FOURTEEN POINTS IN THREE-SPACE

MATEUSZ MICHALEK

ABSTRACT. We show that every finite subscheme of length at most
fourteen in complex affine three-space is a limit of reduced subschemes.
Equivalently, the Hilbert schemes of twelve, thirteen and fourteen points
in A® are irreducible. The proof uses two ways of smoothing a finite
scheme: placing it on a surface with a rational double point, and splitting
off a single point. Which of the two applies is decided mainly by the
quadrics that vanish on the tangent cone. For very compressed algebras
we use a computer-assisted theorem of Douvropoulos, Jelisiejew, Ngdland
and Teitler.

1. INTRODUCTION

A collection of d distinct points in complex affine space can be moved
so that some of the points come together. The limits of such motions are
finite subschemes of length d. All finite subschemes of A™ of length d are
parametrized by the Hilbert scheme Hilby(A™), and those that arise as limits
of d distinct points are called smoothable. The smoothable subschemes form
an irreducible component of Hilby(A™) of dimension nd, so the Hilbert scheme
is irreducible exactly when every finite subscheme of length d is smoothable.

For surfaces this is always the case, by a theorem of Fogarty [10]:

Every finite subscheme of a smooth surface is a limit of
reduced subschemes.

In higher dimensions it fails. Iarrobino showed [13, 14]:

If n >3 and d > 78, then the Hilbert scheme of d points in
A™ is reducible.

When n > 4, reducibility already starts at d = 8 [15, 2]. When n = 3, the
Hilbert scheme of d points is irreducible for d < 7 by Mazzola [19], for d = 8
by Cartwright, Erman, Velasco and Viray [2], for d = 9 and 10 by Henni and
Jardim [12], building on work of Sivic [21], and for d = 11 by Douvropoulos,
Jelisiejew, Ngdland and Teitler [6]. Thus the smallest d for which Hilbg(A3)
is reducible lies between 12 and 78 [16, Problem V].

We now state our main result.

Theorem 1.1. Every finite subscheme of A® of length at most fourteen is
smoothable. In particular, the Hilbert schemes Hilb2(A3), Hilbi3(A3) and
Hilby4(A3) are irreducible, of dimensions 36, 39 and 42.
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Consequently, the smallest d for which Hilbg(A®) is reducible lies between
15 and 78. The question is local, so Theorem 1.1 holds for any smooth
irreducible quasi-projective threefold in place of A3, see [6, Section 1].

Every finite scheme is a disjoint union of local ones, and it suffices to
consider a local subscheme Z supported at the origin, say Z = V(I). The
tangent cone of Z is the subscheme of A® defined by the lowest-degree
homogeneous components of the elements of 1. The proof of Theorem 1.1 is
organized by the quadrics that vanish on the tangent cone, and it uses two
ways of smoothing Z.

The first is to find a surface through Z whose Hilbert schemes of points
are irreducible. By a theorem of Zheng [22], this is the case for surfaces with
rational double points. A quadric that vanishes on the tangent cone and is
not the square of a linear form produces such a surface through a scheme
isomorphic to Z, and one obtains a criterion that holds in every length.

Theorem 1.2. Let Z C A® be a finite subscheme supported at the origin.
If the tangent cone of Z lies on a quadric that is not the square of a linear
form, or on a nonzero quadric and on eight linearly independent cubics, then
Z s smoothable.

In particular, Z is smoothable whenever its tangent cone lies on two
linearly independent quadrics, because a pencil of quadrics cannot consist of
squares. A quadric that is not a square gives Z an equation of type A; when
the quadric is a square, the cubics in the second case give an equation of
type D; see Section 4. Equations of types FEg, F7 and Eg can appear when
all the relevant cubics are cubes.

The second way is to split off a point. Let a, b, ¢ be polynomial coordinates
centered at the origin, for instance linear coordinates, and let L = (b, ¢) be
the ideal of the curve b = ¢ = 0. If the ideal quotient (I : L) is not contained
in I + L, then a flat family deforms Z into the disjoint union of a single
point, which leaves the origin along the curve, and a scheme of smaller length
(Proposition 5.3). In its simplest form this is the ray family of Casnati,
Jelisiejew and Notari [3], which was used in a similar way in [6].

Both ways are combined with the fact that a limit of smoothable schemes
is smoothable. For some Hilbert functions, all algebras form an irreducible
family whose general member is smoothed in one of the two ways.

For at most fourteen points, the choice between the two is guided by
the number of independent quadrics on the tangent cone. When Z has
embedding dimension three, this number is 6 — H4(2), where Hy4 is the
Hilbert function of the local algebra A = O(Z) (Section 3):
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H4(2) quadrics how Z is smoothed

<4 >2 on a surface with a singularity of type A
5 1 on a surface with a singularity of type Ag,
Dy, or Ej, as a limit of such schemes, or
by splitting off a point
6 0 by splitting off a point, or as a limit of
such schemes, except for (1,3,6,3) and
(17 3’ 67 4)

In the middle row, when the quadric is the square of a linear form, the cubic
terms of the equations of Z decide between the two ways (Theorem 8.9). In
the last row, the Hilbert function (1, 3,6, 2) requires in addition a general
position argument for pencils of plane cubics (Lemma 6.4). The Hilbert
functions (1, 3,6,3,1) and (1, 3,6,2,2) are treated with Macaulay’s inverse
systems, which describe an ideal by the polynomials that it annihilates. For
(1,3,6,3,1), the ideal of a suitable line is always a ray; in the main case
this follows from a trace identity for the second derivatives of a quartic form
(Lemma 8.5). The algebras with Hilbert functions (1, 3,6,3) and (1, 3,6,4)
are very compressed, and for them we use the theorem of Douvropoulos,
Jelisiejew, Ngdland and Teitler [6, Proposition 1.2], whose proof uses a
computer calculation.

Section 2 recalls the Hilbert scheme and the basic properties of smootha-
bility. Section 3 introduces tangent cones, Hilbert functions and inverse
systems of local algebras. Section 4 explains how equations of type A, D
and E arise, and proves Theorem 1.2. Section 5 constructs the families that
split off a point. Sections 6, 7 and 8 prove Theorem 1.1 for twelve, thirteen
and fourteen points.

2. FINITE SCHEMES AND THEIR SMOOTHINGS

2.1. Throughout, we work over the complex numbers. We write § =
Clz,y, 2], m = (x,y, z) for the ideal of the origin, Sj for the space of forms
of degree k in S, and S<; = Sy @ --- ® Si. When we write V(1) = {0}, we
mean that the zero scheme of I is supported at the origin.

A finite subscheme Z of A™ is the zero scheme V(I) of an ideal I C
Clx1, ..., xy] of finite colength. Its length is ¢(Z) = dim¢ Clzy,...,z,]/1,
and its coordinate algebra O(Z) = Clxy, ..., xy]/I is a finite C-algebra. The
subscheme Z is reduced if I is radical, that is, if Z consists of ¢(Z) distinct
points, and it is local if it is supported at a single point.

2.2. The Hilbert scheme of d points Hilby(A™) is the fine moduli space of
finite subschemes of A™ of length d, see [20, Chapter 18]. Its closed points are
the ideals of colength d, and a morphism from a scheme T to Hilby(A") is the
same as a closed subscheme of T'x A™ that is finite and flat of degree d over T.
For example, if Z C Clt][z1, . .., x,) is an ideal such that C[t][z1,...,2,]/T is
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a free C[t]-module of rank d, then to — Z|;—, is a morphism Al — Hilby(A™).
Here Z|¢~¢, denotes the image of Z under the substitution ¢t = .

