖wj‖
p0−2

p0
s ‖wj‖W 1

2 (Ω,%µ,%0)

+ Ch ‖wj‖2
2 .

��L>MAoaQIVTO

(1 + ‖δuj−1‖σ)
︸ ︷︷ ︸

p0

‖wj‖
2

p0−1

p0

2ϕ′

︸ ︷︷ ︸
p0

p0−1

≤ C(1 + ‖δuj−1‖p0

σ ) + C ‖wj‖2
2ϕ′ ,

1
︸︷︷︸

p0

K ‖wj‖
p0−2

p0
s

︸ ︷︷ ︸
2p0

p0−2

‖wj‖W 1
2 (Ω,%µ,%0)

︸ ︷︷ ︸

2

≤ ε ‖wj‖2
W 1

2 (Ω,%µ,%0) + CεK
γ ‖wj‖2

s + C,

‖δuj−1‖σ
︸ ︷︷ ︸

p0

K ‖wj‖
p0−2

p0
s

︸ ︷︷ ︸
2p0

p0−2

‖wj‖W 1
2 (Ω,%µ,%0)

︸ ︷︷ ︸

2

≤ ε ‖wj‖2
W 1

2 (Ω,%µ,%0) + C ‖δuj−1‖p0

σ + CεK
γ ‖wj‖2

s ,

UWVXZkS�¦ESaVIoWO
‖wj‖2

2 − ‖wj−1‖2
2 + ch ‖wj‖2

W 1
2 (Ω,%µ,%ν)

≤ Ch(1 + ‖δuj−1‖p0

σ + ‖wj‖2
2ϕ′ +Kγ ‖wj‖2

s + ‖wj‖2
2).

��L&¦ giQIM>QIoag��&g9h ��SahR��giMp�&g9h h[g dfePORgiMps*giQTO[g���QIhf�6��gi���pU]F>Gr`&G {�UaM>oag9�cUaM%�*O � �*oPV'GWUaL%dfe��>giMpbcgi�cgiQXZ
�iL s&U|OR��q%Gr`&G q%G>�^UWM>M�oaQIV¤O���QTO�giQIM>gih�oPgig9QToPM>g�ORgiMA´�SPM%Z¡OfUWMmO[g9M

γ′

‖wj‖2
2ϕ′ ≤ ε ‖wj‖W 1

2 (Ω,%µ,%0) + Cε ‖wj‖2
q , 1 < q < r1,

Kγ ‖wj‖2
s ≤ ε ‖wj‖W 1

2 (Ω,%µ,%0) + CεK
γ′ ‖wj‖2

q .

¥�QIgihRv)g9Q e%�WM>oaO
Cε

M>QIdfemO��aSPM
K

UWv � �*oaV G&�&giMAbcgi�cgiQXZ	�9L���gi���pU6F%G `>Gr{&Gm�^UWM>M©¦ESaVIoWO � g ZcQIZkO
q < 2L>M%��g9Z�Z[giQ�S)G b^G � G ��G

K > 1


‖wj‖2
2 − ‖wj−1‖2

2 + ch ‖wj‖2
W 1

2 (Ω,%µ,%ν) ≤ Ch(1 + ‖δuj−1‖p0

σ +Kγ′ ‖wj‖2
2).

��L>MAQXZ¡O ‖δuj−1‖p0

σ = ‖wj‖2
2σ
p0

G)s*L>���pU|ORQTSPM
(j = 2, . . . , i)

g9h[oPQTv&O

‖wi‖2
2 − ‖w1‖2

2 + ch

i∑

j=2

‖wj‖2
W 1

2 (Ω,%µ,%ν) ≤ Cti + Ch

i−1∑

j=1

‖wj‖2
2σ
p0

+ CKγ′

h

i∑

j=2

‖wj‖2
2 .

¢£g9oagiM p0

2σ > N ′+1
2N ′ − 1

N

QIZkO

‖wj‖2
2σ
p0

≤ ε ‖wj‖2
W 1

2 (Ω,%µ,%0) + Cε ‖wj‖2
q ≤ ε ‖wj‖2

W 1
2 (Ω,%µ,%0) + C ‖wj‖2

2 ,
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UWVXZkS

‖wi‖2
2 − ‖w1‖2

2 + ch
i∑

j=2

‖wj‖2
W 1

2 (Ω,%µ,%ν) ≤ Cti + εh ‖w1‖2
W 1

2 (Ω,%µ,%0) + CKγ′

h
i∑

j=2

‖wj‖2
2 .

��L>M�QIZkO©M%S*dfe ‖w1‖2
2 + h ‖w1‖W 1

2 (Ω,%µ,%ν)

UWv%�iL%ZRdfe%�|OR�ig9M�G¯�^UW�9LC��QThf�«�&QIg£}0g9ZkOk¦EL>M%NPORQTSPM
v =

|δu1|p0−2δu1
�ag9h[�cgiM%�>g�O � w1 = |δu1|

p0−2
2 δu1

G>�^UWM>M�¦ESaVIoWO
‖δu1‖p0

p0
+ ha1(δu1, |δu1|p0−2δu1) =

(
f1, |δu1|p0−2δu1

)
− a1(U0, |δu1|p0−2δu1).

¸	Z�QXZ¡O
− a1(U0, v) = − (A1U0, v)

=
N∑

i,k=1

∫

Ω

∂

∂xi

(

%µbik(x, t1, U0)
∂U0

∂xk

)

v dx−
N∑

i=1

∫

Ω

%(µ+ν)/2ai(x, t1, U0)
∂U0

∂xi
v dx

−
∫

Ω

%νb0(x, t1, U0)U0v dx

≤ ‖A1U0‖p0
‖v‖p′

0
≤ C ‖U0‖W 2

p0
(Ω,%p0µ,%p0ν)

︸ ︷︷ ︸

p0

‖δu1‖p0−1
p0

︸ ︷︷ ︸
p0

p0−1

≤ Cε + ε ‖δu1‖p0

p0
.

¥�QIgihRv)g9Q�QXZ¡O
Cε

L>M%UWv%e%�WM>oPQTo��PSaM
K

G>¢ giQTO[gihRe>QIMAQIZkO � �>U ϕ ≥ p0


(
f1, |δu1|p0−2δu1

)
≤ ‖f1‖p0

∥
∥|δu1|p0−1

∥
∥

p0−1
p0

p0−1

≤ Cε ‖f1‖p0

p0
+ ε ‖w1‖2

2

L>M%�
ha1(δu1, |δu1|p0−2δu1) ≥ ch ‖w1‖2

W 1
2 (Ω,%µ,%ν) − C ′h ‖w1‖2

2 .�yUaM>M�¦ESaVIoWO
(1 − 2ε) ‖w1‖2

2 + ch ‖w1‖2
W 1

2 (Ω,%µ,%ν) ≤ C + C ′h ‖w1‖2
2 .J%UaVTVXZ

h0
Z[S�N*VTg9QTMAoag9�c�ae>VTO�QXZkO � �>Uaw 1 − 2ε− C ′h0 > 0 � �%UWM>MAoaQIVTO

‖w1‖2
2 + h ‖w1‖2

W 1
2 (Ω,%µ,%ν) ≤ C.

��QIg9Z[g�´ySaM%ZkORUaMPORgyQXZkO��aSaM
K

L>M%Uav>e%�WM%oaQIo%G
�yUa��Q¤O�QXZ¡O��>QTg�oag9��¹>M%ZRdfemO[g���v%ZRdfe%�|OR�iL>M%o6¦E¹%h ‖w1‖2

2 + h ‖w1‖W 1
2 (Ω,%µ,%ν)

g9h[�9QTg9V¤O � g9Zc¦ESaVIoWO � γ Zkg9Q
oag9M>gihRQIZRdfe>g�´�SPM%ZkORUWMmORg�

‖wi‖2
2 + ch

i∑

j=1

‖wj‖2
W 1

2 (Ω,%µ,%ν) ≤ c1 + c3ti + c2K
γh

i∑

j=1

‖wj‖2
2 .

