Sharp Energy Estimates for a Class
of Weakly Hyperbolic Operators

Michael Dreher and Ingo Witt

Abstract. The intention of this article is twofold: First, we survey our re-
sults from [19, 20] about energy estimates for the Cauchy problem for weakly
hyperbolic operators with finite time degeneracy at time ¢ = 0. Then, in a
second part, we show that these energy estimates are sharp for a wide range
of examples. In particular, for these examples we precisely determine the loss
of regularity that occurs in passing from the Cauchy data at ¢ = 0 to the

solutions.
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1. Introduction

This article is devoted to the study of the Cauchy problem for certain degenerate
hyperbolic operators. These operators, P, are either first-order, N x N, pseudo-
differential systems,

(1.1) P=D; - A(t,z,D,), AecC>((0,T],0pSY),

or higher-order, scalar, pseudodifferential equations,

(1.2) P=D"+Y aj(t,z, D)D", a; € C((0,T],0pS5Y),

j=1

where S’gl = Sgl(R” x R™) is the space of jth-order classical pseudodifferential
symbols. The precise assumptions as t — +0 are stated in (1.7), (1.8) below. (Note
that the interval (0,7] is open at ¢ = 0.) In particular, the symbols A(t, z,£) and
a;(t, z,§), respectively, are smooth up to ¢ = 0. Differential operators in this class
are of the form

P= Y aultmy e i
jt+lel<m
where ajo € Cp°([0,T] x R™) for j + || < m, y© = max{y,0} for y € R. Some
examples are discussed, e.g., in Sections 1.2.1, 3.1.

1.1. Well-posedness of the Cauchy problem

For most function spaces, X, hyperbolicity is a necessary condition for the Cauchy
problem for the operator P to be X well-posed. Thereby, the operator P is said to
be hyperbolic if all its characteristic roots, i.e., the roots 7;(t, z, §) of the equation
det(t1y —o'(A)(t, 2,€)) = 0and 7™ + 377", 07 (a;)(t, =, &)™/ = 0, respectively,

are real. Here, 07 (a) denotes the principal symbol of a € Sgl.



Sharp Energy Estimates 3

It is known that in order to ensure X well-posedness of the Cauchy problem
for the operator P, additional assumptions — besides hyperbolicity — have to be
made, usually depending on the function space X.

If X = A(R™), the space of analytic functions, then the Cauchy problem for
differential operators P (not necessarily hyperbolic) is always well-posed, for the
initial hypersurface ¢ = 0 is non-characteristic for P.

If X = G*(R™), the Gevrey space of index s, and 1 < s < m/(m — 1), then
hyperbolicity is a necessary and sufficient condition for the well-posedness of the
Cauchy problem for scalar operators (1.2), see BRONSTEIN [9], HORMANDER [24],
Ivril [29], KAJITANI [37], KOMATSU [40], NISHITANI [51]. A similar result holds
for first-order systems.

The famous Lax—Mizohata theorem states that hyperbolicity is a necessary
condition for the C'*° well-posedness of the Cauchy problem for differential oper-
ators as above, see LAX [42], MIZOHATA [49)].

Hyperbolicity, however, is not a sufficient condition, as will be seen below.
Sufficient conditions are, e.g., strict hyperbolicity (the characteristic roots 7; (¢, z, §)
are distinct) and symmetric hyperbolicity (the matrix o!(A)(t, z,€) is Hermitian),
see LERAY [43], PETROVSKY [58].

The situation is delicate for non-strictly hyperbolic operators, so-called weakly
hyperbolic operators; and many questions have been remained open until now.
Roughly speaking, there are two effects causing ill-posedness of the Cauchy prob-
lem: First, oscillations in the coefficients can occur and, secondly, the lower-order
terms play a crucial role. In COLOMBINI-SPAGNOLO [14], e.g., an oscillating func-
tion a € C*([0,T];R), a(t) > 0, has been constructed for which there are data
ug, u1 € C°(R) such that the Cauchy problem

u(t, ) — a(t)ugy (t,z) =0, (t,2) € (0,T) x R,
{ uw(0,t) = up(z), u(0,2) =ui(x)

has even no distributional solution u. Several examples of ill-posed Cauchy prob-
lems for hyperbolic first-order systems with oscillating smooth coefficients have
been given by MATSUMOTO [46].

Concerning the influence of the lower-order terms for hyperbolic first-order
systems, we mention the results by NISHITANI [54], who has studied hyperbolic
operators of the form D, — A(t,x)D, + B(t,x) with analytic 2 x 2 matrices A
and B; and who has given necessary and sufficient conditions for the C'*° well-
posedness, formulated in terms of certain Newton polygons. For related results,
see NISHITANI-VAILLANT [55], VAILLANT [71], and the references therein.

One of the earliest examples of ill-posedness for a second-order operator is
due to GEVREY [21]: The non-characteristic Cauchy problem for the side-reversed
heat operator 97 — 9, is not well-posed in G*, s > 2. Moreover, this Cauchy
problem is neither well-posed in C'* nor in the Sobolev spaces H?.

Conditions on the lower-order terms that guarantee well-posedness in a given
function space, X, are called Levi conditions, see LEVI [44, 45]. For large classes of
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hyperbolic operators, Levi conditions for G* with s > m/(m—1) and C* have been
given by COLOMBINI-ISHIDA—ORRU [11], COLOMBINI-JANNELLI-SPAGNOLO [12],
COLOMBINI-ORRU [13], HORMANDER [25], ISHIDA—YAGDJIAN [27], IVRII [30, 31],
IvrIiI-PETKOV [33], and OLEINIK [56].

For the model operator

P=D? D2 +b(t)t*"D,, k, 1€ Ny,
where b(0) # 0 and b is sufficiently smooth, these conditions are as follows:

e k <l—1: The Cauchy problem is well-posed in G* if 1 < s < (21—k)/(I—
k —1). This bound on s is sharp.

e k=1—1: The Cauchy problem is well-posed in G°, C*°, and the scale of
Sobolev spaces H?, however, with a certain loss of regularity in the latter
case. For more about this, see also this article.

e k > [: The Cauchy problem is well-posed in G*, C°°, and the scale of
Sobolev spaces H®, now without any loss of regularity.

1.2. Degenerate differential operators

In this paper, we will be concerned with the case k = [ —1 — in our understanding
this is the most interesting one. Henceforth, [ will be denoted by I,.

As noted above, the main example for an operator in the class under consid-
eration is the mth-order, scalar, hyperbolic differential operator

(1.3) P = Z aj(t, ) t(j+(l*+1)|a\—m)+Dng’

jtlalsm
where ajo € C°([0,T] x R™), with principal symbol
(1.4) o™ (P)(t, w7, 8) = [ (7 =t pn(t, ,€)) -

k=1

Here, the s, € C°°([0,T]; SM) are real-valued, where SU) = SU)(R” x (R™\ 0)) is
the space of pseudodifferential symbols that are positively homogeneous of degree
j in € # 0. In the notation of (1.2),

al-NT ca
(15) aj(t)myé-) = Z a/m—j7a(t7x)t((l*+1)‘ I .7) é’ X

lo<j

The operator P is weakly hyperbolic, for its characteristic roots 74(t,z,&) =
th ug(t, , €) coincide at ¢ = 0.

Operators of such structure — given by (1.3), (1.4) — will be investigated
in detail in this paper. They exhibit two phenomena attracting our attention:
The loss of regularity and a non-standard propagation of the singularities under
favourable circumstances. Generically, a singularity coming along one null bichar-
acteristic from, say, t < 0, continues to propagate along all its m connecting null
bicharacteristics in ¢ > 0 after it has passed over t = 0. It is a discrete phenome-
non when this complete branching does not occur, i.e., when at least one of the m
branches in ¢ > 0 is missing in the propagation picture.
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1.2.1. A FIRST EXAMPLE Both phenomena have been observed in the following
example by QI [59]. It will be generalized in Section 3.1 below:

Ugt — t2Uge — (4k + Dug, =0,  (t,z) € (0,T) x R,
(16) { u(0,2) =uo(z), u(0,2) =0,

for some k € Ny, with explicit solution representation
g 2j ,(4) t2
ut,x—gc»tju T , ¢ 0.
( ) =~ Jk 0 ( + 2) Kk 7

One sees that the solution w has k derivatives less as compared with the initial
data up, and that the family of characteristics x — t2/2 = const traveling to the
right has disappeared. Note that the number & in (1.6) can indeed be any real
number, or even be a smooth complex-valued function k = k(t,x). In these two
cases, however, the singularities generically do not propagate in the exceptional
manner just described; but we still have a loss of regularity of |[Rk(0, z) + 1/4|—1/4
derivatives at time t = 0 and spatial point x, as our calculus clearly reveals. In
particular, the loss of regularity is a Lipschitz function of x, but may fail to be C!.

1.2.2. MAIN TOOLS Our approach in treating the operator P from (1.3), (1.4)
consists in converting it into an equivalent first-order, m x m, pseudodifferential
system and then to diagonalize the latter as far as it is needed. This is why we
consider systems of the form (1.1). The system resulting from converting P has
necessarily to be pseudodifferential, since for first-order differential systems in the
class under consideration it can be shown that no loss of regularity occurs — hence
such a system cannot be equivalent to P.

Therefore, we establish a calculus for a class S™"* of pseudodifferential
symbols a(t, z, &) on [0, T] x R?", where m, n € R are the parameters involved and
the function A(t) = ' is to fix the kind of degeneracy at ¢ = 0 under consideration.
In case m = 7, this class of pseudodifferential symbols a(t,z,&) expresses the
degeneracy at t = 0 of the principal part of the operator from (1.1) and (1.2),
respectively, as well as Levi conditions on the lower-order terms in a very precise
manner, see (1.7), (1.8). The case m # 7 is needed to formulate the hyperbolicity
assumption, see (2.11). The classes S™"* are introduced with the help of two
weight functions g(t, ), h(t,€), see (2.3) and Definition 2.1.

The diagonalization procedure requires two steps: In fact, after a first step the
principal part of the operator A(t, z, D, ) from (1.1) has become diagonal. Then a
second step that up to lower-order terms effects the operator A(¢,x, D,) only at
t = 0 proves to be necessary in order to read off the precise loss of regularity. Ac-
cordingly, we single out a subclass SmamA < §mmd of pseudodifferential symbols
a(t,z, &) possessing a principal symbol ¢ (a) as usual and, in addition, a subor-
dinated secondary symbol 6™~ (a). Both symbols o1 (A)(t, z, &), %1(A)(z, &) in
case of (1.1) parallel the diagonalization procedure. For more details, see Defini-
tion 2.6 and thereafter.
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We complete our assumptions as ¢ — 40 in (1.1) and (1.2), respectively: In
(1.1), we shall assume that

(1.7) A(t,z,D,) € Op SH1A
while, in (1.2), we shall assume that
(1.8) a;(t,r,D;) € Op SH7A 1< j<m.

It is important to note that the differential symbol Z\alﬁj G (t, )€, where a, €
C2([0,T] x R™) for |a| < 4, belongs to the symbol class S if and only if

(1.9) Ga(t,z) = tADll=DT g (¢ 2)

for certain aq (¢, z) € Cp°([0, T] x R™). In this sense, (1.7), (1.8) express sharp Levi
conditions on the lower-order terms of (1.1) and (1.2), respectively.

1.2.3. OTHER APPROACHES AND FURTHER RESULTS Some authors have con-
structed parametrices for the hyperbolic operators P from (1.3), (1.4), see Ku-
MANO-GO [41], NAKAMURA—-URYU [50], TANIGUCHI-TOZAKI [69], Y OSHIKAWA
[74]; see also ALEKSANDRIAN [1], YAGDJIAN [73] for related results. In AMANO—
NAKAMURA [4], these parametrices have been exploited to classify the exceptional
cases for the propagation of singularities, with an explicit description for m = 2.
The energy method for operators in the class has been developed by KuMANO-
GO [41], NISHITANI [52, 53], among others. A relation to Stokes phenomena and
hypoellipticity of certain associated operators has been established by AMANO—
NAKAMURA [3], REISSIG-YAGDJIAN [60], SHINKAI [66].

The case m = 2, [, = 1 is of particular interest. The Cauchy problem for the
operator P + @ is then C'* well-posed for any first-order differential operator @
with smooth coefficients, see (1.3); one says that the operator P is regularly hyper-
bolic. Regular hyperbolicity on the level of the principal symbol has been charac-
terized by IVRII-PETKOV [33] (necessary conditions) and by IVRII [32], IWASAKI
[34], MELROSE [48] (sufficient conditions). Pseudodifferential calculi for a treat-
ment of such operators have been introduced by BOUTET DE MONVEL [6], JOSHI
[36], SIOSTRAND [67], WITT [72], and others. Operators with non-involutive char-
acteristics and propagation phenomena have been further studied among others
by ALINHAC [2], BOUTET DE MONVEL-TREVES [7], BOVE-LEWIS—PARENTI [8],
IVvRII [28], KAJITANI-NISHITANI [38], MELROSE [47]. The question on the propa-
gation of singularities in this special case has finally been settled by HANGES [23],
who has given a symplectically invariant condition for a complete branching of
singularities to do not occur.

Semilinear problems connected with the operator P from (1.3), (1.4) have
been investigated by DREHER—REISSIG [17], DREHER—WITT [19], IWASAKI [35].

1.3. Notation

Here, we list notation that will be used in the sequel. Note that the positive integer
l. € Ny is fixed throughout this paper:
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At) = th — characterizes the kind of degeneracy
under consideration at time ¢ =0
B = 1/(ls+1) — constant
At) = [o ) at —  primitive of A(t)

(€) = A+eP)?
() = (K +[¢*)'?

H*@) = H3@)(R™) — Sobolev space of variable order for
s € Cg°(R™;R), see (2.1)
He3@A = [s3@A((0,T) x R*) — function space of Sobolev type for

s € R, § € Cg°(R™;R), see Defini-
tions 2.2 and 3.8

Sgl = Sgl (R™ x R™) — space of jth-order classical pseudo-
_ _ differential symbols
Sis = S 5R" xR") — space of jth-order pseudodifferent-
ial symbols of type 1,0, where 0 <
o<1
SU) = SUNR™ x (R™\ 0)) — space of pseudodifferential symbols

which are positively homogeneous
of order j in £ #0

S — symbol class, see Definition 2.1
SmamA — symbol class, see Definition 2.6
ST’"”\ — symbol class, see Definition 4.7
o™(a) = o™ (a)(t,z,§) — principal symbol of a € 577
M=t (a) = ™ 11(a)(x,§) — secondary symbol of a € S
x(t) — cut-off function at t = oo, ie., x €

C®Ry), 0 < x < 1, x(t) = 0if
t<1/2,and x(t)=1ift>1

T, €6 = x(A(){©) — cuts into the hyperbolic zone
(t,€) = x(A®)(&)K)
(t,8) = 1—xT(t,¢&) — cuts into the pseudodifferential zone
g = g(t¢) — see (2.3)
h = h(t,€) — see (2.3) and (4.5)
RQ = (Q+Q%)/2 — real part of the matrix @, self-
adjoint part of the operator @
IQ = (Q —Q*)/(29) — imaginary part of the matrix @,

antiself-adjoint part of the operator

Q
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Mynxn(C) — space of N x N matrices with com-
plex entries
1y — N x N identity matrix

2. Formulation of the results

In this section, our main results are stated. Beforehand, however, we provide fur-
ther motivation.

2.1. Motivation and plan of the paper

2.1.1. QI's EXAMPLE REVIEWED We now come back to Qi’s example (1.6) and
utilize it to explain typical features and difficulties connected with our approach.
This approach consists of two components: A calculus for a class of pseudodiffer-
ential operators generalizing (1.5) and an adapted scale of Sobolev-type function
spaces. These function spaces are most appropriate for the hyperbolic operators
under consideration in so far as they allow energy estimates including a sharp loss
of regularity.

In case of problem (1.6) with k € Ny, we already know that ug € H*t*(R)
implies u € H .((0,T) x R). Therefore, we are looking for Sobolev-type function
spaces whose elements exhibit H* regularity for ¢ > 0, but (essentially) H***
regularity at ¢ = 0 via a trace theorem.

Moreover, we can consider the Cauchy problem (1.6) also with initial data
w(0,2) = up(x), ut(0,2) = ui(x). A different representation of the solution (to be
discussed in Section 3.1 below) then tells us that ug € H5*(R), uy € HtF—1/2(R)
provides a solution v € H{ ((0,7) xR). This is unexpected inasmuch as one would
expect that the orders of regularity of ug and wu; differ by 1, as is the case for the
wave equation case. Of course, we wish our function spaces to reflect this particular
feature.

