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1.1 INTRODUCTION

In this paper we would like to give an overview of problems and new trends in
the theory of weakly hyperbolic equations.
We start with the Cauchy problem

ugr — a(t)uge =0, w(z,0) =up(x), wu(z,0) =ui(x).

In the strictly hyperbolic theory (a(t) > ¢ > 0) we have the correctness in the
classes of Sobolev spaces and the estimate

sup ()l g0+ 1t/ ()L g )
(0,7]

< Co(1+€“T) (Juoll g + [lur ] g )
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for a log-lipschitz coefficient a(t), see [CL95].

In the weakly hyperbolic theory (a(t) > 0) the situation is completely dif-
ferent. C'°°—regularity of a(¢) is not sufficient for well-posedness of the Cauchy
problem even in the classes of distributions. In [CS82] it was shown that for
any T > 0 a coefficient a(t) € C*°(]0,00)) and C*° data ug, u; exist, such that
the solution belongs to C*°([0,T"), C*°(R)), but not to C([0,T],D’'(R)). This
function a(t) is positive for ¢t < T, oscillating for ¢ — T'— 0 and identically zero
fort>T.

We list three ways to restrict the influence of oscillations:

m  One assumes a nonlocal condition of the form
T /
/ MdT < C|lne|,
o a(r)+e
see [CJS83].
m  The coefficient a(t) is assumed to be analytic, see [D’A95].

= One supposes a = a(z,t) = o?(x)A\%(t) with \(0) = 0, N(t) > 0,
see [Ole70].

In opposite to the strictly hyperbolic case, lower order terms have an influ-
ence on the C*°—well-posedness, too. From [Ole70] we know that the Cauchy
problem for

e — 22 ugy + e u, = 0

is C°°— well-posed if &k > [ — 1, m > n. The necessity of this conditions was
proved in [IP74]. These conditions are called Levi conditions of C'° —type which
are used to ensure the well-posedness in C'"*°. This example shows that one has
to distinguish between Levi conditions for time degeneracy and Levi conditions
for spatial degeneracy.

One possibility to formulate Levi conditions of C'*°—type for the equation

gy — 02 ()N (D) Uy + b(z, t)uy + c(z, t)us + d(z, t)u = g(x,t) (1.1)
is to assume
bz, £)| < Clo(x)|N'(1),

compare with o(z) = 2™, A(t) = t!, b(x,t) = t*2™. Now let us turn to quasi-
linear problems, e.g.

Utt 70—2($)A2(t)uxm = f(xvtau7ut;uz)' (12)
In this case we have the Levi condition of C*°—type

0
\a—iu,t,u,v,p)\ < Clo(@) X ().
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In the case of weakly hyperbolic equations another phenomenon occurs — the
loss of Sobolev regularity, even if the coefficients are smooth and have no oscil-
lations. Let us consider the Cauchy problem

Ut — t2Ugy = aUy, u(z,0) = p(x), wu(x,0)=0.

As it was shown in [Qi 58], the solution can be represented in the form

u(z,t) = cht%@fﬁ(p (m + 5)
k=0

if a=4n+1, n € Ng. In other words, if ¢ € H®, then u(.,t) € Hs—*1.
Typical problems for the linear equation (1.1) are:

m  well-posedness of the Cauchy problem in Sobolev spaces, C* or Gevrey
spaces; well-posedness means existence and cone of dependence as usual;

m  propagation of singularities;
m  construction of parametrix;

m  influence of oscillations in the coefficients.
Typical problems for the quasilinear equation (1.2) are:

m  local existence of solutions in Sobolev spaces, C>° or Gevrey spaces;

®  uniqueness of solutions of the Cauchy problem and existence of a cone of
dependence;

m  global regularity of solutions of the Cauchy problem;

m  stability of solutions.

