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ABSTRACT. In 1995, Reznick showed an important variant of the obvious
fact that any positive semidefinite (real) quadratic form is a sum of squares
of linear forms: If a form (of arbitrary even degree) is positive definite then
it becomes a sum of squares of forms after being multiplied by a sufficiently
high power of the sum of its squared variables. If the form is just positive
semidefinite instead of positive definite, this fails badly in general. In this
work, we identify however two classes of positive semidefinite even quar-
tic forms for which the statement continues to hold even though they have
in general infinitely many projective real zeros. The first class consists of
all even quartic positive semidefinite forms in five variables. This provides
a natural certificate for a matrix of size five being copositive and answers
positively a question asked by Laurent and the second author in 2022. The
second class consists of certain quartic positive semidefinite forms that arise
from graphs and their stability number. This shows finite convergence of a
hierarchy of semidefinite approximations for the stability number of a graph
proposed by de Klerk and Pasechnik in 2002. In both cases, the main tool for
the proofs is the method of pure states on ideals developed by Burgdorf,
Scheiderer and the first author in 2012. We hope to make this method more
accessible by introducing the notion of a test state.

1. INTRODUCTION

We denote by N := {1, 2, 3, . . .}, N0 := {0} ∪ N, R and R≥0 the sets of natural,
nonnegative integer, real and nonnegative real numbers, respectively. Throughout
the article, x1, . . . , xn denote formal variables,

x := (x1, . . . , xn)

is the tuple formed by them and R[x] := R[x1, . . . , xn] is the ring of real polyno-
mials in these variables. We denote by

Σ :=

{
m

∑
i=1

p2
i | m ∈ N, p1, . . . , pm ∈ R[x]

}
the set of all sums of squares of polynomials. Every sum of squares of polynomials
is of course globally nonnegative, that is, every polynomial from Σ is nonnegative
on Rn. In 1888 Hilbert knew already that the converse is false except for n = 1
[Hilb], it fails in fact dramatically as shown by Blekherman in 2006 [Ble]. In 1927,
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Artin solved Hilbert’s 17th problem affirmatively, that is, he showed that for any
globally nonnegative polynomial p ∈ R[x] there exists a non-zero h ∈ R[x] such
that h2 p ∈ Σ [Art].

A polynomial in R[x] is called a form if it is homogeneous, that is, all of its
monomials have equal degree. It is called even if it is of the form p(x2

1, . . . , x2
n) for

some p ∈ R[x]. It is called linear, quadratic, cubic, quartic if it is of degree 1, 2, 3, 4, re-
spectively. A form is called positive semidefinite or positive definite if it is (pointwise)
nonnegative on Rn or positive on Rn \ {0}, respectively. It is a simple fact from
linear algebra that every positive semidefinite quadratic form is a sum of squares
of linear forms. In 1995, Reznick showed the following important variant of both
this fact and Artin’s theorem [Rez, Theorem 3.12] (Reznick proved a theorem that
is much stronger in several respects, but for us this popular weaker version is the
appropriate statement).

Theorem 1 (Reznick). Let p be a positive definite form. Then, there exists r ∈ N0
such that (

n

∑
i=1

x2
i

)r

p ∈ Σ.(1)

The hypothesis “positive definite” cannot in general be weakened to “positive
semidefinite” in Theorem 1. However, Scheiderer showed that every positive
semidefinite form in three variables admits a nonnegativity certificate as in (1)
[Sch1, Corollary 3.12]. It is easy to show that this result does not extend to n ≥ 4
(see for example [CL, Theorem 4.3] or [VL, Subsection 2.1]).

In this paper, we show the existence of a certificate as in (1) for certain positive
semidefinite (but in general not positive definite) even quartic forms associated to
copositive matrices. We write Sn for the vector space of real symmetric matrices
of size n. The set of copositive matrices of size n

Cn := {M ∈ Sn | aT Ma ≥ 0 for a ∈ Rn
≥0}(2)

forms a (convex) cone in Sn. While this cone looks innocently similar to the cone

S+
n := {M ∈ Sn | aT Ma ≥ 0 for a ∈ Rn} ⊆ Cn

of positive semidefinite matrices, it turns out that it maliciously captures many
very difficult problems. Indeed, it has been shown to have many applications in
combinatorial optimization [KP, BK]. Burer showed for example how to rewrite
any quadratic optimization problem involving binary and continuous variables
as a copositive optimization problem, i.e., as linear optimization problem over the
cone Cn [Bur]. Consequently, copositive optimization is hard in general. Moreover,
the problem of determining whether a matrix is copositive is a co-NP-complete
problem [MK]. This motivates to study tractable certificates for copositivity. The
certificates we will consider are based on the nonnegativity certificate from (1).

Denoting x◦2 := (x2
1, . . . , x2

n) and viewing this as a column vector, we call for
each M ∈ Sn,

(x◦2)T Mx◦2

the (even) quartic form associated to M. By means of this quartic form, we can obvi-
ously rewrite the definition (2) of Cn as

Cn = {M ∈ Sn | (x◦2)T Mx◦2 is positive semidefinite}.
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Definition 2. Let M ∈ Sn be a symmetric matrix. We call M Reznick-certifiable if(
n

∑
i=1

x2
i

)r

(x◦2)T Mx◦2 ∈ Σ

for some r ∈ N0.

Using a different terminology, Reznick-certifiability of copositiveness was first
considered by Parrilo in his thesis [Par]. Later, it was used by de Klerk and Pasech-
nik who defined for r ∈ N0 the cones K(r)

n for approximating Cn [KP, Section 4]:

K(r)
n :=

{
M ∈ Sn |

(
n

∑
i=1

x2
i

)r

(x◦2)T Mx◦2 ∈ Σ
}

.(3)

In other words,

M is Reznick-certifiable ⇐⇒ M ∈
⋃

r∈N0

K(r)
n .

By Reznick’s theorem (Theorem 1), we have that each M ∈ Sn satisfying

aT Ma > 0 for all a ∈ Rn
≥0 \ {0}(4)

is Reznick-certifiable.
In this article, we will prove Reznick-certifiability for two classes of special

copositive matrices: The first class is the set of all copositive matrices of size 5
(for those that even satisfy (4) this follows already from Reznick’s theorem). The
second class consists of certain copositive matrices of size n arising from a graph
on n vertices when one wants to compute the stability number of the graph via
copositive optimization. These latter matrices never satisfy (4).

Copositive matrices of size 5. The cone of 5 × 5 copositive matrices has been
much studied in the literature, and has been shown to play a special role. In 1962, it
was shown by Diananda [Dia] that, for n ≤ 4, every n× n copositive matrix M can
be written as M = P + N, where P is a positive semidefinite matrix and N is a ma-
trix with only nonnegative entries. In 1976, Choi and Lam showed, for any n ∈ N,
that the cone K(0)

n consists precisely of the matrices that can be written as P + N
with P positive semidefinite and N entrywise nonnegative [CL, Lemma 3.5]. In
particular, for n ≤ 4, every n × n copositive matrix lies in K(0)

n (that is, Cn = K(0)
n ).