There is more about the loss of regularity: Consider (1.6) again, but now with
a smooth function k = k(t, z) satisfying k(0,x) > 0, x € R™, that takes the differ-
ent integer values k1 # ko in a neighbourhood V; of (0,z1) and a neighbourhood
Vs of (0, z2), respectively. By virtue of the local uniqueness of the solution u, we
have

k
p o 42

) =Y et (45 ), o eV p=12
7=0

on certain smaller neighbourhoods Vp’ C Vp. One can see that the loss of regularity
at the different points (0,21) # (0,z2) differs. One then guesses (in fact, we are
going to prove this below) that the Cauchy problem (1.6) with initial data wug
belonging to the Sobolev space H*t*(:#)(R) of variable order s + k(0,z) has a
solution v € H{ ((0,T) x R). Here,

(2.1) HHHOD(R) = (Do) "O0) 2R,
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where the parameter K > 0 is chosen large to ensure the operator (Dm>?k(0’m)

with symbol (K + |¢]?)FF0:2)/2 be invertible on S'(R).

Our main results are stated in Theorems 2.5, 2.7, 2.8, 2.9, and 2.10. To let
the reader to get acquainted with them, we now describe these results as applied
to the operator P from Qi’s example (1.6), where k = k(¢, ) is a smooth function
satisfying k(0,z) > 0, x € R™.

To begin with, we postulate function spaces H*%®)*((0,T) xR), where s € R
is Sobolev regularity for ¢ > 0 with respect to space-time, §(z) = 2k(0, x) is related
to the loss of regularity at the point (0, ), and A(t) = t is as above (I, = 1), where
these function spaces possess the following properties:

o HYOONOT) xRy g, o = HY(TT) < B) for all 0 < T/ < T,

o H#®A((0,T) x R) € H*((0,T) x R) provided that §(z) > 0,
e For 0 < j < s—1/2, the trace map 7;: u — Diu\t:o maps the function
space H*@)A((0,T) x R) onto H5H(@)=i/2=1/4(R),
Further properties of these spaces as well as details of their construction will be
discussed in Section 3.4 (for the special case that 6 € R is independent of x) and
Section 4.4 (for general 6 € C;°(R™; R)).
The Cauchy problem
{ Ust — Puge — (4k(t, 2) + Dug = f(t,2),

(2.2) w(0,2) = uo(x), u(0,2) = uy(x)

is well-posed in the scale { H*2(®)}((0,T) x R) | s> 0} in the following sense:

e Foru; € HTO@)/2=i/2(R), j = 0,1, and f € H5~ 0@+ ((0,T) xR), the
Cauchy problem (2.2) possesses a unique solution v € H59@)3*((0, T) x R),

e The choice 6(z) = 2k(0,2) > 0 is optimal; the statement in the previous
item becomes false if §(zg) < 2k(0, z¢) for some zg € R,

e The solution u is locally unique in H®)A((0,T) x R).

2.1.2. PLAN OF THE PAPER In the next section, Section 2.2, we state our main
results. To formulate these results, we need to introduce the basic function spaces
H9@A((0,T) x R™) as well as the symbol classes S™* and S™ ", respectively.
In Section 3, we discuss the example of a second-order, scalar operator P with
coefficients that are independent of z € R™ (m = 2). This case is treated by Fourier
transformation with respect to z, followed by dealing with the resulting family of
O.D.E. on the half-space Ry (with variable ¢) depending on the parameter £ # 0.
The symbol classes S""*, ™%X and the function spaces H*°@)i*((0,T) x R™)
mentioned above are thoroughly studied in Section 4. Note that a specific role
is played by the “shift operator” ©, that is introduced in (4.4). A treatment of
© enforces us to enlarge the symbol class S™7 to S_T’";A
Section 4.4. Our main results are then proved in Section 5.
Compared to DREHER-WITT [19, 20], the representation is now enhanced in
several respects. Furthermore, Theorems 2.9 and 2.10 stating local uniqueness of

, which is done in
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the solutions and sharpness of the energy estimates, respectively, are new results
not contained in previous publications.

In Appendix A, we collect and prove some auxiliary material, while, in Ap-
pendix B, some open problems are listed.

2.2. Main results

Already here we formulate our main results, although part of the motivation, in
particular, for the introduction of the symbol classes S™5* in Definition 2.1 and
SLLA in Definition 2.6 will be given only in Section 3.

In BOURDAUD—REISSIG-SICKEL [5], COLOMBINI-ISHIDA [10], ISHIDA—YAGD-
JIAN [27], KAJITANI-WAKABAYASHI-YAGDJIAN [39], REISSIG-YAGDJIAN [61],
YAGDJIAN [73], the approach to weakly hyperbolic operators with time degen-
eracy at time ¢ = 0 is based on dividing the (¢, ) strip [0, 7] x R™ into two zones:
The pseudodifferential (or inner) zone Z,q given by A(t)(¢) < 1 and the hyperbolic
(or outer) zone Zpyp, given by A(t)(¢) > 1. This reflects the fact that the microlocal
properties of the operators under consideration are different in these two zones.
Our approach is based on weight functions. A careful analysis, e.g., in Section 3.1,
shows that one should employ the following two weight functions:

3(t,€) = (O + A,
h(t,€) = (t+ ()77
We have g € SV1A, h € SOUA but g ¢ SLLA ¢ SOLA T order to stay within
the smaller symbol classes, we will change g(¢, &) for g(¢,&) and h(¢,€) for h(t,£):
{ g(t,€) = X (£, ()" +xT (£, OA)(E),
h(t,€) = x~ (£, +x (&)t
which does not effect the symbol estimates in Definition 2.1.

We then consider the Cauchy problems for first-order pseudodifferential sys-
tems

(2.4) { DU(t,x) = Alt,@, Do)U(t,2) + F(t,z), (t,x) € (0,T) x R,

(2.3)

U(0,z) = Uo(x)

and for mth—order, scalar, pseudodifferential equations

25) Du(t,x) + iaj(t,m,Dz)Dln_ju(t,x) = f(t,z), (t,z) € (0,T) x R",
2.5 =1

Dlu(0,2) = uj(z), 0<j<m-—1.
Here, U, Uy, and F are N vectors and A(t,z,€) is an N X N matrix symbol

belonging to the symbol class S™* as in (1.7), and u, uj, and f are scalar

functions and the a;(t,z,£) are scalar symbols from the symbol class S77*, as in
(1.8).
These symbol classes are defined as follows:
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Definition 2.1. For m, n € R, the symbol class S™ " consists of all functions
a € C([0,T] x R?"; M n(C)) such that, for each multi-index (4, a, 3) € N12n,
there is a constant C,3 > 0 with the property that

(26) 00307 alt, 2, €)| < Crap 9(t, €)™ h(t, €)"~ "+ (€)1
for all (t,z,€) € [0,T] x R2".

The parameter m counts powers of gh~1 ~ 1+ A(t)(£), while the parameter
n counts powers of (t + (¢)7%+)~1. In particular,

ST C C%((0, T S7),
while, for j =0,1,2,...,
& a(0,x,€) € S£t70+j)ﬁ* when a € S™"A,

Note also that C°°([0, 77, 57%) C §mm-F1:x,

Next, we introduce the function spaces H*%*((0,T) x R™):

Definition 2.2. For s € Ny, § € C;°(R™;R), and T > 0, we define the function
space H*%*((0,T) x R™) by the finiteness of the norm

S

1/2
(2'7) ||u||HSw5(w>:>\((07T)><]Rn) = <ZT21_1/0 H@sl D,lfu HL2 (R™) dt) ,

=0

where
O4(t) = (gs_lh(sJ“s)l”‘)(t,yc,DI)7 0<I<s.

For general s € R, § € C°(R™;R), the function spaces H*%*((0,T) x R") are
defined by interpolation and duality.
Details of this construction can be found in Sections 3.4 and 4.4.

We now discuss the well-posedness of the Cauchy problems (2.4) and (2.5)
in the scale of function spaces H**@)i*((0,T) x R™): For the mth-order, N x N
matrix, pseudodifferential operator

P= Dm+ZA (t,z, D)D",
Jj=1

where A;(t,z,D,) € Op S99 for 1 < j < m, we consider the Cauchy problem

PU =F(t,z), (t,xz)€ (0,T)xR",
{ DIU(

(2.8) .
0,z) =Uj(z), 0<j<m-—1.

Definition 2.3. (a) For s € Ny, § € Cp°(R™;R), the Cauchy problem for the oper-
ator P is said to be (s, d(x))-well-posed if, for all U; € Hs+m+8-0@)l-=Fj—1(Rn),
0<j<m-—1,and F € H>*@+m=1A((0,T) x R"), problem (2.8) possesses
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a unique solution U € H*Tm~19@)3A((0,T) x R™). Moreover, this solution U is
subject to the estimate

s+m—1
2
(29) Y P Osrm-1a(B)DIU )| 72 g
1=0
m—1
5 2

<C Z ||U_jHHs+m+ﬁ*6(ac)l*7[9*1'*1(]1%") + 1 ||F||H5v5<m>+m*“((O,t)X]R")

=0

for all 0 <t < T, where the constant C' = C(s,d,T) > 0 is independent of U;, F.
(b) For § € Cp°(R™;R), the Cauchy problem for the operator P is said to be
d(x)—well-posed if it is (s, d(z))—well-posed for all s € Ny.

We obviously have the following result:

Lemma 2.4. (a) If the Cauchy problem for the operator P is (s,d(x))~well-posed,
then we have the estimate

2
(210) [T Ipessistors (o) iy

m—1

2 2
<C Z ||Uj||Hs+m+ﬁ*6<z)l*—ﬁ*j—l(Rn) + 17 HF”HS«‘S(IHW*L)\((0,T)><]R")
j=0

(b) If the Cauchy problem for the operator P is §(x)—well-posed, then estimate
(2.10) holds for all s > 0, with suitable constants C = C(s,6,T) > 0.

Assuming symmetrizable hyperbolicity for (2.4), we have:

Theorem 2.5. Assume the symbol A(t,z,&) € SH1* in (2.4) is symmetrizable-
hyperbolic in the sense that there is an N x N matric M € S%%* such that
|det M (t,z,£)| > ¢ for || > C and some C, ¢ > 0 and

(2.11) X(IE1/20) S(MAM 1) € $019,

for the cut-off function x(t) see Section 1.3. Then, for each s > 0, there is a
function 6 € Cp°(R™; R) such that (2.4) is (s, 6(z))-well-posed.

This statement can be refined to §(x)-well-posedness — including a sharp
upper bound on § — if we assume the symbol A(¢, x,€) is composed of two homo-
geneous components and a lower-order remainder:

Definition 2.6. For m, n € R, the symbol class SmamiA consists of all functions
a € C>([0,T] x R?") of the form

(2.12)  a(t,z, &) = xT(t, )t (ao(t, x, tl*+1§) + a1 (t, x, tl*+1§)) + as(t, x,§),

where
ap € C=([0,T); S™), ay € C=([0,T]; S 1),
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and ay € S™T2mA 4 §m=Lin—LA With a(t,2,€) as in (2.12), we associate two
homogeneous symbol components,

o™ (a)(t,x,&) =t " ag(t, x, t'T1E) € ¢TI C([0,T]; 50,
5™ (a)(x,€) = ar (0,2, €) € Y.

Note that each symbol a(t, z,£) of the form (2.12) does belong to the symbol
class S™* i.e., we have S™MA ¢ §MmA,
Ezample. Consider Eq. (1.6) with k = k(¢,z) and introduce the vector U(t,x) =
(g(t, Dy)u(t, ), Dyu(t, z))t. Then U solves the 2 x 2 first-order system

DU (t,z) = A(t,z, Dy)U(t, )

for a certain A € S5, where

At =0k (] ). @9 == (4o me o)

[
Theorem 2.7 (DREHER-WITT [20, Theorem 1.1]). Let A € SU5A, where
O'l(A)(t,Llj,g) = )\(t)|£‘A0(t,£L',§)7 6-011(14)(1‘75) = 711*‘41(05‘1’56)7
Ag € C=([0,T];8®), A; € SO, Assume A(t,z,£) symmetrizable-hyperbolic in

the sense that there is a symbol Mo € C°°([0,T]; S©) satisfying | det Mo(t, x, €)| >
c for £ # 0 and some ¢ > 0 such that the matriz

(2.13) (Mo AgMy 1Y) (t, x,€) is Hermitian

for all (t,z,£) € [0, T] xR" x (R"\0). Let M; € S be an arbitrary N x N matrix
and 6 € Cg°(R™; R) satisfy

(2.14) R (MoA1 Myt + [MiMy ', Mo Ao My t]) (0,2,€) < 6(2)1n,

for all (z,§) € R™x (R™\0), where [-, -] denotes the commutator of matrices. Then
the Cauchy problem (2.4) is 6(x)-well-posed.

Under these assumptions, Theorem 2.5 is applicable, where the symmetrizer
M can be chosen to belong to Op S%%* and satisfy

o (M)(t,x,€) = Mo(t,2,€), & "O(M)(x,&) = —il,|¢|" Mi(t, 2, ).

When applied to the mth-order, scalar, differential operator P from (1.3),
(1.4), we infer from Theorem 2.7:

Theorem 2.8 (DREHER-WITT [20, Proposition 5.6]). Let § € Cy°(R™;R) satisfy

z &p + §Rq
(2.15) 5(z) > sup sup <— %) (0,2, un(0,2,5),8),
1<h<m €40 o

where p(1) = p(t,x, 7,€) is the compressed principal symbol of P,
(2.16) p(t,z,1,&) = Z o (t, 2)T7 €™

jtlal=m
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q(1) = q(z,7,€) is (up to the factor il ') the secondary symbol of P,
q(-T, T, 6) = ll*_l Z Ajo (07 I)Tjgaa

j+lal=m-—1,
|a|>0

and the 1, = tl*uh for 1 < h <m are the characteristic roots of P.
Then the Cauchy problem (2.5) is 6(x)-well-posed.

In order to study the local uniqueness, we introduce local versions of the
function spaces H*?@)X((0,T) x R™): For Q C (0,7) x R" being an open set, the
function space H*®)*(Q) is defined as the space of restrictions of functions from
H*@X((0,T) x R™) to Q; and it is equipped with the infimum norm.

Theorem 2.9. Let P be the mth-order partial differential operator from (1.3), (1.4)
with characteristic roots Tj = t'* u;, where the u; are real and distinct,

|:uj(taza§)7uk(t7x7£)|ZC|§|5 ]#ka c>0.
Let the function 6 € Cg°(R™; R) satisfy condition (2.15) of Theorem 2.8. Further
let Q C (0,T) x R™ be open such that its closure Q is a neighbourhood of (0,0) in
[0,T] x R™. Set Qg := QN {t=0}.
Under these assumptions we have that if the function u € H™= @3N Q) s
an energy solution to

Pu(t,z) =0, (t,x) €,
Diu(0,z)=0, z€Qy, 0<j<m-—1,

then uw =0 in a certain open set Q' C Q, where Q' is a neighbourhood of (0,0) in
[0, 7] x R™.

Upon a suitable choice of the matrix M; € S (2.14) provides an optimal
lower bound for 6(z) in a number of cases. Here, this is exemplified for the scalar
operator P from (1.3), (1.4), where we assume strict hyperbolicity for ¢ > 0. For a
discussion of other cases, see DREHER—WITT [20, Section 5]. (Note that, in general,
the lower bound for §(z) is a Lipschitz function in x, but may fail to be C'!, while
d € Cy°(R™;R).)

Theorem 2.10. Suppose that D, — A is strictly hyperbolic fort > 0 in the sense that

A € SUBA and the characteristic roots Ti(t,x, &) = t'u;(t,x,€) of the principal
part 71y — ot (A)(t, x,€) are real-valued and satisfy

(2.17) i (t, 2, &) — i (t, x,8)| > clél, j#k, ¢>0.

Then there are symbols v; € SLEA 5 =1,... N, which coincide with the eigen-
values of
o (A)(t, 2, ) + 7167 (A)(,6), A)(€) = C,
for some large C' > 0 and which possess the following properties:
(a) If a function § € Cg°(R™;R) satisfies

R(ie™ () (@,§) < 0@, (2,€) €R™ x (R™\0),
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for all1 < j < N, then the Cauchy problem (2.4) is 6(x)-well-posed.
(b) If 6 € Cy°(R™;R) and
§R(i5'071(Vj>)($07§0> > 5(1:0)1*
for some j and some (xo,&) € R™ x (R™\ 0), then the Cauchy problem (2.4) is
not (0, 6(x))-well-posed.