��QIg ´�SPM%ZkORUWMmORgiM
c1, c2, c3

e)�WM>oPgiM¾M>QXdfemO
K � i � h Uav�G ��L%Zp�>gi� ¼^hRSaM*��UWVIVIZRdfe>giM¾��gi���pU£¦ESaVIoWO

�>UWM%M
‖wi‖2

2 ≤ 1

1 − c2Kγh
(c1 + c3ti) exp

(

ti−1
c2K

γ

1 − c2Kγh

)

,

¦7UWVIVIZ
1 − c2K

γh0 > 0
G&¢ gioag9M ‖δui‖p0

p0
= ‖wi‖2

2

¦ESaVIoWO��&QIg�b¯g9e%UWL%t&O[L>M%o%G
�
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5 F*D FHJ���@0(B§: ®X!�® " - ��";� ( SK(h, ti−1) ≤ SK(h0, ti−1)
� - ��-:9�";� (*"%-60 ( - ",!.- � $1! K 0�! /*&'& $1!���"#� -

� $'&02/1!�? - �'&�0 SK(h0, 0)
) �6/4),) � 1 − c2K

γh0 ≥ 1
2

�

��L>M ZkO[gie%giM �&QIg]M �WORQToPgiMA¥�QIV¤¦7Z[��Q¤O[O[giV�¦E¹>h��&QIg���v%ZRdfe%�WO[�iL%M>o��aSaM ‖uj‖W 2
p0

(Ω,%p0µ,%p0ν)

vugihRgiQTO9G
¨�E&� ? : ®X!�®µ: - ��-:9 ";� ( "%- 02- ! � $4! � ( /4! ( - ! K, 0 < T ∗ ≤ T, h0

) �($ ��/ 8 ��",)+(%*
� � - � ";� ( ‖U0‖W 2

p0
(Ω,%p0µ,%p0ν) < K

�

� � = /4),) � h ≤ h0
)
u0, . . . , uj−1 ∈ BR(U0)

) ‖ul‖W 2
p0

(Ω,%p0µ,%p0ν) ≤ K (l = 0, 1, . . . , j−1) 0�!��
tj < T ∗ ) ��/1!#! ";�'( /�0#$'& ‖uj‖W 2

p0
(Ω,%p0µ,%p0ν) ≤ K

�

5 Fm� F�?74 ¸¯Z�oaQIV¤O

δuj −
N∑

i,k=1

∂

∂xi

(

%µbik(x, tj , uj−1)
∂uj

∂xk

)

+

N∑

i=1

%(µ+ν)/2ai(x, tj , uj−1)
∂uj

∂xi

+ %νb0(x, tj , uj−1)uj = f(x, tj , uj−1).

�yUahRUaL%Zc¦ESaVIoWO

−
N∑

i,k=1

%µbik(x, tj , uj−1)
∂2uj

∂xi∂xk

−
N∑

i,k=1

µ%µ−1 ∂%

∂xi
bik(x, tj , uj−1)

∂uj

∂xk
+

N∑

i=1

%(µ+ν)/2ai(x, tj , uj−1)
∂uj

∂xi

+ %νb0(x, tj , uj−1)uj

= f(x, tj , uj−1) − δuj +

N∑

i,k=1

%µ ∂bik
∂u

∂uj−1

∂xi

∂uj

∂xk
.

��QIg ���2±²hRQTSPh[QT�n��v%ZRdfe%�|OR�iL>M%o��>g9Z©s>U|O[�9g9Z F%G F%GTHAN|UWM%MCe>QTg9h M>S&dfe�M>QXdfemO©UWM>oPgi�cgiM%�>g�O �cgihf�&giM � �>U�&QTg�´�SPM%ZkORUWMmORg
C1

�&QIg9Z[g9Z^s&U|OR�ig Z��PSaM ‖bik‖C1
� UWVXZ[S �aSPM ‖uj−1‖C1

L%M%� Z[Sa��QTOy�aSPM
K

Uav>e>QIM>oagPG
��g Zke%UaVTv Z[QTM)� M>S&dfeAgiQIM>QIoag ����¦ESPh[�6L>M>oag9M©g9hk¦ESPhR�>gihRVTQXdfe��

−
N∑

i,k=1

%µbik(x, tj , U0)
∂2uj

∂xi∂xk

−
N∑

i,k=1

µ%µ−1 ∂%

∂xi
bik(x, tj , uj−1)

∂uj

∂xk
+

N∑

i=1

%(µ+ν)/2ai(x, tj , uj−1)
∂uj

∂xi

+ %νb0(x, tj , U0)uj

= f(x, tj , uj−1) − δuj +
N∑

i,k=1

%µ ∂bik
∂u

∂uj−1

∂xi

∂uj

∂xk

+

N∑

i,k=1

%µ(bik(x, tj , uj−1) − bik(x, tj , U0))
∂2uj

∂xi∂xk

+ %ν(b0(x, tj , U0) − b0(x, tj , uj−1))uj .
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�yUaM>MAoaQIV¤O���QTO�giQIM>gi�\oag9giQIoaM>giO[giM
λ < 0

C1 ‖uj‖W 2
p0

(Ω,%p0µ,%p0ν)

≤ ‖f(x, tj , uj−1)‖p0
+ ‖δuj‖p0

+

N∑

i,k=1

∥
∥
∥
∥
%µ ∂bik

∂u

∂uj−1

∂xi

∂uj

∂xk

∥
∥
∥
∥

p0

+
N∑

i,k=1

∥
∥
∥
∥
%µ(bik(x, tj , uj−1) − bik(x, tj , U0))

∂2uj

∂xi∂xk

∥
∥
∥
∥

p0

+ ‖%ν(b0(x, tj , U0) − b0(x, tj , uj−1))uj‖p0
+ |λ| ‖uj‖p0

.

��QIg�´ySaM%ZkORUaMPORg
C1

e)�WM>oaO �¡giO[�iO�M>QIdfemO��PSaM
K

Uav�G
��QIg�s*L>���pUWM)�&giM �&g9h�h[g dfePORgiM s*giQTO[g]�cgihf�&g9M©M*L>MAgiQIM>�9giVIM©L>MmORgihfZkL%dfemO �
¢£g9oag9M

p0 ≤ ϕ
L%M%�

uj−1 ∈ BR(U0)
QXZkO ‖f(x, tj , uj−1)‖p0

≤ C
G

¢£g9Q¤ORgihRe>QIM�QXZkO ‖δuj‖p0
≤ (SK(h0, tj−1))

1
p0

G
¸	Z�oPQTVTO

∥
∥
∥
∥
%µ ∂bik

∂u

∂uj−1

∂xi

∂uj

∂xk

∥
∥
∥
∥

p0

≤
∥
∥
∥
∥
%µ ∂bik

∂u

∂uj−1

∂xi

∂(uj − U0)

∂xk

∥
∥
∥
∥

p0

+

∥
∥
∥
∥
%µ ∂bik

∂u

∂uj−1

∂xi

∂U0

∂xk

∥
∥
∥
∥

p0

.

��L>MAQXZ¡O
∥
∥
∥
∥

∂bik
∂u

∥
∥
∥
∥
∞

≤ C,

∥
∥
∥
∥

∂uj−1

∂xi

∥
∥
∥
∥
∞

≤ ‖uj−1‖C1 ≤ C ‖uj−1‖W 2
p0

(Ω,%p0µ,%p0ν) ≤ CK.

�uL>M%�Pdfe%ZkO���QIhf� ∥∥
∥%µ ∂(uj−U0)

∂xk

∥
∥
∥

p0

≤
∥
∥
∥

∂(uj−U0)
∂xk

∥
∥
∥

Lp0 (Ω,%p0µ)

Uav>oag Z[dfe)�|O[�iO9G
¥�QIgih[¦E¹>h���QIhR���&g9h�lnMPORgihRt)SPVIUWO[QISaM%ZRZRU|O[��F>Gr`&Gr`a`���Q¤O

θ = 1
2

L>M%�

s1 = 2, µ1 = p0µ, ν1 = p0ν, p1 = p0,

s2 = 0, µ2 = 0, ν2 = 0, p2 = p0,

sθ = 1, µθ =
p0

2
µ, νθ =

p0

2
ν, pθ = p0,

oag9MmL>O[��O G%�^UWM>M�¦ESaVIoWO
∥
∥
∥
∥

∂(uj − U0)

∂xk

∥
∥
∥
∥

Lp0(Ω,%p0µ)

≤ ‖uj − U0‖W 1
p0

(Ω,%p0µ,%0) ≤ C ‖uj − U0‖W 1
p0

(Ω,%p0µ/2,%p0ν/2)

≤ C
(

‖uj − U0‖W 2
p0

(Ω,%p0µ,%p0ν)

) 1
2 ‖uj − U0‖

1
2
p0

≤ ε ‖uj − U0‖W 2
p0

(Ω,%p0µ,%p0ν) +
C

ε
‖uj − U0‖p0

.

