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Y5
Y6
X1 X22
3

Y6
X1x22
X{X2
X1 X2

VIV IV
o
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System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - 1+ Xx
B -y + 2 — 2y
C - 3 — ¥

+ 2x
+ ¥
+ X1

_l’_

DW=

irredundant families (parametrized by a, b, c,...):

1 x
X1 y3
(@ b c d e f) X2 )
3 n
Ya Yo
Y5 X1X22

X2
ya
Y5
Y6
X1 X22
3

Y6
X1X22
X{X2
X1 X2

VIV IV
o

N O QA 0 T W



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - »n +
B — Y2 + 2y3 —
C - 3 -

irredundant families (parametrized by a, b, c,...):

1 x4
X1 y3
(@ b c d e f) X2 ya
3 n
Ya Y6
Ys y7

X1

2ys

Y5

X2
Y4
Y5
Y6
Y7

+ 2x -
+ ¥y -
+ x1 +

¥3
yi
Y6
X1
X13 X0
X2x2

ya
Yo

Y7
X:E’XQ

2.2
X1 X2

X1X§’

DW=
VIV IV
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System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - »n +
B — Y2 + 2y3 —
C - 3 -

irredundant families (parametrized by a, b, c,...):

1 x4
X1 y3
(@ b c d e f) X2 ya
3 n
Ya Y6
Ys y7

X1

2ys

Y5

X2
Y4
Y5
Y6
Y7

+ 2x -
+ ¥y -
+ x1 +

¥3
yi
Y6
X1
X13 X0
X2x2

ya
Yo

Y7
X:E’XQ

2.2
X1 X2

X1X§’

DW=
VIV IV
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System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - »n +
B — Y2 + 2y3 —
C - 3 -

irredundant families (parametrized by a, b, c,...):

1 x4
X1 y3
(@ b c d e f) X2 ya
3 n
Ya Y6
Ys y7

X1

2ys

Y5

X2
Y4
Y5
Y6
Y7

+ 2x -
+ ¥y -
+ x1 +

y3
y1
Y6

Y8

2
X1%2

ya

Y6

y7
X:E’XQ
X1%2
X1X5

DW=
VIV IV
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System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - »n +
B — Y2 + 2y3 —
C - 3 -

irredundant families (parametrized by a, b, c,...):

1 x4
X1 y3
(@ b c d e f) X2 ya
3 n
Ya Y6
Ys y7

X1

2ys

Y5

X2
Y4
Y5
Y6
Y7

+ 2x -
+ ¥y -
+ x1 +

y3
y1
Y6

Y8

2
X1%2

ya

Y6

y7
X:E’XQ
X1%2
X1X5

DW=
VIV IV

o

N 0O QA 0 T W



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - »n +
B — Y2 + 2y3 —
C - 3 -

irredundant families (parametrized by a, b, c,...):

1 x5
X1 Y3
(@ b c d e f) X2 ya
3 n
Ya Y6
ys y7

X1

2ys
Y5

X2
Y4
Y5
Y6
yr
Yo

+ 2x -
+ ¥y -
+ x1 +

y3
1
Y6

Y8

2
X1%2

ya

Y6

yr
Xl X2
X1 %2
X1X5

DW=
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System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - »n +
B — Y2 + 2y3 —
C - Y3 -

irredundant families (parametrized by a, b, c,...):

1 x5
X1 Y3
(@ b c d e f) X2 ya
3 n
Ya Y6
ys y7

X1

2ys
Y5

X2
Ya
Y5
Y6
yr
Yo

+ 2x -
+ ¥ -
+ x1 +

y3
1
Y6

Y8
X13 X2

2
X1%2

ya

Y6

yr
Xl X2
X1 X2
X1X5

DW=
VIV IV
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y7
Y9
X1%2
X1X5
Y2

o
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System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - n + x1 + 2x - 1 >
B 2.+ 2y 2 + y5s — 3 >
C - B3 - ¥y o+ xx + 4 >

irredundant families (parametrized by a, b, c,...):