3. A model case

To motivate our considerations later on, we first consider the Cauchy problem for
the operator P from (1.3), (1.4) in the special case that P is of the second order
and its coefficients are independent of x € R™:

Pu(t,z) = f(t,x), (t,x) € (0,T)xR",
(3.1) { w(0,z) = uo(z), Diu(0,z) = ui(z),

where

(3.2) P= Dt2 + Qi)\(t)Cj(t)DtDj - i )\Q(t)ajk(t)DjDk

j=1 k=1
— iy N ()b;j(t)D; + co(t) Dy,
j=1

ajk, ¢; € C([0,T];R), and b; € C°°([0,T]). We shall assume hyperbolicity for P:
2

S |+ D appgge > aolé?,  (t,€) € [0,T] x R™,
j=1 jk=1

for some ag > 0. This special case is comparatively easy to analyze, since Fourier
transform with respect to z turns (3.1) into a family of ordinary differential equa-
tions with parameter £ € R™. For the complete derivation, see DREHER—WITT [19].

3.1. Taniguchi—-Tozaki’s example

The following example by TANIGUCHI-TOZAKI [69], with n = 1, is particularly
instructive:

23 Pu= (D? = \2(t)D? —iN(t)bD,)u =0, (t,z) € (0,T) x R,

(3:3) { w(0,2) = up(x), u(0,2) =ui(x),

where b € R. The Fourier transform a(t,§) = F,—¢{u(t,z)} of the solution u is
given by

B.(1-b)

ﬂ<t,£)=e‘iA<f>51F1( 5 l*,ﬁ*l*;m(t)&) o ()

+ te”MOE Ry <M + B, B (ls + 2); QiA(t)f) 41(6),
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where 1F1(«,~; 2) is the confluent hypergeometric function. It behaves asymptot-
ically like

1F1(Oé, s Z)

_ F(V) eiiwaz—a + m eZ2¥ & O(lzl—a—l 4 |Z|o¢—'y—1) as |Z| — 00,
I'(y—a) ()
with the upper sign being taken if —7/2 < argz < 37/2 and the lower sign being
taken if —37/2 < argz < —m/2. From this representation we can now easily read
off the asymptotic behaviour of |i(t, &)| and | D:d(t, £)|.
First, one of the exponents —« and « — 7y is negative, since v > 0. Therefore,
one of the terms 2z~ and 27 is negligible for large |z|. Then we check that

AE)(Ea(t, €)] < A)E) (A)E))P TR (1o (€)] + eale) P |aa(€)])
I Dyalt, €)] < AE)E) (A)E) T HVH/2 (ealiig (€)] + cale) ™ [ (€)])

for large values of A(t)(¢) and certain ¢; > 0. Moreover, we can replace “<” by
“~" if one of the initial data g(€), 11(§) vanishes.

Hence, it is natural to assume that (D, )% ug and u; obey the same Sobolev
regularity.

Combining the two cases A(t)(£) — oo and t = 0, |£| — oo, we find that

()7 +A(0)(€)) a(t,€)| and |Dya(t, €)|

exhibit the same asymptotic behaviour as |{] — oo when 0 < ¢ < T'. This hints at
the importance of the weight function g(t,&) ~ (€)% + \(£)(¢).

As a side remark, we note that one of the two characteristic curves emanating
from a point on the initial line £ = 0 cannot transport any singularities at all if
a € —Nj or v — a € —Np, since the Gamma function has poles at the non-positive
integers.

3.2. Conversion into a 2 X 2 system

This observation in case of Eq. (3.3) hints at the conversion of the general case (3.1)
into a first-order pseudodifferential system: Utilizing the weight function g¢(t,£)
from (2.3), we introduce the vector

vt = (")

and obtain the Cauchy problem

DU (t,x) = A(t, D)U (¢, z) + F(t, z),
{ U(0,z) = Up(z),
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where

(3.4) A(t,€) = Ao(t,€) + A1 (t,€)

_ 9 g(t, &) s D;g( £) 0
—\ Al a ) —220)l¢lelt ©) DMyt ) —colt)

W@=Z%N%% Z%|QC£F2:U%

7,k=1 j=1

o) = (Pl ). ”“@<ﬂ2@>

The first matrix in the definition of A is the first-order principal part, while
the second matrix constitutes a lower-order term belonging to L>((0,7T), S’ﬁ o) N
t=1L*((0,T), 57 ). The imaginary part of this second term plays a decisive role
in determining the loss of regularity.

and

3.3. Estimation of the fundamental matrix

The partial Fourier transform U (t, €) of U(t,z) can be represented as

(3.5) O(t,€) = X(t,0: )00 (€ —H/ X (Bt ) dt

where X (t,t';€), (t,t';€) € [0,T]?> x R", is the fundamental matrix of the system

- A(t7 5)

X', t;€) =1s.
An estimation of the matrix norm || X (¢,¢';£)|| can be found via a diagonalization

approach, see DREHER-REISSIG [17], DREHER-WITT [19], and also KAJITANI-
WAKABAYASHI-YAGDJIAN [39]:

{ DX (t,t':6) = A(t, &)X (¢, 5 €),

Proposition 3.1. We have

(36 IxX@Hl < o<t << (g
do
a1 Ixerol <o () " <t <i<T,
do
B8 IXerOl<c(5dn) - 0Sfs@ T <isT

where the number

_1 p IR0, +<(0.9)]

is related to the loss of reqularity B.0ol.
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3.4. Function spaces: An approach via edge Sobolev spaces

The departing point is the observation that
(3.9) P =t"™P(t,z,tDy, t*1D,)

for the mth-order differential operator P from (1.3), where P(t, T, T, «f) is a polyno-
mial of degree m in the compressed covariables 7 = t7, §~ = th=+1¢ that is smooth
up to t = 0. (Note that 0™ (P) = p, with p taken from (2.16).) This representation
hints at P as some kind of “generalized” edge-degenerate differential operators
(with respect to the hypersurface t = 0). Edge-degeneracy is encountered when
I, =01in (3.9).

Introducing the function spaces H*%*((0,T) x R") for s, § € R, here we
adopt Schulze’s approach to edge-degenerate problems, see SCHULZE [63, 64]. In
particular, one separates the action of the operator P in direction of ¢ from its
action in the directions of the spatial variables 27 for 1 < j < m. This is accom-
panied by corresponding function spaces: The function spaces H*%*((0,T) x R"™)
— which should “somehow” be related to the kind of degeneracy at t = 0 — are
obtained by restricting from the open “model wedge” Ry x R™,

H>%2(0,T) x R") = H***(Ry x R")| (0.T) xR

where the function spaces H S"S?A(R+ x R™) appear as realizations of the abstract
concept of an edge Sobolev space with respect to the “edge” {0} x R™ of the “model
wedge” Ry x R", see in 3.4.2 below.

3.4.1. GEOMETRIC CONTENT OF RELATION (3.9) Before we proceed, we look at
(3.9). Since [t0, t"*T10,5] = (L + 1)t=H10,, [tHF10,, T 0] = 0for 1 < j k <
n, where [, ] is the commutator on vector fields, we have:
e The vector fields t0;, t*+10,1, ..., tF10,n form a basis (over C5°([0, T x
R™)) of the Lie algebra generated by them,
e The operator ¢ P belongs to the envelope of this Lie algebra.

The local belonging of a vector field to this Lie algebra is clarified by the
next result:

Lemma 3.2. A vector field X on R x R™ belongs to the Lie algebra gemerated by
the vector fields t0y,t* 10,1, ...t 10, (over C®(R x R™)) if and only if, for
all functions a € CP(R™), b€ C°(R x R™),

(3.10) X (a(x) + " ™'b(t, x)) vanishes to the (I, + 1)th order at ¢ = 0.

Remark 3.3. A function ¢ € CZ°(R x R") is of the form a(z) +tlF1p(t, ) for some
a € CP(R"), be CPR x R™) if and only if 87 ¢(0,z) =0 for 1 < j < L,.

In fact, (3.10) need to be checked only when a = 27, b = 0 for some 1 < j < n
and when a = 0, b = 1. Moreover, the latter can be replaced by checking that X (¢)
vanishes at t = 0.
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Condition (3.10), however, has the advantage of being coordinate invariant
as is seen that coordinate changes which keep the geometric situation under con-
sideration are (locally near ¢t = 0) of the form

t =to(t, z),
&= r(z) +tHT(t, x),

#(0,2) > 0, with suitable C* functions , ¢, ¥. This characterizes the situation
under consideration as being a cuspidal one.

(3.11)

3.4.2. FUNCTION SPACES ON THE HALF-SPACE R, X R™. The concept of an
abstract edge Sobolev space requires the introduction of a certain function space
H*% R, ) on the half-axis R as well as of a strongly continuous group {/11(,6) >0

acting on it. In particular, m(,é)/i,(ﬁ) = ,‘il(/i), forall v, v/ >0, k"’ = Lpssn(my)-

Definition 3.4. For s, § € R, the space H*%*(R,) consists of all u € H;, (Ry)
being of the form

(3.12) u(t) = N1 +)Y2H o(A(1 4 1))

for some v € H*(R4).

Note that the behaviour of a function u € H*%*(R,) ast — +0 and t — oo,
respectively, is different: we have (1 — x(¢))u € H*(R,), while x(¢)u belongs to a
certain wetghted H® space.

Lemma 3.5. (a) For s € Ng, § € R, u € H>%NR,) if and only if

(3.13) M1+1)"Ut) Dly e L2(Ry), 0<j<s.
(b) For s, § € R, {/ﬁ?,(jé)}l,>0 defined by
(3.14) (EDu)(t) = v /27800y (uPt), te Ry, v>0,

acts as strongly continuous group on H**(R,).
Proof. (a) Note that
(3.15) LARy) = {1+ )2 0(A(1+1) |ve LARL)}.
(b) For u represented as in (3.12),
(D) (t) = vP/27 B0k N1 4 v 1)V 20 y(A(L + v t))
=2 NP )Y AP 1), v>0,

which obviously belongs to H*%*(R,). We conclude that = L(H*SMNRL))

for each v > 0 as well as the map Ry 3 v — kD) € L(H*%*Ry)) is strongly
continuous. O

Note that the group {K;(f)}u>0 for § € R has been chosen in such way that
(i) It reflects the considered kind of degeneracy at ¢ = 0,
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(ii) It acts as group of isometries on {\(t)Y/?0 v(A(t))|v € L*(R4)}, where
the latter is the L? space on R, with the specific weighting of H%%* (R, )
as t — oo prolongated to all of Ry (i.e., when A(1 4 t) is replaced with

A(t)).
Proof of (ii). The natural norm on {\(t)}/?*9 v(A(t)) |v € L?(R4)} is

U (/OOO lu(t)|? A(t)~2° dt) v .

Then (ii) follows by changing variables under the integral sign. (|
We proceed to abstract edge Sobolev spaces:

Definition 3.6. For s € R and a Hilbert space E equipped with a strongly contin-
uous group {k,},>o0 acting on it, the abstract edge Sobolev space W? (R"; E) =
W#(R™; (E, {kv}v>0)) consists of all u € §'(R"; E) such that @ € L} (R"; E) and

loc

1/2
s 1 2
316w = ([ @@ @) de) <.
where k(§) := kg for £ € R™.
ws# (R”; E) equipped with the norm (3.16) is a Hilbert space.

Ezample. The basic example is provided by the standard Sobolev spaces H* (R x
R™): For s > 0,

H*(Ry x R) = W*(R™; H*(R,))
with respect to the group {%,},~o given by (R, u)(t) = v*/?u(vt) for v > 0, see
SCHULZE [64, Example 1.3.23].

For the next result, see SEILER [65]:

Proposition 3.7. Let (E,{r,},>0), (E,{f,}>0) be Hilbert spaces equipped with
strongly continuous group actions. Further let a € C*°(R™ x R™; L(E, E)) such
that

7€)~ (9507 a) (2, )R(E)]| o .5y < Cap ()%, (2,6) € R" x R™,
for some m € R and certain constants Cog > 0. Then, for each s € R,
a(z, D): W*(R™; E) — W™ ™(R™; E)

continuously, where a(x, D)u = F{il{a(z, £a(€)} as usual.

After this short digression to the abstract theory, we now define:
Definition 3.8. For s, § € R, we set

H¥ MRy x R™) 1= W*(R™; (H**M(Ry), {x(D}150)).

Moreover, we set

Hs,é;k((o’ T) x R") := HS,é;/\(R+ X Rn)‘(O,T)X]R"'
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For fixed T > 0, the Hilbert norm on the function space H*%*((0,T) x R™)
following from this definition is equivalent to the Hilbert norm given by (2.7).
We summarize properties of the spaces H*%*((0,T) x R"):

Proposition 3.9. (a) {H*%*((0,7) x R") | s € R} forms an interpolation scale of
Hilbert spaces with respect to the complex interpolation method.

(b) HO%A((0,T) x R™)) = L2((0,T) x R™)), and H=*~%*((0,T) x R™) is the
dual to H>% ((0,T) x R™) with respect to the L?-scalar product.

(c) HS% MRy x R")h:w,nxmn = H*((T'",T) x R") for any 0 < T' < T.

(d) The space C°([0,T] x R™) C H*%((0,T) x R") is dense.

(e) For s > 1/2, the map

[s—1/2)

Hs,6;>\((O7T) ~ Rn) _ H Hs-l—ﬁ*(?l*—ﬁ*j—ﬁ*/Q(Rn),
7=0
w (Dyuly_p)ogjcqomryz

is surjective. Here, [s — 1/2]" is the largest integer strictly less than s — 1/2.

(f) H52((0,T) x R*) ¢ H¥A((0,T) x R™) if and only if s > ', s +
B0l > 8"+ B.0'l,. Moreover, this embedding is locally compact if and only if both
inequalities are strict.

(g) If, formally, 1, = 0, then H>%*((0,T) x R"™) is independent of § and
coincides with the standard Sobolev space H?((0,T) x R™).

Proof. Properties (a) to (g) have been shown in DREHER-WITT [19]. For instance,
in [19, Lemma 2.5], it has been proved that

H* R, x RY)| (T o) xR = {AOV*Pu(A(t),z) | ve H (Ry x Rn)}} (T 00) xRN

for any 77 > 0, and (c) follows. To obtain (e), we argue as follows: We write
u € H¥3N (R4 x R") as

u(t, ) = FZL {k©(€)ib(t, )},

where £(%)(¢) = ligg andw € H*(R"; H5%*(R,)). The function w can be rewritten
as

[s-1/2"
w(t.) = (1=x(0) Y Syl o)

where w;(z) = 8]w(0,z) € H*(R") and @ € H*(R"; H*(R)), w(t,z) = 0 for t < 0.
We conclude that

[s—1/2]" tj ‘
u(t,z) = ngz{]‘ _ x((f)ﬂ*t)} Z ﬁ <Dx>_ﬁ*6l*+ﬁ*3+ﬁ*/2wj(z)
j=0

+ F {sD©a(t,€)}
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and
agu(()’l,) _ <DI>7ﬁ*6l*+ﬁ*j+ﬂ*/2w]‘($) c Herﬂ*Jl**ﬁ*j*ﬁ*/?(Rn)

for 0 <j<[s—1/2]". O
Proposition 3.10. For the mth—order differential operator P from (1.3),

P: HF™OA((0,T) x R™) — HSF™A((0,T) x R™)
for all s, 6 € R.

Proof. This is a direct consequence of Proposition 3.7 from inspecting all the
respective causes. For instance, we obtain

Dt: HS+1’6;>\(R+ % Rn) N Hs,é-l—l;z\(RJr % Rn)
because of D; € L(H*tL%MNR ), H*°+TEA(R,)) and
RO ()T Dk () = (€) Dy

Similarly,
th: HOMNR, x R") — HSOH/ MR < R™),  1=0,1,2...,
Dy, : H*TBO9N Ry x R™) — H*%M (R, x R™), 1<j<n,
a(t,x): H**MRy x R") — H**MR, x R™), a € CP(Ry x R").
The proof is complete. [l

3.5. Establishing energy estimates
For the estimation of U(t, x), we define a weight by the aid of the symbol g,

Joo(t,€) = x~ (1A ™) 7 +xT(LOA) ™,
see DREHER [16], DREHER—WITT [19]. Then (3.5) yields
ua(€)0 1.6 < € (a0 u(e) + [ Dunlt Pt ).
Squaring this inequality and integration over (0,7) x R™ gives the estimate
1T 11%0.5007 (0,17 xemy < C (||U0H12Hﬁ*éol*(w) +1° |\F||§{0«60:A((0,T)xw)) ;

where ||V||i[0’60")‘((0,T)><]R") defined by

HV”?LIMU;A((O,T)an = / / [Poo (t f (t §)|2d§dt

is an equivalent norm on the space H%%*((0,T) x R™), see (2.7).
To estimate higher order derivatives of U as well, we choose some s € Ny, set

Da(t,€) =X~ (O MO )07 x (1, (€ A@)
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for 0 <1 < s, and define the norm

s T
IV e s0i7 0,7y sy = D T2 /O / 9t DLV (1,€)* de dt,
=0 )

see (2.7) again. Differentiating (3.5) with respect to ¢ and induction on s then
implies the estimate

2 2 2
U I z2.8003 0,7y xRy < € (HUO||HS+5*5OL*(]R") + 717 ”F”H&Jo%k((O,T)x]R”)) :

This estimate is the main ingredient in the proof of Theorem 2.8 in the model
case (3.1). We see that the loss of regularity — as predicted by this estimate —
is at most [G.dpl.. It turns out that this result is sharp, see Theorem 2.10 and the
examples by Qi and Taniguchi—Tozaki.

