PROPAGATION OF MILD
SINGULARITIES FOR
SEMILINEAR WEAKLY
HYPERBOLIC EQUATIONS

MICHAEL DREHER AND MICHAEL REISSIG

Dedicated to Professor Kunihiko Kajitani on the
occasion of his 60th birthday

1 Introduction

Let us recall well-known results about linear and semilinear wave equations.
We examine the Cauchy problems

N
(11) Ou = f(lb) = Z fjuj, fj € R,
j=1
(1.2) Ov =0,
u(@,0) = v(z,0) = (), u(x,0) = v,(x,0) = ¢(x)
with O = 0y — A and (z,t) € R? x R,. We suppose that the data belong to
o€ IR NH R (Ja] = RBY), s> 241,
Y€ IR NH(R"\ {[z| = R}).
Then it is obvious that
u,v € C([0,T],H)nC ([0,T], H)

for small T" > 0. Since the singularities of the data propagate with speed 1,
we have v(.,t) € H*TH(R"\ S,(¢)) and

sing—supp gs+= v(., t) C {(x,t) : B(x,|t]) N B(0, R) # 0} =: S,(¢),
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B(z, [t|) denoting the ball around (z,0) with radius |¢| in the initial surface
R™x {0} and 0 < ¢ < 1. These singularities are called mild singularities, since
the difference to the H**! regularity is only one Sobolev order.

The solution u of the semilinear problem has the same singularities as v. This
can be seen as follows: we know

O(u—v)= f(u), (u—0)(z,0)=0, (u—2v)x,0)=0

and f(u) € C ([0, T], H®), since this space is an algebra. Then it is well-known
that v —v € C([0,T], H*™). Choose some arbitrary 0 < ¢ < 1. Then we
have sing—supp ys+- (v — v)(.,t) = 0, hence

sing—supp gs+= u(., t) = sing—supp gate v(., t).

In other words, the singular support of the solution of the semilinear problem
coincides with the singular support of the solution of some suitably linearized
problem.

The aim of this publication is to prove a similar result for weakly hyperbolic
Cauchy problems whose lower order terms satisfy sharp Levi conditions with
respect to t. To demonstrate the phenomena which may occur in the case of
sharp Levi conditions, we recall a result of Qi Min—You [6]. Let v = v(z,t) be
the solution of

Uy — 12040 = DUy, v(z,0) = @(x), v(x,0)=0, z€R,

If b=4m + 1, m € Ny, we have the explicit representation

o o 1
— 427 5J 42
v(z, 1) ZCJt & (:c + 5t )
7=0
with some constants C;, and C,,, does not vanish. If ¢ € H?, then
v(.,t) e H™™ (t >0).

This phenomenon is called loss of Sobolev reqularity and is a severe difficulty
for the investigation of Cauchy problems with sharp Levi conditions. If m >
s — 5/2, then there is no classical solution v!
Yet, there is also another interesting phenomenon: Namely, the explicit rep-
resentation of v exhibits the surprising fact that propagation of singularities
happens only along the characteristic x + ¢?/2 = const.
The loss of regularity makes the investigation of semilinear problems of the
type

Ut — t2um: = bu, + f(u)7 u(m, 0) = gp(w), ut(xa 0) =0

difficult, because the standard iteration procedure and fixed point principles
do not work. As far as we know, the following problems are completely open:
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e Does the solution u (if it exists) have the same smoothness as v, i.e.,
u(.,t) € H=™ 7 We will give a positive answer for small ¢.

e How do the mild singularities of the data propagate ? We will show
that the propagation is the same as for v, because we will prove that
(u—v)(.,t) € Hs=m+1/2,

The Example of Qi Min—You has been chosen to clarify some results of this
paper. The Cauchy problems to be studied are much more general. Namely,
let us consider

(1'3) Lu = f(u)7 u(m, 0) = Sp(x)’ ut(l‘a 0) = %0(90),
(1.4) Lv=0, v(z,0)=p(x), v(z,0)=1(z),
Lm0+ S e, — 3 ayhA®? 2,

+ i bl(t)/\'(t)am + Co(t)at,

where A = A(t) is an increasing function of time that has a zero of finite or
infinite order at ¢ = 0 and satisfies some additional conditions.

Examples for admissible weight functions are A(t) = ¢! (with [ € N,) and
A(t) = Ou(exp(—1/]t])). The propagation of singularities for certain linear
one—dimensional Cauchy problems with these two weight functions has been
studied in [10] and [1], respectively. A branching of singularities which depends
in a heavily sensitive way on lower order coefficients could be observed. This
was achieved by explicit representations of the solutions, which will be recalled
in the Subsections 2.2 and 2.3.

If one is interested in propagation of singularities, then it is of great importance
to know the spaces in which the description of singularities makes sense. To
make this point clear, let us consider (1.1), (1.2) with data o € H*, ¢ € H*™L.
It is a true statement to say that u and v belong to, e.g., C ([0,T], H*™).
However, it has no sense to investigate singularities in this space, because the
singular support is the empty set. The right function space is C ([0, T], H®).
It turns out that the right spaces for u(.,t) and v(.,t) are no Sobolev spaces in
the second special case (A(t) = Jyexp(—1/]t|))! It is necessary to generalize
the classes of Sobolev spaces. (The reason is that in the explicit representation
of v(£,t) a factor In |£] occurs.)

Hence, the following difficulties arise:

e For general and arbitrary A, the exact loss of regularity is unknown.
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e The sharp spaces of the solutions must be found. It has no sense to
speak about propagation of singularities in non—sharp spaces.

e The structure of these spaces is unknown for general A\. The second
example tells us that the class of Sobolev spaces is too small to describe
the sharp spaces.

We will proceed in the following way: if w(z,t) € C([0,T], H*(RY})), then
(&) w(E,t) € C([0,T], [*(R})). The temperate weight (£)* will be replaced by
some suitably chosen temperate weight ¥(,t), which also depends on some
parameters. Thus, we get a scale of spaces which heavily depends on the
coefficients of the operator L. The idea to assign a weight ¥(,t) to L and to
estimate a certain norm of the product J(&,t)w(&,t) goes back to [8].

Using this scale of generalized Sobolev-like spaces we are able to introduce
the framework of optimal spaces assigned to weakly hyperbolic operators:
We call a framework of function spaces S, for ¢, Sy, for ¢, Sy for a right-hand
side f = f(x,t) and S, for the solution u optimal, if the following conditions
are satisfied:

e There is a general procedure that defines S, Sy, S¢, S, if L is given.

e The assumptions ¢ € S,, ¥ € Sy, f € Sy imply the existence and
uniqueness of a solution u € S,. This solution continuously depends on
©, ¥, f in the topology of the given spaces.

e For certain operators L the spaces Sy, Sy, Sy, S, coincide with the
spaces suggested by explicit representations of the solutions.

Let us list the assumptions on A(t), ¢;(t), a;;(t), bi(t), co(t) and f(u):
With A(t) := fot A(T) dT we assume that

(1.5) A0)=0, N()>0 (t>0),

(1.6) doig < AA(%) < dlii?), 0<t<T do> %

(1.7) |dEN(t)] < dp)(t) % k, 0<t<T, k=23,...,
(1.8) Mg g bis co € C%([0,TY),

19wl (Z cj(t)£j>2 43 my(056 = ol

V(t,€) € [0,T] x R", ap > 0,
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(1.10) f(u) = i fiw' Vu€eR.

The central results are the Theorems 6.1 and 6.3 in Section 6.

For the convenience of the reader, we give applications of those theorems to
two simple model equations now. Consider the operators

Ly =03 -9, —ht'"10,, heR, le&N,,
A(t)?
A(t)

We assume that f = f(u) is an entire analytic function with f(0) = 0 and
study the Cauchy problems (1.3), (1.4) for L = Ly or L = Ls.