1 x1 x2 y3 ya ¥s
X1 Y3 ya N Y6 yr
(a b c d e f) X2 Y4 Y5 Y6 yr %’92
Y3 Y1 Yo Y8 Yio  XyX3
Ya Ye Y1 Yo X{X3 X1X;
Ys Yr Yo X12 X22 X1X§’ ¥2

o

N0 Q0 T W



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - + x1 + 20 - 1 >
B - v+ 23 - 2+ oy - 3 2
C - y3 — y5 + x1 + 4 >

irredundant families (parametrized by a, b, c,...):

1 x1 x2 y3 ya ¥s
X1 Y3 ya N Y6 yr
(a b c d e f) X2 Y4 Y5 Y6 yr %’92
Y3 Y1 Yo Y8 Yio  XyX3
Ya Yo Y1 Y0 X{X3 X1X5
Ys Yr Yo X12 X22 X1X§ ¥2

o

N O QA 0 T W



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - + x1 + 20 - 1 >
B - v+ 23 - 2+ oy - 3 >
¢ - » - vy + xx + 4 >
irredundant families (parametrized by a, b, c,...):
I xi 2 y3 ya s
X1 ¥y3 Ya Y1 Ye yr
(a b c d e f‘) X2 )/4 )/5 }/6 )/7 }/9
Y3 yi1 Yo Ys Yo Y1
3

Ya Yo Y7 Yo Yyii  X1X5
Ys Yr Yo Y1 X1X3 y2

o

N 0O QA 0 T W



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - + x1 + 20 - 1 >
B - v+ 23 - 2+ oy - 3 >
¢ - » - vy + xx + 4 >
irredundant families (parametrized by a, b, c,...):
I xi 2 y3 ya s
X1 ¥y3 Ya Y1 Ye yr
(a b c d e f‘) X2 )/4 )/5 }/6 )/7 }/9
Y3 yi1 Yo Ys Yo Y1
3

Ya Yo Y7 Yo Yyii  X1X3
Ys Y7 Yo Y1 X1xX3 y2

o

N 0O QA 0 T W



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - n + x
B — ¥+ 23 — 2y
C - 3 — ¥

irredundant families (parametrized by a, b, c,...):

1 X1
X1 Y3
X2 Y4
3 n
Ya Y6
VR

(a b c d e f)

+ 2x
+ ¥
+ X1

X2
Y4
Y5
Y6
y7
Yo

¥3
yi
Ye
Y8
Y10
yia

_l’_

ya
Y6
y7
Y10
yi1
Y12

DW=
VIV IV

Y5
yr
Yo
yi1
Y12
Y2

o
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System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - 1+ Xx
B -y + 2 — 2y
C - 3 = ¥

irredundant families (parametrized by a, b, c,...):

1 X1
X1 Y3
X2 Y4
3 n
Ya Y6
VR

+ 2x
+ ¥
+ X1

X2
Ya
Y5
Y6
y7
Yo

¥3
yi
Ye
Y8
Y10
yia

_l’_

ya
Y6
y7
Y10
yi1
Y12

DW=

Y5
yr
Yo
yi1
Y12
Y2

VIV IV

o



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - X + x1 + 20 — 1
B - X+ 2 - 2ax + & — 3
C - X - x5 + x3 + 4

VIV IV

o



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A xl3 + X1 + 2% — 1
B - x5 + 23 - 2ax + X3 !
C - X - x5 + x3 + 4

redundant families (parametrized by a, b, ¢):

(a+ bxy + cx0)?(—xF —x3+x1+4) >0

VIV IV

o



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A xl3 + X1 + 2% — 1
B - x5 + 23 - 2ax + X3 !
C - X - x5 + x3 + 4

redundant families (parametrized by a, b, ¢):

(a+ bxy + cx0)?(—xF —x3+x1+4) >0

(_X12 - X22 +x1 + 4)(3 + le + CX2) (1 X1 X2)

VIV IV
o

!



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - X + x1 + 20 — 1
B - x5 + 23 - 2ax + X3 !
C - X - x5 + x3 + 4

redundant families (parametrized by a, b, ¢):
(a+ bxy + cx0)?(—xF —x3+x1+4) >0
1

(- —-x3+x+4)(a b o) |x]|(l xx x)
X2

VIV IV
o

!