3.6. Summary of Section 3

Starting from second-order operators P from (3.2) with coefficients independent
of x, we have been led via partial Fourier transformation with respect to = to
certain estimates on the solutions to the Cauchy problem. These estimates have
been brought to function spaces H*%*((0,T) x R™) building upon the machinery
of abstract edge Sobolev spaces. Among others, this approach enables a precise
control of the degeneracy as t — +0, e.g., by the choice of the group {H;(jé)}l,>0.

These considerations will guide us in Sections 4 and 5 — where we will be
treating operators with coefficients depending on & — where, however, we need
to replace the partial Fourier transformation with respect to x by pseudodiffer-
ential techniques relying on certain weight functions. Moreover, the variable loss
of regularity will require function spaces H*9®)*((0,T) x R™), where § = 6(x) is
a function of x (instead of being a constant), such that the technique of abstract
edge Sobolev spaces is not longer applicable. It will be replaced by an approach
also based on the weight functions just mentioned.

4. Symbol classes and function spaces
We refer the reader to DREHER-WITT [20] for proofs and further details.

4.1. The symbol classes S™ "}

The relevant symbol classes in case 7 is constant are the symbol classes S™7
that have been introduced in Definition 2.1. We start with some examples:

Erample. (a) A(£)(€) € S112, (4 (6)7)71 € SU1A, A(1)(€) € S10,
(b) For a € C*([0,T], S{’}O), we have a € §™m(+D=UX if and only if
D]a(0,2,§) =0, 0<j<l—1.
(c) xT € SO0, X~ € §7°04 where
S*OOJW)\ —_ ﬂ Sm,n;)\'

meR
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Remark 4.1. We have the following equivalent descriptions of the symbol classes

SmmAs A function a € C*([0, T x R?") belongs to S™"* if and only if, for each

multi-index (j, o, 8) € N**27 one of the following inequalities hold:
(07020 a(t x, )| < Clas (1+ A®)(E)™A(t, &) (€)1,
|0/07 0 a(t, 2, )] < Clag g(t, )™ n(t, €)1 m=1P1-+3

for all (¢,z,&) € [0,T] x R?"™. To see this, note that
gh™' ~ 1+ AB(E),  gh ~ (&),

We conclude this section with some properties of these symbol classes, which
are easily derived:

Proposition 4.2. (a) S""A C ™A = m <m/, n <7,
(b) Let a € S™"*. Then x*(t,€)a € S™ > for some m' < m implies
a € 8™ In particular, if a(t,x,&) =0 for At){(&) > C and some C > 0, then
a € STOMA,
(c) If a € S™MA, then 8020 a € Sm~IFlnti=IBI+1A,
(d) If a € S™7A o/ € S™ 13X then aoa € S A gpd
aod =ad mod ST =Lmtn —(A1)A

where o denotes the Leibniz product with respect to x.
(e) If a € S™"* then a* € S™"* and

a*(t,z,€) = a(t,z,£)* mod §m~h(LFA

where a* is the (complete) symbol of the adjoint to a(t,z, D,) with respect to L?.
(f) If a € S™TA([0,T] x R?™; My« n(C)) is elliptic in the sense that

|deta(t,z,€) > c (g™ (&) W™ (1), (t,2,€) €[0,T) x R*", |¢] > C
for some C, ¢ > 0, then there is a symbol a’ € S~ =X with the property that
aoa —1,a oca—1¢€C®(0,T]; S™).

Moreover,
d =a ' mod §T LT (A A

(8) My S = C=(10,T]; S~).

4.2. The symbol classes ST

These symbol classes have been introduced in Definition 2.6. Again, we consider
some examples first:

Ezample. (a) For m, n € R, we have g"™h7~™ e S
o_m(gmh’r]—m) = ¢ " (tl*+1|§|)m, &m—l,n(gmhn—m) — 07
see (2.3).
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(b) For a(t,z,£) = ngj an(t, ) t(|a‘(l*+1)—j)+§a, where aq € C2°([0, T] X
R") for |a| < j, we have a € S/,
Uj(a) = Z aa(tam) (tl*g)a’
lee|=4

5919 (q) = { Z|a\:j71 aa(0,2) % if j > 1,
0 ifj=0,1,

see (1.9).

For a € S™" the principal symbol 0™ (a) as well as the secondary symbol

™~ 17(a) are uniquely determined. This follows from the next lemma, whose proof

can be found in [20]:

Lemma 4.3. (a) The symbols 0™ (a), 3™ 1" (a) are well-defined.
(b) The short sequence

WL76_7‘VL71,T])

SgmIA ¢

is split exact, where L8N = U=+t1m=n oo ([0 T7; (M) x §7=1) comprises the
principal and secondary symbol spaces.

. — —1- = . (e
0 ,Smf2,n,>\+sm 1,n—1;A ,Smm,k (

The calculus for S™"* requires an additional notation: Let a € S™" be of
the form

at,z,&) = xT(t, ) t " (ao(t, ,t"T1E) + ar(t, 2, ¢ T1€)) + as(t, 2, €),

where ag € C°°([0,T];S™), a; € C>([0,T];S™ 1), and ay € ST 27 +
Sm=Ln=LX Then we set

&m,n(a)(za 5) = a0(07 €L, 5)

Note that this symbol is not of independent interest, but it is directly derived from
o™ (a).

Extending Proposition 4.2 we have:
Proposition 4.4. (a) If a € S™"*, a' € §™ "X then aoa’ € S 11N and
o™t (goa') = 0™ (a) o™ (d),
smAm'—Ln+n’ (aod) =™ (a) sm' 1’ (@) + 6™ 1 (a) gm' (a').
(b) If a € S™A, then a* € S™" and
o™(a*) = o™(a)*, & V(a*) =6""1(a)*.

(c) If the symbol a € S™A([0,T] x R?™; M n(C)) is elliptic in the sense
of Proposition 4.2 (f), then

|det am(a)| > C(t(l*Jrl)mfn |€|m)N
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for some ¢ > 0 and the symbol a’ from Proposition 4.2 (f) belongs to S A,
Moreover,

o~ "(a') = o™ (a)”!

a,fmfl,fn(a/ _ mn( ) 1 M- 1, n(a) &m,n(a)fl-
Proposition 4.5. (a) If q(t,z, D,) € OpS%9* is invertible on H*%* for some
s € R, § € Cp°(R™;R), then q(t,x,D,) is invertible on H*% for all s € R,

§ € Cp°(R™R) and
q(t,z,D;)~" € Op S¥O,

(b) Conwversely, if symbols qo € C*([0,T]; S), 1 € SV are given, where
|det qo(t, x,&)| > ¢ for all (t,x,&) € [0,T] xR™ x (R™\ 0) and a certain ¢ > 0, then
there is an invertible operator q(t,x, D;) € Op S%%* in the sense of (a) such that

o’(@)=q, 7 ") =aq.

If a € S™7, then in general O;a € SmntLiA But in a special case, an
improvement is possible:

Lemma 4.6. Let a € S and n = (I, + 1)m. Then
Bra € gm—Ln+1A + ST
Proof. We have 8;a € S™"1A and
G (9a) = (m(l + 1) — 1) 5™ (a).
Therefore, ™"+ 12 (9;a) = 0 in case n = (I« + 1)m. The latter implies that d;a €
Sm—1n+1;A + ST 0

For the reader’s convenience, we summarize what the vanishing of the single
symbol components for a € S means:

e 0" (a)=0,5""1(a) =0 <= a € ST 4 gm—Ln—LA

e 0™(a) =0 <= ac S LMA

o 7™M (a) =0 <= a € S"LMA 4 gmn—LA

4.3. The symbol classes ST’";’\ for n € Cg°(R™; R)

To get a priori estimates of the solutions of (2.4), we will symmetrize the oper-
ator A(t,z,D;) up to a certain remainder and then ”shift the spectrum” of the
new operator A(t,z, D, ), so preparing for the application of Garding’s inequality.
However, the symbol O(t,z,£) of the ”shift operator” does not belong to S™7A
with constant n. Therefore, we need to enlarge our symbol classes:

Definition 4.7. For m € R, n € C;°(R™;R), and ¢ € Ny, the symbol class SE’;)’"’)‘

consists of all a € C°°([0,T] x R?"; My« n(C)) such that, for each multi-index
(j, o, B) € N2 there is a constant Cjns > 0 with the property that

(4.1) 0] 020 alt, ,¢)]
< Cap g(t, €)™ A(t,€)"@ ™ (14 [log h(t, €)]) 1 (&)~ 171
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for all (¢,z,&) € [0,T] x R?*™. Moreover, we set
m, m,m
o U S(Q) ‘
€N

Ezample. A typical example is given by h(t, £)°@®)!- ¢ SO S@)liA,

Proposition 4.8. (a) S"* C 87" «= m <m/, n<n/, and 0 < o' if n=1.
( ) Sm,n;k C SmJI;)\ C ﬂe OSm 77+6'>\
( ) Ifae Smﬂh | then a]aaaﬁa c g™ —18l,n—18](L41)+3; >\

(o+|al)
(d) IfaESmn)‘, a € Sm ' /\ , then aoad GS(TZ_J;;?)’"JFU A and
aoa =aad mod S’erm — L = (1A

(o+0'+1)

(e) Ifa € S( ) , then a* € S(n;)"/\ and

a*(t,z,&) = a(t,z,€)* mod Szn_i_ll)’" ()2

()SPO())/\CLOO((O T); S 5) for any 0 < § < 1.

From Proposition 4.8 (f) we conclude:

0,0;A
0 CL(L?).

4.4. Function spaces: An approach via weight functions

Corollary 4.9. Op S%%* c Op S,

For § € Cy°(R™;R), we employ the weight functions g, h from (2.3) to introduce
the function spaces H*%(@)X((0,T) x R™):

Definition 4.10. For s € Ng, § € Cf°(R™;R), the space H*@3A((0,T) x R")
consists of all functions u = u(t, z) satisfying
(4.2) (¢*ThTON (¢ 2, D) DI e L2((0,T) x R"), 0<j<s.

For general s € R, § € Cg°(R"; R), the space H*3@)3A((0,T) x R") is then defined
by means of duality and interpolation.

Proposition 4.11. For s € Ny, 6 € R, Definitions 3.8 and 4.10 coincide.

Proof. Since gh'* ~ (¢) by choice of the weight functions, (4.2) is equivalent to
(4.3) (&)*ThUHIY (¢ 2 D,)Diu e L2((0,T) x R™), 0<j<s.

Now, u € H*%*(R, x R™) means

&)* |9 (&)t

u(t’g)HHS,S;%(]R+) € LQ((OaT) 2 R?)

The latter is equivalent to
(€) o0t =B N1+ 1)~ U*8] (a((€)~1,€)) € L*((0,T) x RY), 0<j<s,
i.e., equivalent to
() HBL=IB N1 + ()P )" U0 a(t, €) € L2((0,T) xRE), 0<j<s.



28 Michael Dreher and Ingo Witt

Writing A(1+ (€)%1)~0+9) = (£) =BG+l (¢ £)U+) e see that this is exactly
(4.3). O

Remark 4.12. Below we shall make use of Definition 4.10 as follows: _

(i) For s € Np, 0 € C°(R™;R), u € H**@):X if and only if ¢°~7(t,D,)Dju €
HOs5+@)3A for 0 <j<s.

(ii) For § € C°(R™;R), a function u belongs to H%*@):* if and only if
RO (t, 2, Dy)u € L2((0,T) x R™).

For K > 0,8 € Cp*(R™R), let (€) x = (K+]*)/%, xk (8, €) == x(A(){€) k),
Xj_((taé) =1- X;r((taé)v and

w0(2) s —6(z)ls

(44)  O(t,6) = Oxs(t, 2, ) == X (£, ) (" + x(t, ) 70,

Note that O(¢, z, D,) € Op SO S(@)heid

Remark 4.13. Below it is convenient to write ©(t,z,&) = h(t, &)@ where we
have defined

(4.5) Wt €) = Xk (LEEK + Xk (O

Of course, this choice leads to the same symbol classes S™7*, S™ 1A and ST
as the choice in (2.3).

m,m;A\

Because of their importance, the proofs of the following two results are re-
peated from [20].

Lemma 4.14. Given 6 € Cp°(R";R), there is a Ko > 0 such that the operator
(46) @(t7$7 Dm): Hs,6/(ﬂc);/\ N Hs,é'(m)—5(m);,\

is invertible for all s € R, &' € C{°(R™R), and K > K. Moreover, ©~! €

0,~6(x)lu:h
OpS(O)

Proof. Here, we will prove invertibility of the hypoelliptic operator O(¢, z, D,.), for
large K > 0, and also the fact that ©(¢,z, D,)~! € Op SO SO@LA e proof is
then completed with the help of the next proposition.

The symbol O 5(t, x,{) belongs to the symbol class S , but with pa-
rameter v/ K > 1. Similarly for O _s(t,z,8). If Ry = @K,509K7_5 —@K,5®K7_5,
then, for all a, € Nj and certain constants Cpg > 0,

|@£%@a&é@M@%+wm>)< +EK"™"
— B 1+|a n
x (L4 log(t + (7)) e, (tae) € 0,T] xR K > 1

(i.e., we have estimates (2.6), but with (£) replaced by (£)k). From the latter
relation, it is seen that Ri(t,2,£) — 0 in L>((0,7);57,) as K — oo, ie.,
Ry (t,z,D,) — 0 in L(L?) as K — oo.

Now, let Rg := Ok, 00k _s —1, ie., Rk = Ry + Ok 0K ,_5 — 1. Since
(OK.sOK,—5)(t,x,D;) — 1 in L(L?) as K — oo, it follows that R (¢,z, D) — 0

0,6(z)lu;A
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in £(L?) as K — oo0. Thus, O, _so(1+ Rg)~! is a right inverse to Ok s, for large
K > 0. In a similar fashion, a left inverse to © g s is constructed.

_ —00,—8(z)la— (la+1)5) :
Moreover, ©~! = Ok _s mod Op S, ™ @k =(A12 - ag is seen from the
constructions. O

Proposition 4.15. We have

£(Hs,5(ﬂc);/\, Hs—m,5(w)+m+(m—n)/l*;>\) it m >0,

m,m;\
(47) Op S(O) C {ﬁ(Hs,é(ac);/\, Hs,é(z)—&-(m—n)/hp\) it m < 0.

Proof. We prove (4.7) in case m > 0; the proof in case m < 0 is similar.
By interpolation and duality, we may assume that s —m € Ny. Then we have

to show that, for A € Op Sgg)’";’\ and 0 <k <j<s—m,

plstOldm=n gs=m=i(DI=F A)Dfu € L*((0,T) x R™)
provided u € H*°@)A((0,T) x R™). We have

(4.8) h(s+5)l*+m_ngs_m_j(Dg_kA)Dfu
= W g m IR (D] TR AR gk Dby RDJ,

with hm=1g=m=i+tk(DI7F A) € Op S’(;j_';])g’o“\ and a certain remainder term R €
s—j—1,(s—1)(La+1)+l —k; X —j+k,0;\ RPN s s—

Op S5~ (s=D)(+1)+ . Now OpS(jJ_';) %A < Op S?o()) and Rt gs=k Dky,

belongs to I?((0,T) x R™) by assumption, i.e., the first summand on the right-

hand-side of (4.8) belongs to L2((0,T) x R™) by virtue of Corollary 4.9. The second

summand is rewritten as

RDFu = Rg™*F(Ok o15) 'Ok s159° " Diu

for large K > 1, where Rg=*** (O ¢15)7 ! € OpS;j+k_1’_(l*+1);’\ C Op §%0A
and again O s459° ¥ DFu € L2, i.e., also the second summand on the right-hand-
side of (4.8) belongs to L?((0,7) x R™). O

The next result extends Proposition 3.9 to the case of variable § = §(x).