A natural way to attack the problem to prove the existence of Sobolev solutions
for the Cauchy problem for (1.2) is to linearize the equation and to apply fixed
points arguments. A so—called strictly hyperbolic type estimate for the linearized
equation is essential for this purpose. That means:

It exists a Banach space B such that the following holds:

If f)\(,”i;f)) € B, then the solution of

g — 02 ()N () uge = fa,t),  u(z,0) = us(2,0) =0

satisfies §, 4, ou, € B with

u Ut
50, + 5], + towatls < 15

In the strictly hyperbolic case this property holds with B = C ([0,T], H?),
o(x) =1and \(t) =1++¢.

If such a strictly hyperbolic type estimate holds for the linear problem, then
one can mostly construct a sequence of approximate solutions of (1.2) in the
usual way which will converge for small ¢ to a solution.

In the case of weakly hyperbolic equations it is not obvious how to derive
such an estimate and how to fix the space B, since we have to expect a loss of
Sobolev regularity.
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1.2 WEAKLY HYPERBOLIC EQUATIONS WITH TIME AND SPATIAL
DEGENERACY, BUT WITHOUT OSCILLATIONS

In this section we consider the model problem with t¢éme and spatial degeneracy,
but without oscillations of the coefficients of the main part

U — Z Oz, ()\Q(t)UQ(x)uzi (z, t)) = f(b1(z, t)ug, (x,t), ..., bp(x, uy, (z,1)),

(1.3)
’U,(ZL', 0) = 900(1')’ ut(xv 0) = %1 (:L')

under the following assumptions:

o€ CP(R™), ¢o € HNTIR™), ¢, € HY(RY), (1.4)
IM >0:  supp(leo| + [p1]) C [-M, M], (1.5)
bi € C([0,Tp), C°(R™)),  f e C®(RM), (1.6)
Ae CH[0,Tp)), A0)=XN(0)=0, N(#)>0 (t>0), (1.7)
|bi(z,1)] < Colo(x)|N (1), (x,t) eR* % [0,Tp], i=1,...,n, (1.8)
)| SOl <6 =L ()
f(0)=0. (1.10)

The functions ¢ and A are used to formulate the degeneration, which occurs
at the points (xg,t9) with o(zg) = 0 or A(tp) = 0. The assumption (1.8)
describes the Levi condition and the assumption (1.7) excludes oscillations with
respect to t in the coefficients.

We want to prove the local existence of a solution in Sobolev spaces and the
finite speed of propagation of this solution. As one can see from the example
of Qi Min-You, we have to expect a loss of regularity, i.e. the solution will
belong to a space C* ([O, T], HN_V). The number v of lost derivatives will be
proportional to the product of the constants Cp, Cy from (1.8), (1.9). The
assumption f(0) = 0 will only be used in the proof of the finite speed of
propagation.

Our approach will be divided into the following steps:

m  reduction of the starting problem (1.3) to a family of Cauchy problems
for ordinary differential equations and for a quasilinear weakly hyperbolic
equation whose right-hand side has a suitable asymptotic behaviour (in
this step we feel the loss of derivatives);

m  derivation of a strictly hyperbolic type property for the solutions of
the linearized weakly hyperbolic Cauchy problems by using the energy
method, a Gronwall type lemma for differential inequalities with a singu-
lar coefficient and an approximation argument;

m  using the results from the previous step, a fixed point argument gives a
solution of the auxiliary problem, starting problem, respectively.
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a) We write

u(z,t) = ul(z,t) + -+ ul(x, t) + v(z, 1),

where the functions u!,...,u™ are solutions of ordinary differential equations

in t with the parameter x:

utot = f(O), ’U,O(.Z‘,O) = (PO(QC), u?(x,O) = 901(.1‘),

=0 =0 =0
+ Z@zi ()\2J2ufc:1) ,
=1
‘ -1
wl(2,0) = uf(2,0)=0, j=1,....d, Y =0.

=0

This system can be solved step by step, we get solutions
w € C?([0,T;], HN 7).