¢£g9Q¤ORgihRe>QIM�QXZkO
∥
∥
∥
∥
%µ ∂bik

∂u

∂uj−1

∂xi

∂U0

∂xk

∥
∥
∥
∥

p0

≤
∥
∥
∥
∥
%µ ∂bik

∂u

∂(uj−1 − U0)

∂xi

∂U0

∂xk

∥
∥
∥
∥

p0

+

∥
∥
∥
∥
%µ ∂bik

∂u

∂U0

∂xi

∂U0

∂xk

∥
∥
∥
∥

p0

.
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¸	Z�oaQIVTO
∥
∥
∥
∥
%µ ∂bik

∂u

∂(uj−1 − U0)

∂xi

∂U0

∂xk

∥
∥
∥
∥

p0

≤ C ‖uj−1 − U0‖W 1
p0

(Ω,%p0µ/2,%p0ν/2)

≤ C
(

‖uj−1 − U0‖W 2
p0

(Ω,%p0µ,%p0ν)

) 1
2 ‖uj−1 − U0‖

1
2
p0

≤ C(K + C(U0))
1
2 ‖uj−1 − U0‖

1
2
∞

≤ C(K + C)
1
2M(tj−1)

1
2

L>M%�
∥
∥
∥
∥
%µ ∂bik

∂u

∂U0

∂xi

∂U0

∂xk

∥
∥
∥
∥

p0

≤ C ‖U0‖W 2
p0

(Ω,%p0µ,%p0ν) ≤ C.

��VXZkS�¦ESaVIoWO
N∑

i,k=1

∥
∥
∥
∥
%µ ∂bik

∂u

∂uj−1

∂xi

∂uj

∂xk

∥
∥
∥
∥

p0

≤ εKC ‖uj − U0‖W 2
p0

(Ω,%p0µ,%p0ν) +
CK

ε
‖uj − U0‖p0

+ C(K + C)
1
2M(tj)

1
2 + C

≤ εKC ‖uj‖W 2
p0

(Ω,%p0µ,%p0ν) + εKC ‖U0‖W 2
p0

(Ω,%p0µ,%p0ν) +
CK

ε
M(tj) + C(K + C)

1
2M(tj)

1
2 .

�yU ∂bik

∂u

L>M)� ∂b0
∂u

ZkO[giO[QIo�L>M)� vug9ZRdfe>hR�aM>NmOcZ[QTM)� � ¦ESaVIoWO¯M)Uadfe �&g9� � QTOkO[g9VT�cgih[ORZRU|OR�y�&g9h���Q�
ug9h[g9MmO[QXUWVT�
h[g dfe>M*L>M>o

N∑

i,k=1

∥
∥
∥
∥
%µ(bik(x, tj , uj−1) − bik(x, tj , U0))

∂2uj

∂xi∂xk

∥
∥
∥
∥

p0

+ ‖%ν(b0(x, tj , U0) − b0(x, tj , uj−1))uj‖p0

≤ C ‖uj−1 − U0‖∞ ‖uj‖W 2
p0

(Ω,%p0µ,%p0ν) ≤ CM(tj−1) ‖uj‖W 2
p0

(Ω,%p0µ,%p0ν) .

s&dfe>VIQTg9waVIQIdfe�QIZkO
|λ| ‖uj‖p0

≤ C ‖uj − U0‖∞ + C ‖U0‖∞ ≤ CM(tj) + C.lnM%ZkoPg9ZRUW��Ocg9h[oPQTv&O�Z[QIdfe
C1 ‖uj‖W 2

p0
(Ω,%p0µ,%p0ν)

≤ C2 + (SK(h0, tj−1))
1

p0 + εKC3 ‖uj‖W 2
p0

(Ω,%p0µ,%p0ν) + εKC3 ‖U0‖W 2
p0

(Ω,%p0µ,%p0ν)

+
C4K

ε
M(tj) + C5(K + C6)

1
2M(tj)

1
2 + C7M(tj) ‖uj‖W 2

p0
(Ω,%p0µ,%p0ν)

¥�QIgihRv)g9Q�e%�WM%oagiM
C1, . . . , C7

M>QXdfemO��aSaM
K � h � tj UWv�G&¸	Z�QIZkO � S)G b^G � G ��G%Z[giQ

h0 ≤ 1


SK(h0, 0) =
c1 + c3h0

1 − c2Kγh0
≤ c1 + c3

1 − c2Kγh0
.

��L>MA��QIhR�
K

oag9�c�ae>V¤O G
s*giQ

K > 1 � ‖U0‖W 2
p0

(Ω,%p0µ,%p0ν) < K �

C2 +

(
c1 + c3

1
2

2

) 1
p0

+
C1

4
‖U0‖W 2

p0
(Ω,%p0µ,%p0ν) <

C1

8
K.
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�yUaM>M Zkg9Q
1 ≥ h0 > 0

Z[S�oagi���We%V¤O � �%UWw 1 − c2K
γh0 ≥ 1

2

G
s*giQ�MmL%M

ε > 0
ZkS � �>UWw εKC3 ≤ C1

4

G
��L>MA��QIhR�

0 < T ∗ ≤ T
ZkS�vug9ZkO[QI����O � �>UWw
c1 + c3T

∗

1
2

exp

(

T ∗ c2K
γ

1 − c2Kγh0

)

< 4(c1 + c3),

C4K

ε
M(T ∗) + C5(K + C6)

1
2M(T ∗)

1
2 ≤ C1

4
K,

C7M(T ∗) ≤ C1

8
.

�yUaM>MAQIZkO
SK(h0, tj−1) < 4(c1 + c3)

L>M%��g9Zc¦ESPVToaO
C1 ‖uj‖W 2

p0
(Ω,%p0µ,%p0ν)

≤ C2 + (4(c1 + c3))
1

p0 +
C1

4
‖uj‖W 2

p0
(Ω,%p0µ,%p0ν) +

C1

4
‖U0‖W 2

p0
(Ω,%p0µ,%p0ν)

+
C1K

4
+
C1

8
‖uj‖W 2

p0
(Ω,%p0µ,%p0ν) ≤

3

8
C1K +

3

8
C1 ‖uj‖W 2

p0
(Ω,%p0µ,%p0ν) .

UWVXZkS ‖uj‖W 2
p0

(Ω,%p0µ,%p0ν) < K
G
��yUa��Q¤O�QXZ¡O��>gih�s&UWO[���&G F>Gr`�v)g9��QTg Zkg9M�G

��L>MA��QIhR��g9QTM>g��cgiQTO[g9h[g]��j*t>hRQTSPh[Q¤j*��v%Z[dfe)�|O[�9L>M>o�¦E¹>h
δuj

e>g9h[oPgiVIgiQTO[g�O �
¨�E>�9? :�®I!�® � =�&�0 h ≤ h0, ti ≤ T ∗ �1",)+(

h

i∑

j=1

‖δuj‖2
W 1

2 (Ω,%µ,%ν) ≤ C.

5 Fm� F�?'4 ¸	Z�QXZ¡O
(δuj − δuj−1, v) + haj(δuj , v) = (fj − fj−1, v) + aj−1(uj−1, v) − aj(uj−1, v), j = 2, . . . , i.

��QIg6��v%ZRdfe%�|OR�iL>M>oPgiM � �&QIg6Z[QIdfe vugiQ �&g9h�¢�UWe>V
v = |δuj |p0−2δuj

g9h[oPgivugiM � ��L>hR�>giM QI��b¯g9�¯g9QIZ��iL
s&U|OR���&G F>G q�UaL%Zk¦E¹>e>hRVTQXdfe��>QIZ[N*L&O[QIgih[O9G#� Q¤O

wj := |δuj |
p0−2

2 δuj
gihRoPUWv�ZkQXdfe

‖wi‖2
2 + ch

i∑

j=1

‖wj‖2
W 1

2 (Ω,%µ,%ν) ≤ c1 + c3ti + c2hK
γ

i∑

j=1

‖wj‖2
2 ,

UWVXZkS ‖wi‖2 ≤ C
L>M)�

ch
∑i

j=1 ‖wj‖2
W 1

2 (Ω,%µ,%ν) ≤ C
G

��L>MA��QIhR�A�&QIg]}�g Z¡O[¦EL>M>NmO[QISaM
v = δuj

oPgi���We>VTO9G*¸	Z�¦ESPVToaO

(δuj − δuj−1, δuj) ≥
1

2

(

‖δuj‖2
2 − ‖δuj−1‖2

2

)

,

haj(δuj , δuj) ≥ ch ‖δuj‖2
W 1

2 (Ω,%µ,%ν) − c′h ‖δuj‖2
2 ,

|aj−1(uj−1, δuj) − aj(uj−1, δuj)|
≤ Ch(1 + ‖δuj−1‖σ) ‖uj−1‖W 2

p0
(Ω,%p0µ,%p0ν) ‖δuj‖W 1

2 (Ω,%µ,%0)

≤ C(ε,K)h
(

1 + ‖δuj−1‖2
σ

)

+ εh ‖δuj‖W 1
2 (Ω,%µ,%0) ,



�Wq ���������
	���� ��� �����$��� ����	�����	 ��� � � � � � � ������ � � �#��� ��	 ������� �

(fj − fj−1, δuj) ≤ Ch(1 + ‖δuj−1‖σ) ‖δuj‖ϕ′ ≤ Ch(1 + ‖δuj−1‖2
σ) + h ‖δuj‖2

ϕ′

≤ Ch(1 + ‖δuj−1‖2
σ) + Cεh ‖δuj‖2

2 + εh ‖δuj‖2
W 1

2 (Ω,%µ,%0) .