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - X + x1 + 20 — 1
B - x5 + 23 - 2ax + X3 !
C - X - x5 + x3 + 4

redundant families (parametrized by a, b, ¢):
(a+ bxy + cx0)?(—xF —x3+x1+4) >0
1

(a b C)(—X12—X22—|—X1—|—4) x1 (1 x1 x2)
X

VIV IV
o

!



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A
B - x5
C

+ 2x
+ x22
+ X1

redundant families (parametrized by a, b, ¢):

_l’_

(a+ bxy + cx0)?(—xF —x3+x1+4) >0

1 X1

(a b o)(-xF—xG+x+4)[x P

X2

X1X2

X2

DW=

X1X2

2
X5

VIV IV
o

!



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A —
B - X +
C

+ 2x
+ x22
+ X1

redundant families (parametrized by a, b, ¢):

2

(a b ¢

T —

x3+x1 +4
—x3 — X1X22 + X12 + 4x;

—xZxp — X5 + x1x2 + 4x;

_l’_

DW=

VIV IV
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System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A —
B - X +
C

+ 2x
+ x22
+ X1

redundant families (parametrized by a, b, ¢):

2

(@ b o) | —x -

T —

X3 +x1 + 4
x1x22 —|—x12 + 4x7

—xZxp — X5 + x1x2 + 4x;

_l’_

DW=

VIV IV

b

o

>0



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A -y + x + 20 - 1 >0
B - x5 + 23 - 2xax + X5 - % > 0
C — X12 - x22 + xx + 4 > 0
irredundant families (parametrized by a, b, ¢):
—x2 —x3+x1+4 cee 0\ /a
(a b C) —yl—x1x22+x12+4x1 bl >0

—xZxp — X5 +x1x2 +Ax2 ... ... c



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A -y + x + 20 - 1 >0
B - x5 + 23 - 2xax + X5 - % > 0
C — X12 - x22 + xx + 4 > 0
irredundant families (parametrized by a, b, ¢):
—x2 —x3+x1+4 cee 0\ /a
(a b C) —yl—x1x22+x12+4x1 bl >0

—xZxp — X5 +x1x2 +Ax2 ... ... c



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - n + x + 2x — 1 > 0
B -y o+ 23 - 2ax + x5 - % > 0
C - X - x5 + x + 4 >0
irredundant families (parametrized by a, b, ¢):
—xZ —x3+x1+4 cee 0\ /a
(a b C) —yl—x1x22+x12+4x1 bl >0

—xZxp — X5+ x1x0 +Ax2 ... ... c



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - »n + xx + 2% — 1 > 0
B -y o+ 2 = 2x + X3 - % > 0
C — X12 - x22 + xx + 4 > 0
irredundant families (parametrized by a, b, ¢):
—x —x3+x1+4 cee 0\ /a
(a b C) —yl—x1x22+x12+4x1 bl >0

—xZxp — X5+ x1x0 +Ax2 ... ... c



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - »n + xx + 2% — 1 > 0
B — yvo + 2y3 — 2x1x0 + x22 — % > 0
C - y3 - X22 + xx + 4 > 0
irredundant families (parametrized by a, b, ¢):
—y3 — x5 +x1 + 4 a
(@ b o)| - n—x+ys+da ... ... b| >0

—xZxp — X5 +x1x2 +Ax2 ... ... c



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - »n + xx + 2% — 1 > 0
B — v+ 213 — 20 + X2 — 1 >0
C - y3 - X22 + xx + 4 > 0
irredundant families (parametrized by a, b, ¢):
—y3 — x5 +x1 + 4 a
(@ b o)| - n—x+ys+da ... ... b| >0