This result does not extend to n ≥ 5. Indeed, Hall and Newman [HN] showed
one year later that the Horn matrix, defined as

H =


1 1 −1 −1 1
1 1 1 −1 −1
−1 1 1 1 −1
−1 −1 1 1 1
1 −1 −1 1 1

 ,(5)

is copositive and cannot be written as P + N, with P positive semidefinite and N
entrywise nonnegative. This shows C5 ̸= K(0)

5 . However, Parrilo showed that the
Horn matrix satisfies

H ∈ K(1)
5
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and therefore is Reznick-certifiable [Par, Page 68]. By an easy construction de-
scribed in [GL, Lemma 15], one can extend H to a matrix H′ of any wished size
n > 5 such that H′ ∈ K(1)

5 \ K(0)
5 . Hence Cn ̸= K(0)

n for any n ≥ 5.
Laurent and the second author constructed, for any n ≥ 6, n × n copositive

matrices that are not Reznick-certifiable [LV2, Theorem 3] (for example the quartic
form associated to the Horn matrix H from (5) when viewed as polynomial in n ≥
6 instead of 5 variables) and asked the question of whether every 5 × 5 matrix is
Reznick-certifiable [LV2, Question 1]. In this paper, we answer the latter question
affirmatively. This is our first main result:

Theorem 3. Every copositive matrix of size 5 is Reznick-certifiable, in other words

C5 =
⋃
r≥0

K(r)
5 .

To prove this, we will use the important reduction of Laurent and the second
author [LV3, Theorem 1.3] showing that it suffices to show that every positive di-
agonal scaling DHD of the Horn matrix H with a positive definite diagonal matrix
D ∈ S5 is Reznick-certifiable (see Theorem 31). We briefly explain this reduction.
The extreme rays of C5 have been fully described by Hildebrand [Hild] and up to
conjugation with permutation matrices (i.e., up to multiplying with a permutation
matrix from one side and its transpose from the other side) they can be divided
intro three categories: The first category consists of matrices that belong to cone
K(0)

n . The second category arises from a special class of matrices T(ψ) [Hild, Page
1539] by positive diagonal scalings [Hild, Theorem 3.1] and has been shown to be
Reznick-certifiable in [LV3]. The third category consists of the positive diagonal
scalings of the Horn matrix. Since both cones Cn and K(r)

n are obviously invariant
under conjugation with permutation matrices, we can disregard the conjugation
by permutation matrices. While Cn is obviously invariant also under positive diag-
onal scaling, this is never the case for K(r)

n when n ≥ 5 and r ≥ 1 (since otherwise
[DDGH, Lemma 1] would imply K(r)

n = K(0)
n which we have remarked above to

be false). In contrast to conjugation by permutation matrices, we cannot ignore the
positive diagonal scaling in Hildebrand’s result. Quite to the contrary, given a ma-
trix in M ∈ Cn \ K(0)

n and an r ∈ N, there exists a positive definite diagonal matrix
D of size n such that DMD ̸∈ K(r)

n [DDGH]. In particular, there is no r ∈ N such
that C5 = K(r)

5 , i.e., the union of the right hand side of the equation in Theorem 3
needs to be infinite. This follows also from a much stronger result in the recent
work [BKT] where it is shown that C5 is not even the projection of a spectrahedron
(whereas each K(r)

n obviously is) [BKT, Corollary 3.18].
The matrices in the first category are trivially Reznick-certifiable. The matrices

in the second category have been shown to be Reznick-certifiable by Laurent and
the second author [LV3, Theorem 2.3]. There it is crucially used that the quadratic
form xTT(ψ)x vanishes on only finitely many rays inside the orthant R5

≥0. The
quadratic form xT Hx vanishes however on infinitely many rays inside this orthant
[LV3, Page 40] which made Theorem 3 inaccessible by the methods used in [LV3].
In this article, we manage to handle the third category by using the theory of pure
states on ideals from [BSS].
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Copositive matrices arising from graphs. The second class of copositive matrices
for which we prove Reznick-certifiability arises from graphs. By a graph, we mean
a simple undirected loopless finite graph, that is a graph is a pair G = (V, E) where
V is a finite set (the set of vertices) and E is a set of two-element subsets of V (the
set of edges), i.e., E ⊆ {{i, j} | i, j ∈ V, i ̸= j}. Here, we will often suppose without
loss of generality that V = [n] := {1, . . . , n} for some n ∈ N0. In this case, the
adjacency matrix AG = (aij)1≤i,j≤n ∈ Sn is defined by aij = 1 if {i, j} ∈ E and
aij = 0 if {i, j} ̸∈ E. A subset of vertices S ⊆ V is stable in G if {i, j} /∈ E for all
i, j ∈ S. The stability number of G, denoted by α(G), is the maximum cardinality
of a stable set in G. Computing α(G) is an NP-hard problem in general [Kar].
De Klerk and Pasechnik [KP, Corollary 2.4] proposed the following formulation
of α(G) as an optimization problem over the copositive cone Cn, which can easily
be deduced from [MS, Theorem 1]:

α(G) = min{t ∈ R | t(AG + I)− J ∈ Cn},(6)

where AG is the adjacency matrix of G, and I and J are the identity matrix and the
all ones matrix of size n, respectively. By taking t = α(G), we obtain that the graph
matrix of G,

MG := α(G)(AG + I)− J
is copositive. Thus, the graph polynomial

fG := (x◦2)T MGx◦2

is nonnegative. As an illustration, when G is the 5-cycle, the graph matrix MG is
precisely the Horn matrix H. Our second main result shows that the graph matrix
of any graph is always Reznick-certifiable.

Theorem 4. For any graph G, the matrix MG is Reznick-certifiable, i.e., there exists
r ∈ N0 such that (

n

∑
i=1

x2
i

)r

fG ∈ Σ.

Observe that this result is not a direct consequence of Reznick’s theorem (The-
orem 1) because the polynomial fG has zeros. For example, if S ⊆ V = [n] is a
stable set of size α(G), then we have fG(x) = 0 for the characteristic vector x ∈ Rn

of S (defined by xi = 1 for i ∈ S and xi = 0 for i ∈ [n] \ S). In general fG may have
infinitely many zeros on the sphere

Sn−1 := {x ∈ Rn | ∥x∥ = 1},

as shown in [LV1, Corollary 4.4]. The study of the sum-of-squares certificates for
the matrices MG is motivated by the convergence analysis of a hierarchy of semi-
definite approximations for α(G) proposed by de Klerk and Pasechnik [KP, Sec-
tion 4]. This hierarchy is obtained by replacing the cone Cn by the cones K(r)

n
(r ∈ N0) in the formulation (6) for α(G):

ϑ(r)(G) := min
{

t | t(AG + I)− J ∈ K(r)
n

}
.

Hence, we have

ϑ(r)(G) = α(G) ⇐⇒ MG ∈ K(r)
n ⇐⇒

(
n

∑
i=1

x2
i

)r

fG ∈ Σ.
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It is obvious that

α(G) ≤ · · · ≤ ϑ(3)(G) ≤ ϑ(2)(G) ≤ ϑ(1)(G) ≤ ϑ(0)(G).