�yUaM>M�¦ESaVIoWO

‖δuj‖2
2 − ‖δuj−1‖2

2 + ch ‖δuj‖2
W 1

2 (Ω,%µ,%ν) ≤ Ch(1 + ‖δuj−1‖2
σ + ‖δuj‖2

2).

¸	Z�oaQIVTO ‖δuj−1‖2
σ ≤ 1 + ‖δuj−1‖p0

σ

L>M)�

‖δuj−1‖p0

σ = ‖wj−1‖2
2σ
p0

≤ C ‖wj−1‖2
W 1

2 (Ω,%µ,%0) + C ‖wj−1‖2
2 .

s*L>���pU|O[QISaM
(j = 2, . . . , i)

VIQTgi¦Egih[O¯�iL)Z[Ua����g9Mp��QTO��&giM ��v%ZRdfe%�|OR�iL>M>oPgiM ‖wj‖2 ≤ C � ‖δuj‖2 ≤ CL>M%�
ch
∑i

j=1 ‖wj‖2
W 1

2 (Ω,%µ,%ν) ≤ C

‖δui‖2
2 − ‖δu1‖2

2 + ch

i∑

j=2

‖δuj‖2
W 1

2 (Ω,%µ,%ν) ≤ Cti.

��L>MAQXZ¡O�M>S&dfe
h ‖δu1‖2

W 1
2 (Ω,%µ,%ν)

UWv>�9L%Z[dfe)�|O[�9giM�G
¸	Z�QXZ¡O

(δu1, δu1) + ha1(δu1, δu1) = (f1, δu1) − a1(U0, δu1).

¢£g9Q¤ORgihRe>QTMAoPQTVTO

a1(U0, δu1) ≤ ‖A1U0‖2 ‖δu1‖2 ≤ C, (f1, δu1) ≤ ‖f1‖2 ‖δu1‖2 ≤ C,

UWVXZkS
h ‖δu1‖2

W 1
2 (Ω,%µ,%ν) ≤ C

G
�yUahRUaL%Z�gihRoaQIv&O�ZkQXdfe

‖δui‖2
2 + ch

i∑

j=1

‖δuj‖2
W 1

2 (Ω,%µ,%ν) ≤ C.

�yUPZ�QIZkO��&QIg�b¯g9e%UWL%t&O[L>M%o%G
���QIg���j*t>h[QISahRQ¤j*��v)Z[dfe%�WO[�9L>M>oag9M VXUaZRZkg9M�Z[QIdfe���QIgy¦ESPVToaO��iL%ZRUW����giM>¦7UaZRZkg9M��

J0¹%h
h ≤ h0, tj ≤ T ∗ oPQTVTO

‖uj − U0‖∞ ≤M(tj),

‖δuj‖p0
≤ C,

h

j
∑

l=1

‖δul‖2
W 1

2 (Ω,%µ,%ν) ≤ C,

‖uj‖W 2
p0

(Ω,%p0µ,%p0ν) ≤ K.

¼^gi�p�WwpJ>SPVToPgihRL>M>op�&G F>GIHyg9h[e)�WVTO��pUaMAZ[SaomUWh

‖uj − uk‖∞ ≤M(tj − tk), 0 ≤ tk ≤ tj ≤ T ∗.
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� ��� � ������	�� ��	 � � 	 � ��	 ��������� � � 	 �
s*giQ

un(x, t) := ui−1(x) + (t− ti−1)δui(x)=
ti − t

ti − ti−1
ui−1(x) +

t− ti−1

ti − ti−1
ui(x), (ti−1 < t ≤ ti),

un(x, t) :=

{

ui(x) : ti−1 < t ≤ ti,

0 : t ≤ 0.

�yUaM>MAoaQIV¤O

‖un
t ‖p0

≤ C,

‖un(., t) − un(., t)‖p0
≤ Chn,

‖un(., t) − un(., t− hn)‖p0
≤ Chn,

‖un(., t) − un(., t− hn)‖∞ ≤ Chγ
n,

‖un(., t) − un(., t− hn)‖∞ ≤ Chγ
n,

‖un(., t)‖W 2
p0

(Ω,%p0µ,%p0ν) ≤ K,

‖un(., t)‖W 2
p0

(Ω,%p0µ,%p0ν) ≤ K,

‖un
t ‖L2(I∗,W 1

2 (Ω,%µ,%ν)) ≤ C.

¸	Z�oPQTVTO�¦ESaVIoag9M%�&gih�´ySaM*�ag9h[oPgiM>� Z[UWO[� �
¨�E>�9? :�®T+0® ".- ��-%9 ";� ( "%- 0 ( - ",!.- =/0�!�?1( "@$1! u ∈ C(I∗, Lp0(Ω))

) �($ ��/ 8

un C(I∗,Lp0(Ω))−−−−−−−−−→ u.

5 Fm� F�?'4 ln��s*QIM>M>g]VIQTM%N*ZRZ[giQTO[QIoagih �ug9Q¤OfUWv>VIgiQTO[L%M>oag9M©oPQTVTO

un
t +A

n
un = f

n
,

�¯SPv)g9Q
(tj−1 < t ≤ tj)

A
n

= Atj ,uj−1 , f
n

= f(., tj , uj−1(.)).

�yUaM>M�¦ESaVIoWO
(un − um)t +A

n
(un − um) = f

n − f
m

+ (A
m −A

n
)um.

s*giQ
unm = un − um � unm = un − um � vnm = |unm|p0−2unm � wnm = |unm| p0−2

2 unm G��yUaM>M
¦ESaVIoWO

(
(un − um)t, |unm|p0−2unm

)
+ an(unm, |unm|p0−2unm)

=
(

f
n − f

m
, |unm|p0−2unm

)

+ (am − an)(um, |unm|p0−2unm).

��L>MAQXZ¡O
an(unm, |unm|p0−2unm) ≥ c ‖wnm‖2

W 1
2 (Ω,%µ,%ν) − c′ ‖wnm‖2

2 ,
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∣
∣
∣

(

f
n − f

m
, |unm|p0−2unm

)∣
∣
∣ ≤

∥
∥
∥f

n − f
m
∥
∥
∥

ϕ
‖unm‖p0−1

ϕ′(p0−1)

≤ C(hn + hm
︸ ︷︷ ︸

p0

+ ‖un(t− hn) − um(t− hm)‖σ
︸ ︷︷ ︸

p0

) ‖unm‖p0−1
ϕ′(p0−1)

︸ ︷︷ ︸
p0

p0−1

≤ C((hn + hm)p0 + ‖un(t− hn) − um(t− hm)‖p0

σ ) + C ‖unm‖p0

ϕ′(p0−1) ,

‖unm‖p0

ϕ′(p0−1) = ‖wnm‖2
2ϕ′ p0−1

p0

≤ ε ‖wnm‖2
W 1

2 (Ω,%µ,%0) + Cε ‖wnm‖2
2 ,

∣
∣(am − an)(um, |unm|p0−2unm)

∣
∣

≤ C(hn + hm
︸ ︷︷ ︸

p0

+ ‖un(t− hn) − um(t− hm)‖σ
︸ ︷︷ ︸

p0

) ‖um‖W 2
p0

(Ω,%p0µ,%p0ν)
︸ ︷︷ ︸

∞

×

× ‖wnm‖
p0−2

p0
s

︸ ︷︷ ︸
2p0

p0−2

‖wnm‖W 1
2 (Ω,%µ,%0)

︸ ︷︷ ︸

2

≤ C
(

(hn + hm)p0 + ‖un(t− hn) − um(t− hm)‖p0

σ + ‖wnm‖2
s

)

+ ε ‖wnm‖2
W 1

2 (Ω,%µ,%0) ,

‖wnm‖2
s ≤ ε ‖wnm‖2

W 1
2 (Ω,%µ,%0) + Cε ‖wnm‖2

2 .

�yUaM>M�¦ESaVIoWO
(
unm

t , |unm|p0−2unm
)

+ c ‖wnm‖2
W 1

2 (Ω,%µ,%ν) � �&Gr`W»�
≤ C

(

(hn + hm)p0 + ‖un(t− hn) − um(t− hm)‖p0

σ + ‖wnm‖2
2

)

.