—xZxo =3 +x1x0+4xa ... ... c



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - n + x1 + 2 - 1 > 0
B — v+ 23— 2 4+ X2 — 2 >0
C - y3 - X22 + xx + 4 > 0
irredundant families (parametrized by a, b, ¢):
—)/3—X22+x1+4 a
(@ b o)|-n—-—xE+y+da ... ... b| >0

o —x3+yt+dx ... ...) \c



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - n + x1 + 2 - 1 > 0
B — v+ 23 — 2+ B — 3 >0
C - y3 - x22 + xx + 4 > 0
irredundant families (parametrized by a, b, ¢):
—)/3—X22+x1+4 a
(@ b o)|-n—-—xE+y+da ... ... b| >0

o —x3+yt+dx ... ...) \c



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - o + x1 + 2x
B -y + 23 — 2y + ¥
C - 3 - ¥ + x

irredundant families (parametrized by a, b, ¢):

3= ys+txi+4
(a b C) -y — X1X22 + y3+4x;
—xZx0 — X3 + ya + 4xo

DW=

VIV IV

o

b

>0



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - o + x1 + 2x
B -y + 23 — 2y + ¥
C - 3 - ¥ + x

irredundant families (parametrized by a, b, ¢):

3= ys+txi+4
(a b C) -y — X1X22 + y3+4x;
—xZx0 — X3 + ya + 4xo

DW=

VIV IV

o

b

>0



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - o + x1 + 2x
B -y + 23 — 2y + ¥
C - 3 - ¥ + x

irredundant families (parametrized by a, b, ¢):

—3—yst+x1+4
(@ b o) n—ye+ys+4xi
—xZx0 — X3 + ya + 4xo

DW=

VIV IV

o

b

>0



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - o + x1 + 2x
B -y + 23 — 2y + ¥
C - 3 - ¥ + x

irredundant families (parametrized by a, b, ¢):

3= ystxi+4
(@ b o) n—ye+ys+4xi
—x{x0 — X3 + ya + 4xo

DW=

VIV IV

o

b

>0



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - o + x1 + 2x
B -y + 23 — 2y + ¥
C - 3 - ¥ + x

irredundant families (parametrized by a, b, ¢):

3= ystxi+4
(@ b o) [-n—ye+ys+4x
—y1 =% +ya+4x

DW=

VIV IV

b

o

>0



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - o + x1 + 2x
B -y + 23 — 2y + ¥
C - 3 - ¥ + x

irredundant families (parametrized by a, b, ¢):

3= ystxi+4
(@ b o) [-n—ye+ys+4x
—y1 =3 +ya+4x

DW=

VIV IV

b

o

>0



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - o + x1 + 2x
B -y + 23 — 2y + ¥
C - 3 - ¥ + x

irredundant families (parametrized by a, b, ¢):

B3 —ystxi+4
(@ b o) [-v—yve+ys+4dx
—y7r—ys+tys+4x

DW=

VIV IV

b

o

>0



System of polynomial inequalities

Attempt to linearize after adding families of redundant inequalities

A - o + x1 + 2x
B -y + 23 — 2y + ¥
C - 3 - ¥ + x

irredundant families (parametrized by a, b, ¢):

