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Notation: Let n,k € Ny then:
X :=(X1,...,%), R[X] :=R[Xq,...,X5]

R[X]« real polynomials with degree less or equal to k
R[X]=« real forms of degree k
R[X]x :=={L: R[X]x — R | L is R-linear}
S R[X]E :={> g Im € No, g € R[X]«}
i=0
Let f,p1,...,pm € R[X] and m € Ny,
(P) - { minimize  f(x)
| st xeS:={yeR" | pi(y) >0,...,pm(y) > 0}
P* :=inf{f(x) | x € S} € {—o0} UR U {0}
St i={x*eS|forall xe S, f(x*) < f(x)}
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Strategy
[Polynomial Optimization Problem (POP)}

Step ll

1.Relaxation of the problem in the space R[X]}, for relatively
small k. Solve a SDP problem and find a solution in R[X]j.

Step 2
{Z.Check if a matrix is generalized Hankel c=uerl Ene
No go to step 1

Yes: Step 3

Truncated
Moment

3.Translate the solution from the space R[X]} to a set
of points N C R", via the truncated-GNS construction.

Problem
Step 4
[4. N C S and deg f < k7 A= S
No go to step 1
Yes

We have reached optimality and N contains minimizers
of the original POP.
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Linearize the polynomial optimization problem:

XY= X{* - X" — yqa, new real variable

Add redundant inequalities and after linearize the polynomial opti-
mization problem.
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Let p1,...,pm € R[X]2g4 with d € Ny U {co}. We define the 2d-
truncated quadratic module generated by p;,

Mag(pr, - - .pm) = (R[X]2g 0 3" RIXP?) + (R[X]og N > RIX?py
+ o+ (RIXloa N Y RIXPPpm) € RIX]ag
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Let p1,...,pm € R[X]2g4 with d € Ny U {co}. We define the 2d-
truncated quadratic module generated by p1,...,pm as:

Moa(pr, - Pm) = (R[X]og 1 3 RIXP?) + (RIXLg N> RIX]2p:
+ o+ (RIXloa N Y RIXPPpm) € RIX]ag

_—

Let p1,...,pm € R[X]2qg with d € Ng U {oo}. The Lasserre relax-

ation (or Moment relaxation) of (P) of degree 2d is the following
problem:

minimize  L(f)

subject to: L € R[X]5,
L(1)=1 and
L(Mag(p1,-.-, pm)) € R>o

(P2d) .
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Let p1,...,pm € R[X]2g4 with d € Ny U {co}. We define the 2d-

truncated quadratic module generated by p1,...,pm as:

Mag(pr, - - .pm) = (R[X]2g 0 3" RIXP?) + (R[X]og N > RIX?py
+ o+ (RIXloa N Y RIXPPpm) € RIX]ag

—_—

Let p1,...,pm € R[X]2qg with d € Ng U {oo}. The Lasserre relax-

ation (or Moment relaxation) of (P) of degree 2d is the following
problem:

minimize  L(f)

subject to: L € R[X]5,
L(1)=1 and
L(M24(p1,---s Pm)) € Rxo

(P2d) .

the optimal value of (P»g) is denoted by P;,; € {—oco} UR U {oo}.
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Notation: ry := dimR[X]4

Every matrix M € R™*'d indexed by a
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Notation: ry := dimR[X]4

Every matrix M € R'*"@ indexed by a basis of R[X]y is called a
generalized Hankel matrix (of order d).

Example: n =2

10X Xo 1 Xi X

1 I X X2 1 Y0, Y10 Yo01)

x| Xeo X XiXe | — x| v Y(1,1)

X\ Xo XiXo X3 X2 \ Yo.1) Y1) Y0.2)

A matrix of this form is a generalized hankel matrix (of order 2)




Notation: rg—1 := dimR[X]4—1 and sy := dimR[X]_4
A Smul'jan result (1959)

Let L € R[X]5, be a feasible solution of (Ppq). Set the Moment
matrix associated to L:

Mp = (LX) ja 18124
Then there exists W € R"-1%5d agpnd X € R%*5d such that:

R[X]4-1 R[x]=q

My — Al | AW
ET o \WTAL [ WTAW + XXT




Notation: rg—1 := dimR[X]4—1 and sy := dimR[X]_4
A Smul'jan result (1959)
Let L € R[X]5, be a feasible solution of (Ppg). Set

Mp = (LX) ja 18124
Then there exists W € R"-1%5d agpnd X € R%*5d such that:

E[X]d—l ]H[K]*d

M — R[X]g-1 AL ‘ ALW
ET s WAL [ WTAW + XXT

Observation and definition
Moreover:

= AL ALW
. —
M. < WTAL | WTALW>—0

is well defined, i.e it
does not depend of the choice of W.

v




First result

Let L € R[X]54 be an optimal solution of (P,4) and suppose My is a
generalized Hankel matrix. Then there are ap,...,a, € R" pairwise
different points and A\; > 0,...,A, > 0 weights such that:

;
L(p) = Xip(a;) for all p € R[X]2q-1
i=1

where r = rank A;.
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First result

Let L € R[X]54 be an optimal solution of (P,4) and suppose My is a
generalized Hankel matrix. Then there are ap,...,a, € R" pairwise
different points and A\; > 0,...,A, > 0 weights such that:

.
L(p) =Y Aip(ai) for all p € R[X]24-1
i=1
where r = rank A;. Moreover if {a1,...,a,} € S and f € R[X]24-1
then ay,...,a, are global minimizers of (P) and P* = P}, = f(a;)
forallie {1,...,r}.