��L>MAQXZ¡O

d

dt
‖unm‖p0

p0
= p0

(
unm

t , |unm|p0−2unm
)

= p0

(
unm

t , |unm|p0−2unm
)

+ p0

(
unm

t , |unm|p0−2unm − |unm|p0−2unm
)

≤ p0

(
unm

t , |unm|p0−2unm
)

+ p0 ‖unm
t ‖p0

∥
∥|unm|p0−2unm − |unm|p0−2unm

∥
∥

p′
0

≤ p0

(
unm

t , |unm|p0−2unm
)

+ p0 ‖unm
t ‖p0

(p0 − 1)
(

‖unm‖p0
+ ‖unm‖p0

)p0−2

‖unm − unm‖p′
0
,

ZkQIgie>g]��gi���pUpF>Gr`&G F>G*¸	Z�QXZ¡O ‖unm − unm‖p0
≤ C(hn + hm)

L>M%�AZ[Sa��Q¤O

d

dt
‖unm‖p0

p0
= p0

(
unm

t , |unm|p0−2unm
)

≤ p0

(
unm

t , |unm|p0−2unm
)

+ C
(

‖unm‖p0−2
p0

︸ ︷︷ ︸
p0

p0−2

+ (hn + hm)p0−2

︸ ︷︷ ︸
p0

p0−2

)

(hn + hm)
︸ ︷︷ ︸

p0
2

≤ p0

(
unm

t , |unm|p0−2unm
)

+ C ‖unm‖p0

p0
+ C(hn + hm)p0 + C(hn + hm)

p0
2 .
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lnMmO[gioPhRUWO[QISaM��&QTg Zkg9h ��M>oPVTg9QIdfe*L>M%o�¹%v)g9h
[0, t0]

L>M%� � �>G `a»�¯VTQIg�¦Eg9h[M

‖unm(., t0)‖p0

p0
+ c

∫ t0

0

‖wnm(t)‖2
W 1

2 (Ω,%µ,%ν) dt

≤ C

∫ t0

0

‖unm(., t)‖p0

p0
dt+ C

∫ t0

0

‖wnm(., t)‖2
2 dt+ C(hn + hm)

p0
2

+ C

∫ t0

0

‖un(t− hn) − um(t− hm)‖p0

σ dt.

��L>MAQXZ¡O ‖wnm‖2
2 = ‖unm‖p0

p0
≤ C((hn + hm)p0 + ‖unm‖p0

p0
)
L>M%�

‖un(t− hn) − um(t− hm)‖p0

σ

≤ C(‖un(t− hn) − un(t)‖p0

∞ + ‖un(t) − um(t)‖p0

σ + ‖um(t) − um(t− hm)‖p0

∞)

≤ C
(

(hn + hm)p0γ + ‖wnm‖2
2σ
p0

)

.

�yUaM>M�¦ESaVIoWO

‖unm(., t0)‖p0

p0
+ c

∫ t0

0

‖wnm(t)‖2
W 1

2 (Ω,%µ,%ν) dt

≤ C

∫ t0

0

‖unm(., t)‖p0

p0
dt+ C

∫ t0

0

‖wnm(., t)‖2
2σ
p0

dt+ C(hn + hm)
p0
2 + C(hn + hm)p0γ .

�yUahRUaL%Z�gihRe%�aV¤O��pUWM
‖wnm‖2

2σ
p0

≤ ε ‖wnm‖2
W 1

2 (Ω,%µ,%0) + Cε ‖wnm‖2
2

≤ ε ‖wnm‖2
W 1

2 (Ω,%µ,%0) + C ‖unm‖p0

p0
+ C(hn + hm)p0 ,

UWVXZkS

‖unm(., t0)‖p0

p0
≤ C

∫ t0

0

‖unm(., t)‖p0

p0
dt+ C(hn + hm)

p0
2 + C(hn + hm)p0γ .

�yUPZ ¼^hRSaM*��UWVIVIZRdfe>g ��g9���pU�VIQIg�¦Egih[O �>UaM>M � �>UWw
(un)

giQIM>g 3 UWL)dfemYm¦ESPVToPg QI� b�UWM%UPdfe>hRUaL>�
C(I∗, Lp0(Ω))

QXZ¡O G%�yQTg Zkg]J>SPVToPg�v)g ZkQTO[�iO�giQIM>giM ¼^hRgiM>�9�¯g9hkO
u
G

�yUa��Q¤O�QXZ¡O��>gih�bcgi�cgiQXZ��aSPVTVXZ¡Of�WM%�>QTo)G
���QIg9Z[g�´�SPMm�PgihRoag9M>�9UaL%Z[ZRUWoPg �pUadfemO�NagiQIM>g ��L%ZRZ[Uaoag ¹%v)g9hA�>QTg ´�SPMm�PgihRoag9M>� �aSPM � �9L>� bcgiQXZkt>QIgiV.

bik(x∗, t∗, un(x∗, t∗)) � (x∗, t∗)
v)g9VTQIgiv>QIo � UWvugih ¦Eg9ZkO©QIM

Ω × [0, T ∗]
oPgi���We>VTO9G�s*SaVXdfe>g£��L%ZRZ[UaoagiM

�¯g9hR�>giM�UWVIVTg9hR�&QIM>omZ0vugiM#�WO[QIoWO � L>� �aG byGP�&giMp´ySaM*�ag9h[oPgiM>� Z[UWO[�²�PSaM���givug9Z[oaL%g�UaM*�¯g9M%�&giM6�iL�N��PM>M>g9M�G
��QIg�¦ESaVIoag9M%�&g9M s>�|O[�9g]Z¡ORgiVIVTg9MA�>QTg Zkg]��L)Z[ZRUWoPgiM vugihRgiQTO9G
�uL>h � g9h[g9QTM&¦7UPdfe*L>M>o��&gih ��SWOfU|O[QISaM%giM Zkg9Qp�iL>M%�Pdfe%ZkO§�>g��%M>QIgih[O��6J0¹%h

0 < θ < 1
Z[giQ

Wθ =
W sθ

p0
(Ω, %µθp0 , %νθp0) � �cSavugiQ

sθ = 2(1− θ),

νθ = ν(1 − θ),

µθ − νθ

sθ
=
µ− ν

2
.

�yUaM>MAoaQIV¤O�¦E¹%h �¡g9�&g Z
f ∈W 2

p0
(Ω, %p0µ, %p0ν)

‖f‖Wθ
≤ C ‖f‖1−θ

W 2
p0

(Ω,%p0µ,%p0ν) ‖f‖
θ
p0
.
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J0¹%h
θ → 0

oPQTVTO
sθ → 2 � νθ → ν � µθ → µ

G
�yUaM>MAoaQIV¤O �
¨�E&� ? : ®I+�® , =�&�0 ( -!��-,� 0 < θ < 1 ��",)+( un L∞(I∗,Wθ)−−−−−−−→ u

��g9hzbcgi�cgiQXZ§¦ESPVToaOzZ[SW¦ESPhkO UaL%Z¾SPv>QIoagih lnMmO[gihRtuSaVXU|O[QISaM)Z[Uav%Z[dfe)�|O[�9L>M>o � ‖un − um‖p0
→ 0

L>M)�
‖un − um‖L∞(I∗,W 2

p0
(Ω,%p0µ,%p0ν)) ≤ C

G
�

��� G7 F J|@B(0¾:�®T+0® ".- �4�1",)+( un C(I∗,Wθ)−−−−−−→ u �'&�0 ( -!��-,� 0 < θ < 1
�

5 Fm� F�?74 ¸¯Z�oaQIV¤O���QTO
0 < θ′ < θ

‖u(t) − u(t′)‖Wθ′
≤ C ‖u(t) − u(t′)‖

θ−θ′

θ

Wθ
‖u(t) − u(t′)‖

θ′

θ
p0

≤ C ‖u(t) − u(t′)‖
θ′

θ
p0

t→t′−−−→ 0,

�>U
u ∈ C(I∗, Lp0(Ω))

G
�

��� G7 F J|@B(0¾:�®T+0® , - � ��",)+( W 2
p0

(Ω, %p0µ, %p0ν) ⊂ C1(Ω)
� �10��>��- ! . -( -6";� - ! ��- 0 � $4( - - � � � � � �

0�!�� � � � � � � - 0 ��"@&6(�� "%$5& Wθ ⊂ C1(Ω)
) �6/1),) � θ > 0 &",!#05-6"%$'& - !��>?4)�-6",! �

J0¹%h��>giM �yUadfe*�cgiQXZ	�&g9hc¸	QTM%�>giL&ORQToPNagiQTO��&gih����mZkL%M>o��cgihf�&giM �¯g9Q¤ORgihRgy��g9oaL>VXUWhRQ¤Of�|OfZ[UaL%Z[ZRUWoPgiM�vugiM �a�
O[QIoWO9G)��QIg9Z[g]�¯g9hR�>giM �¡giO[�iO�v)g9h[g9Q¤ORoag Z¡ORgiVIV¤O G
¨�E&� ? : ®I+�®X! - �4��",)+(

un ⇀∗ u ",! L∞ (I∗, Lp0(Ω, %
p0ν)) ,

∂

∂xk
un ⇀∗ ∂

∂xk
u ",! L∞

(

I∗, Lp0(Ω, %
p0(ν+µ)/2)

)

.