B3 —ystxi+4
—y1— Yo t+y3+4x
—yr—Ystyast4x

DW=

VIV IV

o
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Linear matrix inequality

Y2

yi X2 »n a
(@ b o)y 1 yn||b
yi yr y2 c

a, b, ¢ independant
and normally distributed

Y1



Linear matrix inequality

Y2

yi X2 »n a
(@ b o)y 1 yn||b
yi yr y2 c

a, b, ¢ independant
and normally distributed

Y1



Linear matrix inequality

Y2

yi X2 »n a
(@ b o)y 1 yn||b
yi yr y2 c

a, b, ¢ independant
and normally distributed

Y1



Linear matrix inequality

Y2

yi X2 »n a
(@ b o)y 1 yn||b
yi yr y2 c

a, b, ¢ independant
and normally distributed

Y1



Linear matrix inequality

Y2

yi X2 »n a
(@ b o)y 1 yn||b
yi yr y2 c

a, b, ¢ independant
and normally distributed

Y1



Linear matrix inequality

Y2

yi X2 »n a
(@ b o)y 1 yn||b
yi yr y2 c

a, b, ¢ independant
and normally distributed

Y1



Linear matrix inequality

Y2

yi X2 »n a
(@ b o)y 1 yn||b
yi yr y2 c

a, b, ¢ independant
and normally distributed

Y1



Linear matrix inequality

Y2

yi X2 »n a
(@ b o)y 1 yn||b
yi yr y2 c

a, b, ¢ independant
and normally distributed

Y1



Linear matrix inequality

Y2

yi X2 »n a
(@ b o)y 1 yn||b
yi yr y2 c

a, b, ¢ independant
and normally distributed

Y1



Linear matrix inequality

Vo yi X2 n a
(a b c) v 1 »n bl >0
yi yr y2 c

1+ a, b, ¢ independant
and normally distributed

Y1




Linear matrix inequality

Vo yi X2 n a
(a b c) v 1 »n bl >0
yi yr y2 c

1+ a, b, ¢ independant
and normally distributed

Y1




Linear matrix inequality

Vo yi X2 n a
(a b c) v 1 »n bl >0
yi yr y2 c

1+ a, b, ¢ independant
and normally distributed

Y1




Linear matrix inequality

Y2

yi X2 »n a

(@ b o)y 1 yn||b

Y1

yi yr y2 c

a, b, ¢ independant
and normally distributed



Linear matrix inequality

Vo yi X2 n a
(a b c) v 1 »n bl >0
yi yr y2 c

1+ a, b, ¢ independant
and normally distributed




Linear matrix inequality

Vo yi X2 n a
(a b c) v 1 »n bl >0
yi yr y2 c

1+ a, b, ¢ independant
and normally distributed

1 Y1
K7 —



Linear matrix inequality

Vo yi X2 n a
(a b c) v 1 »n bl >0
yi yr y2 c

a, b, ¢ independant
and normally distributed

Y1




Linear matrix inequality

Vo yi x2 n a
(a b c) v 1 »n bl >0
/// non oy \c
‘ T a, b, ¢ independant
and normally distributed
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Linear matrix inequality

yi X2 n a
(a b c) v 1 »n bl >0
yi yr y2 c

a, b, ¢ independant
and normally distributed




Linear matrix inequality

yi X2 n a
(abc)yglyl bl >0
/// iy oy) \c
//

a, b, ¢ independant
and normally distributed




Linear matrix inequality

yi X2 »n a
(a b c) v 1 »n bl >0
,/,/”r vioyi oy c

a, b, ¢ independant
and normally distributed




Linear matrix inequality

a, b, ¢ independant
and normally distributed
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Linear matrix inequality

yi X2 n a
b C) v 1 »n b
yi yr ye c

a, b, c independant
and normally distributed

>0



Linear matrix inequality

B

a
b
c
and normally distributed

X2y
Y1
¥2
¢ independant

1
1

1
y2
1

b,

I

a




Linear matrix inequality
yi X2 n a
(@ b o)y 1 yn||b
yi yr ye c

R

v

yi

a, b, c independant
and normally distributed

>0
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a
b
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X2y
Y1
¥2
b, ¢ independant

1
1

1
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1

)

a b c
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Linear matrix

inequality

yi X2 »n a
(@ b o)y 1 yn||b
yi yr ye c

a, b, c independant
and normally distributed

>0
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> g1,...,8m € R[X] polynomials defining . ..

» ... theset S:={x e R" | g1(x) >0,...,gm(x) >0}



> X = (X1,...,X,) variables

» R[X] polynomials

> g1,...,8m € R[X] polynomials defining . ..

» ... theset S:={x e R" | g1(x) >0,...,gm(x) >0}
> T = sse* g |ss€ RIXP



vV v . v. v .Y

X = (X1,...,Xp) variables

R[X] polynomials

g1, ..,8mn € R[X] polynomials defining ...
...theset S:={x e R" | g1(x) >0,...,gm(x) >0}

5 -
T = {Zée{o,l}m_ségll g | ss € L RIX]?
convex cone in R[X]
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X = (X1,...,Xp) variables

R[X] polynomials

g1, ..,8mn € R[X] polynomials defining ...

...theset S:={x e R" | g1(x) >0,...,gm(x) >0}

T = {256{071}m_56gfl - ghm | ss € YRX]?

convex cone in R[X]

£ :={L|L:R[X] — Rlinear,L(1)=1,L(T ) C Rxo}
solution set of the “linearized” system
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v

X = (X1,...,Xp) variables

R[X] polynomials

g1, ..,8mn € R[X] polynomials defining ...