Using Reznick’s Theorem 1, it is easy to show that for any fixed graph G,

lim
r→∞

ϑ(r)(G) = α(G).

De Klerk and Pasechnik conjectured that this hierarchy converges for each non-
empty graph to α(G) after α(G)− 1 steps, i.e., ϑ(α(G)−1)(G) = α(G) [KP, Conjec-
ture 5.1].

Conjecture 5 (de Klerk and Pasechnik). For any non-empty graph G, we have(
n

∑
i=1

x2
i

)α(G)−1

fG ∈ Σ.

In other words, MG ∈ K(α(G)−1)
n .

Conjecture 5 is known to hold for perfect graphs [KP, Lemma 5.2] (see also [GL,
Lemma 4]), for graphs with α(G) ≤ 8 [GL, Corollary 1] (see also [PVZ, Corollary 7]
for α(G) ≤ 6) and for cycles and their complements [KP, Corollaries 5.4 and 5.6].
Our result (Theorem 4) shows the finite convergence of the parameters ϑ(r)(G) to
α(G). The conjecture by de Klerk and Pasechnik remains open.

Overview. Our article can be seen as case study of the use of the theory of pure
states on ideals developed by Burgdorf, Scheiderer and Schweighofer in 2012 [BSS].
These pure states have been introduced as a tool to prove membership in so-called
quadratic modules. We think that this tool did not receive enough attention and has
a lot of potential. In Section 2, we will recall the notion of a (Archimedean) qua-
dratic module of the polynomial ring R[x] and the most relevant facts about it, in
particular how it is related to Reznick’s theorem. Section 3 recalls the machinery
of pure states from [BSS]. A hopefully more accessible version of this machinery
will be presented in Section 4 where we introduce the new notion of a test state.
The reader who skips the proofs in Section 4 can readily skip Section 3. Finally
Sections 5 and 6 are devoted to the proofs of our main results, Theorem 3 and 4,
respectively.

The main results of this article were included in the PhD thesis of the second au-
thor [Var].

2. REVIEW OF QUADRATIC MODULES

For elements a and b and subsets A and B of the same ring (in this section R[x]),
we use self-explanatory notation such as AB := {ab | a ∈ A, b ∈ B}, a + B :=
{a + b | b ∈ B} and Ab := {ab | a ∈ A}.

Definition 6. Let M ⊆ R[x].
(a) We call

S(M) := {a ∈ Rn | p(a) ≥ 0 for all p ∈ M}
the nonnegativity set of M.

(b) A subset M of R[x] is called a quadratic module of R[x] if

1 ∈ M, M + M ⊆ M and ΣM ⊆ M.
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(c) A quadratic module M is called Archimedean if M + Z = R[x].

The following result is folklore [Schw, Lemma 4.3.4].

Proposition 7. Let M be a quadratic module of R[x]. Then, the following asser-
tions are equivalent:
(a) M is Archimedean.
(b) There exists N ∈ N such that N − ∑n

i=1 x2
i ∈ M.

Example 8. MSn−1 := Σ +R[x](1− ∑n
i=1 x2

i ) is an Archimedean quadratic module
of R[x] with the unit sphere as nonnegativity set:

S (MSn−1) = Sn−1.

The following result of de Klerk, Laurent and Parrilo from 2005 [KLP, Proposi-
tion 2] will be very important for us:

Proposition 9 (de Klerk, Laurent and Parrilo). For every form p ∈ R[x] of even
degree, the following are equivalent:

(a) p satisfies (1), i.e.,
(
∑n

i=1 x2
i
)r p ∈ Σ for some r ∈ N0.

(b) p ∈ M
S(n−1)

From this result, we will actually need only the weaker form below. We will
need it to prove Lemma 35, which will be an important ingredient to prove Theo-
rem 4.

Corollary 10 (de Klerk, Laurent and Parrilo). For every M ∈ Sn, the following are
equivalent:
(a) M is Reznick-certifiable.
(b) (x◦2)T Mx◦2 ∈ M

S(n−1)

Now that we have introduced quadratic modules and have announced that
the particular quadratic module M

S(n−1) will be important for us, we should state
the most popular result about quadratic modules, namely Putinar’s theorem from
1993 [Put, Theorem 1.2] (here in an insignificantly stronger version that is covered
for example by [Jac, Theorem 4] or [Schw, Corollary 8.2.11 together with Remark
8.2.12]).

For a polynomial p ∈ R[x] and a set S ⊆ Rn, we write “p > 0 on S” to express
that p is pointwise positive on S, i.e., p(a) > 0 for all a ∈ S. Analogously, “p ≥ 0
on S” has the obvious meaning.

Theorem 11 (Putinar). Let M be an Archimedian quadratic module and p ∈ R[x].
Then

p > 0 on S(M) =⇒ p ∈ M.

It is an important topic in the literature under which additional hypotheses in
Putinar’s theorem the condition

p > 0 on S(M)

can be weakened to
p ≥ 0 on S(M)

(which is of course necessary for p being contained in M). We refer to [Sch2, Sec-
tion 3], [Sch1, Section 3], [Nie, Theorem 1.1], [Schw, Corollary 9.2.6] and the refer-
ences therein. One approach to this problem that we will pursue here is the theory
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of pure states on ideals developed by Burgdorf, Scheiderer and Schweighofer in
2012 [BSS]. We will recall this approach in Section 3.

The rough idea is that p needs to be only nonnegative (instead of positive) at a
point a of S(M) if it passes a number of tests at a. Such a test can often be that some
(possibly higher) directional derivative of p is positive at a (see for example [BSS,
Theorem 7.8], [Schw, Examples 8.3.4–8.3.6, Theorem 9.1.12]). Especially in the case
where p has infinitely many zeros on S(M), the tests that have to be passed at a are
however usually less of geometric than of algebraic nature. This article can be seen
as a case study that shows how to deal with such tests of rather algebraic nature.
Formally, the tests consist in testing positivity under so-called pure states [BSS].
Their definition is complicated and we hope to make the method more popular by
introducing the much more concrete notion of a test state in Definition 20 below.

As stated in Remark 28 below, Putinar’s theorem follows immediately from a
very special case of the theory of pure states exposed in Section 3 below. The only
case of Putinar’s theorem that is directly relevant to us is however the following
special case of a weaker result of Cassier from 1984 [Cas, Théorème 4]. We present
Cassier’s theorem here as a corollary although it has been discovered much earlier
than Putinar’s theorem.

Corollary 12 (Cassier). Let p ∈ R[x]. Then

p > 0 on S(n−1) =⇒ p ∈ M
S(n−1) .

By Proposition 9, one can easily deduce the special case of Corollary 12 where
p is a form from Theorem 1 and vice versa. By the same proposition, any example
showing that Reznick’s certificate (1) does not extend to all positive semidefinite
forms shows also that Corollary 12 does not hold in general with “>” replaced by
“≥”.

3. REVIEW OF PURE STATES ON IDEALS

The notion of a state originally comes from quantum physics. In the operator-
theoretic approach to quantum physics, a state is a positive unital linear functional
on a C∗-algebra [BA, Subsection 4.5]. Our setting still shares the term “state” and
also the fact that it is hard to capture by our traditional thinking but otherwise is
extremely different:

• Whereas C∗-algebras are most interesting when they are non-commutative
we work here with commutative (unital) rings.