5 Fm� F�?74 ¢ gioPgiM ‖v‖Lp0 (Ω,%p0ν) = ‖v%ν‖p0

Z[QTM)�6oPgi��QXdfemO[g�ORg���givug9Z[oaL%g�j*���WL>��g�oaVIgiQXdfe>�p�WwPQToyNaSaM>�
�ag/+©L>M%�AZkSP��Q¤O�hRg�
%g�+*QI�ªG
��L%Z ‖un‖L∞(I∗,W 2

p0
(Ω,%p0µ,%p0ν)) ≤ C

¦ESaVIoWO��%UWM>MA�&QIg]¸)+&QIZkO[g9M>�]giQIM>gih�}0giQIVT¦ESaVIoag

un′

⇀∗ u
QIM
L∞(I∗, Lp0(Ω, %

p0ν)).

��M%�&g9h[g9hRZ[giQTORZ�oaQIV¤O
un → u

QT����UaL>�
L2(I

∗, L2(Ω))
G ��VXZ[S NaSPMm�PgihRoaQIgih[O��&QTg6oag Z[Ua��O[g�J%SaVIoag

(un)Z[dfe*��Uadfe ∗ oag9oag9M
u
G%��M%UaVTSPo6vugi�cgiQXZkO���UaM��>QTg]�9�¯g9Q¤ORg�bcg9e%UWL>t>O[L>M>o)G

�

5 F*D FHJ���@0(B§: ®I+�® " - � ) $ 8 ( � "%$'& /�0#$5& /�0,��� -,' � -6) &'- ! � - �
∂2

∂xj∂xk
un ⇀∗ vjk

",! L∞ (I∗, Lp0(Ω, %
p0µ))

-�- "#� -6! � ��),)�- 0%�4",!���� ";� ( ! "%$5&�(�0�! '�",(*( -6) &'/10 - 0!� "%$5&�( )�"%$5& ) $*&

vjk =
∂2u

∂xj∂xk

�1",)+( ) � / !#"%$'&(<&'-:? /4! !#( ";� ( ) $�&1� -,  "%$'&( - ( - � $�&!$4)�- ��� � $�02' -�02-*) -:9 " ��� ",! � �
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s&dfe>VIQTg9waVIQIdfe QIZkO
(un

t )
giQIM>gzv)g Z[dfe>hf�WM%NPORgJ>SPVToPg¾QI� ��UWL>�

L∞(I∗, Lp0(Ω)) � vug9Z[Q¤OR��O§UWVXZkS«g9QTM%g
Z[dfe*��Uadfe ∗ NPSaM*�ag9h[oPgiMmO[g�}�g9QTVT¦ESaVIoag���QTO6¼^h[g9M>�i�cgih[O

v
GB��L&¦��We>M%VTQXdfe>gi� ¢£g9oagp��QIgpQT�_��g9���pU `&G F

v)g9�¯g9QIZkO��pUWMA�&QIg�´�SPMm�PgihRoag9M>�y�&g9h�oag Z[Ua��O[g9M©J%SaVIoag�L>M%�
ut = v

G
¢£g9Q¤ORgihRe>QIM�QXZkO �cgioPgiM

L∞(I∗,W 2
p0

(Ω, %p0µ, %p0ν)) ⊂ L2

(
I∗,W 2

2

(
Ω, %2µ, %2ν

)) L>M)���>gih ¸²QIM%�&giL>�
O[QIoaNPgiQTO��&g9Z�¼^hRgiM>�9�¯g9hkOfZ

un ⇀ u
QTM
L2

(
I∗,W 2

2

(
Ω, %2µ, %2ν

))
,�&giM%MA�>QTg Zkg9h���UWL>�\QIZkO�giQIM ¥�QIVTvugih[O[hfUWL>�AG

��QIg�´ySaM*�ag9h[oPgiM>� UWL%ZRZ[Uaoag9M�VXUaZRZ[giMAZkQXdfe©�9L%ZRUW����giM&¦7UPZ[Z[giM��
¨�E>�9? :�®T+0®T+ - ��-%9 ";� ( "%- 0 ( - ",!.- =/0�!�?1( "@$1!

u ∈
⋂

0<θ<1

C(I∗,Wθ) ∩ C(I∗, C1(Ω)) ∩ L∞
(

I∗,W 1
p0

(

Ω, %p0(ν+µ)/2, %p0ν
))

∩

∩ L2(I
∗,W 2

2

(
Ω, %2µ, %2ν

)
)'�",( ut ∈ L∞(I∗, Lp0(Ω)),

�($ ��/ 8
un → u ",! C(I∗, C1(Ω)),

un ⇀∗ u ",! L∞(I∗, Lp0(Ω, %
p0ν)),

∂un

∂xk
⇀∗ ∂u

∂xk

",! L∞
(

I∗, Lp0(Ω, %
p0(ν+µ)/2)

)

,

un ⇀ u ",! L2

(
I∗,W 2

2

(
Ω, %2µ, %2ν

))
,

un
t ⇀

∗ ut
",! L∞(I∗, Lp0(Ω)).

¨�E>�9? :�®T+0®X: � "%-,� - =/0�!�?1( "@$1! ";� ( 365 �+0�!�� ".' � ",!#! - ��$4! � �>G `a�� �
5 Fm� F�?'4 ¸	Z�oaQIVTO

∫

I∗

(un
t , v) dt+

∫

I∗

an(un, v) dt =

∫

I∗

(

f
n
, v
)

dt.

s*giQ
v ∈ L1(I

∗,W 1
p′
0
(Ω))

�PSahRoagioPgivugiM�G ¢£g9oag9M
un

t ∈ L∞(I∗, Lp0(Ω))
Z[S|��QTg

un ∈
L∞

(
I∗,W 1

p0

(
Ω, %p0(ν+µ)/2, %p0ν

)) L>M%�
fn ∈ L∞(I∗, Lp0(Ω))

L>M)�CUWL&¦EoPh[L>M)�z�>gih ��jmt>hRQTSPh[Q¤j
��v%ZRdfe%�WO[�iL%M>oag9M v)g ZkQTO[�9giM �>QTg lnMPORgioPhRUaM%�&giM�QIMmO[g9oahRQTg9h[v%Uah[g � U �¡SahfUWMmO[g9M�G�¢ gioPgiM

un → u
QT�

��UWL%�
L∞(I∗, C1(Ω))

L%M%�
un

t ⇀
∗ ut

QIM
L∞(I∗, Lp0(Ω))

¦ESPVToaOcM%UPdfe��>gi��´ySaM*�ag9h[oPgiM>� Z[UWO[���PSaM
��g9v)g ZkoPL>g]�&QTg�bcg9e%UWL>t>O[L>M>o)G

�

¨�E>�9? :�®T+0® � - � -:9�";� (*"%-60 (;& 5 $5&��'( - ! � - ",!.- 365 �+0�!�� � $1! � �>G `a�� ".' � /�02' C(I∗, C1(Ω)) ∩
L∞(I∗,W 1

p0

(
Ω, %p0(µ+ν)/2, %p0ν

) '�",( ut ∈ L∞(I∗, Lp0(Ω))
�

5 Fm� F�?'4 s&giQIgiM
u1, u2

�9�¯g9Q²���PZ[L>M>oPgiM � u = u1 − u2
� v(., t) = |u(t)|p0−2u(t)

¦E¹>h
t ≤ t0

L>M%� �
ZkSPM%ZkO � w(., t) = |u(t)|(p0−2)/2u(t)

¦E¹>h
t ≤ t0

� UWM)�&gihRgiM&¦7UaVTVXZ��>G>�^UWM%M�oPQTVTO
∫

(ut, v) dt+

∫

a1(u, v) dt =

∫

(f1 − f2, v) dt+

∫

a2(u2, w) − a1(u2, v) dt.

��L>MAQXZ¡O
a1(u, v) ≥ c1 ‖w‖2

W 1
2 (Ω,%µ,%ν) − c2 ‖w‖2

2 ,

(f1 − f2, v) ≤ C ‖u‖σ ‖w‖2
p0−1

p0

2p′
0

,

|a2(u2, w) − a1(u2, w)| ≤ C ‖u‖σ ‖w‖
p0−2

p0
s ‖w‖W 1

2 (Ω,%µ,%0) .