By Hadamard’s formula and (1.8) we see that

d ., <o,

N-—2j

/@l + |

The function u is a solution of (1.3), if and only if v solves the Cauchy problem
n d d
Vit — Z 3931 ()\20'21)11_) = f (bl (Z ul$1 + ’Uzl> yes ey bn (Z ’U,lmn + ’Uzn>>
i=1 1=0 1=0
d—1 d—1 n
—f (bl Zuél, .oy by Zu;n> + Z Oz, ()\202u;li)
1=0 i=1

=0
= fd($5t7blvmla--'abnvmn,)7 (111)
v(z,0) = v (x,0) = 0.

The right—hand side satisfies
1 £a(.s 2, 0)l 20—z < CaAT ()N (D),

0
Ha—fc,t,plc,w,...,pnc,t»H <Cp Ipl4 -+ lpal <

o0

for small t. We write Ny := N — 2d — 2 and from Hadamard’s formula we
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deduce that

||fd(l‘,t, blvzla ceey bnvln)”HNo
< ||fd($a t, blvmu ) bnvﬂcn) - fd('a t, O)HHNO + Hfd('vta O)HHNO

<03 ST 92k

2+ ON() [ollggvo + CaX (N (1)

=1 |a|=No
<Y DT 005 lly + CON () [[0ll yro + CaX? (BN (2)
=1 |a|=No
for 27 bl (20, [ub, | + |vg,|) < 6. With a(z,t) := 0?(x)A?(t) we define the

energies

la|=3

SO0 = Y [ alwt) Y 080,0)° + @50 + (050)" o

En(0)(t) = 3 e;(0)(0)

and obtain
)‘/(t) I/
||fd('7ta blvln v abnvﬂcn)HHNo < \/ﬁcfcbm + Cd)‘ (t) ENO(U)(t)
+ Ca N ()N (1)

b) For further considerations we need an estimate for solutions of

Wiy — Z Oz, (/\QJszi)

i=1

gl gvo < CoATHRN (1) + CAY (N (2)- (1.13)

g(z,t), w(z,0) =wi(z,0)=0, (1.12)

We suppose that the function g € C ([O, Tol, H N") has compact support with
respect to z and that there exists a solution w with compact support with
respect to & which satisfies

w,wy, ow, € C ([0, Tp], HY). (1.14)
Diﬂerentiating €; (w)(t)2 and using a; = 2%@ and the differential equation
we get

ej(w)(B)e;(w) (1) = 3 / AAT(”Z (07 0,w)” + ) (92 00,0) (95 Orwr)

lor=j 2
+(07we) (939) + (93wn) Y 050s, (aws,) + (97 w) (9 w) d.

i=1



WEAKLY HYBERBOLIC EQUATIONS 7

By the aid of partial integration and the Leibniz formula we get

/6awt iao‘@m(awmi)dm
/Z ( ) %0y Zaﬁ ((0%a) (22~ wzl))—(8581iwt)ai8§wzidx,

BLla, i=1
B#0

which leads to

esw) (1) < 20 + > 02l + C; Zek

la|=3

Finally we get

B (0)(©) = (30 +Oxa ) Bw @O+ l@llno- (115

We can not use Gronwall’s Lemma here, since the factor /(() + Cn, is un-

bounded. We apply the Lemma of Nersesyan (Gronwall type lemma for differ-
ential inequalities with a singular coefficient) instead:

Lemma 1 (Nersesyan) Let y(t) € C([0,7]) N C*(0,T) be a solution of the
differential inequality

y'() < K@Myt) + f(t), 0<t<T,

where the functions K (t) and f(t) belong to C(0,T). We assume that for every
t€(0,T) and every ¢ € (0,t)

5 T
/ K(7)dr = oo, / K(1)dr < o0,
0 5
¢ ¢
li K )
Jm : exp (/é (1) dT) f(s)ds exists,

Jim y(3) exp (/;K(T) dT) = 0. (1.16)

y(t) _/eXp(/K dT) 5) ds.