• C∗-algebras are complete whereas for us the polynomial ring R[x] will be
very important which is far from being complete in many senses (for ex-
ample with respect to the maximum norm on the unit ball of Rn).

• Positivity in our case will be understood in a certain formal sense. More
precisely, we will require a state to map only ring elements possessing cer-
tain nonnegativity certificates, built upon sums of squares, to be mapped into
the nonnegative reals.

• The linear functionals will be defined only on an ideal of the commutative
ring which in general will not contain 1. In particular, the linear functionals
cannot be unital (i.e., cannot map the unital element 1 of the ring to the
real number 1). However, we will require to have a good substitute for the
unital element 1 of the ring which we will usually denote by u.
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In the literature, one can find several occurrences where the original notion of state
is looked at in a slightly more general or different context, including some of the
aspects just mentioned. See for example the work of Krivine [Kri, Théorème 15]
and most notably of Handelman [Han, Proposition 1.2]. What the work in Han-
delman still lacks is that he does not work with sum-of-squares based certificates.
The reconciliation of Handelman’s setting with the theory of sums of squares is
the main difficulty in the work of Burgdorf, Scheiderer and the first author [BSS]
from 2012. The aim of this section is to introduce the reader briefly to this work. In
Section 4, we will however introduce the notion of a test state which is a compro-
mise between the notions of a state and a pure state which will hopefully make the
theory more accessible. This section will only be needed for the proofs in Section 4
and conversely is heavily based on [BSS]. The reader who wants to see the theory
in [BSS] from the new angle provided by test states, without wanting to see the
corresponding proofs, can skip this section. The reader interested in the proofs or
more examples is referred to [BSS] or [Schw, Chapter 7].

Definition 13. Let V be a real vector space. We call a subset C of V a cone (of V) if
0 ∈ C, C + C ⊆ C and R≥0C ⊆ C. In this case, we call an element u of C a unit of
the cone C (in V), if C + Zu = V.

What we simply call a cone and a unit is often called order unit and convex cone
in the literature [BSS, Page 118]. Intuitively, a unit of a cone is a kind of yardstick
one can use to measure a kind of distance to the cone.

Example 14. Let M be a quadratic module of R[x]. Then M is a cone that is
Archimedean if and only if u := 1 ∈ R[x] is a unit for M.

Already in this very general framework from convex geometry, one can define
the notion of a state as follows. This definition is mostly employed in the case
where C is a convex cone with unit u.

Definition 15. Let V be a real vector space, C ⊆ V and u ∈ V. Then a linear
function φ : V → R is called a state of (V, C, u) if φ(C) ⊆ R≥0 and φ(u) = 1. We
denote the set of all states of (V, C, u) by S(V, C, u) and call it the state space of
(V, C, u). A state φ ∈ S(V, C, u) is called a pure state of (V, C, u) if whenever

φ = λφ1 + (1 − λ)φ2

for some states φ1, φ2 ∈ S(V, C, u) and some λ ∈ R with 0 < λ < 1 then

φ = φ1 = φ2.

Readers that are acquainted with basic convex geometry, notice of course that in
the situation of the preceding definition S(V, C, u) is a convex subset of the vector
space that is dual to V and that the pure states of (V, C, u) are by definition just
the extreme points of this convex set.

We now recap the following very important criterion for showing that a vector
v ∈ V belongs to the cone C. Its proof can be based on Zorn’s lemma, Tychonoff’s
theorem and the Krein-Milman theorem. To our knowledge it first appears in
[EHS, Theorem 1.4], see also [Schw, Theorem 7.3.19].

Theorem 16 (Effros, Handelman and Shen). Suppose u is a unit for the cone C in
the real vector space V and let v ∈ V. If φ(v) > 0 for all pure states φ of (V, C, u),
then v is also a unit for the cone C. In particular, there exists ε > 0 such that
v − εu ∈ C and thus v ∈ C.
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We will apply Theorem 16 only in the proof of Theorem 27 below. Of course,
it might be good for certain applications that the conclusion of this theorem is
even that v is a unit for C rather than just v ∈ C. For us, this will however be
rather a bad thing: It means that the theorem can certainly not be applied to prove
membership of elements that are not units of the cone. Because of Proposition 9,
we will be interested in proving membership of polynomials that are not positive
on the sphere Sn−1 in the quadratic module MSn−1 (seen as a cone of the real vector
space R[x]). Although 1 is a unit for MSn−1 by Examples 8 and 14, it will therefore
not work to work to apply the above theorem with u := 1. We will find different
choices of u that will however entail that we also will have to pass over from R[x]
to a smaller subspace (in order for u continuing to be a unit) which will actually
be a proper ideal of the ring R[x]. Consequently, we will have to work with a
subcone of MSn−1 (since 1 /∈ MSn−1 \ I) which will turn out to fulfill some algebraic
closedness properties captured by the following definition [BSS, Schw].

Definition 17. Let A be a commutative ring. The subset T ⊆ A is called a preorder
of A if A2 := {a2 | a ∈ A} ⊆ T, T + T ⊆ T and TT ⊆ T. Given a preorder T of A,
we say that M ⊆ A is a T-module of A if 0 ∈ M, M + M ⊆ M, and TM ⊆ M.

Note that we do not require 1 ∈ M in the preceding definition.

Example 18. Of course, Σ is the smallest preorder of R[x]. For any M ⊆ R[x], M
is a quadratic module if and only if 1 ∈ M and M is a Σ-module of R[x].

We now state a special case of the dichotomy theorem [BSS, Corollary 4.12] (see
also [Schw, Theorem 8.3.2]) which will be the second important ingredient in the
proof of Theorem 16 below. It divides the pure states of certain cones into two
classes.

Theorem 19 (Burgdorf, Scheiderer and Schweighofer). Let A be a commutative
ring containing R as a subring. Suppose that I is an ideal of A, T is a preorder of
A, M ⊆ I is a T-module of A, u is a unit of M in I, and φ is a pure state of (I, M, u).
Then exactly one of the following two assertions holds.

(I) φ is the restriction of a scaled ring homomorphism: There exists a ring ho-
momorphism Φ : A → R such that Φ(u) ̸= 0 and

φ =
1

Φ(u)
Φ|I .

(II) There exists a ring homomorphism Φ : A → R with Φ|I = 0 such that

φ(ab) = Φ(a)φ(b)

for all a ∈ A and b ∈ I.

In the situation where A = R[x], it is easy to see that ring homomorphisms from
A to R are exactly the point evaluations in points of Rn. More generally, states of
type (I) are in general easy to understand whereas pure states of type (II) remain
often mysterious. The condition defining them is however easy to remember and
will re-appear in disguise in Definition 20 below, where we will introduce the new
notion of a test state, which will allow to forget about states and pure states, at least
for our purposes.
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4. TEST STATES AND MEMBERSHIP IN QUADRATIC MODULES

In this section, we will introduce test states and provide them as a new tool
to prove membership in Archimedian quadratic modules. While test states will
remain mysterious in many cases, they are easier to understand than the pure
states from the preceding section that will only be important for the proofs in this
section. For most purposes, it will probably be enough to study test states rather
than pure states. At least this will be the case for the proof of our two main results
in the subsequent sections.