H9�a� ���������
	���� ��� �����$��� ����	�����	 ��� � � � � � � ������ � � �#��� ��	 ������� �

��QIg���v%ZRdfe%�|OR�iL>M>o©VI�awWOyZ[QXdfe �ig9QToPgiM � Sav*�cSae>V
u2

M>QIdfemO�M>SWO¡�cgiM)�&QTo QT����UaL>�
W 2

p0
(Ω, %p0µ, %p0ν)VTQIgioaO9G%JB¹>h��&g9M b¯g9�¯g9QIZ��>QTg Zkg9h���v%ZRdfe%�|OR�iL>M>o�QXZ¡O�VIg9�>QToPVTQXdfe

u2(., t) ∈ C1(Ω) ∩W 1
p0

(

Ω, %p0(µ+ν)/2, %p0ν
)

gih[¦ESahf�&gihRVTQXdfe � Z[QTg9e>g]b¯g9�¯g9QIZ��9L s&U|OR�]�>G F%GTHPG
�yUaM>MAgihRoaQIv&O�ZkQXdfe�UaL&¦ ¹>v>VIQIdfe>g9� ¢ gioag

‖u(t0)‖p0

p0
+

∫ t0

0

‖w‖2
W 1

2 (Ω,%µ,%ν) dt

≤ C

∫ t0

0

‖u‖σ ‖u‖p0−1
p0

dt+ C

∫ t0

0

‖u‖σ ‖w‖
p0−2

p0
s ‖w‖W 1

2 (Ω,%µ,%0) dt+ C

∫ t0

0

‖u‖p0

p0
dt

≤ ε

∫ t0

0

‖w‖2
W 1

2 (Ω,%µ,%0) dt+ C

∫ t0

0

‖w‖2
2σ
p0

dt+ C

∫ t0

0

‖w‖2
s dt+ C

∫ t0

0

‖u‖p0

p0
dt

≤ ε

∫ t0

0

‖w‖2
W 1

2 (Ω,%µ,%0) dt+ C

∫ t0

0

‖u‖p0

p0
dt.

¢£g9M>M
ε
e%QTM>hRgiQXdfe>g9M%� N*VIgiQIM oag9�c�ae>VTO^��L>hf�&g � �%UWM>M£VTQIg�¦Eg9hkO��>UPZ^¼^hRSaM*��UWVIV¤�n��g9���pU ‖u(t0)‖p0

≤ 0¦E¹>h�UWVIVIg
0 ≤ t0 ≤ T ∗ G%�^UaZ�QXZ¡O��>QTg�bcgie)UWL>t&ORL>M>o)G

�

� � � � 	 ��	 � � 	 ����� �	 �
¸²QTM%g��&gih � SPhRUaL%Z[Z[g�OR�iL>M%oagiM��&g9Z²s>U|O[�9g9Z²�>G `>GTHcVIUaL&O[giO[g

b0(x, t, u) ≥ CE > 0
GW�yQTg Zkg�bcg9�>QTM>oPL>M>o^e%U|O

�iL>h�J>SaVIoag � �>Uaw �&gih6´�S*g��p�9QTg9MPO��>g9Z���v%Z[SaVIL&O[oPVTQIg9�&g Z�Ua�_��UaM%�§�&g Z6¼^giv%QTgiO[g9Z�oag9oagiM ��M>giM%�>VTQXdfe
�&QT�PgihRoaQIgih[O9G
s*SaVXdfe g9QTM>gpbcg9�>QTM>oPL>M>o�QIZkO]¹>vugihRhRUPZ[dfe>g9M%� Gª�yUPZy¦ESaVIoagiM)�&g�bcg9QIZ[t>QIgiV²Z[SaVIVB�Pgihf�&giL>O[VIQIdfe>g9M � �>UWwA�&QIg9Z[g
� SahfUWL%ZRZkgiO[�9L>M>o6ORU|OfZ[�Pdfe>VIQIdfe©gih[¦ESahf�&gihRVTQXdfe QXZkO9G
s*giQ

N = 1 � Ω = (−1, 1) � %(x) = (1 − x2)−1 G��L>MA��QIhR�A�&QIg]��Q�
ug9h[g9MmO[QXUWVIoaVIgiQXdfemL%M>o

ut − (%µ(x)ux)x + %ν(x)(1 − x2)
3
5u =

11

10
t+ t(1 − x2)−

9
20 + (1 − x2)

11
20 +

12

5
(1 − x2)

13
20 − 78

25
x2(1 − x2)−

7
20 + (1 − x2)

1
5

L>MmO[gihfZ[L%dfemO9G>�^UWvugiQ�Z[giQIgiMA�&QIg���UWM%�*jpL%M%�A��M&¦7UaM>oPZ[v)g �&QIM>oaL>M%oagiM

u(−1, t) = u(1, t) = 0, u(x, 0) = (1 − x2)
6
5

�aSahRoag9oag9v)g9M�G&��QIg � SahfUWL%ZRZ[g�O[�9L>M>o�UWM
b0

QIZkO�S1
ªgiM)ZkQXdfemO[VIQIdfe��ag9h[VIg�OR��O9G
¸	Z�Z[giQ

µ = − 9

20
, ν =

8

5
, p0 = 2.

��L>MAQXZ¡O��9L�t%h[¹&¦Eg9M � Sav �&QIg�QT��s&U|OR���&Gr`&GIHyg9h[���We%MPORgiM � SahfUWL%ZRZ[g�O[�9L>M>oPgiM g9hk¦E¹>VIVTO�ZkQIM%�8�
x 
ug9M%ZkQXdfemO[VIQIdfe§QXZkO

ν > µ + 2 � µ < 0 < ν
L>M%�

µ + ν > 0
G0¸	Z�oPQTVTO6�cgiQTO[g9h[e%QTM 2ν

ν−µ > 1 + 1
2

G
s&dfe>VIQTg9waVIQIdfe�QIZkO

%−µ ∈ L2(Ω)
L>M%�

%ν 6∈ L1(Ω)
G

¢£g9oagiM − 9
20 > − 1

2
� − 7

20 > − 1
2

QXZkO
f(., t) ∈ Lp0(Ω)

¦E¹%h �¡g9�&g Z
t
G



� � � � � 	 � 	��� �	��#�$���%	�� H �>H

��L>MA��QIhR�A�&QIg]��M&¦7UaM>oPZk¦EL>M>NmORQTSPM�L%MPORgihfZkL)dfePO G&¸	Z�oPQTVTO
|U0%

ν |p0 = (1 − x2)−
4
5 ,

∣
∣
∣U0,x%

(µ+ν)/2
∣
∣
∣

p0

≤ C(1 − x2)−
15
20 ,

(
1

2
(µ+ ν) =

23

40

)

,

|U0,xx%
µ|p0 ≤ C(1 − x2)−

14
20

L>M%� − 4
5 ,− 15

20 ,− 14
20 > −1 � �&g Zke%UaVTv�oaQIVTO

U0 ∈ W 2
p0

(Ω, %p0µ, %p0ν)
G

��VXZkS Z[QIM%� � ��Q¤Oy�>gih�gihR���We>MmO[g9M©��L%ZkM)UWe>��g��UaVTVIg � SahfUWL%ZRZ[g�O[�9L>M>oPgiM©�>g9Z�s&UWO[�9g9Z��&Gr`&GIH^gih[¦E¹>VTVTO9G
¸²QIM>g]���PZ[L>M>o6�&g9Zc��UWM)�mj*��M&¦7UWM>omZk�cgih[O[t%h[SPv>VTg9�pZ VIUaL&O[giO

u(x, t) = t(1−x2)
11
20 + (1−x2)

6
5
� �&giM>M��

ux(x, t) = −tx11

10
(1 − x2)−

9
20 − 12

5
x(1 − x2)

1
5 ,

%µ(x)ux(x, t) = −11

10
tx− 12

5
x(1 − x2)

13
20 ,

(%µ(x)ux(x, t))x = −11

10
t− 12

5
(1 − x2)

13
20 +

78

25
x2(1 − x2)−

7
20 ,

%ν(x)(1 − x2)
3
5 u = t(1 − x2)−

9
20 + (1 − x2)

1
5 .