Proposition 4.16. Let s € R, § € Cp°(R™;R). Then:

(a) {H**@X((0,T) x R") | s € R} forms an interpolation scale of Hilbert
spaces with respect to the complex interpolation method.

(b) HO9A((0,T) x R™)) = L((0,T) x R™)), and H=*=9@3X((0,T) x R™) is
the dual to H®3@)X((0,T) x R™) with respect to the L?>—scalar product.

(c) H*@MNR, x R")MT/,T)XW = H*((T',T) x R™) for any 0 < T' < T.

(d) The space C([0,T] x R™) € H*@)A((0,T) x R™) is dense.
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(e) For s > 1/2, the map
[s—1/2]~ ‘
(4.9) Hs,é(m);k((()’T) x R™) — H Hs+6*6(w)l*—ﬁ*a—ﬁ*/2(Rn),
3=0

U= (Dgu’t:O)OSjS[Sfl/Q]f’

18 surjective.

(£) H®0@N ¢ H 0@ if and only if s > s, s + Bub(x)ly > s + 5,6 ().
Moreover, the embedding {u € HS*‘;(I)?)“ suppu € K} ¢ H 9@ for some
K €[0,T] x R™ is compact if and only if s > s' and s+ B.0(x)l. > s" + .0 (x)L
for all x satisfying (0,z) € K.

Proof. We exemplary verify (a), (d): We write H*°®@)A = =10 for s € R,
with © being the operator from Lemma 4.14.

(a) Since {H*%|s € R} is an interpolation scale, { H5®)* | s € R} is also
an interpolation scale with respect to the complex interpolation method.

(d) Let yju := D{u|,_,. Then v; Ou € H5=P3=B+/2(R™) for 0 < j < jo, since
(4.9) holds if 6 = 0. _

Now, H®0@):x _, H;“:O HeH8:0@)l=Buj =B [2(R™) | 4y 1 (,Yju)OSijg follows
from 5.500) )

wO(z) ey —
vu= (Do) ") 750,

while the surjectivity of this map is implied by the reverse relation
«0(x) s
% Ou = (D)5 " u
and the surjectivity of (4.9) in case ¢ = 0. O

4.5. Summary of Section 4

Our analysis is based on the two weight functions g¢(¢,€), h(t,€) introduced in
(2.3). These weight functions have been designed to reflect the kind of degeneracy
as t — 40 under consideration. Thereby, the weight function g plays the predom-
inant part, while the weight function h is to control the fine structure. One major
achievement has been the reformulation of the results of Section 3 in terms of g, h.

More precisely, the symbol classes S™7* come into being. Here, the basic
case occurs when m = 7, e.g., among others the belonging of A(t,z, D) in (2.4)
to Op ST expresses sharp Levi conditions on the lower-order terms. Symbol
classes 8™ with m # 1 are utilized to formulate hyperbolicity assumptions, e.g.,
A(t,z,D,) — A(t,x, D,)* € Op 8% in case of symmetric-hyperbolic systems.

The symbol classes S”* are then further refined to S™ ", where the ele-
ments a(t, z,§) of the latter admit two homogeneous symbol components o™ (a),
™~ 17 (a). These homogeneous symbol components will be used to determine the
loss of regularity on a symbolic level.

We have also introduced the symbol classes ST’"”\. The only place, where
these symbol classes will be of use in this article, is the proof of Theorem 2.7 in
Section 5.3, below, where they play an auxiliary role. Therefore, they need not be
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considered further here. However, these symbol classes are expected to play a role
in the parametrix construction.

Finally, the properties of the function spaces H*%*((0,7)x R™) in case s, § €
R carry over to the case s € R, 6 € Cp°(R™;R) with the help of the operator ©
considered in Lemma 4.14.

5. The Cauchy problem

In this section, we prove Theorems 2.5, 2.7, 2.8, 2.9, and 2.10. Our main tools are
a priori estimates, which all are variations of the following simple result, see, e.g.,
HORMANDER [26, Chapter 23]:

Lemma 5.1. Let A = A(t,z,&) € L*([0,T],51,) be a pseudodifferential symbol
with
(5.1) R(EA) (L, 2,&) < Co,  (t,x,€) €[0,T] x R*™.
Then the Cauchy problem
D.U(t,x) = A(t,x, D,)U(t,z) + F(t,z), (t,z)€ (0,T)x R,

U(O, I) = Uo(l')
is well-posed in [?(R™).
Proof. By the sharp Garding inequality,

OV Ny = 2R U (1), U1, ))

< CNU ) Tagny + IFE )72 gy -

Gronwall’s lemma now yields an a priori estimate, and the I?(R") well-posedness
follows by standard arguments. O

In Section 5.1, we observe that the real number Cy from (5.1) can be replaced
by a scalar symbol ¢ = ¢(t,&) € L*([0,T],5] ) whose primitive p = p(t,&) =
I3 q(t',€) dt’ belongs to L([0,T], S9.,).

The key example for such a symbol ¢ is

q(t,€) = Colg(t, &) h(t,€)* + 1),

which appears naturally in estimates of symbols from the class S~51A 4 §0:0:A,
The consequences for the case that A € SL1* are obvious, as A has the
structure

(5.2) A(t,x,6) = xF (O (Aot 2, tT1E) + Av(2,€)) + Aa(t, 2, €),
Ag € C([0,T],8W), A, €SO, Ay e 57HEN 4 00
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From the above reasoning we find that the Cauchy problem for the operator D, fA
is well-posed in I?(R™) (without loss of regularity) provided that R(i(Ag+A4;)) <
which can be achieved in two steps as follows:

e First, we diagonalize Ay (which is possible by assumption of symmetriz-
ability). This way, the real eigenvalues ¢ u; (¢, z, £) appear on the diagonal
of Ag, hence R(i4y) = 0.

e Secondly, we “shift the spectrum” of R(iA;) by means of a “shift opera-
tor” © with symbol O(t,z,&) ~ h(t,£)°@! If we choose the parameter
function § = §(z) suitably, we can arrange that the symbol of the new A;
satisfies $(iA;) < 0. The predicted loss of regularity is proportional to
0(x). Since we want to describe the loss precisely, we wish to choose § as
small as possible. It turns out that an optimal § can be chosen if A4; can
be diagonalized, which is certainly possible if the p; satisfy (2.17).

The details of this reduction are presented in Section 5.3.

As application, we consider higher order differential equations in Section 5.4,
and we prove the local uniqueness (and, consequently, the finite propagation speed)
for higher order differential equations in Section 5.5.

The optimality of this choice of § is proved in Section 5.6, using an a priori
estimate from below. See Section 5.6.1 for a detailed exposition.

The situation is not so nice if we merely assume that A € S11* instead of
A € SH1A In that case we cannot longer assume that A can be split into two
homogeneous components and a remainder as in (5.2). But we still can show that
the Cauchy problem to D; — A is well-posed with a certain loss of derivatives, see
Section 5.2.

5.1. Improvement of Garding’s inequality
The proofs of Theorems 2.5 and 2.7 rely on the following estimate for matrix
pseudodifferential initial-value problems.
We suppose that the operator Dy — A(t,x, D,) possesses a forward funda-
mental solution X (¢,¢") that maps the Sobolev space H>(R™) into itself:
(Dy — A(t,z, D)) X (t,t') =0, 0<t'<t<T,
X, t)=1, 0<t <T.
Our assumptions on A(t, x, &) are as follows:
(A): A € Loo((ovT)v Sll,O(]Rn X Rn))a

(B): R(EA(t,x,8)) < q(t, &)1y for (t,z,€) € (0,T) x R™ x (R™\ 0),
(C): The real-valued scalar function q(t &) belongs to L>((0,T), S1 o(R™))
) S

while its primitive p(t, &) : fo €) dt’ belongs to L>°((0,T), S o(R™)

)-
Lemma 5.2. Under the assumptions (A), (B)7 (C), each solution U = U( x) €
C([0,T], L*>(R™)) to the Cauchy problem

{ DU (t,z) = A(t,z, D,)U(t,z) + F(t,z),

)

U(O’ LL‘) = Uo(l'),
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where Uy € L?*(R™), F € I*((0,T), [*(R")), such that D;U € I*((0,T); [?(R™))
satisfies the a priori estimate

I 2
63) NNy +5 [ IUE I ay

t
2 2
<0 (W00 +t [ IF G ey )
for all0 <t <T and some C = C(T).

Proof. Representing the solution U = U(t, x) in terms of the fundamental matrix
X(t,t'),

t
U(t,z) = X(t,0)Up(x) —|—i/ X(t,t)VF(t', z)dt',
0
we see that it suffices to establish the uniform estimate
(5.4) IXE )WV 2@ny < CollVIizgny, 0<t <t<T,

for all V€ H>®(R"™), since we then obtain the estimate

t
10 pgamy < Co llUsll sy + Co / I,y

+ 1/2
< Co |Uoll 2 (gny + CoV't (/0 IE )2 oy dt') :
from which the assertion (5.3) follows by squaring and integrating over t.
For 0 <t <t <T, we define a map Y (¢,¢'): H*(R") — H*(R"™) by
Y (t,t') = exp(—p(t, D)) exp(p(t', D)) X (¢, t').

Observe that the zeroth-order pseudodifferential operators exp(£p(t, D,)) are in-
vertible. Moreover, Y (¢',t') = I and

0 Y (t,t")
= —q(t,D.)Y (t,t') +iexp(—p(t, Dz)) exp(p(t’, D)) A(t,x, Dy) X (¢,1)
= (iA — qly + [exp(—p(t, D)) exp(p(t', D)), i A]
x exp(—p(t', D)) exp(p(t, D)) Y (t,1)
= B(t,z, D;)Y (t,t)

for some B € L*((0,T),5] o(R™ x R™)) that satisfies R B(t,z,&) < C a.e. for
(t,z,&) € (0,T) x R?". Then Garding’s inequality gives

O IY (£ 4V [ 7aggn) = 2R (BY (1, 4)V, Y (,)V)
2
=2(RB)Y (., 1)V,Y (1)) < C' Y (&, )V [z (n) -
Upon applying Gronwall’s inequality, we obtain
2 2
1Y (&, )Vl gny < CIY ()W lpgny = ClIVIIZ2 ey, 0t <t<T,
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which gives (5.4), since the factors exp(+p(t, D)) are continuous isomorphisms
on I?(R™). O

5.2. Symmetric-hyperbolic systems

Lemma 5.2 enables us to establish estimates on the solutions to (2.4) provided
that A € S5* has Hermitian principal part and the eigenvalues of R(iA(t, z, €))
lie on the negative real axis modulo perturbations from §—11A 4+ §0.0:A;

Proposition 5.3. Let A = A(t,z,&) € SV5 satisfy R(iA) € S%UA, where
R(iA(t, x,€)) < Co(g(t, &) h(t,£)? + D1y, (t,z,€) € [0,T] x R*™.

Then the Cauchy problem (2.4) is (0,0)—well-posed in the sense of Definition 2.3.
Proof. We approximate A(t,z, ) by

t+ (&)~
t+ ()P +e
for 0 < e < 1. It is then clear that A. € SV R(iA.) € SO with uniform
symbol estimates, where

R(iA:(t,2,€)) < Colg(t, &) h(t,©)* +1),  (e,t,2,€) € (0,1] x [0, T] x R*™.

The operator Dy — A, is hyperbolic with Hermitian principal part R A and a
lower-order term ¢ 3 A. belonging to L*((0,T), S7 o(R™ x R™)). Consequently, the
Cauchy problem

Ac(t,z,8) = RA(t,x,8) + i FA(t, x, ),

DU, (t,x) = A.(t,x, Dy )UL(t,x) + F(t, ),
UE(O,I) = Uo(l')

has a unique solution U. € I>*((0,T), H*(R")) for all Uy € H*(R"), F €
12((0,T), H(R")).

We now apply Lemma 5.2 with weight ¢(t,&) = Co(g(t, &) h(t,£)? + 1) to
obtain the estimate

2 2 2
100,y xrny < CT) (100N any + IF 0.0 (0,2 ) -

uniformly in 0 < ¢ < 1. It remains to show that the U, converges in H%%*((0,7') x
R™)) as e — 40 to a solution U = U(t,z) to (2.4). To this end, we consider
(D YMU. for M > 0, which solves the problem

Di(D)MU. = Ac(D)MU. + [(Da)M, A] U. + (D )M F,
(D2)MU(0,2) = (D2)MUs (),

which together with [(D,)™, A|(D,)~M € §%—t* ¢ §902 and Lemma 5.2 yields

the estimate

(55) (D) MU= |00 0.2 )

S C (HUOHiIM(Rn) + H(DI>MFH20,O;>\((O’T)XRn)) .
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The difference U, — U,/ solves
Dt(Us - Us’) = AE(UE - Us/) + (As - AE’)UE/v
(U:. —U)(0,2) =0.

Since the set {(A: — Ao)/(e —€'): 0 < & < & < 1} is bounded in S%%*, we
conclude from Proposition 4.15 that

2
||Ua - Ue ||H0,0:A((0’T)XRTI,)

2 2
< C|5 - 5/| ||U8||H0v2/l*">‘((0,T)><]R") < C|5 - 5/| ||<DI>UEHH0,U;>\((07T)><]R71) .

The uniform estimate (5.5) implies the convergence U. — U in H%%* as ¢ —
+0. By interpolation, (D,)M U, converges to (D,)MU. A density argument then
completes the proof. O

The estimate of the previous proposition can be refined if one has more
information about the structure of the symbol A(¢, x, §):

Proposition 5.4. Let A € SU1A satisfy the assumptions of Proposition 5.3, i.e.,
A(t 2, €) = X (,€) (D) Ao(t, ,€) — il Ay (2,€)) + Aa(t, 2,€),
where Ay € C=([0,T],5), A; € S©, Ay € S—L1 4 800X and
Ag= A, RA(x,8) <0.
Then the Cauchy problem (2.4) is 0—well-posed.

Proof. We need to show that, for any s € Ny, the Cauchy problem (2.4) is (s,0)—
well-posed. We proceed by induction on s. The (0, 0)—well-posedness follows from
Proposition 5.3.

Now suppose that (s, 0)-well-posedness has already been proved and consider
(s 4+ 1,0)—well-posedness.

By definition, W € H*T10A if and only if (gh!*)(t, D,)W, hi=(t, D,)D:W €
H*92 For (&) ~ (gh'*)(t, &), we rephrase this as (D)W, g(t, D)~ (D,)D:W €
HS,O;)\'

The 2N-vector

(Da)U(t, x)
V(t,z) = (g(t, D,)""D,)D,U(t, z))

is a solution to the Cauchy problem

A0 (D,)F
DV = (A<1o> A(H)) V+ (Dt(g_1<DI>F)) ’

(D2)Uo () ) ,

(5.6)
V(0,2) = Vo(z) = (<Dz>1—ﬁ* (A(0, 2, D;)Up(z) + F(0,z))
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where
A (t,2,€) = (&) 0 Alt, 2, £)(6) " € SV,
AW (¢ 2, €) = (Di(g(t,€)7HE) 0 Alt, 2,€))) (£, €)(€) "L € 511,
A (2, €)= g(t,&)7HE) o A(t, z,€)g(L, €)(€)~L e ST,

By direct computation, we find

1 (A0
g A010)  4(11)
o1 ((AYY 0
g A(10)  4(11)

Moreover, Vo € H*(R™) and (D,)F, D;(g~(D,)F) € H*%*((0,T)xR") assuming
Up € H*tL(R™) and F € H*TL0X((0,T) x R™). This brings us in a position to
apply the supposed (s,0)-well-posedness (but for the 2N x 2N system (5.6)),
completing the proof this way. O

5.3. Symmetrizable-hyperbolic systems

Now we are able to prove Theorems 2.5 and 2.7. We bring system (2.4) into a form
that allows to apply Propositions 5.3 and 5.4. We proceed as follows:

e First, we symmetrize the principal part of A by constructing a suitable
symmetrizer M,

e Secondly, we diagonalize (if possible) the secondary part G%1(A) with the
help of some matrix M,

e Thirdly, we shift the spectrum of RiG%!(A) by utilizing the shift operator
© from (4.6).