The reduced subschemes of length d form an open subset of Hilby(A™),
isomorphic to the complement of the diagonals in the d-th symmetric power
of A™. It is irreducible of dimension nd.

Definition 2.3. The smoothable component Rq(A"™) is the closure of the
locus of reduced subschemes in Hilby(A™). A finite subscheme of length d is
smoothable if it is a point of Rq(A™).

Thus Hilby(A™) is irreducible if and only if every finite subscheme of A"
of length d is smoothable.

Proposition 2.4. Smoothability has the following properties.

(1) (Limits) Let T be a variety with a morphism T — Hilbgy(A™). If the
subschemes parametrized by a dense subset of T' are smoothable, then
all subschemes parametrized by T are smoothable.

(2) (Disjoint unions) A disjoint union of smoothable finite subschemes is
smoothable.

(3) (Intrinsic) Whether Z is smoothable depends only on the isomorphism
class of the C-algebra O(Z), and neither on the embedding of Z into
A" nor on n.

(4) (Surfaces) Let X C A™ be a closed surface such that Hilby(X) is
irreducible. Then every subscheme of X of length d is smoothable.

Proof. For (1), the preimage of Rq(A") in T is closed and dense. Part (3) is
[2, Lemma 4.1]: a finite subscheme Z is smoothable if and only if its algebra
O(Z) is the special fiber of a finite flat family over C[[¢]] with smooth generic
fiber. Part (2) follows by taking the disjoint union of such families, that is, the
direct product of their coordinate algebras, as remarked after [2, Lemma 4.1].
For (4), the Hilbert scheme Hilby(X) is the closed subscheme of Hilby(A™)
that parametrizes the subschemes contained in X. The locus of reduced
subschemes of X is nonempty and open in Hilby(X), hence dense because
Hilby(X) is irreducible, and these subschemes are reduced subschemes of
A", O

By (3), it makes sense to call a finite C-algebra smoothable, and we will
do so.

2.5.  The embedding dimension of a finite local C-algebra A with maximal
ideal my is dimgmy /mi. It is the smallest n for which A is a quotient
of Clzy,...,xy], that is, for which Spec A embeds into A". The following
theorem collects what we use from the literature about small cases.

Theorem 2.6. (1) [10, Proposition 2.3 and Theorem 2.4] For every d,
the Hilbert scheme Hilby(A?) is irreducible. Hence every finite local
C-algebra of embedding dimension at most two is smoothable.

(2) [19, 2, 12, 6] For every d < 11, the Hilbert scheme Hilby(A3) is
irreducible.
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Proposition 2.7. Suppose that every finite subscheme of A® of length less
than d is smoothable. If every local algebra S/I of length d with I C m? is
smoothable, then every finite subscheme of A® of length d is smoothable.

Proof. A finite subscheme is the disjoint union of its local components, and
each of them has length less than d unless the subscheme is local. By
Proposition 2.4(2) and (3), we may therefore assume that Z = V(1) is local
and supported at the origin, so that I C m. The embedding dimension of
S/I is dimcm/(m? 4 I). If I € m?, it is at most two, and Theorem 2.6(1)
applies. O

3. TANGENT CONES AND INVERSE SYSTEMS

3.1. Let I C S be an ideal of finite colength with V() = {0}, and let
A = S/I. By the Nullstellensatz, m"¥ C I for some N. The leading form f*
of a nonzero polynomial f is its nonzero homogeneous component of lowest
degree, and this degree is the order of f. The leading forms of the elements
of I span a homogeneous ideal I*. The tangent cone of Z = V(I) is the
subscheme of A? defined by I*, and we say that the tangent cone lies on a
form g if ¢ € I*. The Hilbert function of A is

Hu(k) = dime Sp/If, k> 0.

The algebra S/I* is the associated graded algebra of A with respect to its
maximal ideal, and H 4 is its Hilbert function.

Lemma 3.2. (1) The sum of the values of H 4 is the length of A, and
H,4(1) is the embedding dimension of A.
(2) If Ha(k) = 0, then m* C I. In particular, Ha(j) =0 for all j > k.
(3) If Ha(k) =1 for some k > 1, then Huy(k+1) < 1.
Proof. A form h € Sj, maps to zero in mF A /m**1 A exactly when h € T+mF+1,
that is, when h is zero or the leading form of an element of I. Hence
mbFA/mEtLA = G, /T¥ and (1) follows. If Ha(k) = 0, then m¥A = m**1A, so
mFA = 0 by Nakayama’s lemma. For (3), let G = S/I* and let u = 1 -- -},
be a monomial whose class spans Gj. For a linear form v, the class of
vly - - - is a multiple A(v)u in G, so vu = £1(vly---{) = AMv)liu in G.
Hence Gi11 = Sju is spanned by 41 u. O

3.3. We use formal coordinates. Let S = C[[z,y, z]] with maximal ideal .
Since m" C I, the inclusion S C S induces an isomorphism S/I = §/I8,
and mN C IS. A formal change of coordinates is an automorphism ¢ of the
C-algebra S. It preserves i, and the ideal I, = ¢(I5) N S contains m" and
satisfies
S/, 22 8/p(IS)= S/IS = S/I.

By Proposition 2.4(3), S/I is smoothable if and only if S/I, is. When we
say that I S contains a series in suitable coordinates, we mean that (I 5)
contains it for some ¢. Since m™ C I S , we may add to any element of 1 S
any element of m”, in any coordinates.
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3.4. For some Hilbert functions it is convenient to describe an ideal by the
polynomials that it annihilates. Let "= C[X,Y, Z], and let S act on T' by
differentiation, so that x, y and z act as /90X, 0/9Y and 0/0Z. We write
g o F for the action of g € S on F' € T, and T}, T<j, and T, = T<j— for
the spaces of forms of degree k and of polynomials of degree at most k£ and
less than k. For subsets U C S and V C T, we write U o V for the span of
the elements g o I with g € U and F' € V. The pairing

(g9, F) = (g o F)(0)
is perfect between S/m” and Ty, because (z%, X”) = a! if « = § and 0
otherwise. For linear forms we have v o P = v(p), where p € C? is the vector
of coefficients of P = p1 X + poY + p3Z, and more generally g o P* = k! g(p)
for g € Si. The inverse system of an ideal I C S is

M={FeT: goF=0 forall g e I}.

For nonzero F' € T, the nonzero homogeneous component of highest degree
is the top form of F.

Lemma 3.5 (Macaulay [18]). Let I C S be an ideal with m" C I, let
A= S8/I, and let M be its inverse system.

(1) M is a subspace of T<n of dimension dimc A that is closed under
differentiation, and I = {g € S : (9, F) =0 for all F € M}.

(2) Conversely, if M C T<n is a subspace closed under differentiation,
then {g € S : go M = 0} is an ideal containing m" whose inverse
system s M.

(3) For every k, Hy(k) is the dimension of the space of top forms of
degree k of elements of M, together with 0.