1
O, heR, At)=dexp <_¥) )

Lo =82 — A%, —h

Proposition 1.1 (L = L;). Let ¢ € H*, ¢ € H* YU+ with some large s.
Then the Cauchy problems (1.3), (1.4) have unique local in time (classical)
solutions u, v with

woveC([0,T,B5),  u—veC (0,T],H K1)

where K = (=1 + |h|)/(2(l + 1)). Let us additionally assume that p,1 €
C*®(R\ {zo}). Then the singularity of ¢ and ¢ at xy propagates along the
singularities transporting characteristics starting in (xg,0). Consequently, the

solution u may have only weaker singularities away from those characteristics
of order 1/(L+ 1) (see Remark 1.3).

Proposition 1.2 (L = L). Let p € H®, ¢ € H{, with some large s, where
Hyy, ={¥ € 8" (¢)*(In(€)) 1 ¥(€) € (Re)}-

Then (1.3), (1.4) possess uniquely determined local in time (classical) solu-
tions w, v with

u,v e C(0,T), HyT),  uw—veC([0,T],HF),

where K = (|h| — 1)/2. Let us additionally assume that p,1p € C*®(R '\
{zo}). Then the singularity of ¢ and ¢ at xo propagates along the singularities
transporting characteristics starting in (z9,0). Consequently, the solution u
may have only weaker singularities away from those characteristics. These

weaker singularities are described by omitting In(§) in the definition of HJ,
(see Remark 1.3).

Remark 1.3. In Section 2 we will see that the spaces for v are optimal. Our
results enrich the semilinear weakly hyperbolic theory in the following way:
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e special nonlinear right-hand sides have no additional influence on the
loss of derivatives,

e we are able to characterize the propagation of singularities along the sin-
gularities transporting characteristics (see the discussion of an example
in Section 7).

It is a typical phenomenon of the weakly hyperbolic theory, that singularities
of the data propagate not necessarily along both of the characteristics Cy o =
{(z,t) : ® £ A(t) = xo}. This depends on the lower order terms ([1], [10]).
Each of the characteristics along which singularities propagate will be called
singularities transporting characteristics.

2 Examples

Let us list explicit representations of the solutions to special Cauchy problems
in order to find out how to study problems of more general type.

2.1 The Strictly Hyperbolic Case

We consider the problem
Uy — Vg = 0, 0(2,0) = (x), v(z,0)=v¢(z), zeR.

The partial Fourier transform of the solution is

0(6.) = cos(1999(9) + 1L 0(6).

We fix ¢t > 0 and let || tend to co. Then we have asymptotically
0(&. 1) = 0O(1)@(€) + O(I€l ) (©)-

2.2 Weakly Hyperbolic Case with Finite Degeneracy

Let \(t) :=t' with [ € N, [ > 1. We study the Cauchy problem
Ut — tzlvzms - htlilvx = 07 U(xa O) = 90<x)7 Ut('ru O) = w(‘r)a YIS R.

The number h is a real constant. In [10] and [12] it is shown how to construct
the solution. The partial Fourier transform is given by

B, =e—"A<t>le1( Len 2@'A<t>§) o(6)

20+1)" 1+ 1’

- l+24+h [+2 -
—iA(DE :
preos,py (2R 5 iagne ) e




and has for ¢ > 0 and || — oo the asymptotic behaviour

1—2+4]h|

8(6,6) = 0 (16179 ) ¢(e) + 0 (el 2" ) h(e).

The exponents of [£| describe the loss of Sobolev regularity. We emphasize
that the difference of these exponents is not 1 as in the strictly hyperbolic case,
but 1/(l 4+ 1). Appropriate spaces for the data ¢, 1 and the solution are H?,
Hs= Y and C ([0,T], H%) with K = (=1 + |h])/(2(l + 1)), respectively.

2.3 Weakly Hyperbolic Case with Infinite Degeneracy
Let A(t) := exp(—1) and A(t) := A'(t). Then this function \ satisfies all

t
assumptions (1.5)—(1.7). We reflect upon the Cauchy problem

At)?
O

v(x,0) = p(z), v(z,0)=1¢(x), zekR.

Vg — )\(t)QUmm —h

We note that the coefficient of v, is not X' (¢) times a constant as in the case
of finite degeneracy, but is described by the equivalent term \(¢)2A(t)~!, see
(1.6). In [1] and [12] the fundamental solution is constructed; we only list the
results. The solution ¢ has the form

(2.1) ic] Ve MDY (o, 1, 26;A(1)€),
¢;(€) = Cri(@()(IMé] + Coy) +(€)), j=1,2.

For fixed ¢ > 0 and large |£| one can prove the asymptotic behaviour

(&, 1) = O(IE] 77 €)@ (€) + O(E[ ™7 )b (e).

We point out that the coefficients of ¢ and ¢ differ only by the factor In |£|.
This observation leads us to the following sharp spaces for ¢, ¥ and v imme-
diately: For ¢ and v we may choose the spaces of all functions ¢, ¥ with

(€)°®(€) € L*(Re),  (€)°(In(€)) "M (€) € L(Re).
The space for v consists of all functions V' = V (z,t) with

<£>s*(|h|fl)/2<ln<§>)*1‘7(57t) c L2(R£> V.



2.4 Summary and Conclusions

Let us draw some conclusions from the above examples. In the first two cases,
the solution can be written as

B(E, 1) = GLAMEP(E) + tGa(ADEH(E)
with G1(0) = G3(0) = 1. And in the third example we have the representation

(&, 1) = tG1(A()E) (In €] + C)p(€) + tGa(A(£)E)D ()

with G;(s) = O(In|s|) for s — 0. It can be observed that the sets {A(¢){ =
const} play a certain role. Furthermore, we have seen that the coefficients G
and G behave differently for || — oo, ¢ fixed. Let us give a characterization
of this difference which will work in any of the three examples.

We fix some large number N > 0 and consider the set {(£,t) : A(t)() = N}.
Since A is strictly increasing, we can define a mapping & — t¢ by

A(te)(€) == N.

In the first example we have A(t) = 1, hence A(t) = ¢ and ¢t = C(¢)~". In the
second and third examples we have t; = C(£)~V+) and t, = O((In|¢])71),
respectively. We observe that the difference in the asymptotic behaviours of
the weights G; and G5 can be described by these t¢. For ¢ we could choose
the space H*(R™) and for ¢ the space with the temperate weight (£)°t,.

But what is the sharp space for the solution v ? The loss of smoothness is
a severe difficulty. If ¢ = 0, then v = ¢ and the temperate weight ¥(&,t) in
the definition of the v—space should behave like (£)*. If ¢ > 0, then the loss
of regularity appears and the weight 9¥(&,t) should be ¥(&,t) = O((£)*™K),
K € R (at least in the second example). And of course, the weight J(&, 1)
should be continuous in £ and ¢, even for ¢t — 0.

This difficulty can be overcome by splitting the (&, ¢)-space into two zones,
the pseudodifferential zone Z,4(N) and the hyperbolic zone Zp,,(N):

Zpa(N) = {(6,1) € R" x [0,T] : [¢] > 1, A(1)(€) < N},
Znp(N) = {(€:t) € B" x [0,T] : |¢] > LA()(€) > N}.