...theset S:={x e R" | g1(x) >0,...,gm(x) >0}

T = {256{071}m_56gfl g | s € YR[X]?

convex cone in R[X]

£ :={L|L:R[X] — Rlinear,L(1)=1,L(T ) C Rxo}
solution set of the “linearized” system

S 7= {(L(X1),...,L(Xn)) | L € L } projection
Schmiidgen relaxation



vV v . v. v .Y

X = (X1,...,Xp) variables

R[X]« polynomials of degree at most k

g1, ..,8mn € R[X] polynomials defining ...

...theset S:={x e R" | g1(x) >0,...,gm(x) >0}

Ty = {de{o,l}m_ségfl o gor | s € LRIX]? deg(s5g”) < k}
convex cone in R[X]y

Ly :={L|L:R[X]x — R linear, L(1) = 1,L(T,) € Rxo}
solution set of the “linearized” system (linear matrix inequality)
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Proposition. If S is compact, then conv S is closed in R".
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Problem: We do not get degree bounds like for Schmiidgen in this way.
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The following terminology is not standard but suitable to us. It is a
kind of local concavity of a function which can be detected by looking

at its second derivative.
Definition. Let p € R[X] and U C R".
p strictly concave on U <= D?p<0on U <

Vx € U: Vv € R"\ {0}: D?p(x)[v,v] <0

p strictly quasiconcave on U <=

Vx € U: Yv e R"\ {0}: (Dp(x)[v] =0 = D?p(x)[v,v] < 0)
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’Suppose S is compact, convex and has non-empty interior.

Lemma (Helton & Nie 2008). If each g; is strictly concave on S, then
S =5, for some k € N.

Idea of proof. Let u € 9S and f € R[X]; \ {0} with f >0 on S and
f(u) = 0. To show: f € Ty for some k € N which is independent of f.
Since the Slater condition is satisfied, we get Lagrange multipliers
Ai>0,iel:={i|g(u)=0},such that D(f — > .., \igi)(u) = 0.
Now we have
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’Suppose S is compact, convex and has non-empty interior.

Theorem (Helton & Nie 2008). If each g; is strictly quasiconcave on S,
then S = 5, for some k € N.

The proof is a quite stupid reduction to the proof of the lemma.

Theorem (Helton & Nie 2008). If each g; is strictly quasiconcave on
0S N {gi = 0}, gi vanishes nowhere in the interior of S and the
derivative of g; vanishes nowhere on 0S N {g; = 0}, then S = S, for
some k € N.

The original proof is a very hard reduction to the previous theorem.
Much easier approach will probably work.
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Is every convex semialgebraic set an LMI projection?

Definition. A semialgebraic set in R" is a set defined by a formula that

"o

is built up from polynomial inequalities using “and”, “or” and “not”.

Elimination of real quantifiers (Tarski 1951). In the previous definition,
one may equivalently admit as further construction steps “for all real x”
and “for some real x".

Definition. We call a set U C R" an LMI projection if there exist t € N
and A;, B; € SR'*! such that
U= {X cR" | dy e R™: Ag + Zlex,'A,' + Z;lly,'B,' = O}

Example. Rsg={x € R |3Jy e R: ()1( }1,) = 0} is an LMI projection.
Remark. Each S; is an LMI projection.

Remark. Each LMI projection is (of course) convex and (by elimination
of real quantifiers) semialgebraic.
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Is every convex semialgebraic set an LMI projection?

Lemma (Helton & Nie). If Uy, ..., Us C R" are bounded non-empty
LMI projections, then conv Ule U; is an LMI projection.

Theorem (Helton & Nie). Suppose S is compact, each g; is strictly

quasiconcave on S N (JdconvS)N{g = 0} and the boundary of S is
contained in the closure of the interior of S. Then conv S is an LMI
projection.

Proof. Use the lemma and the first theorem of Helton & Nie.

Nemirovski asked in the ICM in Madrid 2006 whether any convex
semialgebraic set is an LMI projection:
“This question seems to be completely open.”
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