Proof of Theorem 2.5. By assumption, there is a matrix M € S%%* satisfying
|det M(t,z,£)] > ¢ > 0 for |¢| > C > 0 and x(|¢]/2C)S(MAM 1) € SOL*, By
virtue of Lemma A.3, we can assume that the operators M (t,z,D,), t € [0,T],
are invertible on L2(R™).
We set
UD (t,2) = M(t,x, D,)U(t, z),
and obtain the system
5.7 DUW = (MAM ™ + (D,M)M YUY + MF = AOUW® 4 pO),
5.7
UM(0,2) = M(0, 2, D,)Up(z) = UM (2).

The operator A has Hermitian principal part ® A1) € 55 and lower-order
part i $ AM € §91A However, we cannot hope to symmetrize i § A1) because of
lack of information on the structure of A.

But there is surely a constant §p € R such that

RiAD (t,2,€) < Soh(t,€)l1n, (t,x,€) €[0,T] xR*™, ¢ > C.
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Therefore, setting
O(t, €) = h(t, €)%l ¢ §0olir,
UP(t,z) = O(t, D) UV(t, z),
we arrive at the system
DU = (64061 + (D,0)0 1) U + OF V)
(5.8) = AQU® 4 p@),
U@ (0,2) = ©(0, D) M (0,2, D,)U(x) = U ().

Since © is scalar, we have ©AMO~1 = AM mod §O~1* ¢ §9.0X Clearly,
Dih

h
Ri(DO)O™! = 501*% < —dphl, mod ST,

(D,©)O~! = §ol,

Therefore, the term A satisfies the conditions of Proposition 5.3. It follows that

17 005 0,y < € (1067 gy + 1 sgon 0.k

or, equivalently,

10l 0.0 0.yxmy S € (100501 ey + 1l gr05007 (0,77 xRm) )

Well-posedness in the spaces H*% for s € Ny can be shown in a similar way. Ex-
emplary, we demonstrate this in the case s = 1. As in the proof of Proposition 5.4,

we introduce
(1)
(1) _ (Dp)U (¢, 2)
Vi) <g<t,Dm>-1<Dm>DtU<1><t,m> |

which is a solution to

A(1,00) 0 (D )F(l)
1) — (€] x
DV = (A(l,lo) A(1,11)) Vi + (Dt(gl<Dz>F(1)) )

. (1,00) .
where R4 (‘2(1110) A<1O«11>) € S%1A and

(A0
Ri <A(1’10) A(l’ll)) (t,2,8) < 01h(t, )l 1an,

for (t,x,€) € [0,T] x R® x (R™\ 0) and some §; € R. We set O(t, &) = h(t, &)1t
and proceed as above to obtain
HU”Hl,éuA((o,T)an) <C (”UOHHHMSN*(RTL) + ||F||H1,61:%((07T)><Rn)) )

completing the proof in the case s = 1. The parameter functions § € C;°(R™;R)
turn out to be constants. O



38 Michael Dreher and Ingo Witt

The following refined a priori estimate will be useful in the proof of the local
uniqueness.

Corollary 5.5. Let A and M be as in Theorem 2.5, and § € C;°(R™;R) be a
function with

RiAD(t,2,€) < (8(x)h(t, &)L + Clg(t, &) h(t,€)* + 1)) 1n,

for all (t,z,€) € [0,T] x R?", |¢] > C, where A = MAM~' + (D;M)M~".
Then the fundamental solution X (t,t") of the system Dy — A satisfies the a priori
estimate

Hh(tv DI)SI*X(tvt/)UO(' ) < C Hh(tlv Dz)&* UO(

. Misgae -

for all Uy € H*®(R™), 0 <t' <t <T, and some constant C = C(T) > 0.
Proof. Put U(t,x) = X(t,t")Up(x). Then, by definition, U is the solution to
DU(t,x) = A(t,z, D;)U(t,2), (t,z) € (¢',T) x R",
U(t',z) = Uy(z).
Setting U (t,2) = O(t, 2, D,)M(t,x, D,)U(t, x) with O(t, x,&) = h(t, &)@ we
get, as in the proof of Theorem 2.5,
DU (t,x) = AD(t,2, D, ) UP(t,x), (t,z) € {t,T)xR",
U(',z) = O(t', 2, Do )M (¢, x, Dy)Uo(x),

with A satisfying the conditions of Lemma 5.2. Then it suffices to exploit (5.4)
of Lemma 5.2. g

Proof of Theorem 2.7. By assumption, there is a matrix My € C*([0,T], S)
such that MOAOMO_1 is Hermitian. Choose an arbitrary M, € S(©. According to
Proposition 4.5, there is an invertible operator M (¢, x, D,) € Op 50:02 such that
M~ € Op SO and

o' (M) = My, & 2O(M) = —il.|¢|" M.
The inverse operator M ~! has principal symbols
o' (M) =My M) = €] T Mo (0,2, €) T M (2, §) Mo (0,2, €) 7,

see Proposition 4.4. Similarly as in the proof of Theorem 2.5, we set UV = MU,

leading to the Cauchy problem (5.7). We compute the principal symbols of A1) €
Sfl,l;)\:

o' (A) = o*(M)o! (A)o" (M) = MD)[€| (Mo Ao M ) (t, 2, €),

which is Hermitian, by choice of My. Due to Lemma 4.6, (D;M)M~1 € S=1:1* 50
we can regard this term as remainder. The secondary symbol of A1) is, according
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to Proposition 4.4,
FOL(AM) = 500(ANFH(A)F O (MY + 590(M)5% L (A)5%0 (ML)
45 ONEIH(A)F0 (MY
= —il, (MoA1 My " + [Mi Mg, Mo Ao My ') (0, 2, €).
By assumption, the function 6 € C;°(R";R) satisfies
RicOL(AD) (2, €) < 6(x)l 1y, (2,€) € R™ x (R™\ 0).

As in the proof of Theorem 2.5, we set O(t,z,£) = h(t,€)°@ and choose
UP(t,z) = O(t,z, D, )UM(t, x), resulting in the Cauchy problem (5.8). We want
to apply Proposition 5.4 to this system. Therefore, we compute the principal sym-

bols of A®). By Proposition 4.8,

OcAM oot = AW mod 5(02,)—0*-1-1);)\ c SO0

D©®)oO®~ ' = (D)0  mod S LI ¢ §O0A
(1)

IR h —ool:
(D;0)0~ ! =i 16(1‘)#1* mod S, L

since (D;©)0~1 € S?d)l;)‘ according to the rules of Proposition 4.8.

Hence, we conclude that o'(A®) = ¢1(A®)* and Riz*1(AP)) > 0. Then
Proposition 5.4 provides us with the (s, 0)—well-posedness of (5.8), which, in turn,
implies the (s, d(z))—well-posedness of (2.4) for any s € Ngy. This completes the
proof. [l
5.4. Higher-order scalar equations

Proof of Theorem 2.8. We transform problem (2.5) to an m X m system of the
first order. Then it is equivalent to the Cauchy problem

D U(t,x) = A(t,x,D,)U(t,x) + F(t,z), (t,x) € (0,T)xR",
U(O,I) = U()(fr),

where
gmflu
gmithU
U= c Hs,(?(z)-‘rm—l;/\
9Dy u
D"ty
(this holding if and only if u € Hs+tm=1.0(@):A)
<Dz>ﬁ*(m_1)’t&0 0
(Dz>5*(m‘2)u1 0
UO _ c Hs-l—ﬁ*(é(m)-i-m—l)l*, F = c Hs,(?(z)-‘rm—l;/\,
<DI>H*Um,2 0

Um—1 f(ta :L‘)
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and
(m—1) 24 g 0 0
0 (m —2) P g 0
0 0 (m — 3) 2ea 0
Alt,z, ) = o
0 0 0 Deg g
—gﬁ—% —gfi—lfz —g;‘iig . —a”;’Q — Q1

where a;(t,z,&) = Z\a|gm—j aja(t, ) i+ GAD]al-m) " ca,

We have A € SUEA o (A)(t, x,€) = A(t)[€|Ao(t, x, ), where

0 1 0 0 0
0 0 1 0 0
0 0 0 0
Ao(t,l‘,g) = : : : . : . )
0 0 0 0 1
—PpPo —PpP1 —P2 ... “Pm-2 —Pm-1

pi(t2,8) = 3 o )=m—;j Bt 2)(§/[€), and 6% (A) (2, §) = —il. Ay (x,£), where

m—1 0 0 0 0
0 m— 2 0 0 0
0 0 m—3 0 0
Al(xv ): . y
0 0 0 . 1 0
—qo —q1 —q2 ... —Gqm-2 O

qj(2,€) = il 3 o = jm1 @i (0, 2) (€/1€])

Now, it is easy to provide a symmetrizer M, for Ay, namely

1 1 1

R T S T8

MO(tama€)71 = : : .
pi et oyt p

Note that det My " = [T,~, (1 — pa) and, for 1 < h, j < m,
_ A Doy T T i +

(5.9) (Mot z,&))n; 2 (p)
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According to our general scheme, to read off the loss of regularity we have to
calculate

(MoAr MG 1), = > (Mo)ns (Ax)jk (Mg )en

7k
m—1
) (Mo)n; ( Zq] 1 (Mo)pm (Mg ™) i
j:l
=m =Y j(Mo)n; (M qu 1 (Mo)nm (Mg )jn-
i=1

By virtue of (5.9),

Zj(Mo)hj(Mal)jh

m
i —j—1 i—1
= ap Z] (uh T pmeapy, T A Db +pj) 8
67’ h =

Za 1 (]H)piuh e4+1%%
= ap (0’ "L‘, /’Lh, 5)
67’ ('u’h) orT
and ) -
_ Zmz qj—l/f/{747 q xv#hag

Z @j—1 (Mo)nm (M 1)jh == ap = ( ) :

= or (:u‘h) E(vavuhvg)
Hence, the assertion follows. [l

5.5. Local uniqueness

Proof of Theorem 2.9. We follow an approach of KumaNO-GO [41].
Choose a cut-off function ¢ € C°(R™;R) with suppy € Qp, ¢ = 1 in a
neighbourhood €7 of 0 € R™. Set

o(t,z) = p(x)u(t,z) € H™HO@X (0, T) x R™)
(shrink T if necessary). Then v solves the Cauchy problem
Pu(t,z) = [P, plu(t,x) =: f(t,z), (t,z) € (0,T)xR",
{ Dlv(0,z) =0, 0<j<m-—1.
We compare v with the solution v, to
Pu.(t,x) = f(t,x), (t,z)€ (,T)xR",
{ Div(e,z) =0, 0<j<m-—1,

for 0 < e < T. Observe that v = win (0,7) xQ; and f = 01in (0,7) x ;. Since the
Cauchy problem for v, is strictly hyperbolic and, therefore, has finite propagation
speed, there is a neighbourhood Q3 € ©; of 0 such that v. =0 in (¢,T) x Q9 for
all 0 < e < T (shrink T again if necessary).
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It suffices to show that

(510) 5141}5»10 ||’U(l‘:7 ) — ’Ug(t, ')||L2(]Rn) = 07

for 0 <t < T a.e., because this implies lim._. 1o [[v(¢, ) = ve(L, )| 12(q,) = 0-
Writing P in the form (1.2) with a; € S73* we find

m

[Pl = lay, @] D",

j=1
where [a;, p] € ST=1I=0=1A Tsince ¢ € S%0A. According to Proposition 4.15,
[aj,C,O] c E(ijl,éerfjfl;)\,H076+m71;)\).
From Proposition 3.10, we get
D" e L(H™ 0752 ((0,T) x R™), HI=HHm=I=EA((0, T) x R™)).
Thus,
[Pl € LH™MTEA((0,T) x R™), HYHMEA((0,T) x R™)).

We now introduce the vectors

9"t g™ e
9" 2Dw g™ 2Dyve
V= ) Ve =
gDy 2 gDy 2.
D,T_lv D;"_lv8

These vectors solve the Cauchy problems

{ DV (t,x) = A(t,x, D)V (t,z) + F(t,x), (t,z) € (0,T) x R",

V(Oa 'T) =0,
D:Vi(t,x) = At,z, Dy)Ve(t,z) + F(t,z), (t,z)€ (,T) x R",
Ve(e,z) = 0.

See the proof of Theorem 2.8 for the definition of A and F.
According to Corollary 5.5 and the proof of Theorem 2.8, the fundamental
solution X (¢,¢') to the first-order system D; — A(t, z, D,;) satisfies the estimate

[[A(t, Dg) TPl X (¢, ¢ )Uo (- < C||h(t, D)™ DU (-

)||L2(R") )||L2(Rn)'

Obviously,

t
V(t,z) = z/ Xt t)F(t' z)dt', 0<t<T,
0

t
V.(t, ) :i/ X(tU)VF({', z)dt', e<t<T,
€
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and, therefore,
V(t,x) — Ve(t,x) = i/aX(t,t’)F(t’,x) dt'.
We have the following estimates: i
[t Do) CH DIVt = Vet D oy

dr’,

g
<C [ b DI E W)
0

and
[t D)0 (V (1) = Vel )

€
< CE/O Hh(t’,Dz)(Jerfl)l*F(t/, ,)HZ(W) dt’,

2
< C¢ ||F|[o.50m-17 (0,1) xR

2
< Ce ||u||Hm,—1,571:)\(Sl) .

This implies (5.10) finishing the proof. O

5.6. Sharpness of energy estimates

We finally come to the proof of Theorem 2.10. For technical reasons, it is quite
long; however, the main ideas are borrowed from the proof of a standard result on
the instability of ODE systems. For the reader’s convenience, we recall that result
from stability theory first, and present the proof of Theorem 2.10 then. Compare
also [73].

5.6.1. DIGRESSION TO STABILITY THEORY Let A € My« n(C) be a constant
matrix, G: CN¥ — CN be a smooth mapping with ||G(W)|| < C||W]]* in a neigh-
bourhood of 0 € C¥, and consider the ODE system

{ DW(t) = AW (t) + GW(t)), 0<t< oo,

(5.11) W) = Wo.

where W € C1([0, 00); C) is an unknown N-vector.

Definition 5.6. We say that the zero solution to (5.11) is stable if for every § > 0
there is a v > 0 such that ||Wy|| < 7 implies global existence of the solution W to
(5.11), and ||W(t)|| <6 for all 0 <t < oo.

The zero solution is called asymptotically stable if it is stable and there is a
v+ > 0 such that ||Wp]|| < 7. implies lim;_. ||W(¢)|| = 0.

Denote the eigenvalues of A by v1,...,vn. It is well-known that the imaginary
parts Sv; determine the stability behaviour:
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Proposition 5.7. (a) If the values R(iv;), j =1,..., N, are all negative, then the
zero solution to (5.11) is asymptotically stable.

(b) If one value R(iv;) is positive, then the zero solution to (5.11) is not
stable.

Sketch of proof of (b). For simplicity, assume that A is symmetrizable, and no
eigenvalue v; has vanishing imaginary part.

Then there is a symmetrizer M with M AM ~! = diag(v1,...,vn). Replacing
W with MW we can suppose that A is already diagonalized. Be reordering we
may additionally assume that

e < Rivg), k=1,...,d,
R(ivk) <—e, k=d+1,...,N,

for some € > 0 and some 1 < d < N. We divide A into blocks,

A0
A< 0 A(“))’

where A0 AOD are d x d, (N — d) x (N — d) matrices, respectively, with

R(EACY) > 1y,
REAM) < —ely_g.

We choose a special initial vector Wy,

Wo=0(1,...,1, 0,...,0 )T, ~9 >0 small,
—— =

d times N — d times

and define W = W (t) as the (at least local) solution to (5.11).

Our goal is to show that ||IW(¢)|| grows up to a certain value, independent of
[[Wo|l. To this end, we define the Lyapunov functional

S0 =3 Wk - 3 ok =|wou| - [woo|
k=1

k=d+1
This functional is always bounded by the energy |[W (¢)||%,
2
SO < (W@

and in our case S(t) > 0 for small ¢, since S(0) > 0.
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We deduce that
8:S(t) = 2R (atw<0> (t), w© (t)) P (atWﬂ)(t), W<1>(t))
— op (iA(omW(m (t), W (t)) 1R (—z‘A(H)W(l)(t), W<1>(t))
2R (G(W(t)), W(t))

> 2¢ |[W(t)||* = Co [W (D)
> (26 = Co [W(B)I)) S(b),

assuming 2 — Cp ||W (t)|] > 0 and S(¢) > 0, which is true for small vy and small ¢.