Proof. For g,h € S and F € T we have (h,go F) = (hg,F). If J C S is
an ideal, it follows that g o F' = 0 for all g € J exactly when (g, F') = 0
for all g € J, since the values (h, g o F') are the Taylor coefficients of g o F
up to nonzero factors. As m" C I annihilates only polynomials of degree
less than NN, the space M is the orthogonal complement of I/m" in Ty,
which proves the first and the last claim of (1). If F' € M and v € S, then
(g,v0 F) = (gv,F) =0 for g € I, so M is closed under differentiation. For
(2), the same identity shows that the orthogonal complement J of M in S is
an ideal, which contains m" and equals {g: g o M = 0}. By the argument
for (1), the inverse system of J is the orthogonal complement of .J/m" in
T, which is M. For (3), M N Txy is the inverse system of I + mF! so
its dimension is dimg A/m*+1A = > i<k Ha(j) by the proof of Lemma 3.2.
Passing to top forms identifies (M N T<y)/(M N T<j_1) with the space in
(3). O

By Lemma 3.5(3), if Ha(k) = dim Sy, for k < 2, then T<o C M. We refer
to [9] and [8, Section 21.2] for the general theory of inverse systems.
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4. SURFACES WITH RATIONAL DOUBLE POINTS
4.1. The ADE polynomials are
A=+ 2+ 2" (k>1), Dp=a2>+yz+2F" (k>4),
Es =2+ 9> + 24, E; = 2%+ y® +y2°, Es =22 +y° +2°

For each ADE polynomial f, the surface Xy = V(f) C A3 is normal and
smooth away from the origin, where it has a rational double point [7]. More-
over, X is isomorphic to the quotient C2/T of the plane by a finite subgroup
I' € SLy(C): the invariants of ' satisfy a single weighted homogeneous
relation, found by Klein, which becomes f after rescaling the variables [17].

Theorem 4.2 (Zheng). For every finite subgroup I' C SLo(C) and every d,
the Hilbert scheme Hilby(C2/T") is irreducible.

Zheng proved that Hilby(X) is irreducible for every quasi-projective normal
surface X with at worst rational double points [22, Theorem 3.3]. For the
quotients C2/T', Craw, Gammelgaard, Gyenge and Szendrdi proposed a
second proof, which identifies the underlying reduced Hilbert schemes with
quiver varieties [4]. Its Lemma 4.3 has a gap, found by Yehao Zhou; Craw
and Yamagishi explain this and give a complete proof of the irreducibility
that is independent of Zheng’s work [5, Proposition 5.1, Theorem 5.5 and
Remark 5.6]. We use only the irreducibility.

We say that I contains an equation of type A, D or E if, in suitable
coordinates, IS contains u f for a unit u € S and an ADE polynomial f of
that type.

Corollary 4.3. If I contains an equation of type A, D or E, then S/I is
smoothable.

Proof. Choose ¢ with uf € @(Ig). Then f € ga(Ig) NS =1, s0V(I,)is a
subscheme of Xy. By Theorem 4.2 and Proposition 2.4(4), the algebra S/I,
is smoothable, and so is S/I = S/I,. O

4.4. The next proposition finds such equations. The rank of a quadric is the
rank of its symmetric 3 x 3 matrix; a nonzero quadric has rank one exactly
when it is the square of a linear form. If f € S has leading form 22, its
transverse cubic ¢ € Cly, z]3 is the cubic part of f(0,y, z). We regard 0 = 03
as a cube, so a binary cubic that is not a cube has at least two distinct linear
factors.

Proposition 4.5. Let I C S be an ideal of finite colength with V(I) = {0},
and let f € I be of order two.
(a) If the rank of f* is at least two, then I contains an equation of type
A.
(b) If f* = 22 and vt is not the cube of a linear form, then I contains
an equation of type D.
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(c) If f* = 22, vf is a nonzero cube, and m® C I, then I contains an
equation of type Fg, E7 or Eg.

Proof. Fix N > 4 with m" C I. By the splitting lemma [11, Section I1.2],
there are formal coordinates in which

f=a+y?+2%  f=2"+y +g(x), or  f=2"+g(y2)
according as the rank of f* is three, two or one, where g = 0 or g has order
at least three. In the last case, the change of coordinates fixes y and z and
replaces = by x — &, up to a unit factor, where & € (y, 2)? solves df /0x = 0.
Thus g(y,2) = f(§,y,2), and the cubic part of g is 5.

(a) If the rank is three, f is the polynomial A;. If the rank is two, we add
2N to f in case g = 0. Then g = 2*v with k > 3 and v € C[[2]] a unit, and
in the coordinate 2’ = zv'/¥ we have f = 22 4+ y? + 2’*, which is Ap_;.

(b) By Hensel’s lemma,! g factors according to a factorization of 7y into
coprime factors. If v has three distinct linear factors, then g = g1g2g3 with
power series g; of order one whose linear parts are pairwise independent.
Using u = g1 and v = g as coordinates in the (y, z)-plane, we can write
g3 = au + B with units «, 8. In the coordinates 2’ = (af8)/2z, v/ = au,
v' = Bv we obtain aff = 2'? +u/v'(u' +v'), which becomes Dy after a linear
change of «’ and v’ and a rescaling.

Otherwise v = ¢m? with independent linear forms ¢ and m, and g = g192
with leading forms g7 = ¢ and g5 = m2. We take z = g; and a coordinate
y with linear part m. The splitting lemma, applied to g2 in the variable y,
changes y only and brings g2 to the form y? + 3(z), where 3 = 0 or § has
order at least three. Thus f = 22 + zy? + 28(2). If 3 =0, we add 2"V and
obtain Dy 1. Otherwise 3 = 2¢=2¢ with k > 5 and ¢ € C[[2]] a unit; in the
coordinates 2’ = e~ 1/2z and i = e~'/2y we have f = ¢ (22 + 212 + 2F 1),
which is eDy,.

(c) Here f = 2® + g(y,2) with 74 = 3 for a nonzero linear form ¢,
and we may take y = ¢. Modulo @m®, which lies in IS, we have g =
v + azt + Byz® + y?h for a quadric h, and in the coordinate ' =y + h/3
this becomes g = y3 +az* + By'23. If a # 0, the coordinate 2’ = z+ By /(4a)
turns az? + Byz? into az™ plus a multiple of y2, which is absorbed in the
same way. S0 IS contains z2 + v+ azt if a # 0, it contains z? + 3% + By
if « = 0 # B3, and it contains x? + y>, hence 22 4 3> + 2%, if « = B = 0. After
rescaling z, these are Eg, E7 and Eg. O

4.6. We need two facts about small linear systems and one observation
about transverse cubics.

Lemma 4.7. (1) Every two-dimensional space of quadrics contains a
quadric of rank at least two.

1Every factorization of the leading form of a power series in two variables into coprime
factors lifts to a factorization of the series. One lifts degree by degree, using that two
coprime binary forms of degrees p and ¢ generate all binary forms of degree at least p+q—1.
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(2) Every affine plane in Cly, z]s contains a binary cubic that is not a
cube.

Proof. (1) Otherwise the space would be spanned by squares ¢2 and 3 of
independent linear forms, and £3 + ¢3 has rank two. (2) The cubes 3 form
a closed cone K C Cly, 23, the affine cone over the twisted cubic. Suppose
that v+ U C K for a two-dimensional linear space U. For u € U, the points
sv 4+ u lie in K for every s # 0, because K is a cone; hence also for s = 0,
because K is closed. Thus U C K. But if £} and £3 are independent elements
of U, then

G 03 = (01 4 0) (01 + who) (b +wPbs),  w = e2™/3,
has three distinct linear factors, a contradiction. 0

Lemma 4.8. Let f € I have leading form 22, and let 7: S3 — Cly, 2]3 be the
substitution x = 0. The transverse cubics of the elements of I with leading
form x? form the affine space v¢ + n(I5), and

dim7(I3) > dim I3 — 6.