It is possible to use a hyperbolic type approach in Zj,,(N), since in this zone
the influence of the principal symbol is dominating. On the other hand, in
Zpa(N) the influence of the subprincipal symbol becomes important and one
has to take a different approach. We will define the temperate weight (¢, t)
in both zones in different ways in order to model the loss of regularity. The
splitting into two zones allows us to define a continuous weight (&, t) with
different growth (for |{| — o) in the two cases t = 0 and ¢ > 0.
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3 A-priori Estimates

In this section we give a point—wise estimate of the partial Fourier transform
of the solution to Lu = f(z,t), u(x,0) = p(z), ui(x,0) = ¥(z). Obviously,

Dui(€,) - (Z Gy (DML +i Db <t>X<t>§j) (€. 1)

(3.1) + (Z ¢ (DA)E; — iCO(t)> Dyi(€,t) = —f(&,1),

j=1

This is an ODE with parameter £ € R™. The factor of the function @(¢,t) has
two terms: szzl aijA*&;:€;, which is the dominating term in Zj,,(N), and
i> 51 bjN'¢;, which dominates in Zpq(N). We transform (3.1) into a system
of ODEs of first order. The vector W of the unknown functions of this system
has two components, we = Dyt and w; = G(&,t)a. In this case, G(&,t) is a
weight which is chosen differently in the two zones. We take G(&,t) = A(t)|¢]
in Zp,,(N) and a weight G(£,t) = o(£,t) = /14 A(t)2(€)/A(t) is chosen in
Zpa(N).

The idea of splitting the (&,¢) space into zones can be found, e.g., in [13], [9],
[11] and [12]. Our approach is based on a theory which was used in [7]. All
these steps lead to an estimate for @ and D;u. From this estimate we will
learn how to choose the temperate weight ¥(¢,t).

In a next step it is shown that ¥(, ¢) is a temperate weight in the sense of [5].
This allows us to apply the general theory developed there.

3.1 Preliminaries

In this subsection our intention is to list some properties of the functions A(t),
A(t), te, o(&,t) which will be needed later. The proofs can be found in [3] and
use (1.5), (1.6), (1.7) and the definition of zones.

Proposition 3.1. Let 0 < T <ty with A(ty)(0) = N. Then it holds

(3.2) A(t) <tA(t) Vtelo,T],
AD VY LA (Al
(3:3) (A(To)) ZA(T@Z(A(TO)) W<tshsT,
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(34) do < 1,

dte N o Ate) "
e Xy e .
(3.6) C{E) ™% > A(te) = Co(€)™™  VEERT,
p((&)) == ( ) is monotonically increasing in (§),
C5(€)™7! 2 te > Cu(€)™" VEER™,
(3.9) /E o(e1)dt < C Ve € R,
(3.10) A(E) < VNol, 1) V(Et) € Zpa(N),
BID M S olEit) < TAE(E) Ve R
(3.12) [ e=sroesras <t et € Zu)
(313)  BelEt) >0 Y€1) € ZpulN),
(3.14) q((€)) == A(te)(€)™ is monotonically increasing in ().

The proof of the next lemma is left to the reader.

Lemma 3.2. Let g(t) be a continuous, positive and bounded function and
define
t )\/
J(s,t) =exp (/8 )\<<77_—)>g(7'> dr) :

(3.15) J(s,t)J(t,r) = J(s,7) YO<t,s,7 <T,

3.16) J(s,t) is increasing in t, decreasing in s,

Then we have

A\
(3.17) 1< J(s,t) < (—) , Koy=supg(r), 0<s<t<T.
Als) 0.7]

3.2 A-priori Estimates for Solutions of ODEs

We start with the Cauchy problem (3.1). For the investigations we need the
following comparison lemma from the theory of ODEs:

Lemma 3.3. Let g,h € C?*([s,T]) be the solutions of

W'(#) = BOh(t), h(s) = Hy >0, K(s) = H >0,
J"(t)=At)g(t), g(s)=Go>0, ¢(s)=G1>0
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with A, B € C([s,T]) and |A(t)] < B(t), Go < Hy, Gy < Hy. Then it holds

lg(t)| < h(t) Vs<t<T.

3.2.1 The Pseudodifferential Zone

In order to estimate @ and Dyu in Z,4(N), we define

_ wl(gvt) _ (fat)ﬂ<€7t>
WEn= (w2<§,t>) - (Q Dy(€. 1) )
and get DWW — AW = F with

A(f t) = ( n DtQ/Q n n 0 )
’ (>ij=1 aii N2 + i D biNE) o =3 ¢iAE tic)

F&o = (—f(of,w) |

For the norm of A(&, ) (row sum norm or column sum norm) we obtain

Qt(£7 t)
o(é,t)’

compare (3.13). Now let us devote ourselves to the differential system for the
fundamental matrix X (¢,s,§):

JAGS, O < Col&, ) +

DX (t,s,6) — A, ) X(t,5,£) =0, X(s,5,8) =1, 0<s<t<t.
Then W allows the representation
B8 WED = [ X5 OFE)ds+ X(L0.OWED)
0

The matrix X (t,s,£) can be estimated by

sl <o ([ lanlar). 0sssi<t

which gives || X (t,s,8)|| < Co(&,t)/0(&,s), see (3.9). However, this estimate
is not sharp for all components of X. For instance, we get | X12(s, s,£)| < C,
but Xis(s,s,£) = 0. For sharper estimates we have to study the differential
system more carefully. We introduce the notation

. An(f,t) AlQ(Svt) _Agl(gvt)
A@’“—(Am(f,t) A22<£,t>)’ Anl&0) ==
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From the definition of Z,4(N) follows that |A3, (&,t)] < CN(¢)(£). We have

atXll(tv S, f) = a;?(é;)t) Xll(tv S, g) + Z.Q(ga t)X21(t7 S, f)a
£ A0

815X21 (tv S, f) = Zé?}ii’;) X11<t7 S, f) - 6(57 t)X21 (tv S, f)a

825X12(t, S, f) = %Xm(t, S, 5) + ZQ(f, t)XQQ(t, S, f),
- A0

8tX22(t7 S, f) = Zé?g’i’)t) Xl?(tv S, f) - 6(§a t)XQQ(tv S, f)a

& t) =i e (N + colt),

j=1
(X11<878>§) X12(S757£>) — (1 O)
Xgl(S,S,f) XQQ(S,S,g) 0 1 ’

From the equation for Xy it can be concluded that

t t 0
Xo1(t,8,&) = z/s exp (—/T é(& o) da) A;(léi_;>X11(7',s,f) dr

From |X11(¢,5,€)| < Co(&,t)/0(&, s) and |f0 7)€;dr| < N follows that

Xalts. 9 < C 'A;z 7l < AN,

if 0 < s <t <t From the equation for X5 it can be deduced that

Xt 5,€) = io(E. 1) / Xoo(r, 5, €) dr

We set f(t,s) f Xoo(T1,8,&) dr for fixed € and have

f(s,8) =0, fi(t,s) = Xaa(t,s,&), fi(s,s)=1,
ftt<t7 S) = X227t(t, S, f)

Consequently,
fult,s) = —Ay (&, 1) f(t,s) = &(§, t)f(t )
We set g(t,s) = f(t,s)B(t,s) with (¢, s) = ex (% ), resulting in
ault ) = A%(e.0.5) =~ e+ T4 ét(; “) o(t.5),

g9(s,8) =0, gls,s)=1.
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From 0 < C;* < B(t,s) < Oy we obtain |f(t,s)| < Ci|g(t,s)|. Furthermore,
it holds |A%(&,1)| < Ca(l + N (¢)(£)). Let h(t,s) be the solution of

htt<t7 8) = CA<1 + >‘/<t)<£>)h(t75)7 h(57 5) =0, ht<3> 8) =1

Then Lemma 3.3 shows that |g(t,s)| < h(t,s). It is easy to see that h(t, s)
and hy(t, s) are positive if ¢ > s. Consequently,

htt(tv 8) < CA((t + /\(t)<€>>h(t7 S))t-

Integration from s to t reveals
he(t,s) — 1 < Ca(t+ A(t)(€))h(t, s).
By Gronwall’s Lemma and the definition of zones we conclude that
t t
bits) < [ e (Ca [0+ 2@ do ) ar < e -),
which implies

/tXQQ(T,s,g) dr| < C(t — s).