It follows that S(¢) keeps growing until ||V (¢)|| reaches the value é—i Therefore,

the zero solution is not stable. O

Now, we compare two evolution equations:

Case 1: DWW = AW + G(W) as in (5.11)
Case 2: DU = AU as in Theorem 2.10

and list their similarities:

e In both cases, the operators on the right-hand side have a diagonalizable
principal part Ap.: Apr = A in Case 1 and

Apr = Opx(A(1)(€)/C) (0 (A) +t7'6"1 (A)) for some large C > 0,

in Case 2,

o Both operators on the right-hand side contain a perturbation term Apert,
which does not respect the eigenspaces of the diagonalized A, but turns
out to be negligible: Aper(W) = G(W) in Case 1 and Apert € S—LLA
8§00 in Case 2,

o At least after some transformations, the spectrum of R(:Ap,) contains a
positive part. In the second case, these transformations are the following:

- diagonalize A,
— possibly shift §, see Lemma 5.8,
— cut-off a subset of a conic neighbourhood of (zg, &),

shift the spectrum using an operator ©, see (5.24),

— restrict the time interval from [0, T] to some subset [¢;, T,

e In order to handle a (possibly empty) negative part of the spectrum of
R(iApy), we introduce a Lyapunov functional as difference of I? norms of
components of the solution vector,

e The proofs of instability and ill-posedness, respectively, are based on an
a priori estimate from below for the Lyapunov functional for suitably
chosen initial values.

But there are also some differences:

e In Case 2, we have to bring several additional terms under control, which
arise from cut-off operators and commutators,
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o We consider a whole family U; = Uj;(t,z) of approximate solutions to
D.U = AU. They are supported in a neighbourhood of the line [0, 7] x
{0}, and their Fourier transforms Uj(t, £) are concentrated near [0, 7] x
{27¢0}, |&0] = 1. We will compare the values of the Lyapunov functional
to U; evaluated at ¢t = ¢, and ¢ = T}, obtaining (for large j) a contra-
diction to the a priori estimate that follows from the assumed (0,0(z))—
well-posedness of the Cauchy problem for the operator Dy — A. Here, t; is
defined by A(¢;)(¢;) = N; for large Ny, and T} = /%;.

5.6.2. PROOF OF THEOREM 2.10 Before proving Theorem 2.10, we state a tech-
nical result whose proof is postponed to the appendices:

Lemma 5.8. Let A € OpShEA, § € C°(R™;R). Assume the Cauchy problem for
the operator Dy — A be (0,6(x))~well-posed. Then, for any e > 0, the Cauchy
problem for this operator is also (0,d(x) + &)—well-posed.

As announced in Section 5.6.1, we diagonalize A modulo a remainder Apert
with symbol from S—HEA 4 GO0

Lemma 5.9. Under the assumptions of Theorem 2.10, there is an invertible op-
erator M € Op 8% with M~1 € Op S%%* such that the non-diagonal part of
MAM™Y belongs to Op(S™H1* + SO0 Moreover, there are functions v €
SLUA for 1 < j < N which coincide with the eigenvalues of o' (A)(t,z, &) +
t=160L(A)(x, &) for large values of A(t)(£).

Proof. Fix My, Ap as in the proof of Theorem 2.7, where the matrix MOAOZWO_1 is
real diagonal. According to the computations there, it suffices to find an M, € S©
with the property that the matrix

MoAi Myt + [MiMy ", Mo Ao My

is diagonal. But the existence of such an M; follows from Lemma A.l. Then
o (MAM~1) and 6% (M AM~1') are diagonal, and the first claim is proved.
Concerning the second claim, we have to investigate the eigenvalues of

)\(t)|§|A8(t,$,€) = )‘(t)|§‘ (Ao(t,l‘,f) - iEAl(‘rvg))

for small values of & = L.(tA(t)|£])~", where Ag € C=([0,T],5) and A; €
S). The eigenvalues of Ag(t,,&) are u;(t,z,£)|€| 7!, hence distinct in the sense
of (2.17). Lemma A.2 gives us the desired symbol estimates of the eigenvalues ;.
of A()|€|Ac(t, x, &) for large A(t)(£). Then

Vi (tv €L, 5) = X(A(t) <£>/O)Nj,s (tv &£, 5)
are as desired. O

Proof of Theorem 2.10. Part (a) follows from Theorem 2.7 and Lemma 5.9.
To prove part (b), we may suppose that the complete symbol A(t, z,§) is
diagonalized modulo S—11A 4 §0.0:A,
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Without loss of regularity, we may suppose that |£y| = 1. Denote by U, for
v > 0 a truncated conic neighbourhood of (z¢, &) € R" x (R™\ 0),

£ &

1€l 8ol
By renumbering, if necessary, we can achieve that
R(i6% (1)) (0, &) > R(i67 (12)) (20, &0) > ... > R(i6" (vn)) (20, &)

Lemma 5.8 allows us to assume that

(8(x) + )l <R () (z,€) < (8(x) + 26)Ls, k=1,...,d,

R () (2, €) < (8(z) — €)l., k=d+1,...,N,

U, = {(x,f) eR" x (R"\0): |z — x0] <7,

<7, |§|21}.

(5.12)

for (z,&) € U,, certain small positive € and +, and some 1 < d < N.
Choose a cut-off function vg € C°(R™;R) supported in {|x — xo| < 7v/4},
and put
vo,j(z) = vo(x) exp (zz . 2J§0) )
Then the Fourier transform ¢g ; is concentrated near 27¢y. Lemma A.6 gives us
the crucial estimate

(5.13) 071 HUO,j|

k
He) (Rr) = H<P§ (&, Dy )vo, < Cllvojll gracer (mny »

He(=) (R)
)

for j large, k = 1,2, s € Cp;°(R™;R) and cut-off operators w5 <p§-2) defined as

follows. Fix Lp§-2) € SY with
suppgof) CU,N{(x,&): 277 < || < 29T,
5 i 3
7 (@,€) = 1on me{@c,@: Y 1<|§|<1-2ﬂ+l}.

Define gagl)
subset of §9:0:*,

With d from (5.12), we introduce a vector
(5.14) Vo,i () = v ;(z)(1,...,1, 0,...,0 )T
—_—— ——

d times N — d times

similarly, with go(?) =

; 1 on supp gagl). These symbols form a bounded

We need an auxiliary vector function Vj, which is defined as the solution to
{ DyVj(t.@) = Alt,2, Do)y (@, Di)V (8, @),
‘/j(tja ZL') = ‘/O,j(x)v

where ¢; is given by the relation A(¢;)27 = Ny, and N7 will be chosen later.
To estimate V; in terms of Vp ;, we note that (5.12) implies

RiApP (t,2,€) < ((0(x) + 20)h(t, )l + Cg(t,€) " h(t, €)% + C)1y
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for (¢t,z,€) € [0,T] x R™ x (R™\ 0). Then the proof of Theorem 2.5 gives us
(5.15)

Hh(t’ DI)(6(1)+25)I*Vj(t, )

[2(Rn) <C ”VJ(Oa ')||H/3*(5(w)+26)l* (R7™) > 0<t<T.

To relate V;(0,-) with V5 ;, we note that the symbol A o g0§.2) belongs to the
Hormander class SY g, for 0 <t < t;, with symbol seminorms 0(2°+7). By choice
of ¢;, it holds Qﬁ*jtj < C. Then it can be concluded that

(5.16) C Vo ooy < IV Mgrocorgany < € MVos lpgecor o

for 0 <t <tj, and all s € Cp°(R™;R).

We will need a refinement of these estimates. Denote by {9, };>0 the standard
Littlewood-Paley decomposition (see the proof of Lemma 5.8 in the Appendix for
a precise definition), and set

G(&) = ¥-1(8) + ¥;(&) + ¥41(8),
which is identical 1 on the support of <p§-2). Then
DY) = A6 (G Vi) + G A0 v,

where the commutator on the right belongs to Op S~°°. By the same reasoning as
before,

(5.17) bt Do) P (DL ()

I2(R")
<C ||CjVO,jHH6*(6(w>+2s)l* (R™) + Ok27jk HVO,J'HH—k(Rn) )
for any k € R, refining (5.15).
Now we are ready to define Uj,
Us(t, 2) = &) (. D)Vt 2),
which is a solution to

DtUj = AUJ +A((P§2) _ 1)90(1)‘/3 + {(‘0(1),1490(2)} ‘/J — AU] +Fj-

J J J
Now we bring the assumption of (0, §(z))—well-posedness into play. According to

Definition 2.3, the a priori estimate

2
5.18 Hh T;, D)@k (T, -
(5,19 R AT

2 2
< C (10500, 3. sco vy + T3 1Es 0o 0,75 ey )
holds for 0 < T; < T'. By the estimates (5.13) and (5.16),

(5.29) [[U; (0, ) g sy gny < CUIV3(0, )l oo g
<C HVO,J'”HB*S(w)l*(Rn) <C ”Uj(tjv ')”Hﬁ*é(w)l*(Rn) .
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Choosing the number k sufficiently large, we can conclude that
(5-20) ||V0,j||H—k(]Rn) <C ||%;j||H/3*5(m)l*(]Rn)
<C ||Uj(tja ')HHﬁ*a(m)l*(Rn) <cC ||Wj(tja ')”LZ(]Rn) )

where we have introduced W; = OU; and O(t,z,¢) = h(t, &)%), Then we can
rewrite (5.18) as

(G21) T3y < Co (W55, 2y + T3 1OF o, ) -
To derive an estimate from below, we define the Lyapunov functional

ZHWJ’C ||L2 R™) Z ||ij ||L2 (R™)

k=d+1

where W j, is the kth component of the vector W;. Observe that
(5.22) 1S5 (O] < IW5(t, ) agny . 0T,
(5.23) Sy(t) = 1IW; (65, )2 ey
by choice of V} ;, see (5.14). The vector W; solves
(5.24) D\W; = (0407 + (D;©)0~ ") W; + OF; = AgW, + OF
- (58
A@ A@
where Ag)o), Agl) e SLUA are d x d, (N —d) x (N — d) matrices, respectively, and
AGY, AGY € 5711 4 5002 By (5.12),
RiAS" (t,2,€) = (eh(t, )l — Clg(t,€) " h(t,€)? + 1)) 1,
RiAGY (t,2,6) < (—eh(t, )L + C(g(t,€) " h(t,€)? + 1)) Ly_a,

for (t,z,&) € [0,T] x Uy. Remember that ap(l) = 0 outside [0,7] x U,. Then it
follows that

0S5 > 2R ((ehl, — Cg~'h* = CYW;, W;) =C O F; | 1o oy —C2 ¥ Vo s 1 - o -
If t > t; and the constant N; in the definition of ¢; is sufficiently large, then

el

eh(t, )l — Cg(t, ) h(t,§)> = C > Sh(t. )L = T

shrinking T if necessary. As a consequence,

2.5,(1) > T5,(0) — Oy (IOF)(E )y +279455(17))
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for t; <t < T, exploiting (5.20), (5.22), and (5.23). By Gronwall’s Lemma,

5;(T;) = <%)€l (Sj(tj)—

-y /tT (tij)_d* (I|(®F (8, ) 72 ey +27 QJij(tj)) dt).

J

Combining this with (5.21) and (5.22), we find, for large j, k, and small ¢,

(5.25) (o (Sj(tj) +T; ||@Fj||2L2((O,Tj)><]R"))
T. el 1 T; t —elx
> (TJ) <§Sj(tj)—01/ (t—) I©F) () 72z dt
j t; J

This will be a contradiction for large values of pr0v1ded that we get control on
the term ©F}. Recall that

Fj _ A((,D(2) _ 1) (1)V + { (1) A(pf)} V}

:A(SO( ) (1 )C V; + |: (1),A<,0(2)} GV,
since ¢; = (;(§) =1 on supp cpg-l) € supp @52). Clearly, {(<p§-2) — 1)<p§-1) ’ VS No} C

ST and { (1) Aga(2) | je NO} C §%~1A are bounded subsets. Therefore, we
get

_ 2
HOE)(t, )2 gy < € |11t D2) ™ (O V) ) 32

2
< C [0t Da)~ 4290 (e, D) @2 ¢ (D, V5 )

PR
For 0 <t < t;, we have h(t,&)~(1+29)- (&) ~ 27-1(1+2) " hence

IOF;)(t, ) 12z

iV0,ill 6w s@rt2001. ®n) T Cr277* ”VOJHH%(]Rn)
Cj‘/O,jHH/i*J(m)l* (R™) + OkQﬂk ||WJ (tjv ')”LZ(Rn)
Wj(tjv ')”L?(]Rn) )

due to (5.17), (5.19), and (5.20). And in the case of t; < ¢t < T, we know that
h(t, &)~ 29k ¢ (&) ~ t(1F29) from which follows that

< 027k

< 027k

(OF;)(t, ')HLZ(Rn) < Cpt+2e)t ||§jVO,j||HB*(5(m)+25)l*(Rn) + Cp277* ||V07j||ka'(1Rn)

-\ 2el,
< Ot (2%9) Wy (t, )| 2 e -
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Inserting these estimates into (5.25), we obtain

CoS;(t;) (1 + OTyt;27 20 4 oT2+2 (2ﬁ*jTj)4€l*)

T] el 1 2421, Buj el
> - S;(t5) §—CTj (277Ty) )

J

We recall that t; = C27+J. Choosing T; = ,/%;, we find that

lim (Tyt;272000 4 722 (2597) ) =,

J—0o0

for small € > 0, which gives a contradiction as j — oc.

Appendix A. Supplements
Proof of Lemma 5.8. We have to show that

2
(e, D) P+ U@, )

(®")

2 2
< (HUO||H[3*(5(I)+E)1* (R™) + 2 ||F||H0,5(x>+55>\((O,t)x]R"))

o1

for any solutions U = U(t,z) to DU = A(t,x, D,)U + F(t,z), U(0,x) = Up(x),
where the constant C' does not dependent on ¢, 0 < ¢ < T. By density arguments,
we can assume that Uy € H*(R"), F € H*>([0,T) x R™). Then U € H*>((0,T) x

R™).
) We use the well-known Littlewood-Paley decomposition:
Y; € CX(R™R), j=0,1,2,...,
0<y;(€) <1, £eR™ ;j=0,1,2,...,
supp ¢ C {£ € R" | [¢] < 2},
suppey; C {€ € R™ 297 < |¢| < 29Ty j=1,2,...
V(&) =i (21798, j=1,2,...,

> i€ =1, £eR™
j=0

)

The set {¢;|j =0,1,...} C S%%* is bounded. Denote UW) = 4);(D,)U, Uéj) =

¥;(Dy)Uo, and FW) = 1p;(D,)F. Then

DUY = AUD + [y, A] Y U + FY, - (t,2) € (0,T) x R”,

=0
U9 (0,2) = U ().
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From Proposition 4.2, we have that the set {[wj,A] | ji=0,1,.. } C §OhA
is bounded. Moreover, the operator [1);, A] Z“*j\ZQ 1)y is regularizing, where, for
any k € Ny, the set

{2jk [¢;, A] Z o ’j=0a17~--} c §O.0:A

l1—jl=2

is bounded.

By virtue of the (0, §(x))-well-posedness,

2
h(t, D, 8(@)lpr () (..
H (8, Dz) (’)L2<R">
112 2
(16 3 ]
HPB»3()lx (R7) - HO:5(2);X ((0,¢) xR™)
[1—jI1<1
2
—2jk 42 2 2 || p()
2720 o scon oy + 2 | HHo,aww(o,t)an))'

If A(t)27 <1, then h(t, &) ~ 28-7l on supp ho'1p;, hence

. 2
(A.1) Hh(t,DI)<5<Z>+8”*U<J>(15, )

I2(R™)

2 2

(j)H ’ H (l)H
<

— C HUO H B+ (5(z)+e)lx (R™) + lz_|:<1 U H0,5(1)+£;/\((07t)><Rn)
—JIs

4925k +20x el 42 ||U||§iov5(m)3>\((0,t)><]R") +¢2 “F(j)

2
H0«5(m)+53>‘((07t)XR”') :

If A(t)27 > 1, then h(t, &) ~ ¢! on supp h®!*);. Moreover, t =5+ < Ch(t, &)
for 0 <t <t, ¢ € suppep;. Thus, we have (A.1) also in this case.

For the further treatment of all the terms of (A.1) (except the third on the
right), we have to commute h(**®) and 1;:

h(6+s)l* Owj —_ (1/}J + |:h(6+6)l*,’l/)j:| o (h(5+s)l*)71) ° h(ziJrs)l*7
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and [R(0Fe)b 4p] o (ROFE)~1 ¢ S&;ﬁ(l*ﬂ);)‘ with S(Oé)_d*”\ symbol seminorms

O(277/2), for small e, whence

2
h(t, D, (6(2)+e)e 17 () (..
H (t, Da) (t) I2(R")
2 2

< h(t, D, @)+l r(t. . C277 ||+ D, S@)err(t. .