Proof. If f' € I has leading form x2, then f’ — f is an element of I of order
at least three, whose cubic part lies in I3; conversely, every element of I3
is the cubic part of such an element. Since the transverse cubic of f + h
is v¢ + m(h3), where h3 is the cubic part of h, the first claim follows. The
kernel of 7 is £S5, which has dimension six. O

4.9. We can now prove the surface criterion.

Proof of Theorem 1.2. Write Z = V(I) with V(I) = {0}. If I £ m?, then Z
has embedding dimension at most two and is smoothable by Theorem 2.6(1).
So let I C m?. If the tangent cone lies on a quadric g that is not a square, that
is, of rank at least two, then ¢ = f* for some f € I, and Proposition 4.5(a)
and Corollary 4.3 show that Z is smoothable. By Lemma 4.7(1), it remains
to consider the case I} = Cx? and dim I > 8, after a linear change of
coordinates. Choose f € I with f* = 2. By Lemma 4.8, the transverse
cubics of such elements fill an affine space of dimension at least two, and by
Lemma 4.7(2) one of them is not a cube. We conclude by Proposition 4.5(b)
and Corollary 4.3. U

Remark 4.10. In terms of the Hilbert function, Theorem 1.2 applies to every
local algebra A of embedding dimension three with H4(2) < 4, and to every
such algebra with H(2) =5 and H4(3) < 2, since dim I3 = 6 — H4(2) and
dim I = 10 — H4(3). There is no bound on the length.

5. SPLITTING OFF A POINT

5.1. We say that a, b, c € S are polynomial coordinates centered at the origin
if S = Cla, b, c] and a, b, ¢ vanish at the origin; for example, a, b— 3a?, c—~a?
for linear coordinates a,b,c. For ideals I and L of S, the ideal quotient is
(I:L)={ueS:ul CI}.
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Definition 5.2. Let I C S be an ideal of finite colength with V(I) = {0}.
A ray of I is an ideal L = (b, ¢), for polynomial coordinates a, b, ¢ centered
at the origin, such that (I : L) € I + L.

The curve V(L) is the path along which a point will leave V(I). For
example, (b, c) is a ray if a®b € I, a®c € I and a® ¢ I + (b, c) for some e > 1,
since then a® lies in (I : L) but not in I + L.

Proposition 5.3 (Splitting off a point). Let I C S be an ideal of colength d
with V(I) = {0}, and let L = (b,c) be a ray of I, for polynomial coordinates
a,b, c centered at the origin. Then there is an ideal T C S[t] such that S[t]/Z
is a free C[t]-module of rank d, I|;—o = I, and for every ty # 0 the subscheme
V(Z|t=t,) is the disjoint union of the reduced point (a,b,c) = (t9,0,0) and a
subscheme of length d — 1 supported at the origin.

Proof. We have S/L = Cla]. The images of I and (I : L) in C[a] are ideals
(a") and (@), and s < r because (I : L) € I + L. Choose F' € I with
image a”, and v € (I : L) with image a"~; for instance, u = a"~!=*u’ for an
element u' € (I : L) with image a®. Let J = I N L. Every element of I is
congruent modulo J to a multiple of F' by a polynomial in a, so I = J + (F).

As Cla)-modules, S/J = Cla] ® M with M = L/J, and M is finite-
dimensional because it embeds into S/I. Both F' and w kill M, since F'L
and uL liein INL = J. Set

Then F; kills M[t], and F; = a” — ta" ! modulo L. So the ideal generated
by F; in (S/J)[t] = Cla,t] & M][t] consists of the pairs ((a" — ta"1)p, u(p))
with p € Cla, t], for a C[a, t]-linear map p to M[t]. Division by the monic
polynomial a” — ta"~! brings every class to a normal form (h,m) with
deg,h < r and m € M]Jt]. The normal form is unique, because a pair
((a" — ta"Yp, w(p)) whose first entry has a-degree less than r has p = 0,
and so it is zero. So S[t]/T is a free C[t]-module with basis 1,a,...,a" !
together with a basis of M. At t = 0 we recover J + (F') = I, so the rank is
d.

Let tg # 0 and Iy, = Z|—t, = J + (F},). Since V(J) = {0} U V(L) and
Fy, restricts to a"~!(a — tp) on the curve V (L), the subscheme V(Iy,) is
supported at the origin and at p = (¢9,0,0). Near p the ideal I is the unit
ideal, so J = L locally at p, and I;, = (b,c,a — to) locally at p. Thus p is a
reduced point, and the part at the origin has length d — 1. U

Corollary 5.4. If, in addition, every finite subscheme of A% of length d — 1
is smoothable, then S/I is smoothable.

Proof. The family of Proposition 5.3 is a morphism A! — Hilby(A3). For
to # 0 it parametrizes a disjoint union of a point and a subscheme of length
d — 1, which is smoothable by Proposition 2.4(2). Hence S/I is smoothable
by Proposition 2.4(1). O
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Remark 5.5. For rays witnessed by a pure power, a¢ € (I : L)\ (I + L),
Proposition 5.3 is a ray family in the sense of [3, Section 5], in the form of [6,
Proposition 3.7 and Corollary 3.8]. The general form is used in Lemma 7.3
and, through Lemma 5.6 below, in Section 8.

In terms of inverse systems (Section 3.4), rays along lines are detected as
follows. For a nonzero P € T} with coefficient vector p, let Np = {v € S :
v(p) = 0}, and let Lp be the ideal generated by Np, the ideal of the line
through 0 and p. For an inverse system M, the space Lp o M is defined as
in Section 3.4.

Lemma 5.6. Let I C S be an ideal of finite colength with V(I) = {0}, and
let M be its inverse system. If some power P¥ of a nonzero P € T} lies in
M but not in Lp o M, then Lp is a ray of I.

Proof. Choose N with m" C I. The subspace Lp o M of Tex does not
contain P¥ so there is g € S with (g, Lp o M) = 0 and (g, P*) # 0. For
¢ € Lp and F € M we have (g/,F) = (9,00 F) = 0, so gLp C I by
Lemma 3.5(1), that is, g € (/ : Lp). If g=i+ ¢ with ¢ € [ and ¢ € Lp,
then (g, P*) = (i, P¥) 4 (¢, P¥) = 0, because P* € M and ¢ o P* = 0. Hence
g ¢ I+ Lp. Finally, Lp = (b, c) for a basis b, c of Np, and a, b, ¢ are linear
coordinates for any linear form a with a(p) # 0. So Lp is a ray of I. (]

6. TWELVE POINTS

6.1. Let A = S/I be a local algebra of length twelve with I C m?. By
Lemma 3.2, the Hilbert functions that are not entirely covered by Theorem 1.2
are
(17375?3)’ (1’37672)7 (173767 17 1)7

and for the first only the algebras whose tangent cone lies on the square of a
linear form need attention. Proposition 4.5 treats the first. The following
two lemmas produce rays for the other two, for (1, 3,6,2) after passing to a
general member of a family.

Lemma 6.2. Let A = S/I be a local algebra supported at the origin with
Hilbert function (1,3,6,1,...,1), with last nonzero value in degree s > 4.
Then there are polynomial coordinates a,b, c centered at the origin such that
a’bel,a’cel, and a®> ¢ I + (b,c). In particular, (b,c) is a ray of I.