��QIg���UaM%�mjmL%M%�A��M&¦7UaM>oPZ[v)g �&QIM>oaL>M%oagiMAZ[QTM%�©S1
ªgiM)ZkQXdfemO[VIQIdfe�gih[¦E¹>VIV¤O G
��VIVTg9hR�>QTM>omZ�oaQIV¤O

u(x, t) 6∈ W 2
p0

(Ω, %p0µ, %p0ν)
¦E¹>h

t > 0 � �%U

(1 − x2)
11
20 %ν 6∈ Lp0(Ω).

lnM �&giM bcgi�cgiQXZkg9M©�&QIg9Z[g9Z�´]Uat>QTO[giVXZ�e%UWOkO[g��>QTg���v%Z[dfe)�|O[�9L>M>o ‖uj‖W 2
p0

(Ω,%p0µ,%p0ν) ≤ K
vug9Z[SaM)�&gihRg

bcg9�&g9L&O[L>M%o%G
¢CQTg��&QIg9Z[g9Z^bcgiQXZkt>QIgiVBvugiVIgioWO � QIZkOy¦E¹%hyg9QTM>g�Z[SaVXdfe>g���v)Z[dfe%�WO[�9L>M>o©�>QTg�� SahfUWL%ZRZ[g�O[�9L>M>o UaM

b0
L>M*�agih[�

�iQXdfemO[v%Uah9G
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C� � � ������� 
C
����
�

� Q¤O ¥�QIV¤¦Egc�&gih ��SaO[e>g�j� giO[e>S&�&g²NPSaM>MmORg²M%Uadfe%oagi��QIg9Z[giM��cgihf�&giM � �>UWw�oagi��QXZRZkg	Z[gi��QIVTQIM>g UWhRg L>M%���mL%UW�
ZkQIVTQIM>g UWhRg�Z[dfe*��Uadfe�t%UWhfUWvuSaVIQIZRdfe>g���UaM%�mj*��M&¦7UWM%oPZ[�¯g9hkOkjm±²hRSav>VIgi��gcgiQIM%�&g9L&O[QIo�vug9ZkO[QI����O[g����PZ[L>M>oPgiM
v)g ZkQTO[�9giM�G
¸²QTM%g£vug9Z[SaM%�>gihRg ��SaVIVIg vugiQ��&QTg Zkg9M ��MmORgihfZkL%dfe*L>M%oagiM«Z[t>QIgiVTO[g �&QTg£¢ Uae>V^t%UaZRZkg9M%�&g9h oag9��QIdfemORg�O[g9h
s*SavuSaVIgi�Pj*���WL>��gaGP��QIg9Z[gy���aL>��g���L>hf�&giM Z[S�oPgi���We>VTO � �%UWw���QTO¯QIe>h[g9h¯¥�QTVT¦Egy�&QIg�¸²MmOfUWh[O[L>M>o 	nUaL&¦Eoagi�
¦7UWM>oPgiM �^�cgihf�&giMpNPSaM>MmORgaG*��QIg9Z[g9Z�´ySaM>�9git&O	g9h[� �PoaVIQIdfemO¯�&QIg�b¯g9e%UWM)�&VTL%M>o6ZRdfe*�cUPdfe>gih²¸	MPOfUWh[O[L>M%oagiM�G
ln��J%UWVIVIg6Z[gi��QTVIQIM>g9Uah[g9h^¼^VIgiQXdfemL%M>oag9M �cUah[g9M �&QIg9Z[g6���aL>��g�¥�QTVIvugih[O[hf�WL>��gaGª�yQTg�¸)+&QIZkO[g9M>���&gih����a�
ZkL>M%oagiMA�&g9h��&QIZ[N*h[giO[QXZkQIgih[O[g9M©±	h[SPv>VTg9��g^��L%hR�&g]��QTO��&gi��s&U|OR���aSaMA��U0+mj� QIVToPhRUa� oagi�9giQIoWO G
��g9h�J%UaVTV��mL%UPZkQIVTQIM>g UWhRgih�¼^VTg9QIdfe*L>M%oagiM�gih[¦ESahf�&g9hkO�giQIM>g�UWM)�&gihRg^¥�gihfUWM>oPgie>g9M%Z[�¯g9QIZ[gaG&�yQTg���QIdfemO[VIQIM>g9UW�
h[QTOR�WOy�&g9ZygiVIVIQTt&ORQIZRdfe>g9M£xyt)g9hRUWO[SahfZ�N|UWM%M MmL%h�QI����UWe>��giM£�&gih

Lp
j*}�e>g9SahRQTg]�9L&¦Eh[QIg9�>giM%ZkO[g9VTVIgiM%�Avug��

e%UWM%�>giVTO©�cgihf�&giM�Gc��VIVTg9hR�>QTM>omZ QXZkO©¹>vugihA�&QIg
Lp

j*}�e%giSahRQIg Z[dfe*��Uadfe�giVIVTQIt&ORQIZRdfe>gih xytugihfU|O[SPh[g9M�MmL%h
�¯g9M>QTo vugiN|UaM>MmO9G��^UWhfUWL%Z�g9h[oPgivugiM�ZkQXdfe�QT� � gihRoaVIgiQXdfe �iL>�_Zkg9��QIVIQTM>g UWhRgiM�J%UaVTV¯giQIM>QToPg�¸²QTM)Z[dfe>hf�WM>�
NmL%M>oag9M£UWM �&QIg6�9L vugie%UaM%�&giVIM%�&g9M£±	h[SPv>VTg9��gaGª��QIg9Z]�aL>wag9hkO�ZkQXdfe L>MmO[g9h]UWM%�&g9h[g9��QTM£�iL%ZR�|OR�iVIQIdfe%giM
¼^VIUWOkO[e%giQTORZ[�aSahfUWL)Z[Z[g�OR�iL>M>oPgiM UaM �&QTg�¼^g9��QIdfemORZk¦EL>M>NmORQTSPM�G
��M%�&g9h[g9hRZ[giQTORZ�NaSPM>MmO[g�QIM �&QIg9Z[gi��J%UaVTVBgiQIM>g�e#�ae>g9h[g���gioaL%VIUah[QTOR�WO��&gih^���PZ[L>M>o©UWVXZ�QI��Z[gi��QIVTQIM>g UWhRgiM
J%UWVIV�M%Uadfe%oagi��QIg9Z[giM§�cgihf�&g9M�GB�yQIg9Z�VTQIgioaO��>UahRUaM � �>UWw£v)g9QT� �yUadfe*�¯g9QIZ6�&gih�¸)+&QXZ¡ORgiM>���aSPM���mZkL>M>�
oagiM£¦E¹>h��>QTg�giVIVIQTt&ORQIZRdfe>g9M�¥�QTVT¦7Z[t>h[SPv>VIgi��g�M>QIdfemO�UWL>¦��&QIg �²UWhRQXU|O[QISaM)Z¡¦ESPh[�6L>VTQIgihRL>M>o �iL>hR¹%dfN*oag9oahRQ�
ªgiM
�¯g9hR�&g9M �6L>wWORgaG%smOfU|OkOf�&g9ZRZ[giM�NaSaM%MPORg^�>QTg

W 2
p

j&}�e>giSPh[QIg�g9VTVIQIt&O[QXZ[dfe%gih�xyt)g9hRUWO[SPh[g9M oag9MmL>O[��O��cgihf�&giM�G
��Uadfe)�&gi���&QIg�¸)+&QXZ¡ORgiM>�6�aSPM ���PZ[L>M>oPgiM�¦E¹>h��&QIg6�&QXZkN*hRg�ORQIZ[QTg9hkORgiM ¥�QTVT¦7Zkt%h[SPv>VTg9��g�vugi��QIg9Z[giM ��L>hf�&g ���L>hR�>giM ��j*t>hRQTSPh[Q¤j*��v%Z[dfe)�|O[�9L>M>oPgiM©¦E¹>hy�&QIg9Z[g����PZ[L>M>oag9M L>M%�AQIe>hRg���Q�
ªgihRgiM>�9giM#�mL>SaO[QIgiMmO[g9M e>gihRoagi�
VTg9Q¤ORg�O9G)¥�QIgih[¦E¹>h���L>hf�&giMA�&QIg�¥�QIV¤¦7Z[t>hRSav>VIgi��g�QIMA�>QTg �²Uah[QXU|ORQTSPM%Z¡¦ESPh[� ¹>vugih[¦E¹>e>h[O9G
� Q¤O ¥�QTVT¦Eg �&gih ��jmt>hRQTSPh[Q¤j*��v%ZRdfe%�|OR�iL>M>oPgiM§NPSaM>MmO[g��&QIgA´ySaM*�PgihRoagiM%� �&gihpJ%SaVIoagA�&gihp�&L>hfdfeVIQIM>g9UW�
h[g�lnMmO[gihRtuSaVXU|O[QISaM£gihRe%UWVTO[g9M>giM J>L>M%NPORQTSPM>giM£oag9�igiQIoWO��cgihf�&giM�G �yQTg Zkg�J>SPVToPg6NPSaM*�ag9h[oPQTg9hkOyoagioPgiM g9QTM%g
Z[dfe*��Uadfe>gp���mZkL%M>o �&g9Z6��L%Z[oPUaM>oPZ[t>hRSav>VIgi�pZ9G ¸	Z�VX�WwaO6Z[QIdfe��ig9QToPgiM � �>UWw UaL>wag9h��&g9h�NaSPM%ZkO[hRL>QTg9hkORgiM
���PZ[L>M>o�NPgiQIM>g��¯g9Q¤ORgihRg^g�+&QIZkO[QIgih[O9G

H9�m`
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