< [[snct D) () oy (4, D) U )|,

2
o

HPB«($(@)+e)lx (R7)

2

—9 2
| +C277 ||UO||Hﬁ*5(r)l*(Rn) ,

2
o]
HO:5(x)+&7 ((0,t) xR™)

</
0

The term HF(j) ";015(1)+5;>\

2
h t/ Dm (6(1)+E)I*U t/ .
vin(t', D) )

—j 2
) dt/ + 02 J ||U||HU,5(m):>\((O’t)XRn) .

from (A.1) can be treated in a similar way as

((0,t) xR™)
||U(1)Hilo’5(x)+m((0 B xR Inserting these inequalities into (A.1), we find
2
h(t, D)@+l (¢ .
|whit. D) )] ey

2
< C ([[#sh(0, Do)+,
< ¢ ([Jusnto.02) .

t 2
+ t2 Z /leh(t’,Dz)“(ﬂ”)“)l*U(t’,.)H dt'
0

I2(R»
1< (&™)

t 2
w12 [ esn e e
0

dt

2 (R")

. . 2
+ 27982 U 30 500n (0.0 ) + 27 Hh(t, D2, ) e

—q 2 —q 2
277 Vol st0m gy + 2778 I [ poscons (i) ) -

Summing over j and exploiting the embeddings from Proposition 4.16, we obtain
the estimate

2
h(t, D, (§(m)+s)l*U t..
(t.0,) )

2 2
S C (||UO||H/3*(J(3:)+5)Z* (R™) + t2 ||F||H0,5(m)+5:>\((Oyt)XRn)

2
/

t
0 L2 (R™)

2 )l
+t2 U 0,533 ((0,6)xrm) T Hh(t,Dm)é( (¢, )

2
LZ(]R")> ’
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Finally, we apply Gronwall’s lemma and the assumed (0, 6(z))—well-posedness, and
deduce the a priori estimate for the (0, 5(z) 4+ ¢)—well-posedness. O

From TAYLOR [70, Chap. IX, Lemma 1.1], we quote the following result:
Lemma A.1. For E € My;xp(C), F € Myxn(C), the map
Mnyxm(C) = Myxm(C), Tw— TF —ET,
is bijective if and only if E and F have disjoint spectra.
We also need:
Lemma A.2. Let A € Mnxn(C) have distinct eigenvalues p;,

Ity — el >co >0, j#k.

Then, for each B € Mnxn(C), there is a constant €9 > 0 with the property that
the eigenvalues pj- of A+eB for |e| < eo are distinct,
Co .
lje = el = 5 G# kel < eo,
and depend analytically on € and the entries of A and B. The bound €9 depends
analytically on co and the norms ||Al|, | B, and ||M ||, where M with |M|| =1
is a diagonalizer of A. Here, || || denotes the row-sum matriz norm.

Proof. By definition of M, we have M AM ~! = diag(u1, . .., un), and the eigenval-
ues (15 as well as the entries of M depend analytically on the entries of A. Therefore,

we can assume that A = diag(uq,. .., un) is diagonal. By Gerschgorin’s theorem,
each of the N balls

Qe = {z € C 1z~ Gy +2Byy)l < 1| X 1Bl |
k#j
contains exactly one eigenvalue pj. of A 4+ ¢B provided that these balls do not

intersect. This happens when |e| < &g and 2¢q || B|| < ¢o/2. The eigenvalues pj. of
A + ¢B are solutions to the polynomial equation

0=¢(u) =det (A+eB— puly),
and are given by the integral

» _ 1 A "
7 27TZ Bﬂja ¢E(/’[’) ’

which completes the proof. [l
We likewise need the following results:

Lemma A.3. For each N x N matriz symbol q¢ € S{(R™ x R™) that satisfies
|det q(x,&)| > ¢ for all (z,&) € R?", [¢| > C, and some constants C, ¢ > 0, there
is an invertible operator @ € Op SY o(R™) such that

Q — q(z, D) € Op S75(R™).
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Proof. We construct two invertible operators Q1 = ¢1(z, D), Q2 = ¢2(z, D;) €
Op 57 4 (R™) such that

a1 (,€) = x(1€1/(2C))q(x, £)g(2°,£)~" mod Sy 5(R™ x R™),
g (7, &) = q(z°,) mod Sy §(R™ x R™).

Here, the point 20 € R™ is chosen arbitrarily. Then the composition Q@2 possesses
the desired properties.
Construction of Q1. We employ the parameter calculus of GRUBB [22].

Rename (1 — (I¢/(2C))) 1 + x(€]/(2C))a(, )a(2, &)~ to q(, €). Then
|det g(x,&)| > ¢ for |¢] > 2C and some ¢’ > 0 and q(2°,£) = 1y for all £ € R™.
By a standard application of the mapping degree and homotopy theory, we obtain
an N x N matrix function h € S?,(R" x R") such that h(z,&) = q(z,&) for
|€] > 2C and |det h(z,€)| > /2 for all (z,€) € R*, by changing q(z,&) for
|€] < 2C if necessary. We then further get an N x N matrix function po(x, &, ) €
SRO(R" x R™ x R,), where p > 0 enters as additional covariable, such that

|detpo(x,& )| > /2, (x,6,p) €R™ xRy, ¢ p| >2C,
p0($)€7 0) = Q(m7 5)7 (:1;7 é-) 6 R2n’
For that it suffices to set

ﬁo(zagvﬂ) = h(l’7£/‘€7’u‘), ‘67.“‘ > 2C? H > |§|a

and then to connect po(,&,0) = ¢(x,€) to po(z,§/V2, [€]/v2) = h(z,&/(V2[€]))
for |¢] > 2C along the curve [0,1] 3 0 — (x, (1—r0)&, V20 — K202[€]) € R*" xR,
where k = 1 — 1/4/2, appropriately:

§ 3
T—ro T

ol ) =1 (.1 ) ). lenl 2 2C n <l
where o = k=1 (1 — |€]/]€, ul), ie., §/(1—ro) = |€, u| £/|€]. The symbol pg thus ob-
tained (appropriately continued into |€, 4| < 2C') is continuous, but only piecewise
C*°; smoothing pg along |£, u| > 2C, pu = |€|, whilst keeping the symbol estimates
and invertibility, yields the symbol py.

We now set

p(x, & 1) = x(1& pl) (pr(2, & ) + x(€]) (po(x, &, 1) — pr(x, &, 1))

where p1(z,&, 1) = ZlaKk&a@g‘po(x,f,u)/a! for some integer k > 0, see GRUBB
[22, Remark 2.1.13]. According to GRUBB [22, Theorem 3.2.11], there is a pg > 0
such that, for all i > pg, the operator p(x, D, u): L?(R™) — L?(R") is invertible.
Eventually, it suffices to set Q1 = p(x, D, u), where p > po.
Construction of Q2. Rename q(2°, ) to q(€). The task to construct a symbol
g2 € Yy such that ga(x, D,) is invertible and ¢(D,) — g2(x, D,) € Op S~ can be
fulfilled within the framework of SG-calculus, where one has symbols which fulfil
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independently symbol estimates in both the z- and the &-variables. Recall that
Smin = Smin(R™ x R™) is the class of all a € C°°(R?") such that

10200 alx, €)| < Capla)y’™llEM (2,€) € R*".

Recall also that a(z,D,): (x)"H*(R") — (z)"T"H*"™(R") for a € S™" is a
Fredholm operator if and only if, for some R > 0,

(A.2) deta(z,&) #0 (x,6) € R*™, |z|+[¢] > R,
and
(A.3) @)™ "o (@, 8] <e, (2,6 €R™, 2|+ ¢ > R.

Now we choose a symbol go € S%° that is elliptic in the sense of (A.2), (A.3)
such that

(A.4) ¢ (2,€) = q(§) mod ST,
The choice of ga(z, §) relies on the split exactness of the short sequence
(oe™0d)

0 —— gmlm=1 —__, gmm <L ygmn 0

where 0™ (a) = a + S™ 17" is the principal symbol of a € S™", 07(a) = a +
8™~ ig its principal exit symbol, and both symbols are subject to the condition
o™ (a)+S™N! = o7(a)+S™ 1. Accordingly, £S™ = {(a, a.) € SN /5™ x
gmin/gmin=1 | q = a, mod S~ 4 §mn=L(A4) says that 0%(q2) = 0%(q),
while the choice of 69(g2) is restricted by the requirement o%(h) = 0%(¢) mod
S710 4+ §%~1 and is free otherwise (except that 00(g2) needs to be elliptic).

Then qz(z, D;): L*(R") — L%(R") is a Fredholm operator. It follows from
standard SG-calculus that, upon an appropriate choice of ¢2(gz), one can achieve
each integer as index of this operator. We choose ¢a2(z,§) in such a way that
q2(z, D,): L2(R") — L%(R") has index 0. Then, by adding a contribution from
Op S™%%~(R" x R") = Op S(R?") if necessary, we finally arrive at an operator
Q2 = q2(, D) that is invertible as operator on L2?(R").

For more on SG-calculus we refer to CORDES [15], PARENTI [57], SCHROHE
[62], and SCHULZE [64]. O

Proposition A.4. For each N x N matriz symbol g € SO% that satisfies
|detq(t,z,6)| > ¢, (t,2,€) € [0,T] x R*™™, [¢] > C,
for some C, ¢ > 0, there exists an invertible operator Q € Op S%%* such that
Q —q(t,x,D,) € Op §~H= (1A

Proof. A parameter version of Lemma A.3 yields the existence of an invertible
operator @ € C*°([0,T];0Op SY ;) € Op S*%* such that

Q — q(t,z,D;) € C=([0,T}; Op Syy) C Op §~H (= FDA,

There is the following improvement of Proposition A.4:
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Proposition A.5. Given N x N matriz symbols go € C°°([0,T]; S©) and ¢, € S
such that |det qo(t,z,&)| > ¢ for all (t,z,£) € [0,T] x R*" and some ¢ > 0, there
is an invertible operator Q € Op S®%* that satisfies

Q) =q, Q) =a.
Proof. See DREHER—WITT [20, Proposition 3.6 (b)]. O

Finally, we show that, for special functions, certain cut-off operators can be
estimated from below:

Lemma A.6. Define vg; € C(R™;R) and gagl), 5052) for j = 1,2,... as in the
proof of Theorem 2.10. Then, for each s € Cp°(R™;R), there are constants C' and
Jjo such that

C™ Jvo

k
o) (Rn) = H<P§ (&, Dy Yo, < Cllvo il grecer ey »

He@) (R7)
fork=1,2 and j > jo.
Proof. The Fourier transform 9 ; is given by
80,5 (€) = to(€ — 2&0), 6ol =1,
and decays rapidly,
90,5 (2760 +m)| < Cn(n)™™, NeN.

For s € R, we split the norm H’UOJHHS(R):

H’UO,jHils(]Rn) - 1175 + 1215

::/ | _<@%mM@Wd¢+/ ()20, (©)]? de.
|e—2ig0] <291

|€—2980 =271

Since 7y decays rapidly, we have
B2 [ il dy ~ 2 ool ey
In|<2i—1

To show that Iy is the main part of [[vo,; || . (gn), We estimate
b= [ (0l 2+ ) dy
In|>27-1

<Ck [ @i dy
[n|>27-1
S CM2_2jMa
for all M and j. Hence we conclude that
)§02j8, jEN, seR.

C™127° < voill o (g
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Next, let s = s(x) be a non-constant function from C;°(R™;R). Then we have,
with

s— = inf s(z) < sy = sups(z),
z€R zER

the estimate

CM S - gy < (D) (@)

iy S Ol oy £ € SR,

The proof is complete if we can show that

s(x k 1 s(x
(D23 (1= o @, 2o () 5 (P23 o ()

IN

i > Jo.
I2(R™) 2(R")’ J=Jo

Choose a cut-off function wy € CP(R™;R) with wo(x) = 1 on suppuvg,; and
suppwo C {|z —zo| < 7/3}. Then wo(x)vo,;(z) = vo (). Since (1 —wo)(1 — @%k))
acts as regularizing operator on functions with support contained in suppvg j, it
follows that

(D203 (1 = 0P @, D2y ()

(<00 = @ Do (o)

I2(R® H+ (R™)

< O |wo()(1 = ¢ (@, Du)yvn 5 ()

H*+ (R™)

+C H(l —wop(z))(1 — 905@ (z, Dz))vo,j(z)HH5+(Rn)

< CJwo(@)(1 = ¢ (&, Da)ywo, ()| + Car 2™ oo g (@) o oy -

H+ (R")

We may choose M = s, — s_, leading to

27 Yl 5 (&) | e gy < €277 (D)3 w0 5()

2R

If wo(z)(1 — <p§.k) (7,€)) # 0, then |£ — 29| > €27 for some positive . Hence

wo(@)(1 — i (2,€)) = wo(a)(1 — o\ (2, €)) o X((€ — 2760) /(e27)),
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and {wo(1 — goj }J is a bounded subset of S7 . Therefore

o)1 P Dz>>vo,j<x>H;+(M

< C x((D2 = 2260)/(2))v0 @) | s oy

= [ (@ (e - 2ie0) (2 Plin (O de

<C (2780 + )*** 0,5 (27 €0 + m)|* dn
In|>e’27

< Op27 %M

< c’MﬂﬂM*S” Hvo]-mnzs, )
L o .

for all M and j. We select M = s, — 2s_, and deduce that

D3 (1= @8 (@, Dy)vo s (

< 9354 —5-) H <Dz>§((z)'l}07j (x) H

H L?(R") 2(Rn)’

completing the proof. O

Appendix B. Open problems

We list some open problems:

1.

For A(t,x,D,) € Op S™5* satisfying (2.11), is it true that the (0,d(x))—
well-posedness of the Cauchy problem for the operator Dy — A(¢, x, D)
already implies its d(x)—well-posedness? By virtue of Theorem 2.7, this is
true if A(¢t,z,D,) € Op SLLA and the symmetrizer M(t,z, D,) is found
in the class Op S0,

. Prove (or disprove) that for A(t,z,D,) € OpS“5 — assuming sym-

metrizable hyperbolicity in the sense of (2.13) — the loss of regularity
only dependents on o!(A), 5%1(A). In particular, this is true if the condi-
tions of Theorem 2.10 are met.

More generally, assuming an answer in the affirmative to Problem 1 prove
(or disprove) that the operators A(t,x, D,) and A(t,x, D,)+ As(t, x, D),
where A(t,z, D,) € Op S5 is symmetrizable-hyperbolic in the sense of
(2.11) and As(t, z, D.) belongs to the reminder class Op S%%*4-Op §—1LA
always admit the same loss of regularity.

. In case the right-hand side of (2.15) fails to be C* as a function of z (it

is always globally Lipschitz), our result is sharp in the class of functions
d € Cp°(R™;R), but it is surely not sharp in general. Improve this result.

. Address degeneracies at time ¢t = 0 other than the one characterized by

A(t) =t I, € N;. For admissible \(t), see YAGDJIAN [73].
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6. In the previous item, allow also mixed types of degeneracies, in which one
has, e.g., a degeneracy like e='/* in direction of z;, a degeneracy like t3 in
direction of x5, and a degeneracy like ¢2 in all other directions. Some results
can be found in KAJITANI-WAKABAYASHI-YAGDJIAN [39], TAHARA [68].

7. Establish an upper bound for the microlocal loss of regularity. The result
is conjectured to be the same as in (2.15), but with the two supremums
skipped.

8. Show that the microlocal estimates from the previous item are generi-
cally sharp. In the remaining cases, we expect exceptional propagation of
singularities, with the complete branching of singularities does not occur.

9. Discuss the invariance of the operator classes Op S™* Op S™"* for
m,n € R under coordinate changes of the form (3.11). See the authors’
article [18] for the case t = t, ¥ = x(x).

10. Solve semilinear problems related to the operator P from (1.3), (1.4),
Pu=F(t,z,Qu), (t,z)e€ (0,T)xR",
{ Dgu(ovx):uj(x)v 0<j<m-1,
where @ is a differential operator like P, but of order m—1. Among others,
this requires to discuss the superposition operator F(u) for u € H*%* (or

u € H®%N N L™). For the case F is analytic, see DREHER-REISSIG [17],
DREHER-WITT [19]. It can be shown that

H%(0,T) x R") € L>((0,T) x R")
if and only if s > (n+1)/2, s+ B.d(x)l > (n+1)/2.
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