Proof. Let G = S/I*. Its components Gs, ..., G, are lines, and G4 = G1Gs.
Hence multiplication defines a nonzero linear form on (G with values in
Hom(G3,G4) = C, and we can choose linear coordinates a, b, ¢ with bG3 =
¢G3 = 0. Then bG) = cGj = 0 for all k > 3, since G = G¥3G3. Every
monomial of degree & > 4 other than a” is a multiple of b or ¢ by a monomial of
degree k—1, so it vanishes in G. Therefore G}, is spanned by a* for 4 < k < s,
and Gj is spanned by a3. Writing a?b = ka® in G35 and multiplying by a, we
get 0 = a3b = ka?, so k = 0. Thus a?b and, in the same way, a’c vanish in
Gg = m3A/ m4A.
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Since Ha(s 4+ 1) = 0, we have m*T!4 = 0 by Lemma 3.2, so m*4 is
spanned by a?,...,a®. Hence a?b = a?f and a’c = a’y in A for polynomials
B,7 € (a?) in a alone, and the polynomial coordinates a, b’ =b— 3, ¢ = c—~
satisfy a?b',a?c € I. Finally, I C m> because H4(2) = 6, and the quotient
map S — S/(V/,c) = Cla] sends b and ¢ into (a?), hence m? into (a®). So
a?¢ I+ (V,d). O

Lemma 6.2 is a special case of the long-tail criterion [6, Proposition 4.2].

6.3. For the Hilbert function (1, 3,6, 2) we use duality with cubic forms. For
¢ € SY, let ® be the cubic form on the vector space S; given by ®(¢) = ¢(£3).
The map ¢ — @ is an isomorphism, and for a,w € S7 the derivative of ¢ at
a in the direction w is

(0w ®)(a) = 3 ¢(a’w).
We say that ® is singular at a # 0 if all its partial derivatives vanish at a,
that is, if the plane cubic curve {® = 0} C P(S}) is singular at [a].

Lemma 6.4. Let A = S/I be a local algebra supported at the origin with
Hilbert function (1,3,6,2). Then I = V +m* for an eight-dimensional
subspace V' C Ss, and conversely every such subspace gives such an algebra.
If V' is general, that is, if it lies in a suitable dense open subset of the
Grassmannian Gr(8,S3), then there are linear coordinates a, b, c with a®b € I,
a’ce€ I, and a®? ¢ I + (b,c). In particular, (b,c) is a ray of I.

Proof. Since H4(2) = 6 and Ha(4) = 0, we have I C m® and m* C I by
Lemma 3.2. Every f € I is the sum of its cubic part and an element of m*,
so I =V +m? with V =1nNS;, and dim V = 10 — H(3) = 8. The converse
is clear.

The annihilator of V in Sy corresponds to a pencil P of cubic forms on
S1. Suppose that some &y € P is singular at a point ¢ that is not a base
point of P, and choose ®; € P with ®1(a) # 0. Let W C S} be the kernel
of w — (0yw®1)(a). This is a plane, and it does not contain a, because
(0aP1)(a) = 3P1(a) # 0. Since Py and P, span P, the derivatives of all
members of P at a vanish on W, that is, a>W C V. For a basis b, ¢ of W,
the linear coordinates a, b, ¢ satisfy a?b,a’c € I. Moreover a? ¢ I + (b, c),
since I € m?® and the quotient map S — S/(b,c) = Cla] sends m? into (a?).

It remains to see that a general pencil has this property. Every pencil
contains a singular member, because the singular plane cubics form a hyper-
surface in P(Sy) = P?) the zero set of the discriminant, and a hypersurface
meets every line. On the other hand, the pencils with a member singular at a
base point form a set of dimension at most 15: they are obtained by choosing
the base point (2 parameters), a cubic singular there (a P of choices), and
a second cubic vanishing there, modulo the first (a P7 of choices). The
Grassmannian of pencils has dimension 16, so the pencils outside the closure
of this set form a dense open subset, and each of them has a singular member
whose singular point is not a base point. O
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Example 6.5. The Hesse pencil, spanned by £3 + ¢3 + ¢3 and (1/2¢3 for
= {1z + Loy + f3z, corresponds to

I=(aPy, 2%, ay?, Y’z 22°, y2°, ¥ — %, P = %)+ m’

The member ¢1/9/03 is singular at a = x, where the other member does not
vanish, and indeed z?y and 2%z lie in I. In the proof of Proposition 5.3 we
may take r = 3, F = 23 — 3% and v = 22, so the point (¢,0,0) leaves the

origin along the family (I N (y,2)) + (23 — ta? — y3).
6.6. We now prove the theorem for twelve points.

Theorem 6.7. Every finite subscheme of A3 of length at most twelve is
smoothable.

Proof. By Theorem 2.6(2) and Proposition 2.7, it suffices to show that
every local algebra A = S/I of length twelve with I C m? is smoothable.
By Lemma 3.2, its Hilbert function satisfies H4(0) = 1, H4(1) = 3 and
Y i Ha(k) = 8, and it has no internal zeros.

If H4(2) < 4, Theorem 1.2 applies.

If H4(2) =5, then >~ Ha(k) = 3. If H4(3) < 2, Theorem 1.2 applies.
Otherwise Ha(3) = 3 and Ha(4) = 0, so m* C I. The tangent cone lies
on a unique quadric g up to scalar; if ¢ has rank at least two, Theorem 1.2
applies, so we may assume ¢ = z>. By Lemma 4.8, the transverse cubics
of the elements of I with leading form 2 fill an affine space of dimension
at least 7— 6 = 1. If one of them is not a cube, Proposition 4.5(b) applies.
Otherwise one of them is a nonzero cube, and Proposition 4.5(c) applies
because m® C m* C I. In both cases, A is smoothable by Corollary 4.3.

If Ho(2) = 6, the Hilbert function is (1,3,6,1,1) or (1,3,6,2). All
subschemes of length eleven are smoothable by Theorem 2.6(2). In the first
case A is smoothable by Lemma 6.2 and Corollary 5.4. In the second case,
Lemma 6.4 and Corollary 5.4 show that S/(V +m?*) is smoothable for general
V. The ideals V 4 m* form a flat family over the Grassmannian Gr(8, S3),
since their quotients S<o @ S3/V form a vector bundle of rank twelve. Hence
S/(V +m?) is smoothable for every V by Proposition 2.4(1). O

Remark 6.8. An algebra S/I is very compressed if m*t1 C I C m* for some
s. Douvropoulos, Jelisiejew, Ngdland and Teitler prove, with a computer
calculation, that every very compressed algebra S/I of length at most 95 is
smoothable [6, Proposition 1.2]. This also covers (1, 3,6,2); in the proof of
Theorem 1.1 we use it only for (1,3,6,3) and (1,3,6,4).

7. THIRTEEN POINTS

7.1. Let A = S/I be a local algebra of length thirteen with I C m?. By
Lemma 3.2, the Hilbert functions that are not entirely covered by Theorem 1.2
are

(17375737 1)’ (]"3’ 5’4)7 (17376?3)’ (]"3’6’ 27 1)7 (17376? 17 17 1)’
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and for the first two only the algebras whose tangent cone lies on the square
of a linear form need attention. Proposition 4.5 treats the first, Lemma 6.2
the last, and the theorem on very compressed algebras [6, Proposition 1.2]
the third. The following two lemmas treat the others.

Lemma 7.2. Every local algebra with Hilbert function (1,3,5,k) is smooth-
able.

Proof. Let A = S/I be such an algebra, supported at the origin. Then
m* C I by Lemma 3.2, the tangent cone lies on a unique quadric ¢ up to
scalar, and K = I3 is a subspace of S3 of dimension 10 — k containing ¢95.
If f € I has leading form ¢ and cubic part g, then ¢ + g € I, and

I=C(qg+g)+K+m

since K C I and every element of I is congruent modulo K +m? to a multiple
of ¢+ g.