Using this lemma we obtain with (1.13)

Then it holds

e ))<= [ o ([ 5E+Cn,dr) I9(o)lm, s

1 1
< CgecNUtmx\d(t) + C’;ecNUtEAdH(t). (1.17)
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During our computations we needed more regularity for w than (1.14). The
existence of a solution w with compact support with respect to z and the fi-
nal estimate (1.17) can be seen as follows: We replace a(z,t) = o2(x)\?(t) by
ac(z,t) = (6% (x)+¢)(\(t)+¢)? and replace g by a smooth compactly supported
function g., such that {g.} converges to g in the norm of C ([O, Tol, HNO) if e
tends to 0. This modified problem is strictly hyperbolic and has a smooth so-
lution w. which is compactly supported and fulfils (1.17). The sequence {w,, }
(ex — 0) converges to a compactly supported solution w of (1.12) satisfy-
ing (1.17).

c) We apply this estimate for w to a linearized version of (1.11): Let {v*}
be a sequence with

0 (x,t) =0,
v — Z@ = falz,t blvk ! ..,bnvﬁ;l),
v (z,()) = vf(2,0) = 0.
We have En, (v°)(t) = 0 < \(t), hence
| fa(a, 0109, a0l )| e < VRCFCLATH (N (8) + (Cly + Ca)A (BN (1).
This implies
En,(v')(t) < \/ﬁcfcbeCNotﬁAd(t) +(Ca+ C{i)ecNo%Ad“(t).

We suppose 20, Cbl‘/_ § = and restrict the interval for ¢ such that

1
e“Mt <2 2(Cq+ Cfi)a)\(t) <

Wl

and conclude
2
En, (0)(t) < gkd(t) < A1),

By induction we get the uniform bound En,(v*)(t) < A%(t), k € N. In order
to show the convergence of the sequence {v¥} we consider the sequence of
differences w* = v**1 — v*. The function w" satisfies

wl, — Z@Ii (\2o?wk ngkl x, )b (xz, t)wk
= fd(ac t, blvzl, A bnvzn) — fa(z,t, b1vzl s b,
wk(x, 0) = wk(x,0) = 0.
The I[?norm of the right-hand side can be bounded by

N(t)
(t)

VnCyCy 2 By (wh 1) (1),
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From FEy(w®)(t) < A%(t) and the special choice of d we see by induction that

Fo(wh)(t) < (%)szf).

This implies that {v*} is a Cauchy sequence in C*([0,T], I?). By interpola-
tion and the uniform estimate of Ex,(v¥)(t) we deduce that v* converges in
C' ([0, T], HNo~1). The limit is a solution of (1.11) and satisfies

supp(v(.,t)) C [-M — Ct, M + Ct].

This proves the finite propagation speed of the constructed solution. Thus we
have shown:

Theorem 1 Let the assumptions (1.4) to (1.10) be satisfied. Then the Cauchy
problem (1.3) has a solution u with u,us, ou, € C ([O,T],HN"V), where

QCbe\/ﬁ <

1
—2d+2 y
" TS T o =3

This solution has a finite speed of propagation.
Open problems:
1. Uniqueness of the solution in C* ([0, 7], HN=7);

2. A local existence result in Gevrey spaces under Gevrey—type Levi condi-
tions.

1.3 WEAKLY HYPERBOLIC EQUATIONS WITH TIME DEGENERACY
AND FAST OSCILLATIONS, BUT WITHOUT SPATIAL
DEGENERACY

In this section we consider the model problem with time degeneracy and oscil-
lations in the coefficients of the main part, but without spatial degeneracy

uge — N2 ()a*(t) ANu = f(b1(z, t)ug, (2,1), ..., bp(x, t)uy, (,1)) (1.18)
u(m,()) :900('1')7 ut(x,O) :Spl(m)-

The function A = A(¢) describes the degeneracy with respect to ¢t as in the
previous section. To understand the influence of oscillations which are produced
by the function a = a(t), let us remember a result from [Tar95]. There it was
shown that the Cauchy problem for