Finally, we deduce that
[ Xaa(t, 5, €)| < Co(, ) (t — ).

The last component Xay(t, s,£) can be represented by

¢ t 0
Xoo(t,s,6) — 1= z/ exp (—/ é(& o) da) %Xu(ﬁs,é) dr

which results in

Xaalt5,) ~ 1| <€ [ X(D)(©) (= 5)dr

S

< Ot = s)(AE) = A(s)){€)-
Let us summarize these estimates: If 0 < s <t <, then

o6, 1)
o(&,5)’
5,8)] < Col&, 1)(t - s),
(A1) = A(s)(6)
ol,s)
— 1 <O = s) (A1) = As))(6)-
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Using (3.18) we can estimate ot and Dyu:

(3.19) le(&, H)a(&, )] < Col&, 1) (/0 (t = 5)| (& 9)l ds +1p(6)] +t|1/3(§)\) ,

| Dra(€,t)] < C/O (L+ (= s)(A(E) = AN (E, )l ds

(320)  + CARENA(E)] + C(1L+ AR EN ().
We immediately get

(3.21) a(€, )] < C/O (t = $)If (& 5) ds + Cla(&)] + Ctl(€)]-

Thus, we have proved:

Proposition 3.4 (Estimate in Z,4(N)). Let the function @ = 4(¢,.) be a
C?-solution of the ODE (3.1). Then the estimates (5.19), (3.20) and (5.21)
hold in Z,4(N). Especially, on the border {(§,te) : £ € R™} of Zpq(N) we have

(322) At (©)i(e )]
< Cole. 0 ( [t 9l slas+ e+ tgw?@\) |

(3.23) | Deti(€, te)| < C/O (14 (te = 8)(A(te) = A)(ENI(E, 5)] ds

+ CAMtE) (2| + teld(€)), C=CN).
For the proof we only note 1 < N = A(te)(€) < A(te)te(€).

Remark 3.5. The estimates (3.20) and (3.21) are sharp (up to multiplicative
constants) in the cases of the Examples 2.2 and 2.3.

Proof. In the Example 2.2 we could write the solution « in the form

u(€, 1) = Gr(A()E)P(E) + tG2(A(1)E)Y(E),
where G1(z) and Gy(z) are e ** times a confluent hypergeometric function
with argument 2iz. The arguments of G; run between 0 and £N, if (§,¢) is
in Z,q(N). Hence, the terms G;(A(t)§) are bounded factors converging to 1
and G,;(£N), if ¢t approaches 0, t¢, respectively. This shows that at least in
this case (3.21) is sharp.
For the first derivative we get

~

(1) = GLAGAEA(E) + (Ga(AS) + tGH(AE)AE)P(E)
with non vanishing G (0), G5(0). We see again that the estimate (3.20) is
optimal at least in this example.
A more complicated calculation shows that (3.20) and (3.21) are also sharp
in the case of the third example. O
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3.2.2 The Hyperbolic Zone

Our aim is to estimate ¢ and Dyt in Zj,,(N). We define

ADIEla, 1
ven=("pac’)

and obtain
DtU(§7 t) :A<€7 t>U(§a t) + AO(& t)U(€7 t) + Al (gv t)U(€7 t) + F(€7 t)
) 0 MO e
TA\E e @ADSE - i a0 ’

DiA(t) 1 0
0 <_ i b 0) Ui&.?)
0 0 0
(0 i) ven=(sie0)

The matrix A will be diagonalized. For this purpose we take

N N T
M (g’t)_(l +Vel ) +a t)) ’
< c(&,t) + Vel€ )2 +al€ ) —1)
(&, 1) + /(&) +alé,t) 1)’

M(g,
(6,1) = wat —
i

with a(§,t) == >0, (t)f # and c(§, 1) =330, ¢(t)2 ), resulting in

MAM™(¢,t) =D = (“%’ T2<27t))
t t)

B —c(f,t)—\/C(fa )2 +a(g, 0
=A(t)[¢] ( 0 —c(&, 1)+ /(1) + a(f,t>)'

For the matrix Ay we get

D )\(t) 1 _ b(£>t)+c(£7t) 1 _ b(£>t)+c(£7t)
-1 Rt V c(€,t)2+a(g,t) v el€t)?+a(é t)
MAM ™ (§,t) = PO} b(€t)+e(E,0) | 4 _bEDe(ED

+ v e(€,0)2a(€,t) c(§.t)*+a(§.t)

with b(¢,t) == — >0, by(t >|§| Finally, MA; M~1(¢,t) has the representation

MAMe,6) — chQ(t) (_11 —1) 2\/Czc§(ltf)c(€,t) )(_11 _11)

15




Using

B Di(c*+a) (1 -1 D,c -1 =1
DMM =2t 7 -
(D M) 4(c? + a) <—1 1 ) * 2v/c2+a \ 1 1

the system for V := MU can be written in the form
D,V — DV 4+ BV = MF,

D1 1 D\ b+c (-1 -1
324) B=— -
o2 p=-52 (1 1) -FEa ()

ico Di(c*+a) 1 -1 icoc — Dye (1 1

2 4(c® 4+ a) —1 1 owet+q \ -1 —-1)°
This is the first step of perfect diagonalization. We will employ further steps
of perfect diagonalization using a theory which was applied in [3], [7] and
[12]. It turns out that the standard symbol classes cannot be used anymore,
we have to choose classes adapted to the weakly hyperbolic theory. Here we

follow the lines of [7] and define the symbol class Sy{my, mo, m3} as the set

of all symbols a(§,t) € C°(Zyy,(N)) with

k o m1—|o mo )\(t> math
|Di Dga(§,t)] < Cralf) A(t) A V(& 1) € Znyp(N)
and for all £ > 0, € N*. The symbols of these classes satisfy

(325) SN{ml, m2,m3} C SN{m1 + k’, meo + k’, ms — k?} VEk > O,
(326) a(é,t) € SN{ml,mQ,TTlg}, b(f,t) € SN{kl,kQ,kg}

= a(&,1)b(§,t) € Sn{ma + ki, ma + ko, m3 + K3},
(3.27)  a(&,t) € Sy{my,ma,ms} => Dia(§,t) € Sy{mi, ma, mg + 1},
(3.28)  a(&,t) € Sn{ma,ma,mz} = D¢a(€,t) € Sn{mi — |af, ma, ms}.
In the above equation for V' we have D € Sy{1,1,0} and B € Sy{0,0,1}.
After p steps of diagonalization we find

(D; — D+ B)N1Ny...N,
= NiNy...Ny(Dy =D+ F) + F{ +---+ F) |+ Ry),
where FJ is the diagonal part of B, F ]Q are diagonal symbols from
Sn{—=j,—j,j + 1} and R, € Sy{—p,—p,p +1}. For V.= N\N,...N,W
and with Fy := FY +--- + F))_| we get
(3.29) (Dy— D+ F)+F + R,)W =N, .. .N['MF,
IN ... Nl <C, ||V NI M| < C

16



The last inequality is valid if the constant NV, which was used in the definition
of zones, is sufficiently large. Later we will see that the number p depends
only on the functions A, ¢;, a;; and b;. Let us investigate the fundamental
solution X (¢, s, &) of the system (3.29). This matrix function satisfies

(Dt_D+F£+ﬁ1+RP)X(t>87€)207 X(S757£):['