Write K = ¢S; @ K’ and choose a quadric ¢’ of rank three. For t € C put
q = q+tq and

Iy =C(g + 9) + @51 + K" +m*,

so that Iy = I. Let U C C be the set of ¢ for which ¢;S7 + K’ has dimension
10 — k; it is the complement of a finite set and contains 0. For t € U,
the space I; is an ideal of colength 9 + k, since Si(q; + g) C ¢:S1 + m*
and 51K’ C m*. Modulo m?, the spaces I; have constant dimension and
are spanned by elements that depend polynomially on ¢, so they form a
subbundle of the trivial bundle with fiber S/m* over U, and the ideals I
form a flat family over U. For all but finitely many ¢, the quadric ¢; has rank
three, and I; is smoothable by Theorem 1.2. By Proposition 2.4(1), I = Iy
is smoothable. ([

For k = 3, this gives a second proof of the case (1, 3,5, 3) of Theorem 6.7.

Lemma 7.3. Let A = S/I be a local algebra supported at the origin with
Hilbert function (1,3,6,2,1). Then I has a ray.

Proof. Let G = S/I*. Multiplication defines a bilinear map G x Gz — G4 =
C, hence a linear map ¢: G; — GY. It is nonzero because G4 = G1G3, and
its rank is one or two. Recall that m® C I and I C m3.

Suppose first that ¢ has rank one, and choose linear coordinates a, b, ¢
with ¥(b) = ¥ (¢) = 0, so that bGs = ¢G3 = 0. As in the proof of Lemma 6.2,
every monomial of degree four other than a* vanishes in G, so Gy is spanned
by a*. In particular a®b and ac vanish in G4 = m*A/m®A, and since m® C I,
they lie in I. If a® were congruent modulo I to an element of (b, c), then a®
would lie in (b, ¢) modulo I3, and a* would vanish in G4. Hence a3 ¢ I+ (b, c),
and (b, c) is a ray.

Suppose now that ¢ has rank two. Choose ¢ spanning its kernel and
complete it to linear coordinates a, b, c. Then 1) induces a perfect pairing
between G1/Cc and G3, and ¢G3 = 0. As m® C I, the latter gives ¢S5 C 1.
For a linear form ¢, the element ¢-c?a = ¢-fca therefore lies in I, so the class of
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c?a in G3 pairs to zero with G and vanishes; similarly for ¢?b. Thus c?a and

c?b lie in m*A = G4. Since 1(a) and v (b) are linearly independent, the map
S5 — G4 x G4, h + (ha, hb), is surjective, so there is h € S3 with ha = —c%a
and hb = —c?b in A. The element u = ¢® + h then satisfies ua,ub € I. It is
not in I + (a, b), because the quotient map S — S/(a,b) = C[c] sends I C m3
into (c3) and u to ¢? plus a multiple of ¢3. So (a,b) is a ray. O

In the second case ¢? itself need not lie in (I : (a,b)); the correction h
makes the argument work for every algebra with this Hilbert function.

7.4. We now prove the theorem for thirteen points.
Theorem 7.5. Every finite subscheme of A3 of length thirteen is smoothable.

Proof. By Theorem 6.7 and Proposition 2.7, it suffices to show that every local
algebra A = S/I of length thirteen with I C m? is smoothable. Its Hilbert
function starts with (1,3), has no internal zeros, and satisfies >~ Ha(k) =
9.

If Hy(2) <4, Theorem 1.2 applies.

If Ho(2) =5, then Y ~5 Ha(k) = 4. If H4(3) < 2, Theorem 1.2 applies,
and if H4(3) = 4, the Hilbert function is (1,3,5,4) and Lemma 7.2 applies.
Otherwise Ha(3) =3, Ha(4) = 1, and m® C I. If the quadric on the tangent
cone has rank at least two, Theorem 1.2 applies, so we may assume that it is
z?. By Lemma 4.8, the transverse cubics of the elements of I with leading
form 22 fill an affine space of dimension at least 7 — 6 = 1. If one of them is
not a cube, Proposition 4.5(b) applies; otherwise one of them is a nonzero
cube, and Proposition 4.5(c) applies. In both cases, A is smoothable by
Corollary 4.3.

If Ha(2) = 6, then Y ;>3 Ha(k) = 3, and by Lemma 3.2(3) the Hilbert
function is (1,3,6,3), (1,3,6,2,1) or (1,3,6,1,1,1). In the last two cases,
Lemmas 7.3 and 6.2 give a ray, and A is smoothable by Corollary 5.4 and
Theorem 6.7. In the first case, I = V 4+ m* for a seven-dimensional subspace
V C 83, as in the proof of Lemma 6.4. So m* C I C m?, and A is very
compressed and smoothable by [6, Proposition 1.2] (Remark 6.8). g

Remark 7.6. The argument of Lemma 6.4 does not extend to (1,3,6,3): for
a general net of cubic forms, there is no point at which the derivatives of all
members are proportional. Rays still seem to exist. In random examples,
the planes W C S for which the six quadrics 0, ®, with w € W and ® in
the net, are linearly dependent form a plane cubic curve, and at the points
of this curve that we tested, the ideal L generated by W is a ray. These
observations are experimental and are not used in the proof; we do not know
a proof of the ray assertion for a general net.

8. FOURTEEN POINTS

8.1. Let A = S/I be a local algebra of length fourteen with I C m?. By
Lemma 3.2, the Hilbert functions that are not entirely covered by Theorem 1.2
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are
(1,3,5,5), (1,3,5,4,1), (1,3,5,3,2), (1,3,5,3,1,1),

(1,3,6,4), (1,3,6,3,1), (1,3,6,2,2), (1,3,6,2,1,1), (1,3,6,1,1,1,1).
Lemma 7.2 treats the first, Lemma 6.2 the last, and [6, Proposition 1.2] the
algebras with Hilbert function (1, 3,6,4), which are very compressed. For
the others we begin with tails of ones that start in degree four.

Lemma 8.2. Let A = S/I be a local algebra supported at the origin with
Ha(4) = Ha(5) = 1. Then there are linear coordinates a, b, ¢ and polynomials
B,8" € (a?) in a alone such that a®*(b — B) and a3(c — B') lie in I, and all
elements of I3 and of I5 vanish at the point p with coordinates (a,b,c) =
(1,0,0). If I Cm?3, then (b— B,c— ') is a ray of I.

Proof. Let G = S/I*, and let s be the last degree with H(s) # 0. By
Lemma 3.2, Gy4,...,G; are lines and s > 5. As in the proof of Lemma. 6.2,
multiplication defines a nonzero linear map G; — Hom(Gy4, G5) = C, and we
choose linear coordinates a, b, ¢ with bG4 = ¢G4 = 0. Then bGy, = cGp, =0
for all k > 4, and every monomial of degree k > 5 other than a* vanishes in
G. So G}, is spanned by a* for 5 < k < s, and G4 is spanned by a?, since
a® # 0. Writing a3b = ka* in G4 and multiplying by a, we get 0 = a*b = ka®,
so k = 0. Thus a®b and, in the same way, a®c vanish in G4 = m4A/m5A.
They lie in m®A, which is spanned by a°,...,a° because m*T1A = 0, and
this gives 8 and 3.

A form vanishes at p exactly when its coefficient of a* is zero. If a quadric
in I did not vanish at p, then a? would lie in bG4 + ¢G1, and a® = a® - a® in
a®bG1 + a®cG1 = 0. If a cubic in I5 did not vanish at p, then a® would lie in
bGy + cGo, and a® = a? - a® in bG4 + ¢G4 = 0. Both contradict a® #0.

Finally, the quotient map S — S/(b — 8,¢ — ') = Cla] sends b and ¢ into
(a?), and hence it sends a form h of degree k to h(p)a® modulo (a¥*1). If
I C m3, it follows that I is sent into (a*). Then a® ¢ I+ (b—3,c— /'), while
a® lies in (I : (b— B,c—A')). O

This covers (1,3,6,2,1,1). When the tangent cone lies on a quadric, the
same ray works under a condition on transverse cubics.