2 1
U — €Xp <t_0‘> a’ <¥> Uge = 0 (1.19)

is C*>°~well-posed if and only if @ > 1. Here a = a(t) is a non-constant,

1-periodic positive function from C*. This example shows that the product
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between amplitudes and frequencies of the oscillations is important. An inter-
pretation of this example and a definition of so—called fast oscillations by the
condition

N ()
(t)

were given in [Yag97]. There it was proved that (1.20) is sufficient for C'>°—
well-posedness (necessity for (1.19) is clear). We suppose:

|Dia(t)| < C [In A()], ¢ € (0,To) (1.20)

B )= \(t) € C?([0,Tp)) satisfies (1.7);

m  there exist positive constants dg > % and d; such that

M) _ N0 _ A At)

do 0! NOL [N (2)] < diA(t) (F) (1.21)

~—

for all ¢ € (0, Tp], where A(t) := [7 A(7) dr;
m  the function a = a(t) € C1((0,Tp]) satisfies (1.20) and

0<c<alt)<C, te(0,To). (1.22)

Our approach will be divided into the following steps:

m  derivation of a strictly hyperbolic type property for the solutions of linear
weakly hyperbolic Cauchy problems by using microlocal considerations
for explicit solutions of linear ordinary differential equations depending
on parameters;

m  using the a—priori estimate and a fixed point argument to construct a
Sobolev solution of the starting problem (1.18).

a) An essential point to handle quasilinear equations is the strictly hyperbolic
type property for corresponding linear equations (compare with step b) of the
previous section). If we try to follow the reasoning from the previous section,
the conditions (1.20) and (1.22) imply for the energies Ey, an inequality of the
type (compare with (1.15))

N(t)
A(t)

En,(w)'(t) < C [ In A(8)| Eng (w) (@) + - ...

Consequently, Lemma 1 is not applicable and it is not clear how to apply the
energy method.
To obtain a strictly hyperbolic type property for the Cauchy problem

ug — N ()a?(t) Au=—N(#)f(x,t), u(z,0)=uy(z,0)=0 (1.23)

we need another approach, which was developped in [RY97]. One can prove:
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Lemma 2 There exists a Banach space By g, v such that for every f belonging
to Bar,o, 7 one has a uniquely determined solution of (1.23) with the property

that 5, 5t and uy belong to By g1, too. Moreover, the a—priori estimate

+ ||Vzu||M,Q,T < Capr ||f||M,Q,T (1.24)

50 * 15
Ma,r MM,

holds with a constant Cop, independent of T € (0,Tp] and f.

The idea of the construction of By g, 7 is to describe the elements u = u(z,t)
by the behaviour of its partial Fourier transform 4 = 4(¢,&) in the cotangent
space. Therefore we study the Cauchy problem

Dii— N (t)a®(®)[¢)*a = X f,  @(0,£) = 0(0,€) =0 (1.25)

under the assumptions f € C([0,T], L°(R™)) and A(t) € C2(]0,Tp]), (1.21),
(1.22).
In the light of (1.24), it is sufficient to show which properties of f are trans-

ferred to ¥, 5t and ;4. This can be done by following the next steps:

m  we divide R™ x [0, 7] into the so—called pseudo—differential zone Z,4 and
the hyperbolic zone Zy,, ([Yag97]);

m  we transform the equation from (1.25) to a first order system in each
zone;

m  we find a fundamental solution X = X (¢, s,&) for the first order system
in each zone and an estimate of the form ([Yag97])

s <o (C [ e £yir):

m  we represent the solution of a suitable Cauchy problem by the aid of the
fundamental solution;

m  using these explicit representations leads to assumptions for f = f (t,€)
of the form

t

1f(t,6)] < C(€) exp <Q / g(r, odT) :

©

where C(§) appears because ¢ is a parameter and a(§) depends on the
zZone;

m  the right—hand sides of these estimates determine the weights in the def-
inition of BM,Q,T'

b) Let us go into detail. By t; we denote the solution of the equation
A(te)(€) = NIn(€), where (€) = (¢ + |¢€[2)2 and N, ¢ are sufficiently large
positive numbers.
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The pseudo-differential zone Zpq(c, N) is defined by (see [Yag97])

Zpa(e, N) = {(z,t) € R" x [0, T] : A()(€) < NIn(€)}.