Test states come into play when the application of Putinar’s theorem (Theo-
rem 11) is not possible because the polynomial p for which one would like to prove
membership in the quadratic module M has zeros on S(M). Other techniques (pi-
oneered to a large extent by Scheiderer [Sch1, Sch2]) might work as well in this
case but come soon to their limits in the case where p has infinitely many zeros on
S(M). In the case where p has finitely many zeros on S(M), extensions of Putinar’s
theorem are known that still work when commonly known first and second order
sufficient criteria for (strict) local minima are satisfied by p [Nie]. In this special
case, pure states and test states would typically yield similar extensions since they
typically turn out to be related to (higher) derivatives at points of S(M) (see Ex-
ample 23 below or [Schw, Examples 8.3.4–8.3.6]). The case when p has infinitely
many zeros on S(M) is much more difficult to handle and remains mysterious.
In this case, we suspect that test states cannot be understood in purely geomet-
ric terms but rather lead to conditions that are somehow related to the zeros of p
on S(M) and yet are of algebraic nature. The concrete definition is motivated by
Condition (II) in the dichotomy theorem (Theorem 19), and is as follows.

Definition 20. Let I be an ideal and M be a quadratic module of R[x]. Let u ∈ I
and a ∈ Rn. We call φ ∈ S(I, M ∩ I, u) a test state on I for M at a with respect to u
if

φ(pq) = p(a)φ(q)

for all p ∈ R[x] and q ∈ I. We denote by

T(I, M, u)a

the set of test states on I for M at a with respect to u.

This definition might be hard to understand at first glance and we start by con-
sidering the case where I = R[x] and u = 1.

Example 21. Let M be a quadratic module of R[x] and a ∈ Rn. If φ is a test state
on R[x] for M at a with respect to 1. then we have

φ(p) = φ(p · 1) = p(a)φ(1) = p(a) for all p ∈ R[x].

Therefore the only test state on R[x] for M at a with respect to 1 is the evaluation
at a

R[x] → R, p 7→ p(a).

Before we see more examples, we introduce the following useful notation.

Definition 22. For a given polynomial f ∈ R[x], we denote by

Z( f ) := {a ∈ Rn | f (a) = 0}
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its (real) zero set. For each F ⊆ R[x], we denote by

I(F) :=

{
m

∑
i=1

gi fi | m ∈ N0, g1, . . . , gm ∈ R[x]

}
the ideal generated by F.

Now we come to a simple example of a test state that is not defined on the
whole polynomial ring.

Example 23. Suppose n = 1 so that R[x] = R[x1]. Let M be a quadratic module of
R[x] and k ∈ N0. The only function that could possibly be a test state on the ideal
I(xk) = xkR[x] for M at 0 with respect to xk is

xkR[x] → R, p 7→ 1
k!

p(k)(0),

that is, up to scaling, the k-th derivative at 0. Whether this function actually is a
such a test state, depends on whether φ(M ∩ I) ⊆ R≥0. If S(M) contains some
interval [0, ε] for some ε > 0 this is the case. If k is even, then it is also the case if
S(M) contains some interval [−ε, 0] for some ε > 0.

The following remark will be useful in the proof of Lemma 35.

Remark 24. Let φ be a test state on the ideal I of R[x] for the quadratic module M
of R[x] at a ∈ Rn with respect to u ∈ I. Suppose that uM ⊆ M. Then

p(a) = p(a)φ(u) = φ(pu) = φ(up) ≥ 0

for all p ∈ M. Hence a ∈ S(M), and a ∈ Z( f ) for all f ∈ M ∩ (−M).

Before we come to a strengthening of Putinar’s theorem (Theorem 11) that in-
volves test states, we need some preparation.

Definition 25. Let V be a real vector space, C ⊆ V a cone, u ∈ V and ∅ ̸= F ⊆ V.
We say that u is F-stably contained in C if for all f ∈ F there exists a real ε > 0 such
that u + ε f ∈ C and u − ε f ∈ C.

Note that in the situation of the above definition, every element F-stably con-
tained in C is actually contained in C.

The following important lemma is essentially covered by [BSS, Proposition 3.2]
(see also [Schw, Proposition 8.1.12]). Since these references use quite different
notation, we include the proof for convenience.

Lemma 26. Let F ⊆ R[x] be a nonempty set that generates the ideal I := I(F). Let
M be an Archimedean quadratic module of R[x] and u ∈ R[x] be a polynomial
such that uM ⊆ M such that u is F-stably contained in M. Then u is even I-stably
contained in M. In particular, if u ∈ I, then u is a unit of the cone I ∩ M in the
vector space I.

Proof. It suffices to show that

J := {p ∈ R[x] | there exists ε > 0 such that u ± εp ∈ M}.

is an ideal of R[x]. Indeed, the condition “u F-stably contained in M” means F ⊆ J,
while “u I-stably contained in M” means I ⊆ J.
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Clearly, p ∈ J if and only if −p ∈ J. Now, if δ > 0 and ε > 0 such that
u ± δp ∈ M and u ± εq ∈ M then ( 1

δ +
1
ε )u ± (p − q) ∈ M. Hence,

u ± 1
1
δ +

1
ε

(p − q) ∈ M.

This shows that p − q ∈ J if p, q ∈ J.
We finally show that if p ∈ J, then pq ∈ J for all q ∈ R[x]. For this, we observe

that the following identity holds

q =
1
4
((q + 1)2 − (q − 1)2).

Then, it suffices to show that pq2 ∈ J for all q ∈ R[x]. Since M is Archimedean and
p ∈ J, there exists N > 0 such that N − q2 ∈ M and Nu ± p ∈ M. Since uM ⊆ M,
we have Nu − uq2 ∈ M. Since ΣM ⊆ M, we have Nuq2 ± pq2 ∈ M. Hence,

N2u ± pq2 = (N2u − Nuq2) + (Nuq2 ± pq2) ∈ M + M ⊆ M,

as desired. □

Now we come to our membership criterion for quadratic modules which looks
extremely technical, but will turn out to be very useful.

Theorem 27. Let F ⊆ R[x] be a nonempty set of polynomials generating the ideal
I := I(F). Let M be an Archimedean quadratic module of R[x] and f , u ∈ I.
Suppose that
(a) f ≥ 0 on S(M),
(b) Z( f ) ∩ S(M) ⊆ Z(u) ∩ S(M),
(c) uM ⊆ M,
(d) u is F-stably contained in M, and
(e) φ( f ) > 0 for all a ∈ Z( f ) ∩ S(M) and all φ ∈ T(I, M, u)a.
Then, there is ε > 0 such that f − εu ∈ M. In particular, f ∈ M.

Proof. We will apply Theorem 16 in the following setting: The vector space is the
ideal I, and the cone is M ∩ I. In view of Lemma 26, using assumptions (c) and
(d), we have that u is a unit of I ∩ M in I. So let φ be a pure state of (I, I ∩ M, u).
We show that φ( f ) > 0.