Lemma 8.3. Let A = S/I be a local algebra supported at the origin with
Hilbert function (1,3,5,4,1), or (1,3,5,3,1,...,1) with Ha(5) = 1, whose
tangent cone lies on 2. Suppose that the transverse cubics of the elements
of I with leading form z2 are all zero in the first case, and all cubes in the
second. Then I has a ray.

Proof. We first find f € I with leading form z? and v = 0. In the first case
every such f works. In the second, the transverse cubics form an affine space
v¢ + U with U = n(I3) of dimension at least 7— 6 = 1, by Lemma 4.8. As
in the proof of Lemma 4.7(2), U consists of cubes, and by Lemma 4.7(2)
itself U contains no plane. So U = C¢? for a linear form ¢. Moreover
v¢ € U. Otherwise vy = ¢3 with ¢1 not proportional to £, and the transverse
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cubic £3 + ¢3 would have three distinct linear factors, as in the proof of
Lemma 4.7(2). Subtracting from f an element of I of order three whose
cubic part is sent to vy by 7, we obtain v, = 0.

Next we find linear coordinates a, by, ¢; and polynomials 3, 3’ € (a?) in a
alone such that, with b = by — 3, ¢ = ¢; — 8/ and p the point with coordinates
(CL, bl, Cl) = (1, 0, 0),

a®b, adeel, z(p) =0, and all elements of I3 vanish at p.

For (1,3,5,3,1,...,1), Lemma 8.2 provides them, since #? € I} vanishes at
p. For (1,3,5,4,1), we have U = 0, so I C xS, with equality because both
have dimension six. Then 2S5 C I, and since dim I} = 14, the forms in
I} that do not involve z form a hyperplane in Cly, z]4. As fourth powers
of linear forms span Cly, z]4, there is a linear form a € C[y, z] with a* ¢ I}.
The linear map Cly, z]1 — Si/I} = C, v — a3v, is nonzero at a; let ¢; span
its kernel, and let by = x and 3 = 8/ = 0. Since m® C I, every element of I}
lies in I, so a®b,a®c € I. The point p lies on the plane x = 0, and I} = 255
vanishes at p.

Finally, as in the proof of Lemma 8.2, the quotient map S — S/(b, ¢) = Cla]
sends a form h of degree k to h(p)a® modulo (a*1). Elements of I of order
at least three are therefore sent into (a*). An element of I of order two is a
multiple of f plus an element of order at least three. Write f = x2+ f3+(terms
of order at least four). Since x(p) = 0, the image of z lies in (a?), and
f3(p) = v¢(p) = 0 because p lies on the plane z = 0. So f is sent into (a*),
and hence so is I. Thus a® lies in (I : (b, c)) but not in I + (b, c). O

8.4. For the Hilbert functions (1,3,6,3,1) and (1,3,6,2,2) we use inverse
systems, with the notation introduced in Section 3.4 and before Lemma 5.6.
For a nonzero P € T; with coefficient vector p, the space Wp = NpS;
consists of the quadrics that vanish at p. Since inverse systems are closed
under differentiation, Lp o M = Np o M for every inverse system M.

Lemma 8.5. Let A = S/I be a local algebra supported at the origin with
Hilbert function (1,3,6,3,1). Then there is a nonzero P € Ty for which Lp
is a ray of I.

Proof. Let M be the inverse system of I. Since m® C I, we have M C T<y
by Lemma 3.5(1). By Lemma 3.5(3), M contains T<s, and M N T<3 has
dimension 13. Hence M NT<3 = T<2 @ D for the three-dimensional space
D =MnNT;, and

M=To,®DaCd, &=F+0G,

for a nonzero quartic F' and a cubic G. Since v o ® € M has degree at most
three for v € Sy, the space S1 o F' of first derivatives of F' lies in D. Its
dimension 7 is the number of essential variables of F', and 1 < r < 3. We
write Ann(F'); = {v € S1:vo F =0}.

We first record a criterion for rays. For every P, the space Np o M is
spanned by T<1, Npo D, and the elements vo® = vo F'+vo G with v € Np.
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If Np N Ann(F); = 0, then v o ® has the nonzero cubic part v o F' for v # 0,
so the elements of Np o M of degree at most two are those of T<; + Npo D.
As P? € M, Lemma 5.6 gives

(1) NpNAnn(F); =0 and P? ¢ NpoD = Lpisarayof I.

Three essential variables. Let r = 3. Then Ann(F'); =0, D = S1 0 F, and
NpoD =WpoF. If Soo0F # Ty, we choose P with P? ¢ S5 o F, which
is possible because the squares of linear forms span 75, and (1) applies.
Otherwise w — w o F' is an isomorphism S — T5. Let wp be the quadric
with wp o F' = P?. Since Wp consists of the quadrics that vanish at p, it
suffices to find P with wp(p) # 0. Choose a basis wi, ..., ws of Sy, and
let B be the catalecticant matriz of F, the symmetric matrix with entries
B;j = (ww;) o F. It is invertible, because w — w o F' is an isomorphism
and the pairing between Sz and 75 is perfect. Writing wp = }_; cjw; and
applying w; to wpoF = P?, we get >_; Bijcj = 2w;(p). Hence wp(p) = 2¥(p)
for the quartic
U = Z(B_l)ij w;w; € Sy,
0,J

and ¥ does not vanish identically, because

(2) Vol = Z(Bil)ijBij = tr(BilB) = 6.

So wp(p) # 0 for general P, and (1) applies.

Two essential variables. Let r = 2. After a linear change of coordinates,
Ann(F); = Cz, so that F € C[X,Y]. Write D = S; o F @ CFE for a cubic FE,
let ' = z0 E, and let P be such that z(p) # 0. Then Np N Ann(F); = 0,
and NpoD = Wpo F+ Npo E, where Wp o F C C[X,Y]s, the kernel of
zo on Ty. So if P? € Npo D, then z o P2 = 22(p)P lies in Np o E’, that
is, P = v o E' for some v € Np. If the map ¢: S — T}, v — vo E’, is
an isomorphism, this says that ¢ "1(P)o P = 0; and P + ¢~ }(P) o P is
a nondegenerate quadratic form, because 1 comes from the nondegenerate
symmetric bilinear form (v, v') — (vv’) o E’. Otherwise it says that P lies in
the proper subspace 1(S7). In both cases (1) applies to general P.

One essential variable. Let r = 1. Then F is annihilated by a plane of linear
forms, so F' is a multiple of Q* for some Q € T}, and Q3 € S; 0 F C D. For
P = @, every element of Np annihilates F', so Np o M is spanned by T<1,
NpoD and Np oG, and lies in T<p. Thus P3 € M does not lie in Lp o M,
and Lp is a ray by Lemma 5.6. U

For the Hilbert function (1,3,6,2,2) we need the following description of
pairs of quartic forms with few first derivatives.

Lemma 8.6. Let W C Ty and D C T3 be two-dimensional spaces with
S10W C D. Then, after a linear change of coordinates, there is a nonzero
quadric q € Clz,yl2 such that W and D consist of all forms in C[X,Y] of
degree four and three, respectively, that are annihilated by q.
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Proof. The forms whose first derivatives span a line are the fourth powers
of linear forms. If every element of W were such a power, then W would
be spanned by Qf and Qj for independent Q1,Q2 € Ty, but Q} + Q3 is
not a fourth power. So some F' € W satisfies dimS; o F = 2, and then
Sp o F = D. After a linear change of coordinates zo F' =0, so F € C[X,Y]
and zoD = Sj0(z0F)=0. For F/ € W, the first derivatives of z o F' lie
inzoD=0,s0z0F =0. Thus W and D lie in C[X,Y].