Then we have the representation
t
330) W) = [ XS OFEs) ds+ X (bt OW (e te)
te

For the fundamental solution X we make the ansatz

X(tv 575) = E(t757£)Q(t7 875)7
E(t,S,f) = diag(En(t, S,f), Egg(t, S,f)),

Ej;(t, s,8) = exp <l/ (75— fo;; — fl,jj)(§70)d0) :

The matrix F satisfies D,FE = (D — F — F})E, hence
DX =(D—-F)—-F)EQ+ ED,Q= (D - F) — F|)EQ — R,EQ.
This gives the initial value problem

DiQ(t,5,8) + E(t,5,€) ' Ry(& ) E(t,5,6)Q(t, 5,6) = 0,
Q(S7S7€) = ]

for the matrix (). In order to estimate X, we find estimates for ' and ().
Since 7; and 7y are real, it holds
e ( )

/ 11,46 0)do / 12,6, 0)ldo

for all s,t € [t¢, T]. For the computation of the first integral, we recall that
D, )\ &o)+cl&, o
f(?,jj(éaa): ( ) 1F b€, 0) .9)
() Vel€0)? +al€, o)

z'co<cr>+ Do(e(€. 0" +0(§.9)) _ ico(0)el€. 7) ~ Doelt.0)
2 A(E 0P Fale, ) | 2vegor ra o)

IB(t.5,6)] < mpgey

Defining

_1 [6(€, 1) + (&, 1)]
fo= 2 [0,2}]1>I<)R” (1 " V€ )2 + a(f,t)) ’
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b(¢, 7) + (¢, 7)
Vel¢, )2 +alC,7)

(3.31) J(s,t) =exp (/ sgp% 1+

dT)
we observe that
[ o) <casnzo (M) pcicicr
ex y s s .
YA PO VA
It remains to estimate the second integral. From ﬁ’l € Sy{-1, —1,2} follows

o ([ 1Rteonis) <c [0 20 ar

<O [ S e =ClO (M) - AT <

¢
N’

which results in | E(t, s,€)|| < CJ(s,t) < C (A(t)/A(s))" for te <s <t <T.

We come to the estimate of Q(¢, s, ). For simplicity of notation we introduce
Ry(t,5,€) = B(t,s,6) " Ry(&, ) Et, 5,€) = B(s, 1, ) Ry(&, 1) E(t, 5,€).

Then we have D;Q(t, s,§)+Rp(t, 3,8)Q(t,s,&) =0, Q(s,s,£) = I, which gives

1Q(t, 5. )] < exp ( /

It is known that
By(rs.6)| < C (%)QKO IR, <C (%)% %

In order to compute the integral I := ftf A(t)2Eo A(ﬁ?ﬂ dt, we employ partial

E’p(r,s,g)H dT) , te<s<t<T.

integration and (1.6) and obtain
T

A(t)P
D

A@)™"
—p

I = \(t)* dt

te

T
— / 2K ()20 (1)
te

2K0d1

1
< ];A(tg)zKoA(tg)fp + I

If p is greater than 2Kyd;, then I < CA(t¢)?®0A(t¢)~P, hence

/T’
te

1Q(t, s, 8| <C, te<s<t<T.

Ry(r, &6)” dr < CA(te) 720(E) PA(te)* O A (te) P < O,

18



Finally, it follows that

Al
Als)

Summarizing these estimates we have the following proposition:

Ko
||X<t,s,g>||s0J<s,t>sc< ) Cte<s<it<T

Proposition 3.6 (Estimate in Z,,,(N)). Let @ = 4(&,.) be a C*-solution
of the ODE (3.1). Then the following estimate holds in Z,,(N):

INDER(E )] + [Deae, 1)
<c / (s DI F(E, )] ds + CI(te, DA(EEE o) + | Deale, te)]),

where J(s,t) is given by (3.31).

3.2.3 Comparison with the Examples

Let us check whether this estimate of the loss of regularity is sharp. We

compare the results of the Propositions 3.4 and 3.6 with the Examples 2.2

and 2.3.

We assume that the right-hand side vanishes. In Zj,,(N) we get

INDEE, )] + | Dei(€, )] < Co€, te) I (te, )(|2(E)] + telh()]).

In the case of the first example we have

h €

LIgl

Fix ¢t > 0. Then the loss of &6 and D,@ in comparison to |3(€)] 4 [tetb(€)] is
o€ tA(te) U2 At (@At 02 (e () g,

This shows that the losses of u in comparison with ¢ (for ¢» = 0) and in
comparison with v (for ¢ = 0) are

At)

(4572
b(&,t) = — c&t) =0, al&t)=1, J(s,t) = (m) :

—1—2+]h|

(gyzam () eyantn () ey T

respectively. This coincides with Example 2.2.
In the case of the other Example 2.3 we have

__hwe
oD ="Soam e Y

o= ()" ()

19
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In the hyperbolic zone we get the estimate

ABEa(E, D) + [Drale. 1)
1/2 1kl /2 )
< Cole.te) (%) (%) (16(6)] + tel(€))

< OO MR ()] + D)D)

Using te = O((In(€))™!) (for fixed ¢ > 0) we regain the estimate from Subsec-
tion 2.3. This shows that the estimates for A(t)|¢d| and | D;4| are sharp in the
cases of the two examples.

4 A-priori Estimates in Suitable Spaces

The aim of this section is to derive estimates of certain weighted I?-norms
of the Fourier transform of the solution using the point-wise estimates of the
Fourier transform derived in the previous section. The structure of these
point-wise estimates motivates the following definition.

Definition 4.1 (Spaces with special weight). For Ly, Ly, M, K;, Ky >
0 let V1 1,0k, K, be the function

Q(ws))h)\ tV 2 J(te to UEMEFT o<t <t
Oy LMy, (€, 1) = (9(65) (§)M§<§’ NOMEET 0<t <t

where J(s,t) is given in (3.31). The number tq is defined by the formula
A(t9){(0) = N. By Bp,1,mK, K, We denote the space

BL1L2MK1K2

= {v e C([0,T],S"(R™)) : Op, Lomry k0 € C([0,T7, LZ(REL))} 5

”U||BL1L21VIK1K2 = [801;1,1% ”’lngLQMKlKQ('? t)?}(7t)HL2(R?) :

We will study the properties of these spaces in the next section. An important
special case is given by L; = 1, Ly = 0. To simplify the notation, we write

Q9MK1K2(§7 t) = 1910MK1K2(§7 t)7 BMK1K2 = BlOMKlKQ’

We will even have K; = K5 in most applications.
For the initial data we take the following space:
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Definition 4.2 (Spaces for the data). Let Cp r,mk, be the space

CLngMKl = {U c 8/<Rn) : ﬂLngMKlKl(wO)@(-) < L2<R?)} ,

1lley, e, = 10nizammig (5 0)00) | 2y -
We introduce the abbreviation Cyrx, in the special case Ly =1, Ly = 0:
Cur, = Cromk, -
With these notations, we can now formulate the main energy estimate:

Theorem 4.3 (A—priori estimate). Let H(D,,t) be a pseudodifferential
operator with the symbol

nie.t) = Moleh (S ) + oten) (1-x (ARED).
(=0 (<172 x(5)=1 (s22). xeC(R)

and assume H(D,,0)p € Cyg, H(D,,0)Y € Cryxy1y and [ € Bygg. Then
the solution G of (3.1) satisfies

H(D,,t)u € Bukr, Diu € Buxik,
”H(D$7t)uHB]\JKK + HDtuHBAI(K+1)K

< Capr (T Iy + IH (D2, 06l + IH (D, 06y ) -

Remark 4.4. If t > 0 is fized, then the operator H acts like A(t)(D,) and
the above estimate shows that the first derivative of the solution with respect
to x and the right-hand side f are from the same space. In other words, this
result 1s an estimate of strictly hyperbolic type.