To this end, we apply Theorem 19 in the following setting: The ring is R[x], the
ideal is I, the preorder is T := Σ + uΣ, the T-module is M ∩ I (use that uM ⊆ M),
and the unit is u. The dichotomy theorem (Theorem 19) now says that one of the
following two alternatives holds:

(I) φ is the restriction of a scaled ring homomorphism: There exists a ring ho-
momorphism Φ : R[x] → R such that Φ(u) ̸= 0 and φ = 1

Φ(u)Φ|I .
(II) There exists a ring homomorphism Φ : R[x] → R with Φ|I = 0 such that

φ(pq) = Φ(p)φ(q) for all p ∈ R[x] and q ∈ I.

It is easy to observe that every ring homomorphism Φ : R[x] → R is given by a
point evaluation, i.e., there exists a ∈ Rn, such that Φ(p) = p(a) for all p ∈ R[x].
Therefore we find a ∈ Rn such that either

(I) u(a) ̸= 0, and φ(p) = 1
u(a) p(a) for all p ∈ I, or

(II) u(a) = 0, and φ(pq) = p(a)φ(q) for all p ∈ R[x] and q ∈ I.
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We claim that a ∈ S(M). Indeed, let p ∈ M. We have pu ∈ I ∩ M due to (c). Then,
(in both cases) we have φ(pu) = p(a) ≥ 0.

In case (I) we have u(a) > 0 since u ∈ M and a ∈ S(M). This fact, together with
(a) and (b), implies f (a) > 0, showing φ( f ) = f (a)

u(a) > 0.
Finally, suppose that we are in the case (II). Then φ is a test state for M at a with

respect to u, i.e., φ ∈ T(I, M, u)a. Since u, f ∈ I, we can compute φ( f u) in two
ways. First, we have φ( f u) = u(a)φ( f ) = 0. Also, φ( f u) = f (a)φ(u) = f (a).
Hence, f (a) = 0, so a ∈ Z( f ), so that a ∈ Z( f ) ∩ S(M). Since φ ∈ T(I, M, u)a, we
must have that φ( f ) > 0 by (e).

So we arrive in both cases at the desired conclusion φ( f ) > 0. Now applying
Theorem 16, we conclude the existence of ε > 0 such that f − εu ∈ M∩ I ⊆ M. □

Remark 28. If one sets F := {1} and u := 1 in Theorem 27, then Condition (b)
becomes Z( f ) ∩ S(M) = ∅ so that (e) is trivially satisfied, just as (c) and (d) are in
this case. Then Theorem 27 collapses to Putinar’s theorem (Theorem 11).

Remark 29. Under the hypotheses of Theorem 27, one sees easily that Condition
(d) entails Z(u) ∩ S(M) ⊆ Z(p) ∩ S(M) for all p ∈ F, so that

S(M) ∩ Z(u) ⊆ S(M) ∩
⋂
p∈F

Z(p)
I=I(F)
= S(M) ∩

⋂
p∈I

Z(p)
u∈I
⊆ S(M) ∩ Z(u).(7)

It follows that every inclusion in (7) can be replaced by an equality. In particular,
Z(u) and the real part of the affine variety defined by the ideal I⋂

p∈I
Z(p)

agree when intersected with S(M). This gives some hint on how to choose I.

Note that (7) implies S(M) ∩ Z(u) ⊆ S(M) ∩ Z( f ) since f ∈ I which the in-
clusion which is reverse to Condition (b) in Theorem 27. This is another way of
showing (9) in the following remark.

Remark 30. Suppose that we are again in the situation of Theorem 27. From the
conclusion of this theorem, we have that there exists ε > 0 such that f − εu ∈ M.
By Lemma 26, Condition (d) implies that u is even I-stable contained in M. In
particular, there is ε > 0 such that u − ε f ∈ M. Together this implies a geometric
fact that is even stronger than (9), namely that there exists ε > 0 such that

f ≥ εu on S(M) and u ≥ ε f on S(M).(8)

This implies in particular

Z := Z( f ) ∩ S(M) = Z(u) ∩ S(M).(9)

Since S(M) is compact (since it is closed and by Proposition 7 bounded), (8) is for
any open set U ⊆ Rn containing Z equivalent to

f ≥ εu on U ∩ S(M) and u ≥ ε f on U ∩ S(M).(10)

This means that in order for fulfilling the hypotheses (and thus the conclusion) of
Theorem 27, f and u not only need to have the same zeros on S(M) but moreover
have to behave essentially similar near their zeros on S(M). This can give a good
hint on how choose u.
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Suppose we are given an Archimedean quadratic module M of R[x] and a poly-
nomial f ∈ R[x] with f ≥ 0 on S(M). We end this section by proposing a step-by-
step strategy by which one could try to prove f ∈ M using Theorem 27:

Step 1. Find some u ∈ M with uM ⊆ M that has exactly the same zeros on S(M)
as f and moreover behaves similar near these zeros, that is, such that (10)
holds. If f is composed in a certain way from other polynomials which we
call its constituents, this could perhaps be done by carefully introducing
new terms or modifying some terms in this composition that results in a
different polynomial u that for some reason is known to be in M.

Step 2. Identify an (often finite and small) nonempty set F ⊆ R[x] of polynomials
such that u is even F-stably contained in M. Often, F will contain certain
constituents from Step 1. The bigger F is, the bigger gets the ideal I := I(F)
and the easier Condition (e) from Theorem 27 will be satisfied. In any case,
make sure that f and u lie both in I.

Step 3. Now try to prove Condition (e) from Theorem 27 by using the defining
property of test states from Definition 20. This can often be done by com-
paring what happens when the test state φ is applied to the respective
expressions by which f and u are built from the constituents. The hope is
that the fact that φ(u) = 1 would imply positivity of φ on certain subex-
pressions (make sure they lie in the ideal I in order for φ to being defined
on them) which in turn would imply φ( f ) > 0.

The philosophy between Theorem 27 could be described as follows to a general
audience: You have to find a “role-model element” u of M that is for some reason
contained in M and in fact even stably contained in some sense. If we have now
a polynomial f having similar geometry on S(M) and passing a number of tests
on which the role-model u does well, then f is also an element of M. The tests are
related to the zeros of f (and at the same time of u) on S(M) (which prevent the
application of Putinar’s theorem) but nevertheless can be of algebraic nature.

In the next two sections we will see concrete examples of how to apply Theo-
rem 27. In some sense, they will indeed be very simple examples. The set F will be
a singleton in Section 5 and a two-element set in Section 6. We expect the theorem
to have much deeper applications in the future.

5. CERTIFYING COPOSITIVITY OF MATRICES OF SIZE FIVE

This section is devoted to show Theorem 3, namely that every copositive matrix
of size 5 is Reznick-certifiable. For this, we will use the following important result
from [LV3, Theorem 1.3] that reduces Theorem 3 to showing that the positive di-
agonal scalings of the Horn matrix are Reznick-certifiable.