Substituting we := D, wy := o(t, &), where o = o(t, §) is the positive root of
02 —1-3 ((t (€)In& =0, (1.25) reads as

W=(Z§), =(x<2)f)’ Ao = ( v (Q))‘

If X = X(¢t,s,&) is the fundamental matrix, that is, it solves

DX —At, )X =0, X(s,5,& =1, 0<s<t<tg,

then W (t, &) = fo (t,s,&)F(s,&)dE solves (1.26).
The assumptions concermng A, a and the definition of Z,q(c, N) imply

IA® I < Cpag(t,€), where g(t,€) = o(t,€) + 458, Consequently, using
t,8) -

the matrizant we obtain

(e8] < o ([ 1atm ) ar) < e (G [ olrerar).

Thus, on the one hand, we have the representations
t
o0, 0(1.6) = [ Xialtos. ON (9)](5.) s
0

ﬁ(t,f) :/0 X22(ta 556)/\/(5).]?(575) ds

on the other hand it is clear how to estimate |X12(¢, s,£)], | Xa2(t,s,€)|. Both
results together yield a strictly hyperbolic type result for the solution of (1.25)
in Zpq(c, N).

Lemma 3 If f(t,&) € C([0,T], L°(R™)) satisfies the inequality

|f(ta€)| < A(E) €Xp (Q/t 9(7,5) dT) ) Q > de

in Zpa(c, N), then the solution 0(t,&) of (1.25) satisfies in Zpq(c, N) the esti-
mates

A A(9) '
|&a(t, &) < C xp | Q [ g(r,&)dr |,
’ Q = Cpa o < /t& ’ )

i (t, §)| < CA(A(E) exp <Q/t 9(1,€) dT) :
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Remark 1 The Cauchy problem (1.25) feels neither oscillations nor hyperbol-
icity in Zpqa(c, N).

¢) Now let us devote to the hyperbolic zone ([Yag97]):
Zhyp(e, N) :={(&,t) e R" x [0,T] : A(t)(€) > N1n(&)} .
Let us denote the characteristic roots by

7i(t€) = (=1)"A(t)a(t) ¢].

There exists a well-known approach for the construction of fundamental solu-
tions in the strictly hyperbolic case. One knows how to apply the perfect diag-
onalizer. It is not clear how to use this tool for equations with fast oscillations.
Nevertheless in [Yag97] it was done only the first step of perfect diagonalization
to derive C*°—well-posedness for linear weakly hyperbolic equations with fast
oscillations. One can use this idea to derive a corresponding result to Lemma
1.19 in Zpyp(c, N). Using suitable transformations, diagonalization and one
step of perfect diagonalization transforms (1.25) to

D,W — (701 TOQ) W+ FW + BW = N~} AQISZ{ (_11) (1.27)

in Zpyp(c, N), where F := %Da%t()t)l, N is the diagonalizer and B satisfies

A DALY
R ) =K

see [Yag97]. If X (¢, s,&) is a fundamental solution of (1.27), then

|Bmongc(

W@O=AX@&ON&O®+X@%QW%£)

solves (1.27) with a Cauchy condition on t = t¢. Using the ansatz X (¢,s,&) =
E(t,s,)Q(t,s,£), where E is the fundamental matrix of the left—-hand side
of (1.27) without BW, the norms of Q(t,s,§), X(¢,s,&), respectively, can be

estimated by Cexp(Chyp f; K(r,8)dr), te¢ < s < t. This is exactly what we
need to prove a strictly hyperbolic type estimate in Zp,yy(c, N).