Proof. For fixed t > 0, let Ry(t) be the positive real number with
A(t)(Ro(t)) = N.
In order to estimate ||[Hul|p, it is sufficient to show that

[o(&, )&, )0 (& Ol 22 1¢1 < ro o))
+ A EUE, )P nirc i (€ Ol 21615 ro 1))

< C (Tl + 1H (D2 00¢lloyy e + 1 (D, 0l ) -
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Here we used the fact that the computations in Section 3 remain true, if we
replace N by 2N or N/2 (if N is sufficiently large). Let us start with the first
term on the left. Due to (3.19) we have

|M&ﬂﬂ@¢HSCw@J)(A(V—ﬂﬁﬁﬁﬂdﬁ+mﬁﬂ+ﬂﬁﬁﬂ)-

From (3.12) and the Inequality of Cauchy—Schwarz we conclude that

2 A
! r ! f §7 2
([e-snieonas) <ot [Heas
It follows that

|o(&, )a(&, )Iurr (& )* < Co(&, te)* (€)M EE" T (te, to)?

&S 1 o012 4 2102
XGAéﬁ@2w+mm+%W@0.

Integration over |¢| < Ry(t) gives

lo(&, t)a(€, ) Imrk (€, t)“[? (|€]<Ro(t))

< Ct 4 s)[fded
//g<RO [ (€ 5)F (€, 5)[ dE ds
+C|lo(&,0)p(6) kK (&, 0)||12 (1< Ro (1))

. 2
+C' ||e(§,0 v )0
HQ(f (€)1 (€,0) I2(|€|<Ro(t))
< O £ Iy ere + 1H (D, 0008, + I H (D2, 08N, ))-

For the second term we use Proposition 3.6 and (3.22), (3.23):

M@m@Msch@wmaﬂm

+0ﬂ%wAWLuQ—mw@mﬂamw

+ CJ(te, t)ol€, te) (|(E)] + teld (€))).
The second integral on the right can be bounded by

(4.1) Aiﬂam@+mawliQ—mﬂaww

te | £ 2 1/2
< Co(&, te) <t§/0 %@) :
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see (3.12). As a consequence we obtain
IA)E(E, )Inrr (€, 1)]? < ClE 2MTEZKt/ |f(€,8)2T(s,t0)% ds

+ Co€,te)* J (te, to) (€)M 12"

x (tg/O 'ZE ;’ ds+ |p <>|2+t§|¢<f>|2).

Integration over || > Ry

(t)
[A@®)EU(E, )k (E, t)||L2(\§\>Ro())
< O | gy + IH (D2, 0)lley, e + 1 H (Do 008l e, )-

Then the estimate for ||Hu| g is proved. It remains to consider the term
"Dtu"BAI(K+1)K. We have for D;u and A(t)||u the same estimate in Zj,,(N),
see Propositions 3.6 and 3.4. The weights ¥yxx and Uy x41)x coincide in
Zpyp(N). Then we immediately get that

gives

~ 2
HDtu(§7t)ﬁM(K+1)K(§7t)HL2(|§|ZRO(t))
< C(T* | flByre + IH(Das 000l + IH (D2, 008l oo )-

So it suffices to study (D;@)Ur(k4+1)x in Zpg(N). There the estimate (3.20)

holds. The additive term 1 in the coefficient (1 -+ tA(¢)(€)) for |1| causes some
difficulties, therefore we choose a higher t.—exponent for ¥ in Z,;(N). We
estimate the integral on the right in a similar way as in (4.1) and get

/0 (L+ (= s)(A(E) = M) IS (€, )l ds

tf s)|2 1/2
< Colé.) (t /0 %d) ,

see (3.10) and (3.12). Then it follows that
| Dei(€, )nrernyi (€ 8)° < Col€, te) T (te, t)* (€)M 1"+

% t‘f(fas)‘z s+ 5(E)2 TrEV(2
<t | e st +|¢<5>|>.

Integration over |€| < Ry(t) gives

~ 2
HDtu(§7t)ﬁM(K+1)K(€7t)HL2(‘£‘§RO(t))
< CT N by T H (D000, o + IH D2 00%0E,, )
< O | f 5y + IH(Day 000l e + IH (D2, 008l oo )-
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The theorem is proved. O

Corollary 4.5. Under the assumptions of the previous theorem, it holds

HUH Boy(m+1) KK

S C(T [ fll gy T H (D2, 0)llc,, o + 1H(Day 0l )
Proof. In the pseudodifferential zone, we have

(& o ars e (€ 1) = Q(f,t)ﬂ(f,t)/\(tg)@(é‘]g&to)

< Clo(§, t)a(§, t)Imrr (&, t)l,

see (3.11). And in the hyperbolic zone, it holds

(&, ) orusnyxk (§,8)] = [AR(E)A(E, 1) (£, t0) (€)Mt
< CIA®)EUE ) Imrr(§:t)]-

)Mt

5 Properties of the Spaces By, 1,1k, K,

In 5.1 we show that the restrictions of the spaces Br,r,mi k, at the sets
{t = const} are spaces with temperate weight (if K; = K5). In 5.2 we prove
that Br, vk, Kk, 1S an algebra, if K; = Ky and M is large enough. This allows
us to study superposition operators u — f(u), when f is entire analytic.

5.1 Spaces with Temperate Weight

Definition 5.1 (Spaces with temperate weight, [5]). A positive func-
tion ¥ defined in R™ will be called a temperate weight function, if there exist
positive constants C' and m such that

V(€ +n) < (L+CEN™I(n) V&0 e R

The set of all such functions will be denoted by IC. If 9 € KK and 1 < p < o0,
we denote by B,y the set of all distributions uw € 8" such that @ is a function

and
/p
”Upr = ( (2m)~ /\19 \pdf) < 00.

When p = oo, we shall interpret ||u[, 5 as ess-sup|d(§)a(§)].
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We want to list some results about weight functions ¥ and spaces B, y. For
details see [5].

Lemma 5.2. If 9 € K, then 9 is continuous. If ¥ € K with constants C, m,
then

H0)(1 + ClE))™™ < 9(&) < (0)(1 + ClgN)™
It holds (&) := (1+ [£]))V? € K with C =m = 1.

Proposition 5.3. If 1,95 € K, then U1 + 95 € K, 0195 € K, sup(V1,7s) €
IC, inf(91,99) € K. If ¥ € K, then 9° € K for every real s.

Proposition 5.4. For each fixzedt > 0, U1, ,mi k(- t) is a temperate weight
in the sense of Definition 5.1. The constants C' and m are independent of t.

Proof. We can write

If we are able to show that

Q(fa tﬁ)v Q(£7 t)7 )‘(t5>7 J<t£7 t0)7 t5 € IC,

then the proposition is proved. Let us start with A(¢¢). From (3.3) it can be
deduced that

Mera) o (Me_ (O V < pige, e, <ty

i = \aw )~
AMtetn) Altesn) . _ (n) o d
o St (5e3) - (ghy) =0t nse

Hence we conclude that A(t¢) € K with C' = 1, m = d;. We know that () € K
with €' =m = 1. Then it follows that

1/2

et = (14 32020?) €k

with constants C' and m independent of t. We also know that 1, A\(¢)?/A(t) € K
with C'=m = 0. Hence o(.,t) € K and again the constants C' and m do not
depend on t. By (3.15), (3.16), (3.17) and (5.1) we have

J<t§+177 tO)

J(tn,to) = J(tﬁ-i-natn) < ()\Ltn))) 0 < (1 n |€|)d1K0.