The binary cubics h € Clz,y|3 with h o D = 0 form a plane K, and for
v € Clz,y]1 and h € K we have (vh) oW = ho (voW) = 0. So the four
products of x and y with a basis hi, hy of K lie in the three-dimensional
space of binary quartics annihilating W, and there is a relation v1h; = voho
with v1,ve € Clz,y|1 not both zero. Since h; and hy are independent, so
are vy and ve, and hy = vaq, hy = v1q for a quadric ¢. Then (vg) o D =0
for all v € C[x,y]1, so go D = 0, and for F' € W the first derivatives of
qo F'liein go D =0, 80 go W = 0. Since go maps C[X,Y]4 onto C[X,Y]s
and C[X,Y]3 onto C[X, Y]y, being dual to multiplication by g, its kernels in
these degrees are two-dimensional, and they are W and D. ([

Lemma 8.7. If every finite subscheme of A® of length thirteen is smoothable,
then every local algebra with Hilbert function (1,3,6,2,2) is smoothable.

Proof. Let A = S/I be such an algebra, supported at the origin, with
inverse system M. As in the proof of Lemma 8.5, M C T<y and M =
T<o & D & span(®;, ®2), where D = M N T35 has dimension two and ®; =
F; + G, for linearly independent quartics £y, F5 and cubics G, Ga. The space
W = span(Fy, Fy) satisfies S; o W C D, and we use the coordinates and the
quadric ¢ of Lemma 8.6.

Suppose first that ¢ = £1¢5 with independent linear forms ¢1, £2, and choose
nonzero Q1, Q2 € C[X,Y]; with £1 0 Q1 = f30Q2 = 0. Then go Q} =0, so
W = span(Qf, Q3) and D = span(Q$,Q3), and we may take F; = Q} and
F, = Q3. Let P = Q. Every v € Np annihilates Q} and sends Q3 to a
multiple of Q3, so the cubic part of every element of Np o M is a multiple
of Q3. Hence P> € D C M does not lie in Lp o M, and Lp is a ray by
Lemma 5.6. So A is smoothable by Corollary 5.4.

Suppose now that ¢ is a square. In suitable coordinates ¢ = y2, so
W = span(X*, X3Y) and D = span(X?3, X?Y), and we may take F; = X*
and Fy = X3Y. For t € C let

Fi(t) = X*+6tX2Y2 +2YY Fy(t) = X3Y +tXY3,
and let D; be the span of D;(t) = X? + 3tXY? and Do(t) = 3X2Y +tY3.
These four forms are annihilated by ¢; = y? — t22, and
e Fl(t) = 4D1(t), Yo Fl(t) = 4tD2(t),
:BOFQ(t):DQ(t), yOFQ(t):Dl(t),
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while their derivatives by z vanish. Since the first derivatives of G1 and Go
lie in T<9, the space

M; = TSQ ® D; @ span (Fl(t) + Gl, Fg(t) + GQ)

is a subspace of dimension fourteen closed under differentiation, with My = M.
By Lemma 3.5, it is the inverse system of an ideal I; with Hilbert function
(1,3,6,2,2). We extend the pairing C[t]-bilinearly to S[t] x T[t], and let
mi(t),...,mua(t) € T[t] be the fourteen polynomials spanning M; above.
The fourteen monomials 1,z,y, 2, the six quadratic monomials, 23, 2%y,
x* and 23y pair with mq(t),...,m14(t) by a block triangular matrix. Its
diagonal blocks have determinants 8, 36 and 144, independently of ¢, and
the cubics G; enter only above the diagonal. The derivatives of each m;(t)
are C[t]-linear combinations of mi(t),...,m14(t). Hence

T={geS[t]:(g,mj(t))=0forj=1,...,14}

is an ideal such that S[t]/Z is free with the classes of these monomials as
a basis, and Z|—, = I, for every ty. Thus the ideals I; form a flat family
over Al as in Section 2.2. For t # 0 the quadric ¢; = (y — Vtz)(y +
Vvt z) has independent factors, so S/I; is smoothable by the first case. By
Proposition 2.4(1), A = S/Ij is smoothable. O

8.8.  We now prove the theorem for fourteen points.
Theorem 8.9. Every finite subscheme of A of length fourteen is smoothable.

Proof. By Theorem 7.5 and Proposition 2.7, it suffices to show that every local
algebra A = S/I of length fourteen with I C m? is smoothable. Its Hilbert
function starts with (1,3), has no internal zeros, and satisfies > <o Ha(k) =
10. By Theorem 7.5 and Corollary 5.4, A is smoothable as soon as I has a
ray.

If Ha(2) <4, Theorem 1.2 applies.

If Ha(2) =5, then > ;w3 Ha(k) = 5. If H4(3) < 2, Theorem 1.2 applies,
and if Hy(3) = 5, Lemma 7.2 applies. Otherwise the Hilbert function is
(1,3,5,4,1), (1,3,5,3,2) or (1,3,5,3,1,1). If the quadric on the tangent
cone has rank at least two, Theorem 1.2 applies, so we may assume that
it is #2. By Lemma 4.8, the transverse cubics of the elements of I with
leading form 22 fill an affine space, which has positive dimension in the last
two cases. If one of them is not a cube, Proposition 4.5(b) applies. In the
first two cases m® C I, and if one of the transverse cubics is a nonzero cube,
Proposition 4.5(c) applies; for (1,3,5,3,2) this covers all remaining algebras,
since an affine space of positive dimension contains nonzero elements. In all
these cases A is smoothable by Corollary 4.3. What remains are the algebras
with Hilbert function (1, 3,5,4, 1) whose transverse cubics are all zero, and
those with Hilbert function (1,3,5,3,1,1) whose transverse cubics are all
cubes. They have rays by Lemma 8.3.

If Hao(2) = 6, then I C m? and > ,~3 Ha(k) = 4, so by Lemma 3.2(3)
the Hilbert function is (1,3,6,4), (1,3,6,3,1), (1,3,6,2,2), (1,3,6,2,1,1)
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or (1,3,6,1,1,1,1). In the first case I = V + m* for a six-dimensional
subspace V' C S3, as in the proof of Lemma 6.4, so A is very compressed and
smoothable by [6, Proposition 1.2]. In the second, fourth and fifth cases I
has a ray, by Lemmas 8.5, 8.2 and 6.2. In the third case A is smoothable by
Lemma 8.7 and Theorem 7.5. [l

Theorems 6.7, 7.5 and 8.9 together prove Theorem 1.1.

Remark 8.10. By Macaulay’s theorem [1, Theorem 4.2.10], the results above,
together with Theorem 8.9 and Corollary 5.4, cover all local algebras of
length fifteen and embedding dimension three, except possibly some of those
with Hilbert functions

(1,3,5,5,1), (1,3,5,4,2), (1,3,5,4,1,1), (1,3,5,3,2,1),
(1,3,6,4,1), (1,3,6,3,2), (1,3,6,2,2,1).
For example, for (1,3,5,3,1,1,1), Theorem 1.2 and Proposition 4.5(b) leave
the algebras whose transverse cubics are all cubes, and they have rays by
Lemma 8.3. Similarly, (1,3,5,3,3) is covered as (1, 3,5, 3,2) in the proof of
Theorem 8.9, while (1, 3,6,2,3) violates Macaulay’s bound. The remaining
cases are the subject of the next section, in preparation.
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