Let L € R[X]%. A quadrature rule for L on U C R[X]y is a function
w: N — R defined on a finite set N C R”, such that:

L(p) = Z w(x)p(x) for all p € U
xeN
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minimize  f(x) = —12x; — Txo + x5
subject to — 2x{1 +2—x=0
0<x <2
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Example
Let us consider the following polynomial optimization problem:

minimize  f(x) = —12x; — Txo + x5

subject to — 2x{1 +2—x=0

0<x <2
0<x <3
We get the optimal value P; = —16.7389 for the optimal solution
L € R[X1,X2];. With moment matrix:
1 X1 X> \ X2 X1 Xo X2

1 1.0000 0.7175 1.4698 0.5140 1.0547 2.1604

X 0.7175 0.5149 1.0547 0.3694 0.7568 1.5502

M= % 1.4698 1.0547 2.1604 0.7568 1.5502 3.1755

X1 X2 1.0547 0.7568 1.5502 0.5430 1.1123 2.2785

X2 0.5149 0.3694 0.7568 0.2651 0.5430 1.1123
X2 2.1604 1.5502 3.1755 1.1123 2.2785 8.7737




Example

Let us consider the following polynomial optimization problem:

minimize  f(x) = —12x; — Txo + x5
subjectto —2xf +2—x =0
0<x <2
0<x <3
We get the optimal value P; = —16.7389 for the optimal solution
Le R[Xl,Xg]z.
X1 Xo \ X2 X1 Xo X2
1 1.0000 0.7175 1.4698 0.5149 1.0547 2.1604
X 0.7175 0.5149 1.0547 0.3694 0.7568 1.5502
X 1.4698 1.0547 2.1604 0.7568 1.5502 3.1755
x2 05149 0.3694 0.7568 0.2651 0.5430 1.1123
X% | 1.0547 0.7568 1.5502 0.5430 1.1123 2.2785
x2 21604 15502 3.1755 1.1123  2.2785 4.6675
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Let us consider the following polynomial optimization problem:
minimize  f(x) = —12x; — Txo + x5
subject to — 2x{1 +2—x=0
0<x <2
0<x <3

We get the optimal value P; = —16.7389 for the optimal solution
Le R[Xl,Xg]z.

Since M is generalized Hankel we will be able to find a quadrature
rule for L on R[X1,X2]3. In this case:

L(p) = p(«,pB) for all p € R[X1,X2]3

for a :=0.7175 and 3 := 1.4698.




Example

Let us consider the following polynomial optimization problem:

minimize  f(x) = —12x; — Txo + x5
subject to — 2x{1 +2—x=0
0<x <2
0<x <3

We get the optimal value P; = —16.7389 for the optimal solution
L € R[X1,X2];-

Since M is generalized Hankel we will be able to find a quadrature
rule for L on R[X1,X2]3. In this case:

L(p) = p(«,pB) for all p € R[X1,X2]3

for @ := 0.7175 and  := 1.4698. Moreover since («,() € S and
f € R[X1,X2]3 then P* = P; = f(«,53)




Given d € Ng and L € R[X]3, such that L(>"R[X]3) C Rxo, we
would like to find for all p € R[X]2q4:

> nodes xi,...,x, € R" and weights \; > 0,.. ., Ar > 0 st:

) )

L(p) = > Aip(xi)
i=1



Given d € Ng and L € R[X]3, such that L(>"R[X]3) C Rxo, we
would like to find for all p € R[X]2q4:
> a finite dimensional euclidean vector space V,commuting

symmetric matrices My, ... ,M, € R™" and a vector 2 € R"
s.t:

L(p) = (p(My, ... ,M,)a,a)



Given d € Ng and L € R[X]3, such that L(>"R[X]3) C Rxo, we
would like to find for all p € R[X]24:

> a finite dimensional euclidean vector space V,commuting
symmetric matrices My,
s.t:

...,M, € R™™" and a vector a € R"
L(p) = (p(My,...,M,)a,a)
Let L € R[X]* s.t. L(XZR[X]?\ {0}) € R=o. Then define:
> V= R[X]
> (p,q) := L(pq)

» M R[X] — R[X],p— Xip forie{1,...,n}
> a:=1€cR[X]
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Let L € R[X]5, s-t- L(ZR[X]3) € Rso. We define:
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Let L € R[X]5, s.t- L(ZR[X]3) € Rso. We define:

» U :={peR[X]q | L(pg) =0 Vg € R[X]q4}. The truncated
GNS kernel.

V= BIa - The truncated GNS-representation space .
U

v

v

(pt,g") == L(pq) for every p,q € R[X]y. The truncated GNS
inner product.
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Let L € R[X]5, s-t- L(ZR[X]3) € Rso. We define:

U :={peR[X]q | L(pg) =0 VYq € R[X]a}. The truncated
GNS kernel.

V= BIa - The truncated GNS-representation space .
U

v

v

v

(pt,g") == L(pq) for every p,q € R[X]y. The truncated GNS
inner product.

Ny : Ve — {p"| peR[X]g_1}:= T.. The GNS orthogonal
projection.

v




Let L € R[X]5, s-t- L(ZR[X]3) € Rso. We define:
» U :={peR[X]q | L(pg) =0 Vg € R[X]q4}. The truncated
GNS kernel.

>V, = %. The truncated GNS-representation space .

» (pL,gh) := L(pq) for every p,qg € R[X]q. The truncated GNS
inner product.
» MV, — {p" | p€R[X]yg_1} := T.. The GNS orthogonal
projection.
_ —L
> MLJ : I'IL(VL) — n[_(VL), pL — n[_(pX,' ) for p € R[K]d—l-
The i-th truncated multiplication operator.




Main Theorem
The following statements are equivalent:
(i) M, is a Generalized Hankel matrix.

(ii) The truncated multiplication operators M 1, ...

pairwise commute.
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