(el +1m)
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This gives J(te, to) € K. It remains to verify that t, € IC. In order to prove
this, we show that t;(¢) € K. From (3.7) and the mean value theorem we
deduce that

tern(€ 1) < tigm (1€l + )
=t (m) + KIS 1EL (nl < 1<) < Inl +1€])
—A
~ttn) + (S + 1) 1
<t () + il < t(m) + L] < (Ep(n) (1 + [€]).

Hence we obtain t¢(¢) € K with C' =m = 1. O

Thus, we can conclude that the space with temperate weight V1,1, vrkr =
I, L.mik (., t) is a Banach space for each frozen t > 0. It is easy to see that
then By, 1,mk K 1s a Banach space, too.

Let us list some embedding results of the By, 1,y xx—spaces into the usual
spaces C' ([0,T], H*) (and vice versa). The auxiliary results of Subsection 3.1
allow to estimate ¥(£,t) and ¥(€,0) from above and below by certain powers
of (¢). These estimates imply

C ([0,T], HM-KO-dostbutdilli=Koly @ By o
c C ([0,T], HM F-hl2)
HM—K(l—d0)+L1+d1‘L1—K0| C CL LMK C HM—K+L1/2—d1(L1+L2)
142 °

5.2 The Algebra Property

The aim of this subsection is to show that By, ;,mkk is an algebra, if M is
sufficiently large. We split the proof into three lemmata.

Lemma 5.5. Let By g be a space with temperate weight ¥(&,t). If

19(57 t)z 2
sup dn =: C5 < 00,
0 TNRs / I, 020 — 02 T

then By () ts an algebra and it holds

||U,U||B2’0(t) S Cﬁ ||u||BQ’19(t) ||U||BQ,’I9(t) ’

Proof. The proof can be found in [2]. O
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Lemma 5.6. Let the temperate weight 9(&,t) fulfil the conditions

[0,7] JR

DED) < CIE/21) W(LE) € [0,T) R,
I(&,t) = I([€], t) is monotonically increasing in |€| for each fized t.

sup/ I(n,t)"2dn =: C; < o0,

Then a constant C'y exists with

Uk .2
[o,sTl]lng/n J(n, t)*0(§ —n,1)? dn =: Cj < o0.

Proof. Let § € R" be fixed. We split R} into three parts:

A={neR":|n| > 2},
B={neR":|n <2,1§—n <Inl}
C={neR":|n <2K,E—n|>nl}

In A we have [£| < |n|/2 < |§ —n| < 3|n|/2. This gives

(&, 1)? (¢, 1)?
A I(n, 1)20(€ — m)dngﬁﬂmwwmmm“m
dn
= /A g =

In B it holds |n| > |£|/2, hence

(€ 1)? 9(E, 1)’
/B I, 00 —m 0 = /B Bz 0P0E =i

dn
<02/7<C(12.
=2 fpoe—n 2 T

And in C we have |§ —n| > |£|/2, which similarly gives

9(E, 1) ,
/c T DIE — 1 1S Gl

The lemma is proved. U

Lemma 5.7. If M s sufficiently large, then Or, 1, ik fulfils the conditions
mentioned in the previous lemma.
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Proof. The estimate V7, r,mr i (€,1) > C(&)M~EK=dL2 hag been proved above.
If M >K+dyLy+n/2, then

SUP/ I, Lo (1) "2 dn < oo,
0,7] Jry

To consider the second assertion, we distinguish three cases. If (£,t) € Zj,,(N)
and (§/2,t) € Zpyp(N), then it is clear that

M) 2T (L t0)(§) Mt < ONE)™ T (8, 10)(€/2) g

Now let (£,t) € Zyq(N) and (£/2,t) € Z,q(N). Then it is to show that

(5.2 (Q(“f)) A1)t to) (€)M

o(&,1)
Q(£/2>t£/2) = Lo MM
sc(m) Mte) I (tejost0) (€/2) 12

We have 0(£/2,t) < o(&,t) < v/20(£/2,t). From (3.3) we get
@)dl Alte) (@)d
(6 =5 ()
hence C1A(tg/2) < A(te) < Co(tej2). From this result and (3.11) follows
C{Q(£/2>t£/2> < Q(f,tg) < 059(6/27t€/2)'

Furthermore, due to (3.3) it holds

J(te;to) Alte2)\™° Altes2) \ ™

T = et < (505) < (365) =0

Finally, t¢ < t¢/o. Thus, (5.2) is proved. In the last case we have (£/2,t) €
Zpi(N) and (&,t) € Zpyp(N). Then te <t < t¢jo and, consequently,

With ()M < C(g/2)M, J(te, to) < CJ(tej,to) and te < tep we get
Q9L1L2MKK(€7t) S 19L1L2MKK(§/2,75) in this case, too.

Finally, we prove that 9,1, mrxk(€,t) is monotonically increasing in [£]. In
the hyperbolic zone, the weight can be written as

A (MR ((€)te) ™
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Because (£)t¢ is increasing in (£) (see (3.7)), we have the assertion, if M > K.
Now let us consider Z,;(/N). We can write the weight in the form

(o€ te)(E)™) ™ (At )<§>d1)L2J(t5,to)(<§>t§)K
x (M Hrdhimdib g ¢)t

From (3.14) we gain the monotonicity of the first two factors. The term
J(te, 1) is obviously increasing in (£). Due to (3.7) we know that ((¢)t)"
is increasing, too. It remains to show that the last factor r((£),t) :=
(EYM p(¢, 1)~ increases in (¢), M’ :== M — K — dyL; — d,L,. Computing
the derivative gives

Ly )

re((€),8) = Mr((€),1)(&) ™ = (€, 1))~

> 0,

From these lemmata we immediately get:

Theorem 5.8 (Algebra). Let M > max(K +diLy+n/2, K+ (di+1/2)L1+
diLs), then Br,r,mik 1S an algebra and it holds

||uv||BL1L21VIKK < Calg ||u||BL1L2MKK ||U||BL1L21V1KK
for all functions u,v from B, r,mK¥K-

Corollary 5.9 (Compositions). Let the assumptions of the previous theo-
rem be satisfied and let f(u) =3 77, fiu? be an entire analytic function with
f(0) =0. Then f maps bounded sets from Br, kK into bounded sets from
BLngMKK and it holds

£ 5, e < Clluls, o) il o

6 Existence of Solutions and Regularity

In Section 4 we have proved an energy estimate for the solutions to Lu =
f(z,t), cf. Theorem 4.3 and Corollary 4.5. The following theorem is devoted
to the semilinear case.

Theorem 6.1 (Semilinear case). Let f(u) be an entire analytic function
with f(0) =0 and let H(D,0)p € Cyk, H(Dy, 0)¢ € Crpyny. If T > 0 s
small enough and M 1is sufficiently large, then a unique local solution u of

Lu = f(u)7 u(x7 0) = (p(&:), ut('rv O) = w(x)
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exists. This solution (and its first derivatives) lie in the same spaces as the
solution v (and its first derivatives, respectively) of the linear problem

Lv=0, v(z,0)=p(z), v(z,0)=1¢(z):
Hu € Byrk, u € Bux+nyg, U € Boyorsnkk.

Remark 6.2. [t is possible to prove the same result, if the right-hand side
f(u) is replaced by f(u, Hu).