Theorem 31 (Laurent and Vargas). Equality C5 =
⋃

r≥0 K
(r)
5 holds if and only if for

every positive definite diagonal matrix D, the matrix DHD is Reznick-certifiable.
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In order to show that every positive diagonal scaling of the Horn matrix is
Reznick-certifiable, we observe the following. If d1, . . . , d5 ∈ R>0 are the diag-
onal entries of the diagonal matrix D ∈ S5, then

DHD is Reznick-certifiable ⇐⇒ (x◦2)T DHDx◦2 ∈ MS4

⇐⇒ (x◦2)T Hx◦2 ∈ Σ + I

(
5

∑
i=1

1
di

x2
i − 1

)
where the first equivalence holds by Corollary 10 and the second one follows from
the variable substitutions xi 7→ 1√

di
xi and xi 7→

√
dixi. This together with Theo-

rem 31 reduces Theorem 3 to the following.

Theorem 32. Let d1, . . . , d5 ∈ R>0. Then

(x◦2)T Hx◦2 ∈ Σ + I

(
5

∑
i=1

dix2
i − 1

)
.

Equivalently, every positive diagonal scaling of the Horn matrix is Reznick-certifiable.

To prove this, we will apply Theorem 27 in a special setting. We start with a
preliminary result from [LV2] that will be used in the proof of Theorem 32. This
result was originally stated as a characterization of the diagonal scalings of the
Horn matrix that belong to the cone K(1)

5 [LV2, Theorem 4]. We use the following
reformulation of it.

Lemma 33. Let d1, . . . , d5 ∈ R>0. Then(
5

∑
i=1

dix2
i

)
(x◦2)T Hx◦2 ∈ Σ ⇐⇒ di−1 + di+1 ≥ di for i ∈ [5]

where the indices have to be understood modulo 5.

We will just use the “⇐=” part of Lemma 33 that also follows from the following
explicit decomposition (which follows from [LV2] and generalizes the decomposi-
tion from [Par, Page 68]):

(
5

∑
i=1

dix2
i )(x◦2)T Hx◦2 = d1x2

1(x2
1 + x2

2 + x2
5 − x2

3 − x2
4)

2+

d2x2
2(x2

1 + x2
2 + x2

3 − x2
4 − x2

5)
2+

d3x2
3(x2

2 + x2
3 + x2

4 − x2
5 − x2

1)
2+

d4x2
4(x2

3 + x2
4 + x2

5 − x2
1 − x2

2)
2+

d5x2
5(x2

1 + x2
4 + x2

5 − x2
2 − x2

3)
2+

4x2
1x2

2x2
5(d5 − d1 + d2) + 4x2

1x2
2x2

3(d3 + d1 − d2)+

4x2
2x2

3x2
4(d4 + d2 − d3) + 4x2

3x2
4x2

5(d5 + d3 − d4)+

4x2
4x2

5x2
1(d1 + d4 − d5).

In particular, if (d1, . . . , d5) is sufficiently close to the all ones vector, then(
5

∑
i=1

dix2
i

)
(x◦2)T Hx◦2
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is a sum of squares. This is exactly what we will use in the proof of Theorem 32
which now follows.

Proof of Theorem 32. Set h := (x◦2)T Hx◦2. We will show h ∈ Σ + I(∑5
i=1 dix2

i − 1)
by applying Theorem 27 in the following setting:

• F := {h} generates the ideal I := R[x]h,
• M := Σ + I

(
∑5

i=1 dix2
i − 1

)
,

• f := h, and
• u :=

(
∑5

i=1 x2
i

)
h.

In what follows we will show that this setting satisfies the hypotheses of Theo-
rem 27, thus enabling us to conclude that h ∈ M, as desired.

First, we show that M is Archimedean. We have 1 − ∑5
i=1 dix2

i ∈ M. If we set
d := min{di | i ∈ [5]}, then we have 1 − ∑5

i=1 dx2
i ∈ M, so that 1

d − ∑5
i=1 x2

i ∈ M.
Thus, for any N > 1

d , we have N − ∑5
i=1 x2

i ∈ M so that Proposition 7 applies.
Since H is copositive we have that h ≥ 0 on R5. In particular, h ≥ 0 on S(M).
Clearly, we have Z(h) ∩ S(M) ⊆ Z(u) ∩ S(M), and uM ⊆ M holds as u ∈ Σ

(since H ∈ K(1)
5 ).

We now show that u is F-stably contained in M. By Lemma 33, the two polyno-
mials (

5

∑
i=1

x2
i ± ε

5

∑
i=1

dix2
i

)
h =

(
5

∑
i=1

x2
i

)
h ± ε

(
5

∑
i=1

dix2
i − 1 + 1

)
h

are sums of squares for some ε > 0 small enough. This implies that

(
5

∑
i=1

x2
i )h ± εh ∈ M

as wished.
It only remains to show that for all a ∈ Z( f ) ∩ S(M) and all test states φ ∈

T(I, M, u)a we have φ(h) > 0. But for such a and φ, we have

1 = φ(u) =

(
5

∑
i=1

a2
i

)
φ(h).

by the properties of a test state from Definition 20. This forces φ(h) > 0 since
∑5

i=1 a2
i ≥ 0. □

6. FINITE CONVERGENCE OF THE HIERARCHY COMPUTING THE STABILITY
NUMBER

In this section, we show the second main application of this paper (Theorem 4):
Given a graph G = ([n], E), the hierarchy ϑ(r)(G) has finite convergence to α(G).
In other words, for every graph G the graph matrix MG is Reznick-certifiable, i.e.,
(∑n

i=1 x2
i )

r fG is a sum of squares for some r ∈ N0.
For any graph G and any i /∈ G, we denote by G ⊕ i the graph that arises from

G by adding an isolated node i. In other words, if G = (V, E), then

G ⊕ i := (V ∪ {i}, E).
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Since the empty graph is trivially Reznick-certifiable, it would of course be
enough to prove that Reznick-certifiability is preserved under adding a node to-
gether with edges edges connecting it to the existing nodes. We use the following much
stronger result, which is a reformulation of a result from from [LV2, Proposition 4].
It says that it is actually enough to prove that Reznick-certifiability is preserved
under adding an isolated node.

Lemma 34 (Laurent and Vargas). Suppose that the following implication holds for
all graphs G = ([n], E):

MG is Reznick-certifiable =⇒ MG⊕(n+1) is Reznick-certifiable.

Then, MG is Reznick-certifiable for all graphs G = ([n], E).

We will prove the following result, which combined with Lemma 34 implies
Theorem 4. This forms the main technical part of this section.

Lemma 35. Let G = ([n], E) be a graph. Suppose that MG is Reznick-certifiable,
i.e., (

n

∑
i=1

x2
i

)r

fG ∈ ∑ R[x1, . . . , xn]
2

for some r ∈ N0. Then, MG⊕(n+1) is Reznick-certifiable, i.e.,(
n+1

∑
i=1

x2
i

)r

fG ∈ ∑ R[x1, . . . , xn+1]
2

for some r ∈ N0.

Proof. By Corollary 10, it suffices to show that

fG⊕(n+1) ∈ MSn = ∑ R[x1, . . . , xn+1]
2 + I

(
n+1

∑
i=1

x2
i − 1

)
.