Lemma 4 . If f € C([0,T], L®(R™)) satisfies the inequality

t

M@Mscw”%m(Q K@@m) Q> Chp:

To
in Znyp(c, N), then

t

wﬂuao|scxo-Mem>Qg Axnswh),

t

To

mxu®|scxoMAuwxp(Q faﬂswh>.

To
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Remark 2 In opposite to Z,q(c, N) the Cauchy problem (1.25) feels oscilla-
tions as well as hyperbolicity in Zpyp(c, N).

d) Now we are able to construct B M,Q,7- Therefore we introduce the weight
function ((&,t) € R™ x [0,T1)

(€ exp (Q [ K(r.€) dr ) 1€ [te, T,

./\/'7 t,&) =
@M T (g exp (Q [ Kir € dr + @ i< glr€)dr) e 0,16l

For a given positive number M we denote by BM the normed linear space
BM — {u € S'(R") : 4 € L2, is a function with sup (€)M |a(¢)] < oo} .
SERM

For given positive numbers M, @ and T', T' < Ty, we denote by Bar,g,r the
linear space

Buqr ={u € C(0,T], BM) s (&, 1) satisties No,u (1,€)|a(¢, 1) < C
V(E,1) € R™ x [O,T]}.
One can show that By, is a Banach space with the norm
U := max sup N t, O (€, t)].
| ||M,Q,T 0] 56]151 Q.M (&), t)]
All results of this section together make it possible to prove Lemma 2.

e) In the last point let us study (1.18) by the aid of the spaces Bar,g 7.

m  To have a reasonable space for the data we can use the imbedding
C([0,T], W7 (R™)) C Bun,g,r if 7 > rg, where ry depends on the given
M and Q.

m  To have a reasonable space for the solution we can use the imbedding
Bugr C C([0,T], H(R™) if M —1>2,1>0and Q > 0.

= Up to now we are not able to study superposition operators in Bs,q, .

= The only way for us to include nonlinearities is to prove that By, 7 is
even a Banach algebra (see [RY97]).

m  Thus one can suppose that f depends on b;(x, t)u,, (z,t) analytically. To
simplify the calculations in [RY97] we restricted ourselves to the assump-
tion that f be entire.

Now we can use the approach of the previous section to construct a uniquely
determined solution of (1.18). We do not need a reduction process, we only use
successive approximation and the a—priori estimate (1.24). To obtain a Cauchy
sequence in a suitable space Bys,g, 7 we have to suppose a Levi condition which
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is close to the sharp Levi condition O(X'(t)). Let us formulate a final result,

where we renounce to represent the most general version.
Theorem 2 Let us consider the Cauchy problem
uge — N2 (1)a(t) ANu = f(bi(x, t)ug, (2,1), ..., bn(x, t)ug, (z,1)),
u(z,0) = po(x), wut(x,0) = pi(x)
under the assumptions A € C?([0,T]), (1.7), (1.21) and (1.22) and the assump-
tions for f
m  f is polynomial in its arguments,
]

b, = bi(z,t) € C(|0,To], W (R™)) for every given s € N, where

1 E)llyys (meny < o(N(t)), te(0,Ty], (Levi condition).

Then there exists a (in general sufficiently large) constant r such that for ar-
bitrary data @o, @1 belonging to W (R™), Wi ~HR™), respectively, we have a

locally defined solution

we C([0, T), HEF (®R™) N 0*(0, T, HEF2(R™) N C([0, 7], HEHL(R™)).
The solution is uniquely determined in By Q1.

Open problems:
1. Is it possible to apply the energy method to (1.18) under the assumptions
of this section ?

2. Find a strictly hyperbolic type result for the Cauchy problems for

uge — N2 (H)a*(t) Au+ Z bi(z,t)uy, = f
i=1
under the Levi condition

19: (2, )l s (rmy < ON'(1)), T € (0, To]

and
uge — N2 (t)a? (t)o?(x) Au = f.

Remark 3 We omit a long list of references. But each interested reader can
have a list of publications concerning the subject of this paper after contacting

one of the authors.
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