Proof. In the Banach space B := By gk X By(x+1)x We choose the closed set
MD :{(ulu u2) : u1<.§lf, 0) = H(Dmu O)QO('T), ’UQ(ZL’, 0) = ?/1(@7
[unll gy e 112l By ey < DY

If the constant D is large enough, then Mp is not empty. Then we consider
the mapping 7 : Mp — B, T : (v1,v2) — (u1,us) = (Hu,u;) with

Lu= f(v), v=H(D,t) v,
u(:c, 0) = QO(I), ut<x7 0) = 2/}(:6)

From o > 1 and A(£)(€) > Ate){€) > VNo(&,te)/C > C" we deduce that
0 < h(&t)™! < C”, which results in v € Bygg, hence f(v) € Buxx
and [|[f(V)|l 5,0 < C(D)|l0]lg,,,,- The estimate from Theorem 4.3 implies
(u1,us) € Mp if T is small enough and D is sufficiently large. Hence, 7 maps
Mp into itself. If V,V' € Mp, V = (vi,v3), V' = (v},v}) and v = H toy,
v = H '], then

1 (0) = F@) 3y e < CDY M0 =0, < CDY NV =V,

since By ik is an algebra and f is an entire analytic function. If 7V = (uq, us)
and 7V’ = (u},u)), then Theorem 4.3 implies

i = gy + 10 = Wl S ConTCD) [V = V.

If T is sufficiently small, then the mapping 7 is contractive. The fixed point
theorem of Banach gives the assertion. O

Finally, let us study the difference v — v. It satisfies
L(u—v)= f(u), (u—uv)(x,0)=0, (u—0v)(zr,0)=0.
Theorem 6.3. Under the assumptions of Theorem 6.1 it holds
H(u—wv) e Buk-1)(x-1), (u—v) € Buk-1y(x-1),

u—v € Boy(mr1)(K-1)(K—1)-
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Proof. Corollary 4.5 gives u € Boj(v41)k k- Since this space is an algebra, we
have f(u) € Boi(m+1kk- Similar to the proof of Theorem 4.3, we estimate

|H(u—v and ||(u—v In Z,4(N) it holds

)HBM(KA)(KA) )tHBM(Kﬂ)(KA)'

e, 0= D0 <C [ o€ = I(F ouTe )l ds
¢ 1/2
< Cote et ([ 1 oute s as)

From (3.11) it can be concluded that
L 2
HQ(fa ) (@ — 0)(& ) mr—1)r—1) HL2(\§\§R0(t))

<t [ [ o uTE s e o)At e de s
0 JIEI<Ro(t)
< )

||BOl(M+1)KK ’

The derivative D,(u — v) fulfils the estimate
Dol <c [ (14 (0 = M)t = S)ENI( 0 )T, 5)| ds
<ovi ( / (o uﬂs,sn?ds)l/g
+Coteonvi ([ rewte s ds)m

in the pseudodifferential zone. From (3.11) we obtain
N 2 ,
HDt(u — U>Q9M(K—1)(K—1) HL2(|£|SR0(25)) S C ||fHB]MKK
t
o[ [ oW NGO o) s
5 <Ro(t

2
S C ||fHBIVIKK + Ct2 ”fHBOl(MJrl)KK )

In the hyperbolic zone we have
AB)E(@ = 0)(E, 1) + (@ = 0)u(&, 1))
< / W(fou)Tg,s)|ds

+ (1) / (1-+ 0610t — (S w16, 5)| s

31



. 1/2
<OVt </t (f OU)Tf,S)IgJ(S,t)Qd«S)

roaten v ([ “(Foute s>|2ds)1/2
+ CJ(te, t) gtgtgf(/ (fou)T¢, )\st)m.

Making use of
L <N = A(te)(€) < Alte)tel) < VNol€, te)te
we can drop the second term on the right. Then it follows that
L 2
[AB)E (@ = 0)0nr(rc—1) -1y HL2(|§|2R0(t))

R R 2
+ H(U — 0)e¥m(r-1)(K-1) HLQ(\f\ZRo(t))
t )\(S)ZJ(S, t)2<§>2(M+1)t2K
<ct[ [ieutesr - ds de
€[> Ro(t) te Als)2(€)t2

" Ct/sm t /oté [(f 0 u) &, s)PA(te)* I (te, ) (€)* MV ds de

= Ct/ / |(f o w) T )P Ior sy i (€, 5)* d€ ds
§|>R0(t

2
< Ct ||f||BOl(M+1)KK ’

since A(s)(&)te > A(te)(€)te > A(te)(§) = N in Zyy,(N). Using the ideas from
the proof of Corollary 4.5 we deduce that u — v € Boy(a41)(x—1)(k-1)- OJ

7 An Example

In the Propositions 1.1 and 1.2, possible applications of our general approach
to special weakly hyperbolic Cauchy problems have been explained. Let us
now illustrate in detail the results of this paper by an example. In [4] the
Example of Qi Min-You has been extended to Cauchy problems of the type
Lv = vy + ctvg — at® vy, — blt o, = 0, leN, [>1,
v(z,0) = p(z), v (z,0)=0.
The ansatz v(z,t) = S5, CptHVRFo(x + pt*1) leads to

—l(l+1)p+bl 1 5
_ V14
2+ 12u+(+ne "M2T a1 (” ot a)
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This gives

l < - 2b+ ¢ )
mio=—F— | — — .
BT+ 1) VT da

Let us assume that the constants [, a, b and ¢ are chosen in such a way that m;
is a positive integer and that m; > ms. It is not possible that both numbers
my and my are positive integers, because my + mg = —l/(I + 1). Under this
assumption, singularities of the datum ¢ propagate along one characteristic
only and the loss of Sobolev regularity is mq; that is, ¢ € H*(R) implies
v e C(R, H*"™(R)) and these are the sharp spaces.
Let us now apply the general theory developed in this paper. We have

§ {NS

b(E 1) = b = e
(6.0) =brgr, el6:1) = gerr

e =en( f 5505 (14 7a5) ) = G
te=0((©7), At =0 ((&)77).
This implies for the weight Uk (€, 1):

h(€,0)0ri(€,0) = 0(€, te) I (te, o) (€)M tE
e (<§>M—>(ﬁ')—) ,

a(§,t) = a,

Inicic(€,8) = J(t,t0) (E)MEE = O((€)M 1)

if t > 0 is fixed and (£) is large. It is known that [[Hv|p . <
C|H(Dz,0)¢ll¢,,,.» Where H is an operator that behaves like A(t)0, if t > 0
is fixed. Then our theory says that the loss of Sobolev regularity is

l ( |+ 12b + ¢ )
20+ 1) NEEwr A
But this value is exactly mj. In other words, the results of this paper are
sharp in the case of this linear model problem.

However, our theory says more, namely that the solution u of the semilinear
problem

Lu = f(u) = ijuj, u(z,0) = @(x), w(x,0)=
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has the same regularity as v, and that the difference v — v has higher reg-
ularity than v and v. The difference in the regularities is described by
tet = O0((&)VED), of. Theorems 6.1 and 6.3. Summarizing, we have

u,v e C([0,T), H ™ [R)), u—veC([0,T], H~™H/EHD(R))

if T' > 0 is sufficiently small and s is sufficiently large.

This allows to draw some conclusions about the propagation of singularities.
Let us assume ¢ € H*(R) and ¢ € C°(R\ {z¢}). From the explicit represen-
tation of v(x,t) we know that the singularity of ¢ at the point zy propagates
along the characteristic

C={(z,t): x+ ut"™ =z}

The function v is smooth in the complement set of this characteristic. From
the above statements we get that

() # sing—supp gs—my+< (v(., t)) = sing—supp grs—m +< (u(., 1)),

if0<t<Tand0<e<1/(l+1). In other words, u has H*™ singularities
on C. The function v may have singularities away from C, but these are
weaker, at least of order 1/(l + 1). The strongest singularities of u coincide
with the singularities of v.

Remark 7.1. The results tell us that mild singularities of solutions to semi-
linear equations propagate in the same way as the singularities of solutions to
linear equations. The linear case has been studied, e.g., in [10] and [1].
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