Set α := α(G), so that α(G ⊕ (n + 1)) = α + 1. Observe that the following identity
(which follows also from [GL, Section 3.2]) holds:

fG⊕(n+1) = g2 +
α + 1

α
fG, where g :=

√
αx2

n+1 −
1√
α
(x2

1 + . . . + x2
n).(11)

Indeed, we compare coefficients

x4
n+1 : α = α

x4
i for (i ̸= n + 1) : α =

1
α
+

α + 1
α

· (α − 1)

x2
i x2

j for {i, j} ∈ E : 2α =
2
α
+

α + 1
α

· 2(α − 1)

x2
i x2

j for {i, j} /∈ E, i, j ̸= n + 1 : −2 =
2
α
− 2 · α + 1

α

x2
n+1x2

i for i ̸= n + 1 : −2 = −2 ·
√

α√
α

We apply Theorem 27 in the following setting to the polynomial ring R[x1, . . . , xn+1]:
• F := {g2, fG},
• M := MSn ,
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• u := g2︸︷︷︸
=:u1

+
α + 1

α

(
n

∑
i=1

x2
i

)2r

fG︸ ︷︷ ︸
=:u2

, and

• f := fG⊕(n+1).

Then, M is Archimedean, f ∈ I := I(F) by the identity (11), and u ∈ I. We now
verify the conditions (a)-(e) of Theorem 27.

Clearly, fG⊕(n+1) ≥ 0 on S(M), because fG⊕(n+1) is positive semidefinite (as
MG⊕(n+1) is copositive). Hence Condition (a) is verified. Now, by looking at iden-
tity (11), if a ∈ Rn+1 satisfies fG⊕(n+1)(a) = 0, then g2(a) = 0 and fG(a) = 0. This
implies

Z( fG⊕(n+1)) ⊆ Z(u),

and thus (b) holds. The inclusion uM ⊆ M holds as u ∈ ∑ R[x1, . . . , xn+1]
2 by

construction. This is condition (c).
Next, we show that u is F-stably contained in M, which is (d). First, it is clear

that u ± g2 is a sum of squares, so it belongs to M. It remains to prove that there
exists ε > 0 such that u ± ε fG ∈ M, which is equivalent to show that there ex-
ists N > 0 such that Nu ± fG ∈ M. For this, we will show the following two
statements.
(+) There exist N1, N2 ∈ N such that N1u1 + N2u2 + fG ∈ M,
(-) There exist N1, N2 ∈ N such that N1u1 + N2u2 − fG ∈ M,

If this holds, then using that u1, u2 ∈ Σ ⊆ M, we obtain that there exists N ∈ N

such that Nu ± fG ∈ M, as desired.
For proving (+) and (-), let ≡ denote congruence modulo the ideal

I

(
n+1

∑
i=1

x2
i − 1

)
,

i.e., p ≡ q means that the difference p− q lies in that ideal for p, q ∈ R[x1, . . . , xn+1].
Observe that p ∈ M if and only if q ∈ M whenever p ≡ q. We have

1 − x2
n+1 ≡

n

∑
i=1

x2
i and(12)

g ≡ 1√
α
((α + 1)x2

n+1 − 1).(13)

Proof of (+). Consider the univariate polynomial

p := c′(1 − x2
n+1)

r − 1 ∈ R[xn+1],

where c′ := (1 − 1
α+1 )

−r. Since ± 1√
α+1

are roots of p,

(α + 1)x2
n+1 − 1

divides p in R[xn+1], so we can write

p = ((α + 1)x2
n+1 − 1)q

for some q ∈ R[xn+1]. Since M is Archimedean, using Definition 6(c), there exists
C ∈ N such that

C + q2 fG ∈ M.
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Since M is a quadratic module, it follows that

C((α + 1)x2
n+1 − 1)2 + p2 fG = ((α + 1)x2

n+1 − 1)2(C + q2 fG) ∈ M.

Then, by using the definition of p, we obtain

C((α + 1)x2
n+1 − 1)2 + c′2(1 − x2

n+1)
2r fG − 2c′(1 − x2

n+1)
r fG + fG ∈ M.

Using (13) and (12) we obtain

αCg2 + c′2
(

n

∑
i=1

x2
i

)2r

fG − 2c′
(

n

∑
i=1

x2
i

)r

fG + fG ∈ M.

By assumption, we have that
(
∑n

i=1 x2
i
)r fG ∈ Σ ⊆ M and thus

αCg2 + c′2
(

n

∑
i=1

x2
i

)2r

fG + fG ∈ M,

which shows (+).

Proof of (-). Consider the univariate polynomial

p := c′(1 − x2
n+1)

2r − 1 ∈ R[xn+1],

where c′ := (1 − 1
α+1 )

−2r. Since ± 1√
α+1

are roots of p,

(α + 1)x2
n+1 − 1

divides p in R[xn+1], so we can write

p = ((α + 1)x2
n+1 − 1)q

for some q ∈ R[xn+1]. Since M is Archimedean, there exists C ∈ N such that

C − q2 fG ∈ M.

Since M is a quadratic module, it follows that

C((α + 1)x2
n+1 − 1)2 − p2 fG = ((α + 1)x2

n+1 − 1)2(C − q2 fG) ∈ M.

That is,

C((α + 1)x2
n+1 − 1)2 − c′2(1 − x2

n+1)
4r fG + 2c′(1 − x2

n+1)
2r fG − fG ∈ M.

Using (13) and (12), we obtain

αCg2 − c′2
(

n

∑
i=1

x2
i

)4r

fG + 2c′
(

n

∑
i=1

x2
i

)2r

fG − fG ∈ M.

By assumption, we have
(
∑n

i=1 x2
i
)r fG ∈ Σ. This implies (∑n

i=1 x2
i )

4r fG ∈ Σ.
Hence, we have

αCg2 + 2c′
(

n

∑
i=1

x2
i

)2r

fG − fG ∈ M,

which shows (-).
Hence we have verified Condition (d).
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Finally, we check the test state property (e). Let φ be a test state on I for M at a
point a ∈ Z( fG⊕(n+1)) ∩ S(M) with respect to u. Since (∑n

i=1 x2
i )

r fG ∈ M ∩ I, we
have that

0 ≤ φ

((
n

∑
i=1

x2
i

)r

fG

)
=

(
n

∑
i=1

a2
i

)r

φ( fG),

where a ∈ Sn (recall Remark 24) and fG⊕(n+1)(a) = 0. It is easy to observe that
fG⊕(n+1)(0, . . . , 0,±1) > 0, so that a ̸= (0, . . . , 0,±1). This implies ∑n

i=1 a2
i > 0,

and thus φ( fG) ≥ 0. Since g2 ∈ I ∩ M, we have that φ(g2) ≥ 0. Also, we have

1 = φ(u) = φ(g2) +
α + 1

α
φ

( n

∑
i=1

x2
i

)2r

fG


= φ(g2) +

α + 1
α

(
n

∑
i=1

a2
i

)2r

φ( fG).

Therefore, φ(g2) and φ( fG) are nonnegative but they cannot be both zero. Using
relation (11), we obtain

φ( fG⊕(n+1)) = φ(g2) +
α + 1

α
φ( fG) > 0,

as desired. □
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